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Abstract

Let M be a von Neumann algebra of operators on a Hilbert space H and t be a
faithful normal semifinite trace on M. Let ¢, be the measure topology on the -
algebra S(M, 1) of all T-measurable operators. We define three ¢, -closed classes Py,
P> and P; of T-measurable operators and investigate their properties. The class P>
contains P U Ps. If a T-measurable operator T is hyponormal, then T lies in P; NP3;
if an operator T lies in P3, then U T U* belongs to Ps for all isometries U from M. If
abounded operator T lies in P; UP3 then T is normaloid. If an operator T € S(M, 7)
is p-hyponormal with 0 < p < 1then T € P;. If M = B(H) and t = tris the
canonical trace, then the class P (resp., P3) coincides with the set of all paranormal
(resp., x-paranormal) operators on H. Let A, B € S(M, t) and A be p-hyponormal
with 0 < p < 1. If AB is T-compact then A*B is T-compact.

Keywords Hilbert space - von Neumann algebra - Trace - Non-commutative
integration - Measurable operator - Generalized singular value function - Paranormal
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1 Introduction

It is well known that bounded hyponormal operators on a Hilbert space H have some
interesting properties. For example, if A is a hyponormal operator then [|A" ||oc =
A%, for every n € N [20, Problem 162], here || - ||« denotes the uniform norm
on B(H); every bounded hyponormal compact operator is normal [20, Problem 163].
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A. Bikchentaev

Fruitful generalizations of the notion of a hyponormal operator are the concepts of
p-hyponormal [1], paranormal [17,23], and *-paranormal operators [3]. A number
of modern authors study properties of such operators (see, for example, [29,30] and
references in them).

In this article, we obtain analogs of certain properties of bounded p-hyponormal,
paranormal, and *-paranormal operators on H for some unbounded ones. Let M be a
von Neumann operator algebra on a Hilbert space H, 1 be the unit of M, 7 be a faithful
normal semifinite trace on M, S(M, 1) be the *x-algebra of all T-measurable operators,
anumber0 < p < +ooand L, (M, 7) be the space of integrable (with respect to 7) in
pth degree operators. Let M| = {X € M : || X|co = 1}, (+; X) be the generalized
singular value function of operator X € S(M, 1) and let | X| = +/ X*X. Assume that
1 X|loo = 400 forall X € S(M, T)\ M.

In papers [6,8] we introduced two classes of T-measurable operators

Pr={T € SIM,1): |T*All0o = |ITA|2, forall A e M; with TA € M},
Py ={T € SM,1): pn@t;T?) > u(t; T)?> foral s > 0}

and investigated their properties. The classes P; and P, are closed in the topology
of convergence in measure T and P; C P, (Propositions 3.5 and 3.30 of [6]). In [6,
Theorem 3.1] we gave an equivalent definition of the class P [i.e., T € Pp if and
only if |T|> < (A~ T2|? 4+ A1)/2 for all A > 0], that allowed us to call P; a class of
all paranormal T-measurable operators. A similar definition of paranormal elements
for general normed algebras was introduced and investigated in [7].

If an operator T € S(M, t) is hyponormal then T € Py; if an operator T € P
has the inverse 7~! € M then T~! € P, [6, Theorem 3.6]. If an operator T € Pk
then UTU* € Py for all isometries U € M and k = 1, 2. If an operator T € P; N M
then 7" € P for all n € N [6, Theorem 3.12]. Consider an operator T € P; N M
and n € N. Then u(t, T") > wu(t; T)" for all + > 0 [6, Theorem 3.16] and we
have the equivalences: an operator 7 is T-compact < an operator 7" is T-compact;
T eL,y(M,t) & T" € L,(M,1),0 < p < 400 [6, Corollary 3.17]. Every
operator T € P;NM is normaloid [6, Corollary 3.18]. Each t-compact p-hyponormal
operator is normal [12, Theorem 2.2]. If an operator T € S(M, 1) is hyponormal and
T" is t-compact for some natural number n then T is both normal and 7-compact [6,
Corollary 3.7]; it is a strengthening of item (i) of Corollary 3.2 [12]. If T € P then
T2 e Py [6, Theorem 3.21].

Put M = B(H) and t be the canonical trace tr. Then the class P; coincides with
the set of all paranormal operators on H [6, Corollary 3.3], is sequentially closed
in the strong operator topology [6, Corollary 3.4] and contains a non-hyponormal
operator [6, Corollary 3.13]. If H is separable and infinite-dimensional then P # P»
[6, Corollary 3.23].

In this paper we introduce the class

Py ={T € SIM,1): |T?Alleo = |T*A|%, forall A e M; with T*A € M}

of T-measurable operators and investigate some properties of P; and P3. In Theorem
3.1 we obtain an equivalent definition of the class P3 [i.e., T € P if and only if
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IT*|> < (W1 T?? + A1)/2 for all » > 0], that allows us to call P5 a class of all -
paranormal t-measurable operators. The class P; is closed in the measure topology 7,
(Corollary 3.2). If an operator T € S(M, t) ishyponormal then T € Ps; if an operator
T € P3then UTU* € P; for all isometries U € M (Theorem 3.6). If an operator
T € S(M, 1) is p-hyponormal with0 < p < I'thenT € Pyand ju(r; T?) > u(t; T)?
for all #+ > O (Theorem 4.4 and Corollary 4.5). It is a strengthening of item (i) of
Theorem 3.6 [6] and a generalization of Theorem 3 [28]. Methods of proof are new
even for algebra B(H), endowed with the canonical trace tr. Let A, B € S(M, 1)
and A be p-hyponormal with 0 < p < 1.If AB is T-compact then A*B is t-compact
(Theorem 5.1). On t-compactness of products of T-measurable operators see [9].

2 Notation, definitions and preliminaries

Let M be a von Neumann algebra of operators on a Hilbert space H. Let P(M) be the
lattice of projections in M, 1 be the unit of M, and let P+ =1 — P for P € P(M).
Also M™ denotes the cone of positive elements in M, and || - ||« denotes the uniform
norm on M. A mapping ¢ : MT — [0, +oo] is called a trace, if (X +Y) =
e(X)+ oY), p(AX) = rp(X) forall X, Y € M™, x > 0 [moreover, 0 (+o00) = 0];
0(Z*Z) = o(ZZ*) for all Z € M. A trace ¢ is called faithful, if p(X) > 0 for
all X € M*, X # 0; normal, if X; X (X;, X € MT) = o(X) = supo(X;);
semifinite, if p(X) = suplp(¥Y) : Y € M¥, Y < X, oY) < +oo} for every
X e MT.

A linear operator X : ® (X) — H, where the domain © (X) of X is a linear
subspace of H, is said to be affiliated with M if YX C XY forall Y € M’, where
M’ is the commutant of M. A linear operator X : © (X) — H is termed measurable
with respect to M if X is closed, densely defined, affiliated with M and there exists
a sequence {P,}>°  in the logic of all projections of M, P (M), such that P, 1 1,
P,(H) € ®(X) and PnL is a finite projection (with respect to M) for all n. It should
be noted that the condition P, (H) € ® (X) implies that X P, € M. The collection
of all measurable operators with respect to M is denoted by S (M), which is a unital
x-algebra with respect to strong sums and products [denoted simply by X + Y and
XY forall X,Y € S (M)] [27,31].

Let X be a self-adjoint operator affiliated with M. We denote its spectral measure
by {EX}. Itis well known that if X is a closed operator affiliated with M with the polar
decomposition X = U|X|, then U € M and E € M for all projections E € {E!X1}.
Moreover, X € S(M) if and only if X is closed, densely defined, affiliated with M
and E'X!(), 00) is a finite projection for some A > 0. It follows immediately that in
the case when M is a von Neumann algebra of type III or a type I factor, we have
S(M) = M. For type II von Neumann algebras, this is no longer true. From now on,
let M be a semifinite von Neumann algebra equipped with a faithful normal semifinite
trace 7.

For any closed and densely defined linear operator X : ® (X) — H, the null
projectionn(X) = n(|X|) is the projection onto its kernel Ker(X), the range projection
r(X) is the projection onto the closure of its range Ran(X) and the support projection
s(X) of X is defined by s(X) = 1 — n(X).
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A. Bikchentaev

An operator X € S (M) is called t-measurable if there exists a sequence {P,}5
in P (M) suchthat P, 1 1, P, (H) € ® (X) andr(PnL) < oo forall n. The collection
S (M, 1) of all T-measurable operators is a unital x-subalgebra of S (M) denoted by
S (M, 7). It is well known that a linear operator X belongs to S (M, 7) if and only if
X € S(M) and there exists A > 0 such that 7(EX!(x, 00)) < oo. Alternatively, an
unbounded operator X affiliated with M is t-measurable (see [16]) if and only if

I(E‘X‘(n, +00)) > 0 asn — oo.

Let £ and £, denote the positive and Hermitian parts of a family £ C S(M, 1),
respectively. We denote by < the partial order in S(M, ), generated by its proper
cone S(M, )T If X € S(M, 1), then | X| = vV X*X € SIM, ©)T.

Definition 2.1 Let a semifinite von Neumann algebra M be equipped with a faith-
ful normal semifinite trace 7 and let X € S(M, 7). The generalized singular value
function w(X) : ¢t — u(t; X) of the operator X is defined by setting

w(s; X) =inf{|XP|loo : P € P (M) suchthat 7(P1) < s). )

An equivalent definition in terms of the distribution function of the operator X is the
following. For every self-adjoint operator X € S(M, 1), setting

dx (1) = T(EX(t,00)), t>0,
we have (see e.g. [16] and [26])
w(t; X) =inf{s > 0: djx|(s) <t}.

Note that dx (-) is a right-continuous function (see e.g. [16]).
For convenience of the reader, we also recall the definition of the measure topology
t; on the algebra S(M, 7). For every ¢, § > 0, we define the set

Vie,8) ={X € S(M,1): AP € P(M) such that | X Plle <&, T(PL) < 8.
The topology generated by the sets V (¢, ), €, § > 0, is called the measure topology
t; on S(M, 1) [16,27]. It is well-known that the algebra S(M, t) equipped with the
measure topology is a complete metrizable topological algebra [27]. We note that a
sequence {X,}>° | C S(M, 1) converges to zero with respect to measure topology f;
(ie. X, = 0) if and only if I(E‘X"'(e, oo)) — O0asn — ooforalle > 0.

The space So(M, 1) of T-compact operators is the space associated to the algebra
of functions from §(0, co) vanishing at infinity, that is,

So(M, 1) = {X e S(M,1): t—leJPooM(t; X) = 0} )
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The two-sided ideal F () in M consisting of all elements of t-finite range is defined
by

F)y={XeM:1r(X)) <4oo} ={X e M : 1(s(X)) < +00}.

Equivalently, F(t) = {X € M : u(t; X) = 0 for some ¢ > 0}. Clearly, So(M, 7) is
the closure of F(r) with respect to the measure topology [14], which is a two-sided
ideal in S(M, 7).

Let m be Lebesgue measure on R. The noncommutative L ,-Lebesgue space (0 <
p < +o0) affiliated with (M, 7) is defined as

LM, 1) ={XeSWM,1): n(X) e LP(R+,m)}

with the quasi-norm || X ||, = |u(X) |, X € L, (M, 7). In particular, || - || , is a norm
when 1 < p < +o00. We have F(t) C L,(M, t) C So(M, 1) forall0 < p < +o0.

If (1) < +oo then S(M, ) = So(M, 7) consists of all closed linear operators
on H affiliated with M and F(t) = M. Furthermore, 7, is independent of a concrete
choice of a trace T and is minimal among all metrizable topologies which agree with
the ring structure of S(M, t) [13, Theorem 2].

Lemma2.2 [16] Let X,Y,Z € S(M, 1). Then

(D) w(t; X) = p(t; | X)) = u(t; X*) forallt > 0;

2) ifX,Y € Mthen u(t; XZY) < | X|loollY llooit(t; Z) for all t > 0;

3) wt;|X|P) = u@, X)P forall p > 0andt > 0;

@) if|IX| <|Y|then u(t; X) < u(t;Y) forallt > 0;

S) ubs+t; X+Y)<u(s; X)+u@;Y) forals,t >0;

©6) u; AX) = |A|lu; X) forallr € Candt > 0;

(7) limi— o4 u(2: X) = [ Xl if X € M and lim; 04 pu(t; X) = +o0 if X ¢ M.

Anoperator A € S(M, 1) issaidtobe p-hyponormal withO < p < 1,if (A*A)P >
(AA*™)P; hyponormal, if it is 1-hyponormal; cohyponormal, if A* is hyponormal;
quasinormal, if A commutes with A*A,i.e. A- A*A = A*A - A.

Lemma2.3 (See [15], p. 720) If X, Y € S(M, )" and Z € S(M, T) then the
inequality X <Y implies that ZXZ* < ZYZ*.

If M = B(H), i.e. the x-algebra of all linear bounded operators on H, and t = tr
is the canonical trace then S(M, 1) coincides with B(H). In this case the measure
topology coincides with the || - ||oo-topology, So(M, 7) is the ideal of all compact
operators on H, F(7) is the finite-dimensional operator ideal on H and

w(t; X) =Y 50X K10, >0,

n=1

where {5, (X)}°2 ; is the sequence of s-numbers of an operator X [19, Chap. 1]; here
XA is the indicator function of a set A C R. In this case, the space L,(M, 1) is a
Schatten—von Neumann ideal C,(H), 0 < p < +o0.
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An operator T € B(H) is said to be paranormal (x-paranormal), if | T 2x||77( >
ITx[[3, (respectively, [|T%x[lp¢ > [|T*x[)7,) forallx € Hy = {y € H: ||yl = 1),
see [17,24]; normaloid, if | T loc = supyepy, [(Tx, x)|. Itis known that 7" is normaloid
& its spectral radius equals || T ||, o1, equivalently, ||T"||coc = |T ||, foralln € N
[20]. It is shown in [25, Problem 9.5] that an operator T € B(H) is paranormal <
IT|?> < (W' T?12 4+ A1)/2 forall A > 0. It is shown in [4] that an operator T € B(H)
is *-paranormal <

1
IT** < 5(}\*1|T2|2 + 1) forall A > 0. ©)

Let (€2, v) be a measure space and M be the von Neumann algebra of multiplicator
operators M ¢ by functions f from L. (2, v) on a space L»(S2, v). The algebra M
contains no compact operators < the measure v has no atoms [2, Theorem 8.4].

3 Three classes of T-measurable operators

Let 7 be a faithful normal semifinite trace on a von Neumann algebra M. It is obvious
that

T € P & AT € P, forall A e C\{0}, k = 1,2, 3.

Theorem 3.1 For an operator T € S(M, 1) the following conditions are equivalent:

G) T € Ps;
(ii) T meets condition (2).

Proof (i) = (ii). Assume that for an operator 7" € P3 condition (2) does not hold. Then
there exists a number A > 0 such that

1
5<A—I|T2|2+x1>—|T*|2=X—Y, 3)

where X, Y € S(M, )T, XY =0andY #0.LetY = O+OO tEY (dr) be the spectral
decomposition and n € N be such that the projection

P=E"((n""n) #£0.

Then PXP =0and PYP > n"'P.
Multiplying relation (3) by the projection P on both sides, leads us to

1 1
PIT**P = E(r11f>|T2|2P +AP)+ PYP > E(r‘P|T2|2P +(+2n"HP).
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Since P is a unit in the reduced von Neumann algebra M p, we have

1 _
IT*PI12% = I PIT**Plloo > SIx YPIT?PP 4+ (L + 20 Pllso

1
= z(r‘ IT2P|%, + (4 2071)).

If T2P = O then || T*P|%, = 227 +n7! > ||T?P|l = 0. If T?>P % 0 then by the
inequality a’ + b > 2|ab| for all a, b € R we have

1
IT*P|2 > 3 2VAT 4207 IT?Pllos > I T?Plloo-

Thus, in both cases T ¢ Pz—a contradiction.

(i1) = (i). Consider an operator A € M such that T*A € M. Then A*A < 1 and
|T*|A € M. If T?A ¢ M then the assertion is met. Let T>A € M. Multiplying
inequality (2) from the left-hand side by the operator A* and from the right-hand side
by the operator A, leads us to

1 1
A¥|T*PA < 5(rlA*|T2|2A +1A%A) < 5(A—1A>"|T2|2A + 1) forall A > 0.

1
Therefore | A*|T**Alloo = IT*A|%, < E(A‘1||T2A||C2,o + ) forall & > 0. Put here
A = [|T?A|lo and obtain [|T*A|12, < | T?Al| . o

Corollary 3.2 The class P3 is closed in the measure topology t;.

Proof Condition (2) is equivalent to the condition T2*T2 — 20T T* 4+ 121 > 0 for all
X > 0. Hence 7, -closedness of the class Pz follows from Theorem 3.1, ¢, -continuity
of the involution, ¢, -continuity of the product operation on S(M, t) and 7, -closedness
of the cone S(M, 7)* in S(M, 7). m]

Corollary 3.3 Consider operators T € P3, A € S(M, t) and numbers k € N, 0 <
p.q,r <+oowithl/p+1/q = 1/r. Then

() if T>T**A, T** A € M then (T*)*'A e M;
(i) if T?T*A € M, T*A e F(r) or T*T*A e F(r), T**A € M then
(T*)k—HA e F(v);
(i) if T>°T*A € L,(M, 1), T*A € Ly(M, 7) then (T*)*1A € Ly, (M, 7).

Proof A slight modification of the proof of [6, Corollary 3.1] leads to the goal. O

Corollary 3.4 Every operator T € M NP5 is x-paranormal, hence it is normaloid. If
M = B(H) then the class P coincides with the class of all x-paranormal operators
onH and is closed in || - || so-topology.

Proof Every x-paranormal operator is normaloid [3, Theorem 1.1]. O
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Remark 3.5 If an operator T € S(M, t) is hyponormal or cohyponormal then
w(t; T?) = u(t; T)? forall t > 0 [12, Theorem 3.1]1and T € P>. If T € S(M, 1) is
nilpotent of second order (7' # 0 = T2) then T ¢ P>.

Theorem 3.6 (i) If an operator T € S(M, 1) is hyponormal then T € Ps.
(ii) If an operator T € Pz then UTU* € P3 for all isometries U € M.

Proof (i) For a hyponormal operator T € S(M, t) and every number 1 > 0 by
Lemma 2.3 we have

T* - T*T - T —2.TT*+A1>T* - TT* - T —2AT*T+2*1=(T*T — A1)*>>0.

Applying Theorem 3.1 we conclude the proof.

(ii) Consider operators 7 € P3 and A € M such that (UTU*)* - A € M for an
isometry U € M. If (UTU*)>- A ¢ M or U*A = 0 then the assertion is obvious.
Let (UTU*)2- A € Mand U*A # 0. Then 0 < [|[U*Alls < 1 and

IUTU*? - Alloo = [UT?U* - Alloo = |U* - UT?*U* - Alloo = IT*U*Alloo

E
= || -IU*A]
‘ 1U*Alloo |l oo >
U A |? . IT-U*A|2,
> | T———— | U Al = — 2
1U*Alloo || oo 1U*Alloo

> ||IT* - U*A|%, > \UT*U* - A% = [(UTU** - Al

Corollary 3.7 If an operator T € S(M, ) is quasinormal then T € Ps.
Proof Every quasinormal operator 7' € S(M, t) is hyponormal [11, Theorem 2.9]. O

Remark 3.8 If an operator T € S(M, 7) is quasinormal then 7" is also quasinormal
[10, Proposition 2.10] and wu(¢; T") = u(¢; T)" forallt > O and n € N [10, Theorem
2.6].

Proposition 3.9 Let t be a faithful normal semifinite trace on a von Neumann algebra
M. Then Py C Pa. If M = B(H) for separable and infinite dimensional ‘H then
P3 # Pa.

Proof Lett > 0 be fixed. From relation (1) for X = T'2 we have
Ve >0 3P, € PIM) (x(PH) <t, e+ p(t: T?) > [T Pellos = pu(t: T2)),

thereby || T* P, ||C2>o <e+ u(t; T2). Note that a projection P; is included in the right-
hand side of (1) for X = T*. Therefore u(t; T) = u(t; T*) < ||T* Pl oo and because
of the arbitrariness of the number & > 0 we get u(1; T?) > u(t; T)%. Thus P3 C Ps.

ForT € M wehave T € P, & T* € P, [6, Proposition 3.22]. Let {e,};°, be
an orthonormal basis in H. The unilateral shift Te, = e,41 (n = 0,1,2,...) is
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a hyponormal operator (an isometry) and 7 € P3 by item (i) of Theorem 3.5. The
null-space KerT™* is generated by vector g, and the null-space Ker(7*)? is generated
by vectors eg and e1. We have for the one-dimensional projection A = (-, e1)e; the
relations

0= I(T*?Alls < IT*AIZ = IT*Al% =1

and T* ¢ P3. The assertion is proved. O
Now by Proposition 3.24 of [6] we have

Corollary 3.10 For T € P3 we have the equivalences:
(i) TeMeT?e M;
(i) T € F(r) & T? € F(1);
(iii) T € So(M, 1) & T? € So(M, 1);
(iv) T € Lypy(M, 1) & T? € L,(M, 1), 0 < p < +00.

Proposition 3.11 Ifa t-measurable operator T belongs to Py and P € P (M) is such
that T P = PT P then the restriction T | p1y belongs to Py, k = 1, 3.

Proof Fork =1, P € P(M) and A € M| with PA # 0wehave 0 < ||PA|x <1
and

(T | p7)* All oo
= |[(PTP)*Alloo = IT*PA|| =HT2 H PAllso >
> > 1P Alloo || o >
2
> |7 NPAlloe = IT 1 prAlS - > |ITIprAl%.
H 1P Alloo || oo * PR 1P Al Pretioe
For k = 3 we apply the equality (T'|py)* = PT*P. O

Proposition3.12 Let T € S(M, t) and a unitary operator S € M, be so that
ST =TS.ThenT € Pz < ST € Ps.

Proof We have S2 = 1and (ST)%? = T2, ST* = T*S.
(=) Let A € M| be so that (ST)*A € M. Then

I(ST)? Allos = IT?Allos > IT*All%, = IA*TT*Alloo = IA*TS*T* Al

= IST*Al% = IT*SA|%, = I(ST)*Al%.

(<) If ST € Ps then by the above proved result T = S - ST € P3. O

4 Every p-hyponormal 7-measurable operator lies in P,

Lemma4.1 For all operators Y € S(M, )", X € Myand 1 < r < 2 we have
(X*YX)" < X*Y"X.
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Proof Let Y = 0+°° tEY (dr) be the spectral decomposition. Put Y, = [ tEY (dt)
for all n € N. Since the function f(#) = " (¢ > 0) is operator convex, we apply
[22, Theorem 2.1] and obtain (X*Y, X)" < X*Y, X forall n € N. By #;-continuity of

operator functions [33] and the product operation we have (X*Y, X)" = (X*YX)”

and X*Y) X 5 X*Y'X asn — oo. Finally, we apply the t;-closedness of the cone
SM, )t in S(M, 7). O

Lemma4.2 For all operators Y € SIM,t)*, X e Mjandt > 0, g > 1 we have
w(t; X*Y9X) > u(t; X*Y X)4. In particular, we have | X*Y9X ||oo > || X*Y X || L.

Proof Let1 < g = pip2...pr withsome 1l < p, <2,n=1,2,...,k. By Lemma
4.1 and by items (3), (4) of Lemma 2.2 for all + > 0 we have

p(es XFYOX) = (e XA IPOPIX) = (s (XY 10O
= u(t; X¥YVPLX)P = p(t; XF(YI/P1P2YP2X)PL > .
> u(r; X*yé]/mmmmmX)p11721?3~~1?k =n@t; X*YX)1.

We apply item (7) of Lemma 2.2 and obtain || X*Y9 X ||lo > | X*Y X ||%. O

Lemma4.3 Let an operator T € S(M, 1) be p-hyponormal with 0 < p < 1 and
T = U|T| be the polar decomposition of T. Then

G) U*|T|V*'U = |T|V* = U|T V¥ U* for some n € N;
(ii) the operator T;, = U|T|P is hyponormal.

Proof (i) We have |T*| = U|T|U* and |T|*? = (T*T)? > (TT*)! = |T*]*’ =
1
U|T|>’U*. Let n € N be such that ¢ = T € (0, 1). Then by Hansen’s Theorem
4
([21]; [5, Lemma 3.1.1]), we have the relations

TV = (TP = (UITIPPU*? = UITIPU* = U TV U,
e, |T|IV? > UuiT|V* U™ Multiplication of this relation from the left-hand side by

the operator U™ and from the right-hand side by the operator U and Lemma 2.3 lead
us to

otV U > vru TV uru = TV
(i) We have U|T|2PU* = (U|T|2U*)? < |T|*? < U*|T|*PU. o

The following statement strengthens item (i) of Theorem 3.6 [6] and is a general-
ization of Theorem 3 [28].

Theorem 4.4 If an operator T € S(M, t) is p-hyponormal with 0 < p < 1 then
T € P.
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Proof Let T = U|T| be the polar decomposition of the p-hyponormal operator T €
S(M,t)withO < p < 1 and n € N be as in item (i) of Lemma 4.3. For A € M,
with TA € M\{0} we have

IT2Al%, = IA*T** T? Allog = |A*T* - T > - TAllso

A*T* n_~n+l TA
—‘7-0 122 H T AN
IA*T*| o IT Allos || oo
Then by Lemma 4.2 we obtain
* 2;1+]
IT2 Al > . TA T rap?
= ||A*T*||oo IT Allos [l oo >
n n+1
_ AT T AR - IT AR
IT A2
n n+1
_ AT T UITIALS - IT AN
1T A2 '
Therefore by item (i) of Lemmas 4.3 and 2.3 we have
x| L1 1/2" ot 2
IT2AL > |A*|T]| - |T| |T2|2f\+|2|oo IT Al
ITAIZ
n n+1
AT T2 AT T AL
- 2n+2
ITANZ""
n+1 n+1
AT (T PHYETA A2 T A2,
1T A2
Thus by Lemma 4.2 we obtain
n+1
(T2A = JATITE Al T ITAN
o0 — 2n+2
IT A2
2n+2
T AT T AN
- 2n+2
IT A2
2n+2
_NUITI - ANST 22 T AN _ s
||TA||22n+2 - ” ”OO
o
and Theorem 4.4 is proved. O

Corollary 4.5 If an operator T € S(M, t) is p-hyponormal with 0 < p < 1 then
w(t; T?) = u(t; T)? forall t > 0.

Proof We have P; C P, by Proposition 3.5 of [6]. O
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Corollary 4.6 IfanoperatorT € M is p-hyponormalwithQ < p < 1thenu(t; T") >
w(t; TY! forallt > 0andn € N.

Proof We apply Theorem 3.16 of [6]. O

5 On p-hyponormal 7-measurable operators

Leta semifinite von Neumann algebra M be equipped with a faithful normal semifinite
trace t.

Theorem 5.1 Let A, B € S(M, t) and A be p-hyponormal with0 < p < 1.

(1) If AB € Sy(M, 1) then A*B € So(M, 1).
(i) If A, B e Mand AB € F(t) then A*B € F (7).
(iii) If A, B e Mand AB € Ly(M, 1) then A*B € Ly/p(M, 1).

Proof (i) Let A* = U|A*| be the polar decomposition of an operator A*. Every
operator B € S(M, ) can be represented as a sum B = S + T with § € M and
T € So(M, 1), see [32]. Hence we may assume that B € M. By items (1), (2), (3),
(4) and (6) of Lemma 2.2 and by the Hansen’s inequality ( [21]; [5, Lemma 3.1.1])
for B = B/||Bl|s for all t > 0 we have

u(t; AB)* = pu(t; B*A*)* = u(t; B*A*AB) = || B|Z u(t: BfA*AB))
= | BII2 e (t; (Bf A*AB)P)YP > | B2 1u(t; Bf(A*A)PBN'P (3)
> || Bl|2ou(t; Bf (AA")P B)YP = || B||2pu(t; |A*P B)YP.

Therefore |A*|PB € So(M, 7) and A*B = U|A*|'=P . |A*|PB € So(M, 7).

(ii) We apply (3) and conclude that |A*|PB € F(t). Thus A*B = U|A*|'7P .
|[A*|PB € F(1).

(iii) For ¢ > 0 by (3) we have |A*|”?B € L,/,(M, 7). Thus A*B = UA*|' P .
|A*|PB € Ly/p(M, 7). Moreover, forallt > 0and for C = IBI|L-|U A% P3P
by (3) and items (2), (3) and (4) of Lemma 2.2 we have

w(t; ABY! = || B|[9 (s |A* 1P B)T/P = ClUIA*|" PP ue: | A¥|P By)I/P
= C“’(t’ U|A*|1—p : |A*|PB])11/P = CM([, A*Bl)q/P 4)
= ClIBIII " 1u(t; A*BYIIP.

Theorem is proved. O

Corollary 5.2 Let A, B € M and A, B* be p-hyponormal with 1/2 < p < 1.

(1) If AB € So(M, 1) then BA € Sp(M, 7).
@ii) If AB € F(t) then BA € F(1).
(iii) If AB € Ly(M, t) then BA € Lyg/p(M, 1).
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Proof (i), (ii). Dividing suitably if need be, we may assume that A, B € {X € M :
I X|loo < 1}. Also, by Lowner’s inequality, both A and B* are %—hyponormal. Hence,
by Hansen’s inequality [21] we conclude that

A*|BI’A < A*|B|A < A*|B*|A = A*(IB*))!?A < (A[B* A2 (5)

Then we apply items (1), (3) and (4) of Lemma 2.2 and Theorem 5.1.
(iii) We have A*B € L,/,(M, t) by Theorem 5.1. Hence B*A = (A*B)* €
Ly/p(M, 7). Inequality (5) yields |BA|? < |B*A| and we apply items (1), (3) and (4)

of Lemma 2.2. Moreover, for all > 0 and for C = || B|% - [[U]A*|'P[I:d’” by (4),
(5) and items (1), (2), (3) and (4) of Lemma 2.2 we have

w(t; AB)Y > C||BIIZP u(t; A*BY/P = C||B|I3"" w(t; B*A)/P
> C|IBI? w(t; BAYX/P.

The assertion is proved. O

Theorem 5.3 (cf[1, Theorem 1]) Let T € S(M, t) be p-hyponormal with % <p<l

and T = U|T| be the polar decomposition of T. Then the operator T = |T|%U|T|%
is hyponormal.

Proof We have |T|>? > (U|T|?U*)?. By operator monotonicity of the function ¢ >
1
t2 (¢t > 0) and by Hansen’s inequality ([21]; [5, Lemma 3.1.1]) we obtain

1
TI > WUITPUS % = (UITPUY? > UITIU*.
Thus by Lemma 2.3 we have

Sy~ I 1 I % 1 2 1 1
T“T=|T|20"-|T|-UIT|2z|T|2U" - U|T|U"-U|T|2=|T|"=|T|2 -|T|-|T|2
>|T|2 -U|T|U* - |T|? = TT*.

Theorem is proved. O

Lemma5.4 Let A, B € M™T with A > B. Then for each r > 0,

(BfAPBr)ﬁ > BP+2r/q (6)
and

AP+2r)/q > (A" BPAr)é (7
hold for each p and q such that p >0, g > 1, and (1 + 2r)q > p + 2r.

@ Springer



A. Bikchentaev

Proof Let A = f0+°° LEA(d)) and B = f0+°° LEB(d)) be the spectral decomposi-
tions of A and B. Put

n n
A,,:/ AEA(d)) and B, =/ LEB(d))
0 0

for all n € N. Then A,, B, belong to M™ and meet inequalities (6) and (7) for all
n € N by [18]. We have A, - A, B, —> Basn — oo and apply f;-continuity of
real continuous functions [33] and tr-continujfy of thgproduct operation. Inequalities
(6), (7) follow by t;-closedness of the cone M™ in M. O

Theorem 5.5 (cf[1, Theorem2]) Let T € S(M, t) be p-hyponormal withQ < p < %

and T = U|T| be the polar decomposition of T. Then the operator T = |T|%U|T|%
is (p+ %)-hyponormal.

Proof We apply Lemma 5.4 and repeat the proof of [1, Theorem 2]. Theorem is
proved. O

Corollary 5.6 If an operator T € S(M, t) is p-hyponormal with0 < p < % and has
the polar decomposition T = U|T|, then the t-measurable operator |f|%l~]|f|% is
hyponormal, where T = |T|%U |T|% andT = U |f| is the polar decomposition of T.
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