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BBenenue

Hucnummmaa "Anrebpa u reomerpus" m3ydaercs B TE€IEHIN IBYX CEMECT-
pPOB Ha IepBoM Kypce bakasappuara 1o nampasiaennio 01.03.02 — "IIpukirai-
Hast MaTeMaTuka u nHdopMmarnka" VHCTUTyTa BBIYNCINTENILHON MaTeMaTH-
K1 1 nHMOPMalMOHHBIX TexHosornit Kazanckoro deiepajbHOrO YHUBEPCUTE-
ta. [Tocobue [1], Hamucannoe aBropaMu paHee, TIOCBSIIEHO MaTEPUAJLY T1E€PBO-
ro cemecrpa. Hacrosiimee mocobue opueHTHPOBAHO Ha TEMbI, KOTOpPbIEe OyyT
IPEeIMETOM H3yUeHHsI BO BTOPOM CEMECTPE U COIEPKUT CTaHIapPTHBIE 3214l
pazaesnos "Jluneiinble mpocrpancrsa', "JIuneiinbrit omeparop", "EBkanmoso
npocrpancTso", "Kpajparununsie opmbl" 1 "Kpusble 1 moBepxXHOCTH BTOPOIO
nopsijka'. D9Tu Tembl ObLIN Pa3bUTHI aBTOPaMU Ha, 00JIee MeJIKNE MMoIpa3ie/Ibl
1 KayKJIbIil U3 HUX MOYKET HCIIOJIL30BATHCS IS IIPOBEIEHNs OIHOIO IPAKTHIe-
CKOT'O 3aHSITHUSI.

lannoe 1ocobue TakKe MOxKeT ObITb PEKOMEHJIOBAHO JIJIsl IIPOBEJICHIUS
paKTHIeCKNX 3aHsiTuii 1o Kypcy "JIuneiinas aiaredpa' y 6akaaaBpoB 1o Ha-
npasseanio 09.03.02 — "Nudopmarmonnsie cucrembl n Texaoorun. Ho mo-
CKOJIbKY 9IHCJIO 9acOB y JaHHOW JUCIUILINHBI MEHbBIIIE, TO pa3/esbl U IOApas-

JIeJIbl, TIOMEUEHHbIe 3BE3/I0UKOI, He0OXOIMMO OY/IeT TPOIYCTUTD.



JInHeiiHbIe TPOCTPAHCTBA

1. JIuneiinbie MpocTpaHCTBA

OcHoBHble NOHSATUSA, POPMYJbI U TEOPEMBI

Onpenenenue JUHETHOTO MIPOCTPAHCTBA

Onpenenenne 1. MuoxkectBo V' HasbIBaeTCsl GEWECNBEHHBIM AUHET-
HOLM NPOCMPAHCMEOM, €CJIN BBIIIOJHEHBI TPU YCJIOBHS:

1) ompejiesieHa oreparnust CJIOXKEHHs 9JIeMeHTOB V| TO eCTb Jist JIOOBIX
x,y € V craBuTcsd B COOTBETCTBHE 3jieMeHT 2z € V. Ha3blBaeMblil cymmoti
INEMEHMOB T,y U 0DO3HAYAEMBIN 2 = T + ;

2) ompe/iesieHa onepannst YMHOKEHIsT Ha THC/I0, TO €CTh [t JII0OOTo 3J1e-
MeHTa © € V 1 j1000ro BemecTBEHHOIO YHCJIa A CTABUTCI B COOTBETCTBUE
s7eMeHT z € V| Ha3bIBaeMbIil npou3sedenuem INEMEHMa T Ha BEULELCTNEEHHOE
yucao 1 0003HATAEMBI 2 = A\x;

3) 3aJlaHHbIE JIMHEHHbIE ONEPAIN MOIIMHSIOTCS CJASYIONIM aAKCUOMAM
AURETHO20 NPOCTPAHCTNEA:

19 2 + Y=Y+ T — KOMMYMaMU6HOCMb OllePpAIUN CJIOZKCHUSI;

20 (x + y) +z=x+ (y + z) — accoyuamMUBHOCMH OLePaAIN CIOKEHNI;

30 cymectsyet ssement 0 € V Takoit, uro 240 = 2 17151 JIF060T0 SJIeMEeHTa
x € V; asement (0 Ha3BIBAIOT HYAEGHLM IAEMEHMOM TIPOCTpaHCTBA V ;

49 nna moboro saementa x € V. CyIecTBYeT 3jeMeHT &' Takoil, 4To & +
2’ = 0; ss1eMenT T’ HA3LIBAIOT NPOMUCONOAONHCHDIM SJIEMEHTY T;

50 a(r + y) = az + ay — Jucmpubymuenocms 10 CJIOKEHUIO BEKTOPOR;

6° (a + B)z = az + fr — JducmpubymueHocmsb 1O CIOKEHUIO CKAJISPOB;

7 (aB)x = a(fx) — accoyuamuenocms 110 YMHOKEHUIO CKAJISIPOB;

80 1z = x — nefimpaavrocmo eIMHIIHOTO CKATIAPA.

DJIeMEHTBI JITHEITHOIO IPOCTPAHCTBA HA3BIBAIOTCS 6EKMOPAMU.



Ecnn B OolipeaeJsJieHnmn JIMHETHOT'O IIPOCTpaHCTBa B3ATH KOMIIJIEKCHBIEC YMC-
Ja &, /6, TO MHOXKeCTBO V HAa3bIBAETCH KOMNAECKCHOM AUHETHDIM npocmpam-

CMmeom.

OcHoBHBIE JUHEHHbIe IIPOCTPaHCTBa

1. BemectBennoe mpocTpancTBo R — MHOXKeCTBO BCEX BEKTODP-CTOJIONOB

C BEIECCTBECHHBIMHM KOOPJANHaTaMI BHJ/Ia

(961

x2

\
rne n > 1 — QpukcnpoBaHHOE Tejioe Jucao. JInHeiiHble onepanuu Ha IIPo-

crpancTBe R" BBOusITCA citemyronumM obpasoM. [lo onpenesienuto Jijist 1100010

BeII[eCTBEHHOI0 Yucjaa « 1 jodoro r € R"™ monoxuMm

axry

(O]
ar =

ax,
st mobbix o,y € R" 1o onpejieaenuio

/x1+y1\

T2 + Y2
rTt+y=

\ Tn+Yn /

2. MnoxecTBo Beex BeIeCTBEHHBIX MATPUI] pasMepa 1M X 1. ¢ BBEJICHHBIME
Ha HEM ONepalisaMi YMHOYKEHUS MaTPUIILI HA YNCJIO U CJIOXKEHUs JIBYX MaTPHI]
M™" gpnsgeTcs BeleCTBEHHBIM JIMTHEITHBIM TTPOCTPAHCTBOM.

3. Muoxkectso P, Bcex MHOro4/1€HOB € BellecTBEHHBIMEI KO3 uiimenraMu
CTelleHn He Bbile n, T7e n > 0, ecTh (hUKCUpoOBaHHOE TeJI0€ YUCJIO, ABJISTETCS

BelleCTBCHHBIM JIMHEITHBIM IIPOCTPaHCTBOM.
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3aja4mn A5t CaMOCTOSITENIbHOMO peLleHus

MHuoxkecTBa u3 npoctpaucrtsa R"

1. Ilyctsb G — MHOYXKECTBO BCEX BEKTOP-CTOJIOIOB JIMHEHHOI'O IIPOCTPAH-

crBa R" ¢ mo10KUTEIbHBIMI dJIEMEHTaMM, TO €CTb

Ty
o)
G={r:z= ER" z;>0,i=1,2,...,n}.
Tn
[TpoBepuTh, SIBJIAETCH JIN JIUHEeIHBIM IPOCTPAHCTBOM MHOZKecTBo G, eciin olle-
paliy CJIOKeHNsI BEKTOPOB U YMHOYKCHHs BEKTOPa Ha HUCJIO OIIPeJIesIAI0TCs

CJICIYIOIIIM 00Pa3oM

1Y xq

«

| T2 | *2
r+y= n oxr = ,

(e}

xn'yn ﬂjn

re o € R.
2. OOpasyer Jin MHOXKECTBO BeKTOpoB u3 R JinHeitHOe IpOoCTpaHCTBO,

€CJIn ollepals CyMMbl BEKTOPOB OIIPEIEIAETC CJIeIYIONNM 00pa30M:

[ 0

To +
T4y = 2 Ve,y € R",

\ Zn + Un
a olepalus IIPOM3BEIEHNSI BEKTOpa Ha YHCJIO0 3aJ1aeTcs TaK »Ke, KaK B IIpO-
ctparctBe R". Ecim mannoe MHOYXKECTBO He SIBJSETCS JIMHEHHBIM MTPOCTPaH-
CTBOM7 TO yKaBaTI) KaKue YCHOBI/IH B OHpeILeJIeHI/H/I JINHENHOTrO HpOCTpaHCTBa
HAPYIIAIOTCS.

3. Obpa3syer Jin MHOXKECTBO BEKTOpPOB u3 R" juHeitHOe TPOCTPaHCTBO,

€CJIN Oll€epallusd IIPpOU3BEACHNA BEKTOPa Ha BEIIECTBEHHOE YUCJIO OIIPEAC/IAETC A
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CJIeIYIOIIUM 00Pa30M:

||y
[eqre n
ar = Voe R Ve R",

]y,

a omepalys CyMMbl BEKTOPOB 3a/1aeTcs TaK 2Ke, Kak B mpoctpancTse R". Ecin
JIAaHHOE MHOKECTBO He sIBJIsIeTCsl JJUHENHBIM [IPOCTPAHCTBOM, TO YKa3aTh KaKue
YCJIOBUS B OIIpeJieIeHnn JIMTHEITHOTO MPOCTPAHCTBA HAPYIIAIOTCH.

4. OOpazyer Jin MHOXKECTBO BEKTOpOB u3 R" juHeitHOe IPOCTPaHCTBO,

€CJIN OIIepaliusd CYMMbBbI BEKTOPOB OIIPEAC/IACTCA CJICYIOINM o6pa30M:

T+ 2y
T + 2y
T4y = Vr,y € R",
Tn + 2Un
a olepaliis IIPOU3BE/IEHNs] BEKTOPa Ha UKCJIO 3a/1aeTCsI TaK Ke, KakK B IIPO-
crpancTee R". Ecian mannoe MHOXKECTBO HE sIBJISIETCSI JIMHEHHBIM IIPOCTPAH-
CTBOM, TO yKa3aTb KaKWe YCJIOBHSI B OIPEIEJeHUN JIMHEHHOTO MPOCTPAHCTBA
HAPYIIAIOTCS.
5. OOpasyer Jin MHOXKECTBO BeKTOpoB u3 R JinHeitHOe IpOCTPaHCTBO,

eCJIH oTepalis CyMMbl BEKTOPOB OIPEIE/IACTCs CJIEIYIONIM 00pa30M:

/ T1Y1

x
rT+y= 22 Vr,y € R",

\ Zn¥n

a olepalusl IIPOU3BEJIEHNs BEKTOPa Ha YHCI0 3aJIaeTCs TaK »Ke, KaK B IIPOo-
crparcTBe R". Ecim mannoe MHOYXKECTBO He SIBJSETCS JIMHEHHBIM MTPOCTPaH-
CTBOM7 TO yKaSaTI) KaKue YCHOBI/IH B OHpeﬂeﬂeHHI/I JIMHENHOTO HpOCTpaHCTBa

HaPYIIAIOTCS.



6. OOpasyer Jin MHOXKECTBO BeKTOpoB u3 R JinHeitHOe IpOoCTpPaHCTBO,
eCJIN oIlepalld IIPOU3BEeJIeHNsI BEKTOPa Ha BEIeCTBEHHOE UNCJIO OIIPeIesIsieTCsI

CJICJIYIOIIIM 00pa30M:
ar =x YVoe RuVer e R",

a omepalys CyMMbl BEKTOPOB 3a/laeTCs TaK »Ke, Kak B mpoctpancTse R". Ecin
JIAHHOE MHOKECTBO He dABJISETCs JIMHEMHBIM IIPOCTPAHCTBOM, TO YKa3aTh KaKue
YCJIOBUSL B OIIpeJIe/IeHUN JIMHEITHOTO IPOCTPAHCTBA HAPYIIAIOTCS.

7. Ob6pazyer i1 MHOXKECTBO BeKTOpoB u3 R" juHelinoe 1mpocTpaHcTBo,
€CJIM ollepallis IIPOU3BEJCHNS BEKTOPA Ha BEIIECTBEHHOE YHUCJIO OIIPEe/IAeTC s

CJICYIOIIUM 00Pa30M:

oar = YVoe RuVr e R",

a orepalngd CyMMbI BEKTOPOB 3a/1aeTCs TaK Ke, KaK B mpocTpancTse R". Ecin
JIAaHHOE MHOYKECTBO He dBJISIeTCs JIMHEHBIM IIPOCTPAHCTBOM, TO YKa3aTh KaKne
YCJIOBUS B OIIpeJie/IeHNN JIMHEHOTO MTPOCTPAHCTBA HAPYIIAIOTCS.

8. Obpa3syer Jin MHOXKECTBO BEKTOpPOB u3 R" juHeitHOe TPOCTPaHCTBO,

€CJIn oliepanus CyMMbl BEKTOPOB OIIpEAE/IAETCA CJIEAYIOINM o6pa30M:

Tn + Yn I (71
Tp—1+ Yn— T
rT+y= not T Vo = ? Y = V2 € R",
T+ Y Ln Yn

a olepalys MPOU3BEJCHUS BEKTOpa Ha YUCJIO 3aJlaeTcsd TaK Ke, KaK B IIpO-
crpancTtBe R". Ecin nannoe MHOXKECTBO He dBJISETCH JIMTHEHHBIM TPOCTPAH-
CTBOM, TO yKa3aThb KaKue yCJOBUS B OIPEJIeJEHUN JUHEHHOIO TPOCTPAHCTBA
HapyHIal0TCS.

9. Ob6pa3syer Jin MHOXKECTBO BEKTOpOB u3 R" jmHeitHOe IIPOCTPaHCTBO,



eCJIn ollepalisi CyMMbI BEKTOPOB OIIPEIesISIeTCsI CJIEIYIOMNM 00pa30M:

rr — Y
x J—

T4y = 27 Vr,y € R",
$n_yn

a ornepalys IMPOU3BEJICHNS BEKTOPa Ha YUCJIO 33JI1a€TCdA TaK Ke, KaK B IIPO-
ctparctBe R". Ecim mannoe MHOYXKECTBO He sSIBJSETCS JIMHEHHBIM MTPOCTPaH-
CTBOM, TO yKa3aThb KaKue yCJIOBUSI B OIpPeJIeJIEHUN JIMHEITHOrO IPOCTPAHCTBA

HapPYIIAIOTCS.

MHuoxxkecTBa n3 npocrpaucrtsa M™"

10. Ilyctb 3amano muoxkecrBo G = M™", a onepaliis CJIOXKEHIS MaTPUIL
BBOJIUTCs CJIEAYIOMIM obpasoM: Jijist JitoObix Marpui, A, B € G ¢ aj1emeHTa-
Mu aj; 1 b;j; coorsercrsenno ux cymma C' = A + B ecTb MaTpulia TOro xe
pasmepa ¢ aJeMeHTaMU C;j = —a;j — bjj, TJe 1 = 1,m, j = 1,n. Onepanus
IIPOM3BEJICHNsT MATPUIIbI Ha, BEIECTBEHHOE YNCJIO OIPEIC/ISIeTCs TaK ¥Ke, KaK
u B npoctpanctee M™". BoisgcHUTB, gBJIsSIeTCs JiI MHOXKeCTBO G JIMHEHHBIM
IIPOCTPAHCTBOM.

11. BrIsICHUTD, SIBJISIETCS JIN MHOYKECTBO BCeX HEBbIPOXKIEHHBIX KBa/IpaT-
HbIX MaTpuil M ™" TuHERHBIM IPOCTPAHCTBOM, €CJIH OllePAIUs] CJIOYKEHUsT MaT-

PUIL OIPEJIe/IAETCA CJIEYIONIUM 00pa30M:
A+B=A-B VA, Be M",

a omepalsd YMHOKEHUS Ha YNCJIO BBOJUTCA TaKyKe, KaK B mpocTpancTse M ™.
Ecim nannoe MHOYKECTBO He SIBJIsI€TCs JIMHEHTHBIM ITPOCTPAHCTBOM, TO yKa3aTh
KaKIe YCJA0BUS B ONPEJAC/ICHUN JIMHEIHOTO TIPOCTPAHCTBA HAPYIIAIOTCH.

12. BbIigcHUTD, ABJISETCS JTU MHOXKECTBO BCEX KBa/IPATHBIX JTHATOHAJIHHBIX
MaTpui, M"™ TuHelHBIM TPOCTPAHCTBOM, €CJN Ollepallld CJIOXKEHUS MaTPHUIL

BBeJIeHa CJIe/1YIOIUM 06pa30M:
A+B=A-B VA, Be M"™,
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a omepalusd YMHOXKEHUsI Ha YUCJO OllpeJlesieHa TaKKe, KakK B IMPOCTPAHCTBE

M™
MHo>kecTBa 13 npocrpancrsa P,

13. BroisicHUTD, SIBJISIETCS JTM MHOYKECTBO BCEX MHOTOUJICHOB C BEIECTBEH-
HBIMU KO3 DuiimenTaMu u3 rnpocTpancTsa P, TuHefiHbIM TPOCTPAHCTBOM, €C-
JIN OTIepAITisT CYMMBI MHOT'OWJIEHOB 38J1aeTCs TaK yKe KaK 1 B IpocTpancTse P,
u i Vo € RuVf(x) = apz"+a1x" ' +.. . +a, € P, onepanus yMHOKEHUsI

Ha BEIECTBEHHOE YNCJIO ONPEJIEISIeTCsl CI Y IOIINM 00pa30M:
af(z) = aaz" ' + aax™ ? 4 ..+ aay,.

14. BbIICHUTD, SIBJIAETC JTU MHOYKECTBO BCEX MHOI'OUJICHOB C BEIeCTBEH-
HbIME KO3 puimeHTaMn u3 npocrpancTsa, P, JTMHERHBIM IPOCTPAHCTBOM, €C-
JIX OTIepallsd CyMMbl MHOI'YJIEHOB OIIPEIE/ISeTCs TaK »Ke KaK 1 B IIPOCTPaHCTBE

P,,, a onepaliust yMHOXKEHUsI HA BEIECTBEHHOE YUC/I0 BBOIUTCS HHAYE:
af(r) = (a+ay)z" + (a4 ap_)2" 4 ... + (a + ap),

saech f(x) = apa™ + ap_12" 1 + ...+ ag — IPOUBBOJILHLIH MHOIOYICH U3
npocrpancrsa P, o € R. Eciu mannoe MHOXKECTBO He SBJISETCs JTMHEHHbIM
IIPOCTPAHCTBOM, TO YKa3aTh KAKNE YCJIOBUA B OIPEICJCHUN JIMHEHHOTO IIPO-
CTPAHCTBA HAPYIIAIOTCA.

15. BuracHuTh, 9BigeTcs 1 MHOXKECTBO BCEX MHOTOYJICHOB C BEIICCTBCH-
HBIMI KO3 PUIMEenTaMn U3 HpocTpancTsa P, JnHeiHbIM IPOCTPAHCTBOM, €C-
JIY Ollepaliid CyMMbl MHOTOWICHOB OIIPE/IesIeHa TaK K€ KAK U B IIPOCTPAHCTBE

P,,, a onepalust yMHOXKEHIsI Ha BEIIECTBEHHOE YHCJI0 OlpeJie/IeHa nHade:
af(r) = aax" + aan_ 12" .+ aaz.

zaech f(x) = anz™ + ap_ 12"+ ... + ay1x + ag — IPOUBBOJILHBII MHOTOYJIEH
n3 npocrpanctsa P,, a € R. Ecian gannoe MHOXKeCTBO He dBJIsieTcd JIMHEH-
HBIM IIPOCTPAHCTBOM, TO yKa3aTh KaKue YCJIOBHUsI B OIpeIe/IeHUN JIMHEHHOro

IIPOCTpaHCTBa HapyIIalOTCA.
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16. BoIgCHUTD, ABJIAETCA JTM MHOYKECTBO BCEX MHOTOUJIEHOB C BeIeCTBEH-
HBIMU KO3 DUIMEeHTaMu n3 MpocTpancTBa P, JMHEeHHbIM IPOCTPAHCTBOM, €C-
JIA ollepaliigd CyMMbl MHOTOYJIEHOB OIIpe/ie/iIeHa TaK K€ KaK U B IIPOCTPAHCTBE

P, a onepaliusl yMHOKEHNsl Ha BElIECTBEHHOE YNCJIO OlpejiesieHa nHade:
af(r) = aapr” + aaz"t + ..+ aa,_1T + aay,

saech f(x) = anz™ + ap 12"+ ...+ a1z + ag — IPOUBBOJILHBII MHOTOYJICH
3 npocrpancrsa P,, a € R. Ecian nannoe MHOXKeCTBO He sBJIsieTCd JIMHEi-
HBIM [IPOCTPAHCTBOM, TO YKa3aTh KaKHe YCJIOBUS B OIPeeJIeHUN JTUHEHHOro

IIPOCTPAHCTBA HAPYIIAIOTCS.

2. OnpegeseHue JINMHEIHON 3aBUCMMOCTH U JIMHEITHOI

HEe3aBUCHMMOCTHA CHUCTEM BEKTOPOB

OCHOBHbIE NOHSATUSA, POPMYIbI U TEOPEMBI

Omnpegnenenne 2. Cucrema Bextopos {a; ", = {ai, az, ..., ap}, m>1

JINHEWHOTO TPOCTPAHCTBA V HA3bIBAETCH AUHETHO 346UCUMOT, €CTTN CYTIECTBY-

0T YUCIA L1, L9, ... , Ty, CPEJIU KOTOPLIX XOTd ObI OJHO OTJIMYHO OT HYJIs,
TaKue, 4To

xria1 + roa9 + ... + TnQp — 0. (1)

Cucrema Bexropos {a;}", = {a1, as, ..., ap}, m > 1 HaspiBaeTcs au-

Hetino He3asucumotl, ecin paBeHCTBO (1) mMeeT MeCcTo TOJIBKO TOrjIa, KOrja

r;=0,1=1,2, ..., n.

Onpenenenune 3. bynem roBoputThb, 910 BEKTOP @ € V AuMelHO 6bipa-

olcaemcs depes BeKTOpLI by, ba, ..., by, p > 1 (aBisercs aunetinot Kombura-
Yuet STUX BEKTOPOB), €CIN CYIIECTBYIOT YHCIA X1, L2, . . . , Lp TAKHE, ITO
a = x1b; + x2by + ... + x,b). (2)

12



3aja4mn A5t CaMOCTOSITENIbHOMO peLleHus

17. Cucrema BeKTOPOB {aq, ag } sIBISIETCs JINHEHO HE3ABUCUMOI , HCTIO Th-
3ysl OIIpeJie/ICHIe, BhIICHUTH BOIPOC O JIMHENHON HE3aBUCUMOCTH CJIEAYIOIIEH
CHCTEMBI BEKTOPOB:

a) {a1 + 3a, —2a; — 6as},
b) {a1 + 2as, —ay + 3as},
¢) {2a1 + 6as, —3a; + 9as},
d) {CL1 + ag, a1 — CLQ}.

18. Hcnonb3ys onpejesenne, J0Ka3aTh, 9TO I JIIOOBIX BEKTOPOB X, 1/,
Z m gucen «, 3, vy BEKTOPLI ax — [y, Yy — az, Bz — Yz JTUHEIHO 3aBUCHMBI.

19. dAsasrorca am JIMHEHHO 3aBUCUMBIMMU:

S
N—

ABa KOJIJIMHEapHbIX BEKTOPAa,

o S

JABa HEKOJJIMHEAPHBIX BEKTOPA,
TpHu KOMILJIaHapHBIX BEKTOPA,

TPHU HEKOMILJIaHAPHbBIX BEKTOPA,

2 &

dbyuknu sin z u cos r Ha cermente [0, /2],

bynxmm f; = 2sin’x, fo = 1, f3 = 3cos® x na cermente [a, b].

~~
~—

20. Hcrnonb3yd onpejiesienne, UCC/IeI0BaTh Ha JINHEWHYIO 3aBUCUMOCTD B

npocTpancTBe R cileyromne cucteMbl BEKTOPOB

1 1 (1)
a)al=14[,a*=] -1 |,*=1]1 [,
6 1 \ 3
(N (A
b) at=12|,a*=|5],a=] 8 |,
) L) Ly
(1 1 2
c)al=| -1 ],a*=| 1 |,a*=] -1 |,
\ 2 (1 1
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/ 1
d) a'= —4 1,
\ 3
3
3

\ 3 2 3
21. Ucnonb3ys onpejesenne, IpoOBEPUTDL, OY/IyT JIN CJIeIYIONINe MATPHUILbI

JIMHEIHO He3aBUCUMBIMHI B COOTBETCTBYIOIIEM JUHeHOM mpocTpancTBe M ™",

2 Al 100 g 2 -1 0 e —3 2 2 |
000 0 0 0 0 00
(43N s (52
20 0/ 32 0 A 231
—1 3 2 1 3 1 13
3 -9 0 3 —1 —1 12
2 3 —1 3 1 2 3 4
0 3 —1 2 0 2 1 -1
3 1 2 1 2 3 1 3
3 2 1 1 3 —1 —2 5
e) Al = A2 = A3 = At = .
3 3 2 —1 1 3 3 —4

22. lcnosb3ys olpejiesieHne, TPpOBEPUTh, OYLYT JIM CJICIYIONIIE CHCTEMbI

MHOTOUJICHOB JIMHETHO He3aBUCHMbIMU B JIHetHOM npocTpancTBe Pay:
a) p'(x) =1 p*(x) =2 - L p*(x) = (z +3)%,
) pi(x) = 2% + 4z, p*(x) = 222 — x + 4, pP(x) = 42° — 4z + 1,
) pH(w) = 42® — 3z — 1, p*(z) = 4o — 3, p*(x) = 42 + 92 — 10,
) pH(w) = 42® — 32+ 2, p?(x) = =322 + 22 + 3, p*(x) = To? — 5o — 1,
e) pi(z) =3z —4, p*(x) = 32? — 22 — 3, p*(x) = 22 + 32 + 3.
23. UssectHO, 4TO BeKTOp a’ i 1

JIMHETHO BbIpazKaeTcsd 4depe3 BEKTOPHI a4,
2

a“, a®. Haiitn jmHeitHoe BbIpazKeHume at qepes al, a2) a3, ecJin

o S

SN

14



[ 2 [ -1 2 1
a) at=111],ad= 1 cat=1 -2 |at=]| -4 |,
\ 1) \ 0 3 5
(1) (1 0 1
b al=11|,a®?=|2|,a=|0 |;a*=1] 0
\ 1) \ 1 1 4
3. Basucsl. PasmepHocTh mpocTpaHCTBA
OcHoBHble NOHATUSA, DOPMYNbI 11 TEOPEMb!
Omnpenesienne 4. Cucrema BeKTOpOB € = {ey, €9, ...,€,} HA3BIBALTCSH

basucom aunetinozo npocmparcmea V', el BBIIOHSIOTCS JIBa YCJIOBUS:
1) cucrema BEKTOPOB € SIBJISICTCST JIMHEHHO HE3aBUCHMOIL;

2) 060t BekTOp x € V mpejcTaBuM B Bujie JIMHEHHO KOMOMHAIINI

T = T1€] + Toeos + ...+ xTphE). (3)
I
T2

BekTop-crosben x, = Ha3BIBACTCH KOOPIUHAMAMU 6EKMOPA T B
T,

Dasuce e.

Onpenenenne 5. Yucsio BeKTOpoB B Oasuce V Ha3bIBACTCH PaA3MEPHO-

cmoio Aunetinozo npocmparcmea Vo u obozHadaercs depes dim V.

Onpenenenune 6. JIuneiiHoe npocTpaHcTBO V' HA3bIBAETCS KOHEYWHOMED-
HbLM, €CJIN YICJIO BEKTOPOB B 0Oasnce KOHeYHOe ducjo, nHade V — beckoneu-

HOMEPHOE NPOCTPAHCNEO.

15



EctecTBennble 6a3UChbl OCHOBHBIX JIMHEHBIX ITPOCTPAHCTB

1. Cucrema BEKTOP-CTOJIOIOB

((1)\ /(1)\ /8\ (3\

e1 = 0 , €9 = 0 , 63 = 1 N 0

o) Vo) L)

HA3bIBAETCsl €CTECTBEHHBIM Oas3mcom mpocTpaHcTBa R". PazmepHocTb 11po-

crpatcTBa R pasna n.

2. Cucrema MpsSMOYTOJILHBIX MATPUI] PA3MEPHOCTH M X N

10 ...0 01 ...0 00 ...0

00 0 00 ...0 0 0 0
€1 = , €0 = youuesCmn =

0 0 0 00 ...0 00 1

Ha3bIBACTCs €CTECTBEHHBbIM OaszmcoMm mpocrpancTBa M™". Taxkum obpasoM,
pasMepHOCTh npocTtpancTBa M ™" paBHa mn.
3. Cucrema MHOI'OYJIEHOB

2 3 n
e1=1l,eg=x,e3=a"€e4=2",...,€6p11 =2

HA3bIBAETCsl €CTECTBEHHBIM 0Oas3mcoM ImpocTpancTBa P,. Pa3smepHocTb 1po-

crpancrsa P,, paBna n + 1.
3afaumn 4ns CaMOCTOSITENIbHOTO PELLEHNS

24. Ucrnionb3ys orpejiesieHre, TPOBEPUTD, SIBJISIETCS JIM CHCTEMa BEKTOPOB

e1, €, €3 6a3mcoM B JmHeiHOM 1pocTpancTse R

(3 2 -3
a) e = 0 , 69 = 4 ,63 = —4 ,
\4 4 2

2 ) 6
b) €1 — 3 , €9 = —2 , €3 = 7 )
\ ) —3 4

16



d ei=1] 2 |,ea=| 1 |,es=1]4].
Ks —1 1)

25. Ucrnonb3yd omnpejiesienne, MPOBEPUTD, SABJIAETCA JIM CUCTEMa, MHOTO-

4JIEHOB D1, Pa, P3 OA3MCOM B JMHEHHOM 1pocTpancTse Po.
a) pr=1—3x—22%py=2—4dx + 2% p3 =2+ 3z + 222,
b) pr=—2+22+32%py=1x—22% p3 = -2+ x + H2?,
c) pr=—4+2x— 2% py=4+x+42% p3 = -3 — 3z — 222,
d) p=-1+2x+2%py=—-2—x+2%p3=—T7+ 4z + 5z’.
26. lcnons3ys onpejeeHne, IPOBEPHUTD, SBIACTCS JI CHCTEMa MaTPHI]

Ay, Ay, A, Ay 6asucoM B smmeiiom mpoctpancrse M2,

-1 3 2 1 3 1 1 3
Cl) A1: 7A2: 7A3: 7A4: ?
3 —2 0 3 -1 —1 1 2
2 3 -1 3 1 2 3 4
b) Al — 7A2 — 7A3 — y 414 — )
1 -1 -2 3 11 1 -3
3 =2 1 2 3 1 1 -1
C) Alz 7A2: 7A3: 7A4: )
-3 3 -2 —3 -2 1 1 3
3 2 1 1 3 —1 -2 5
d) Alz 7A2: 7A3: 7A4: .
3 3 2 —1 1 3 3 —4
27 HpOBepI/ITb, ABJIACTCA JIM CUCTEMa BEKTOPOB €1, €9, €3 6&3HCOM B JIU-

HeitoM npocrpancrse R?, i HafiTi KoOpAHHATH BeKTOpa & B 9TOM basuce. [1o

U3BECTHOMY KOOPJAUHATHOMY BEKTODPY Y, HAWTU BEKTOD Y:

—2 2 —2 —4 4
a)61: 3 , €9 = -3 ,63 = 0 , T = 3 Y = 4 ,
0 4 -3 -7 3

17



3 ) \ —4 ) \ -1 _7 1
28. Ilposeputhb, gaBjgeTcs Jn cucTeMa MHOTOUJIEHOB D1, P2, P3 OA3MCOM B

JMHEHHOM TpocTpancTBe Po 1 HalTH KOOPMHATHI MHOTOWIeHA h(z) B 9TOM

basuce. Ilo uzBecTrHoMy KOOpAMHATHOMY BEKTODY ¢, HAlTH MHOIOYJIEH (.

0
a) pr=4+4x+22%py=-3-2 ps=—-1—-z+a’g,=| -1 |,
2
h(z) =5 — 4x + 4a%;
—1
b) p1=—-3+422%py =241+ 22% p3 =4+ 4z —22% g, = 2 ,
1
h(z) =5+ x;
c) pr=2+4x —22%py=—1+22+ 2% p3 = —2— 2x — 2,
0
gp=1 -1 |,h(z) =2+ 422
—2

29. Haiitu kakoii-HnOy/ib 6a31C 1 pa3MepHOCTh JIUHEHHOI'O TPOCTPAHCTBA
V., 3aJ1aHHOTO CJIEIYIOIIIM 00Pa30M:

a) mpoctparcTBO MHOTOWIEHOB p(x) € Py makux, aro p(1) + p(—1) = 0,
0

b) mupocrpamncTBO MHOTOWIEHOB p(2) € Py Takux, 1o p(1)
¢)  mpocTpaHcTBO MHOTOWIEHOB p(z) € Py Takux, 1rto p(2) = 0.

30. Haiitu kakoit-Huby b 6a3mc n pasMepHOCTh JHHEHHOTO IPOCTPAHCTBA
V, 3ajaHHOrO CJIeIyIONIM 00pa30M:
a)  TPOCTPAHCTBO CUMMETPHYHBIX MATPHUIl pA3MEPHOCTH 3 X 3,

b)  1IPOCTPAHCTBO MATPHIL (G;;) PASMEPHOCTH 2 X 3, 3JIEMEHTbI KOTOPBIX Y/10-

18



BJIETBOPSIO YCJIOBUAM a11 = 0, @99 = ass,
¢)  HPOCTPAHCTBO CHMMETPUYHBIX MATPHI[ PA3MEPHOCTH 3 X 3, IHATOHAJIb-

HbI€ 3JIEMECHTBI KOTOPbLIX pPaBHbLI HYJIIO.

4. IIpeobpa3oBanue ba3uca U KOOPAWHAT

OcHoBHble NOHSATWSA, POPMYJIbI U TEOPEMBI
[Iycte V' — nmHeiiHoe IpOCTPaHCTBO Pa3MEpPHOCTH 1N.

Omnpenesienue 7. Mampuuetli nepexoda ot 6a3uca e = {ey, €, ...,€,} K
basucy u = {uy,usg, ..., u,} Ha3bIBaeTCsS KBaJparHas Marpuna L., = (t;;)
pasMepa n X n, Mo CToJ0IaM KOTOPOH CTOST KOOP/MHATHI HOBBIX OA3MCHBIX

BEKTOPOB B CTapoM Oasrice.

Taxum obpaszom, 6a3UCHI € U U CBA3aHbI MATPUYHBIM PABEHCTBOM

(uy,ug, ..., up) = (€1, €2, ..., €n) - Tos. (4)

PaBencTBo (4) MOXKHO MepernucaTh B CJICIYIOMEM BUJIE:

(61, €2, ..., en) = (ul,u2,...,un) 'Tu_>€. (5)

CpaBuuBas pasencTBa (4) u (5) mosydaem, 9To j1Be MaTpurbl mepexoia Ty,

u Ty e SBJIAIOTCA OOPATHBIME K JIPYT JIPYTY, TO €CTh

Tyuse = T_l Teso = T_l (6)

e—u? u—e-

[Ipn Takux 0OO3HAUYEHUAX KOOPJAUHATHI T, BEKTOPa X B Da3uce € CBI3aHbl

C KOOpJIMHATAMU I, TOI'O YKE& BEKTOpa B 0Da3uce 1 paBEeHCTBAMU

Le = Te—>u * Ty (7)
nJjin

Ly = Te_—lm " Te <8)
J00

Ly = Ly—e * Le- (9)



3aja4mn A5t CaMOCTOSITENIbHOMO peLleHus

31. Haiitn marpuiyy nepexoma or 6aszuca e = {ej,es, e3} K Oasucy
u = {uy,ug,uz} B JuHeiinoM npocrpancrse R3. Tlo u3BecTHBIM KOOpMHA-

TaM BEKTOPOB X, i B OJIHOM Da3uce HalTH UX KOOPJUHATHI B JPYyroM Oasuce:

2 3 —2 —2
a) e1=| -1 |,ea=11 |,es=] =1 | %= 2 |,
—1 1 —2 —2
-3 1 —2 2
uy = 1 sur =11 y,us=1| =2 |, %=1| -1 |,
2 3 —1 1
3 —2 1 —2
b) es=| -1 |,ea=]| =1 |,es=1| 3 |,9e=1| =2 |,
—2 0 3 0
-3 —2 —2 1
U = 1 yur =1 —1 |,us=| —1 |,z =| -2 |,
3 1 —1 3
1 —1 —1 -3
c) er=1| -1 |,ea=| =1 |,e3= 0 Ye=1 —4 |,
1 1 2 1
—2 1 1 —1
uy=1 -1 |,ue=1| 0 |,us=1\| =3 | ,zu, = 2
—1 2 3 —2

32. Haittu marpumy mnepexoma or 6asuca f = {f1, fo, f3} K DGasucy
g = {1, 92, g3} muneiinoro npocrpancrea Py :
a) fi(x) =142 — 222 fo(x) = 2 — 22, f3(x) = =2 — 22 + 222,
gi(x) = =3 -2+ 322 ga(x) =2+ — 2%, g3(x) = 1 — 2 — 222,
b) fi(z) = =1 — 22 fo(x) =2+ 2 — 22, f3(x) = =2 — z + 322,
g1(z) =1+ 2z — 32%, go(z) = 3+ 22 — 22, g3(x) = 3 + 2z — 322,
¢) fi(z) =1+ 2x + 322, fo(x) = 1 + 2 + 222, f3(x) = 1 — 22,

gz)=-2—z+2% gr) =22 —2% g3(x) = -2 — v — 2°.
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33. Haiitn koopaumHaThl BekTOpa * B 6asmce u = {uy,Us, Uz}, €CaU OH

3aan B Oasuce e = {ey, €9, e3}:
(

up = e + ey + 2es, 6
a) § us = 2e; — e, re=1 —1 1,
| uz = —e + e + es, 3
( U, = e1 + ey + 3es, 1 \
b) § uz = (3/2)er — eo, Te= 1 2 |,
| u3 = —e1 + e + es, 4)
( up = el + ey + 4des, 1 \
c) ¢ uy = (4/3)e; — eo, Te= 1 3
us = —ep + ey + es, 6)

§4. Kak uzmeHuTCsSI MaTpuiia Iepexojia OT OJHOro 6asuca K JIPyroMmy,
eCJIN:
a) TOMEHSITH MEeCTaMHU JIBa JEMEHTa IIepBOro basuca,
b) MOMEHSATH MeCTAMIU JiBa 3JIEMEHTa BTOPOro Oasmca,
¢)  3ammcaTh 3JeMeHTHI 000nX 6A3MCOB B 0OPATHOM TOPSIIKE?!

35. Jlanbl Gasucel e = {e1, ez, e3}, g = {91, g2, g3} upocrpancrea R3 u
marpuna A. Haiitun 6asucel v = {uq, ug,us}t u f = {f1, fo, f3} makue, aro

MaTpuilbl nepexona Toyy = Au Ty, = A:

—2 2 0
a) e; = 2 ,eo=1 —1 |,e3=1 1 |,
—1 1 1
—1 —1 —1 -1 —1 1
an=1-11|,92= 1 , g3 = 1 A=1 -1 =2 2 |,
1 0 2 -1 -2 1
—1 —1 —1
b) eg = 1 |.,e2=1| 2 [|,es=]| =2 |,
3 3 —1
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g1 = 1 = -1 |,3=1 -2 | , A=| -2 -1 1 :
—2 —1 2 -2 -2 1
—1 —1 1
c) er = 0 , €2 = 2 es =1 =2 |,
—2 —1 —1
1 3 -3 -2 =2 1
g=| =3 1:92= 1 3= -1 | A= 1 3 =2
-3 —1 0 0o 2 =2

5. JlmnaeiiHoe MOIIIPOCTPAaHCTBO

OCHOBHbIE NOHSATUSA, POPMY/IbI U TEOPEMBI

Omnpenenenue 8. Jlunelnvim nodnpocmparncmeom JUHEHHOTO TIPO-
cTpaHcTBa V HasbIBaeTcs HelycToe MHOXKecTBO L BekTOpoB U3 V', ob/agato-
1ee CJICYIONUMA CBOMCTBaAMMU:

1) cymma x + y JaByX Jit00bIx BekTOpoB U3 L cHoBa npunaiexkur L;

2) npousBejieHne « - x J0OOro BekTopa x u3 L Ha si0boe 4ncio o cHoBa

npuHaiexkuT L.
JIroboe JInHetHOe MOJIIPOCTPAHCTBO ABJISETCs JTUHEHHBIM ITPOCTPAHCTBOM.

Onpenenenune 9. Pasmeprocmuviro JuHeiiHOTO HoAIIpocTpancTBa L Ha3bI-
BaeTCsl 9UCJI0 BEKTOPOB B Oaszuce. Pa3zMepHOCTDb JIMHEITHOIO IOIIIPOCTPAHCTBA

L oboznavaercs yepes dim L.

Onpenenenune 10. Paccmorpum cucreMy BeKTOPOB ai, @9, ..., A W3
BEKTOPHOI'O IpocTpancTBa V. MHOXKeCTBO BCEBO3MOXKHBIX JIMTHEHHBIX KOMOU-
HAIil BEKTOPOB a1, A9, ..., () HA3BIBACTCA AUHETHLIM NOONPOCMPAHCINEOM,
HAMAHYMBLM HA CUCTEMY BEKMOPOS A1, G2, . . ., G WIA AUHETHOT 000404K0T

1 obosHauaeTcs span{ay, as, . .., ag . Takum obpazom

span{ay, as,...,ar} ={x € V | x = cray + coas + ... + crag
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JInneitHast 000/I0UKa sIBJISIETCSI JIMHEHHBIM TIOIIIPOCTPAHCTBOM.

Omnpenenenue 11. Basucom cucmemsv, 6eKMOpo6 B THHEIHOM ITPOCTPaH-
CTBE Ha3bIBACTC OA3UC JIMHENHOI 000JOUKH 9TOM CHCTEMbI BEKTOPOB. Panzom
cucmemd, 6eKMOPo6 HA3bIBAETCS YNCJIO BEKTOPOB B Oazuce JMHEITHONH 0060/104-

KH.

Teopema 1. Pamne cucmemv. 6exmopos ai, s, ..., G AUHEUHO20 NPO-
cmpanemea V' pasen pamey mampuuyve A, cocmasaennol no cmoabuam u3
Koopdunam 6exKmopos ai, g, ..., G 6 KAKOM-AUO0 0a3UCE AUHETHO20 NPO-

cmparcmea V.

33,£|,a‘-ll/| 413 CaMOCTOATENIbHOIO peLEHNA

36. HAaserca sin JMHEHHBIM MOJIIPOCTPAHCTBOM JIMHEITHOI'O MPOCTPaH-
cTtBa R" KaxKjasg n3 cJaeayloninx COBOKYIHOCTEH BEKTOPOB:
a)  MHOXKecTBO BCeX BEKTOPOB, Y KOTOPBIX MepBas KOOpJAUHATA T = @, TJIe
@ — HEKOTOpoe (PUKCUPOBAHHOE BENIECTBEHHOE UNC/IO,
b)  MmuoXKecTBO BCeX BEKTOPOB, Y KOTOPBIX CyMMa TI€PBOil U BTOPOii KOOD/TH-
HaTbl HEOTPUIIATE/IbHA, TO €CTh X1 + o > 0,
¢)  MHOXKeCcTBO BCeX BEKTOPOB, Y KOTOPBIX BCE KOODMHATHI SIBJISTIOTCST PAIT-
OHAJIbHBIMU YUCJIAMHU,
d)  MHOXKeCTBO BCEX BEKTOPOB C HYJIEBBIMU [EPBBIMU JBYMST KOODIHHATAMU:
T1 = T = 0.

37. dBngerca m 1MOAIPOCTPAHCTBOM  JIMHEHHOTO  IPOCTPAHCTBA
M"™ n > 2, caeayroniye MHOYKECTBA MaTPHIL 1-T'0 TOPsIJIKa:
a) MHO)KecTBO BCeX BEPXHUX TPEYTOJbHBIX MATPUIIL,
b)  MmoxkecTBO BCeX BBIPOXKICHHBIX MaTpuil: |A| = 0,
¢)  MmuozKecTBO Beex MaTpHIl, KBaJpaT KOTOPbIX paseH Hyao: A% = 0,
d)  MHO)KeCTBO BCeX TPEXIHATOHAIBHBIX MATPHII, TO €CTh MATPUIL, ¥ KOTO-
peix a;; = 0 mpu |¢ — j| > 1.

38. dpnsgerca s TOAIPOCTPAHCTBOM  JIMHEHTHOTO  MPOCTPaHCTBA

P,,n > 1, cieayromme MHOYKECTBa MHOTOUJIEHOB CTEIIEHN HE BBIIIE N
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a)  MmuoxKecTBO Bcex MHOTOWICHOB f () CTENeHN He BBIIIE N, JJIsA KOTOPBIX
f(b) = ¢, vie b, ¢ — bukcupoBaHHbIe, BEIECTBEHHbIE YUCTIA,

b)  MmuoxKecTBO BceX MHOTOUICHOB f(x) CTereHu He BBINIE 7, JJTsT KOTOPBIX

1

[ f(t)dt =0,

0

c)  MuoxKecTBO Bcex MHOTOUICHOB f(x) CTereHu He BBINIE 7, JJTsT KOTOPBIX

queJia 2 U 3 ABJIAI0TCS KOPHIMU,

d)  MmuoXKecTBO Bcex MHOTOWICHOB f(x) CTeleHn He BBIIIE N, JIJIsT KOTOPBIX

£1(0) = 1.
39. Haiitu panr u 6as3uc cucreMsl BeKTopoB a', a?, a?, a*, a®, a°
0 0 0 0
a) al= . ,a? = ! L ad = _2 . at :
0 -1 2
0 —2 4
1 3
a’ = 2 ,a = - :
1 0
0 —6
0 0 —1 —2
b) al = ; ,a? = 0 L ad = ; ,at = ’ :
—1 2 —1 —1
3 —6 1 —1
2 4
a’ = . ,a = -
1 4
—1 —6
40. HaiiTi panr u 6a3uc cucTeMbl BEKTOpoB p', p?, p3, pt, p°
a) pz) = -2 —x — 1, p*(x) = 222 + 20+ 2, p¥(x) = 2> + 2 + 1,
pl(z) = =22 + 3z + 1, p°(x) = —22° + 2x,
b) pl(z) = 2>+ 2+ 2, p*(x) = —22° — 20 — 4, p¥(z) = —2® +© — 1,

pi(z) =22 +4a + 5, p°(v) = 322 — o — 1.
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41. Haiitu panr u 6a3uc cucTeMbl BEKTOPOB

1 0 —2 0 0 -3
a) Al = JA? = VA3 = ,
1 -2 —2 4 -1 2
4 -1 3
0 O
3 0 -3 0 6 0 -3 -1
b) Al = JA? = VA3 = VAt = ,
1 2 -1 =2 2 4 0 3
w77
1 8
42. Haiitu 6asuc B nojgnpocrpancrse span{ay, as, ag, g, as, A} 1 KOID-

CbI/IHI/IeHTbI pas3JIozKEeHA OCTaJIbHBIX BEKTOPOB CUCTEMDBI 110 9TOMY 6&3140}/.

3 6 ) 3
3 6 -3
CL) a1 — , A2 = , A3 = )
—1 —2 1
5) 0/ -5
1 4 —7
—2 ) —8
aq = , A5 = , g = ’
—1 0 1
3 -2 —7/
[ 1 ~3 0
0 0 1
b) a; = , Ao = , A3 = )
1 -3 5)
\—3 -9 2
—1 2 3
—2 1 1
a4 = , A5 = , A = )
—11 7 8
—1 —4 -7
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—1 2 5)
C) ap = , g = , A3 = )
—2 4 —3
1 —2 \—3
1 1 1
-7 -5 7
a4 = , A5 = , g =
—1 3 1
5 3 —5)

6. Cymma, nepecedyenue JIMHEIHBIX MOAIPOCTPAHCTB*

OcHoBHble NOHSATWSA, POPMYJIbI U TEOPEMBI

Omnpeneaenue 12. Cymmoti 1ByX JimHeRHbIX TonpocTpancTB Ly u Lo
JIMHEWHOro pocTpancTBa V' HasbiBaeTcs cOBOKYNHOCTL Ly + Lo BcexX BEKTOPOB
u3 V', KaxKJplit U3 KOTOPBIX IIPEJICTABISCTCS B BUJIE X = T1 + X9, Tie x1 € Ly

n Ty € Lo.

Omnpenenenue 13. [lepeceuenuem NBYX JUHEHHBIX MOAIIPOCTPaHCTB Ly
n Lo ymneitnoro mpocrpancrsa V' HasbiBaeTcsd coBOKymHOCTh Ly M Ly Bcex

BeKTOpPOB 13 V| KarK/Iblil N3 KOTOPLIX TPUHALIEKUT Kak Ly, Tak n Ls.

Teopema 1 (I'paccmana). [lycmv Ly u Ly — aunetinoe nodnpocmpa-

cmea npocmparcmea V; mozda

gdecy dim(Ly), dim(Ly) — pasmeprocmu aunetinvx nodnpocmparcme Ly u
Ly, a dim(Ly + Ly), dim(Ly N Ly) — pazmeprocmu cymmol U nepecevers

AMUT NUHETUHDBLT no@npocmpchme coomeemcmeeHHo.

Omnpenenenune 14. Cymmy Ly + Lo 1ByX JIMHEHHBIX 1OIIpocTpancTB Ly
1 Lo TaHHOTO JTMHEIHOro TpocTpancTBa V' HA3bIBAETCA NPAMOTU CYMMOT, eCin

it Kazkgioro © u3 Ly + Lo ero npejcrasieHune
T =T + Ta, T € Ly, x9 € Ly,
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eJInHCTBEeHHO. [IpsiMyto cymMMy JIBYX JIMHEHHBIX mojanpoctpancts Ly u Ly 060-

snagaior Ly @ Ls.

Teopema 2. /Jlaa mozo wmobwv, cymma Ly + Loy deyx aunetinvz noonpo-
cmparcme Ly u Ly 6viaa npamoti, neobxodumo u docmamouno, 4mobv. nepe-
ceuerue IMULT NMUHETHBLT NOONPOCMPAHCME ObLAO HYAEBBLM NPOCTPAHCINGOM,

mo ecmv Ly N Ly = {0}.

3ajaun Ansi CaMOCTOATENBHOMO peLleHus

43. Haiitu 6a3ucbl CyMMbl U IlepecevdeHnsl JIMHEHHBIX MOAIPOCTPAHCTB,

HATSIHYTBIX Ha CHCTEMbI BEKTOPOB a1, ...,ar 1 by,... by
1 1 1
a) =12 |,a= I ,az=| 3 [,
1 —1 3
2 1 1
by = 3 o= 2 |,03= 1 ,
—1 2 -3
(1 ) 1)
b) ar = ’ NOES ’ ,ag = ’ )
1 1 2
\ —2 0 —3/

()
Py
|
e e e
\'0‘
[\}
I
| o =
/ﬁ\_//_\;/
u@
w
I
wW
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—2 2 —2
bl = ,b2 - ,bg — )
—1 —1 -5
2 —1 4
2 0 [ 2 )
—1 —1 -3
d) ap = y 2 = A3 = )
1 —2 -3
2 -2 \—2/

2
2
-8
—8/

44. Haijitn pasMepHOCTH CyMMbI U Tepecedernst (6a3uchl HaXOIUTD

—_
Sy Ot N

HE HYKHO) JIMHEHHBIX MOJAINPOCTPAHCTB, HATSHYTHIX HA CHCTEMbI BEKTODOB

ai, ...,ap 1 by,... b
1 2 -1
—1 —3 3
CL) a1 = , Ao = , A3 = ’
1 3 -3
—1 1 / )
1 ~1 ~1
-3 5 1
bl = 7b2 — 7b3 — ’
1 1 -3
3 -5 —1
2 1 9
-1 3 —6
b) a)p = , A9 = , a3 = s
0 1 —2
—1 —2 4
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—1 3
bl - 7b2 — 7b3 — )
3 —6 1
3 —6 3 /
-1 -3 (1
1 3 —1
C) ap = , g = , A3 = )
0 2 2
—2 2 —1
0 0 —1
—2 —2 3
bl - 7b2 - 7b3 -
1 1 —2
0 1 2
45. Jlaubl gBa jguHeiinbix nognpocrpanctsa Ly = spanf{ay, as, ..., ar} u
Ly = span{by, by, . .., b }. Aasierca yin cymma Ly 4+ Lo tipsimoit?
(1 2 [ -1
G,) a)p = -2 , A9 = 1 7b1 — )

1
4
—4

i

\
(
) \
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JInHeliHbIN omlepaTop

7. OnpeneneHue JuHeitHOTO oriepaTopa. MaTrpuria jimHeiiHOTO

oriepaTopa
OcHoBHble NOHSATWSA, POPMYJbI U TEOPEMBI

Omnpenenenue 15. Onepamopom, 1efiCTBYIONIUM B JIMHEITHOM TTPOCTPaH-
ctBe V', Ha3bIBaeTCd MPABUJIO (p, 110 KOTOPOMY KaxKJIOMY 3JeMeHTy x u3 V.
CTABHUTCS B COOTBETCTBUE HEKOTOPDIN 31eMeHT Yy 13 V. DJIeMeHT i Ha3bIBaeTCs
00pa3om dJIEMEHTa X, a dJEMEHT T — npoobpadom djieMenTa y. Tor dakt, 9T0
9JIEMEHT Y COOTBETCTBYET 3JIEMEHTY X IPU JIefiCTBUN ollepaTopa , 3allichiBa-

€TCAd TaK:

y = ¢(x). (11)

Omnpenenenue 16. Oneparop ¢, JeHCTBYIONNI B JIMHEHHOM TTPOCTPaH-
ctBe V', HA3BIBACTCA AUHETHBIM, €CTTH JIJIS JIIOOBIX JIBYX 9JIEMEHTOB T1 U Ty U3

V' u joboro 4mncia o BBITOJHAIOTCS paBEHCTBA!
1) p(z1 4+ 22) = (1) + p(22);  2) plam) = ap(z1). (12)

Omnpepesienne 17. Ilycts e = {ey, €9, ..., €, } — 6asuc npocrpancrea V.

Tora BeKTOPHI

90(61) = U1, 90(62) =V2,... ,SO(Gn) = Up

PUHAJJIEYKAT TTPOCTPAHCTBY V' M MOTYT OBITH pa3jiozKeHbl 0 Da3ucy:

ple1) = aper + anes + ... + apiey,

e2) = aper + ages + ... + apoey,
90( 2) 12€1 22€2 n2€n (13)
plen) = amer + ages + +  apnen,
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Ksagparnass marpuia

aip ai2 Aip

as1 Q22 Aon
Ae —

anl1 Aap2 Ann

HOPsAJIKA 1 HA3BIBAETCA Mampuuet sunetino2o onepamopa ¢ 6 basuce e. Pa-

BeHCTBO (13) MOXKHO HEpernucarh B CIe/IYIONEeM MaTPUTHOM BHJIE

ple) =e- A, (14)

Omnpenenenue 18. Onpedesumenem onepamopa @ Ha3bIBAETCS OIpE/ie-
JINTEJIb €er0 MaTPHUIlLl B KaKOM-HUOYyIb Oasuce e. OnpeennTeib oneparopa ¢

oboznadaercst depes |¢|. Takum obpasom, MO OIpeIeIeHnIo

o] = [Ael-

3aga4dn Ansi CaMOCTOATENBHOIO peLleHus

46. Dyner am muHelHBIM OllepaTOPOM, JEMCTBYIONINM B JIMTHEHHOM IIPO-
crpatnctee M 22 peex MaTPHUIL BTOPOTr'O IMOPAIKA C BEIIeCTBeHHBIMUI dJIeMEeHTa-

MU, KayKJI0€ U3 CJCIYIOMNX OTOOParKeHMIl.
mi1 M2

st iro6oit maTpunbl M = c M?* .
Ma1 M22
10
a) p(M) = |M| R E rie | M| — onpegenurens marputibt M,
11
b QO(M = mM1i1 ,
) (M) -
) (M) b2 M+ M >0
)y - : : )
3 4 7 8
mip Mmi2
d) (M) =
ma1 1

31



47. DByner am muHERHBIM OIlepaTOpPOM, JEHCTBYIONINM B JIMTHEHHOM IIPO-
crpancTBe Py BceX MHOIOYJICHOB C BEIIECTBEHHBIMI KO DUIMECHTAME CTeIle-
HU He BBIIE N, KaxKJ0e U3 CJAeIYIONNX 0TOOparKeHnit.

st moboro muorowiena f(xz) € Py :

a) o(f) = f'(x) + 3f"(x), b) o(f) = (f(1) + f(2)) (),
c) p(f) = (z +1)f"(x), d) o(f) = "= " +5.

48. BrpigcnuTh, Kaknue u3 CJIeyIoNnX OIepaTopoB, JAeHCTBYIONUX B JIH-

HETHOM IIPOCTPAHCTBE R3 apnsiorcs JIMHENHBIMA, U B CJIy4ae JNHEeIHOCTH Hall-

1
TH UX MATPUIBI B ecrecTBeHHOM basuce e = {e1, eq,e3}, e ey = | 0 |,
0
0 0 1
ea=1|11,es=1| 0 |.dnamoboro sekropa z = | z, | € R?:
0 1 3
6x1 — Dy — 4a3 6 — DSro — 43
a) pr(z) = | —3wy — 2wy —w3 |,p2(x) = | 3w1—2w3— a3 |,
To + 213 Ty + 2
7
p3(@) = | 3w1— 220 — 3 |,
Ty + 213
5xr1 — 49 — 313 5xr1 — 4x9 — 313
b) pi1(z) = 201 — 9 , pa(x) = 0 ;
To + 2 x5 + 23
S5r1 — 4x9 — 313
p3(z) = 2w1 — x9 ;
T9 + 213
4x1 — 3x9 — 213 4r1 — 3x9 — 213
¢) pi(z) = X1 ,pa(x) = X1 ;
x1 + 223 + 373) x1 + 2w + 313

32



4331 — 3:62 — 25133
p3(x) = x1

xr, + 255'2 + 3
49. g ciaeayiomux JUHEHHBIX OlepaToOPOB, JAEHCTBYIONNX B JIMTHEITHOM

npocTpancTBe Py, HaliTH MaTpPHUIIBI B eCTeCTBeHHOM bOasmnce e = {eq, €9, €3},
rie e = 1, ey = x, e3 = 2. BBIYHCIUTD OIpeenTe b olepaTopa.

st moboro muorownena f € Po:

a) p(f) = =3f"(x) + 3f'(x), 0) o(f) = f(x+2) + f(0)z + (),
o) o(f) = f(=2)+ f(2)z + fB)a*,  d) o(f) = f(z) + f(2)z + f'(2).

50. [lng ciaemyrommx JUHERHBIX ONEPATOPOB, JEHCTBYIONINX B JIMTHEHHOM

npocrpancree M2 HaiiTn MaTpuIbI B ecTecTBeHHOM Gasuce e = {eq, €9, e3},

10 01 00 00
riae e; = , €9 = ,€3 = €4 = . Berunc-
00 00 10 01

JIATDH OIIPpEAC/INTE/IL OllEpaTOopa.

Jlns soboit Mmatpunsl M € M?%:

31 3 3
a)sO(M)<O 1)-M+M<_2 _3>,

31 3 3
b) p(M) = 01 - M - Y 4 +2M,
c)w(M):((;;)MJrM(ii),

0 1 21
Do ={ {2

51. okaxkute, aTo oneparop auddepenimpoBanusd [, neficTBytonmuii B
npocrpancTse P, MHOrO4/IeHOB crereru He Beiiie n (n > 1), sBiisercst JinHeii-

HBIM ortepaTopoM. Haitjiure marpuily jimHeiiHOTo onepaTopa B Oasuce:

a) 1,z ..., 2",
x x"
b) 1,?,...,57
c) L1+x, .., 1+z+2%+.. . +2a"
d 1,x—1,2*>—x, ... 2" —a" L
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8. IIpeobpa3oBaHue MaTpuilbl JUHEITHOTO OoIlepaTopa

OCHOBHbIE NOHSATUSA, POPMY/IbI U TEOPEMBI

bBynem npeamnosiarath, 9TO JUHEHHBIN omepaTop (o JeficTByeT B KOHEUYHO-
MEpHOM JIMHEHHOM IpocTpaHcTBe V' pa3sMepHOCTH M.
[Iycts B 6asuce e = {ey, €9, ..., e, } nuneiinoro npocrpancrsa V' 3ajaHbl

9JIEMEHT T, U ero obpas Y. = ¢(&.) JUHEHHOTO ollepaTropa ¢, TOrIa,

90(-7;6) =Ye = Ae * Le, (15)

rie A — marpuia jmheitHoro omneparopa . @opmysa (15) mosBoJisier onpe-
JeJIUTH KOOPJMHATHI 00pa3a Y. = ¢(Te) de€pe3 KOOPAMHATHI Ipoobpasa T, B

JIaHHOM Oasice e, ecjin u3BecTHa MaTpuna A, omeparopa ¢ B 3TOM Dasuce.

Marpurna A, omeparopa ¢ B 6asuce e = {ej,e9,...,e,} n marpuma A,
TOrO 2Ke oreparopa B basnce u = {uy, Usg, . .., Uy} CBI3aHBI COOTHOIICHIEM
-1 -1
Au = Te—>u : Ae T = Tusse - Ae : Tu—}ev (16>

rie T,_,, — Marpula mnepexojia or basuca e K 6azucy u: u =e - T, ,,.

PagenctBo (16) MoKeT OBITB MEPENICAHO B CJIEYIOIIEM BHIE:

Ae = de—u Au : T_l = Tu_—1>e : Au *Tuse- (17>

e—U

3ajaun ANt CaMOCTOATENBHOMO peLleHus

52. Jluneitnblii oneparop ¢ B 6asuce fi(z) = 1, fo(x) = z, f3(x) = 2?

nmeer marpuny Ay Haittu marpuny A, smmeitnoro omeparopa ¢ B 6asuce

9=191.92,93}:
3 —-10 gi(z) =1+ 2z,
a)Ay=1 2 1 3|, gx)=-1+2z+2%
-1 1 0 g3(x) = =1+ + 22,

34



(0 -13)  g2)=-3+z+27,

b)Ay=11 3 0|, glr)=-2+z+2%
KQ 2 1) g3(r) = =2+ 22,
(02 3\  gla)=—1+22—22
c)Ar=122 2 |, @@=-1+z,
(x)

\10—3) g3(x) = 2 — 22 + 22,
53. Jluneitnbiii onepaTop ¢ B Oasuce e = {ey, €9, e3} numeer marpuiy A,.

Haiitu marpuiyy A, nuneitHoro oneparopa ¢ B 6asuce u = {uy, us, ug}, eciu

N3BECTHO Pa3JIOZKEHNE BEKTOPOB Oa3uca u B JUHEHHbIE KOM6I/IHaLH/II/I 110 6&31/10}/'

e:
(15 —11 5 up = 2ey + 3es + e,
a) Ae=1 20 —15 8 |, uy = 3eq + 4es + €3,
\ 8 —7 6 us = eq + 2ey + 2es,
0 2 \ U = e} — ey + ez,
b) A, = 3 —1 : uy = —ep+ ey — 2es,
1 —2) uz = —ej+ 2ey + eg,
(2 3 Uy = e;+ 2es — 3es,
c) Ae = -3 —2 ; Uy = ey — ez,
\o 1 3 us = —ej — ey + 3es.

54. JluneiiHbiii onepaTop ¢ B 6asuce e = {eq, e, €3} Umeer mMarpuity A,.
Haiitu marpuny A, oneparopa ¢ B 6asuce u = {uq, us, u3}, €cinm U3BeCTHO

pasJIoyKeHrne BEKTOPOB Oasuca € B JuHelinble KOMOnHaIum 1mo 6a3ucy u:

-2 0 -3 \ e1 = u; — 2uy — us,
a) A, = 1 -2 -1 |, s = —uy + 3us + 2usg,
2 -2 2 ) 63 = —2uy — us,
3 3 3 \ e1 = up — 2us + us,
b) A= -1 -1 =2 |, ey = 2uy — 3ug + us,
3 2 0 ) e3 = —uy + 2uy,

35



3 =30 e1 = up — 2us + 2us,
c)Ac=| 1 -2 31, ez = —uy+ 3us — 3us,
-3 2 3 e3 = —Uz + 2us.

55. Jluneitnblit onepatop ¢ B 6asuce e = {ey, €9, €3} nmeer marpuiy A,.

Haiitu marpuryy A, juHeitHoro oneparopa ¢ B 6asuce u = {uy, us, ug}:

-2 30 1 1 1
a) A, = 2 20 )|,ea=1| =2 |,e2=1| 3 |,es=1] 2 |,
-3 2 1 0 1 1
2 3 1
w=\|1\|,ue=1| -3 |,us=1 -3 |,
1 1 0
2 2 1 1 —1 2
b)Ac=| 2 -3 -1 |,ea=| =1 |,ea=] 1 |,es=1] =3 [,
1 0 2 1 0 1
2 —1 3
up =1\ =3 |,u2= 2 sug = | —4 |,
0 1 2
3 2 3 —2 0 —1
c)Ac=| 0 -3 1 |,es=| 3 |,ea=|3 |, es=]| 1 [,
(1 1 -3 3 2 1
1 —2 1
uy=1| =3 |,u= 1 sus =1 1
-3 2 0

56. JlokaszaTb, 4TO CYIIECTBYET €JIMHCTBEHHBIN JIUHEHHBII OIepaTop, J1eii-
CTBYIONUI B TPEXMEPHOM JIMHEHHOM IIPOCTPAHCTBE R3 n [EePEBOJANINN BEK-
TOPBI A1, @2, A3 COOTBETCTBEHHO B by, by, bs. Haiitu ero marpuiyy B Oasuce, B

KOTOPOM JaHbl KOOpAHMHATBLI BCEX BEKTOPOB!:

2 0 1
a)OJl: 3 , Ao = 1 , A3 = 0 ;
5) 2 0
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1 1 2
b = 1 |,b = 1 os=11 1|,
1 —1 2
2 4 3
b)ar=1| 0 [,ae=1| 1 |,a3=1 1 |,
3 5) 2
1 4 1
b = 2 ,by = 5 os=1 -1 |,
—1 —2 1
2 —1 1
c)ar=| -1 |,a2= I ,az=1| -1 |,
3 0 1
-3 3 —2
bh=1 3 |,;e=1]1[,b3=] 0
—2 3 —2

9. JeiictBug Haja JuHeliHbIMEU oneparopaMu. O6parTHblii oneparop™

OCHOBHbIE NOHSATUS, POPMYJIbI U TEOPEMBI

[IycThb uHEHBI onlepaTop  JeficTByeT B KOHETHOMEPHOM JIMTHEITHOM TTPO-

cTpatncTBe V' pasMepHOCTH N.

Omnpenenienue 19. Cymmotl ¢ + 1 aunetinor onepamopos ¢ u 1,
JIefiCTBYIOIUX B JIMHEITHOM MpocTpaHcTBe V', Ha3bIBaeTcs OIlepaTop o,
JleficTBue KoToporo Ha Jio0oit sjieMeHT x € V' 3ajiaeTcd paBeHCTBOM
o(x) = p(x) + ¢(x). Cymma aByX JIMHEHHBIX OIEPATOPOB SIBJISIETCSI JIMHET-
HBIM OIIEPATOPOM, a MATPHIIA CYMMbI JITHEIHBIX 01epaTopoB ( B JIOOOM Oa3u-

ce) paBHa CyMMe MaTPHUI] STHX OIePATOPOB.

Omnpenenenue 20. [Ipoussederuem ap Aunetinozo onepamopa @, jeii-
CTBYIOIIEr0 B JIMHEHHOM MpocTpaHcTBe V', Ha YHUCIO0 ¢ HA3BIBAETCS Ollepa-

TOp ¢, AeiicTBHEe KOTOPOro Ha Jitoboii ajgemeHT x € V 3ajiaeTcsd PaBeHCTBOM
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o(z) = a(p(x)). llponssegenne JuHeHOrO OMEpaToOpa (Y Ha UHCIO  SBJIS-
eTCsl JIMHEHBIM OIEPATOPOM, & MATPHUIIA 9TOro orepaTopa ( B JoboM Hasuce)

paBHa IIPOU3BEJACHNIO MaTpPHIIbI OllepaTOpa Ha YUCJIO (.

Omnpenenenue 21. [Ipoussederuem © -1 AUHETHBLT ONEPAMOPOS © U 1,
JEHCTBYIONINX B JINHEHOM MpocTpaHcTBe V| HA3bIBAETCS OIEPATOp ¢, Jieii-
CTBUE KOTODOro Ha Jiioboit smeMenT x € V 3ajaercss paBeHCTBOM () =
@(1(x)). Tlpoussesenne nByX JIMHEHHBIX OMEPATOPOB SIBJSETCS JITHETHBIM
OIEpPaTOPOM, & MATPHUIlA TPOU3BEICHNS JINHEHHBIX orepaTopos ( B J0b60M Ha-

31ce) paBHA MPOU3BEIEHII0 MATPUIL ITHX OIEPATOPOB.

Onpenenenue 22. Toowcdecmsernvim usu eQuHUYHBLM onepamopom I
HA3bIBACTCs OIlepaTop, KOTOPBIH KaxkKJIOMy 3JieMeHTy x € V corocraBiser

9TOT 2Ke syement: [(x) = .

Onpenenienne 23. JIuneiinnlii orepaTop 1 HazbIBaeTCA 06PAMHLIM K
JIMHEeITHOMY o1epaToOpy ©, ecin BBITIOJIHSIOTCS paBeHCTBa

w-p =9l o=1I rue ] — ToXKIECTBEHHDI1 OlIEPATOP.

Ecin A — marpuna omneparopa ¢ B 06asuce eq, €, ..., €,, TO MaTPUIA
obpaTHOro orepaTopa ¢ ! B ToMm ke Gasnce pasHa A~!, To ecTh aABiIgETCA

obpaTHOI 110 OTHOIIEeHNIO K MaTpuie A.

Omnpepesienune 24. Ecu onpenenntesis JnHeiHOro oneparopa || # 0,
TO OIIepPaTOp HA3bIBAETCS HEGbLPONHCOEHHIM. B IIPOTUBHOM Cilydae — 8uipodtc-

OeHHDIM.

Teopema 1 (Kpurepuii obpatumoctu oneparopa). /lii mozo umo-
ObL CYULLCmMe06a.n 0opamHulLl ONepPamop ¥ AUHETHOMY ONepamopy ©, Heobro-

dumo u docmamouro, 4mobv, ONepamop vl HeGLIPOHCIEHHBIM.

3aga4dn Ansi CaMOCTOATENBHOIO peLleHus

o
57. Ilycrs x = T € R’ Jlna jaByX JuHEHHLIX OIEpPaToOpOB

€3
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T — X3 Z2
o(r) = T J(x) = | 2x5 |, neficreyromux B npocrpancrse R?,

T+ T3 I
HaAWTU:

58. Jluneitubiii omeparop ¢ B 6asuce e = {e, ex} umeer marpuiy A,.
Jluneitublii oneparop ¥ B 6azuce u = {ui, us} umeer marpuiy B,. Haiitu

MAaTPUIIBI JIMHEHHBIX OIIEPATOPOB © + Y U ¢ — 21 B Dasuce u:

aa=(5 ) =4 5)
(D) ()2
0a=(33)==(0 1)
(D () () ()
C>Ae=<§ ;),Bu:<01 22),
(D) () (D))

59. g ciepyiomux JUHEHHBIX OIEPaTOPOB ¢, AEHCTBYIOMNX B JIUHEl-

[\

S

HOM IpocTpancTBe R, BBISCHITH IX 06paTHMOCTD. B cydae nxX 06paTuMocTn

HaiiTi 0OpaTHbIE OIEPATOPHI:

2x1 + 219 — 313 2x1 — 219 — I3
a) p(z) = —T9 + 213 5 b) p(x) = —X1 — X2 — T3 ;
—T1 — X9 + XT3 —x1 + 2:62 + x3

—2x1 — 229 + 373
o) p(x) = | —a1—as+ 23

—2$1 — X9 + T3
60. Broiacuuro O6paTI/IMOCTb JIMHENHBIX oliepaTopoB @, ,HeﬁCTBYIOLL[I/IX B

JIMHEITHOM IIPOCTPaHCTBE Q2 BCEX MHOI'OYJICHOB CTE€IICHU HE BDLIIIEC BTOpOfI C

39



BellleCTBeHHbIMU KO3 durmenTamu. B ciiydae nx oOpaTuMoCT HailT odpar-

Hble oneparopbl. [l roboro muorodsena f € (o, MUHEHBIE ONEPATOPDI (P

3J1AI0TCS 110 CJIEJTYIOITIM ITPaBUIAM:

a) o(f)=["=3f"+Ff b e(f)=2f"=3+f o elf)==2f+]
61. Ilycts ¢ wm Y — JmHeiHBIE ollepaToOpbl, JAEHCTBYIONINE B JIH-

Hefinom mpocrpancTBe Ry. B 0asuce ey, es omneparop ¢ mMeeT MaTpPHILY

5 —1
A = A . B o©asuce f1, fo omeparop 1 wumeer MaTpuily
1
—92 0 1 -1
= , ipuueMm f = eC, tne C = . Hatinure mat-
1 =2 3 =2

puiy:
a) oneparopa ¢* + 6¢ + 9I B Gasuce e1, ey (I — ToxIECTBEHHbIH OEPATOD ),
b) oneparopa ¥? + 41 + 41 B Gaszuce fi, fo,

c) oneparopa @* — ¢? B 6azuce ey, e,

d) onepatopa ¢ - 1~ B Gazuce f1, fo.

10. CobcTBeHHBIE YNCIa 1 COOCTBEHHBIE BEKTOPBI JIMHEITHOIO

orrepaTopa

OCHOBHbIE NMOHSATUSA, POPMYJIbI U TEOPEMBI

IIycts V' — kommiexcHoe JuHeitHoe mpoctpancTso. Ilycts ¢ @ V. — V' —

JIMHENHBIN orepaTop.

Omnpenenenue 25. Henysesoit seMenT x n3 V' HasbiBaeTcs cobcmeen-
HoLM 8EKMOPOM JIMHEHOTO OMEpPaTOpa (o, €CJI CYNIECTBYET YUCIO0 A TaKOE,
aro p(z) = Axr. Hucjao A 1npu 9TOM Ha3BIBAETCS COOCMEEHHBIM 3HAYEHUEM
ornepatopa . ['oBopsT Tak:Ke, 4T0 COOCTBEHHBIN BEKTOP & OTBedaeT (Mjm Co-

OTBETCTBYET) COOCTBEHHOMY 3HAYEHUIO A.

Omnpenenenue 26. [Iycts A —Mmarpuiia oneparopa ¢ B HEKOTOPOM Da3uce

e. Muorowren f(\) = |A — AE| HasbIBaeTCst Tapaxmepucmuveckum MHo2o-
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waenom oreparopa ¢. Kopan muorowiena f(\) Ha3BIBAIOTCA Tapakmepucmu-

YECKUMU WOPHAMU MATNPUUDBL A.

Onpegenenue 27. Anzebpaureckotll KpamHocmsbo COOCTBEHHOIO YHCIA

A Ha3bIBAETCS KPATHOCTH KOPHST A XapaKTepUCTuIeckoro Muoroutexa f(\).

Onpenenenne 28. [lycrb A — cobcTBeHHOE 3HAUYEHHE JIMHEITHOTO Olepa-
Topa . Torma, 1o omnpeneneHuto, HeHyeBoit BekTop U Oyyer coOCTBEHHBIM,
eciim p(U) = AU nim, aro pasuocmisho, (¢ — AU = 0. Orcya nosrydaem,
9TO MOANPOCTPAHCTBO ker(¢p — AI) cocTouT u3 Beex cOOCTBEHHBIX BEKTOPOB,
OTBEYAIOIINX COOCTBEHHOMY 3HAYEHUIO A, M HYJEBOI'O BEKTOpPa. JTO MOJIIPO-
CTPAHCTBO HA3BIBACTCs cobcmeertbiM. Ero pa3MepHOCTh HA3BIBACTCS 2€0MEM-

PUNECKOT KPAMHOCTMBIO COOCTBEHHOI'O 3HAUYEHUA .

Aneopumm omuvickarus cOOCMBEHHDIT BEKMOPOS U COOCMBEHHBIT 3HAYE-
HUT AURETH020 0NEPAOPa ©.

IIycts A — marpuiia JmHeiiHOrO ornepaTopa o, F — eJuHIYIHAs MaTpUIIA.
Torma st Toro, 4ToObI HAWTH COOCTBEHHBIE 3HAUEHUSI U COOCTBEHHBIE BEKTO-
Pbl, HY?KHO BBIIIOJIHUTD CJIEJIYIOIINE JIefiCTBUS:

1. Haiitu cobcTBeHHBIE 3HAUEHHSI OllepaTOpa, Pellas XapaKTePUCTUIEeCKOe
ypaBHEHUe

|A—A\E|=0. (18)
Ob6o3HaYINM UX A1, Ao, ..., A\p, kK < n.
2. JInsa KazKJoro coOCTBEHHOrO 3HaUeHUsd A, HalTH Bce HEHyJeBble pelle-

HU¢ OJHOPO/IHON CUCTEMBI YpaBHEHN
(A—)\E)X =0. (19)

Ipasunro oas peulenus TapaKmepucmueckur YpasHerut 6 0dHOM “acm-
HOM CAYYae.

IIycts mana marpuna A pasmepa 3 X 3, TO eCTh

ailr ai2 ai3

A= ag axp ay

az1 az2 as3
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B srom ciygae xapakrepucTtudeckoe ypasaernne (18) mmveer Bu
N — LN+ LA — I3 =0, (20)

rie Iy, Iy, I3 — aucya, KOTOpble BBIYUC/ISIIOTCS 110 CJIEIYIONUM (DOPMYJIAM:

Iy = ay + ax + ags;
I, = air a2 i ail a13 i Q2 23 :
a1 a2 asy ass agz ass

air a2 a3
I3 = ’A| — | G21 Q22 Q23

asy a3z ass
Teopema 1. Jlunetdnwii onepamop @, deticmsyrouwuti 6 SUHEUHOM NPOo-

cmpancmee V', mozda u moavko mozda 3adaemcs 6 base eq, €s, .. ., €, duazo-

HANDHOT MAMPUUETL, ECAU BCE BEKMOPDL IMOT 0A3bL ABAANMCA COOCTNEEHHBIMU

6ERMOPamu, NUHETH020 onepamopa @.

Ha ocroBanum teopembl 1 MOYKHO COCTABUTD AA20PUMM NPUCEOEHUA M-
puYyvt K duazonasvoromy eudy. s Toro, 9ToOBI IPUBECTH JTAHHYIO KBaJpaT-
Hy[0o MaTpuily A pasmMepHOCTH N K JIMaroHaJILHOMY BHLy HEOOXOIMMO:

1. Haiiti Ay, A9, ..., A\, COOCTBEHHBIE UNCJIa MATPUIILI A.

2. st KaxkJ10ro coOCTBEHHOI'O 3HAYEHUsI A; HAMTH COOTBETCTBYIONINI
eMy coOCTBeHHBIII BeKTOp. Eciin B pe3ysibTare BbIYUC/IEHHSI Mbl IIOJIYIUM CH-
CTEeMy U3 M JIMTHEHHO He3aBUCUMBIX cOOCTBeHHBIX BekTopoB Uy, Us, ..., U,, TO

MaTPpUILY A MOXKHO IIpUBECTHU K CJEeAYIOIIEMY JUalOHaJIbLHOMY BUY:

(M 0 0 ... 0)
0 XA 0 ... 0

A=]l0 0 Xx ..0 |. (21)
\ 0 0 0 A

3. 3ammcarb cOOCTBEHHBIE BEKTOPHI Kak CTOJI0IBI HOBOIT MaTpuibl 1. ITo-
JydeHHas MaTpuiia 1 sBjsiercss 6a3ucoM, B KOTOPOM MaTpuila A nmeer ama-

roHasIbHBIN Bujt (21).
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3aja4mn A5t CaMOCTOSITENIbHOMO peLleHus

62. HaiiTu cobcTBennble 3HAUYCHUS U COOCTBEHHBIC BEKTOPHI JIMHEHHBIX
OIIEPATOPOB, JACHCTBYIONINX B BEHICCTBEHHOM JIMHEHHOM IPOCTPAHCTBE, U 3a-
JIAHHBIX B HEKOTOPOM 0asuce CJIeAYIOMUMI MaTPUIAMU:

2 1 1 2 11 2 2
a) , b , ) , d) :
—1 0 —1 0 11 -2 =2

63. HaiiTu cobcTBennble 3HAUYEHUST U COOCTBEHHBIC BEKTOPHI JIMHEHHBIX
OIIEPATOPOB, JNEHCTBYIOINX B KOMILIEKCHOM JIMHEHHOM IIPOCTPAHCTBE, U 3a-
JIAHHBIX B HEKOTOPOM 0asuce CJAeAYIOMUMU MaTPUIAMU:

-2 1 -1 1 0 2 1—2¢ -1
a) , b) , C) , d) _ e
-1 -2 -2 1 -2 0 —147 1—2
64. Haiitu cobcTBeHHbIC 3HAYEHUSI, UX AJreOPANIeCKYI0 U TeOMeTpUude-

CKYIO KPaTHOCTH U COOCTBEHHBIE BEKTOPBI JIMTHEIHBIX OIepaTOpPOB, 3a/JaHHbIX

B HEKOTOPOM 0a3uce CJIeYIOIMIMI MaTPUIIAMU:

(2 -1 2 0 10 4 -5 2
o) | 5 =3 3|, w440, o5 -73].
\ -1 0 -2 —2 1 2 6 —9 4
(1—33 1 -3 4 4 —2 -1
| -2 613, e|la-78|, Il -1 3 =1
\ -1 -4 8 6 —7 7 | -2 2

65. DBroisgcHnThb, Kakme W3 CJAEAYIOMNX MATPUI] JUHEHHBIX OIEePaTOpOB
MOYKHO TPUBECTH K JIMaroHaIbHOMY BUJY IIYTEM Iepexojia K HOBOMY Oa3u-

cy. HaitTu 70T 6a3UC 1 COOTBETCTBYIONLYIO €My MATPUILY:

(-1 3 —1) (6 —5 —3 6 —2 —1

)| -15 -1, ®»l3-—=2=| ol -15 -1],
\ 33 1) \2 -2 0 ) 1 -2 4
(3 1 -1) (5 1 -1)

| 2 2], ol 2 411
K—214) \—216)
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11. dapo u obyacTh 3HaYEHUIT JUHEITHOrO oneparopa

OCHOBHbIE NOHSATUSA, POPMY/IbI U TEOPEMBI

[IycTh uHetHBI onlepaTop p JeficTByeT B KOHETHOMEPHOM JIMTHEITHOM TTPO-

crpaHcTBe V' pasMepHOCTH N.

Omnpenesienne 29. Muoxectso Im(p) 06pasoB Beex BekTOpoB 3 V
pu JefiCTBUN OlepaTopa (p Ha3bIBACTCS 00AGCMBI0 3HAUEHUT U 00paA30M

JINHEITHOT'O ollepaTopa ¢, TO €CTh

Im(y) = {y eV ’ y = w(x)}-
Pasmeprocts noanpoctpatcrBa Im(p) Ha3bIBACTCS panzom ONepamopa @ u

obosuadaercst depes rank(p).

Ilyctb ey, . . ., e, — 6a3uc auneitnoro npocrpanctsa V. Torjga obpas jimHeli-

HOT'O ollepaTopa ¢ paBeH JIMHEHHON O6OJIO‘IK€, [IOPOZKJICHHOI CUCTEeMOII BEKTO-
poB 90(61)7 Ceey @(Gn):
Im(p) = span{ep(e1), ..., p(en)}-

Onpenenenne 30. MuoxkectBo Ker(y) Bcex BEKTOPOB JINHEHHOTO PO~
crpancTBa V', KOTOPbIE MEPEBOISITCS JIMHEHHBIM OIIEPATOPOM (0 B HYJICBOM BEK-

TOD Ha3bIBa€TCsd .}Z(?pO,M, onepamopa, To €CTb

Ker(p) = {x % ‘ o(z) = o}. (22)

Pasmeprocts nojpocrpanctsa Ker(p) HasbiBaeTcst dediexmom onepamopa @

1 oboznavaercs depes def(p).

MmeeT MecTO cliejytoliee paBeHCTBO:

rank(p) + def(p) = n.

3a,u,aq|/| 413 CaMOCTOATENIbHOIO peLEHNA

66. Haiitu panr, 6a3ucsl sapa 1 odpasa JUHEHHOTO olepaTopa ¢, Jeli-

CTBYIOIIEro B JiMHeitHoM npocrpanctse RY 1o mpasuny o(x) = M -z, e
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Marpuna M nana HIXKe:
02 -3 0
01 -2 —1
33 —1 1
30 2 =2
3 -3 3 -3
0O 0 2 0
-1 1 3 1
-3 3 1 3

a) M =

c) M =

2 0 1 1
b M — -2 0 -1 -1 |
0O 0 0 O
4 0 2 2
2 1 2 3
d) M = -1 0 -1 -1
-2 =2 2 0
-2 0 2 2

67. Haiitu panr, 6asucel gjpa n odpasa JIMHEITHOTO ornepaTopa @, Jefi-

CTBYIOIICrO B JIMHEHHOM TpocTpancTBe M 2?2 Beex BemmecTBeHHBIX MaTpuil M

BTOPOT'O TMOPSIJIKA IO MTPABUIIY:

1 =3
a)cp(M)(O _3>M—|—M(

10
1 3/

-3 2 1 0
W(M):(z 3>M+M<31>,

-1 0
c)cp(M)( 0 O)M—l—M(

oo = () °, Jarear

~1 2
~1 2)’
2 1
o1>'

68. Haiitu panr, 6a3uchl sgapa W odpasa JUHEHHOTo orepaTopa ¢, Jeii-

CTByIOIi€ro B JIMHETHOM IIPOCTpaHCTBE P3 BCEX MHOI'OYJICHOB CTECIICH! HE BbLIIIC

3 C BelecTBeHHBIMI KO MDUINEHTAME 10 TPaBUITY:

a) p(f) = 2+a)f"+(1+z—a?
b) p(f) = (=3 +22%) f" +

c) p(f) = 2z +227) f" —

d) o(f) = (

L+ 22)f" — (242 — 22

)fl/+3xf/_3f7

+(B+3x—2)f"—(1+a)f + [,
(1 + x)f,IJ

)" = (1+32)f" +3F.
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EBkamnmaoBo mpocTpaHCTBO

12. Omnpenenenue cKaasspHoro mmpou3BeaeHusi. OpToroHajibHbIE 1

OpTOHOPpMUPOBaHHbIE CUCTEMbI BEKTOPOB

OcHoBHble NOHSATWSA, POPMYJbI U TEOPEMBI
[lycts E, — nuneitHoe TPOCTPAHCTBO PA3MEPHOCTH 7.

Omnpenesierne 31. Crasaprowm npouseederuem aemeHToB x u y u3 B,
Ha3bIBAETCS TIPABIJIO, CTaBsIIEe B COOTBETCTBIE BellleCTBeHHOe Jncio (Byjem
0603HAYATD ITO 4UCIIO (T, Yy)), IPUUIEM YKa3aHHOE TPABIIIO YIOBJICTBOPSIET JIJIsT
JMOOBbIX x, Yy, 2 u3 F, n 1100010 BEIeCTBEHHOI0 YUCIa (v CJACYIONUM Tpebo-
BaHUSAM (OHU HA3BIBAIOTCS GKCUOMAMU CKAAAPHO20 NPOU3EEIEHUA).

1% (z,y) = (y, ) (1epecTaHOBOYHOCTD M KOMMYTATHBHOCTH COMHOMKUTE/IEH ).
x4y, 2) = (x,2) + (y, 2) (pacupeenurebHOE CBOHCTBO).
3. (ax,y) = a(z,y).

-

r,x) >0, ecmx #0u (x,z) =0, eciu x = 0.
Omnpenenenue 32. BeriecrBennoe JimHeiiHoe mpocrpancTBo F, Ha3biBa-

ercs e6KAUdO6HIM npocmparcmeom, €CJiu B HEM BBEJICHO CKaJIAPHOE IIPOU3BE-

JeHNEe BEKTOPOB.

Onpenenenne 33. Hopmot snementa x € E, (obosnauenue ||x||) Ha3bl-

BaeTCsl BEIeCTBEHHOE YHUCJI0, OIpejiesisieMoe 110 (popMyJie

2]l =/ (=, 2). (23)

Omnpenenenue 34. BekTop x Ha3bIBAETCAd HOPMUPOBAHHBIM, €CJIA €TO0
wHopma ||z|| = 1.

Omnpenenenue 35. YrjaoMm MeKIy HeHyJeBbIME BeKTopamu z,y € K,
HA3BIBAETCA UUCTIO ©, YVIOBIETBOPAIOINIEE YCIOBHIM

(z,9)

N R (24)
B

CoS =
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Omnpenenenue 36. DjeMenTs T U y u3 E, HA3bIBAIOTCS 0pMo20HaAbHbL-
mu (obosHauenne: T 1 ), ecm uX CKaJsipHOe MPOU3BEJIEHIe PABHO HYJIIO, TO
€CcThb

x 1 y, Torga u Tosbko Torya, Korma (z,y) = 0. (25)

Onpenenenne 37. Bazuc eq, es, ..., e, € E, Ha3bIBaETCS 0PMO20HAND-

HbLM, €CJIH 3JIEMEHTHI Da31ca IOMAaPHO OPTOrOHAILHBI, TO €CTh
(€i,e) =0 mpn i #j. (26)
Onpenenenune 38. OproroHa/ibHbIil 6a3uc ey, e, ..., e, € F, Ha3bBa-
eTCsT OPMOHOPMUPOBAHHBIM, €CIIN
1, ©=y;
Y ?
(€, €5) = o (27)
0, ©#J.
[TycTh KOOpAMHATHI 3JIEMEHTOB I, Y U3 eBKJINI0Ba IpocTpancTsa K, 3a/a-

Hbl B OPTOHOPMHUPOBAHHOM 0a3uce, TOrja CKaJIsSIPHOE ITPOU3BEJCHNE U HOPMY

MO>KHO BBIYHCJIMTD 110 (pOpMyIaM

n
(z,y) = Zl‘iyz', ]| =
i=1

IIpornieaypa oproronanuzaruu I'pama-IlImuara

OproHopMupOBaHHBII 6a31C B €BKJIMIOBOM IIpocTpaHcTBe K, MOXKHO I10-
CTPOUTH Ha OCHOBE IIPOM3BOJILHOTO 0a31ca ¢ IMOMOIIBIO IIPOIEyPhl OPTOTOHA~
qmusarun. OnuineM 3Ty IpoLeaypy.

IIyctb jpanbl k JIMHEHHO HE3aBUCHUMBIX 3JE€MEHTOB X1, L9, ..., XLk €B-

KJIJO0Ba IIPOCTpaHCTBa En HOCTpOI/IM II0IIapHO OpTOI'OHaJIbHbIC 3JIEMEHTDI

€1, €, ..., €, IPeJCTaBJIsIoNe coOON JMHeHble KOMOMHAIINN 3JIEMEHTOB
1, To, ..., T} CJACJIYIOIMIIM 00pa30M.
[TostokuMm
(22, €1)
€1 = X1, €3 = Ty — A12€1, rie g = ——=. (29)

(e1,€1)
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Taxoit BeIOOp KO3 bunmeHTa ap odecrednBaeT OPTOIOHAJILHOCTH €1 U €3:
(e1,e) = 0. Hanee, mookum

2
€3 = T3 — A13€1 — Q2362 = T3 — Z a;3€4, (30)
i=1
($3, 61) o (fES, 62)

23 =

)

(61, 61) (62, 62)
obecrieunBaeT OPTOrOHAJIBLHOCTD €3 K 3JeMEHTaM €1 U eo. U Tak jaJee.

rae a3 = . Takoit BbIOOD KO3(DDUIMEHTOB @13 U G93
Ha m-m mare m < k mosiaraem

m—1

T, €
m = Ty — ; WimCis e iy, = %. (31)

Taxoit BEIOOD KO3 MUIIMEHTOB a;yy, 0OeCIIednBaeT OPTOrOHAJIBHOCTD €, K dJ1e-
MEHTaM €1, €, ..., €y,_1. B pe3yibrare k I1aroB omucaHHas IPOIEIypa JaeT
OPTOTOHAJIbHYIO CUCTEMY BEKTOPOB €1, €9, ..., €f.
Hopmuposanue cucmemv 6exmopos
Yrobbl ¢jiesiaTh OPTOrOHAJIBHYIO CUCTEMY BEKTOPOB €1, €3, ..., €5 OPTO-
HOPMUPOBAHHON, HYKHO KaXKJIbIil 9JIEMEHT €; YMHOXKUThL Ha ducjaio ——. [lo-
N e

JIyYEHHBIC B PE3yJIbTaTe 3JIEMEHTBI §] = H, cey Ok =
1

00pas3yoT op-
x|
TOHOPMUIPOBAHHYIO CHCTEMY BEKTOPOB.

3afaumn 4Ns CAaMOCTOSITENBHOTO PeLLEHNS
69. Mozker /1 cKaJIIpHOE IIPOM3BEICHNE B IpocTpancTBe R? 3a1aBaThcs
dopmyitoii:
a) T1y1 + 22y,
b) 3r1y1 + 271y2 + T2y1 + Taye,
c) 2xiy1 + T1y2 + Tay1 + 2xays.
70. Moxer sin dyuknust F'(X,Y) ObITh HpUHSATA 38 CKATSIPHOE MTPOM3BE-
Jenne B mpocrpancree M 2%
a) F(X,)Y)=tr(X"Y),
b) F(X,Y)=tr(X)-tr(Y),
c) F(X,)Y)=det(X-Y),
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2
rae tr(X) = ). xpp — cyMMa 91€eMEHTOB MATPHILI X, CTOAININX Ha [JIABHOI
=1
muaronas, det(X) — onpeesnnresib MaTpurbl X .

71. Moxet jin ckaJIIpHOE TPOU3BEJIeHNE B ITpocTpancTBe Py 3a1aBaThCsd

dopmyitoii:
0 (f.9) = / F(O)g(t)dt aan Vf.g e Py,
-1

b) (f,9)=f(Mg()+ f(Dg'(1)+ f(1)g"(1) nna Vf,g€ Py,
c) (f,9)=f(=1)g(=1)+ f(0)g(0) + f(L)g(1) mnz Vf g€ P,
72. Ucnosb3yst (28), BEIYUCIUTE CKAJISPHOE TPOU3BEIEHNE BEKTOPOB @ 1
b, X HOPMBI 1 YIOJI ¢ MEKJy HUMH B €BKJIIJIOBOM IIpocTpancTBe R*:
[ 3 ) (—2) 1 2\
_9 4 _

a) a= b= , b) a= b= ,
2 -2 0 —1

) =)\
2\ [ 1)
c) a= _22 b= B
o) \-1)

73. Ucnonb3yst (28), HaiiTi cKaJsipHOe Mpou3BejieHne MHOrO4IeHOB f ()

1 g(), X HOPMBI U yTOJI MeZKIy HUMU B €BKJIMIOBOM mpocTpaHcTse Ps:
a) f(z)=—-1+x+22%—23 g(x)=-2-32r— 2% 323,
b) f(z) =2z —2*+223, g(z)=—-1+x+ 2>+ 2%,
c) flx)=1—2+32% g(x)=1+2r— 2>+ 425
74. llpumeHnsisi TPOIECC OPTOTOHAJUBAIUY, TOCTPOUTH OPTOrOHAJbHBIL

0as3uc IIOAIIPOCTPaHCTBa, HATAHYTOI'O Ha JaHHYIO CUCTEMY BEKTOPOB:

1 [ 1 3
2 1 2
a):z:lz y Lo = y L3 = ’
2 -5 8
\—1 3 -7
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1) 5 [ 3
| s BE
1 9 3

2/ -3 \8

75. IlpoBepuThb, YTO BEKTOPHI CJIEIYIONINX CUCTEM TOITAPHO OPTOrOHAJb-

HBI, I JIOIOJHATD UX JI0 OPTOrOHAJBHBIX 6a31CcoB pocTpancTBa R*:

1 2 1 1

—2 -3 1 2
a’) Xy = , Lo = ) b) X1 = , Ly =

2 2 1 3

-3 4 —2 3

HaiiTu BEeKTOPBI, JTOTOJHSIONINE CIETYIOIIIe CUCTEMbI BEKTOPOB JI0
OPTOHOPMHUPOBAHHBLIX H6a3MCOB IpocTpancTBa R™:
(2/3 (173
a)ri =1 1/3 | 22 = 2/3 , n=3,
\23)  \ -3
(1/2)) (12 )
1/2 B 1/2
1/2 —1/2

\1o) -2

13. OproronajibHOE pa3JioXKeHNEe eBKJIMI0Ba IIPOCTPAHCTBA™®

OCHOBHbIE NOHSATUSA, POPMYJIbI U TEOPEMBI

[Iycts L — xonedHOMepHOE IMOJIIPOCTPAHCTBO €BKJINJIOBA MPOCTPAHCTBA
E,.
OpTOI‘OHaJIbHOG JOIIOJIHEHUE

Omnpenesienne 39. Bexmop x opmozonanen nodnpocmparcmesy L (060-
snauenne x| L), eciiu BEKTOp & OPTOrOHAJIEH JITFOOOMY BEKTODY Y MONPOCTPAH-

crea L, To ectb (x,y) =0 Vy € L.

Omnpegenenue 40. Opmozorasvrvim donoanenuem L maneiinoro 1moj-
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npocTpancTBa L HaszbiBaeTCcss MHOXKECTBO BCEX BEKTOPOB U3 €BKJINI0Ba IPO-

crpanctBa FE,, oproronanbubix K L, TO ecThb

L'={zcE,|xLL}. (32)

OpTOI‘OHaJIbHaH IIpoeKInd M OPTOroOHaJIbHasd COCTABJIAIOIIALA

Teopema 1. FEsxaudoso npocmpancmeo E, pasro npamoti cymme noo-
npocmpancmea L u ezo0 opmozonasvrozo donoanenus L, mo ecmo svinoana-

emea pasencmeo E, = L ® L', npuvem dim E, = dim L + dim L*.

Onpenenenue 41. 13 teopembl 1 ciienyet, aTo Jodoit Bektop © € FE,
MOZKHO eJINHCTBEHHBIM 00Pa30M IIPeJICTABUTD B BUJIE CYMMbI & = Tp,+T o, LJIE
x,. € L. x,, € L+. Ciaraemoe ., € L HazniBaeTcss npoexuuet 6exmonpa T 1a

pr y Yort . pr P Y p

noonpocmparcmeo L, a BeKTOp o € LT — opmozonanvroti cocmasastower.

Anzopumm nocmpoerus opmo2oHasbHOU NPOEKYUL Ty, U OPMOLOHAALHOT
COCNABAAIOWET, T ot
1. TloctpouTts 6aszuc nomnpocrpancrsa L: a = {ay, ag, ..., ai}.

2. BeraucuTh ckajisipHble TIPOM3BEJIeHNs] BEKTOPOB Oasuca a:

(a17a1)7 (a17a2); (a17a3)7 ey (a17a’/€)7 (ahx)v

(0,2, al)? (a27 a2)a (a27 a3)7 ORI (a27 ak)7 (a27 37),
(33)
(ag,a1), (an,a2), (ar,a3), ..., (ag,ar), (ar, ).
3. Boluncmmrs HensBecTHLIC T, T, X3, . . ., T, PEIIAd CUCTEMY JIMHEHHBIX
anrebpandecKnx ypaBHeHHIL:
(
r1(a,a1) + xa(ar,a2) +...4+ xzp(ay,ar) = (x,ay),
r1(ag,a1) + xa(ag,as) +...4+ xp(as,ar) = (x,as), (34)

\ ri(ag,a1) + xo(ag,as) +...4+ wzp(ak,ar) = (x,a).

4. TTocTpouTh OPTOrOHAJILHYIO IIPOCKIIUIO BEKTOPA X Ha IIOIIPOCTPAHCTBO
L, nupumensist bopmyity
Tpr = X101 + TaGg + Tzaz + ... + Tpay. (35)
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5. TlocTponTh OPTOrOHAJIBHYIO COCTABJISIONIYIO BEKTOpPa & OTHOCUTEIHLHO

IOJIIPOCTPAHCTBa L, npuMensasa QOPMYILY Zopt = T — Tpy.

Omnpenenenue 42. Yeon meocdy eexmopom x u nodnpocmparcmeom L
€CTb yToJI MezKJly BEKTOPDOM & W €ro IPOeKIueil Ty, Ha 3TO IOAIPOCTPAHCTBO.

[To bopmyite 15t Kocunyca yrjia MeXKJIy BEKTOPaAMU TOJIydaeM, ITO

(:Cv xpT) (36)

CoS p = :
]| - [y

Oupenestenne 43. Paccmoanuem om eexmopa x 0o nodnpocmpancmea
L mna3bIBaeTcs HOPMA ||y || OPTOrOHATBHOM COCTABIAIONIEH BEKTODA .

3aja4n AN CaMOCTOATENBHOMO PeLleHs

77. Haittu 6a3uc oproronajabHOro jgonosHenust LT moamnpocrpanctsa L,

1)

HaTAHYTOI'O Ha BEKTOPDLI:
(1

0
1

1
2
1
\—1 1
(1) [ 2
b) a; = Qg = a3 =

0)

(=)
—

N
S NN
I
—
—_
w o O =
|
w
_—

2 -3 1

\ 1) \ ! 2

78. HaiiTu opTOroHaybHyI0 IIPOEKIUIO Ty U OPTOIOHAJBLHYIO COCTABIISAIO-

VIO To+ BEKTOPA T Ha JIMHEHHOE MOJIIpocTpaHcTBO L, KOTOpoe HaTsHYTO Ha

CUCTEMY BEKTOPOB a1, A2, 43 :
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1
a) T = »
\ 2 )
(1)
4
b) == -
0

, A1 =

, A1 =

3 1
0 —2
,CLS - I
5 3
—1 —1
[ —1 3
1 4
, A3 =
1 1
3

\2

79. Haiitu yron ¢ MexXjly BEKTOPOM T W TOJIPOCTpaHcTBOM L, HATs-

HYTBIM Ha CHCTEMY BEKTOPOB @i, G2, @3, U PACCTOsiHUE P OT BEKTOpa T JIO

noAnpocTpancTsa L

)
4
\ 2
(2

2
2
4

\ 1)

, A1 =

, A1 =

[0
1

2

, A2 =

, Ao =

23

(1)

, a3 = )

—~—
/\

DN = o O

, A3 =

\ 1)



KBagpartuanabie opMbI

14. Meton Jlarpan>ka

OcHoBHble NOHSATKSA, POPMYJIbI U TEOPEMBI

Onpenenenue 44. Kesadpamuunot hopmoti HazbiBaeTCss (DYHKIMS TIC-

JIOBBIX II€PEMEHHBIX X1, T2, ..., Ty CJIEIYIONIETO BUJIA:

(1, @0, 1) = Z AjjLidj, (37)

ij=1
rjie @;j — BellleCTBeHHble dncia (koadduyuenmol xeadpamunot gopmot), yio-
BJIETBOPSIOIIIE YCJIOBIIO
aij = aji. (38)
Marpura A = (a;j) ¢ pasMepoM n X 1 HA3bIBAETCS MAMPUYET K8AOPAMUY-
noti ghopmow. I3 paBercrsa (60) ciieryer, 910 MaTpuIia KBaAPATUIHON (GOPMbI
A SIBJISIETCSI CHMMETPHYIECKOiA.

Kgajgparuanyto dhopmy (37) MOXKHO 3amucarb B MATPUTHOM BHUJIE
flxy,z9,...,2,) = XTAX,

rne X — CTOJOEIl MEePEeMEeHHBIX T, T2, ..., Tp, X — CTPOKA, HOJIYICHHA
TpaHCIOHNpOBaHmIeM cTosona X, A — MaTpuna KBaJapaTudHas pOpPMbI.
JI100y10 KBaJipaTninyio opmy
n
f= E AijTidj
ij=1
HEeBBIPOKIEHHBIM JINHEHHBIM IIpeoOpazoBanneM X = () - Y MOXKHO IpPUBECTH

K BUJY .
]?Z Z Ci (?Jz)2 (39)
i=1

Omnpenesienne 45. Boiparkernue (39) Ha3bIBATCS KAHOHUYECKUM 8UIOM
keadpamuyunot gopmot, a wmcaa ¢; (1 = 1,...,n) — ee KAHOHUYECKUMU KOID-

duyuenmamu. Marpura KBajpaTudnoit ¢popMbl f, uMerorieii KaHOHUYeCKuit
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BU/JI, ABJIACTCA IMArOHAJBLHOI MaTpUIleil ¢ JIeMeHTaMu ¢; Ha TJIaBHOW Juaro-
nayn. Ecin B kBagparnanoit dpopme (39) Bce KaHOHUUIeCKHE KOIDDUIUEHTHI
¢; =21 (i=1,...,n), T0 ee TaKyKe HA3BIBAIOT HOPMAALHHIM BUIOM KEaIPa-

muyHotl opmot.

Aneopumm npusedenus keadpamuurotli Gopmovt K KaHOHUYECKOMY 6Udy
(memod Jlazparorca):

st mpuBeieHnst KBaJIpaTUIHONH POPMBI 1 IIePEMEHHBIX

flay,xo, ... xy) = (anx% + 2a19w19 + ... + 201,71%,) + ... F annx%

K KaHOHMYECKOMY BUJIY HYKHO BBITIOJTHUTDH CJIC/IYIOININE JIeHCTBUSA:

1. Boibpath Takyto mepeMeHHYIO (6edyuiyro), KOTOpas BXOIUT B KBaJjpa-
TUYIHYIO (POPMYy BO BTOPOIl M IE€PBOI CTEIEHAX OJIHOBPEMEHHO, U IepeiiTH K
IIyHKTY 2.

Ecnu B kBajiparnanoii (hopme HET BeJLyIIUX IIEPEMEHHBIX, TO BHIOpATD Ta-
py MepeMeHHbIX, MPOU3BeeHe KOTOPHIX BXOJUT B KBaJIpaTUIHYIO (hOpMy C
OTJIMIHBIM OT HYJIs KOI(MMUIIMEHTOM, U ITepeiiTn K MyHKTY 4.

Ecnu B kBajgpaTnyiHoil popMe OTCyTCTBYIOT ITPOU3BE/IeHNs PA3INIHbIX T1e-
pPEMEHHBIX, TO HUKAKNX ITpeobpa3oBaHuil jie/iaTh He HaJl0, TAK KaK OHa yIKe
nMeeT KAaHOHUIHECKWI BU/I.

2. BolmesmTs moHbIi KBaapaT 10 BeIyIeil mepeMeHHoil.

3. Crenath 3aMeHy TEpeMEHHBIX: JTMHEHHYI0 (DOPMY, COIACPIKAILYIO BeIy-
MIyI0 epeMeHnyio, NPUHATL Ha OJIHY U3 HOBLIX MEPEMEHHBIX, & BCE CTapble
nepeMeHHble, 3a UCKJI0UeHueM BeJlylell, MPUHITH 38 COOTBETCTBYIOIINE HO-
Bble. [Ipoj1o/KuThL mpeobpazoBanus, epexoid K MyHKTY 1.

4. BriOpaHHyto 1apy IepeMEeHHBIX 3aMEHUTH Ha Pa3HOCTb U CYMMY JIBYX
HOBBIX IIEPEMEHHBIX, a OCTaJbHbIE CTapble ITepeMeHHbIe TPUHATDH 38 COOTBET-
CTBYIOIIE HOBbIE IepeMeHHble. [Ipogo/KuTh mpeobpaszoBanmst, Mepexois K

IIyHKTY 1.
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3aja4mn A5t CaMOCTOSITENIbHOMO peLleHus

80. HaiiTn kaHOHMYeCKMiT BUJ U MaTpPUILY JIMHEHHOIrO Ipeodpa3oBaHus,
KOTOpOE MPHUBEJIET KBJIPATHIHYI0 (POPMY K 3TOMY BUJLY:

a) 3x3 + 333 + 323 + 63119 — 63173 — T273,

b) % — 213 + 23 + 2w179 + 411703 + 27973,
¢) x1x9+ 1173 + T3,

d) % — 323 — 2w179 + 211203 — 62973,

e) x%+ 53 — 4x3 + 2w11y — 4oy 703,

) 4x? + 23 + 23 — 4x120 + 42123 — 33273,
g) 2%+ 23+ 323 + dwwg + 23103 + 21073,
h) 3z} — 223 + 223 + 4129 — 31173 — T3,

Qx% + 3[6% + 4x§ — 22179 + 4103 — 3T973.

SN
~—

15. IIpuBeaenue kBaapaTudIHON (POPMBI K TJIABHBIM OCSIM.

Kpurepnit CuabBecTpa

OcHoBHble NOHSATWSA, POPMYJIbI U TEOPEMBI

ITpuBenenne KBaspaTudHOit (POPMBI K TJIABHBIM OCSM

Onpenenenne 46. KsajparHas marpuiia () Ha3bIBA€TCsl 0PMO20HAAb-

HOﬂ, €CJIM BBIIIOJIHAETCA paBEHCTBO

Onpenenenne 47. JluneitHoe npeodpaszoBanue rnepemeHHbix X = QY

Ha3bIBa€TCAd 0OpP1mocoHaA1bHbIM, €ECIIN €I'0 MaTpUulla Q OpTOroHaJibHad.

Teopema 1. /[aa mo601 keadpamuuroti popmol f

n

flxy,zo, ... 2p) = Z Qi TiT (40)

i.j=1
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cyutecmeyem opmozonanvroe npeobpasosanue X = QY , npusodauiee ee x

KAHOHUMECKOMY 6UDY:
F=Myd + Xays + dsys + ..+ Ayl (41)

IIpu smom N; (i = 1,...,n) — cobcmeernvle 3HAYEHUA MAMPUYDL KEAIPa-
muaroti popmo, A, a cmorbuyvt mampuuv, Q) — OPMOHOPMUPOBAHHAA CUCTNEMA

COOCMBEHHDIT BEKMOPO6 Mampuuv, A (nopma kascdozo ud Hux pasha 1).

I[Iycre nana xsagparudnast dopma (40) ¢ marpuneit A = (a;;). Torga
an20pumm npusederus Keadpamuunot Gopmvl K 2A06HbLM OCAM COCTOUT B
CJIC LY TOIIEM:

1. Haiitu coberBenmble 3HaYeHns MATPUIIbl A, pelias XapaKTepuCTHIeCKoe

ypaBHEHHNE
A~ \E| = 0.

Obo3HAIIM UX A1, A9, ..., Ap.
2. JInsa kazxjoro cobcrsennoro snauenus Ay, 1 < p < n HailTun Bce Hemy-

JIEBBIE PEIIeHUs OIHOPOHOI CUCTEMbl YpaBHEHU
(A—)\E)X =0.

Haiinennnie pemtennst OyayT COOCTBEHHBIMI BEKTOPAMU, COOTBETCTBYIOIIIE
COOCTBEHHOMY 3HAYEHUIO ).

3. Ucnosb3yst 1poriejly OpToroHam3aliuin, OpTOroHaJn3UPOBaTh 1 HOP-
MUDOBATH CUCTEMY 13 COOCTBEHHBIX BEKTOPOB MaTpuilbl A (ecsin 3o HEOOXO-
JTMO).

4. CocTaBUTb OPTOrOHAJIBHYIO MATpHUILy (), CTOJIONAMU KOTOPOIi ABJISIIOT-
Cs1 OPTOHOPMHUPOBAHHBIE BEKTOPHI MATPHUILI A.

5. 3anmcarb KaHOHMYECKUIT BIJ KBAJAPATUIHONH (POPMBI:
F=My7 + Xoys + As3y5 + ..+ Ayl

6. 3amnucarb opTOroHaJbHOE IpeodOpasoBaHue repeMeHHbx X = QY

PUBOJIAIIEE KBAJIPATHIHYIO (POPMY K KAaHOHIIECKOMY BHULY.
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Kpurepuit CuinbBecTpa

Omnpenenenue 48. Kpaaparudnas opma f Ha3BIBAETCS NOAOHCUMEND-

HO onpedesertotl, ec ee HOPMAJIbHBIH BUJ CJIe Iy IOl

f=1y+yi+... +12

Omnpenenenue 49. Oupejgennresn

a1 a2

Ay =aq, Ay = AV S AL =

a21 G22

Ha3bIBAIOTCA 2AA6HBIMU MUHOPAMU MaTPUIbI A= (CLZ'j) pasmepa n X n.

Teopema 2. (xpumeputi Cuaveecmpa). /las mozo wmobwl keadpamu-
Has hopma OvLAG NOAHCUMENLHO onpedesertoti, HeodX0UMO U JOCMamowHo,

YMmobwvl 6ce 2AA6HBLE MUHOPDBL €E MATNPUUDL oviAU NOAOHCUINEADHDL, TNO €CTND

Ay >0, Ay >0,...,4A,>0.

3agadn Ansi CaMOCTOATENBHOIO peLleHus

81. Haiitu kanonmdeckuil BuJIl, K KOTOPOMY IPHUBOIATCS CJICAYIOIINE
KBaJIpaTHIHBIE (DOPMBI IIOCPEICTBOM OPTOIOHAJBLHOTO IPpe0OPa30BaHNA, He Ha-
XOJIsl CAMOTO 9TOr0O IIPe0OPA30BAHMSL:

a) 3x3+ 323+ 4z10 + 4113 — 20073,
b) 71’% + 71‘% + 7.%’:25 + 21’11)2 + 2.%‘155‘3 + 21’25173,
c) a3 — 2119 — 22173 — 2X973.

82. Haiitu oproronajibHoe IpeodpaszoBaHue, MPUBOJIAINEE CJIC/LYIONINE
hopMBbI K KAaHOHHYIEeCKOMY BTy (IIpUBEJIeHNEe K IJIABHBIM OCSIM), ¥ HAIINCATD
9TOT KAHOHNYCCKUIT BU:

a) %+ 13+ 13 + 4wy79 + 411703 + X0,
b) 6% + 53+ T3 — dx120 + 42173,
c) 112% + 523 + 223 + 162129 + 411703 — 207073,
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d) 1722 + 1423 + 1423 — 4x179 — 41173 — ST973,
e) a3 —br3+ x5 + 4r129 + 27123 + 42073,
f) 8x% — Ta3 + 8x3 + 8w1x9 — 27173 + 87973,
83. HaiitTu Bce 3HadeHus napamerpa A, IPU KOTOPBLIX IOJIOKUTEIHLHO
olpe/lesieHbl cJiejlylole KBaJpaTuinble OpMbI:

a) 2%+ 433 + \x3 — 22109 — 231703 + 23973,

S

) 5x? + 23+ Aol + dwyae — 27173 — 27973,
) 22} + 23+ 30k + 2w 10 + 2125,

) 23+ a3 4 53 + 2 w119 — 2313 + 47973,
x% + 4:1:% + :U% + 2 129 + 102123 + 62973,
2:1:% + 23:% + x% + 2z 129 + 62173 + 2T9273.

)

> o s
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Kpusble 1 mOBEepXHOCTH BTOPOro IIopsaka’™

16. Kpussle Broporo nopsiaka™®
1. Okpy2kHOCTBH

Omnpenenenue 50. Oxpyorcrocmsro Ha3biBaeTCs PUTypa, KOTOpast COCTO-
UT U3 BCEX TOYEK IJIOCKOCTU, PABHOY/IAJECHHBIX OT JAHHON TOYKM. DTa TOUKA
Ha3bIBAETCS UeHMpom OKpyKHOCTH. Paccrognme oT ToUeK OKPYKHOCTHU JI0 ee

IEeHTPa Ha3bIBACTCHA Paduycom OKPYZKHOCTH.

Kanonuueckoe (npocmeiiwee) YpasHeEHUE OKRPYIHCHOCTU C TCHTPOM B Ha-

JaJje KoopJauHaT u pajnycom R nmeer BU/I:

* +y* =R’ (42)

Ca)—s
N

Puc. 1. OkpyKHOCTD € IIEHTPOM B HadaJie KOOpAUHAT U paguycoM R

Okpyzkuoctb pajuycom R ¢ nentpom B Touke O(xg;yo) 3aj1aercs ypas-

HEHUEM
(z — x0)* + (y —w0)’ = R, (43)
2. Diunc

Omnpenenenue 51. asunc — 3T0 reoMerpudeckoe Mecto Touek M rioc-

KOCTH, CyMMa paCCTOHHI/Iﬁ OT KOTOPBIX 10 JIBYX (bI/IKCI/IpOBaHHbIX TOYECK F1 n F2



v

Yo

s

Puc. 2. Okpyxuocts ¢ nearpom B Touke O'(xo;yo) u paguycom R

(pokycos) ecThb OCTOSTHHAST BEJIMUNHA 24, TPEBBIIIAIOINIAS PACCTOSHIE MEZKTY

dokycamu 2c:
|MFy| + |MF5| = 2a > 2c. (44)

Y

) ity
e .\:Tj

—-b

x=—-alg x=alg

Puc. 3. Dunc ¢ meHETpoM B Havajie KOOPIUHAT

Bribepem cucremy koopjunar Oxy Tak, 4ToObl KOOPAUHATHI (POKYCOB ObI-
m Fi(—c,0) u Fy(c,0). Iyers b = a? — 2. Torna xanonuyeckoe (npocmeri-

wee) ypasnenue saaunca OyIeT UMETh BH
X
4L (45)
Hauano koopaunar coBnajgaer ¢ uyewmpom aasunca. Touku (+a,0) u

(0, +b) HazwiBatOTCS GepwunaMu aarunca. Jducaa a u b SIBISIOTCS COOTBET-
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CTBEHHO 0045w0t U Maoli noayocamu aarunca. Torna 2a n 2b — 310 COOTBET-

CTBEHHO 00AbWIAA U MAAAA OCU DJITIAIICA.

Omnpenesienne 52. Bennuuna € = ¢/a, Ha3bBaeMasi IKCUEHMPUCUME-
MoMm, XapaKTepu3yeT Mepy CKaTud J/IATca. Tak Kak a > ¢, TO JIJIsd SJUINIICA

0 < e < 1. Ilpu € = 0 suric npeBpalaeTcsd B OKPYKHOCTD.

Omnpenesienne 53. [lpsivble © = ta/e Ha3bIBAOTCST JUpEKMPUCAMU IJT-

JIATICA.
Onpenenenune 54. Paccrostaust rouku M (x,y) ssumurca 10 GOKycoB Ha-
3BIBAIOTCS (HOKAADHMU PACCTNOAHUAMYU T OTIPEEISIOTCsT (DOPMYJIAMU:

r = a+ ex; = a—€x. (46)

3AMEYAHUE 1. Ypanenue Bujia

(v — 560)2 (y — yo)2
a? + b2

—1 (47)

oupeiesisier UIC (M. puc. 4), KOTOPbIil HMapaJIe/IbHO CMEIeH OTHOCUTEIBLHO CHCTEMbBI KOOD-
muHaT Oxy TakuM 06pa3oM, 9TO TEHTp Jumica Haxoaures B Touke O (g, yo), IPU 3TOM cTapble

KoopyuHaThl (x,y) u HoBble (2, y') CBA3AHDI CJIELYIONUM PABEHCTBOM

2 = x—xo,
, ’ (48)
Yy = Y—Yo
:‘"'y'
b
Yy
R R, .
Yo —a\ —-c 0 c Ja .;CT
—b
x'=—ale x'=ale
0 Xo X

Puc. 4. Qe ¢ nearpom B Touke O'(xo, yo)
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3. 'mnepboJa

Onpenenenne 55. [unepbora — 3TO TreoMeTpudeckoe MecTo Touek M
IIJIOCKOCTH, MOJYJ/Ib PA3HOCTU PACCTOSIHUI OT KOTOPBIX JIO JIBYX (DUKCUPOBAH-
HbIX Touek Fi u Fy (fokycos) ectb mocTosiHHAs BeJUINHA 20, MEHBINAS Pac-

CTOSTHUST MKy (POKycaMu 2c¢:

| |MFy| — [MF|| =2a < 2c. (49)

Bribepem cucremy koopaunar Oxy Tak, 4ToObI KOOPAUHATHI (POKYCOB ObI-
m Fi(—c,0) u Fy(c,0). Iyers b = ¢ — a?. Torna xanonuueckoe (npocmeri-

wee) ypasrerue 2unepbosv, OyaeT UMEeTh BUJI

Lo (50)

y &

%

(3

—-b

x=—alg x=alg

Puc. 5. I'unepbosa

Hauaso xoopaunar coBmagaer ¢ yewmpom runepbosibl. Touku (a,0) —
9TO GEPULUHAMY THIEPOOJBl. Hncnaa a n b gBISIOTCS COOTBETCTBEHHO deti-
CMBUMENLHOTL U MHUMOT nosyocamy Turepoosbl. Torna 2a u 2b — 310 Co-

OTBETCTBEHHO 0eticmeumenvhas U MHUMAA 0CU FI/IHep6OJIbI.

Omnpenesienne 56. Bennuuna ¢ = ¢/a, Ha3bIBaeMasi 9KCUEHMPUCUME-
mom, XapaKTepu3yeT Mepy CxKaTHus /LInIca. Tak Kak a < ¢, TO JijIsd Tunepoo-

Jol € > 1.
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[Ipsimbie © = +a/e — 910 dupexmpucor TUITIEPOOIIBL.

Omnpenenenue 57. [Ipsmas HazbIBACTC acUMNMOMOT TUTIEPOOJIBI, €CITH
paccrostane oT To9ku M (x,y) rumnepbosibl 10 ITOM MPsIMOii CTPEMUTCST K HYJTEO

npu & — —00 W T — 00. Y TUIEpPOOJIb JIBe auMIITOTHI i = +—1.
a

Paccroginust rouku M (x,y) runepbosibl 10 ee (HOKYCOB OMPEESIIOTCs
dopmynamm:
r = lex + al; ro = |lex — al. (51)

Onpenenenne 58. ['unepboJia, ypaBHeHHE KOTOPOl UMeeT BU/I

.’L’2 y2
oty =1 (52)

HA3BIBACTCS conpAagicennot ¢ rumepbostoit (em. puc. 6).

s Q
\6/ CoF‘z /‘@
2
A b 3
y=aleg
—a a X
=—ale
-y Y
—C 0E
Puc. 6. Conpsizxennas rumepbosia
3AMEYAHUE 2. YpaHeHHe BUIA
)2 )2

a? b2

orpeieJisieT TunepboILy, KOTOpas HapaJyielbHO CMEIeHa OTHOCUTEIBHO CUCTEeMbI Koopaunat Oxy.

4. ITapabosa

Omnpenenenue 59. [lapabosa — 9TO reOMETPUUECKOE MECTO TOYEK TLIOC-
KOCTH, DPABHOYJAJIEHHBIX OT (DUKCUPOBAHHON TOUKE ILIOCKOCTH ((horyca) u

(bUKCHPOBAHHON MTPSIMOiT TIOCKOCTH (Jupexmpucot).
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[ ]

—p/2] O\ p/2

=

x=—pl/2

Puc. 7. [TapaboJsia

Hauajio koopauaar — 310 gepwuna napadosbl. Ock Ox sIBISIETCS 0Cb10
napabosbl. [Iyers F'(p/2,0) — dokyc, a © = —p/2 — ypaBHeHHe JUPEKTPUCHI.
Torma KaHOHIYECKOE YpaBHEeHe apaboJIibl B TAKO CHCTEME KOOPIMHAT HMeeT
BIT

Y =2-p-x. (54)
Yucso p Ha3BIBAETCS NAPAMEMPOM TIAPAOOJIEL.

Onpegnenenne 60. DPokarvuviti paduyc Touku M (x,y) napabosibl Bbpa-

¥KaeTcst PopMyJIoit
r=x+§. (55)

KanoHmyecKuMu ypaBHEeHUSIMI 11apa00Jibl HA3BIBAIOT ellle TPH BUIA yPaB-

Henuit mapadosibl. CompoBoUM X COOTBETCTBYIONIUMU PUCYHKAMMU.

y =-2px x*=2py X" =—2py

7

Puc. 8. HomnosmHuTe/IbHbIE KAHOHUYECKHE yPAaBHEHUS 11apadoIbI
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3AMEYAHUE 3. YpaBHEHUE BUja

(y—0)*=2-p- (x— z). (56)

olpeaeJssier Hapa60ﬂy, KOTOpasd IapaJijleJIbHO CMeENl€eHa OTHOCUTEJIbLHO CUCTEMbI KOODJAMHAT OCL‘y

TakuM 006pa3oM, uTo BepimnHa napabosbl HaxoguTesa B Touke O'(xg, yo)
3aga4mn 4ns CaMoCTOATENLHOMO peLleHuns

84. Jlano ypaBHeHue KpHUBOI BTOPOro Mopsjka. HailTm JuHBI MOJTY-
oceil, Koop/InHATHI POKYCOB, SKCIEHTPUCTET, YpaBHEHNUA JUPEKTPUC, ypaBHe-

HUsT acuMITOT (/17151 rurepbosibl). [locTponTs anHyio KpUBYIO.

a) 2?4+ 4y? = 16, c) 4x® + 25y = 100,
b) 4x* —y? =16, d) 4z*—9y* = 36.

85. Hamucarbp ypaBHeHne rurep0OoJibl, HMEOMEH SKCIEHTPUCUHTET
€ = =, €CJIM M3BECTHO, YTO ee (DOKYChl COBIAJAIOT C (DOKYCAMU SJLIUIICA
22 P
56

86. CocraBuTbh ypaBHEHIE OKPYKHOCTH, JIMaMETPOM KOTOPOIl CJIYZKUT OT-
i =4 i Goutoit y? = 2
pe3oK mpsaAmoit x + y = 4, BeIpe3aHHol 1mapadosoit y* = 2x.
87. Hammcarb KaHoHHYecKoe ypaBHEHHUE SJIIATICA, Y KOTOPOT'O SKCIEHTPH-
cutet paser 0.8, a 6osbIIasg TOJIYOCH OOJIbINIE MAJIO TTOTyOCH Ha JIBE € INHUTIDI.

88. HaiiTu kaHoHNYeCKOe ypaBHEHUE IUIepOoJIbl, IPOXOISIIEil Yepes Tou-

1
Ky M (/40,2) u umeroreit acuMITOTBL Y = :|:§:L'.
2 2
89. B ssurc 19 + o1 = 1 Brmcan npsaMoyroJibHUK, JBE TPOTUBOIOJIOXK-

HbIE CTOPOHBI KOTOPOI'O MPOXOJAT Uepe3 (DOKyChl. BhIunc/imTh 11/10111a/1b 9TOro
IPSIMOYTOJIbHIKA.

90. CocTtaBuTb ypaBeHne OKPYZKHOCTH, poxojsdiieii depe3 Touku A(5, 0)
u B(1,4), ecoiit IeHTp ee JIeXKUT Ha TPAMOit © + y = 3.

91. CocTaBuTh KaHOHMYECKOE ypaBHEHUE JLINIICA, CYMMa II0JIyoceil KO-
TOPOr0 paBHa 8, & pacCTOsTHIEe MeXK/ 1y (hoKycaMu paBHO 8.

92. Haiitu Toukn mepecedenus mapabosbl y> = & ¢ OKPY’KHOCTBIO, KO-
TOpasi IPOXOIUT depe3 HAadaJI0 KOOPJAUHAT, NMeeT IMeHTP Ha ocu Or U pajnyc

paBHbBII .
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93. CocTaBuTh KAHOHUYIECKOE YpaBHEHUE JJIIUIICA, TIpaBas BepITNHa KO-
TOPOTO COBIAJAET C HpaBbiM (OKycoM rumepbonn 8z — y? = 8. Dyumc
IIPOXOJUT UYepe3 TOYKM Iepecedenns mapabosbl y> = 12z ¢ runep6osioil
8x2 —y? = 8.

94. DJUIMIIC  TPOXOJUT  Yepe3  TOUKY  IIepecevdeHust  HPsIMOii
32 + 2y — 7 = 0 ¢ napabosoii y* = 4z (B3aTh TOUKY C MEHbIIEI abCIICCOIT).
Ocn snmunica coBnagaioT ¢ ocamu KoopamHaT. CocTaBUTL ypaBHEHUE 3TOTrO
9JLIUIICA, eCJIN eTo 3KcIeHTpucuTeT pasel 0.6.

95. DKcleHTpUcHTeT IUepOobl B 2 pas3a 00JIbIIe YIJIOBOI0 KOIMDUI-
eHTa ee acUMITOTHL. ['unepbosia mpoxoaut depes Touky M (3, —1), u ee neii-
CTBUTEIbHASA OCh JIeXKUT Ha ocu Ox, a NEeHTp — B Hadaje KoopjuHat. Haiitu
TOUKHN Iepecedenns 9Toi ruepbosbl ¢ OKpyKHOCTBIo 22 + 12 = 10.

96. Haittu mapamerp p napadoJibl y2 = 2px, ec/ii U3BECTHO, YTO 3T
napaboJia MPOXOIUT depe3 TOUKH Mepecevenns MpsaMoil Y = T ¢ OKPYKHOCTBIO
2?4+ y? — 62 = 0.

97. [Hamsr Touka A(1;0) u npsimas x = 2. B 1ekapTOBbIX KOOPIHHATAX
COCTABUTDH ypaBHEHUe KPUBOii, Kaxkas Touka M (x;y) KOTOpOil yI0BIeTBODSI-
eT 3a/IAHHBIM YCJIOBUSIM.

a) B JBa pasa OJmKe K ToUke A, deM K JIaHHOI IPSIMOI,
b) B JBa pasza JajbIie 0T TOYKNH A, 9eM OT JIAHHOM MPAMOIi,

c) paBHOyzmaJeHa oT Toukn A u mpsivoii r = 2.

17. IIpuBeaenue obiero ypaBHeHIsI KPUBOII BTOPOTO MOPSAKa K

KaHOHUYECKOMY BHILY ™

Omnpenenenue 61. YpasHenue
F(z,y) = f(z,y) + 2a137 + 2a93y + azz = 0, (57)

B KOTOPOM

flx,y) = apz’ + a22y2 + 2a127Yy (58)
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KBajipaTudHas Qopma, a Koaddunnenrs! a;; (i, 7 = 1,3) BeliecTBeHHbIE YHC-

J1a, HA3BIBAETCSI 00WUM YPABHEHUEM BMOPO20 NOPAJKA.

Onpenenenne 62. Ecim Ha 110CKOCTH 3a/laHa JIEKAPTOBA MPSIMOYTOJIb-
Hasi crucreMa Koopanaar Oxy, To reoMeTpudeckoe Mecto Touek M (x,y), Koop-
JMHATBI KOTOPBIX YJIOBJIETBOPSIIOT ypaBHenuto (57), OyjeM HasblBaTh kpusot

68MOP020 NOPAJKa, 3aJ1aBaeMoil 0OIINM YpaBHEHUEM BTOPOTro mopsiaka (57).

Haireit 3ajadeit Gyjier onpeje/inrTb BCe BO3MOXKHbBIE THIIbI (TEOMETPUYE-
ckiie (OpMbI) KPUBBIX BTOPOrO MOPsijika, TO €CThb KJACCU(UIMPOBATL STH
kpusble. [locrapiennyio 3ajgady OyjaeM pernarh, mpeodpasysi ypasHenune (57)
K HEKOTOPOMY CIEIHaJbHOMY (KAHOHIMYECKOMY) BUJY, 110 KOTOPOMY OyJer

HETPYIHO OIPEJACIUTh TeOMETPUIECKYI0 (pOPMY KPHUBOI.

Kanounuyeckue YpaBHeHU:d B KOOp,Z(I/IHaTHOﬁ cucremMme OCL"y BCeX KPHUBBIX

BTOPOr'O IopsJKa:

1. Dunurce ) )

xr Y

2 + 2 =1 (59)
2. MuanMmblit ssmuac

72 y2

) + 7 =—1 (60)

22y

2 + ol 0 (61)
4. I'nnepboJia

22 2
5. [Tapa mepeceKkaromnmxcst IPsAMbIX

22y
6. [Tapabo.a

V' =2-p-x. (64)
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7. ITapa mapayaeTbHbIX TPIMbBIX

y? — b = 0. (65)
8. [lapa MHUMBIX Mapa/ijIeIbHBIX TPAMBIX

v+ =0. (66)

9. ITapa coBmaaroNuX MPIMBIX

AnroputMm npuBeneHns oOIIEero ypaBHEHUS KPUBOUW BTOPOTO IMOPSAKa K

KAaHOHUYECKOMY BU/LY

[IycThb 1ano ypapHeHne KpuBoii BTOPOro MOpsiIiKa
a11x2 + a22y2 + 2a107y + 20137 + 2a93y + asz = 0. (68)

[TepBble Tpu cilaraeMbix ypaBHeHus (68) sanurieM B Bujle KBajpaTHiHO (Hop-
Mbl f(z,y) = anna® + any® + 2a1y.

1. Hcnonb3ys Teopnio KBaApaTHIHLIX (DOPM, IPUBEIEM KBaJAPATHIHYIO (Dop-
My f(2,y) = a112? 4 agey? +2a127y K IaBHBIM OCAM 1 HailJleM OPTOrOHAILHOE
peodbpazoBanue HepeMeHHbIX. JIJIst 9TOro BBLIIOJIHUM CJIeAYIONIe JIeicTBuIS:

1.1 Bermumenm marpuity A kBajparudanoit popmbl f(x,y)

aip a2

A=

y @12 = d21.
a21 @22

1.2. Haiigem cobcrBeHHBIE Uncaa A1, Ay MaTpuibl A, pemas xapakTepu-

CTHU4€eCKOE ypaBHEHUE

— A
A—N-E|=|™ “roy,
aig agy — A

1.3. ]yt KaxKJa0ro coOOCTBEHHOI'O YnCIa A1, Ay HaiijleM cOOCTBEHHBIE BEK-

topwl Uy, Us.
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1.4. Ecan HEoOX0IMMO, OPTOrOHAJIM3UPYEM U HOPMHUPYEM CHCTEMY COO-

d11 q12
CTBEHHBIX BEeKTOpOB. [lycTh €1 = , 69 = — OPTOHOPMUPOBAH-
421 422
Hasl CUCTeMa, COOCTBEHHBIX BEKTOPOB. BbiOepeM 3HaKU COOCTBEHHBIX BEKTOPOB
qi1 q12
TaKUM 00Pa30M, UTOOBI =1.
d21 q22
i1 412
1.5. CocraBum marpuiy ) = OPTOTOHAJIBLHOI'O IIPEeodpPas30-
q21 422

BAHUST [IEPEMEHHBIX, PUBOJSIIEro Kpaaparudnyo dopmy f(z,y) K KaHOHU-
yeckoMy Bujy. Marpuma () B cujly CBOIICTB OPTOIOHAJIBHOIO IIpeodpa3oBaHms

Ha IIJIOCKOCTH UMeEET BUJL

0 cosa —Ssinao
— )

sinx COSQ

TO ecTh () — MaTpHUIa olepaTopa OBOPOTa Ha YroJ & B IpocTpaHcTBe R2
BEKTOPOB Ha ILIOCKOCTHU. IIpu TakoM IOBOpPOTE IPAMOYIOJIbHAsI CUCTEMa KO-
opauar OXY mnepexonuT B IpsIMOYrojibHYIO cucrtemy kKoopamaar OXiY;
(emorpu pucyHok 9). Haiigem yrosi moBopora v, Hampumep, 10 GopMmyJie

a = arcsin(qay ).

Puc. 9

1.6. B ypasaenun (68) oT cTapbIx MepeMeHHbIX (x,1) MepeiiTn K HOBBIM

IEPEMEHHBIM (T, Y1), HCIOJIb3YsI PABEHCTBA,

r = qur1 + qayi,
Yy = @ar1 + g2y

(69)

B noBbIx JACKapPTOBBIX IIPAMOYT'OJIBHBIX KOOPJAWHATAX X1, Y1 YPaBHEHUC
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KPHUBOIl BTOPOI'O MOPSAJIKA IPUMET BUJI
M2+ Xyt 4 2(a13q11 + asgor) Ty + 2(a13q12 + assqaz)yr + ass = 0.

2. BblemB 1mosiHbIe KBAPATHI [0 00EMM TIepeMeHHBIM (UJIH 110 OJIHOfT TTepe-
MEHHOIH, ecJI OJIHO M3 3HAYEHUIT \; PABHO HYJIIO), C TIOMOIIBIO TAPAJIIETBHOIO
1epeHoca oceit koopauHat cucrembl Ox1y; nepexojaum K cucreme Oaols, B KO-

TOPOIl ypaBHEeHNE KPUBOII NMeeT KAHOHUYCCKU BUJI.
3aga4qn Ansi CaMOCTOATENBHOIO peLleHus

98. C nomoInpio BbIJEJIEHUS TOJHBIX KBaJIPATOB U IIEpEeHOCa Hadasia KO-
OpJINHAT YIIPOCTUTh YPABHEHUS KPUBBIX, ONPEJAE/IUTh UX THUII, pa3Mepbl U pac-

ITOJIOYKEHNE Ha, IJIOCKOCTH (C/IeIaTh PHCYHOK ):

a) 92?4+ 16y* + 362 — 64y — 44 = 0,

b) 4z? — 9y® — 16x + 18y — 29 = 0,

c) y?—4dx —4y+16 =0,

d) 9% +4y? — 182 + 8y — 23 = 0,

e) — 9%+ 16y* + 54z + 32y — 209 = 0,
f) ¥ +20—2y—7=0,

g) x?—dr+4y =0,

h)  9x% + 25y — 362 — 50y — 164 = 0,

x? + 2y +4x — 12y + 18 = 0.

.
~—

99. IlpuBectn ypaBHeHHE KPHUBOH BTOPOIrO IMOPsIIKa K KAHOHUIECKOMY
By C ITOMOIIBIO ITOBOPOTA oceit Koopaunat cucreMmbl Ozy. Haiitn 910 11peod-
pazoBaHue U yroJi IoBOpOTa ¢, ¢jiejiaTh PUCYHOK:

5 5
a) —x?—3xy+ —y* —1=0,

2 1 2 1
b) 3— 53:2 — 3y —1§y2 —4=0,
c) 5:1:2 + V3zy + §y2 —2x =0,

1 V3 3
d _2 _2_1:
) 4:(: +—2 xy+4y 0,

e) 3z2 —2V3xy+5y+4=0,
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f) gmz —y+ gyz =0,
g) *—6v3zy —5y° = 0.

100. IlpuBecTn ypaBHeHHmEe KPUBOH BTOPOTO HOPSJIKa K KaHOHUYECKOMY
BUJTy C HOMOIIBIO 1TOBOPOTa Oceit KoopamHat cucteMbl Oy U HOCELYIONIe-
ro mapaJsieslbHOro IepeHoca. Hailtn yros moBopoTa M KOOPIAWHATHI HOBOT'O
rHadasia koopauHat (toukn (Op) B cucreme Ox1yp, MOJIYyYeHHON B pe3ysbrare
noBopoTa oceil cucreMbl Oxy. YKazaTh TUI KPUBOIL:

a) 11z — 20xy — 4y*> — 20z — 8y + 1 = 0,

) 52% —2zy + 5y2 + V2 +V2y + 2 =0,

) da? —day + y* — 2vBx + 3v5y + 12 =0,
922 + 122y + 4y + 61/13x + 413y + 13 = 0,
322 — 2zy + 3y® — 8v2x + 16v2y + 44 = 0,
5x2 4 62y + 5y? — 162 — 16y — 16 = 0,

6zy + 8y? — 120 — 26y + 11 = 0,

72?2 + 162y — 23y? — 142 — 16y — 216 = 0,
922 + 24xy + 16y> — 40z + 30y = 0.

IR

> Q
~— —

.
~—

18. Meroa naBapuaHTOB™*
NccaenoBanme ypaBHeHUsI KPUBOII BTOPOro IOPsiAKA C IIOMOMIbIO NMHBAPUAHTOB

Kak 6b1j10 TIOKa3aHO B IIPEJbIIYIIEM pa3jese, CYIIeCTBYeT JBa BUja IIpe-
o0pa30BaHumii, KOTOPbIE IIPUBOJIST YpaBHEHIE KPUBOIl BTOPOIO IOPSIIKA K Ka-
HOHUYECKOMY BHJIY: OPTOrOHAJbHOE U HapaJLIebHbII mepenoc oceii. I[Tosromy

MBI MO2KEM BBECTU ABa IIOHATUA: MHBapHUaHT 1 IIOJIYUHBapHUaHT.

Onpenenenue 63. Husapuarmamu HA3bIBAIOTCA TaKle BbIPAyKEHUsI, CO-
cTaBJICHHbIE U3 KOX(MDPUINEHTOB YpaBHEHUsT KPUBOil, KOTOPbIE HE N3MEHSIOTCs
PN IIepexo/ie OT OJHOU HPAMOYTOJLHON JIEKAPTOBOM CUCTEMbI KOOPJMHAT K
JIpyToil Takoil ke cucreMe, TO €CTh IPU BBIIOJHEHUN OPTOTOHAJIBHBIX MPe0d-

pa3oBaHuil 1 IpU MapalyIeJbHBIX IepeHocax Oceil KOOPAUHAT.

72



Omnpenenenue 64. [losyunsapuanmamu HA3BIBAIOTCS BBIPAYKEHUs, CO-
CTaBJICHHBIE N3 KOI(DDUIINEHTOB yYpaBHEHUST KPUBOil, KOTOPbIE HE M3MEHATOTCS

TOJIBKO IIPpM BbIIIOJIHEHMNK OPTOI'OHaJIbHDBIX Hp606pa30BaHI/H7L

[TycThb B ipsiMOyT0JIbHOI cucTeMe Koopaunat Oxy Kpubast BTOPOro MO /I-

Ka OIIMCBIBaA€TCA YPaBHECHUEM
CL115172 + a22y2 + 2@12£Uy + 20,1313 + 2a23y + az3 = 0. (70)

Tpebyercst onpejiesnTh HazBanue Kpuboil (70) u cOCTABUTH €€ KAHOHMYE-
ckoe ypaBHeHue. J[Jis1 9Toro Hy?>KHO BBITIOJIHUTD CJIEIyIONIne JefcTBUS:

1. BeraueiuTh Tpu nHBapuaHTa KPUBOIT BTOPOTO MOPSIKA

ailr a2 ai3

ainl a2
Al = , Bl =|ain an axy |, tr(A)=an+axn.
a2 Q2
@13 d23 Aas33
Ecmu |A| = |B| = 0, T0 BBIYUCIATD MOy HHBAPHAHT

a1 a13 a2 Q23
T = +

a1z ass az3 Aa33

ajr a2
2. Beraueanrs A1, Ay — cOOCTBEHHBIE YnC/Ia MATPUILI A =

a1 a22
3. Ucnopaysa Ttabauity 1, HaiiTn ypaBHenue KpuUBOil B HOBOIT cUCTeMe KO-

opaunat Ox1y;. CpaBHuUBast moJIydeHHOEe ypaBHeHne ¢ paBenctamiu (59)—(67),

OIIpee/INThL Ha3BaHUE KpI/IBOﬁ 1N €€ KaHOHNY€CKOE yYpaBHCHUE.

Knaccudukanmss moBepXHOCTEl BTOPOro nmopsaKa

Omnpenenenue 65. [loseprrocmvblo 6mopozo nopAdka HA3BIBACTCS MHO-
»KEeCTBO TOYEK B IIPOCTPAHCTBE, KOOPAUHATHI T, Y U 2 KOTOPBIX YA0BJIETBOPSIOT

yPaBHEHUIO
CL115L’2 + (122?]2 + CL3322 + 2a12:1:y + 2&13332 + 2@23y2’+

+2a1x + 2a2y + 2a3z + ag = 0, (71)
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Tabnuna 1. Kiraccudukaliusi KpUBBIX BTOPOTO MOPSIJIKA C TOMOIIBIO NHBAPUAHTOB

A1 7é 07 AQ 7é 07
B
|A| #0 MTE + Aoyt + % = 0.

Duumutic (59); smmne muanmblii (60); runepbosa (62);

napa BerecTBeHHbIX (63) mim MEUMBIX (61) HepeceKaromuxcs MpsiMbIX.

A1 =0, #0,
B
Al=0||Bl#0 Aot + 2 _ 1Bl s = 0.
[Tapabosa (64).
A= Oa A2 7A 07
Al=0|Bl=0 Ay 4+ ——— = 0.
| | | | 21 + t?"(A)
[Tapa BerecrBeHHbIX (65) nam MHUMBIX (66) MapaJieJbHBIX MPIMBIX;
apa COBIAJAIONNX IPAMBIX (67).

rie aii, as9, aszs, a1z, a13, a3, ai, Az, Az, g — JleiicTBUTEIbHbBIC qucJia, IIpuicem

aii, ao9, A33, 12, A13, A3 OAHOBPEMEHHO HE paBHbLI HYJIIO.

[lepeuncyimM OCHOBHBIE THITHI TOBEPXHOCTEN BTOPOI'O MOPsIKa, YKa3aB MX

KAHOHUYECKUE YPABHEHUA.

1. Dumuncons (emorpu pucyHoK 10)

A (72)
SAMEYAHUE 4. YacrHbiM ciyuaem sjunconaa (ipu a = b = ¢ = r) asisiercs cdepa
z? + y2 + 22 =72
C IEHTPOM B Ha4daJi€ KOOPJIHWHAT U PaJUyCOM T.

2. MHUMBIIT 3J1JIIICONT

S+ S+ =1 (73)

3. Munwmbrit Konyc

S R (74)




Puc. 10. Duauncon,

4. OHONOJIOCTHBI THuIepOOI0H 1 (CMOTPU pUCYHOK 11)

$2 y2 22

2tp 2=t (75)

Puc. 11. OgnomosocTHBIA runepboIon

5. ABymnosoctablii rutiepbosion1 (CMOTpU pUCYHOK 12)

1'2 y2 22
g‘l‘ﬁ—?:—l. (76>

6. Dmnrudeckuii KOHyC (CMOTPH PUCYHOK 13)

515‘2 y2 22

2tpg a2=" (77)
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Puc. 13. Qmmunrudeckuit KOHYC

7. Dunntndeckuii napabosion (CMOTpU pHCYHOK 14)

2 2
L Y

8. 'unepbosimaeckuii mapaboJioni (CMOTpU PUCYHOK 15)

2 2
oy
2w *

9. DU THIeCKU TUIMHIP (CMOTpH PUCYHOK 16)

2 2
x (T
quﬁ—l.
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Puc. 14. Duumnrudyeckuit napaboJion,x

V4

Puc. 15. T'uniepboutecknuii napadoon

\\

x 0

Puc. 16. DiumnTrnvecKuil MuaInHap



10. MHIMBII SMUOTHYIECKUH TITHHID

2 2
L Yy

11. [Tapa MHIMBIX TIEepeCceKaIoNuxcs MI0CKOCTEN

12. T'unepbosimaeckuit mutnaIp (emMorpu pucyHok 17)

:L‘2 y2

Puc. 17. 'mnepbonmaeckmii uImHIp

13. ITapa mepecekaronuxcst II0CKOCTEI

2 2
x yr
2 e

14. Tlapabosmaeckuii numagp (cMoTpu pucyHok 18)

z? = 2py, y? = 2qu.

15. ITapa mapaJuiesibHBIX MJI0OCKOCTel

2 —a’>=0.
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Puc. 18. Ilapaboanaecknit MUIAHID

16. [Tapa MEIMBIX TTapaJsIeTbHbIX MIJIOCKOCTElH

2 —a® = 0. (87)

22 = 0. (88)

A.TII‘OpI/ITM COCTaBJICHNA KaHOHMNYECKOI'O ypaBHeHMUd ITOBEPXHOCTU BTOPOI'o

HopsiaKa
1. BeraueuTh 4eTbipe nHBapUaHTa MOBEPXHOCTH BTOPOTO MOPSIIKA

a1l a2 aiz a
ailr aiz2 ai3
12 Ag2 A23 Q2
|A‘: Q12 Qg2 QA23 |, |B|: )
a13 23 Aa33 as
a13 a23 A33
apr a2 a3 Qo

(A) = ai; a2 n app as L+ agy @23 Ctr(A) = agy + az + azs.
a2 a2 a1z ass a3 a33
Ecmu |A| = |B| = 0, To BLIYHCINTD MOJTYNHBAPHAHT
apnl a2 @ Q22 G23 A2 apn aiz a1
I3(B) =| a1z ax ay |+ | axs ass as |+ | a3 asz as
a; a2 Qo as Az Qg ayp asg Qg
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Tabumra 2. Knaccudukalims mOBEpXHOCTEH BTOPOTO HOPSIIKA C TOMOIILIO HHBAPUAHTOB
)\17&07)\27&07)\37&07

B

[Mosepxuoctu (72)—(77).
>\1 7&07>\2 7&07>\3 :07

B’
Al = B 2 T2y — | cz =
‘ ’ O ’ | 7é O )\11‘1 + )\le + ].2( ) 21 0

[Tosepxnocru (78)—(79).
A1 #07A2 #07A3 :07

13(B
A =0 |B]|=0| I,(A) #0 M3+ day; + (B)
Ir(A)
[Tosepxnoctu (80)—(84).

)\1#07)\2:07)\3:07

- _ _ 5 L(B)
AI=0 | Bl =0 | b(A) =0 1(B) #0 | At 42/~ 25w =0

[Tosepxmocts (85).
>\1 7&07)\2 :07>\3 :07

L»(B)
_ — — — 2 2 —
[A[ =0 | [Bl=0|(A)=0| I5(B) =0 AT ) T

[Toepxuoctu (86)—(88).

= 0.

Ecmm |A| = |B| =0 u I3(A) = I3(B) = 0, T0 BbIYUCINTE HOJTYNHBAPHAHT
apl ap Q22 Q2 a33 as
L(B) = + +
a; Qg as Qo as Qo
2. Beraucautb A1, A, A3 — cobCcTBEHHbBIE YUC/IA MaTPHUIHI
ail a2 ais

A= a2 G22 G23

a1z Ga23 as3

3. Ucnonp3ys Tabuiy 2, HaiiTn ypaBHeHNe TOBEPXHOCTH B HOBOII cucTeMe

koopauHaT Ox1y;21. CpaBHUBASI OJIYUEHHOE ypaBHEHNE ¢ paBeHCTBaME (72)—

(88), ompeesmnTh Ha3BaHUE MOBEPXHOCTH U €6 KAHOHUIECKOe yPaBHEHNE.

3a,u,aq|/| 413 CaMOCTOATENIbHOIO peLEHNA

101. OHperZLG.HI/ITb Ha3BaHUE N COCTaBUTHb KaHOHNYCCKUE YPpaBHEHUA KPHU-

BBIX BTOPOI'O TOPsIJIKA, 38/ aHHBIX B IIPSIMOYTOJIbHOM cucteMe Koopaunat Oxy
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YPpaBHEHUAMM:

a)

S

)
)
)
)
)

Q. O

®

~~

172% + 122y + 8y? — 122 — 16y — 12 = 0,
522 4 26zy + 5y> — 202 — 52y — 52 = 0,
1622 4 242y + 9y + 622 — 16y + 46 = 0,
x? —y* — 4w+ 6y — 5 =0,

22+ 22 —3 =0,

2% 4+ 2v/3xy + 3y + dx + 43y +4 = 0.

102. OupenennTh Ha3BaHUE U COCTABUTH KAHOHUYECKNE yPAaBHEHUsI I10-

BEPXHOCTEN BTOPOTO TMOPSJIKA, 38JJaHHbIX B IIPAMOYTOJIbHON cUCTEMe KOOPIU-

HaT Oxyz ypaBHEHHUSIMU:

@)

S

)

)
)

= &

>
~— —

[SSIN
~—

202 + 5y + 52 + 6yz + 4z + 16y + 162 + 10 = 0,

322 — Ty? + 322 + 8xy — 8vz — 8yz + 10x — 14y — 62 — 8 = 0,
2?4y 20— 4y +224+1=0,

— 222 — 2y + 42% — 200y — 8wz + Syz — 260 — 22y — 4z — 12 = 0,
222 + 5y? + 222 — 2xy — daz + 2yz + 22 — 10y — 22 — 1 = 0,

8y? + 4oy + 2wz +4dyz+ 40 +8y — 9 =0,

4o +y* 4+ 922 + 4oy — 1222 — 6yz + 62 — 2y — 62 + 11 = 0,

22 +y? + 22+ 20y — 202 — 2yz — 1 =0,

2? +y? 4+ 22+ 20y + 222 + 2yzr — 20 — 2y — 22+ 1 = 0.
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OTBeTbl U YKa3aHusd K pellIeHnio 3aJ1a4

1. Pewenue. Ouepanuy CI0XkKeHUs BEKTOPOB U YMHOMKCHUSI BEKTOpa Ha,
YICJI0 OIPEJIEICHB KOPPEKTHO, TaK KAK IPOU3BEICHUE MOJIOKUTEILHBIX M-
ceJl TOJIOKUTE/ILHO U TI0JIOKUTEbHA (110 OIIpejIe/IeHIIO) JII00ast BellecTBeHHasT
cTereHb MOJI0KUTETLHOTO dncia. [Iposepum Teneps yeaosust 1)-8) ompejere-
HUsl JINHEHHOTO IPOCTPAHCTBA.

1) CioxKeHrne BEKTOPOB KOMMYTATHBHO OTOMY, 9TO YMHOYKCHHE Belle-
CTBEHHDIX 4HCes] 00JIajaeT 3TUM CBOHCTBOM. JleiiCcTBUTE/NILHO, KOMMYTATHB-

HOCTD CJIOZKEHUST BEKTOPOB CJI/IyeT N3 IeOYKH PABEHCTB:
r4+y=(T1 Y1, Yoy, T Yn) =

= (Y1 T1,Y2 T2y Yn " Tn) =Y + T
Jist J00bIX T, Y € G.

2) AHAJIOIUYHO MPOBEPSIETCsT ACCONUATHBHOCTD CJIOXKEHUsI BEKTOPOB. [l st

JOOBIX x, Y, 2 € G uMmeeM
(x+y)+z=(T1 -y, T2 Y2, ..., Tp - Yp) + 2 =

= (T1- Y1 21,T2 Y2 22,y Tp* Yn * Zp) =
:x+(y121,y2Z2,,ynzn):$+<y+z)

3) B kadectBe HOMBb-BeKTOpa HYKHO B3sTh BekTop 0 = (1,1,...,1). eii-
CTBHUTEJIBHO,

r+0=(z1-Lag-1,...;2,-1) =2z

Jutst J1oboro BekTopa T € G.
4) Hnst siroboro BekTopa & = (X1, Ta, . . ., Tp) ITPOTHBOMOIOKHDBIM 3JIEMEH-

TOM OyJIeT BEKTOD

x = (::f;l_l,xgl, . ,x_l),



TakK Kak
v+y=(zy- 27 w25t -x, ) = (1,1,...,1) =0.
5) st mrobbix x,y € G u soboro a € R nmeem
a(r+y) =T Y1, T2 Yo, T Yn) =

= (('rlyl)aa ('r?y?)a: sy (xnyn)a) = (xclyy(lla xgyg? s 7xgyg) -
= (zf, 25, ..., 20) + (Wi ys, .., yn) = ax + ay.

6) st oboro x € G u JobbIX @, f € R umeem

(a+ B)a = (@7 2510 a0ty = (afaf aal, . . atal) =

= (29,25, ., a%) + (2}, 25, .. 2f) = ax + B

7) st moboro x € G u siobbIX @, f € R umeem
(af)x = (:c?ﬁ,a:gﬁ, L x0P) =

- (( ?)a’ (:Cg)aa R (:Cﬁ)a) - O‘(‘rfv xgv S 7:65) - CV(B:U)

n n

8) Haxonern, jist smoboro x € G

1 1

1-z=(21,25,...,2.) = 2.

CremoBare/ibHO, JaHHOE MHOXKeCTBO (G ¢ JAHHBIMHU OIEPAIlUsIMU CJIOYKEHUS

BEKTOPOB W YMHOXKE€HHA BEKTOPa Ha BEIIECTBEHHOE YMNCJIO ABJIACETCA BeElle-

CTBEHHBLIM JIMHEIHBIM I[IPOCTPaHCTBOM.

2. He gBasgercs jauHefiHbIM IPOCTPaHCTBOM, TaK KaK H€ BbIIIOJIHAIOTCA

aKcuoMmbl 3) 1 6).

3. He gBngercd JMHEHHBIM ITPOCTPAHCTBOM, TaK KaK HE BBIIOJHACTCH

akcroma 6).

4. He gBngerca JUHENHBIM TPOCTPAHCTBOM, TaK KaK HE BBITOJHAIOTCS

akcnomol 1), 2) u 6).
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5. He sBnstercst JUHEHHBIM TPOCTPAHCTBOM, TAK KaK ITPOTHBOMOJIOZK-
uoiit sgement ' = (1/x1,...,1/x,) He omnpejeseH, HAIPEMED, IJTsA HJICMEHTA
0,0,...,0).

6. He sBisiercst JuHEHHBIM TTPOCTPAHCTBOM, TAK KaK HE BBITOJIHSIICTCS
akcroma 6).

7. He sBisiercst JmHEHHBIM TPOCTPAHCTBOM, TAaK KAK HE BBITOJIHSIOTCS
akcuoMbl 6) u 7).

8. He sBistercst JUHEHHBIM TPOCTPAHCTBOM, TAK KAK HE BBITOJHIIOTCS
akcnomol 2), 3), 4), 6) mpu n > 1.

9. He aBisiercst TUHEHHBIM TPOCTPAHCTBOM, TAK KAK HE BBITOJIHSIOTCS
akcnombl 1), 2) u 6).

10. Pewenue. JIerko BUJeTh, 9TO 00€ OomepaIny opeaeaeHbl KOPPEKTHO.
[Ipoepum yeioBust 1)—-8) JIMHEHHOTO TPOCTPAHCTBA.

1) Omnepanust c/ioXKeHNsT KOMMyTaTuBHaA. JleficTBUTEIHLHO, TaK Kak

— Q55 — bij = _bij — Qjj, I Vi=1m, Vj =1,n.

TO

A+B=B+ A, jnamobeix A,Be€G.

2) TIpoBepuM acCONMATHBHOCTD OLEPAIMN CJIOKEHHUSI.
IIycts A, B, C' — Tpu Npou3Bo/IbHBIC MATPUILI U3 MHOKecTBa G ¢ 3J1e-
MEeHTaMHU a;;, b;; 1 ¢;; coorBercrBento. Toryma marpuna (A + B) + C' cocrout

n3 3JIeMeHTOB

—(—aij — bij) — cij = aij +bij — ¢, ana Vi=1,m, Vj=1n,

a marpuiia A + (B + C') — u3 3/1eMeHToB

—Qjj — (—bij — Cij) = —a;; + bij + ¢y, A Vi=1,m, V] =1,n.
Orcrofia caeyeT, 4To paBeHCTBO

(A+B)+C=A+(B+C)
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He MOXKeT BBIMOIHAThCS it Becex A, B,C € G. Tak, ecoim A u B — nyie-
Bble MaTPHIIBI, & BCe dJIeMeHTbl MaTpullbl C' paBHBI eIMHUIE, TO JIIOOOI 3J1e-
ment Matpuiisl (A + B) + C paBen —1, a IPOU3BOJIBHBIN 3JIEMEHT MATPUIIbI
A+ (B+C) pasen 1. Takum o6pazom, onepalisi CJIOKeHHsI He acCOIMaTHBHA,
MHO)KeCTBO G ¢ JaHHBIME OIEPAIUsSIMI He sIBJISIeTCSI JIMHEHHBIM IIPOCTPAH-
CTBOM.

11. He gBisiercs JMHEHHBIM TPOCTPAHCTBOM, TaK KaK HE BBIMOJIHSIOTCS
akcroma 1).

12. He gBisercs JMHEHHBIM IPOCTPAHCTBOM, TaK KaK He BBIMOJIHSIOTCS
akcnoma 4).

13. Pewenue. st 1100bIX TOJTUHOMOB f 1 ¢ CTEIIeHHU He BBIIIE 1 1 JIF000TO
a € C cymma f+ g n npoussejienne o f sIBISIOTCS MHOIOUIEHAMI ¢ KOMILIEKC-
HBIMH KO3 (pUIEeHTaMI CTeIIeHN He BBIIIE 7, [I09TOMY 00€e Ollepalliu Olpee-
JIEHBI KOPPEKTHO. HeTpy1HO MpoBepuTh, 9TO ye10BUs 1)—7) BBIOTHSIFOTCS JIIsT
JlaHHBbIX oneparnii. O HAKO, ec/ii Y MHOro4WwIeHa f cTapiinii Koo @UIneHT ag
omuen ot HyJist, To MHorouten (1 - f)(z) = a1z" ™t + ax™* + ... + ay,
He paBeH MHOrOWIeHy f(x) u, ce0BaTebHO, YCIOBUE 8) HE BBINOJIHSIETCS.
Takum 0Opazom, JaHHOE MHOYKECTBO C BBEJIEHHBIMI OIEPAIIUSIMU CJIOZKEHHS 1
YMHOXKEHHUST Ha INCJIO He FBJISETCS JIMHEHHBIM TPOCTPAHCTBOM.

14. He gBisiercss IMHERHBIM IPOCTPAHCTBOM, TaK KaK He BBIIIOJIHSIIOTCS
akcuombl 5), 6), 7) u 8).

15. He gBisiercsa JIMHEHHBIM TPOCTPAHCTBOM, TaK KaK HE BBIMOJIHSIOTCS
akcruoma 8).

16. He gBisiercs JMHEHHBIM IPOCTPAHCTBOM, TaK KaK HE BBIMOJIHSIOTCS
AKCHOMBI 7) 1 8).

17. a) Jluneiino 3asucuma. b) Jluneitno vesapucuma. ¢) Jluneiino 3asu-
cuma. d) Jluneitno He3aBucuma.

18. Vkasanue. Bocronb3oBaThest onpejesieHneM U 1oo0paTh Jucia ¢,

Cg, C3 TaK, 9TOOBI Jist JIFOOBIX T, Y, Z BBINOJHAIOCH PaBeHCTBO ¢ (ax — By) +

co(vy —az) + c3(fz —vyz) = 0.
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19. a) Jluneitno 3apucnma. b) Jluneitro nesasucnma. ¢) Jlumeiino 3asucn-
ma. d) Jluneiino nesasucnma. €) Jluneiino nesasucnma. f) Jlumneitno 3apucuma.
20. a) Pewenue. CoctaBum JmHefinyio komouHanmio (1) JTaHHBIX BEKTO-

POB U IIPpUPaBHfAEM €€ HYJIEBOMY 9JICMEHTY !

ziat + xea® + x3a3 =0

1 1 1 0
1| 4 + X9 —1 + X3 1 = 0
6 1 3 0

Taxkum obpaszom, TosrydaeM CJIeAyIONIyI0 OJHOPOIHYIO CUCTEMY yPaBHEHUI:

r1 + x2 + x3 = 0,
dr1 — x9 + x3 = 0,

6xr1 + 2o + 3x3 = 0.

Panr marpuibt cucremsl (A) paBeH 2 U MeHbIIE YHC/Ia HEM3BECTHBIX N = 3,
MIO9TOMY OJIHOPOJIHAs CUCTeMa nMeeT HeCKOHEeTHO MHOTO PeIIeHuii 1, caea0Ba-
TEJILHO, CYIIECTBYIOT HEHyJIeBbIe YnCia Ty, T2, L3 B cucteme (1). CremoBaresinb-
HO, cucTeMa BeKTopoB a', a?, a® nmmeiino 3asucnma; b) JnHeiino 3apucumast
chucrema; €) JIMHEHHO He3aBucuMas cucreMa; d) JIMHEHHO HE3aBUCUMAsT CHCTe-
Ma; €) JINHEIHO 3aBUCUMasi CUCTeMA.

21. Pewenue. HynesbiM ameMenToM B 1pocTpancTse M32 gpigercs my-

JeBast MaTpuiia pazmepa 2 X 3. CoctaBuM JimHeRHy0 KoMOnHaImo (1) TaHHBIX

MaTpHul U IIpHUpaBHAEM €€ HYJIEBOMY 9JICMCHTY:

331141 + 5192142 + 373143 + SU4A4 + SU5A5 + £E6A6 =0

NI
1 00 2 =1 0 -3 2 2
T + o + T3 +
00O 0O 0 0 0 00
4 —5 3 5 2 —1 6 1 2 00O
+ZE4 +£IZ5 +[1§6 =
2 0 0 32 0 -2 31 00O
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JIerko 3aMeTuTh, UTO MOC/Ie BLITOJIHEHNS HEeCTOKHBIX TTpeodpa30BaHuil, ieBast
U MpaBasg YacTH JIAHHOI'O paBeHCTBa OyAyT maTpuiiaMu pasmepa 2 X 3. /se
MAaTpPUIIbl PABHBI TOLJIa U TOJBKO TOIJA, KOIJA PaBHbI BCe COOTBETCTBYIOIINE
JIpYT JIPYTY 3JIEMEHTHl MaTpuil. Takum obOpasoM, UMeeM CHUCTEMY JTUHEHHbIX

O/IHOPO/IHBIX YPaBHEHUI

( r1 + 2x9 + 3x3 + 4xy + dx; + 625 = 0,
— Ty + 2x3 — dxy + 225 + x4 = 0,

203 + 3x4 — x5 + 226 = O,

< 2xy + 3x5 — 226 = O,
25 + 3z = 0,

\ rzg = 0

IIyctb A — marpuma pamHOi crucrembl. Hafijem paHr MaTpHIlbl CHCTEMbI
r(A) = 6. Ioaywaem, aro panr r(A) pasen unciay meussecTHoix n. Coemo-
BaTeJIbHO, OJIHOPOJIHASI CHCTEMa MMeeT TOJIbKO €JMHCTBEHHOE HYJIEBOE pPelile-
HIe, a 9TO 1 o3HauaeT, 4To BekTOopel Al ... A% B jmHeiinom mpocTpancTse
M3? gpJistiorcst JIMHEHO He3aBUCUMbIME; D) JIMHeiiHO He3aBUCHMAs CHCTEMA,
c) JsimneitHo 3aBucuMast cucrema; d) JMHEHHO He3aBUCHMas CUCTEMa; €) Jii-
HEHO 3aBUCHUMAag CUCTEMA.

22. a) Pewenue. HyneBbiM /1eMeHTOM B TIPOCTPaHCTBE Qg SIBJISETCS TI0-
JINHOM, TOYKJIECTBEHHO paBHbIil Hy/110. CocTaBuM JIMHEITHY 0 KOMOMHAINIO TPeX

JAHHBIX TTOJIMHOMOB W IIPUPABHSIEM €€ HYJICBOMY JIEMEHTY:
1 2 30,y —
x1-p (z) + 29 p(x) + 23 - p’(x) = 0.
[Ipeobpasyst JaHHOE COOTHOIIECHNE, OJIYIaeM
(z1 — 29 + 923) + (29 + 623)7 + 132° = 0.

DTO PaBEHCTBO CIPABEJINBO JIst BeeX T € (—00, +00) TOJBKO B TOM CJIydae,
Koria Ko MUIIMEHTDI, CTOSIIUE [IPU OJMHAKOBBIX CTEIeHSIX & PaBHbI HYJIIO.

Takum 00pa3oM, HPUXOJAUM K CJEIyIoeil cucreMe JIMHEHHBIX OJHOPOIHBIX
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ypaBHEHNIA
$1—$2+9(L'3:0,
Ty + 65(53 = 0,
r3 = 0.
Panr mMaTpuiibl cucTeMbl paBeH YNUCJIy HEM3BECTHBIX ITOITOMY IIOJIyYaeM, UTO
JlaHHAd CUCTeMa MMeEeT eJMHCTBEHHOE HYJIeBOe pelleHue rp = To = x3 = 0.
CiiesloBaTesibho, cucrema nojunomos pt(z), p?(z), p*(x) sBisercs uneiino
He3aBHUCHMOIT; b) JmHeiiHO He3aBHCHMAas CHCTEMa; C) JIMHETHO 3aBHCHMAst Cli-
crema; d) JMHETHO 3aBHCHMasi CHCTEMA; €) JIMHeHHO He3aBUCUMAasi CHCTEMA.
23. a) a* = —a' +a® +2a% b) a* = 2a' — a® + 3a®.
24. a) Pewenue. [la. Coryacuo cBoiicTBy 6asuca, TOCTATOYHO BBIYUCIUTE

olpejae/mTrelb, HOCTpOeHHbeI 3 9JIEMEHTOB BEKTOPOB 110 CTOJI6H&M

32 —3 1 8 -3 1 8 -3

1 8
04 —4) = |-412 —4] =2-(-4) -1 -3 1 :(—8)-1 )| =
44 2 0 0 2 0 0 1

(—=8) - (—11) =88 # 0.

SHAYNT, CUCTEMa, BEKTOPOB €1, €9, €3 ABJSIETCs 0a31COM B IIPOCTPAHCTBE
R®. b) Her. ¢) Her. d) Ja.

25. a) Pewenue. a. Tax xak jrobast JTUHEHHO He3aBUCHMAsT CHCTEMA,
9UCJI0 BEKTOPOB B KOTOPOii COBIAJAET € pasMepHOCThIO mpocTpaHcTBa (dim
P, = 3) aBisiercs 6a3ucom B HEM, TO JIOCTATOYHO MPOBEPUTD JINHEHHYIO He3a-
BUCHMOCTb CHCTEMbI MHOT'OUJIEHOB P1, P2, P3. Cllejlys OlpeJIe/ICHIIO, 3aIliieM
JINHEHHY IO KOMOMHAIIMIO MHOTOUJIEHOB U IIPUPABHIEM €e HYJIEBOMY MHOI'OUJIe-
ny. a1(1 — 3z — 22?) + a9 (2 — 42 + 22) + a3(2 + 3z + 22?) = 0 + Oz + 0z2
Packpoem ckobku, mnpusejgeM I0700HbIE ClaraeMble U HIPUpaBHAEM K03 du-
IUEHTHI MHOIOYJIEHOB IIPU OJMHAKOBBIX CTeleHsx x. [losrydaum oJHOPOIHYIO

CHCTEMY JINHEHHBIX yPaBHEHUI OTHOCUTEIbHO KOI(MMUIIMEHTOB (i1, (o, O3:

(

a1+2a2+2a3:0
§ —3a; — 4as +3a3 =0

—20&1 + o —|—20é3 =0

\
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JImHeitHas 3aBUCUMOCTD CUCTEMBI PABHOCUIBLHA CYIIECTBOBAHUIO HETPUBUAJb-
HOT'O pelieHus JAHHON OJHOPOIHOI crcTeMbl. [Ij1st Toro, 4ToObI ccTeMa nMeia
HETPUBUATBLHOE pelenre HeoOXOMMO U JIOCTATOYHO YTOOLI PAHT ee MATPUIILI
ObLIT MeHbIIe YUCIa HeN3BeCcTHLIX. HaiijleM panr cucreMbl ¢ TOMOIIBLIO TTpUBe-

JICHUSI MaTPUIbl K CTYIIEHYaATOMY BUJLY:

1 2 2 1 2 2 12 2 12 2
-3 -4 31 ~1029|~10145]~101 45
-2 1 2 056 05 6 00 —16.5

Takum obpasoMm, rank = 3 u, cjenoBaTe/IbHO, OJHOPOJHASA CHCTEMa aJired-
pardecKnxX ypaBHEHUI MMeeT TOJbKO TPUBUAJIbHOE pellleHne, YTO JI0Ka3bIBaeT
JIMHEHYI0 He3aBHCHMOCTH CHCTEMbI MHOTOUJIEHOB pi, P2, p3. b) Her. c¢) Ja.
d) Her.

26. a) Pewenue. da. Pasmepnocrs jmneiinoro npocrpancrsa M? Beex
MaTPHI[ BTOPOT'O TOPsIIKa paBHa deTbipeM. MaTpuil B cucreMe ToxKe JeThIpe.
JlocTaTouHO POBEPUTDH JUHEHHYIO HE3aBUCUMOCTD. JalliIeM JTUHEHHYI0 KOM-
OMHAINIO MATPUI[ CHCTEMBI U TPUPABHSIEM €€ HYJIEBOMY 3JIeMeHTY (HyJeBoil

MaTpHIIE):

-1 3 2 1 3 1 1 3 00
(051 +Od2 +063 —|—Oé4 =
3 —2 0 3 -1 -1 1 2 0 0

CKH&,ZLBIB&H U 1IpupaBHUBad HYJIIO COOTBETCTBYIOIINE 3JIEMEHTBI MaTpPUIL, IIO0-
JIY4IM OJIHOPOJIHYIO CHCTEMY JIMHEHHBIX YpaBHEHUII OTHOCHTEJIBHO KO3(Dhu-
IIIIEHTOB ;!

—aq + 209 + 3a3 +ay =0

3oy + g +ag+3as =0

3o —az3+ag =0

—041—|—3042—O{3—|—2Oé420
\
JIuneiinast 3aBUCUMOCTb CUCTEMBI paBHOCHJIbHa CYIIECTBOBaHWIO HETPUBHAJIbL-
HOT'O pelIeHnA JTaHHOI O,ILHOpOLLHOI‘?I CHUCTEMBI. ,ZLJIH TOTO, JTOOBI CUCTEMA NMeJIa

HETPUBUaJILHOE pEIICHUE H€O6XO,ZLI/IMO n J0CTaTO4YHO YTOOBI paHI €€ MaTpPHUIIbI
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OBLT MEHDIIEe YNCIa HEN3BECTHDIX. HaﬁmeM paHI' CUCTEMbI C IIOMOIIBIO IIPUBE-

JIeHU MATPUIBL K CTYIIEHYaTOMY BUJLY:

~12 3 1 1 -2 -3 -1 1 -2 -3 -1
3 1 1 3 0 7 10 6 01 7 0
3 0-11| |o6 8 4| |o3 4 2|
—2 3 -1 2 0 -1 -7 0 0 7 10 6
1 -2 -3 -1\ (1 -2 -3 -1
01 7 0 01 7 0
“lo oo —17 2| o o 17 -2
0 0 -39 6 00 o0 =

Taxum obpasom, rank = 4, ciegoBaTe/IbHO, OJIHOPOJHAs CUCTeMa aJiredpa-
MYECKIX ypPaBHEHHIT MMeeT TOJIbKO TPUBUHAJLHOE pEIIeHre, 4TO JI0Ka3biBaeT
JMHEHHYI0 HE3aBUCUMOCTD cucTeMbl Marpur Ay, As, Az, A4 b) Her. ¢) /la.
d) Her.

27. a) Pewenue. [la. CoracHo cBOHCTBY 6a3mca, TOCTATOIHO BBIUUCINTh

OIIpeIeINTe b, IIOCTPOEHHBIN U3 9JIEMEHTOB BEKTOPOB 110 CTOJIOIaM

32 -3
0 4 —4|=-24+£0,
44 2

SHAYUT, CUCTEMa BEKTOPOB €1, €9, €3 SABJISIeTCs 0a31ICOM B IIPOCTPAHCTBE
R3. JL1st HaXoK IeHNsT KOOP/IMHAT BEKTOpa, & B Oa3nce € Hy»KHO U3 BEKTOPHOI'O
YpaBHEHUA XT1€1 + To€s + T3€3 — T HAUTU HEM3BECTHBLIC KOOP/MHATHI T1, T2,

xs. [Tocuie IIOJACTaHOBKM BEKTOPOB I10JIYYHUM

—2 2 —2 —4
x1 3 +x2| =3 | +T3 0 = 3
0 4 -3 —7
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DTO ypaBHEHNE PaBHOCHJIBHO CHCTEME yPaBHEHUIl

;

—2x1 + 219 — 223 = —4
< 3581 - 33]2 =3

4.%'2 — 3$3 = —7,

\

pemiasg KOTOpyIo, HapuMmep, MeTojoM [aycca, HaiijieM Hen3BeCTHbBIE KOOP/IH-

0
HATbl BeKTopa T B Oasuce e. r, = | —1 |. Hakonen, naitgem Bektop y. Ilo
1
—2 2
OTPEJICJICHHIO i = Y161+ Y2€s +yzes = 4 3 +41 =3 | +3 0 =
0
—6 0
0o |. b) da z, = cc) Ha. ze = | 1 [,
7 3
3
Y = 4
-7
—1
28. a) Pewenue. [a, ssngerca. by, = | =3 | ,g(x) =1 —2x + 42%; b)
0
-1
Ha, sasiercst. hy, = 1 ,g(z) = 3 — 2z + 42%; ¢) Ha, asisercs.
0
—1
hy=1 0 |,g9(x)=5+2z+2>
—2

29. a) Pewenue. lockonbky p(x) € Py, T0o qanHbIii MHOTOUIEH MTPEICTA-
BHUM B BH/IC

p(z) = a+ bx + ca® + da® + fa?,
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rjie a, b, ¢, d, f — npou3BoJIbHBIE BellleCTBeHHbIEe unc/ia. Mmeem
p(l)=a+b+c+d+ f, p(—l)=a—-b+c—d+f.

[To yenosuto 3amaan p(1) + p(—1) = 0, ciegoBaTebHO, MOJTyIaeM PABEHCTBO
a+c+ f = 0. 3 10/ay4eHHOr0 COOTHONIEHNSI MOYKHO BBIPA3UTH OJMH U3

K03 DUIMEHTOB Yepe3 ocTaibHble, HalpuMmep, a = —c — f. [Toatomy
p(e) = (—c— f) +bo+ca + da® + fu' = b + (2° = e+ do® + (' = 1),

TO ecTh J11000f1 MHorowien p(x) € V npejcraBuM B Bije JUHEHHOH KOMOnHA-

I 49eThbIpexX MHOI'OYJICHOB
pl(ﬂf) =T, p2(£l?) = 'CUZ - 17 p;g(:lf) = 5637 bs = $4 — L

Cucrema MHOIOYJICHOB D1, P2 4+ € V gapiigercs JuHeiHo He3aBUCUMOIL
) s M3

(mokazkure 910). Tak, cucrema MHOTOUYJIEHOB P1, P2, P3, P4y 00pa3yioT Gasmc

npocrpanctsa V. CrejoBaresibho, dimV = 4. b) dim V' = 2, 6a3uc cocrour,

2

HAIIPUMep, U3 cIeaytonmx Muorowienos 1 — 22, x — 22, ¢) dim V = 4, 6azsuc

COCTOWT, HAIIPIMep, U3 CJAeIYIONIX MHOrowIeHoB © — 2, 22 — 4, 23 — 8, 2% — 16.

30. a) dimV = 6, 6asucoMm, HAIpUMED, SABJIACTCS CJIEAYIOMIAst CH-
100 010 001 000
cTeMa  MaTpull 0001, 1 00|, 000/, 0101,
000 000 1 00 000
000 000
0011],]1000/|.b)dmV = 4, 6asucom, Hanpumep, siBJsieT-
010 001

010 001 000
cd cJeayiollas CUcTeMa MaTpHIL : , :
000 000 1 00

000
( > , ) dimV = 3, 6azucom, HAIPUMED, SIBJISICTCS CJIEJIYIONIAsT CU-
011

010 001 000
crema Mmatpuit | 1 0 0 |, 000 |, 001
000 1 00 010
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31. a) Pewenue. Ilyctb e, 4 — MATPHIIBI, Y KOTOPBIX 110 CTOJIOIAM CTOSAT
KOOPIMHATHI Oa3UCHBIX BEKTOPOB. Toraa Jjisi BEIYUCAEHUS] MaTPHUIIbI IEPEX01a

1 KOOpAMHAT BEKTOPOB B ba3mcax MOXKHO I[IPUMEHUTD CHGILYIOLHI/HL/’I aJITOPUTM:

-1 4 -1
1) Hajitu et = %5 -1 -6 4 |;
0 -5 5
(-1 0 1)
2) Haiitu T, 5, = e txu= | —1 -1 =2 |;
\ -1 -2 —1/
[—3 —2 1 )
3) Haiitu T}, s = T, 1, = i 2 =3 |

5) Haittu yo = Ty x Yy = | —3
1
(o 1 -1 2 -5
b) Tosu=| 23 <1 | pu=]| -2 |, 2e=]| -7
K1 1 -1 0 4
(-1 1 2 1 1
c) Toyy = 2 =11\, 4= O |, xe=] —6
\ -1 1 0 —2 3

32. a) Pewenue.

1) Bobrancsnrs KoOpIMHATH MHOTOYIEHOB B €CTECTBEHHOM Oasuce 1, z, 2

1 0 —2
f1: 1 7f2: 1 7f3: —2 ’
—2 —1 2
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-3 2 1
n=1 -2 |,9= 1 y93=1 —1 |;
3 —1 2—

2) CoctaBuTh MATPHIILL f U ¢, Y KOTOPBIX 10 CTOJIONAM CTOSIT KOODJINHATHI

0a3UCHBIX BEKTOPOB;

0 2 2
3) Haiitu f_lz% 2 =2 0 |;
- 1 1 1
-1 0 3 311
4) Haiiru Tyy = flxg = 1 -1 =2 |.b)Tig=1| 3 3 2
1 -1 1 110
-1 -2 0
c) Ty = 1 3 -1
2 1 -1
33. a) Pewenue.
(12 1
1) CocraBurh marpuiry nepexoga T, = | 1 —1 1 ;
\2 0 1
-1 -2 1 )
2) Haiiru Tt = (=)« | 1 3 =2 |;
2 4 -3 )
1 2 3
3)Hattrn v, =T L xx.=| 3 | .D)a,=]| =2 |.c)zu=| —6
1 —2 —6

34. a) MOMEHsSIIOTCsI MeCTaMU JIBe CTPOKH; D) IMOMEHSIIOTCsST MecTaMu J1Ba
cToJIOIA; €) TPOU30HIET CHMMETPUIHOE OTPAYKEeHNe MATPUIBI OTHOCHTETHHO
ee IeHTpa.

35. a) Pewenue.

0 —2 2
l) Hiimmu =exT,,, =ex A= | =2 —2 1 |;
-1 -3 2
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2) Haittu A= (—-1)* | —1 0 1

0 —-11
1 -2 2

2) Haiitn f = g+ A7 = 3 0 -2 [;
-2 3 =2

9 2 1 9
u=\| -2 |lus=111],h= 3 , Jo = 0 f3 =
- 2 - 3

1
b) u = 1 |.h=]| 3 |,
() () ()(
[ 2 ) [ 1\ 1 1)
L= -2 |,/z= . €) up 2 |,w=| 2 |,
, \ 1) 3 ~1
[ —1) (1) 1 2
Uz = 0 = 3 Jfo= 3 fa= —1

\2 ) 2 1 0

36. a) Pewenue. [ dukcupoBarnoe dncia a 0603HATNM
a

x
Vi={zx e R"|x = ? , X9, T3, ..., T, € R"}.
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a a\

L2 Y2
s mobbix x = LYy = 3 Vi, ux cymma r + y =
Tn Un
2a
T2 + Y2
. Bexrop x 4+ y npunagmexxkur Vi Torma m TOJIBKO TOTIa, KOL/IA
T+ Yn )

BBITIOJIHSIETCST PABEHCTBO 24 = @. DTO BO3MOXKHO Jiuinb 1pu a = 0. Takum 06-
pazoM, 1pu a # 0 MHOKecTBO V7 He sIBJISIETCs JIMHEITHBIM TTOITPOCTPAHCTBOM.
Ecmu a = 0, To ayasg modbix x,y € Vi u modbix A, i € R nmneitnas komOnna-
Ut A+ (1Y TIPUHAJICXKUT MHOXKECTBY V7, CJleJloBaTe/IbHO, pacCMaTpUBaeMoe
MHOKECTBO V7 sIBJIsI€TCsI JIMHEHHBIM TIOIIIPOCTPAHCTBOM TOJIBKO TOT/Ia, KOTJIA
BepHO pasencTBo a = 0. b) Her; ¢) Her; d) [a.

37. a) Pewenue. Ilycts V7 — MHOXKECTBO BCEX BEPXHUX TPEYTOJbHBIX
MaTPUIL. DTO MHOXKECTBO HE IIyCTO, TaK KakK COJEP:KUT, HAIPUMED, HYJIEBYIO
MaTpuily nopsijika n. [lycts Takke A, B — Npou3BoJIbHbIE BEPXHIE TPEYTO/Ib-
Hble MaTPUIBI IOPAJKa 7. DTO 3HAYUT, YTO UX JIEMEeHTHl a;; = bj; = 0 jud
¢ > j. Torma Bce aeMeHTBl MATPHUIbl AA + puB Jj1s @ > j paBHBI HYJIIO JIJIsT
JIIOOBIX BENIECTBEHHBIX dnces A, . CiepoBarenbio, AA + puB npuHaekuT
MHoxKecTBY V7. Takum oOpazom, Mbl JIOKa3aJiid, 9TO MHOXKECTBO V7 sBjisgercs
JINHEHHBIM TIO/IITPOCTPAHCTBOM.

b) Her; c¢) Her; d) [a.

38. a) Pewenue. Ilycrs b, ¢ pukcupoBantbie BemecTBeHHble quca. 060~
3HaUnM 4epe3 V] — MHOXKECTBO BCeX MHOTOUIEHOB f(x) cTelleHH He BBbIIIe
n rakux, aro f(b) = c¢. Ecm f,g € Vi, o f(b) = g(b) = ¢, nosromy
(f+9)(b) = f(b)+g(b) = 2¢. Muorousen f+ g Oyaer npunajiexars Vp To-
rJia U TOJIBKO TOTJIA, Korja 2¢ = ¢, 4To 3kBuBajeHTHO ¢ = (. Takum obpaszom,
ecyin ¢ # 0 MHOYXKecTBO V7 He SIBJISIETCs JIMHEHHBIM 11oIIIpocTpaHcTBOM. Ecin

c =0, To nusg mobeix f,g € Vi m mobbix A\, u € R nuneitnas KoMOMHAIA
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Af + pg TpuHAIIEKUT MHOXKECTBY V71, HefICTBUTEHLHO, NMeeM

(Af 4 ng)(b) = Af(b) + pg(b) = Ac + pc = 0.

Cre10BaTeILHO, MHOXKECTBO V7 sIBIAETCS JMHEHHBIM II0IIIPOCTPAHCTBOM TO-
rja 1 ToJBKo Torma, Korja ¢ = 0. b) [a; ¢) la; d) Her.
39. a) Pewenue. 1) Bamucars MaTpully A, pacroJiozKiB KOOPJUHATHI BCEX

BEKTOPOB 110 CTPOKaM, IIOJIYYUM

(00 0 0 )

1 -1 -2
A=]0-2 2 14
0 2 -2 —4

\1 -2 1 0

2) JIrobbim criocobom Haiitu panr marpuiel A, nmeem r(A) = 2. CrejtoBa-
TeJILHO, Jio0as JIMHEHHO He3aBUCUMas MOJICUCTeMa, COJiepzKaliast JIBa BEKTOPa
OyJeT SIBJIATbCS 0a3MCOM CHUCTEMbI BEKTOPOB.

3) Haittn sro6oit 6asucHbiii Mmunop marpuiisl A. Bexropa, koopamaaTh
KOTOPBIX BOILIN B OA3UCHBIIT MUHOP OY/yT sABIATbCS OazucoM. TakuMm obpa-
30M, Hazuc OyaeT onpeensaThed HeoiHo3Ha4dno. Hampumep, Munop M2152 #£0

— Ga3MCHEBIl, 3TO O3HAUACT, UTO BEKTOPLI a’,a’ ABJIAIOTCA OA3MCOM JIAHHOM

cucrembl BekTopos. b) al,a?, a’.
40. a) Pewenue. 1) Haiitu koopunarsl muorounenos pl(x), p*(z), p*(x),

p'(z), p°(x) B ecrecTBennoM Gazuce e; = 1, es = z, e3 = 22, Umeem

-1 2 1 1 0
pl=| -1 .= 2| =1 |.p=| 3 [P=] 2
-1 2 1 ~1 =

2) Bammcarh marpuiy A, pacrosioXKuB KOODJANHATHI BCEX BEKTOPOB 110

CTPOKaM, TOJIyYUM

-121 1 O
A= -121 3 2
-1 21 -1 =2
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3) JIio6biM crocobom maiiti panr marpuisl A, nveem r(A) = 2. Crenosa-
TeJILHO, JIIo0asi JIMHEHHO He3aBUCUMas MOJICUCTEeMa, Cojiep Kaliast JiBa BEKTOPa
OyJIeT ABIATHCS OA3UCOM CUCTEMbBI BEKTOPOB.

4) Haittu Jiroboit GasucHbiil Mmunop marpuiibl A. BekTopa, KOOpIuHATHI
KOTOPBIX BOILIN B OA3UCHBIIT MUHODP OY/IyT ABIATHCA Oasucom. Takum obpa-
30M, Ha3uc OyJIeT onpeJesaThesd HeojiHo3HauHo. Hanpumep, Munop ]\41142 £ 0
— Ga3MCHBI, 9TO O3HAYAET, UTO MHOrowIeHsl pt, p* apnatorcs Gasucom panmoil
cucrembl BekTopos. b) pt, p? p°. b) pl, p3, p°.

41. a) Pewenue. 1) Haiitu koopaunarel marpun A, A% A3 A1 p

10 01 00
€CTeCTBCHHOM Oasuce ey = , €9 = , €3 = )
00 00 10
00
e4 = . meem
01
1) 9 0 1
LN I IE U N N B N RO I
1| 2 |’ N 0

—2 / 4 2 / 0
2) Bammcarh marpuiy A, pacrosioKuB KOODJANHATHI BCEX BEKTOPOB 110

CTPOKaM, TOJIyYUM

1 0 1 =2

-2 0 -2 4
A=

0 -3 -1 2

-1 3 0 O

3) Jliobim criocobom naiitu panr marpurnst A, nmeem r(A) = 2. Cienosa-
TeJIbHO, Jito0asl JIMHEHO He3aBUCHUMasl [OJICUCTEeMa, CoJIeprKaliiasl J[Ba BEKTOPa
OyJIeT SIBJIATHCS 0A3MCOM CHUCTEMbI BEKTOPOB.

4) Haiitu Jiroboit GasucHbiil Mmurop marpuiibl A. BekTopa, KoopaumHATHI
KOTOPBIX BOILIM B OA3UCHBIII MUHODP OYIyT SABJISATHCS Oasucom. Takum obpa-

1,2
30M, basuc Oyjer onpeje/siThest HeoHo3HauHo. Hanpumep, munop M’ #£0
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— Ga3MCHEBI, 5T0 03Ha4aeT, uto MaTpunbsl A', A3 apisiorcs 6asmcom naHHOI
cucreMbl BekTopos. b) Al A%,

42. a) B 6asuc Bxoggar BekTopa a1, as. KoadduimeHTsl passokeHust
BEKTOPOB (2 = 2a1,a3 = —aj,a5 = —ay + ag, a6 = —2a; + ay; b) B 6asuc
BXOJIAT BEKTOpa a1, az. KoaddunneHTsl pa3ioxKeHusi BEKTOPOB ay = —3a1,
ay = —aq — 2as, a5 = 2a1 + as, ag = 3a; + az; ¢) B 6asuc BxojaT BeKTOpA a1,
az. Koaddunnenrs! pa3ioxKeHusi BEKTOPOB ay = —2a1, a4 = 2a1 — a3,
a5 — —as, g — —2CL1 + as.

43. a) Pewenue. 1) Ob6ozmaunm uepes Vi = span{ai,as,az} n
Vy, = span{by, bo, b3} JuHeiiHble 000JIOYKH COOTBETCTBYIOIIUX CHCTEM BEK-
TopoB. Haiigem pasmepHOCTb 3TUX HOAIPOCTpaHcTB, umeeM dim V; = 2,

2) Haiigem 6as3ucer nopnpocrpancts Vi u V. Hampuwmep, cucrembr Bek-
TOpOB {ay, as} u {by, be} sBistorest Gazucamu nojnpocrpancts Vi u Vo coor-
BETCTBEHHO.

3)Haiigem pasmeprocts cymmvbr Vi + V. Jls sroro cocraBum MaTpuiry

A, pacrosioXKnB KOOpIMHATHI 0Aa3UCHBIX BEKTOPOB a1, A9, by, by 1O cTpOKaM.

[Homyanm
12 1
11 -1
A=
2 3 —1
12 2

JIrobbIM criocobom Berauc M par marpuibl A, umeem 7(A) = 3. Crenosa-
TeJIbHO, Pa3sMEePHOCTb IIPOCTPAHCTBA CYMMbBI pPaBHa TpPEM, TO €CTb
dlm( Vi+ Vg) = 3.

4) Haiigem 6asuc nmpoctpancTBa cyMMbl. st 9Toro waiigem joboit 6asmc-
HbIii Munop marpunsl A. Hampumep, munop M1122§ = () — Ga3uCHBbIIT MUHOD,
CJIeJIOBATEILHO, CUCTEMa BEKTOPOB a1, A, by sBJsieTcs 6a3MCOM MTPOCTPAHCTBA
cymmel Vi + V.

5) Haitiem pasmeprocts poctpancTsa nepecederus V1N Va. Tlo bopmyite
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['pacemana (10), nmeem
dlm( V1 N Vg) - — dlm( V1 + VQ) + dlm( Vl) + dlm( Vg) =-3+2+2=1.

6) Haitiem 6asuc mpocrpancrsa mepecedenust Vi N Vo, Ecnn Bekrop
re ViNnVy tox € Viuax € Vs, cienobaresibHO, T OYJIET PACKJIAIbIBATHCS
no 6asucam npocrpanctB Vi u Vs, [losTomy nosrydaem cucreMy OJIHOPOJTHBIX

YPaBHEHUIA CJIeJIYIOero Bru/jia:
T1a1 + Toaz = x3b1 + 2409.

Panr marpuiibl cUCTeMbl PaBeH TpeM, MO3ITOMY yHIaMeHTabHas CUCTe-

Ma, PeIleHnii COCTOUT M3 OJHOTO BeTopa. BbibepeM cBoOOIHOE HEU3BECTHOE

x4y = 1, Torjga riaBHbIE HEM3BECTHbIE OYIYyT paBHbl X1 = 2, Ty = 1,

rg = 1. Takum obpazom, Oaszuc IepecedeHusl COCTOUT U3 OIHOT'O BEKTOPa
3

c=2a1+a = b+ by = 5 |. b) 6azuc cymmbr 06pasyioT, HampuMep,
1

BEKTOPHI a1, a9, ag, by. Basuc nepecedenns, nanpumep, by = —2a; + as + as,

bs = ba; — as — 2a3. ¢) Gasuc CyMMBbI U [IEPECEUeHNsT COBIAIAIOT U 0OPA3YIOT,
HAIPUMeP, BEKTOPHI a1, ag. d) 6asnc cyMmbl 06pa3yroT, HAIPUMED, BEKTOPI
b1, by, b3. Basuc nepeceuenusi, HAIIPUMED, @1, A9.

44. a) PasmepHOCTH CyMMBI paBHa 3, PA3MEPHOCTD IepecevueHis] paBHA
1. b) Pasmepnocts cymMmbl paBHa 4, pa3MepHOCTH Iepecedenust paBHa (). €)
PasmepHoCTb cCyMMbI paBHa 4, pa3MepHOCTDL [epecedeHrs paBHa 2.

45. Vkasarue: Boraucaurs dim(Ly N Ly). Ecin dim(Ly N Ly) = 0, To
cymma Ly + Ly sigyisiercst nipsimoii. a) [psimast cymma. b) He sigjisiercs npsimoii
cymmoit. ¢) Ilpsmast cymma. d) He siBisiercst mpsimoit cyMMoi.

46. a) Pewenue: s Toro, 9T00BI I0KA3aTH, ITO OLHEPATOD (@ ABJISETCS

JIMHEHBIM HEeOOXO MO ITPOBEPUTD JIBA YCIOBHs JuHeitHOCTH (12).

ni n
1) [lycrs N = e

€ M?? - npousBoJbHAA KBaIPaTHAS MaTPH-
N21 N2
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11a BTOporo nopsaka. Ilo yemosuio 3agaun nmeeM

¢<N>|N|-(;?>

¢<M>+so<N>M|-(; ‘f)+|zv|-(; 2)

C npyroit CTOPOHBI, TaKXKe 0 YCJIOBUIO 3aIauN TOJTydaeM

[IO3TOMY

10
o(M + N)=|M+ N| - (0 1).

CpaBHuBast MpaBble YaCTH JBYX MOCTIEIHIX PABCHCTB, MOKHO C/IETaTh BBIBOJI,
aro p(M + N) # (M) + ¢(IN), ciiepoBaTe/ibHO, OIEPATOp ¢ HE sIBIISICTCS
smHefiHbIM oniepaTopoM. b) Pewenue: IlposepuM nBa ycaoBus JmHeiiHoCTH

(12) omeparopa .

1) [lycts N =
No1 To2

11a BTOporo rnopsjika. Ilo yemosuio 3agaum nmeeM

SO(N)HH'(i 1)
QD(M)‘FSD(N)mll'(i 1)4‘7111'(1 1)

C npyroit CTOPOHBI, TAKXKe 10 YCJIOBUIO 3a/IaUN TTOJTyIaeM

nir ni2 929
€ M** — npousBoJibHas KBajpaTHas MaTpH-

[I09TOMY

QD(M—I—N)(mu—i-nn)'(i 1)

HOCKOHbe I[IpaBbl€ 9aCTU [IBYX IIOYJICAHUX PaBEHCTB COBIIadalOT, TO II€PBOEC
ycJjaoBue JIMHEITHOCTH BBIIIOJIHEHO.

2) IIpoBepum BTOpOE YCIOBHE JTMHEHHOCTH, MMEEM

gp(c)z-M):oz-mn-(i 1) = ap(M).
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D10 03HAYAET, YTO BTOPOE yCA0BUE BbIIOIHEHO. CleJ0BaTe/IbHO, OIEpaTop ¢
spigerca auneiinpiv. ¢) da. d) Her.

47. a) Pewenue: st Toro, 9T00bI I0KA3aTH, YTO OHEPATOP ( ABJISETCS
JIMHEHBIM HEeOOXO/ MO [TPOBEPUTD JIBA YCIOBHs JinHeitHocTH (12).

1) Ilycrs g(x) — mpousBo/IbHbI MHOTOUIEH u3 pocTpancTa Psy. [1o yeiio-

BIIO 3841 1MeeM
v(9) = g'(z) +3¢"(z)
II09TOMY
p(f) +vlg) = () +3f"(x) + ¢'(x) + 39" (v).

C Jpyroit cTOpOHBI, TaKKe 110 YCJIOBUIO 3a/1a4U1 101y aeM

o(f +9)=(f+9) () +3(f+9)"(x).

CpaBHuBasi 1paBble YacTH JIBYX ITOCJETHIX PABEHCTB, MOXKHO CJIEJIaTh BBIBO/I,

aro p(f +g) = o(f) + ¢(g).

2) IIpoBepum BTOpOE YCIOBHE JTMHEHHOCTH, TMEEM

pla-f)=(a-f)i(x) +3(a- f)(z)=a-(f(z) +3f"(x)) = a-o(f).

DTO 03HAYAET, YTO BTOPOE ycaoBue BhinosHeHo. Clie0BaTe/IbHO, OllepaTop o
sBJisteTcst inHelinbiM. b) Pewenue: Jljist Toro, 9robbl JI0Ka3aTh, 9TO ONEPATOP
 SIBJISIETCsI JINHEHHBIM HEOOXO/IMMO TIPOBEPUTD J[BA YCJIOBHsI JinHefiHocTn (12).

1) Ilycrs g(x) — mpousBo/bHbI MHOTOUIEH u3 pocTpancTa Psy. [1o yeiio-

ﬂ plg) = (9(1) +9(2)) - g'(2)
1osTOMY
p(f) +elg) = (f(1)+ f(2) ['(x) + (9(1) + 9(2)) - ¢ (2).
C Apyroil CTOPOHbI, TAKIAKE 110 YCIOBHIO 3aJatH [0y IacM
p(f+9)=((f+9)D)+(f+9)2)-(f+9)(z)=
= (f(D)+£2) - f'(2) + (9(1) + 9(2)) - g'(x)+
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+(f (D) + f(2) - g (@) + (f1) + f(2)) - g'(2).
CpaBHuBas IpaBble YaCTH JIBYX HOCJICIHIX PABCHCTB, MOXKHO CIeJIATh BBIBOJ,
aro p(f+g) # o(f)+¢(g), ciegoBarebHo, OLEPaTOp p HE SBJISIETCS JIMHET-
upiM. ¢) Jla. d) Her.
48. a) Pewenue: [st Toro, 9T00BI JOKA3aTh, YTO OLEPATODP (Y1 SBJISIETCS
JIMHEHBIM HEeOOXO MO [IPOBEPUTD JIBA YCIOBHsI JHeiHOoCTH (12).
)1

1) IIyctb y = | 3o | — HPOM3BOJILHBIIT BEKTOP-CTOJIOEI] U3 IPOCTPAHCTBA

Y3
R3. Tlo ycioBHIO 33,841 HMeeM
6y1 — dy2 — 4y3
o1(y) = | —3y1 —2y2 — y3
Yo + 2y3
TI09TOMY
6x1 — drp — 43 6y1 — Sy2 — 4y
o1(x) +o1(y) = | —3z1—220—w3 | + | —3y1 —2y2 — u3
To + 213 Y2 + 2y3

C Jipyroit cTOPOHBI, TaKXKe 110 YCJIOBUIO 3a/Ia4Ul 1101y daeM

6(21 4+ y1) — 5(22 + y2) — 4(x3 + y3)
o1z +y)=| =3z +v1) —2(x2 +1y2) — (x3+y3)
(22 +y2) + 2(73 + ¥3)
CpaBHuBasi 1paBble 4acTH JIBYX ITOCJETHIX PABEHCTB, MOXKHO CJIeJIaTh BbIBO/I,
aro @1(z +y) = e1(z) + e1(y).
2) [IpoBepum BTOpOE yCJIOBUE JIMHEHHOCTH, TMEEM
6(axy) — 5(axs) — 4(axs)
pi(a-z) = | =3(ax) —2(axy) — (axs) [ =a-ei(2).
(awg) + 2(axs)

D10 o3HaYaeT, YTo BTOpoe yciiosue BuinoaHeno. CieloBare/buo, oepaTop ¢y

ABJIAE€TCA JINHEHBIM.
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Jtst Toro, 9To0OB HANTH MaTpHUILy oreapTopa ¢ B basnce e = {ey, €9, €3}

HEOOXOMMO BBIUYUC/IUTEL 00pa3bl Oa3UCHBIX BEKTOPOB, NMEEM

6-1—5-0—4-0 6
p1(e1) =1 =3-1—-2.-0-0 | =] =3 [,
04+2-0 0
6-0—5-1—4-0 -5
pi(ed) =1 =3-0-2-1—-0 | =] -2 |,
1+2.0 1
6-0—5-0—4-1 4
o1(es)=| =3.0—-2-0—-1 | =] =1
0+2-1 2

Paznoxum maiinennsie BekTopul @1(e1), ¢i(e2), ¢i(es) mo Oasucy e =

{e1, €9, €3}, mmeem

6
p1(e1) = 6e; —3es+0e3=| =3 |,
0
-5
p1(e2) = —bey —2e9+ leg=| =2 |,
1
—4
p1(eg) = —de; — leg +2e3=| —1
2
3 mosyuuBIINXCsT BEKTOPOB COCTaBJIsieM MATPHUIy A., paccTaBids UX II0
6 -5 —4
cToJIOIAaM, B pe3y/brare mnoaydaem A, = -3 -2 -1
0O 1 2
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OrmiepaTopsl 9 U 3 HE SBISIOTCS JUHEHHBIMI. b) @3 — JuHeitHbIH omepa-

5 —4 =3
Top, A, = 2 —1 0 . Oneparopbl (o1 U 9 He ABJISIOTCT JTUHEITHBIMIA,
0 1 2
4 -3 =2
c) o — snuneitnbiit oneparop, A = | 1 0 0 |. Oueparopsl ¢ u @3 He
1 2 3

SIBJISTIOTCSI JIMHEITHBIMI.
49. a) Pewenue: st TOro, 9T00BI HAHTH MATPUILY OlleapTopa ¢ B basuce

e = {e1, €9, €3} HEOOXOMMO BBIYUCIUTH 0Opa3bl GA3MCHBIX BEKTOPOB, NMEEM
pler) =—=3-(1)"+3-(1)' =0,

ple2) = =3+ (2)" +3- () =3,
oles) = =3 - (2%)" + 3 - (2?) = —6 + 6.

Pazsioxkum Haiiientbie BeKTOpbI (1), p(e2), p(es) mo basucy e = {ey, €2, e3},

nMeeM

p(er) =0e; +0es +0e3=| 0 |,

p(ez) = 3e1 + 0es + Oez = 0 1.

—6
p(eg) = —6e; + Geg + Oeg = 6
0
I3 nosyumBIImXcss BEKTOPOB COCTABJISEM MATPHUILY A, PACCTABIAA UX 110
03 —6
crosibriam, B pesyinprare noaydaeM A, = | 0 0 6 |,|p| = |A] = 0.
00 O
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(134 1 -2 4

b)A.=]1 116 |,lpl=-2¢c)A=|1 2 4 |,|¢l =20
\001} 1 3 9
(110\

d)A=]136|lo=2

\001)

50. a) Pewenue: I Toro, 9ro0bl HAITH MaTpPUILy OlleapTopa ¢ B 6asuce

e = {ey, €2, €3, €4} HEOOXOUMO BBIUUCIUTE 00pa3bl OA3UCHBIX BEKTOPOB, UMEeM
3 1 10 1 0 3 3 6 3
p(er) = + = ;
01 00 00 -2 =3 00
31 01 01 3 3 -2 0
p(e2) = + = :
01 00 00 -2 =3 0 0
3 1 00 00 3 3 1 0
p(es) = + = .
01 1 0 1 0 -2 -3 4 3
3 1 00 00 3 3 0 1
p(es) = + = :
01 01 01 -2 =3 -2 =2

Paznoxum Haifigennbie BeKTOpol @(€1), w(e2), p(es), ¢(es) 1o ecTecTBeHHOMY

basucy e = {ey, €9, €3, €4}, UMeeM

6
3
@(61) = 661 + 362 + 063 + 064 = 0 ,
0
A
0
p(es) = —2e1 + Oeg + Oeg + Oey = . ,
0 )
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o(e3) = lep 4 Oey + 4es + 3ey =

W = O =

0
p(eq) = 0ey + leg — 2e3 — 2e4 = )
—2
I/IB HO.Hy‘—H/IBH_H/IXCH BeKTOpOB COCTaBJIdeEM MaTpHUILy Ae; paCCTaB.HHH nux 110
(6 -2 1 0
3 0 0 1
CTO.H6LLaM, B pe3yJibTaTe I10JIydacM Ae = O O 4 2 , OIIpeae/mTe/Ib
\0 0 3 =2
oneparopa |¢| = |A.| = —12.
11 -6 3 -2
9 -7 3 -3
b) A, = ol = —23.
0O 0 5 =2
0O 0 3 -1
(2310
1101
c) A, = .|| = —39.
204 3
\o 21 3
(2 0 23
0O -2 11
d) A, = ol = —156.
4 6 26
\ 2 2 20
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00 2 -1 ...-1 0021 1
00 0 3 -1 0003 ..1
c) . d)
000 0 ... n 0000 ... n
Koooo...o) Koooo...o)

52. a) Pewenue: 1) Haiimem KoopauHATB MHOTOWIEHOB ¢1(Z), o),

93(1‘) B Gasuce f - {f17 f27 f3}7 nMeeM

1 —1 —1
g@)=1 2 |, 9@ = 2 ,g3(x) = 1
0 1 1

2) Haitnem marpury Ty, nepexosa ot ot 6asuca f x 6asucy g. st sToro 3a-

ITUIIIEM KOOPJIMHATEI MHOTOWICHOB ¢1(x), g2(), g3(x) B MaTpuiy mo croJomnam,

HOJLY YUM
1 -1 -1
Trg=12 2 1
0 1 1

3) Bbramcjnm MeTOJOM MPHCOSJINHEHHOW MATPHUIIBI OOpATHYI0 MATPHUILY K
Ty, MMeeM
1 0 1
-1
2 —1 4

4) Ipumenss dopmysny (16), naitnem marpuiy A, JmHeiiHOrO onepaTopa ¢ B
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6azuce g o popmyie

2 0 0 2 -2 -2
Ag=(Ti5, - Ap) Trog=| -1 0 3 | Troy=| -1 4 4
0 1 -3 2 -1 -2

1 0 -3 —4 2 1

b)| -1 1 1 |.¢)| 0 22

-3 -2 2 -3 31

53. a) Pewenue: 1) HaiijleM KOOpJMHATBI BEKTOPOB U1, Uz, U3 B Hasuce

e = {ey, €9, e3}, nnMeem

2 1
Uy = 3 , Ug = 4 , U3 = 2
1 1 2

2) Haitiem marpury T,_,, mepexosia oT or 6asmuca e K 6asucy w. st 9Toro
3aIuieM KOOPJANHATBI BEKTOPOB U1 (), us(x), uz(x) B MaTpuity mo croybdiam,

IIOJTY YU M
2 31

Te—)u - 3 4 2
11 2
3) Bbrancimm MeTo[oM IpUCOe IMHEHHON MaTPHIlBl 00paTHY 0 MaTpUILy K Ty,

nMeemM

6 —5 2
T.,=—-| -4 3 -1
-1 1 -1
4) Tlpumensst popmyay (16), naitzem marpuiy A, JuHeiHOTO omepaTopa @ B

basuce u 110 popmyJie

—6 5 =2 1 00
Au - (Teju : Ae) : Te—>u = § —6 2 : Te—>u = 020
3 -3 3 003
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29 —41 —9 2 —1 6
b) [ 19 =27 =6 |.¢) | 1 -1 —11

7T -9 —4 —4 -2 5
54. a) Pewenue: 1) Haiijlem KoOpjuHATBI BEKTOPOB €1, €3, €3 B Hasuce

u = {uy, us, ug}, umeem

2) Haitem marpuiyy T, mepexojna oT or 6asuca e K 6asucy . st 9T0r0

3aIlMIIIeM KOOPJMHATBI BEKTOPOB €1, €9, €3 B MATPHUILY 110 CTOJIOIAM, ITOJIyINM

1 -1 0
Tyse=1] -2 3 =2
-1 2 -1

3) Bbrauncimm MeTo[oM Ipucoe IMHEeHHON MaTPHIBl 00paTHy 0 MaTpuIly K T, ..,

nmMeemM
1 —1 2
T,o.=—| o -1 2
-1 —1 1

4) Tpumensst popmyity (16), naitnem marpuity A, nuHeiiHoro oneparopa ¢ B

basuce u 10 popmyJie

-3 2 =2 —1 3 —4
Ay=Tyse - A)- T2 =1 3 -2 =1 |- T, . =1 4 0 1
2 -2 —1 3 1 —1
1 0 -3 4 -1 =2
b)| -4 -2 3 |.¢o)| -4 2 4
1 1 3 —1 -1 =2

55. a) Pewenue: 1) CocTaBUTh MATPUIIBI € 1 U, DACTIOJIOXKNB KOOPJANHATHI
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BEKTOPOB 110 CTOJIOIAM, IIOJIYYIM

1 11 2 3 1
e = -2 3 2 |,u= 1 -3 -3
0 11 1 1 0

2) HaiiTi MeTo/I0M IPUCOEMHEHHON MATPHIIBI OOPATHYIO K € MaTPUILY, MOJIy-

UM

1 0 -1
e'=] 2 1 —4
-2 =1 5
3) Haittu marpuny T, mepexoja or 6a3mca e K 0a3WCy u U3 PaBEHCTBA

u=-e-1T,,, Takum obpazom, rnmoaydaem

1 2 1
Toy=e ' u=1]1 -1 —1
0 2 1

4) MeroioM TIpHCOEIMHEHHO MATPUIIbl HafiTn 0OpaTHYO MaTpury K T, .,

[IOJIY 1UM
1 0 -1
Tl =] -1 1 2
2 —2 -3
5) Haittu marpuiy A, JuHeiiHOro oneparopa ¢ B Oaszuce u 10 CJIeLyIOMedt
dopmyite
1 1 -1 2 -1 —1
Ay=(T2,-A) Tosu=| -2 3 2 | T.ou=| 1 -3 =3
1 —4 =3 -3 0 2
—4 -1 -3 —4 11
b)| -4 1 2 ].¢ —21 2
1 2 4 1 20
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56. a) Pewenue: 1) CocraBurh Marpuilel A 1 B, pacrosoKuB KOOP/In-

HaTbl BEKTOPOB II0 CTOJI6HaM, I[IOJIYI1M

2 01 1 1 2
A=1310 |, B=|1 1 1
520 1 -1 2

2) MeTosiom npucoeinHeHHO MAaTpHUIbl HafiTu obparnyio Kk A marpuity. Ecu
A~! ne cymecrsyer, To He cylecTyeT JIMHEHHOTO OlepaTopa, IIepeBoAIero

BEKTODBI a1, G2,a3 B by, by, bs. VImeem

0 2 -1
A= 0 -5 3
1 —4 2

3) Haittu marpumy A, juneitnoro omeparopa 110 ciejytoleit popmyie:

2 —11 6
A,=B-A'=|1 -7 4
2 -1 0
-6 11 5 -3 01
b) | =12 13 10 |[.c¢) 1 21
6 -5 —5 -2 11
57. a) Pewenue: Haitgem marpunbt A, u B, JTHHEHHBIX OMEPATOPOB (0 1
1 0 0
Y coorBercrBerHo B 6asuce e = {e; = | 0 |,ea =] 1 |,e3=1 0 |},
0 0 1
IOJTY UM
01 —1 010
Ae=[10 0 |, Be=| 00 2
1 0 1 1 00

2) Boramemum matpuiy C, omepaTopa (2 B 6asuce e 1o ciaeyiomeil popmyiie:

00 —1
Co=Ac-Ac=1 01 —1
11 0
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3) Beraucaum marpuiy D, oneparopa 3t + 2¢? B 6asuce e U3 paBeHCTBA

010 00 —1 03 —2
D.=3-B.+2-Co=3-loo2]|+2-lo1 -1|=]02 4
100 11 0 52 0
0 -1 —1 2 0 —2 200
byA=]0 1 -3 |;0)A=[20 4 |;dA=[020
01 0 01 —2 00 2

58. a) Pewenue: CocTaBUM MATPHUIIBI € U U, PACIOJIOXKIB KOOPJANHATHI

BEKTOPOB 110 CTOJIOIAM, TIOJIYUUM

-3 2 —4 —1
e = , U = )
-2 1 -3 —1
miy Mmi2

2) Iycts M = ( ), Torjga obpaTHyto MaTpuily K M MOXKHO BbI-

YUCJIUTH 10 CJIeJIyIoNeil ssBHOI hopmy.re:

ML= 1 . ( Mma2  —Mi2 ) . (89)

mao1 M22

M11Ma2 — M12M2] —M91 My

Ucnonbayst hopmyity (89), BEIUUCIM MATPHILY, OOPATHYIO K €, TOJIYYIM

1 -2
el = .
2 =3

3) Haitgem marpuiy T, nepexoya oT 6a3muca e K 6a3ucy u, mMeeM

T. —etiu= 2 1
e—u - .
11

4) Boraucsum mMarpuity A, JUHEHHOrO oneparopa ¢ B 6a3mce u, MoJIy M

2 -3 1 -1
Ay = (T - A) - Tosyy = P :

5) Onpegennm matpuity C, onepatopa ¢ + ¢ B 6a3uce u

2 -1
c,=A,+ B, = .
—4 1
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6) Marpura D,, JuHeiiHOTO oniepaTopa ¢ — 210 B 6a3nce u UMeeT CJIe ol

BUJI;
(=)
D,=A,—2-B, = .
1 4
(4 2) ( 1 1 )
b) , .
4 —4 4 —1
) 1 4 4 -2
YN ) o )

59. a) Pewenue: Haiinem matpuiyy A, smneitHoro omneparopa ¢ B 6asuce

1 0 0
e=<K e = 0 |,e= 1 |.,e3= 0 , TTIOJTy9UM
0 0 1
2 2 =3
Ae=1 0 -1 2
-1 -1 1

2) Onpejiesiure/ib MaTpuIibl A, paBer 1, ciieoBaTe/IbHO, CYIEeCTBYeT MaTpuIia,

obpatHas K A.. DT0 O3HAYAET, YTO JIMHEIHBIN olepaTop ¢ nMeeT 0OpaTHbII
¢~ 1. Borancimm AL nmeem

1 1 1
A= -2 -1 —4
-1 0 =2

TakmM obpazom MaTpuia B, JuHeifHoro omeparopa ¢~ ! B 6Gasmce e pabHa
marpuie AL,

3) OcTas0ch HOMYyUUTh ABHBIA BHJI JIMHEHHOTO OllepaTopa ¢ L, nMeeM

T1+ T2+ T3
—2$1 — X9 — 4£C3

—X — 2333

114



T+ x3
b) o l(x) = 2x1 + x9 + 33
—3x1 — 229 — 43
r1 — Ty — T3
c) o Nx)=| —3z1+4zy + 23

—x1 + 229
60. a) Pewenue: Boraucium marpuiy A mHeiiHoro oneparopa ¢ B Oa-

suce f = {f1 =1, fo = x, f3 = 2?}. Izt 37010 HaiijleM KOOPJAMHATHI 06Pa30B

bazuca f, umeem

1
o(fi)=(f)"-3f)+L=010)"=-31)+1=1=1fi+0fs+0fs=1] 0 |,
0
_3\
o(f2) = (f2)"=3(f2) + o= ()" =3(x) +r=-3+x=| 1 |,
y
[ 2
o(f3) = (f3)" =3(f3) + fa=(2?)" =32 +2?=2—-6x+2>=| —6

Crepnosatrenbio, MaTpulia Ay B 6asuce f umeer cieylonuii Bu;

1 -3 2
Ar=10 1 -6
0 0 1
2) Borancinm onpegenurens Marpuisl Ay, noayanm |[Ag| = 1. Iockosbky

|As| # 0, To cymiecTByer oreparop o1, obparnniii k ¢. Haiigem marpuity

A;l, obpaTHyo K MaTpure A, momyanm

1 3 16
-1
A7=101 6

00 1

3) Haitziem 1o marpuie Ay SIBHBII BHJ ollepaTopa o~ 1. Bynem nckartn omnepa-

Top B Bugle @ L(f) =a-f"+b- f 4+ c- f c HeoupeeneHHBIME TI0Ka KO-

115



dunmentamu a, b, c € R. Jljist Toro, 4rodbl HaflTH MaTPUILy TOrO OIEpaTopa,

BBLIYNCIUM KOOPIMHATHI 00pa3oB 6azuca f, mMmeeM
) =0 () = b+ cx, o7 (f3) = 2a + 2bx + ca’.
Toryia marpuna By jmneiinoro oneparopa o~ ! B Gasuce f umeer BU:

c b 2a
Bf = O C 2b
0 0 c

Tax kax By = A;l, CpaBHIBAasl COOTBETCTBYIOIIUE 3JIEMEHTHI 3TUX MaT-
punbl, mojaydaem, uro ¢ = 1,b = 3,a = 8. 3HauuT, 00OpaTHBII olepa-
Top umeer Bug @ L(f) = 8f" +3f + f. b) o Xf) = 7" +3f + f. ¢)
o (f) =4f"+2f + f.

61. a) (60 12);10) (0 0);0) (25 10>;d)1<6 0 )

48 12 0 0 40 —15 4\ -5 -6

62. a) \; = Ay = 1. CoberBennbie BeKTOpbI NMeioT Buj ¢(1, —1), rue ¢ #
0; b) CobeTBeHHbIX 3HAUEHUIT 1 COOCTBEHHBIX BEKTOPOB Y JAHHOTO OllepaTopa
#et; ¢) A\ = 0, Ay = 2. CobeTBeHHBIE BEKTOPBI JI/IsT 3HAYeHUsT A; = 0 MeroT
B c(1,—1), a st Ay = 2 — Bug ¢(1,1), tme ¢ # 0; d) Ay = Ay = 0.
CobcrBennbre BekTopbl nmeioT B ¢(1, —1), rae ¢ # 0.

63. a) A\ = =2+ 1, Ay = —2 — 7. CobcTBeHHBIE BEKTODBI JIJIsi 3HAYEHUS
A1 = =2+ umeror Bug ¢(1,1), a g Ay = —2 — i — Bugg ¢(1, —i), rae ¢ # 0;
b) Ay = i, Ay = —i. CoberBeHHbIe BEKTOPDI JIjisl 3HAYEHUSI A\| = i HUMEIOT
g c(1,1 4+ 4), a g Ay = —i — Bugt ¢(1,1 —4), e ¢ # 0; ¢) Ay = 21,
Ao = —2i. CobcTBEeHHDBIE BEKTOPBI /T 3HaUeHUsT A; = 2i numetoT Buj ¢(1,17), a

it Ag = —2i — Bugn (i, 1), tae ¢ # 0; d) Ay = 2 — 24, Ay = —i. CobcrBeHHbIe

BEKTODBI JIJIs 3HAYeHNst Ay = 2 — 2¢ uMmetoT B ¢(—1,1), a st Ao = —i — Bug
c(1,1—1), tme ¢ # 0;
64. a) A\; = X2 = A3 = —1. CobcrBeHHbIE BEKTOPBI MMEIOT BHJL

c(L;1;—=1), tme ¢ # 0; b) Ay = Ay = A3 = 2. CobcTBeHHbIE BEKTODBI UMe-

tor Bug ¢1(1;2;0) + ¢2(0;0;1), ryie ¢; U o HE paBHBI HYJIO OJHOBPEMEHHO;
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c) 1 = 1, Ay = A3 = 0. CobcrBeHHBIE BEKTODPBI It 3HAYEHHST A; = 1
1), a st Ay = A3 = 0 — Bug ¢(1;2;3), tne ¢ # 0;

d) A1 = Ay = A3 = 1. CoberBennbie BekTOpbl HMeoT Buj ¢(3;1;1), rue

nmeror B ¢(1;1;

c #0;e) \y = 3, o = A3 = —1. CobcTBeHHbBIE BEKTOPBI JIJIsi 3HAUEHUST
A1 = 3 nmeror Buj ¢(1;2;2), a qast Ao = A3 = —1 — Bugt ¢(1;2; 1), rue ¢ # 0;
f) A1 =5, Ay = 3, A3 = 1. CobeTBeHHBIE BEKTOPBI JIIsT 3HAYECHUST A\] = D IMEIOT
Bug c(1; —1;1), mua suadenuss Ay = 3 umetor Buj ¢(1;1; —1), g snadenns

A1 = 1 mveror Bug ¢(1;1;1), te ¢ # 0.

65. a) Oasuc cocrowmt, Hampumep, U3 BekTopoB a1 = (3;1;3),
—1 0 0

as = (0;1;3), ag = (1;2; 1), maTpuiia B 9T0M Ha3mce NUMeET BUJI 0 20 |;
0 0 4

b) marpuiia K JUaroHaJbLHOMY BHJLY HE HPUBOJUTCS; C€) OA3UC COCTOUT, Ha-
npumep, u3 BekTopos a1 = (1;—1;1), as = (1;1;—1), a3 = (1;1;1), mar-
700

puria B 9ToM Oasuce umeer Bug | 0 5 0 |; d) 6asuc cocrour, nampumep,

003

13 BEKTOPOB (7 = ), as = (1;=1;1), azg = (1;1;1), marpuna B 3T70M

a9
5 00
basuce umeer B, | 0 1 0 |; e) Gasuc cocTout, HANpUMeEp, U3 BEKTOPOB

O 0 3
a; = (1;1;=1), as (1;1; 1), maTpuiia B 9TOM Oa3nce uMeet
700
Byt | 0 3 0
005

66. a) Pewenue: 1) st Toro, 91006l HAWTH PO OlEPATOPA, HY?KHO Pe-
muTh oreparoproe ypasaerue p(x) = 0. Eciin ¢ ectb onepatop yMHOKeHUsT

Ha matrpuity M, To 310 ypaBuenne npunnmMaet Buji M -x = 0 1 110 OTHOIIEHUIO
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K KOOpJnHaTaM BEKTODPa T = €CTb OJHOPOAHAadA CUCTEMA ypaBHeHHﬁ.

Torma sapo onepaTopa ¢ COBIAJIAET C MOANPOCTPAHCTBOM pEIeH 0IHOPO/I-
Hoit cucreMbl ypaHenuit M - x = 0. Haitgem 6a3uc 9T0ro monpocTpaHcTBa
— dbymmaMenTaabnyio cucremy perrennii. [Ipusegem matpuity M ¢ moMomibio

9JIEMEHTaPHbIX IIPeo0Pa30BaHUil CTPOK K CTYIEHYATOMY BHJLY, IIOJIY UM

02 -3 0 ) 100 -2
01 -2 —1 010 3
33 -1 1| |oo1 2
30 2 -2 000 0

Tora ob1ee pereHne CUCTEMbI YPaBHEHUIT MOXKHO 3allUCATh B BUJE T = 2T4,
To = —3xy, x3 = —2x4, Vx4 € Ry. Bceero y manHoil cucrtembl Tpu 6a3UCHBIX
HENU3BECTHBIX — 3TO X1, L9, T3 U, CJIEJIOBATEILHO, OJHO CBOOOIHOE HEM3BECT-

Hoe xy4. OyngamMenTajbHasg CUCTEMa, PEIIEHUl COCTOUT U3 OJHOIO0 BEKTOPA .

Yrobb!r HaliT ero, BozbmeM x4 = 1. Torma x1 = 2, 29 = =3, 3 = —2 u
[ 2

3 )

u = . Adnpo omeparopa ¢ Temepb MOXKHO TPEJCTABUTH KaK JIMHEl-
—2

\ 1

HYIO 000JI0UKY, TOPOKJICHHYIO HailJICHHBIM Oa3UCOM:

ker p = span{u}, def(y)=1.

[0 0\

1 0
0 1 0 0
2) Ilycres e = €y = ,e3 = 4 = — fasuc
0 0 1 0
0 0 \O 1 /

nuHeitHoro mpoctpancTrBa Ry. Torma obpas omeparopa coBlajaeT ¢ JHUHEH-
HOI 000JI0UKO{1, TOPOXKICHHOM crucTeMoit BeKTopoB Aeq, Aey, Aes, Aey. Borunc-

JIAAd 9T o6pa3m, [HOJIY9IUM, 9YTO BEKTOD A@l €CThb HepBbIﬁ CTO.H6€LL MaTpUuIbI
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M, Aesy, Aez, Aey, — COOTBETCTBEHHO BTOPOIi, TPETUil U YeTBEPTHIA CTOJIOIBI
maTpuilbl M. C MoMOIIbIO 971eMeHTapHBIX TPeodpa30BaHnil MATPHUILA, CICTEMbI
M - x = 0 yxke npeobpazoBaHa K CTYIEHIATOMY BULY, YUCJIO HEHYJIEBBIX CTPOK

paBHO TpeMm, nostomy rank(p) = 3. Basuc obpasa Im(p) cocrour uz nepso-

0 2 -3
0 1 —2
ro vy = , BTOPOTO ¥y = 1 TPETbero CTosbia v =
3 3 —1
3 0 2
marputibl M. O6pas orniepatropa MOXKHO 1IPEJICTaBUTh B BU/IE
Im(yp) = span{vy, va, v3}.
1 0\ [ o
0 1 0
b) rank(yp) = 1; 6asuc sypa Ker(yp) : : , :
0 0 1
—2 0/ —1
1
—1
basuc obpaza Im(yp) : . ¢) rank(y) = 2; 6azuc aapa Ker(yp) :
0
\ 2
1 1 3 3
1 0 0 2
: ; 6aszuc obpaza Im(p) : : . d) rank(yp) = 3;
0 0 —1 3
0 1 -3 1
0 2 1 2
—1 —1 0 —1
basuc sapa ; basuc obpasa : :
—1 —2 —2 2
1 —2 0 2

67. a) Pewenue: Boibepem 6azuc B mneiinom npocrpancrse M 22, Vio6-

Hee BCEero BbIOpaTh eCTeCTBEHHbBIN Ha3uc

10 01 00 00
€1 = , €0 = , €3 = , 64 = .
0 0 0 0 10 01
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B srom Oasmnce maiijgem MaTpuily JuHeiiHoro omnepatopa . J[ag sToro, mo-
JIeficTBYeM OIepaTopoM (¢ Ha Oa3UCHBIE SJIEMEHTHI U Oy YUBITNECT MATPHUILHI
Pa3JI0:KIM B JIMHEHIHBbIE KOMOMHAIINN 110 9TOMY Oas3ucy

@(e1) = 0ey + Oeg + Oes + Oeyq,  @(ea) = e + des + Oeg + Oey,

p(es) = —3e1 + 0ey — des + Oey,  @(eq) = 0ey — 3es + e3 + Oey,

Takum obpazoMm, MaTpuIila olepaTopa (¢ B 3TOM 0a3uce UMeeT BUJT

01 =3 O

04 0 =3
A, =

00 —4 1

00 0 O

HpI/IBeILeM MaTpUuIy Ae K CTYIIEH9aTOMY BUAY C IIOMOIIbLIO 3JIEMEHTAaPHBIX IIPE-

o0pa3oBaHmii, MOy UM

01 -3 0 01 -30
04 0 -3 00 0 0
A = ~
00 -4 1 00 -4 1
00 0 0 00 0 0

Obi1iee perieHne OJHOPOIHON CHCTEMbI ypPaBHEHUIT MOYKHO 3alllicaTh B BUJIE

r9 = 3x3, x4 = 4x3. CBOOOTHBIMI HEM3BECTHLIMU SIBJISIIOTCSA T1 U X3. Ecim

1
B3Th 1 = 1 u x3 = 0, T0 MoJIyunM BeKTOp (U1)e = pu 21 =0
0
0
0
3
n r3 = 1 nogydaeM BeKTOp (Ug)e = . DT0 KoopJuHaThl basuca sijpa
1
4

JUHEHOrO onepaTopa. 1o HUM MOYKHO MOCTPOUTH CAME 3JIEMEHTHI (TO eCTh

10 0 3
Uy = , U = .
00 1 4
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[t TOro 9TOOBI MOCTPOUTHL Oasnuc obpasa oneparopa p, 3aMeTHM, 9TO BTO-
poil U 4eTBepTHIil cTOIONBI MaTpuIlbl A, 0Opa3yioT 6asnuc obpasa oneparopa.

Taxum obpaszom, Dazuc obpasza COCTOUT U3 MATPUIL

1 4 0 -3
V1 = , U2 = .
00 1 0
Taxum obpaszom,

ker(¢p) span{ (; g) : (? i) }, def(p) = 2,
Im(y) —span{ <; 3) : (? 03> }, rank(yp) = 2.

-1 0
; 6asuc obpa-
-1 0

-2 0 -3 =2 0 2
3a Im(p) (2 O),( 0 s ),(3 2).0) rank(p) = 2;

1 -2 0 0
basuc syipa Ker(p) : ; Gasnc obpasza Im(p)

b) rank(p) = 3; 6asuc saapa Ker(p) : (

0 0 1 -1

—2 2 0 0 0 —1
: . d) rank(y) = 2; 6asuc siipa Ker(p) : :
0 0 -1 2 1 0
0 3 31 00
; 6asmc obpaza Im(p) : : :
01 10 01

68. a) Pewenue: Boibepem B KauecTBe Hasuca ecTeCTBEHHbIH OA3UC PO~
crpancTBa Po, a nMenno e; = 1,6y = 7, e3 = o2, e4 = o 1 naiijieM MaTpHILy
ortepatopa A, B 3ToM Oasuce. st 9roro nojeiictByeM orepaTropoM ¢ Ha Oa-
3UCHBIE DJIEMEHTHI:
pler) = (2+z)(er)
plea) = (2+x)(e2)"”
ples) = (2+x)(es)"”
ples) = (24 x)(ed)”

Paznoxum I[IOJIYYE€HHbIE 9JIEMEHTLI 110 TOMY 2KE 6a31/1(:y, IMOJIY4INM:

@(61) =-3= —361 + 062 + 063 + 064,

" 1+x—x2 el

( )(e1)"” + 3x(e1) — 3e; = —3,

(1+ 2 — 2%)(e2)” + 3x(ea)’ — 3ey = 0,
(1+ 2 —2*)(e3)" + 3x(e3)’ — 3e3 = 2 + 2z + 22,
(

+
+
+
+ (1 + 2 —2?)(eq)” + 3x(eg) — 3eqy = —12 + 122 + 622,
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@(e2) = 0 = 0ey + Oeg + Oeg + Oey,
(pe3) = 24 2x + 2% = 2e1 + 2e9 + e3 + Oey,
o(eq) = 12 + 122 + 622 = 12 + 1265 + 6e3 + Oey.

Toma MaTpulla OlIepaTopa B 3TOM Oas3uce nMeer BU T

—30 2 12
0 02 12
A, =
0 01 6
0 00 0

[yt Toro 4Tobbl HANWTH Oa3uc sjipa olepaTopa Hy:KHOHANTH (DYHIaMEeHTA b
HYIO CHCTeMY pelleHuit oJgHOpoaHOil cucrembl ypashenuit. A.x = 0. Ilocre

IpUBeAeHnsT MATPUIbl A, K CTYIIEHIATOMY BUJLY, OJIYIHIM

[ 3000
0 000
0 016
\ 0 000

Ob1iee perrenune cucreMmbl ypaBHeHuit umeer Buj 1 = 0,23 = —06x4 st

JIIOOBIX BEIIECTBEHHBIX To, 4. IIycTb 29 = 1,24 = 0, Torma r; = x3 = 0. Ecim

o = 0,24 = 1, Torma x1 = 0,x3 = —6. 3HAUUT, MBI OJIYUMIN KOOPIHTHATHI
0 0
1 0

BEKTOPOB Oasuca sipa oneparopa (u1), = ,(u9)e = . Torna
0 —6
0 1

110 KOOPJMHATAM 9TUX BEKTOPOB IIOJIydaeM, 9TO MHOIOUJIEHBI U] = I, U =
—62% + 2% 0bpasyioT 6a3uc g1pa omepaTopa.

MakcuMaJsibHYIO JIMHEITHO HEe3aBUCHUMYIO IIOJCUCTEMY CHCTEMbl CTOJIOIOB
MATPHUIBI A, COCTABIAIOT MEPBLI U TPeTuit (I/IJII/I quBeprlﬁ) CTOJIONBI MaT-
punibl. OHU FBJISIIOTCA KOOPAMHATHBIMU BEKTOPaMU OA3MCHBIX JIEMEHTOB 00-
pasa omepaTopa. lorga Oasmc obpasza oleparopa COCTABJISIOT MHOIOYJICHDI
v = =309 =2+ 2z + 22 T §) -

1 , U9 r + x°. Tak KaKk pa3zMepHoCTbL obpasza onepaTopa paB

Ha JIBYM, TO paHT ollepaTopa paBeH JBYM. Taknum obpasom,
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rank () = 2, ker(¢) = span{z, —6x2 + 23},
def(¢) = 2,Im(yp) = span{—3,2 + 2z + x?}.

b) rank(p) = 3; 6azuc aapa: 1+ x; 6asuc obpaza: 1,6 + 4x — 3z2, —18 +
18z + 1522 + 423, ¢) rank(p) = 1; 6asuc supa: 1, z, 2% 6asuc obpaza: 1 + x.
d) rank(p) = 2; 6asuc suapa: 1+ 3z,6 + 322 — 23; 6asuc obpaza: 1,4z + 22.

69. a) /la. b) Her. ¢) [a.

70. a) Her. b) Her. ¢) Her.

71. a) [a. b) [a. c) [a.

72. a) (a,b) = —18,|a] = V18,|b| = V24,90 = 57/6; b) (a,b) =
7l = VI ol = V7, 0 = 35/4; ) (a,8) = 6, |a] = VT2, |b| = v/IZ, ¢ =
27 /3;

73. a) (a,b) = 0,]a| = V7,|b] = V23,90 = 7/2; b) (a,b) = 3,|a| =

3,6l = 2,0 =7/3; ¢) (a,b) =11, |a| = V11, [b] = V22,0 = 7 /4.

74. a) Pewenue: Vcnombsyem nporecc oproronannsaiyn ['pama-IIvura,

MTOJIYy YU M
(332,61) 1+2—-10—-3
€1 = X1,€2 = T2 — A12€1, I'A€ Q12 = (61 61) = 141411 = —1,

1 1 [ 2
1 2 3

CJIEJOBATEJIBHO, €9 = + = . st BBIYMCTIEHNS €3
-5 2 -3
3 —1 \ 2

NnMeeM PpaBEHCTBO

€3 = I3 — A13€1 — G23€9,

rje
r3,e1) 3+44+164+7
a = e =
B (ener 1444441 7
a 1’3,62)_64‘6—24—14__
P ez 62 4+9+9+4
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Taxum obpaszoMm, 1oJIydaemM

3 1 2 2
2 2 3 -1
€3 = -3 + =
8 2 -3 -1
—7 -1 2 —2
1 2 2
2 3 -1
CucreMa BEKTOPOB €] = ,ey = ,e3 = SIBJISIETCS
2 -3 -1
—1 2 —2
1 2
1 5
OPTOTOHAJIBbHO{T. b) ,
-1 1
—2 3

75. a) Pewenue: Tak xak (x1,23) = 0, TO 10 ONpEJIEJIEHUIO BEKTOPbI X1
1 L9 OPTOrOHAJIBHBDI.

Pasmepnocts npoctpanctsa R* pasna 4, To 6a31c 9TOro MPOCTPAHCTBA CO-
JIEPIKUT TAKIKE 9ETBIPE BEKTOPa. Takum 06pa3oM, HaM HEOOXOMUMO J00aBUTE
hn
Y2
Y3

Ya
OpTOTroHaJIEH KaK BEKTOPY X1, TaK U BEKTOPY T2, TO €CTh UMEEM CJIEYIOLYIO

JBa BeKTopa. [lycts y = — BeKTOp n3 mpocTpancTsa R* Takoit uto y

CUCTEMY PaBEHCTB

(y, 1) =0, Y1 — 2o + 2y3 — 3ys = 0,
nJin
(y,22) =0 291 — 3yo + 2y3 + 4y4 = 0.

1 -2 2 -3
2 =3 2 4
1 -2 2 =3
0 1 -2 10

Marpuna cucreMsr < ) SKBUBAJICHTHA CJIEJYIONIEel CTyleHYa-

TOI MaTpHuie ( > v, cjgeaoBaTe/IbHO, MMEET paHl' ' = 2.
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[Iyctb cBOOOMHBIE Hem3BecTHble Y3 = 1,y4 = 0, Torma GasucHble HEM3BECT-

HbIe PaBHBI Y] = Yo = 2, TO €CTh IEPBbIl BEKTOP B (PYHIaMEHTAJILHON CHU-

[ 2

2
cTeMe pelieHuil uMeeT BuI Y] = . AHajormgHbIM 0Opa30M, moJarasi
1
\ 0
—17
—10
ys = 0,94 = 1, naxomum y; = —17, yo = —10, ciregoBaTennio, Yo =
1

— Bropoii BekTop B @CP. MTak, rnojgydaem, 9T0o CUCTEMa BEKTOPOB

1 [ 2 9 17

9 3 9 10
X1: 7X2_ >Yi: 7Y2:

9 9 1 0

-3 \ 4 0 1

obpasyeT OpTOroHaJLHBIN 6asuc npocrpancrsa R*. Ciegyer oTMeTHTDb, UYTO

KOOD/IMHATBI BEKTOPOB Y] 1 Yo HAXOJATCsT HeojHO3HAYHO. b) MoxHo 106a-

1 25

—2 4
BUTH, HAIIPHMED, CJIEJYIOIINe BeKTOPbI :

1 —17

0 —6

76. a) Pewenue: Tak xak (x1,23) = 0, TO 10 ONpEJIEJIEHUIO BEKTOPbI X1

1 T OPTOrOHAJBHBL Bosiee Toro, ||z1|| = ||z2|| = 1, mosromy sTu BekTOpHI
HOPMUPOBAHHBIE.

PasmepnocTh npocrpancTBa R® pasHa 3, TO 6a31C 3TOrO IPOCTPAHCTBA
COJIEPKHUT TaK:Ke TPHU BeKTopa. Takum o0pa3oM, HaM HEOOXOJIMMO JI00aBUTH
Y1

Y2

Y3

Ya
KO 4TO y OpTOFOHaﬂeH KaK BGKTOpy $1, TaK U BeKTOpy $2, TO €CTb nUMeeM

TOJILKO OJINH BeKTOp. [lycTh y = — BeKTOp M3 IpocTpaHcTBa R Ta-
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CJIEIYIONIYIO CUCTEMY PABCHCTB

{ (yaxl) - 07 2y1 + Y2 + 23/3 = 0,
nJin
(y,22) =0 Y1 + 2ys — 2y3 = 0.

21 2
1 2 =2

Marpuna cucreMbr < > SKBUBAJIEHTHA CJI/IYIONIEeil CTyleH4YaToll

12 =2
MaTpUILE ( ) 1, cjejoBaTebHO, uMeeT paHr r = 2. Ilyctb ¢cBoOO/I-
01 =2

HOe Henm3BeCcTHOe Y3 = 1, Tor/a 6a3ucHble HEM3BECTHBIE PABHBI ] = —2, Uy = 2,

TO ecTh (byHJAMEHTaIbHas CHCTEMa, PEIIeHWIl COCTOUT M3 OJIHOIO BEKTOPA

—2
Y = 2 . [Iponopmupyem BekTop Y. meem
1
—2/3
1 1 1
Y:—'Y:—'Y:_'Y: 2/3
el Y,Y) 3
1/3
Urak, mosrygaeM, 9TO CHCTEMa BEKTOPOB
2/3 1/3 —2/3
r1=| 1/3 |, 2= 2/3 Y = 2/3
2/3 —2/3 1/3

obpa3yeT OpTOHOPMUPOBAHHBIN Oasuc mpocrpanctsa R3. Crenyer oTMeTnTs,

94TO KOODJMHATHI BEKTOpa Y HaxXOJATCsd HeonHo3HauHo. b) Hampumep,
1/2 1/2 )
—1/2 —1/2

1/2 ~1/2
~1/2 /2 )

77. a) Pewenue: Ilycts L = span{ay, ag, ag} — muneiinas 0boI0IKa Ja-

HbIX BEKTOPOB. OpTOFOHaﬂbHOG JOIIOJIHEHIEe I/L COCTOUT HNX BCEX BEKTOPOB,

OPTOrOHAJILHBIX KayKJIOMY BEKTOPY CHCTEMBI (1, A2, d3. SHAYNT,
L 4
L ={rxre R |zlay,xlas,xlas}.
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o )

)
[Iyctb BeKTOp T MMeeT KOOpPJAMHATHI T = , Torjga u3 ollpejiesieHus
X3

L4
OPTOrOHAJILHOCTH JIByX BEKTOPOB, MOJIyYaeM CJIEIYIONIYI0O CUCTEMY JIMHETHBIX

OJTHOPOJIHBIX YpaBHEHUIL:

x1+x3—x4:0,

$1+2$2—|—£C3—|—5U4:O,

I
<

r1 + X9 + I3

basncom moampocTpancTBa OPTOTOHAJIHLHOTO JOIOJTHEHMS L' ectp dyHnramen-
TaJbHad CHCTeMa PeIieHnii Jannoit oJHopoaHoil cucrtembl. [IpuBenem K cTy-

I[ea4aToMy BHAY MaTPUIy CUCTEMBI, I1OJIY91M

101 -1 101 -1
1 21 1 ~1 000 O
111 0 010 1

[Iycrb 21, 9 — Oa3KCHBIE HEM3BECTHLIE, TOLJIA T3, L4 — CBOOOHBIE HEU3BECTHDIE.
BazucHble Hen3BecTHBIE BhIPaXKAIOTCs Yepe3 CBOOOIHbBIE CJIeYIOMIIM 00pa30M:
r1 = —x3 + T4,y = —x4. [lonarass ¢cBobO/IHbIE HEM3BECTHBIE PABHBIMU CTPO-
KaM eJIMHUYHON MATPHUIIbl TOJIYINM JIBa BEKTOPa (PyHIaMeHTaJIbHONH CHCTEeMbI

pereHmii:

— O
=
p—

O
—_
N—

Bnaunt, Lt = span{by, by }.
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—2 1
b) Hampumep, by = L by = 0 | c)Hampumep, by =
0 —1
3 ) 5 )
1 0
) b2 =
0 1

6 ) 8 )
78. a) Pewenue: 1) Haitnem 6asuc nopnpocrpancrsa L = span{ay, as, as}.
J1J151 3TOr0 COCTABUM MaTpUILy A, PacloozKUB KOOPIUHATEI BEKTOPOB 110 CTPO-

KaM, 1 HailJileM ee paHTI METOJIOM dJIEMEHTapHbIX ITPeo0Pa30BaHUil, TTOTYIIM

1 1 1 0 1 1 1 0
A=13 0 5 -1 |~]0 -32 -1
1 -2 3 —1 0O 0 0 O

Takum 06pa3oM, par MaTpuilbl A paBeH JBYM, OTCIOJA CJIEYeT, YTO CUCTEMA
BEKTOPOB JIMHEHHO 3aBucHMa. BasncoM sB/sgeTcs, HAlpUMep, CUCTEMa BEKTO-
POB ay, as.

2) Borauc/ium cie/lyioniue CKajaspHble IPOU3Be/eHHIs:
(a1,a1) = 3, (a1, as) =8, (az,as) = 35, (x,a1) = =2, (x,a2) = —19.

3) CocraBuM cucTeMy JIMHEHHBIX ypPABHEHU

3.%1 + 8.%’2 = —2,
8.%1 + 35.’1‘?2 = —19.

Pemum cucremy, npumenss meros Kpamepa, morydaum

3 8 -2 8 3 —2
A = =41, A = =82, Ay = = —41.
8 35 —-19 35 8 —19
Torna
Ay 5 AV ]
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4) IMocTponm OPTOTOHATBHYTO TTPOEKITUIO

Tpr = T1071 + Toa = 2

— =
o
[\

5) [MocTponM OpTOrOHATBHYIO COCTABJISIIOILYIO

[ 1 [ _1 2

1 2 —1
LTort = XL — Tpr — - =
—4 -3 —1
2 \ 1 1
—2 1
b) 4 0
Lpr = y Lort =
3 —2 t —3
—2 2

79. a) p =7/4, p=3. b) p = arccos(v/23/5), p = /2.

80. a) Pewenue: 1) B pannyio kBajparndnyio (GopMy HepeMeHHas T
BXOJUT B IIEPBOiT 1 BTOPOIi cTeleHsIX 0JHOBpeMeHHO. Bribupaem ee B KauecTBe
BeJLYIIeil.

2) CrpymmupyeM Bce cjiaraeMble KBaIpaTHIHOM (DOPMBI, coleprKaliie Be-

JYIIYIO TIEPEMEHHYTO 1, U BbIHECEM OOIIe MHOXKHUTEN 38 CKOOKY
f(z1, 20, 23) = 3[x] + 20129 — 22123) + 325 + 325 — w3 =
= 3[xF + 221 (w2 — x3)] + 323 + 373 — To73.
Bbutesinm mostHbIil KBapaT, Jjisi 9TOr0 B KBaJpaTHIHyo GopMy 100aBUM U
BBLIUTEM cylaraemMoe (g — x3)?, Moy nm
f(x1, 22, 03) = 3[23 4271 (xo—23)+(v2—23)?] —3(wa—23)*+323+ 325 — 1013 =

= 3(x1 + 72 — 23)? + Hxow3. BBeseM ciie/lyloniyio 3aMeHy HepeMeHHbIX:

Y1 = x1 + X2 — I3,
Yos = XTo,
Yys = 3.
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[osryuaem ksajparuunyto dbopmy fi(yr, ye, ¥3) = 3y5 + Syays. [poposzum
Ipeodpa30BaHmsl, TaK KaK B KBaJIPaTUIHOI (popMe MpHCyTCTBYET IIPON3BE/Ie-
HIE Y2Y3.

3) B xBaiparuunoii dopme fi(y1,y2,y3) = 3y5 + Syoyz HET BeLYIIUX Iie-

pPEMEHHBIX, TaK KaK KaykJas IepeMeHHas repeMeHHasl BXOIUT B GpopMy 10O
BO BTOPOI1 CTereHn, JItOO B IIEPBOIi, HO HE B IIEPBOIl 1 BTOPOIi CTENEHsIX OJIHO-
BpeMenno. OIHaKo NMeeTCsT TPOU3BEIEHNE Yolys PASHLIX TlepeMeHHbIX. Crierys

J9€TBEPTOMY IIYHKTY aJI'OpHUTMa, CAcJIa€M 3aMCHY IIEPEMEHHDBIX

3/1 = Z1,
Yo = 2o — Z3,
Ys = 29 + Z23.

Torma mosryanm kBagpatnauyio dhopmy fa(z1, 29, 23) = 32% + 52’% — 523%. Ksa-
paTudHast hopMa fo UMeeT KAHOHUYECKU BUJI.

Haiijiem Terepb HEBBIPOXKJIEHHYIO JIMHEITHYIO 3aMeHY IIepeMEHHbIX, IIPUBO-
JIAIIYI0 JaHHYI0 (hopMy K KAHOHUYECKOMY Buy. Bo BTOpOM U TperbeM IyHK-

Tax pelleHns BhIIOIHSINCH 3aMeHbl £ = S1 -y U ¢y = Sy - 2 ¢ MaTpuIiaMu

1 -1 1 10 0
St=10 1 0], S=[01 -1
0 0 1 01 1

CiteroBaTeIbHO, MATPUILy S MCKOMOI 3aMeHbI & = S - z HaXOJINM KaK ITPON3-

BeJleHune
1 -1 1 1 0 O 10 2
S=5-5=101 0f-l]01-1]=]101 -1
0 0 1 01 1 01 1

Taxum 0Opa3oM, UTOTOBOE IIPeodPa3oBaHne, IIPUBOJSIIIEe KBaIPpaTUIHYO (Dop-

My K KAHOHMYECKOMY BUJLYy UMeeT CJIeIYIONnil BUJI;:

r = 21 + 223,
L2 = 22 — 23,
r3 = 2o + Zz3.
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b) Z% - 333 - %%37 Tl = 21— 22— gzs, T = 29 — %23, r3 = 23

c) Zf—%—zg?, Tl =21 — 2 — 23, Tg = 21 + 22 — 23, T3 = 23.

d) 27 — 22, 21 = 21 + 29 — B23, X9 = 29 — 423, T3 = 23.

e) 27 + 423 — 923, x1 = 21 — 20+ 223, o = 20 — 323, T3 = 23.

f) 42%—2%—{—2’%, T1 = 21 — 23, Lo = 29 — 23, T3 = Z9 + 23.

g) 21 — 12 2+QZ§, T1 =21 — 320 — 23, Ty = 29, Ty = 329 + 23.

h) 32% — —|— 3223, x| =21 — 222 + é23, To = 29 — 1623, Trs3 = 23.
i) 22% + gzg + 18z3, T =21+ 22 190z3, To = 29 + 57:3, T3 = 23.

81. a) Pewenue: CoctaBum MaTpuily KBajpaTudHOl (HhOpMBbI:

0 2 2
A=12 3 -1
2 -1 3

Haiinem ee cobecrBennble unciia. XapakKTepucTUUeCKoe ypaBHEeHne UMeeT BH]

- 2 2
A=AE|=| 2 3=\ -1 [=-N+6A+32=—-(\—4)>*\+2).
2 =1 3—=2A
Ono nmeer KOpHU Ao = 4, A3 = —2. DTO IO3BOJIACT Cpa3y HAIUCATb KaHO-

HUYeCKNi BUJ| KBajipaTuuHoi dopmbl fi(y1, ¥, y3) = 4yi + 4y3 — 2y3;
b) 6yi + 6y3 + 9y3; ©) yi + V3y3 — V3.

82. Pewenue: CocTaBuM MaTPHUILY KBaJIPATHIHON (DOPMBI:
12 2
A=121 2
2 21

Haiiyiem ee cobcrBenHble unciia. XapaKTepUCTUIeCKOe ypaBHEHNE UMEeT BHJL
1—X 2 2
A=XE|=| 2 1-X 2 |[=-(A=-50W+1)>~
2 2 1-2X
Ono mMmeeT KOpHU A; = 5, Ao g = —1. DTO MO3BOJIAET Cpa3y HAIUCATb KAHO-

HuvecKuil Bl KBajparuanoii popmbl f1(y1, Y2, y3) = Hyi — y3 — 3.

131



[TocTpouMm Terepb MaTpHUIly OPTONOHAJLHOTO IIPEOOPa30BaHuUsl, ITPUBO/Is-
IIero KBaJApaTudHyo GpopMy K 3ToMy KaHOoHHYecKoMy Buiy. C 3Toil IeJblo,
HalileM cOOCTBEHHBIE BEKTOPLI MATPUILI A. DJIEMEHTHI X1, Lo, T3 JIOO0TO COO-
CTBEHHOI'O BeKTOpa X, COOTBETCTBYIONIEIO COOCTBEHHOMY 3HAUEHUIO A = D,

SIBJISIIOTCS perienneM cucrembl ypasaernit (A — 5F)X = 0, To ecTb cuCTEMBI

_41;1 ‘|‘ 2x2 ‘|‘ 2:[73 = 07
2.2?1 — 4[E2 + 2.273 = 0,
2%1 + 2%2 — 4%3 = 0,

y KOTOPOIi paHr r MaTpullbl paset 2, an —r = 1. CiejoBareyibHo, ByHaMeH-

TaJIbHad CUCTEMa peH_IeHI/Iﬁ COCTOUT U3 OJHOI'O BEKTOPa, HallpUMEP, TaKOI'O
Xi=11

Hopmupyst X7, rosydaem coOCTBEHHBINT BEKTOP

1/V/3
Ur=1 1/V3
1/V3

DJIEMEHTDI T1, L9, T3 JIIOOOI0 COOCTBEHHOTO BEKTOPa X , COOTBETCTBYIOIIETO
COOCTBEHHOMY 3HAYEHUI0O A = —1, ABJIAIOTCS peIieHneM CUCTEMbl ypaBHEHUI

(A+ E)X =0, 10 ecTb cucTeMsl

2&?1 + 25172 -+ 21’3 0,

2%1 + QIQ + 2373 = O,

2%1 + 25[32 + 2%3 = O,
y KOTOpOfI paHI' T MaTpHIbl paBECH 1, an—r=2. HOSTOMy beH,HaMeHTaJH)—
Has CUCTeMa PelIeHril COCTOUT U3 JIBYyX BEKTOPOB. UTOOBI UX HallTH, OCTaBUM

TOJIBKO IIEPBOEC YpaBHEHNEC CUCTCEMbI (BTOpOG N TPETHE ABJIAIOTCA CJIEICTBHUEM

iepsoro). [Tooxxum Baagaste xo = 1, x3 = 0, Torga x; = —1; 3aTeM MOJTOKIM
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ro =0, x3 = 1, Torna x1 = —1. Takum obpazom, dyHIaMeHTAIbHAS CHCTEMA

pelIeHnii COCTOUT U3 CJIECYIONNX BEKTOPOB

Xy =

|
—_
&

|
S

DTO M €CThb JIBa JIMHEHHO HE3aBUCHMBIX COOCTBEHHBIX BEKTOPa MaTpHUIlbl A,
COOTBETCTBYIOIIUX COOOCTBEHHOMY 3HadYeHUI0 A = —1.

SameTnM, 9T0 cOOCTBEHHBIE BEKTOPHI X9 1 X3 MATPHUIbI A OPTOrOHAJIBHBI
K cobcTBeHHOMY BeKTOpYy U7, HO HEe OpTOTrOHAJIBHBI MexK 1y coboil. [Ipumennm

K HIM IpoIeypy oproroHayamsanun. C 5Toil Iesbio MoI0KIM
Yo = Xy, V3= X3 —als.

Koaddunuent a onpegessercs U3 yCJI0BUsl OPTOrOHAJIBHOCTH Ys 1 Y3, TO ecTh

U3 yCJIOBUS

(X2, X3)

a = —(XQ,XQ) =1/2.
M rak, Mbl TOCTPOMIN JIBA OPTOTOHAIBHBIX COOCTBEHHBIX BEKTOPA MATPUIIHI
A, cOOTBETCTBYIOIMNX COOCTBEHHOMY 3HaUeHHIO \ = —1:
—1 —1/2
Y, = 1 , Ys=| —1/2
0 1

Hopmupys ux, mosydaem coOCTBEHHbIE BEKTOPDI

—1/v2 —~1/16
U= 1/vV2 |, Us=| —-1/V6
0 2/V/6
MaTpuiia ICKOMOrO OPTOrNOHAJIBLHOIO IIPEeodPA30BaHUs COCTOUT U3 CTOJIOIOB

Uy, Uy, U, TO ecTb nCKOMOE IIpeodpa3oBaHue MMeeT BHJ

T 1/v/3 —1/vV2 —1/6 U1
o | = V3 1/V2 —1/V6 || w
T 1/V/3 0 2/V/6 Y3
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1IN
T1= By = 5 — oY,
Ty = Y+ 5y — Y,
r3 = \/%3/1 + \/%yg.

D10 1peobpazoBaHie IPUBOIUT KBaIPpATUIHYIO (POPMY K KAHOHIIECKOMY BULY

filyr, v, y3) = 5yt — v5 — 3.

Cﬂe,ZLyeT OTMETUTDL, YTO KaHOHMYEeCKN B 1 OPTOroOHaJIbHOE Hp606paBOBaHI/Ie
OIPEJIeJISTIOTCsT HeOTHO3HATHO. b) By% + 6y§ + 9y32,; T = §y1 — %yg + %yg;
Ty = Y1 + 3Ys — 3Ys; T3 = —sy1 + Sy + y3; ¢) 9yi + 18y3 — 9u3; 4y =
212y —3ys; To = — Y1+ 3Yat3Ys; T3 = Y1 —3y2+2ys; d) 9y +18y3+18y3;
T1 = Y1 — 22+ FYs; T2 = Sy1— 3Y2 — 3Y3; T3 = SY1+ 2y2 + 3u3; €) 3yi — 6y3;
Ty = §y1 + %\/5342 + %\/iy?,; To = §y1 - %\/592; xr3 = §y1 + %\/5192 - %\/593;
f) 9yt + 9y5 — 935 @1 = %yl + %\/592 + %\/ﬁyz% Ty = %yl — %\/593; xr3 =
%yl - %\/5?/2 - %\/iy:a

83. a) Pewenue: Haiiem riaBHble MHHOPBI MATDHIIBI KBaJIPATHIHON

dopmbr
1 -1 -1

Nnmeem

A1=1>0,A,=3>0, A3 =det(A) =3(\—1).
[Tosb3ysick kpureprem CuibBecTpa, HAXOJUM, UTO JaHHAS KBAJpPATHIHAST
opma SIBJISIETCsT TOJIOKUTEJIBHO OIpeJIeIEHHON TOorjia U TOJBKO TOTJA, KO-
raa Ag > 0, To ectb ipu A > 1. b) A > 2; ¢) |A| < \/g; d) —08 < A < 0;
e) tpebyembIx 3HaueHnit A He cyiecryet; f) Tpebyembix 3HaUeHUT A HE Cy-
ITIECTBYET.

84. a)a=4b=2¢e="L F(-2v3,0), F5(2v3,0), z = +3
b)a=2b=4,¢=+/5, F1(-2V5,0), F5(2V5,0), z = i\/lg, y = +2;
c)a=>50b=2 =YL F(-/21,0), F(+21,0), z = +2.:d) a =3,
b=2,¢=YE F(—/13,0), F(v/13,0), = = + Y =+2r

134



8
[N}

<
o

86. (z—5)*+ (y+1)2*=18.

87. L4+ ¥ =1

88. I — iy =1

89. S =480/7.

90. (z—2)*+ (y—1)*=10.
2 2

91. z+%5=1

92. A(0;0), B(5;25)
I2 2

93. T+ 21%/5 =1.

94. L

3071 T 11%/25 = 1.

95. (£3;+1). 96. 3/2.

x—2/3)? 2 x—T7/3)? 2
97 a) U PP 4 = 1 b) L e~ 1)yt = 2 (x - 3/2).
98. a) Pewenue: O0beguHuM cjiaraeMble, cojieprKalliie OJIMHAKOBbIE I1e-

peMEHHbIE 1 BbIHECEM O6LLLI/II71 MHOZKUTEJIb 3a CKO6KI/I, I[IOJIYy91M
9(z® + 4x) + 16(y* — 4y) — 44 = 0.

Jlob6aBuM 1 BBIYTEM cJiaraeMble, HeOOXOIUMbIe JIJIs BbIJeJIeHHsI ITOJIHbIX KBa/l-

paToB, UMeeM

22 _22
Iz +2)?+16(y —2)* =144  wm (33—1|-6) —I—(y 5 ) = 1.

B [IoJIydnBIieMc:dA ypaBHECHHUYW BBIIIOJTHUM CJICAYIOIIYIO 3aMEHY IME€PEMEHHBIX

rT = T+ 2, r = 11— 2,
nJin
ho= y—2 y = yi+2,

Torga B HOBOII cucteme kKoopaunat O1.X1Y] 3a1anHoe ypaBHeHe HIMeeT KaHO-

HUYEeCKUIl BU]T,
2 2
oL Y
16 9

1 OIIpeJIeIAET SJLIUIIC ¢ OOJIBINEN TTOTYOChIo @ = 4 1 MeHbIIIel MoJIyochio b = 3.

Touka O B crapoii cucreme koopanaar O XY nmeer xkoopanaatsl O1(—2, 2)

(emotpu pucynok 19). b) runepbosa: (”5;2)2 — (y_41)2 =1
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VUSSP

c) mapaboma: (y —2° =2-2 -

9
/32 2
e) runcpton: ol + 5 — =2 4

oy = z—2)2 —1)2
g) napaon: (e 2)° =2- 0:2)- (4-+ 1): ) ssmme: Sl + s =
i) ssnmc: @ S St )y tmgpe ‘ﬁl}g‘ - %1_/21)6 =1

eJIeM KBaJIpATUIHYIO (hopMy

""" 5 9 5 4
S — 3Ty + 5y

K I'NTaBHBIM OCZAM. ZLJIH 9TOI'O BBIIIOJIHMM CJledYIOLINne ﬂ@ﬁCTBHH:

1.1. Bemmmem marpuity A KBajapaTudHoi (DOPMBI, MMeeM

A_( 5/2 —3/2>.
~3/2 5/2

1.2. Haiiem cobcTBeHHBIE UnC/Ia MATPUIIBI A, pelrast XapaKTepUCTIIeCKOe

ypaBHEHUE

5/2— X —3/2

A~ \E| =
—3/2 5/2— A

— (1-\)(4 -\ =0.

Suaunt, A\ = 1, Ay = 4.

U1
1.3. Haiiem cobcTBennblii BekTop Uy = ( ) JIJISI COOCTBEHHOTO 3HAYe-
Uz
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Hust Ay = 1. lmeem cucremy

3 3
Sur —suz = 0,
2 2
3 n 3 0
— U1 —Uy = .
2 2
Panr matpurpl cucrembl r = 1. [IycTb cBoOOIHOE Hen3BecTHOE Uy = 1, TOrJIA
1 (X]
perrast cucTeMmy, HaxoauM 1, = 1, ciaegoBarenbio, Uy = — cOOCTBEHHBI
1
BEKTOD, COOTBETCTBYIOIINIT COOCTBEHHOMY 3HaUYeHUI0 A\p = 1.
" . Uy
Haitnem cobcrBenmblilt BekTop Uy = JIJIsT COOCTBEHHOTO 3HAYEHUA
U2
A1 = 4. nmeem cucremy
3 3
—gul — gUg = O,
—=U1 — Uy — O
2 2
Panr marpuisl cucrembl 7 = 1. IlycTb cBOOOJIHOE HeM3BeCTHOE Uy = 1, TO-
-1
rjla perrasg cUcTeMy, HaxoanMm u; = —1, ciepoBarebio, Uy = =
1

COOCTBEHHBII BEKTOP, COOTBETCTBYIONINI COOCTBEHHOMY 3HAYEHHUIO A\ = 4.
2.4. Bekropnot Uy n Us opToronasbHbl, TOCKOJILKY WX CKaJsIpHOE TTPOU3Be-

Jlenre paBHo HyJ10. [TponopMupyem Kazkaplii BEKTOP, TOJIYIUM

L 1/v2 R S ~1/V2

_ U, _ Uy
U] 1/v/2 U] 1/v2
BbI‘{I/ICJII/IM OIIpEAC/INTEIID, coCTaBJIEHHbINA U3 CO6CTB6HHbIX BEKTOPOB
1/vV2 —1/V2 .
1/vV2 1/V2 ’

Ba:kHo, 3HAKI COOCTBEHHBIX BEKTOPOB BBIOpATH TaKIM 00Pa30M, 9TOOBLI 3TOT

€1

OIpeJiesInTe b ObLT PABEH eJUHUIE (9TO BCEr/la MOXKHO CJICJIATH ).
2.5. CocraBum maTpuity (), pacroJioKUB KOOP/IMHATHI BEKTOPOB 110 CTOJI0-

1am

1/vV2 —1/V2
1/vV2 1/V2
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Borancanm yrou mosopora ¢ = arcsin(1/y/2) = /4.

2.6. BoirmosinuM 3aMeHy 1mepeMeHHbIX

1 1
T = —=U1,
T x
(?J)ZQ'<91> o \{5 +\{§
Yy=—F7=21 Y1,
V2 V2

ITOJIY UM, ITO B HOBBIX IIEPEMEHHBIX (T1,Y1) YPABHEHHE [TPUMET B/
2 2 _

nJIn
2

X
—1+1yﬁ:1.

[Tonyuennoe ypapHenue B cucreme koopauHat OX1Y] gBisiercss KaHOHMIYe-

CKUM U OIPEJEISeT JUIUIC (CMOTpu pucyHok 20).

Puc. 20

b) rumepbona: 3 “ —«% =1 *\fx + \fy y = \/75331 + \/Tﬁyl;
c) napaboua: yi = 9617\/90 = 1w+ %yh Y= —%xl + 1yi;

d) mapa HapaﬂﬂeﬂbeIX\‘é5”/, B = 1? p=1% = %xl — \/73%7

y =L + Lyi; " 1 X

€) MHUMBIi 3711y, A __17 B=Gr= \/Tgafl — 5y, Y = 571+ Sy

f) BprO}K,ZLeHHb{ﬁ_;;” are -+ TO‘IK; % . y_?? 0= = \/753: \/75%7
B o

g) mapa MepeceKaronXest MPsIMbIX: %% — yT% =0, ¢ =-% 1= %gggl + 31,

V3

y = —301 + Sy
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100. a) Pewenue: Tlpusenem kpajparuunyio dbopmy f(z,y) = 1122 —
202y — 4y%, cBA3AHHYIO ¢ ypaBHEHHEM, OPTOrOHAJLHBIM ITPeodpasoBanueM K

KaHoHH4IeckoMy Bry. C 3Toil 1eJIbl0 COCTaBUM MaTPUILy KBaJApaTUIHOH (hop-

11 —10
A= ,
~10 —4

1 3allnIEM XapPaKTEPHUCTUYIECKOE YpaBHEHUE!

MBI

11-Xx -10
—10 —4 -\

= A2 — 7\ — 144 = 0.

Ono umeeT KopHU A1 = —9, Ay = 16. [lasiee HaX0 1M B3aMMHO OPTOrOraibHbIE

HOPMUPOBAHHBIE COOCTBEHHBIE BEKTOPBI (cT0s101161) Uy 11 Uy MaTpuibr A: eciiu

= — TO = 1/\/5 , ecJin = TO = _2/\/3
)\1— 9, U1—<2/\/5>, )\1—167 U1—<1/\/5>

CaeoBaTesibHO, HCKOMOE OPTOIOHAJIbHOE IIPeodpa3oBaHue IMEET MaTPUILY

0~ 1/vV5 —2/V5
\2ivs 15 )]

y kotopoit || = 1. Marpuna @) siBjsiercss Marpuiieii ormeparopa I0BOpOTa

Ha YroJl (o Takoil, 4To cosp = \/ig, singp = \% [ToBepHuyB ocu KoopamHAT

cucreMbl Oy Ha YroJl (0 = arccos \/Lg (TPOTHUB YACOBOI CTPEJIKN), TOJIYInM
IPSAMOYTOJIbHYIO cuctemi kKoopauuat Oxqyp. [lpu aToM KoOpuHATHI TOUYEK

peodpas3yoTesd 1Mo hopmyJiam
X I
Y Y1

T = \/Lg(xl —2y1),
xTr = %(2%1 + yl).

nJIn

[Ipu oproronajgbHOM Npeobpa30BaHUM I[MEPEMEHHBIX KBaJlpaTudHasd (popMa

f(z,y) nepexoaur B hopmy
Mz? 4+ Aoy = —927 + 167
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3amnunineM B HOBLIX KoopauHaTax JIMHENHBIX 4JIeHBI YpaBHEHHNA:

32
—20x — 8y = ——5171 + —

NG

B cucreme koopjiunar Oxqy; ypaBHEHNE KPUBOI IPUHUMAET BIU/I

927 + 167 — y1+1=0.

\fx1+f

2. Boijenss moJinble KBaJIpaThl 110 00€UM ITepEMEHHBIM, T10JIydaeM

—9(x1+%>+16<y1+%>+5:0.

2 1
= p=ut
J5 TR

TO €CTh IMPOU3BO/IA NapaJIIEJbHBIN IIEPEHOC Oceil KOOPJANHAT TaK, 9YTO HAYAJIO

[Tosraraga

x2:$1+

2
KOOp,ZLI/IHaT HepeXO,ZLI/IT B TOUIKy 01 -, = |, HpI/IXO,ZLI/IM K KQ@HOHNY€CKO-
( NGRS )
MYy YpPaBHEHUIO KPUBOil
2 2
Ty Ys _ 1
5/9 5/16

DT0 KAHOHIMYIECKOE ypaBHeHI/Ie runepbosbl B cucreme kKoopaunHat O)Tals.
b) MHEUMBI 3/HIIC: 1/4 + 1y/26 =—1,p=m/4, O1(—1/4,0);
c) napabosa: y3 = —0, 8z, ¢ = arccos(l/\/g), O1(—1;-0,7);
d) aBe cosnajaomue npsambie: y3 = 0, ¢ = arcsin(—3/v/13), 01(0, —1);
e) BprO}K,ZLeHHbH/I SJLIMIIC — TOYKA: T3 + y2 =0, p =n/4, O1(—2,-3);
f) sunc: —2 + y2 =1, ¢ =n/4, O1(v2, O)
g) runepboa: x3 — y2 =1, ¢ = arcsin(3/v/10), O1(v/10/2,+/10/2);

a3 2
h) rumepGosa: 32 — y— =1, p = arccos(4/v/17), Ol(i’nﬁ 5\ﬁ)
i) napa6ousa: y7 = 221, = arcsin(4/5), 01(0,0).

101. a) Pewenue: 1) Beraucgny nHBApUAHTHI KPUBOIT BTOPOTO TOPSI/IKA,

nMeeM
17 6 —6
17 6
A =100, [B|=] 6 8 -8 |=—2000.
6 6
—6 —8 —12
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2) Borancinm cobeTBennble dncia MaTpuiibl A. JI1s1 9T0ro coctraBuM XapakTe-

PUCTUYECKOE YPABHEHUE

1I7—X 6
6 6— A

|A— \E| = = A —25A+10=0

KOPHSIMH 9TOI'0 YPaBHEHUS sIBJISIIOTCs duciaa A\ = 5, Ao = 20.
3) Ucnosb3yst Tabsuity (1), Haxo/ M, 9T0 ypaBHEeHUEe KPUBOIl B HOBOIT crcTeMe

koopauHaT Ox1y; UMeeT CJIeIYIOMNi BI/I:

52 2 _ 90 = x_% y_%_
] +20y; —20=0 wum 1 1—1.

CpasuuBas nojiyuentoe ypasuenue ¢ (59), 3ak/odaem, 4To 3ajanHast KpuBast
2 2
BTOPOTO MOPAJIKa ABJIsIeTCs 3JmicoM. b) runepbona; =L — 4 = 1;
: "1 T 9 )
a2 . R :
c) napabona: y; = 2z1; d) mapa IepeceKalomuxcsa HpaMbx: 4 — 4 = 0;
e) napa napajuiesbHbIX IpaMbIx: 32 — 4 = 0; f) jBe coBlajaonme npsMble:
2 _
y; = 0.
102. a) Pewenue: 1) Bbrancgany uHBAPUAHTHI TTIOBEPXHOCTH BTOPOTO M0~

psJiKa, UMeeM

200 2
2 0 0
053 8
Al=|053|=32 |B= — —256.
035 8
035
288 10

2) Borancinm coberBenubie dncia MaTpuiibl A. [Iis1 97010 cocTaBuM XapakTe-

PUCTHIECKOE yPABHEHUE
2—X 0 0
[A=XE|=| 0 5-=X 3 |=02-XN*@-)=
0 3 5=
KOPHSIMH 9TOI'0 YPaBHEHUS sIBJISIIOTCS YUCIa A\ = Ay = 2, A3 = 8.

3) Ucnonb3yst Tabsumiry 2, HaXoAnM, 9TO ypaBHEHHE TIOBEPXHOCTH B HOBOII ci-

creMe KoopauHaT Ox1y121 UMeeT CJIeIYIOMNi B

P B B
x]+2y; +821 —8 =0 wum 4+4+1—1.
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CpaBHuBas TOJIyueHHOE ypaBHEeHNe ¢ (72), 3aKI09aeM, 9TO 3a[aHHAsT TOBEPX-
HOCTb BTOPOI'O MOPSJIKA SBJIAETCA SJIIUIICOUTIOM.

b) |A\ = |B| =81, A\ = =1, Ay = =9, A3 = 9, 0/HONOJIOCTHBI{I TUIIEPOOJION/T;:

2
wl +1 1/9 12/19 =1
C) Al = 0,|B| = —1,1(A) =1, \y = 1, Ao = 1, A3 = 0, ssmunruyaeckuit
11apadOoJIONI; xT% + % = —221;

d) |A] = 0,|B| = 864, Ir(A) = —144, A, = —12, Ay = 12, A3 = 0, rumep6o-
JIMUecKuii napaboon/; \/37;12 — \/9/%12 = 22;

©) 4] = 0,1B] = 0.1(4) = 18,15(B) = ~108, \i =3, }s = 6, X = 0
SILTUITHYECKU UIHHID: ; + Tl 1;

£) |Al = 0,|B| = 0,I5(A) = —9,I3(B) = 81, Ay = 9, Ay = —1, A3 = 0,

IUIePOOTNIECKIN TIITHIP: xz - %% = 1;
g) |[A| =0,|B| =0,1,(A) = 0 JI3(B) = =70,tr(A) = 14, Ay = 14, X\s = 0,
A3 = 0, napaboanaecKuil MUINHIP: T3 = —\/7%1;

h) [A] = 0,|B| = 0,1,(A) = 0, I3(B) = 0,tr(A) = 3,1,(B) = -3, \; = 3,

Xy =0, A3 = 0, mapa napaJiIesbHbIX IIJIOCKOCTEl: 12 — % = 0;

i) |A| = 0,|B| = 0,1,(A) = 0,I3(B) = 0,tr(A) = 3,1,(B) = 0, \; = 3,

A2 = 0, A3 = 0, napa cosnajaiomux miockocreit: z7 = 0,
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