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Ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâàíèå äâèæåíèÿ ìàññèâ-
íîé ÷àñòèöû â ìåòðèêå Øâàðøèëüäà , 214

16 Òåîðèÿ Ôðèäìàíà èçîòðîïíîé îäíîðîäíîé Âñåëåííîé 223
Ïî÷åìó íàøà Âñåëåííàÿ îäíîðîäíàÿ, èçîòðîïíàÿ è íå âñåãäà áûëà
òàêîé, êàê ñåé÷àñ?, 223 ˆ Òðåõìåðíûå ïðîñòðàíñòâà ïîñòîÿííîé êðè-
âèçíû è ìåòðèêè Ôðèäìàíà , 224 ˆ Ñîçäàòåëü òåîðèè ðàñøèðÿþùåéñÿ
Âñåëåííîé � Àëåêñàíäð Àëåêñàíäðîâè÷ Ôðèäìàí , 227 ˆ Êèíåìàòèêà
Âñåëåííîé Ôðèäìàíà , 227 ˆ Óðàâíåíèÿ Ýéíøòåéíà è çàêîíû ñîõðà-
íåíèÿ , 229 ˆ Ðåøåíèÿ Ôðèäìàíà , 230
Ëèòåðàòóðà ê ëåêöèè, 232
Òåíçîðíûå âû÷èñëåíèÿ äëÿ ìåòðèêè Ôðèäìàíà â ÑÊÌ Maple , 232

17 Ãîðÿ÷àÿ ìîäåëü Âñåëåííîé Ãåîðãèÿ Ãàìîâà 237
Îñíîâîïîëîæíèê òåîðåòè÷åñêîé àñòðîôèçèêè è ãîðÿ÷åé ìîäåëè Âñå-
ëåííîé � Ãåîðãèé Àíòîíîâè÷ Ãàìîâ , 237 ˆ Ëîêàëüíîå òåðìîäèíàìè-
÷åñêîå ðàâíîâåñèå , 237 ˆ Ëîêàëüíîå òåðìîäèíàìè÷åñêîå ðàâíîâåñèå:
ìàêðîñêîïè÷åñêèå ñêàëÿðû , 238 ˆ Çàêîíû ñîõðàíåíèÿ è ýâîëþöèÿ
òåìïåðàòóðû: íåðåëÿòèâèñòñêèé ãàç , 240 ˆ Çàêîíû ñîõðàíåíèÿ è ýâî-
ëþöèÿ òåìïåðàòóðû: óëüòðàðåëÿòèâèñòñêèéãàç, 241 ˆ Ôåðìè è Áîçå
ãàçû ýëåìåíòàðíûõ ÷àñòèö , 241
Ëèòåðàòóðà ê ëåêöèè, 244

Ïðèëîæåíèÿ 245
Ôèçè÷åñêèå êîíñòàíòû è ðàçìåðíîñòü ôèçè÷åñêèõ åäèíèö , 245 ˆ
Ñïèñîê îáîçíà÷åíèé , 246 ˆ Ôóíêöèè Áåññåëÿ ìíèìîãî àðãóìåíòà , 247

Ñïèñîê ëèòåðàòóðû 247
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Ââåäåíèå

Âíèìàíèþ ×èòàòåëÿ ïðåäëàãàåòñÿ êíèãà, ïîñâÿùåííàÿ êðàòêîìó èçëîæåíèþ
îñíîâ òåîðåòè÷åñêîé ôèçèêè â êëàññè÷åñêîé åå ÷àñòè, îáðàùåííàÿ ïðåæäå âñåãî
ñòóäåíòàì-ìàòåìàòèêàì. Ãëàâíîé öåëüþ êíèãè ÿâëÿåòñÿ äîíåñåíèå îñíîâíûõ ïî-
ëîæåíèé òåîðåòè÷åñêîé ôèçèêè äëÿ ÷èòàòåëåé, ñëàáî çíàêîìûõ ñ ôèçè÷åñêèìè
ìåòîäàìè èññëåäîâàíèÿ, äëÿ êîòîðûõ òàê íàçûâàåìûå ¾ôèçè÷åñêèå ñîîáðàæå-
íèÿ¿, ïëîòíî íàñåëÿþùèå êíèãè ïî ôèçèêå, ïðåäñòàâëÿþòñÿ òóìàííûìè àá-
ñòðàêöèÿìè, ýòàêèìè ðàçëîìàìè ìàòåìàòè÷åñêîé ëîãèêè. Êàê ïîêàçûâàåò îïûò,
ïåðåâîä ýòèõ ôèçè÷åñêèõ ñîîáðàæåíèé íà ñòðîãèé ìàòåìàòè÷åñêèé ÿçûê ïîðîé
ïðåäñòàâëÿåò âåñüìà ãðîìîçäêóþ ïîñëåäîâàòåëüíîñòü îïåðàöèé, âûïîëíåíèå
êîòîðûõ ðåçêî ¾ðàçäóâàåò¿ îáúåì òåêñòà, ïðè ýòîì ñàìà ñóùíîñòü ôèçè÷åñêîãî
ÿâëåíèÿ ÷àñòî îòõîäèò íà âòîðîé ïëàí. Ïîýòîìó ïðè ïîïûòêå íàïèñàíèÿ òàêîé
êíèãè ó÷åíûé ñòàëêèâàåòñÿ ñ ïðîáëåìîé íàõîæäåíèÿ ¾òî÷êè ðàâíîâåñèÿ¿ ìåæ-
äó ñòðîãîñòüþ èçëîæåíèÿ ìàòåðèàëà è åãî îáúåìîì. Ïîñëåäíèé îïðåäåëÿåòñÿ
ó÷åáíîé ïðîãðàììîé äèñöèïëèíû: íà ìàòìåõå ÊÔÓ � ýòî 17 ëåêöèé äëÿ ñòóäåí-
òîâ ïðîôèëÿ ¾Ìàòåìàòèêà è êîìïüþòåðíûå íàóêè¿ è 20 ëåêöèé äëÿ ñòóäåíòîâ
ïåäàãîãè÷åñêîãî ïðîôèëÿ. Ïðè ýòîì íàäî ó÷èòûâàòü, ÷òî êóðñà îáùåé ôèçèêè
ýòè ñòóäåíòû íå ïðîõîäèëè, à óðîâåíü ñîâðåìåííîé øêîëüíîé ïîäãîòîâêè ïî
ôèçèêè îñòàâëÿåò î÷åíü æåëàòü ëó÷øåãî.

Ñëåäóåò îòìåòèòü, ÷òî ïîïûòêà ñîçäàíèÿ òàêîãî ó÷åáíèêà óæå ïðåäïðèíèìà-
ëàñü ïðîôåññîðîì Ìîñêîâñêîãî óíèâåðñèòåòà Ä.Â. Ãàëüöîâûì [ 1], íî åãî ó÷åáíèê
ïîñâÿùåí, â îñíîâíîì, òåîðèè ïîëÿ, êàê êëàññè÷åñêîé, òàê è êâàíòîâîé, è íà-
ïèñàí ÿçûêîì, ïîíÿòíûì, ìîæåò áûòü, ñòóäåíòàì ìåõìàòà ÌÃÓ, íî äîñòàòî÷íî
ñëîæíûì, íàïðèìåð, äëÿ ïîíèìàíèÿ ìàòåìàòèêàì-ïåäàãîãàì èëè ìàòåìàòèêàì-
èíôîðìàòèêàì. Ïîýòîìó íàø ó÷åáíèê ñîäåðæèò íåêîòîðûå ìàòåìàòè÷åñêèå
âñòàâêè, ïîñâÿùåííûå, íàïðèìåð, êîâàðèàíòíîìó äèôôåðåíöèðîâàíèþ, ñâîé-
ñòâàì òåíçîðà Ðèìàíà, ± - ôóíêöèè Äèðàêà, ãðóïïàì Ëè è ò.ï. Äëÿ êîìïåíñà-
öèè íåîáõîäèìîãî îáðàçîâàòåëüíîãî ìèíèìóìà ïî ôèçèêå Àâòîðû ïðèáåãëè ê
ìàêñèìàëüíîé èëëþñòðàòèâíîñòè ó÷åáíèêà, èëëþñòðèðóÿ îñíîâíûå ïîíÿòèÿ
ðèñóíêàìè (öâåòíûìè â ýëåêòðîííîé âåðñèè). Êðîìå òîãî, ïðè ðàçðàáîòêå êóðñà
è ó÷åáíèêà áûëà ïðèìåíåíà îñíîâíàÿ èäåÿ îñíîâîïîëîæíèêà ìàòåìàòè÷åñêî-
ãî ìîäåëèðîâàíèÿ àêàäåìèêà À.À. Ñàìàðñêîãî [ 2] � òðèàäû ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ.

Ñîãëàñíî À.À. Ñàìàðñêîìó ¾... ìàòåìàòè÷åñêàÿ ìîäåëü - ýòî ýêâèâàëåíò îáú-
åêòà, îòðàæàþùèé â ìàòåìàòè÷åñêîé ôîðìå âàæíåéøèå åãî ñâîéñòâà - çàêîíû,
êîòîðûì îí ïîä÷èíÿåòñÿ, ñâÿçè, ïðèñóùèå ñîñòàâëÿþùèì åãî ÷àñòÿì, è ò. ä.¿ [ 2],
ïðè÷åì ¾... ñàìà ïîñòàíîâêà çàäà÷è î ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè êàêîãî -
ëèáî îáúåêòà ïîðîæäàåò ÷åòêèé ïëàí äåéñòâèé. Åãî ìîæíî óñëîâíî ðàçáèòü íà
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òðè ýòàïà: ìîäåëü -àëãîðèòì-ïðîãðàììà (ñì. Ðèñ. 1).

Ðèñ. 1 Òðèàäà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïî àêàäåìèêó Ñàìàðñêîìó.

Íà ïåðâîì ýòàïå âûáèðàåòñÿ (èëè ñòðîèòñÿ) �ýêâèâàëåíò� îáúåêòà, îòðàæà-
þùèé â ìàòåìàòè÷åñêîé ôîðìå âàæíåéøèå åãî ñâîéñòâà - çàêîíû, êîòîðûì
îí ïîä÷èíÿåòñÿ, ñâÿçè ïðèñóùèå ñîñòàâëÿþùèì åãî ÷àñòÿì è ò.ä.. Ìàòåìàòè-
÷åñêàÿ ìîäåëü (èëè åå ôðàãìåíòû) èññëåäóåòñÿ òåîðåòè÷åñêèìè ìåòîäàìè, ÷òî
ïîçâîëÿåò ïîëó÷èòü âàæíûå ïðåäâàðèòåëüíûå çíàíèÿ îá îáúåêòå.

Âòîðîé ýòàï - âûáîð (èëè ðàçðàáîòêà) àëãîðèòìà äëÿ ðåàëèçàöèè ìîäåëè íà
êîìïüþòåðå. Ìîäåëü ïðåäñòàâëÿåòñÿ â ôîðìå, óäîáíîé äëÿ ïðèìåíåíèÿ ÷èñëåí-
íûõ ìåòîäîâ, îïðåäåëÿåòñÿ ïîñëåäîâàòåëüíîñòü âû÷èñëèòåëüíûõ è ëîãè÷åñêèõ
îïåðàöèé, êîòîðûå íóæíî.ïðîèçâåñòè, ÷òîáû íàéòè èñêîìûå âåëè÷èíû ñ çà-
äàííîé òî÷íîñòüþ. Âû÷èñëèòåëüíûå àëãîðèòìû äîëæíû íå èñêàæàòü îñíîâíûå
ñâîéñòâà ìîäåëè è, ñëåäîâàòåëüíî, èñõîäíîãî îáúåêòà, áûòü ýêîíîìè÷íûìè è
àäàïòèðóþùèìèñÿ ê îñîáåííîñòÿì ðåøàåìûõ çàäà÷ è èñïîëüçóåìûõ êîìïüþòå-
ðîâ.

Íà òðåòüåì ýòàïå ñîçäàþòñÿ ïðîãðàììû, �ïåðåâîäÿùèå� ìîäåëü è àëãîðèòì
íà äîñòóïíûé êîìïüþòåðó ÿçûê. Ê íèì òàêæå ïðåäúÿâëÿþòñÿ òðåáîâàíèÿ ýêî-
íîìè÷íîñòè è àäàïòèâíîñòè. Èõ ìîæíî íàçâàòü �ýëåêòðîííûì� ýêâèâàëåíòîì
èçó÷àåìîãî îáúåêòà, óæå ïðèãîäíûì äëÿ íåïîñðåäñòâåííîãî èñïûòàíèÿ íà �ýêñ-
ïåðèìåíòàëüíîé óñòàíîâêå� - êîìïüþòåðå. Ñîçäàâ òðèàäó �ìîäåëü - àëãîðèòì
- ïðîãðàììà�, èññëåäîâàòåëü ïîëó÷àåò â ðóêè óíèâåðñàëüíûé, ãèáêèé è íåäî-
ðîãîé èíñòðóìåíò, êîòîðûé âíà÷àëå îòëàæèâàåòñÿ, òåñòèðóåòñÿ â �ïðîáíûõ�
âû÷èñëèòåëüíûõ ýêñïåðèìåíòàõ. Ïîñëå òîãî êàê àäåêâàòíîñòü (äîñòàòî÷íîå ñî-
îòâåòñòâèå) òðèàäû èñõîäíîìó îáúåêòó óäîñòîâåðåíà, ñ ìîäåëüþ ïðîâîäÿòñÿ
ðàçíîîáðàçíûå è ïîäðîáíûå �îïûòû�, äàþùèå âñå òðåáóåìûå êà÷åñòâåííûå
è êîëè÷åñòâåííûå ñâîéñòâà è õàðàêòåðèñòèêè îáúåêòà. Ïðîöåññ ìîäåëèðîâà-
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íèÿ ñîïðîâîæäàåòñÿ óëó÷øåíèåì è óòî÷íåíèåì, ïî ìåðå íåîáõîäèìîñòè, âñåõ
çâåíüåâ òðèàäû...¿.

Òàêèì îáðàçîì, àêàäåìèê À.À. Ñàìàðñêèé äàë ÷åòêîå, ñòàâøåå êëàññè÷åñêèì,
îïðåäåëåíèå îáúåêòà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è îñíîâíûõ çàäà÷ ìàòå-
ìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Ýòà èäåÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è áûëà
ïîëîæåíà â îñíîâó äàííîãî êóðñà � ò.å., ìû ïîïûòàëèñü ñâåñòè èññëåäîâàíèå
ôèçè÷åñêèõ îáúåêòîâ è ÿâëåíèé ê ïîñòðîåíèþ èõ ìàòåìàòè÷åñêèõ è êîìïüþòåð-
íûõ ìîäåëåé. Ýòà èäåÿ ðàçâèâàëàñü ñ 2004 ãîäà îäíèì èç Àâòîðîâ (ñì., íàïðèìåð,
[3]). Åñëè îòíîñèòåëüíî ïåðâûõ äâóõ ýòàïîâ ñîçäàíèÿ ìàòåìàòè÷åñêîé ìîäåëè
âñå îòíîñèòåëüíî ÿñíî, òî òðåòèé ýòàï ìîäåëèðîâàíèÿ ìîæåò áûòü îñóùåñòâ-
ëåí ðàçëè÷íûìè ïðîãðàììíûìè ñðåäñòâàìè. Íàìè âûáðàíà äëÿ ýòîãî ñèñòåìà
êîìïüþòåðíîé ìàòåìàòèêè (ÑÊÌ) Maple . Ðÿä èññëåäîâàíèé ïîêàçûâàåò, ÷òî ýòà
ñèñòåìà ÿâëÿåòñÿ íàèáîëåå ïðîñòîé, óäîáíîé è ôóíêöèîíàëüíîé äëÿ ðåøåíèÿ
çàäà÷ ôèçèêî - ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ. Óêàæåì íà äâà ó÷åáíèêà ïî òåî-
ðåòè÷åñêîé ìåõàíèêè, ñîçäàííûå íà îñíîâå èñïîëüçîâàíèÿ Maple, � [ 6], [5]. Â
ðÿäå êíèã Â.Ç. Àëàäüåâà, Ä.Ï. Ãîëîñêîêîâà, Â.Ï. Äüÿêîíîâà, è äð. òàêæå ðàññìîò-
ðåíû çàäà÷è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ðàçëè÷íûõ ôèçè÷åñêèõ ñèñòåì â
ÑÊÌ Maple [ 7] � [ 16]. Îòìåòèì, ÷òî êîìïüþòåðíûå êëàññû èíñòèòóòà ìàòåìàòè-
êè è ìåõàíèêè èì. Í.È. Ëîáà÷åâñêîãî Êàçàíñêîãî ôåäåðàëüíîãî óíèâåðñèòåòà
îáåñïå÷åíû ëèöåíçèîííûìè âåðñèÿìè ïàêåòîâ Maple18 è Mathematica8, ÷òî
äàåò âîçìîæíîñòü ðåàëèçîâàòü óêàçàííóþ èäåþ. Ñëåäóåò òàêæå îòìåòèòü, ÷òî
êóðñó ëåêöèé îáû÷íî ïðåäøåñòâóåò ¾íóëåâàÿ¿ ëåêöèÿ â ôîðìàòå èíòåðàêòèâ-
íîé ïðåçåíòàöèè Þ.Ã. Èãíàòüåâà ¾Ñîâðåìåííûå çíàíèÿ î ñòðóêòóðå è ýâîëþöèè
Âñåëåííîé¿, èìåþùåé ñâîåé öåëüþ ìîòèâèðîâàòü ñòóäåíòîâ íà èçó÷åíèå äàííî-
ãî êóðñà, à òàêæå ÷àñòè÷íî êîìïåíñèðîâàòü èçúÿíû ñîâðåìåííîãî øêîëüíîãî
îáðàçîâàíèÿ â îáëàñòè ôèçèêè è àñòðîíîìèè. Ïîäðîáíîñòè êîìïüþòåðíîãî
ìîäåëèðîâàíèÿ â ÑÊÌ Maple ×èòàòåëü ìîæåò íàéòè â êíèãå Þ.Ã. Èãíàòüåâà [ 3].

Ñòðóêòóðà êíèãè

Ó÷åáíèê íàïèñàí â ôîðìàòå êîíñïåêòîâ ëåêöèé ñ ïðèëîæåíèÿìè çàäà÷ ïî òåìå
è äîïîëíèòåëüíîé ëèòåðàòóðîé ïî òåìå ëåêöèè. Êàê óêàçûâàëîñü, áîëüøèíñòâî
çàäà÷ ñîäåðæèò ïðîãðàììíóþ ðåàëèçàöèþ â êîäàõ ìàòåìàòè÷åñêèõ ìîäåëåé
èññëåäóåìûõ ÿâëåíèé. Îáùèé ñïèñîê ëèòåðàòóðû íàõîäèòñÿ â êîíöå êíèãè. Ëåê-
öèè, êàê è ðèñóíêè ê íèì, ïîäãîòîâëåíû ïðîôåññîðîì Þ.Ã. Èãíàòüåâûì, çàäà÷è,
êàê è ðèñóíêè ê íèì, ðàçðàáîòàíû ïðîôåññîðîì Þ.Ã. Èãíàòüåâûì è ê.ô.-ì.í.
À.À. Àãàôîíîâûì. Îôîðìëåíèå êíèãè è ïîäãîòîâêà ìàêåòà ê èçäàíèþ âûïîëíå-
íû À.À. Àãàôîíîâûì. Â êîíöå êíèãè ñîäåðæèòñÿ òàêæå íåêîòîðàÿ ñïðàâî÷íàÿ
èíôîðìàöèÿ, ïîäãîòîâëåííàÿ Þ.Ã. Èãíàòüåâûì.

Àâòîðû áóäóò áëàãîäàðíû ×èòàòåëÿì çà îòçûâû î êíèãå è êðèòè÷åñêèå çàìå-
÷àíèÿ. Ñëåäóåò îòìåòèòü, ÷òî ëåêöèè â âèäå îòäåëüíûõ pdf-ôàéëîâ ðàçìåùåíû
òàêæå íà ëè÷íîé ñòðàíèöå Þ.Ã. Èãíàòüåâà http://kpfu.ru/main?p_id=28384 .

Àâòîðû
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Äèíàìè÷åñêèå ñèñòåìû
è ôàçîâîå ïðîñòðàíñòâî

1.1 Ïîíÿòèå î äèíàìè÷åñêîé ñèñòåìå è äèíàìè÷åñêèõ ïåðåìåííûõ

1. Äèíàìè÷åñêàÿ ñèñòåìà � ìíîæåñòâî ýëåìåíòîâ, äëÿ êîòîðîãî çàäàíà
ôóíêöèîíàëüíàÿ çàâèñèìîñòü ìåæäó âðåìåíåì è ïîëîæåíèåì â ôàçîâîì
ïðîñòðàíñòâå êàæäîãî ýëåìåíòà ñèñòåìû. Çàäà÷åé äèíàìèêè ÿâëÿåòñÿ èçó-
÷åíèå ýâîëþöèè äèíàìè÷åñêèõ ñèñòåì âî âðåìåíè. Ñîñòîÿíèå äèíàìè÷å-
ñêîé ñèñòåìû â ëþáîé ìîìåíò âðåìåíè îïèñûâàåòñÿ ìíîæåñòâîì âåùå-
ñòâåííûõ ÷èñåë - äèíàìè÷åñêèõ ïåðåìåííûõ. Ýâîëþöèÿ äèíàìè÷åñêîé
ñèñòåìû îïðåäåëÿåòñÿ ôóíêöèåé ýòèõ ïåðåìåííûõ.

2. Ñòåïåíè ñâîáîäû äèíàìè÷åñêîé ñèñòåìû. Êîëè÷åñòâî ñòåïåíåé ñâîáî-
äû äèíàìè÷åñêîé ñèñòåìû åñòü ìèíèìàëüíîå ÷èñëî äèíàìè÷åñêèõ ïåðå-
ìåííûõ, ïîëíîñòüþ îïðåäåëÿþùèõ ñîñòîÿíèå ñèñòåìû â êàæäûé ìîìåíò
âðåìåíè.

1.2 Ïîíÿòèå î äèíàìè÷åñêîé ñèñòåìå è ñòåïåíÿõ åå ñâîáîäû

Îäíîìåðíîå äâèæåíèå

Ðèñ. 1.1 Êîëåáàíèÿ ïðóæèíû íàíèçàííîé íà òâåðäûé ñòåðæåíü

Öåíòð ìàññèâíîãî øàðèêà ñîâåðøàåò äâèæåíèå âäîëü îñè OX ïî çàêîíó
x Æx(t). Ñêîðîñòü äâèæåíèÿ øàðèêà v Æv(t) ÿâëÿåòñÿ âòîðîé ñòåïåíüþ ñâîáîäû.
Ïðèìåð äâóìåðíîé äèíàìè÷åñêîé ñèñòåìû.
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Äâóìåðíàÿ äèíàìè÷åñêàÿ ñèñòåìà

Ðèñ. 1.2 Êîëåáàíèÿ ïëîñêîãî ìàÿòíèêà

Öåíòð ïîäâåøåííîãî íà æåñòêèé ñòåðæåíü äëèííîé ` ìàññèâíîãî øàðèêà
ïîä äåéñòâèåì ñèëû òÿæåñòè ñîâåðøàåò äâèæåíèå âäîëü äóãè îêðóæíîñòè ðàäè-
óñà` , îòêëîíÿÿñü íà óãîë ' îò âåðòèêàëè. Íà ïåðâûé âçãëÿä êàæåòñÿ, ÷òî ÷èñëî
ñòåïåíåé ñâîáîäû ðàâíî 4. Îäíàêî, ýòî íå òàê. Êîîðäèíàòû x(t ) è y(t ) ñâÿçàíû
ìåæäó ñîáîé îòíîøåíèÿìè x(t ) Æ` cos' (t ), y(t ) Æ` ¡ ` sin ' (t ), ò.å., îäíîçíà÷íî
âûðàæàþòñÿ ÷åðåç ïåðåìåííóþ ' (t ). Àíàëîãè÷íî, êîîðäèíàòû ñêîðîñòè ìàÿò-
íèêà ðàâíû:
vx Æ�x Æ ¡` sin ' (t ) �' ,
vy Æ�y Æ ¡` cos' (t ) �' .
Òàêèì îáðàçîì, n Æ2, à äèíàìè÷åñêèìè ïåðåìåííûìè ñèñòåìû ÿâëÿþòñÿ
[' (t ), �' (t )].

Äâóìåðíîå äâèæåíèå, n=4

Åñëè áèëëèàðäíûé øàð ðàññìàòðèâàòü êàê ìàòåðèàëüíóþ òî÷êó, òî åãî äâèæåíèå
íà áèëëèàðäíîì ñòîëå ìîæíî ðàññìàòðèâàòü êàê äâóìåðíîå äâèæåíèå: x(t ), y(t ).
Òîãäà áèëëèàðäíûé øàð ìîæíî ðàññìàòðèâàòü êàê äèíàìè÷åñêóþ ñèñòåìó ñ
4-ìÿ ñòåïåíÿìè ñâîáîäû: x(t ), y(t ) �x(t ), �y(t ). Äèíàìè÷åñêàÿ ñèñòåìà èç N øàðîâ
áóäåò èìåòü 4£ N ñòåïåíåé ñâîáîäû.
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Ðèñ. 1.3 Áèëëèàðä

Äâóìåðíîå äâèæåíèå òâåðäîãî òåëà, n=6

Íà ñàìîì äåëå, áèëëèàðäíûé øàð èìååò êîíå÷íûé ðàäèóñ R, è èìåííî ýòî çíà-
÷èòåëüíî óñëîæíÿåò èãðó. Áèëëèàðäíûé øàð ìîæåò âðàùàòüñÿ âîêðóã íåêîòîðîé
ìîìåíòàëüíîé îñè ñ óãëîâîé ñêîðîñòüþ ~­ , èìåþùåé êðîìå àáñîëþòíîãî çíà÷å-
íèÿ åùå è íàïðàâëåíèå, ÷òî äîáàâëÿåò, âîîáùå ãîâîðÿ, åùå 3 ñòåïåíè ñâîáîäû.
Èìåííî â ýòîì ñëîæíîñòü îòðàæåíèÿ ¾êðó÷åíûõ¿ ìÿ÷åé â âîëåéáîëå è ôóòáîëå.

Øàðû ïðè ñòîëêíîâåíèÿõ ïåðåäàþò/ïðèíèìàþò ÷àñòü ñâîåé ýíåðãèè âðàùå-
íèÿ, ïðåâðàùàÿ åå â êèíåòè÷åñêóþ ýíåðãèþ ïîñòóïàòåëüíîãî äâèæåíèÿ.

Ðèñ. 1.4 Áèëëèàðä: ó÷åò âðàùåíèÿ øàðîâ

Òðåõìåðíîå äâèæåíèå òî÷å÷íîé ÷àñòèöû (ïóøå÷íîãî ÿäðà), n=6

3 ñòåïåíè ñâîáîäû ñîîòâåòñòâóþò 3-ì êîîðäèíàòàì r Æ(x(t ), y(t ), z(t )) è åùå 3
ñòåïåíè ñâîáîäû � 3-ì êîîðäèíàòàì âåêòîðà ñêîðîñòè v Æ( �x(t ), �y(t ), �z(t )).

1.3 Ôàçîâîå ïðîñòðàíñòâî äèíàìè÷åñêîé ñèñòåìû

Ôàçîâîå ïðîñòðàíñòâî äèíàìè÷åñêîé ñèñòåìû ¡ Æq1 £ q2 £ . . .£ qn
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Ðèñ. 1.5 Òðåõìåðíîå äâèæåíèå òî÷å÷íîé ÷àñòèöû

Ðèñ. 1.6 Ôàçîâîå ïðîñòðàíñòâî äèíàìè÷åñêîé ñèñòåìû

Ïîñêîëüêó äèíàìè÷åñêàÿ ñèñòåìà S ïîëíîñòüþ îïðåäåëÿåòñÿ ñâîèìè äèíà-
ìè÷åñêèìè ïåðåìåííûìè qi , (i Æ1,n), êàæäîå ñîñòîÿíèå M(t) äèíàìè÷å-
ñêîé ñèñòåìû, â ñâîþ î÷åðåäü, îïðåäåëÿåòñÿ òî÷êîé M (q1,q2, . . . ,qn ) â n -
ìåðíîì ôàçîâîì ïðîñòðàíñòâå. Ãåîìåòðè÷åñêîå ìåñòî òî÷åê M (t ) îïèñû-
âàåò êðèâóþ â ôàçîâîì ïðîñòðàíñòâå, êîòîðàÿ íàçûâàåòñÿ ôàçîâîé òðà-
åêòîðèåé äèíàìè÷åñêîé ñèñòåìû (ôàçîâûé ïîðòðåò) .
Åñëè íåñêîëüêî èçìåíèòü íà÷àëüíîå ñîñòîÿíèå äèíàìè÷åñêîé ñèñòåìû,
ïîëó÷èì äðóãóþ ôàçîâóþ òðàåêòîðèþ. Íåïðåðûâíî èçìåíÿÿ íà÷àëüíîå
ñîñòîÿíèå, ïîëó÷èì ôàçîâîé òðóáêó äèíàìè÷åñêîé ñèñòåìû .

Ôàçîâàÿ òðàåêòîðèÿ ïðÿìîëèíåéíîãî ðàâíîìåðíîãî äâèæåíèÿ x Æv0t , �x Æv0.
Ôàçîâàÿ òðàåêòîðèÿ � ïðÿìàÿ, ïàðàëëåëüíàÿ îñè OX : v Æv0.
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Ôàçîâàÿ òðàåêòîðèÿ ïðÿìîëèíåéíîãî ðàâíîìåðíî óñêîðåííîãî äâèæåíèÿ x Æ

at 2/2, �x Æat .
Ôàçîâàÿ òðàåêòîðèÿ � ïàðàáîëà ñ îñüþ OX : v Æ

p
2ax .

Ôàçîâàÿ òðàåêòîðèÿ îäíîìåðíûõ ãàðìîíè÷åñêèõ êîëåáàíèé x Æa cos! t , �x Æ
¡ a! sin ! t .
Ôàçîâàÿ òðàåêòîðèÿ � ýëëèïñ ñ ïîëóîñÿìè a,a! : x2

a2 Å v2

a2! 2 Æ1.

1.4 Ïðèíöèï íàèìåíüøåãî äåéñòâèÿ (ÏÍÄ)

Íàäî îòìåòèòü, ÷òî â ïîëîæèòåëüíûõ íàóêàõ, èçó÷àþùèõ ðåàëüíûé îêðóæà-
þùèé íàñ ìèð, à íå àáñòðàêòíûå îòíîøåíèÿ â íàøåì óìå, âàæíîå çíà÷åíèå
èìåþò ôóíäàìåíòàëüíûå ïðèíöèïû . Ïðèíöèïû íå ÿâëÿþòñÿ çàêîíàìè èëè
ñòðîãî äîêàçûâàåìûìè óòâåðæäåíèÿìè, à, ñêîðåå âñåãî, ÿâëÿþòñÿ íåêîòîðûìè
óíèâåðñàëüíûìè ñðåäñòâàìè ïîçíàíèÿ ìèðà, ò.å., èíñòðóìåíòàìè ðàçëîæåíèÿ
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ñëîæíîãî íà ïðîñòûå ÷àñòè. Ýòè èíñòðóìåíòû âîçíèêàþò, à ïðèíöèïû ôîðìó-
ëèðóþòñÿ ïî ìåðå ïðîäâèæåíèÿ â ïîçíàíèè ìèðà. Ê òàêèì ôóíäàìåíòàëüíûì
ïðèíöèïàì îòíîñèòñÿ è ïðèíöèï íàèìåíüøåãî äåéñòâèÿ . Âîò � õðîíîëîãè÷å-
ñêàÿ ïîñëåäîâàòåëüíîñòü óñòàíîâëåíèÿ ýòîãî ïðèíöèïà.

ˆ Ïüåð Ôåðìà (1662) ÏÍÄ äëÿ ñâåòà;

ˆ Ãîòôðèä Ëåéáíèö (1669) ââåë ïîíÿòèå äåéñòâèÿ;

ˆ Èñààê Íüþòîí (1687) ïîñòàâèë è ðåøèë ïåðâóþ âàðèàöèîííóþ çàäà÷ó;

ˆ Ëåîíàðä Ýéëåð (1744) îïóáëèêîâàë ïåðâóþ îáùóþ ðàáîòó ïî âàðèàöèîííî-
ìó èñ÷èñëåíèþ;

ˆ Ïüåð Ëóè äå Ìîïåðòþè (1744) ïåðâàÿ ôîðìóëèðîâêà ÏÍÄ;

ˆ Ìîïåðòþè è Ëåîíàðä Ýéëåð (1746) áîëåå ñòðîãàÿ ôîðìóëèðîâêà ÏÍÄ;

ˆ Æîçåô Ëóè Ëàãðàíæ (1760�1761) ñòðîãîå ïîíÿòèå âàðèàöèè ôóíêöèè è
ðàñïðîñòðàíèë ïðèíöèï íàèìåíüøåãî äåéñòâèÿ íà ïðîèçâîëüíóþ ìåõàíè-
÷åñêóþ ñèñòåìó;

ˆ Êàðë ßêîáè (1837) ãåîìåòðè÷åñêèé ïîäõîä, êàê íàõîæäåíèå ýêñòðåìàëåé
âàðèàöèîííîé çàäà÷è â êîíôèãóðàöèîííîì ïðîñòðàíñòâå ñ íååâêëèäîâîé
ìåòðèêîé � ïðè îòñóòñòâèè âíåøíèõ ñèë òðàåêòîðèÿ ñèñòåìû ïðåäñòàâëÿ-
åò ñîáîé ãåîäåçè÷åñêóþ ëèíèþ â êîíôèãóðàöèîííîì ïðîñòðàíñòâå;

ˆ Óèëüÿì Ãàìèëüòîí (1834�1835) � îáîáùåíèå ÏÍÄ.

Ïðèíöèï íàèìåíüøåãî äåéñòâèÿ . Êàæäàÿ äèíàìè÷åñêàÿ ñèñòåìà õàðàêòå-
ðèçóåòñÿ îïðåäåëåííîé èíâàðèàíòíîé ôóíêöèåé ñâîèõ äèíàìè÷åñêèõ ïåðåìåí-
íûõ L(q1(t ), q2(t ), . . . ,qn (t ), t ) ´ L(q(t ), t ), íàçûâàåìîé ôóíêöèåé Ëàãðàíæà ;

Ïóñòü â ìîìåíòû âðåìåíè t0 è t1 ñèñòåìà íàõîäèòñÿ â îïðåäåëåííûõ ñîñòîÿíèÿõ
S(t0) è S(t1), îòâå÷àþùèõ çíà÷åíèÿì äèíàìè÷åñêèõ ïåðåìåííûõ q (0) è q (1).



16 Äèíàìè÷åñêèå ñèñòåìû è ôàçîâîå ïðîñòðàíñòâî

Òîãäà ðåàëüíîå äâèæåíèå ñèñòåìû îñóùåñòâëÿåòñÿ ïî òàêîé ôàçîâîé òðàåêòîðèè
(Sm ),

S[q(t )] Æ

t 1Z

t 0

L(q(t ), t )d t (1.1)

âäîëü êîòîðîé èíòåãðàë ïðèíèìàåò ìèíèìàëüíîå (à, âîîáùå ãîâîðÿ, ýêñòðå-
ìàëüíîå) çíà÷åíèå. Èíòåãðàë (ôóíêöèîíàë) ( 1.1) íàçûâàåòñÿ äåéñòâèåì äèíà-
ìè÷åñêîé ñèñòåìû.

1.5 Äîïîëíèòåëüíûå ñâîéñòâà ôóíêöèè Ëàãðàíæà

Åùå îäíèì ôóíäàìåíòàëüíûì ñâîéñòâîì ôóíêöèè Ëàãðàíæà ïîìèìî åå èíâà-
ðèàíòíîñòè ÿâëÿåòñÿ ñâîéñòâî àääèòèâíîñòè :

Åñëè äèíàìè÷åñêàÿ ñèñòåìà S ñîñòîèò èç çàìêíóòûõ ïîäñèñòåì SA, òî ôóíêöèÿ
Ëàãðàíæà âñåé ñèñòåìû ïðè óäàëåíèè ÷àñòåé íà áåñêîíå÷íîñòü ðàâíà ñóììå
ôóíêöèé Ëàãðàíæà ïîäñèñòåì:

lim
r !1

L Æ
X

A
LA. (1.2)

Ðèñ. 1.7 Àääèòèâíîñòü ôóíêöèè äåéñòâèÿ
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Åùå îäíèì âàæíûì ñâîéñòâîì ôóíêöèè Ëàãðàíæà ÿâëÿåòñÿ åå íåîäíîçíà÷-
íîñòü , çàêëþ÷àþùàÿñÿ â ñëåäóþùåì. Äîáàâèì ê ôóíêöèè Ëàãðàíæà L(q, �q, t )
ïîëíóþ ïðîèçâîäíóþ ïðîèçâîëüíîé ôóíêöèè f (q, t ). Òîãäà äëÿ ñîîòâåòñòâóþ-
ùåé ïîïðàâêè ê äåéñòâèþ ïîëó÷èì:

¢ SÆ

t1Z

t0

d f

d t
d t ´

t1Z

t0

f (q, t ) Æf (q (1), t 1) ¡ f (q (0), t 0) Æ0.

Ïîýòîìó:

Ôóíêöèÿ Ëàãðàíæà L îïðåäåëåíà ñ òî÷íîñòüþ äî ïîëíîé ïðîèçâîäíîé ïî âðå-
ìåíè îò ïðîèçâîëüíîé ôóíêöèè f (q, t ).
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00019-150-7; http://libweb.ksu.ru/ebooks/05-IMM/05_120_000443.pdf

Ìàòåìàòè÷åñêàÿ ìîäåëü äâèæåíèÿ òåëà â îä-
íîðîäíîì ïîëå òÿæåñòè ïðè íàëè÷èè òðåíèÿ

Çàäà÷à 1: Ïîñòðîèòü ìîäåëü äâèæåíèå òåëà â îäíîðîäíîì ïîëå òÿæåñòè ïðè
íàëè÷èè ëèíåéíîé ñèëû òðåíèÿ .

Ìàòåìàòè÷åñêàÿ ìîäåëü:

Áóäåì ñ÷èòàòü, ÷òî â çàäà÷å ïðèìåíèìà ìîäåëü ìàòåðèàëüíîé òî÷êè, òî åñòü
ðàçìåðû äâèæóùåãîñÿ òåëà ïðåíåáðåæèìî ìàëû ïî ñðàâíåíèþ ñ âåëè÷èíîé
îòíîñèòåëüíûõ ïåðåìåùåíèé ýòîãî òåëà. Òîãäà äâèæåíèå òåëà â ïîëå òÿæåñòè
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ïðè íàëè÷èè ëèíåéíîé ñèëû òðåíèÿ Fòð Æ ¡kv (k � êîýôôèöèåíò ëèíåéíîãî
òðåíèÿ ) îïèñûâàåòñÿ âòîðûì çàêîíîì Íüþòîíà

ma ÆF ) m
d 2r

d t 2 Æ ¡k
dr

d t
¡ mg; (g Æg0). (1.3)

Ýòà ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà
äîëæíà ðåøàòüñÿ ñ íà÷àëüíûìè óñëîâèÿìè (çàäà÷à Êîøè):

r (t0) Ær0;
d r

d t

¯
¯
¯
¯
t Æt0

Æv0. (1.4)

Ñèñòåìà óðàâíåíèé ( 7.12) ñ íà÷àëüíûìè óñëîâèÿìè ( 1.4) è ñîñòàâëÿåò ìàòå-
ìàòè÷åñêóþ ìîäåëü äâèæåíèÿ òåëà â îäíîðîäíîì ïîëå òÿæåñòè. Âîçìîæíîñòü
èññëåäîâàíèÿ ýòîé ìàòåìàòè÷åñêîé ìîäåëè è åå àäåêâàòíîñòè îáåñïå÷èâàþò òåî-
ðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè è íåïðåðûâíîé
çàâèñèìîñòè ðåøåíèé îò íà÷àëüíûõ óñëîâèé è ïàðàìåòðîâ [ 24].

Èññëåäîâàíèå ìàòåìàòè÷åñêîé ìîäåëè:

Äîêàæåì, âî-ïåðâûõ, ÷òî äâèæåíèå òåëà â îäíîðîäíîì ïîëå òÿæåñòè âñåãäà
ïðîèñõîäèò â ïëîñêîñòè âåêòîðîâ {v0,g}. Êàê èçâåñòíî èç äèôôåðåíöèàëüíîé
ãåîìåòðèè (ñì., íàïðèìåð [ 18]), äëÿ òîãî, ÷òîáû êðèâàÿ ° áûëà ïëîñêîé êðèâîé,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû áûëî ðàâíî íóëþ ñìåøàííîé ïðîèçâåäåíèå
òðåõ ïðîèçâîäíûõ ðàäèóñà-âåêòîðà:

(�r , r̈ ,
...
r ) Æ0 , ° ½¦ . (1.5)

Èç óðàâíåíèé äâèæåíèÿ ( 7.12) íàéäåì:

r̈ Æ ¡
k

m
�r ¡ g;)

...
r Æ ¡

k

m
r̈ . (1.6)

Òàêèì îáðàçîì, âû÷èñëÿÿ ñìåøàííîå ïðîèçâåäåíèå ( 1.5), ïîëó÷èì íóëü âñëåä-
ñòâèå êîëëèíåàðíîñòè âåêòîðîâ r̈ è

...
r . Íàïðàâëÿþùèìè âåêòîðàìè ýòîé ïëîñêî-

ñòè ÿâëÿþòñÿ âåêòîðû v0 Æ�r(t0) è g.
Íàïðàâëÿÿ âåêòîð g âäîëü îñè OY : g Æ(0,¡ g), à âåêòîð v0 â ïëîñêîñòè XOY :

v0 Æ(v0 cos®,v0 sin ®), ãäå ® � óãîë ìåæäó âåêòîðîì v0 è îñüþ OX , âûáåðåì,
ïîëüçóÿñü îäíîðîäíîñòüþ ñèëû òÿæåñòè, r0 Æ(0,0). Òàêèì îáðàçîì, ïåðåïèøåì
âåêòîðíûå óðàâíåíèÿ ( 7.12) â êîîðäèíàòíîé ôîðìå:

ẍ Å �x Æ0, (1.7)

ÿ Å ¯ 2 �y Æ ¡g, (1.8)

ãäå¯ 2 de f
Æ k/ m .
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Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è

Ñèñòåìà ( 1.7) � ( 1.8) ïðåäñòàâëÿåò ñèñòåìó äâóõ îáûêíîâåííûõ ëèíåéíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé 2-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè , ïðè÷åì
ñèñòåìó íåçàâèñèìûõ óðàâíåíèé. Ðåøåíèå ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòå-
ìû ñîãëàñíî [ 24] íàõîäèòñÿ â âèäå:

x Æe¸ t ; y Æe
˜̧ t . (1.9)

Ïîäñòàâëÿÿ ( 1.9) â îäíîðîäíóþ ñèñòåìó óðàâíåíèé, ñîîòâåòñòâóþùóþ ( 1.7) �
(1.8), íàéäåì:

˜̧ ( ˜̧ Å ¯ 2) Æ0; ¸ (¸ Å ¯ 2) Æ0 ) ¸ Æ˜̧ Æ(0,¡ ¯ 2).

Òàêèì îáðàçîì, ñîãëàñíî òåîðåìå îá îáùåì ðåøåíèè ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé [ 24] (îáùåå ðåøåíèå íåîäíîðîäíîãî ëèíåéíîãî
óðàâíåíèÿ ðàâíî ñóììå îáùåãî ðåøåíèÿ îäíîðîäíîãî è ëþáîãî ÷àñòíîãî ðåøå-
íèÿ íåîäíîðîäíîãî), ó÷èòûâàÿ, ÷òî ÷àñòíûì ðåøåíèåì ytjlyjhjlyjuj óðàâíåíèÿ
(1.8) ÿâëÿåòñÿ y Æ ¡mg t / k , íàéäåì îáùåå ðåøåíèå ñèñòåìû ( 1.7) � ( 1.8):

r (t ) Æ
³
C1 Å C2e¡ kt / m ,C0

1 Å C0
2e¡ kt / m ¡

mg

k
t
´
, (1.10)

ãäåCi ,C0
i � ïðîèçâîëüíûå êîíñòàíòû. Ïåðâàÿ ïðîèçâîäíàÿ îò ðàäèóñà-âåêòîðà

(1.10) ðàâíà:

v(t ) Æ
µ
¡

k

m
C2e¡ kt / m , ¡

k

m
C0

2e¡ kt ¡
mg

k

¶
. (1.11)

Ïîäñòàâëÿÿ ( 1.10) � ( 1.11) â íà÷àëüíûå óñëîâèÿ ( 1.4), íàéäåì êîíñòàíòû Ci ,C0
i :

C1 Æ ¡C2 Æ
mv 0

k
cos®; C0

1 Æ ¡C0
2 Æ

mv 0

k
sin ®¡

m 2g

k2 . (1.12)

Òàêèì îáðàçîì, ïîäñòàâëÿÿ çíà÷åíèå ïîñòîÿííûõ â îáùåå ðåøåíèå ( 1.10), ïîëó-
÷èì:

r (t ) Æ
h
¡

v0m

k
cos®

¡
1¡ e¡ kt

m
¢
,
m

k

³¡
v0 Å

mg

k

¢¡
1¡ e¡ kt

m
¢
¡ g t

´i
. (1.13)

Ïðîâåðèì ïðàâèëüíîñòü ðåøåíèÿ ìåòîäîì ïðåäåëüíîãî ïåðåõîäà ê ðåøåíèþ
èçâåñòíîé çàäà÷è � øêîëüíîé çàäà÷è î äâèæåíèè òåëà â îäíîðîäíîì ïîëå
òÿæåñòè â îòñóòñòâèå òðåíèÿ � äëÿ ýòîãî íàì íåîáõîäèìî ñäåëàòü ïðåäåëüíûé
ïåðåõîä â ôîðìóëå ( 1.13) ïðè k ! 0. Ðàçëàãàÿ ôîðìóëó ( 1.13) â ðÿä Òåéëîðà ïî
ìàëîñòè k ñ òî÷íîñòüþ äî ÷ëåíîâ O(k2), ïîëó÷èì:

r (t ) ¼
µ
v0 cos®t ,v0 sin ®t ¡

g t2

2

¶
(1.14)

� èçâåñòíûå ¾øêîëüíûå¿ ôîðìóëû äâèæåíèÿ òåëà â îäíîðîäíîì ïîëå òÿãîòåíèÿ.
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Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè â ÑÊÌ Maple:

1) Óðàâíåíèÿ äâèæåíèÿ:

Eqs:=(m,k,g)->{m* diff (x(t),t$2)=-k* diff (x(t),t),
m*diff (y(t),t$2)=-k* diff (y(t),t)-m*g};

Íà÷àëüíûå óñëîâèÿ:

Inits:=(t0,r0,v0)->
{x(t0)=r0[1],y(t0)=r0[2],D(x)(t0)=v0[1],D(y)(t0)=v0[2]}:

Ïîñêîëüêó äèôôåðåíöèàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ îáûêíîâåííûìè è ëèíåé-
íûìè, èõ ðåøåíèå âñåãäà îòûñêèâàåòñÿ â Maple, õîòÿ áû â êâàäðàòóðàõ. Â íàøåì
æå ñëó÷àå óðàâíåíèÿ ÿâëÿþòñÿ ê òîìó æå è óðàâíåíèÿìè ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè, ïîýòîìó ðåøåíèå äîëæíî îòûñêèâàòüñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ
(ôóíêöèÿ ¾op¿ èçâëåêàåò ñîäåðæèìîå èç ñêîáîê).

S:= dsolve ({ op(Eqs(m,k,g)), op(Inits(t0,r0,v0))},{x(t),y(t)});

Äëÿ òîãî, ÷òîáû ìîæíî áûëî óïðàâëÿòü ïàðàìåòðàìè ðåøåíèÿ, íåîáõîäèìî
ñäåëàòü ñëåäóþùóþ îïåðàöèþ:

SS:=(tau,mu,kappa,zeta,T0,R0,V0)->
simplify ( subs (
{t=tau,m=mu,k=kappa,g=zeta,t0=T0,r0[1]=R0[1],
r0[2]=R0[2],v0[1]=V0[1],v0[2]=V0[2]},
subs (S,[x(t),y(t)])));

Ïîëîæèì, íàïðèìåð,ïîëüçóÿñü ñâîáîäîé âûáîðà íà÷àëà îòñ÷åòà âðåìåíè è êî-
îðäèíàò (âñëåäñòâèå îäíîðîäíîñòè ñèëû òÿæåñòè), t0=0, r0=[0,0], v0=[v0*cos(alpha),
v0*sin(alpha)].

X:=(t,m,k,g,v0,alpha)->SS(t,m,k,g,0,[0,0],
[v0*cos(alpha),v0*sin(alpha)]);

Èññëåäóåì ïðåäåëüíûé ïåðåõîä ôîðìóë â ñëó÷àå îòñóòñòâèÿ ñîïðîòèâëåíèÿ:

[mtaylor(X(t,m,k,g,v0,alpha)[1],k=0,3),
mtaylor(X(t,m,k,g,v0,alpha)[2],k=0,3)];

� â ðåçóëüòàòå ïîëó÷èì ïðåäåëüíûå ôîðìóëû ( 1.14). Åñëè â ýòèõ ôîðìóëàõ ïî-
ëîæèòü k=0, ìû ïîëó÷èì ñòàíäàðòíûå ¾øêîëüíûå ôîðìóëû¿ äâèæåíèÿ òåëà â
îäíîðîäíîì ïîëå òÿæåñòè.

Âû÷èñëèì ïðèáëèæåííî ìîìåíò âðåìåíè, êîãäà òåëî óïàäåò ¾íà çåìëþ¿,
ò.å., ðåøèì óðàâíåíèå y(t)=0. ×òîáû îòáðîñèòü ïåðâûé, íóëåâîé êîðåíü ýòîãî
óðàâíåíèÿ, áóäåì ðåøàòü óðàâíåíèå ïðè t, ñêàæåì, áîëüøèì 0.01.

fsolve(X(t,1,0.1,9.8,100,Pi/4)[2]=0,t,t=0.01..infinity);

12.06252099
Â äàííîì ñëó÷àå âðåìÿ ïîëåòà ðàâíî 12.06252099 ñ. Ñîçäàäèì ÷èñëåííóþ ïðîöå-
äóðó âû÷èñëåíèÿ äëèòåëüíîñòè ïîëåòà òåëà:
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Tau:=(t,m,k,g,v0,alpha)->fsolve(X(t,m,k,g,v0,alpha)[2]=0,t
=0.01..infinity);

Ïðîâåðèì ðàáîòó ïðîöåäóðû:

Tau(t,1,0.1,9.8,1000,Pi/6);

60.88192186
Ñîçäàäèì ïðîöåäóðó âû÷èñëåíèÿ äàëüíîñòè ïîëåòà òåëà:

L:=(t,m,k,g,v0,alpha)->X(Tau(t,m,k,g,v0,alpha),m,k,g,v0,alpha
)[1];Ïðîâåðèìðàáîòóïðîöåäóðû

:
\begin{lstlisting}
L(t,1,0.1,9.8,1000,Pi/6);

8640.599524
Òåëî ïðîëåòèò 8640,6 ìåòðîâ.

Ïîñòðîåíèå ãðàôè÷åñêîé ïðîöåäóðû òðàåêòîðèè ïîëåòà:

Ïîñòðîèì ïðîöåäóðó ãðàôè÷åñêîãî îòîáðàæåíèÿ òðàåêòîðèè ïîëåòà òåëà,
Graphic(m,k,g,v0,alpha,c,s) , ãäåc � öâåò îòîáðàæàåìîé òðàåêòîðèè, s �
ïàðàìåòð ìàñøòàáèðîâàíèÿ.

> Graphic:=(m,k,g,v0,alpha,c,s)->
plot ([ op(X(t,m,k,g,v0,alpha)),t=0..Tau(t,m,k,g,v0,alpha)],
color=c,scaling=s):

Èññëåäîâàíèå âëèÿíèÿ íà òðàåêòîðèþ ìàññû òåëà:

Áðîñèì 3 òåëà ñ ðàçëè÷íûìè ìàññàìè è ïðî÷èìè îäèíàêîâûìè ïàðàìåòðàìè:

> plots[ display ](Graphic(1,0.1,9.8,1000,Pi/6,blue,
UNCONSTRAINED),

Graphic(0.3,0.1,9.8,1000,Pi/6,black,UNCONSTRAINED),
Graphic(3,0.1,9.8,1000,Pi/6,red,UNCONSTRAINED),
captionÇàâèñèìîñòü=` òðàåêòîðèèîòìàññûòåëà :÷åðíàÿëèíèÿ

- m=0,3; ñèíÿÿ - m=1; êðàñíàÿ - m=3`,
captionfont=[TIMES,ROMAN,14]);

Êàê âèäíî èç ðèñóíêà ïðè íåáîëüøèõ ìàññàõ òåëà íåñèììåòðè÷íîñòü òðàåê-
òîðèè îòíîñèòåëüíî åå âåðøèíû âñå áîëüøå íàðóøàåòñÿ � íà çàêëþ÷èòåëüíîì
ýòàïå ïîëåòà òðàåêòîðèÿ ñòàíîâèòñÿ âñå áîëåå îòâåñíîé.
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Ðèñ. 1.8 Òðàåêòîðèè ïîëåòà òåëà â çàâèñèìîñòè îò åãî ìàññû.

Ñîçäàíèå ïðîöåäóðû äèíàìè÷åñêîé âèçóàëèçàöèè ïîëåòà òåëà

Äëÿ ýòîãî ïðèâëå÷åì áèáëèîòåêó plots, à èìåííî, åå êîìàíäó displayñ íåîáÿçà-
òåëüíîé îïöèåé insequence=true. Ìû õîòèì ñîçäàòü àíèìàöèþ èç N êàäðîâ, íà
êàæäîì èç êîòîðûõ äîëæíû áûòü èçîáðàæåíû: 1. òåëî â âèäå êðàñíîãî êðóæêà
â äàííûé ìîìåíò âðåìåíè, 2. ó÷àñòîê òðàåêòîðèè, êîòîðîå ïðîëåòåëî òåëî äî
äàííîãî ìîìåíòà âðåìåíè. 3. çíà÷åíèå âðåìåíè, êîîðäèíàò x,y íà òàáëî ââåðõó
ðèñóíêà.

>Fly:=proc(t,m,k,g,v0,alpha,N) local i,dt,tt,xx,yy,body,traj,
XX,YY,T,Cadr:
dt:=evalf(Tau(t,m,k,g,v0,alpha)/N,3):
tt:=(i)->evalf(i*dt,3):
xx:=(i)->evalf(X(tt(i),m,k,g,v0,alpha)[1],3):
yy:=(i)->evalf(X(tt(i),m,k,g,v0,alpha)[2],3):
#1. Ñîçäàåì i-é êàäð èçîáðàæåíèÿ òåëà
body:=(i)->plots[pointplot]([xx(i),yy(i)],symbol=solidcircle,
symbolsize=14,color=red,title=convert([t=tt(i),x=xx(i),y=yy(i)],
string),titlefont=[TIMES,ROMAN,14]):
#2. Ñîçäàåì i-êàäð òðàåêòîðèè
XX:=(T)->evalf(X(T,m,k,g,v0,alpha)[1],3):
YY:=(T)->evalf(X(T,m,k,g,v0,alpha)[2],3):
traj:=(i)->plot([XX(T),YY(T),T=0..tt(i)],color=blue,thickness=1,
numpoints=N*50):
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#3. Ñîçäàåì i-òûé êàäð ñîâìåùåíèåì äâóõ ðèñóíêîâ
Cadr:=(i)->plots[display](body(i),traj(i)):
#4. Ñîçäàåì àíèìàöèþ
plots[display](seq(Cadr(i),i=0..N),insequence=true):
end proc:

Çàïóñêàåì àíèìàöèþ:

>Fly(t,1,0.1,9.8,1000,Pi/4,100);

Ðèñ. 1.9 Ïîëåò òåëà: 58-é êàäð àíèìàöèè èç 100.
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Ýëåìåíòû âàðèàöèîííîãî èñ÷èñëåíèÿ
è âûâîä óðàâíåíèé Ýéëåðà-Ëàãðàíæà

2.1 Ïðîñòàÿ ïîñòàíîâêà âàðèàöèîííîé çàäà÷è

Íàéòè â ïóñòûíå êîëîäåö, íàéòè â ìîðå îñòðîâ, ...

Ðèñ. 2.1 Îñìîòð îêðåñòíîñòåé

Ðèñ. 2.2 ×åðòåæ îñìîòðà îêðåñòíîñòåé

` Æ
q

(RÅ h)2 ¡ R2 ¼
p

2Rh

® ¼tg® Æ` / R ¼

s
2h

R
) sÆ®R ¼` ¼4¥ 6êì .
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Íàéòè â ïóñòûíå êîëîäåö, íàéòè â ìîðå îñòðîâ, ...

Ðèñ. 2.3 Ïóòåøåñòâèå èç ïóíêòà ¾A¿ â ïóíêò ¾B¿ ïîTerra Incognita

R Æs¼4¥ 6 êì .

2.2 Âàðèàöèÿ è åå ñâîéñòâà

Ñðàâíåíèå ïîíÿòèé òåîðèè ôóíêöèé è âàðèàöèîííîãî èñ÷èñëåíèÿ

ˆ Ôóíêöèÿ è ôóíêöèîíàë

Ïåðåìåííàÿ z íàçûâàåòñÿ ôóíêöèåé
ïåðåìåííîé x (àðãóìåíòà), z Æz(x),
åñëè êàæäîìó çíà÷åíèþ x èç íåêîòî-
ðîé îáëàñòè D ñîîòâåòñòâóåò çíà÷å-
íèå z.

Ïåðåìåííàÿ v íàçûâàåòñÿ ôóíêöèî-
íàëîì ôóíêöèè y(x), v Æv[y(x)], åñëè
êàæäîé ôóíêöèè y(x) èç íåêîòîðîãî
êëàññà Cm ñîîòâåòñòâóåò çíà÷åíèå v .

ˆ Ïðèðàùåíèå è âàðèàöèÿ

Ïðèðàùåíèåì ¢ x àðãóìåíòà x ôóíê-
öèè f (x) íàçûâàåòñÿ ðàçíîñòü ìåæäó
äâóìÿ çíà÷åíèÿìè ýòîé ïåðåìåííîé
¢ x Æx ¡ x1. Åñëè x � íåçàâèñèìàÿ ïå-
ðåìåííàÿ, òî d Æ¢ .

Ïðèðàùåíèåì èëè âàðèàöèåé±y àðãó-
ìåíòà y(x) ôóíêöèîíàëà v[y(x)] íàçû-
âàåòñÿ ðàçíîñòü ìåæäó äâóìÿ ôóíêöè-
ÿìè èç íåêîòîðîãî êëàññà ïðè îäíîì
çíà÷åíèè àðãóìåíòà ±y Æy(x) ¡ y1(x).
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Ðèñ. 2.4 Ïðèðàùåíèå è âàðèàöèÿ

ˆ Íåïðåðûâíîñòü

Ôóíêöèÿ f(x) íàçûâàåòñÿ íåïðåðûâ-
íîé , åñëè ìàëîìó èçìåíåíèþ àðãó-
ìåíòà x ñîîòâåòñòâóåò ìàëîå èçìåíå-
íèå ôóíêöèè f(x).

Ôóíêöèîíàë v[y(x)] íàçûâàåòñÿ íåïðå-
ðûâíûì , åñëè ìàëîìó èçìåíåíèþ ôóíê-
öèè y(x) ñîîòâåòñòâóåò ìàëîå èçìåíå-
íèå ôóíêöèîíàëà v[y(x)].

ˆ Äèôôåðåíöèàë ôóíêöèè è âàðèàöèÿ ôóíêöèîíàëà

Åñëè ïðèðàùåíèå ôóíêöèè f (x)

¢ f (x) Æf (x Å ¢ x) ¡ f (x)

ïðåäñòàâèìî â âèäå

¢ f Æa(x)¢ x Å ¯ (x,¢ x),

ãäåa(x) íå çàâèñèò îò ¢ x, à ¯ (x,¢ x) ! 0
ïðè ¢ x ! 0, òî ôóíêöèÿ f (x) íàçûâàåò-
ñÿ äèôôåðåíöèðóåìîé , à ëèíåéíàÿ
ïî îòíîøåíèþ ê ¢ x ÷àñòü ïðèðàùå-
íèÿ a(x)¢ x íàçûâàåòñÿ äèôôåðåíöè-
àëîì ôóíêöèè è îáîçíà÷àåòñÿ d f :

d f Æf 0(x)¢ x Æ
@

@®
f (x Å ®¢ x)

¯
¯
®Æ0

Åñëè ïðèðàùåíèå ôóíêöèîíàëà v[y(x)]

¢ v Æv[y(x) Å ±y] ¡ v[y(x)]

ïðåäñòàâèìî â âèäå

¢ v ÆL[y(x),±y] Å ¯ (y(x),±y)max j±yj,

ãäåL[y(x),±y] � ëèíåéíûé ïî îòíîøå-
íèþ ê ±y ôóíêöèîíàë è ¯ (y(x),±y) ! 0
ïðè maxj±yj ! 0, òî ëèíåéíàÿ ïî îòíî-
øåíèþ ê ±y ÷àñòü ïðèðàùåíèÿ ôóíê-
öèîíàëà, L[y(x),±y] íàçûâàåòñÿ âàðèà-
öèåé ôóíêöèîíàëà è îáîçíà÷àåòñÿ
±v :

±v Æ
@

@®
v[y(x) Å ®±y)

¯
¯
®Æ0.
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Îñíîâíàÿ ëåììà âàðèàöèîííîãî èñ÷èñëåíèÿ

Åñëè äëÿ êàæäîé íåïðåðûâíîé ôóíêöèè Ã(x) è íåïðåðûâíîé íà îòðåçêå [x0,x1]
ôóíêöèè ©(x) âûïîëíÿåòñÿ óñëîâèå:

x1Z

x0

©(x)Ã(x)dx Æ0, (2.1)

òî íà ýòîì æå îòðåçêå:

©(x) ´ 0 (2.2)

Ñâîéñòâà âàðèàöèè

ˆ Ëèíåéíîñòü

±v[®f1(x) Å ¯ f2(x)] Æ®±v[f1(x)] Å ¯± v[f2(x)]; (2.3)

ˆ Âàðèàöèÿ ïðîèçâåäåíèÿ

±uv Æv±u Å u±v; (2.4)

ˆ Âàðèàöèÿ ñëîæíîãî ôóíêöèîíàëà

±v[y(x)] Æ
@v

@y
±y ) ±v[y1(x), y2(x), . . . ,yn (x)] Æ

nX

kÆ1

@v

@yk
±yk ; (2.5)

ˆ Ïåðåñòàíîâî÷íîñòü (êîììóòàöèÿ) äèôôåðåíöèðîâàíèÿ è âàðüèðîâàíèÿ

±dy ¡ d±y Æ0,, [d,±] Æ0; (2.6)

ˆ Ïåðåñòàíîâî÷íîñòü èíòåãðèðîâàíèÿ è âàðüèðîâàíèÿ

±
Z

ydx ¡
Z

±ydx Æ0,,
· Z

,±
¸

Æ0. (2.7)

Áëèçîñòü êðèâûõ

Êðèâûå y Æf1(x) è y Æf2(x) íàçûâàþòñÿ áëèçêèìè â ñìûñëå áëèçîñòè k - ãî
ïîðÿäêà, åñëè ìàëû ìîäóëè ðàçíîñòåé:

f1(x) ¡ f2(x);

f 0
1(x) ¡ f 0

2(x);

. . . . . .Æ.. .

f (k )
1 (x) ¡ f (k )

2 (x).



28 Ýëåìåíòû âàðèàöèîííîãî èñ÷èñëåíèÿ è âûâîä óðàâíåíèé Ýéëåðà-Ëàãðàíæà

Ðèñ. 2.5 a). Êðèâûå, áëèçêèå â ñìûñëå íóëåâîãî ïîðÿäêà. b). Êðèâûå,áëèçêèå â ñìûñëå 1-ãî
ïîðÿäêà.

2.3 Âûâîä óðàâíåíèÿ Ýéëåðà

Ïåðâàÿ âàðèàöèîííàÿ çàäà÷à äëÿ ïðîñòîãî ôóíêöèîíàëàN Æ2.

Ðàññìîòðèì ôóíêöèîíàë, çàâèñÿùèé îò ôóíêöèè îäíîé ïåðåìåííîé q(t ) è åå
ïåðâîé ïðîèçâîäíîé �q(t ):

S[q(t )] Æ

t1Z

t0

L(t ,q(t ), �q(t ))d t , (2.8)

ïðè÷åì ãðàíè÷íûå òî÷êè âñåõ äîïóñòèìûõ òðàåêòîðèé çàêðåïëåíû (ñì. 1.6):

q(t0) Æq (0); q(t1) Æq (1) ) ±q(t0) Æ±q(t1) Æ0. (2.9)

Áóäåì ïîëàãàòü, ÷òî ôóíêöèÿ Ëàãðàíæà L(t ,q(t ), �q(t )) ÿâëÿåòñÿ òðèæäû äèô-
ôåðåíöèðóåìîé, ò.å., ïðèíàäëåæèò êëàññó C3.

Áóäåì èñêàòü òàêóþ êðèâóþ q(t ) â êëàññåC2, âäîëü êîòîðîé ôóíêöèîíàë
L[q(t)] (2.8) ïðèíèìàåò ýêñòðåìàëüíîå çíà÷åíèå, ò.å., ïîòðåáóåì ïî àíàëîãèè ñ
äèôôåðåíöèàëüíûì èñ÷èñëåíèåì, ÷òîáû âàðèàöèÿ ôóíêöèîíàëà îáðàùàëàñü â
íóëü. Ñ ó÷åòîì ïåðåñòàíîâî÷íîñòè îïåðàöèé âàðüèðîâàíèÿ è äèôôåðåíöèðîâà-
íèÿ (èíòåãðèðîâàíèÿ), à òàêæå ïðàâèëà âàðüèðîâàíèÿ ñëîæíîãî ôóíêöèîíàëà,
ïîëó÷èì, èíòåãðèðóÿ ïî ÷àñòÿì:

±SÆ

t1Z

t0

±L(t ,q(t ), �q(t ))d t Æ

t1Z

t0

µ
@L

@q
±q Å

@L

@�q
± �q

¶
d t
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± �qd t ´ ±dq
dt dt Æ d

dt (±q)d t Æd±q )

t1Z

t0

@L

@�q
± �qd t Æ

@L

@�q
±q

¯
¯
¯
¯

t1

t0

¡

t1Z

t0

±q
d

dt

@L

@�q
dt

Òàêèì îáðàçîì, ïîëó÷èì äëÿ âàðèàöèè äåéñòâèÿ:

±SÆ

t1Z

t0

µ
@L

@q
¡

d

dt

@L

@�q

¶
±qdt . (2.10)

Ïîäûíòåãðàëüíîå âûðàæåíèå â êðóãëûõ ñêîáêàõ ( 2.10) ñîãëàñíî íàëàãàåìûì
óñëîâèÿì ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé íà îòðåçêå [t0, t1], à âàðèàöèÿ ±q
ïðîèçâîëüíà. Ïîýòîìó ñîãëàñíî îñíîâíîé ëåììå âàðèàöèîííîãî èñ÷èñëå-
íèÿ íåîáõîäèìûì óñëîâèåì âûïîëíåíèÿ ( 2.10), ò.å., ýêñòðåìàëüíîñòè äåéñòâèÿ
ÿâëÿåòñÿ âûïîëíåíèå äèôôåðåíöèàëüíîãî ñîîòíîøåíèÿ:

@L

@q
¡

d

dt

@L

@�q
Æ0. (2.11)

Ïîñêîëüêó ôóíêöèÿ Ëàãðàíæà L(t ,q(t ), �q(t )) ÿâëÿåòñÿ çàäàííîé ôóíêöèåé
ñâîèõ àðãóìåíòîâ, òî äèôôåðåíöèàëüíîå ñîîòíîøåíèå( 7.3) ÿâëÿåòñÿ îáûêíîâåí-
íûì äèôôåðåíöèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà îòíîñèòåëüíî ôóíêöèè
q(t ).

Åãî ðåøåíèå q Æq(t ) è ÿâëÿåòñÿ ðåøåíèåì ïîñòàâëåííîé çàäà÷è îá îòûñêà-
íèè òðàåêòîðèè íàèìåíüøåãî äåéñòâèÿ. Ýòî óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì
Ýéëåðà ; âïåðâûå îíî áûëî îïóáëèêîâàíî Ëåîíàðäîì Ýéëåðîì â 1744 ã.

Ìíîãîìåðíîå îáîáùåíèå ïåðâîé âàðèàöèîííîé çàäà÷è:N Æn .

Ðàññìîòðèì ôóíêöèîíàë, çàâèñÿùèé îò ôóíêöèé n ïåðåìåííûõ qi (t ) è èõ ïåð-
âûõ ïðîèçâîäíûõ �qi (t ) (i Æ1,n ):

S[q(t )] Æ

t1Z

t0

L(t ,q1(t ), . . . ,qn (t ) �q1(t ), . . . , �qn (t ))d t , (2.12)

ïðè÷åì ãðàíè÷íûå òî÷êè âñåõ äîïóñòèìûõ òðàåêòîðèé qi Æqi (t) çàêðåïëåíû
(ñì. 1.6):

qi (t0) Æq (0)
i ; qi (t1) Æq (1)

i ) ±qi (t0) Æ±qi (t1) Æ0. (2.13)

Áóäåì ïî-ïðåæíåìó ïîëàãàòü, ÷òî ôóíêöèÿ Ëàãðàíæà L(t ,q1(t ), . . . ,qn (t ) �q1(t ), . . . ,
�qn (t )) ÿâëÿåòñÿ äâàæäû äèôôåðåíöèðóåìîé ïî âñåì ïåðåìåííûì.
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Áóäåì èñêàòü òàêóþ êðèâóþ â ôàçîâîì ïðîñòðàíñòâå qi (t ) â êëàññåC2, âäîëü
êîòîðîé âàðèàöèÿ ôóíêöèîíàëà L(t ,q1(t ), . . . ,qn (t ) �q1(t ), . . . , �qn (t )) (2.12) îáðàùà-
ëàñü â íóëü. Ïî àíàëîãèè ñ ïðåäûäóùèìè âû÷èñëåíèÿìè, ïîëó÷èì, èíòåãðèðóÿ
ïî ÷àñòÿì:

±SÆ

t1Z

t0

±L(t ,q(t ), �q(t ))d t Æ

t1Z

t0

nX

i Æ1

µ
@L

@qi
±qi Å

@L

@�qi
± �qi

¶
dt

± �qi dt ´ ±dq i
dt dt Æ d

dt (±qi )d t Æd±qi )

t1Z

t0

@L

@�q
± �qd t Æ

@L

@�qi
±qi

¯
¯
¯
¯

t1

t0

¡

t1Z

t0

±qi
d

dt

@L

@�qi
dt

Òàêèì îáðàçîì, ïîëó÷èì äëÿ âàðèàöèè äåéñòâèÿ:

±SÆ

t1Z

t0

nX

i Æ0

µ
@L

@qi
¡

d

d t

@L

@�qi

¶
±qi dt . (2.14)

Ïîäûíòåãðàëüíîå âûðàæåíèå â êðóãëûõ ñêîáêàõ ( 2.14) ñîãëàñíî íàëàãàåìûì
óñëîâèÿì ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé íà îòðåçêå [t0, t1], à âñå âàðèàöèè±qi
ïðîèçâîëüíû. Ïîýòîìó ñîãëàñíî îñíîâíîé ëåììå âàðèàöèîííîãî èñ÷èñëå-
íèÿ íåîáõîäèìûì óñëîâèåì âûïîëíåíèÿ ( 2.14), ò.å., ýêñòðåìàëüíîñòè äåéñòâèÿ
ÿâëÿåòñÿ âûïîëíåíèå äèôôåðåíöèàëüíîãî ñîîòíîøåíèÿ ïðè êàæäîé âàðèàöèè
±qi :

@L

@qi
¡

d

d t

@L

@�qi
Æ0; (i Æ1,n). (2.15)

Â ýòîì ñëó÷àå ìû ïîëó÷àåì ñèñòåìó n îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé îòíîñèòåëüíî êîíôèãóðàöèîííûõ êîîðäèíàò ñèñòåìû qi (t ).

Ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé îïèñûâàåò ôàçîâóþ òðàåêòîðèþ äèíàìè-
÷åñêîé ñèñòåìû qi Æqi (t ); �qi Æ�qi (t ).

Ïðèìåð 1: çàäà÷à î êðàò÷àéøåé êðèâîé â åâêëèäîâîì ïðîñòðàíñòâå

Îïðåäåëèòü êðàò÷àéøóþ ïðÿìóþ, ñîåäèíÿþùóþ äâå çàäàííûå òî÷êè A è
B â n - ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå.

Ïóñòü ïàðàìåòðè÷åñêèå óðàâíåíèÿ êðèâîé èìåþò âèä:

r Ær(t ) Æ(x1(t (), x2(t ), . . . ,xn (t )). (2.16)

Òîãäà äëèíà äóãè ýòîé êðèâîé, s, ðàâíà:

s[r (t )] Æ

BZ

A

vu
u
t

nX

i Æ1
�x2
i (t )d t . (2.17)
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Òàêèì îáðàçîì, ôóíêöèÿ Ëàãðàíæà äëÿ ïåðâîé âàðèàöèîííîé çàäà÷è ðàâíà

L Æ

s
nP

i Æ1
�x2
i (t ).

Ïîñêîëüêó ôóíêöèÿ Ëàãðàíæà íå çàâèñèò ÿâíî îò t ,xi (t ), òî óðàâíåíèÿ Ýéëåðà
(2.15) ïðèíèìàþò âèä:

d

dt

@L

@�qi
Æ0 )

@L

@�qi
ÆCi . (2.18)

Âû÷èñëÿÿ, íàõîäèì:

2 �qi
nP

i Æ1
�x2
i (t )

ÆCi ) �qi Æ®i (Const) ) qi Æq0
i Å ®i t . (2.19)

Òàêèì îáðàçîì êðàò÷àéøèìè ëèíèÿìè â åâêëèäîâîì ïðîñòðàíñòâå ÿâëÿþòñÿ
îòðåçêè ïðÿìûõ è òîëüêî îíè.

Ïðèìåð 2: çàäà÷à î áðàõèñòîõðîíå � ëèíèè ñêîðåéøåãî ñïóñêà
(Èîãàíí Áåðíóëëè, 1696):

Îïðåäåëèòü êðèâóþ, ñîåäèíÿþùóþ äâå çàäàííûå òî÷êè A è B, íå ëåæàùèå
íà îäíîé âåðòèêàëüíîé ïðÿìîé, òàêóþ, ÷òî ìàññèâíàÿ òî÷êà ñêàòèòñÿ èç
A â B çà êðàò÷àéøåå âðåìÿ.

Ðèñ. 2.6 Çàäà÷à î áðàõèñòîõðîíå

Ïðè äâèæåíèè ìàòåðèàëüíîé òî÷-
êè â ïîëå òÿæåñòè âûïîëíÿåòñÿ çàêîí
ñîõðàíåíèÿ ýíåðãèè ( m � ìàññà ÷àñòè-
öû, g � óñêîðåíèå ñâîáîäíîãî ïàäå-
íèÿ), ñîãëàñíî êîòîðîìó
1

2
mv 2 Æmg y ) v Æ

p
2g y.

Ó÷òåì ñîîòíîøåíèå äëÿ äëèíû äó-

ãè ds Æ
q

1Å y02dx , à òàêæå îïðåäåëå-
íèå ñêîðîñòè v Æds/ d t :

vx Æ
dx

dt
Æ

dx

ds

ds

d t
´ v

Á
ds

dx
.

Òàêèì îáðàçîì, ïîëó÷èì ñîîòíîøå-
íèå:

dx

dt
Æ

p
2g y

q
1Å y02

,
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èíòåãðèðóÿ êîòîðîå íàéäåì âðåìÿ
ñïóñêà:

t [y(x)] Æ
1

p
2g

xBZ

xA

q
1Å y02

p
y

dx.

Òàêèì îáðàçîì, èìååì ïåðâóþ âàðèàöèîííóþ çàäà÷ó äëÿ ôóíêöèîíàëà t [y(x)]; )

L Æ 1p
2g

p
1Åy02
p

y .

Ðåøåíèå çàäà÷è ìîæíî íàéòè â
http://natalibrilenova.ru/blog/1432-primer-zadacha-chaplygina-zadacha-o-brahistohrone.html

Ëèòåðàòóðà ê ëåêöèè

[1] Ýëüñãîëüö Ë.Ý. Äèôôåðåíöèàëüíûå óðàâíåíèÿ è âàðèàöèîííîå èñ-
÷èñëåíèå. Ì: Íàóêà � ëþáîå èçäàíèå, íà÷èíàÿ ñ 1965 ã.

[2] Ë.Ä. Ëàíäàó, Å.Ì. Ëèôøèö. Òåîðåòè÷åñêàÿ ôèçèêà. Òîì I. Ìåõàíèêà.
Ì: Íàóêà � ëþáîå èçäàíèå, íà÷èíàÿ ñ 1965 ã.

[3] Èãíàòüåâ Þ.Ã. Äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ êðèâûõ ïî-
âåðõíîñòåé â åâêëèäîâîì ïðîñòðàíñòâå. IV ñåìåñòð: êóðñ
ëåêöèé äëÿ ñòóäåíòîâ ìàòåìàòè÷åñêîãî ôàêóëüòåòà. �
http://libweb.ksu.ru/ebooks/05_120_000327.pdf.

Çàäà÷è âàðèàöèîííîãî èñ÷èñëåíèÿ

Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

J[y(x)] Æ

0Z

¡ 1

³
12xy(x) ¡ (y0(x))2

´
dx ;

y(¡ 1) Æ1, y(0) Æ0.

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è

Ôóíêöèîíàë â çàäà÷å çàâèñèò îò ôóíêöèè îäíîé ïåðåìåííîé è å¼ ïåðâîé ïðîèç-

âîäíîé: J[y(x)] Æ
aR

b
L

¡
x, y(x), y0(x)

¢
dx .

Â íàøåì ñëó÷àå ôóíêöèÿ Ëàãðàíæà:

L(x, y, y0) Æ12xy ¡ y02.
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Òîãäà óðàâíåíèå Ýéëåðà:

@L

@y
¡

d

dx

@L

@y0 Æ0

äëÿ äàííîãî ôóíêöèîíàëà ïðèìåò âèä:

12x Å y00Æ0.

Èíòåãðèðóåì äâàæäû ïîëó÷åííîå äèôôåðåíöèàëüíîå óðàâíåíèå è íàõîäèì åãî
îáùåå ðåøåíèå:

y Æ ¡x3 Å C1x Å C2.

Ïîäñòàâëÿÿ ãðàíè÷íûå óñëîâèÿ ôóíêöèè y(x), íàéäåì ýêñòðåìàëü:

y Æ ¡x3.

Ðåøåíèå çàäà÷è â ÑÊÌ Maple

1) Äëÿ ðåøåíèÿ çàäà÷è íåîáõîäèìî ïîäêëþ÷èòü áèáëèîòåêó VariationalCalculus ,
ñîäåðæàùóþ êîìàíäó EulerLagrange(L,x,y(x)) , êîòîðàÿ âû÷èñëÿåò óðàâíåíèÿ

Ýéëåðà äëÿ ôóíêöèîíàëà J[y(x)] Æ
aR

b
L

¡
x, y(x), y0(x)

¢
dx :

with (VariationalCalculus):

2) Çàäàíèå ñîîòâåòñòâóþùåé ôóíêöèè Ëàãðàíæà:

L:=(12*x*y(x)- diff (y(x),x)^2);

L :Æ12xy (x) ¡
µ

d

dx
y (x)

¶2

3) Â ðåçóëüòàòå èñïîëüçîâàíèÿå êîìàíäû EulerLagrange âîçâðàùàåòñÿ ñïèñîê,
ñîäåðæàùèé äèôôåðåíöèàëüíûå óðàâíåíèå Ýéëåðà. Â íàøåì ñëó÷àå:

eqEL:=EulerLagrange(L,x,y(x));

eqEL :Æ
½

12x Å 2
d 2

dx2 y (x)

¾

4) Ýêñòðåìàëè íàõîäÿòñÿ ïóòåì ðåøåíèÿ ýòîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ñ ãðàíè÷íûìè óñëîâèÿìè. Íàéäåì èñêîìóþ ýêñòðåìàëü, èñïîëüçóÿ êîìàíäó
dsolve :

dsolve ({ op(eqEL),y(-1)=1,y(0)=0},y(x));
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y (x) Æ ¡x3

Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

J[y(x)] Æ

1Z

2

y0(x)
³
1Å x2y0(x)

´
dx ;

y(1) Æ3, y(2) Æ5.

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è

Ôóíêöèÿ Ëàãðàíæà L Æy0(x)
¡
1Å x2y0(x)

¢
íå çàâèñèò ÿâíî îò ôóíêöèè y(x), ñëå-

äîâàòåëüíî óðàâíåíèå Ýéëåðà ïðèíèìàåò âèä

d

dx

µ
@L

@y0

¶
Æ0,

äîïóñêàþùèé ïåðâûé èíòåãðàë

@L

@y0 ÆConst.

Â íàøåé çàäà÷å ïåðâûé èíòåãðàë ïðèìåò âèä:

1Å 2x2y0ÆC.

Èíòåãðèðóÿ ïîëó÷åííîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, íàéäåì
åãî îáùåå ðåøåíèå:

y Æ ¡
C1

x
Å C2.

Ïîñëå ïîäñòàíîâêè ãðàíè÷íûõ óñëîâèé íàéäåì èñêîìóþ ýêñòðåìàëü:

y Æ ¡
4

x
Å 7.

Ðåøåíèå çàäà÷è â ÑÊÌ Maple

Ïðè èñïîëüçîâàíèè êîìàíäû EulerLagrange äëÿ ðåøåíèÿ çàäà÷è âîçâðàòèòñÿ
ñïèñîê, ñîäåðæàùèé ñàìî óðàâíåíèå Ýéëåðà è ïåðâûé èíòåãðàë.
1) Âûçîâ êîìàíäû EulerLagrange ñ ñîîòâåòñòâóþùèì Ëàãðàíæèàíîì è êîíâåð-
òèðîâàíèå ïîñëåäîâàòåëüíîñòè ðåçóëüòàòîâ âûïîëíåíèÿ êîìàíäû â ñïèîê:

eqEL := convert(EulerLagrange( diff (y(x),x)*(1+x^2* diff (y(x),x
)),x,y(x)),list);
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eqEL :Æ[¡ 4x
d

dx
y (x) ¡ 2x2 d 2

dx2 y (x) ,2x2 d

dx
y (x) Å 1 ÆK1]

Ïåðâûé ýëåìåíò ñïèñêà � óðàâíåíèå Ýéëåðà, ê êîòîðîìó ìîæíî îáðàùàòüñÿ
÷åðåç èíäåêñ ñïèñêà: eqEL[1].
Ýêñòðåìàëü ìîæíî ëåãêî íàéòè, ðåøèâ êîìàíäîé dsolve äèôôåðåíöèàëüíîå
óðàâíåíèå ñ ãðàíè÷íûìè óñëîâèÿìè:

dsolve ({eqEL[1],y(1)=3,y(2)=5},y(x));

y (x) Æ7¡ 4x ¡ 1

2) Íî ìîæíî ïîëó÷èòü ôóíêöèþ ýêñòðåìàëè, âîñïîëüçîâàâøèñü íàéäåííûì
ïåðâûì èíòåãðàëîì óðàâíåíèÿ Ýéëåðà. Ðåøèì äèôôåðåíöèàëüíîå óðàâíåíèå
äëÿ èíòåãðàëà â êâàäðàòóðàõ:

sol := dsolve (eqEL[2],y(x));

sol :Æy (x) Æ ¡
1/2 K1 ¡ 1/2

x
Å _C1

è, ïîäñòàâèâ â îáùåå ðåøåíèå ãðàíè÷íûå óñëîâèÿ, ïîëó÷èì ñèñòåìó àëãåáðàè-
÷åñêèõ óðàâíåíèé:

sol1 := subs ({y(x)=3,x=1},sol);

sol1 :Æ3 Æ ¡1/2 K1 Å 1/2 Å _C1

sol2 := subs ({y(x)=5,x=2},sol);

sol2 :Æ5 Æ ¡1/4 K1 Å 1/4 Å _C1

Ðåøèì ñèñòåìó îòíîñèòåëüíî íåèçâåñòíûõ K[1],_C1:

const := solve ({sol1,sol2},{K[1],_C1});

const :Æ{_C1Æ7,K1 Æ9}

è ïîäñòàâèì â ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ sol :

subs ({ op(const)},sol);

y (x) Æ7¡ 4x ¡ 1

Ðåøåíèÿ íàéäåííûìè ïåðâûì è âòîðûì ñïîñîáàìè ñîâïàäàþò.
Ïðîâåðèì ýòî ðåøåíèå ïîäñòàíîâêîé â óðàâíåíèå Ýéëåðà eqEL[2]:

diff (eqEL[2],x);

4x
d

dx
y (x) Å 2x2 d 2

dx2 y (x) Æ0

Ðàâåíñòâî íóëþ ïîëó÷åííîãî âûðàæåíèÿ ïîäòâåðæäàåò èñòèííîñòü íàéäåííîãî
ðåøåíèÿ.



3
Ïðèíöèï íàèìåíüøåãî äåéñòâèÿ

íà ïðèìåðå ãåîäåçè÷åñêèõ

3.1 Ãåîäåçè÷åñêàÿ êàê êðàò÷àéøàÿ, ñîåäèíÿþùàÿ äâå òî÷êè ïîâåðõíîñòè

Ïóñòü ° � âåùåñòâåííàÿ êðèâàÿ ïîâåðõíîñòè §, çàäàííàÿ óðàâíåíèÿìè x i Æ
f i (t ), ãäåx i - âíóòðåííèå êîîðäèíàòû ïîâåðõíîñòè, t � âåùåñòâåííûé ïàðàìåòð,
è ïóñòü A è B � äâå òî÷êè ýòîé êðèâîé, ñîîòâåòñòâóþùèå çíà÷åíèÿì ïàðàìåòðà
t0 è t1. Ïóñòü äàëåå

ds2 Ægi k dx i dxk (3.1)

� ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà ïîâåðõíîñòè. Òîãäà äëèíà ýòîé êðèâîé, çàêëþ-
÷åííàÿ ìåæäó òî÷êàìè A è B ðàâíà:

S[x i (t )] Æ

BZ

A

ds Æ

t2Z

t1

q
gi k �x i �xk dt . (3.2)

Òàêèì îáðàçîì, çàäà÷à î íàõîæäåíèè êðàò÷àéøåãî ïóòè, ñîåäèíÿþùåãî íà ïî-
âåðõíîñòè § äâå çàäàííûå òî÷êè A è B, ñâîäèòñÿ ê ïåðâîé âàðèàöèîííîé çàäà÷å
äëÿ ôóíêöèîíàëà ( 3.2), êîòîðîìó ñîîòâåòñòâóåò ôóíêöèÿ Ëàãðàíæà

L(x i , �x i (t )) Æ
q

gi k �x i �xk (3.3)

Ðèñ. 3.1 Çàäà÷à î íàõîæäåíèè êðàò÷àéøåãî ïóòè
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@L

@x j
Æ

1

2
q

gi k �x i �xk
; (3.4)

@L

@�x j
Æ

g j k �xk

q
gi k �x i �xk

. (3.5)

3.2 Âûâîä óðàâíåíèé ãåîäåçè÷åñêèõ

Ðàññìîòðèì óðàâíåíèÿ Ýéëåðà äëÿ ôóíêöèè Ëàãðàíæà ( 3.3):

@L

@x j
¡

d

d t

@L

@�x j
Æ0. (3.6)

Ïåðåéäåì îò ïðîèçâîëüíîãî ïàðàìåòðà t â ýòèõ óðàâíåíèÿõ ê êàíîíè÷åñêîìó
ïàðàìåòðó s � äëèíå äóãè êðèâîé ° : x i Æx i (s). Òîãäà âñëåäñòâèå (3.1) âûïîë-
íÿåòñÿ ñîîòíîøåíèå íîðìèðîâêè :

ds2 Ægi k dx i dxk ) gi k
dx i

ds

dxk

ds
Æ1. (3.7)

Òàêèì îáðàçîì, ïðè íàòóðàëüíîé ïàðàìåòðèçàöèè êðèâîé êâàäðàòíûå
êîðíè â çíàìåíàòåëÿõ ïðàâûõ ÷àñòåé ôîðìóë ( 3.4) � ( 3.5) îáðàùàþòñÿ â 1, è ìû
ïîëó÷èì:

@L

@x j
Æ

1

2
@j gi k

dx i

ds

dxk

ds
;

@L

@�x j
Æg j k

dxk

ds
.

Òàêèì îáðàçîì, ïîëó÷èì óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà â ôîðìå:

1

2
@j gi k

dx i

ds

dxk

ds
¡

d

ds
g j k

dxk

ds
Æ0. (3.8)

Äèôôåðåíöèðóÿ gi k (xm (s)) êàê ñëîæíóþ ôóíêöèþ, íàéäåì

d

ds
g j k

dxk

ds
Æ

dxk

ds

d

ds
g j k Å g j k

d 2xk

ds2 Æ
@g j k

@x i

dx i

ds

dxk

ds
Å g j k

d 2xk

ds2 .

Ñóììèðóÿ ðåçóëüòàòû, ïîëó÷èì äëÿ óðàâíåíèé Ýéëåðà ( 3.6)

1

2

@gi k

@xk

dx i

ds

dxk

ds
¡

@gi k

@x j

dx i

ds

dxk

ds
¡ g j k

d 2xk

ds2 Æ0.
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Îáúåäèíÿÿ ÷ëåíû ñ ïðîèçâîäíûìè îò ìåòðè÷åñêîãî òåíçîðà è ó÷èòûâàÿ åãî
ñèììåòðèþ, ïîëó÷èì:

¡ ¡ i k , j
dx i

ds

dxk

ds
¡ g j k

d 2xk

ds2 Æ0, (3.9)

ãäå ââåäåíî îáîçíà÷åíèå äëÿ ñèìâîëîâ Êðèñòîôôåëÿ I-ãî ðîäà :

¡ i k , j Æ
1

2
(@i g j k Å @k gi j ¡ @j gi k ); @i ´

@

@x i
, (3.10)

ïðè÷åì:

¡ i k , j Æ¡ ki , j . (3.11)

Ñâåðíåì óðàâíåíèÿ ( 3.9) ñ êîíòðâàðèàíòíûì ìåòðè÷åñêèì òåíçîðîì g jm , òàêèì
÷òî:

g j k g jm Æ±m
k . (3.12)

Òîãäà ïîëó÷èì îêîí÷àòåëüíî óðàâíåíèÿ ãåîäåçè÷åñêèõ ëèíèé :

d 2xm

ds2 Å ¡ m
ik

dx i

ds

dxk

ds
Æ0, (3.13)

ãäå ¡ m
ik Æg jm ¡ i k , j � ñèììåòðè÷íûå ïî äâóì íèæíèì èíäåêñàì ñèìâîëû

Êðèñòîôôåëÿ II-ãî ðîäà .

3.3 Èíòåãðàë óðàâíåíèé ãåîäåçè÷åñêèõ

Ñâåðíåì óðàâíåíèÿ ãåîäåçè÷åñêèõ ( 13.4) ñ gmn dxn / ds è ó÷òåì ñèììåòðèþ ìåò-
ðè÷åñêîãî òåíçîðà è òîæäåñòâà:

gmn
dxn

ds

d 2xm

ds2 ´
1

2

d

ds

µ
gmn

dxm

ds

dxn

ds

¶
¡

dxm

ds

dxn

ds

d

ds
gmn

Äèôôåðåíöèðóÿ ìåòðè÷åñêèé òåíçîð êàê ñëîæíóþ ôóíêöèþ, ïîëó÷èì:

d

ds
gmn Æ@k gmn

dxk

dds
.

Äàëåå, âñëåäñòâèå ñèììåòðèè ìåòðè÷åñêîãî òåíçîðà:

gmn
dxn

ds
¡ m

ik
dx i

ds

dxk

ds
´ ¡ i k ,n

dx i

ds

dxk

ds

dxn

ds
´

1

2
@n gi k

dx i

ds

dxk

ds

dxn

ds



3.4 Ïðèìåðû ãåîäåçè÷åñêèõ 39

Òàêèì îáðàçîì, ïîëó÷èì äëÿ ñâåðòêè óðàâíåíèé ãåîäåçè÷åñêèõ:

gmn
dxn

ds

Ã
d 2xm

ds2 Å ¡ m
ik

dx i

ds

dxk

ds

!

Æ
1

2

d

ds

Ã

gi k
dxk

ds

dxk

ds

!

Æ0. (3.14)

Òàêèì îáðàçîì, ïîëó÷èì èç ( 3.14) ïåðâûé èíòåãðàë ãåîäåçè÷åñêèõ :

gi k
dxk

ds

dxk

ds
ÆConst. (3.15)

Ñîãëàñíî ñîîòíîøåíèþ íîðìèðîâêè ( 3.7) ýòà êîíñòàíòà ðàâíà 1 ( Const Æ1).

3.4 Ïðèìåðû ãåîäåçè÷åñêèõ

Ãåîäåçè÷åñêèå ïîâåðõíîñòåé âðàùåíèÿ

Ðèñ. 3.2 Ïîâåðõíîñòü âðàùåíèÿ

Ïîâåðõíîñòü âðàùåíèÿ, §, ìîæíî çàäàòü íåêîòîðîé îñüþ âðàùåíèÿ OO0(îñüþ
ñèììåòðèè) è ïëîñêîé êðèâîé ° , ðàñïîëîæåííîé â ïëîñêîñòè ¦ , ñîäåðæàùåé
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îñü ñèììåòðèè. Êðèâàÿ ° íàçûâàåòñÿ îáðàçóþùåé ïîâåðõíîñòè âðàùåíèÿ. Åñëè
â êà÷åñòâå îñè âðàùåíèÿ âûáðàòü îñü Oz öèëèíäðè÷åñêîé ñèñòåìû êîîðäèíàò:

r Æ(½cos' ,½sin ' ,z), (3.16)

ãäå½Æ
q

x2 Å y2 - ïîëÿðíûé ðàäèóñ, ' - ïîëÿðíûé óãîë, òî óðàâíåíèå ïîâåðõíî-
ñòè âðàùåíèÿ ìîæíî çàïèñàòü â âèäå: ½Æ½(z); ' 2 [0,2¼]

r Æ(½(z)cos' ,½(z)sin ' ,z), (3.17)

ò.å., çàäàòü îäíîé ôóíêöèåé ½(z). Âûáåðåì â êà÷åñòâå âíóòðåííèõ êîîðäèíàò
ïîâåðõíîñòè êîîðäèíàòû x1 Æu Æ' è x2 Æv Æz. Ëèíèè z ÆConst íàçûâàþòñÿ
ïàðàëëåëÿìè ïîâåðõíîñòè âðàùåíèÿ, à ëèíèè ' ÆConst - ìåðèäèàíàìè ïîâåðõ-
íîñòè âðàùåíèÿ.

Òàêèì îáðàçîì, âû÷èñëèì êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà:

g11 Æ(r ' , r ' ) Æ½2(z);g12 Æ(r ' , r z) Æ0;g22 Æ(r z, r z) Æ1Å ½02(z).

Âû÷èñëèì êîìïîíåíòû ñèìâîëîâ Êðèñòîôôåëÿ 1-ãî ðîäà:

¡ 11,1 Æ0;¡ 11,2 Æ ¡½0½; ¡ 12,1 Æ¡ 21,1 Æ½0½;

¡ 21,2 Æ¡ 12,2 Æ¡ 22,1 Æ0; ¡ 22,2 Æ½0½00.

Âû÷èñëèì êîíòðâàðèàíòíûå êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà:

g11 Æ1/ ½2;g12 Æ0;g22 Æ
1

1Å ½02(z)
.

Âû÷èñëèì êîìïîíåíòû ñèìâîëîâ Êðèñòîôôåëÿ 2-ãî ðîäà:

¡ 1
11 Æ0;¡ 1

12 Æ¡ 1
21 Æ

½0

½
;¡ 1

22 Æ0;¡ 2
11 Æ

½½0

1Å ½02 ; ¡ 2
12 Æ¡ 2

21 Æ0;¡ 2
22 Æ

½0½00

1Å ½02

Çàïèøåì óðàâíåíèÿ ãåîäåçè÷åñêèõ:

d 2'

ds2 Å ¡ 1
ik

dx i

ds

dxk

ds
)

d 2'

ds2 Å 2
½0

½

d'

ds

dz

ds
Æ0 (3.18)

d 2z

ds2 Å ¡ 2
ik

dx i

ds

dxk

ds
)

d 2z

ds2 Å
½½0

1Å ½02

d '

ds

2
Å

½0½00

1Å ½02

dz

ds

2
Æ0. (3.19)

Òàêèì îáðàçîì, ïîëó÷èì èç ( 3.18) åùå îäèí ïåðâûé èíòåãðàë ãåîäåçè÷åñêèõ:

d

ds
ln

¯
¯
¯
¯½

2 d '

ds

¯
¯
¯
¯ Æ0 ) ½2 d '

ds
ÆConst. (3.20)
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Ðèñ. 3.3 Ãåîäåçè÷åñêàÿ íà îäíîïîëîñòíîì ãèïåðáîëîèäå âðàùåíèÿ

Ãåîäåçè÷åñêàÿ íà îäíîïîëîñòíîì ãèïåðáîëîèäå âðàùåíèÿ

Êàíîíè÷åñêîå óðàâíåíèå îäíîïîëîñòíîãî ãèïåðáîëîèäà âðàùåíèÿ èìååò âèä:

x2

a2 Å
y2

a2 ¡
z2

c2 Æ1. (3.21)

Ïàðàìåòðèçàöèÿ óðàâíåíèÿ ( 3.21) äîñòèãàåòñÿ ïîäñòàíîâêîé:
x Æa ch(u)cos(' );
y Æa ch(u)sin( ' );
z Æcsh(u).

Ãåîäåçè÷åñêèå íà ãîðøêå

Ïîâåðõíîñòü ãîðøêà (÷óãóíêà) ìîæíî, íàïðèìåð, îïèñàòü óðàâíåíèÿìè:
r Æ((a Å sin(u))cos(v), (a Å sin(u))sin( v),u ),
ãäåa � ìàêñèìàëüíûé ðàäèóñ ãîðøêà.
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Ðèñ. 3.4 Ãåîäåçè÷åñêàÿ íà ïîâåðõíîñòè ãîðøêà

3.5 Ìàòåìàòè÷åñêèå ìîäåëè ãåîìåòðè÷åñêîé îïòèêè

Ïðèíöèïû ãåîìåòðè÷åñêîé îïòèêè

Ïðèíöèï Ôåðìà

Ïóñòü ïàðàìåòðè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ôîòîíà èìåþò âèä:

r Ær(t ) ) x i Æx i (t ), (3.22)

ãäå ïàðàìåòð t åñòü âðåìÿ. Áåñêîíå÷íî ìàëàÿ îïòè÷åñêàÿ äëèíà ïóòè ôîòîíà,
d¿, â àíèçîòðîïíîé îïòè÷åñêîé ñðåäå ñ òåíçîðîì ïðåëîìëåíèÿ n i k îïðåäåëÿåòñÿ
ôîðìóëîé:

d¿2 Æn i k dx i dxk , (3.23)

ãäåd~r Æ(dx1,dx2,dx3) - âåêòîð áåñêîíå÷íî ìàëîãî ñìåùåíèÿ ôîòîíà. Àáñîëþò-
íàÿ æå âåëè÷èíà ñêîðîñòè ôîòîíà â ñðåäå, v , â íàïðàâëåíèè d~r îïðåäåëÿåòñÿ
ñîîòíîøåíèåì:

v Æ
q

n i k �x i �x k . (3.24)
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Âûâîä óðàâíåíèé ñâåòîâûõ ëó÷åé èç ïðèíöèïà Ôåðìà

Èòàê, çàäàäèì ôóíêöèþ Ëàãðàíæà ñâåòîâîãî ëó÷à â âèäå:

L Æ
q

n i k dx i dxk . (3.25)

Äèôôåðåíöèðóÿ ( 3.22) ïî âðåìåíè, ïîëó÷èì:

dx i Æ�x i dt ,

ãäå:

�x i Æ
dx i

dt
.

Òàêèì îáðàçîì, ôóíêöèîíàë äåéñòâèÿ äëÿ ñâåòîâûõ ëó÷åé ïðèíèìàåò âèä:

SÆ

2Z

1

q
n i k �x i �xk dt . (3.26)

Ñðàâíèâàÿ ôîðìóëû ýòîãî ðàçäåëà ñ ñîîòâåòñòâóþùèìè ôîðìóëàìè ( 3.7), (3.10),
(13.4) ñ (3.15), (3.23) ñ (3.26) è ò.ä., çàìå÷àåì, ÷òî ïðè ïîäñòàíîâêàõ ñîîòâåòñòâó-
þùèõ âûðàæåíèé:

¿! s; n i k ! gi k (3.27)

çàäà÷à î íàõîæäåíèè òðàåêòîðèè ôîòîíà â àíèçîòðîïíîé è íåîäíîðîäíîé îïòè-
÷åñêîé ñðåäå íè÷åì ôîðìàëüíî íå îòëè÷àåòñÿ îò çàäà÷è î ãåîäåçè÷åñêîé ëèíèè
â ðèìàíîâîì ïðîñòðàíñòâå. Èòàê, ìîæíî ñäåëàòü ñëåäóþùåå óòâåðæäåíèå:

Â ïðåäåëå ãåîìåòðè÷åñêîé îïòèêè òðàåêòîðèÿ ôîòîíà (ëó÷ ñâåòà) â îïòè÷åñêè
ïðîçðà÷íîé àíèçîòðîïíîé è íåîäíîðîäíîé ñðåäå ñ òåíçîðîì ïðåëîìëåíèÿ
n i k (x) ñîâïàäàåò ñ ãåîäåçè÷åñêîé ëèíèåé â ðèìàíîâîì ïðîñòðàíñòâå ñ ìåò-
ðè÷åñêèì òåíçîðîì gi k (x) Æn i k (x).

Òàêèì îáðàçîì óñòàíàâëèâàåòñÿ ìàêñèìàëüíî òåñíàÿ ñâÿçü ìåæäó ãåîìåòðè-
÷åñêîé îïòèêîé è ðèìàíîâîé ãåîìåòðèåé.

Â ñâÿçè ñ ñóùåñòâîâàíèåì óêàçàííîãî âçàèìíî îäíîçíà÷íîãî ñîîòâåòñòâèÿ
ââåäåì îáúåêòû ­ i j ,k è ­ i

j k , èíäóöèðîâàííûå òåíçîðîì ïðåëîìëåíèÿ, êàê ìåò-

ðèêîé, -

­ i j ,k Æ
1

2

³
@i n j k Å @j n i k ¡ @k n i j

´
; (3.28)

­ i
j k Æn j l ­ j k ,l , (3.29)
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ãäå êîíòðàâàðèàíòíûé òåíçîð n j l ÿâëÿåòñÿ îáðàòíûì ê òåíçîðó ïðåëîìëåíèÿ
n i k , ò.å.:

n j l n i l Æ±
j
i . (3.30)

Îáúåêòû ­ i j ,k è ­ i
j k , èíäóöèðîâàííûå òåíçîðîì ïðåëîìëåíèÿ, áóäåì â äàëü-

íåéøåì äëÿ ïðîñòîòû íàçûâàòü îïòè÷åñêèìè ñèìâîëàìè Êðèñòîôôåëÿ I-ãî è II-ãî
ðîäà , ñîîòâåòñòâåííî.

Îòìåòèì ñëåäóþùåå âàæíîå îáñòîÿòåëüñòâî. Ñàìè ýòè îáúåêòû, êàê è ñèìâî-
ëû Êðèñòîôôåëÿ, íå ÿâëÿþòñÿ òåíçîðíûìè îáúåêòàìè. Îäíàêî, ñ äðóãîé ñòîðîíû
õîðîøî èçâåñòíî, ÷òî ðàçíîñòü ñîîòâåòñòâóþùèõ ñèìâîëîâ Êðèñòîôôåëÿ, èíäó-
öèðîâàííûõ ðàçëè÷íûìè ìåòðèêàìè, â îáùåé êîîðäèíàöèè ïðåäñòàâëÿåò òåíçîð
III-ãî ðàíãà . Òàê êàê ñàìî ôèçè÷åñêîå ïðîñòðàíñòâî, â êîòîðîì íàõîäèòñÿ è îï-
òè÷åñêàÿ ñðåäà, ÿâëÿåòñÿ åâêëèäîâûì, òî â äåêàðòîâûõ êîîðäèíàòàõ 1 ñèìâîëû
Êðèñòîôôåëÿ ýòîãî ïðîñòðàíñòâà îáðàùàþòñÿ â íóëü. Â êðèâîëèíåéíûõ æå êî-
îðäèíàòàõ ñèìâîëû Êðèñòîôôåëÿ åâêëèäîâà ïðîñòðàíñòâà, ¡ i j ,k è ¡ i

j k , âîîáùå

ãîâîðÿ, îòëè÷íû îò íóëÿ. Ðàçíîñòè æå

±­ i j ,k Æ­ i j ,k ¡ ¡ i j ,k ; ±­ i
j k Æ­ i

j k ¡ ¡ i
j k (3.31)

ÿâëÿþòñÿ êîìïîíåíòàìè òåíçîðîâ è îïèñûâàþò ïîýòîìó òåíçîðíûå ñâîéñòâà
îïòè÷åñêîé ñðåäû.

Òàêèì îáðàçîì, âîñïîëüçîâàâøèñü ðåçóëüòàòàìè ðàçäåëà 3.2, ìû ñðàçó ìîæåì
âûïèñàòü óðàâíåíèÿ ðàñïðîñòðàíåíèÿ ñâåòà â îïòè÷åñêè ïðîçðà÷íîé íåîäíîðîäíîé
è àíèçîòðîïíîé ñðåäå , êîòîðûå, êàê áûëî óêàçàíî âûøå, ÿâëÿþòñÿ óðàâíåíèÿìè
ãåîäåçè÷åñêèõ ëèíèé â ìåòðèêå ( 3.23):

d 2x i

d¿2 Å ­ i
j k

dx j

d¿

dxk

d¿
Æ0. (3.32)

Çàìåòèì, ÷òî äèôôåðåíöèðîâàíèå â ýòèõ óðàâíåíèÿõ îñóùåñòâëÿåòñÿ íå ïî ïàðà-
ìåòðó âðåìåíè, t , à ïî îïòè÷åñêîé äëèíå ïóòè, ¿. Âñëåäñòâèå (3.23) âûïîëíÿåòñÿ
ñîîòíîøåíèå íîðìèðîâêè :

n i k
dx i

d¿

dxk

d¿
Æ1. (3.33)

Äëÿ ðåøåíèÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ( 3.32), êàê
èçâåñòíî, íåîáõîäèìî çàäàòü íà÷àëüíûå óñëîâèÿ â íåêîòîðîé òî÷êå M (x0) ÆM0:

x i (¿0) Æx i
0;

dx i

d¿
(¿0) Æ

dx i

d¿

¯
¯
¯
¯
¯
¿Æ0

Æu i
0, (3.34)

1À áîëåå òî÷íî, â àôôèííûõ êîîðäèíàòàõ.
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ãäåu i - åäèíè÷íûé â ñìûñëå ìåòðèêè n i k è êàñàòåëüíûé ê ñâåòîâîé òðàåêòîðèè
âåêòîð:

u i Æ
dx i

d¿
. (3.35)

Ñîîòíîøåíèå íîðìèðîâêè ( 3.33) äîëæíî âûïîëíÿòüñÿ â ëþáîé òî÷êå ñâåòîâîãî
ëó÷à, â òîì ÷èñëå, è â íà÷àëüíîé:

n i k (x0)u i
0uk

0 Æ1. (3.36)

Ïðè ÷èñëåííîì ðåøåíèè çàäà÷è óäîáíåå âñåãî âîñïîëüçîâàòüñÿ ñîîòíîøåíèåì
(3.36), âûðàæàÿ îäíó èç êîìïîíåíò âåêòîðà u i

0 ÷åðåç äâå äðóãèå. Ïðè ýòîì ñîãëàñ-
íî òåîðèè ãåîäåçè÷åñêèõ ëèíèé ñîîòíîøåíèå íîðìèðîâêè ( 3.33) àâòîìàòè÷åñêè
áóäåò âûïîëíÿòüñÿ â êàæäîé òî÷êå ñâåòîâîé êðèâîé.

Ñâîéñòâà òåíçîðà ïðåëîìëåíèÿ

Íàðÿäó ñ êâàäðàòè÷íîé ôîðìîé îïòè÷åñêîé ñðåäû ( 3.23) ìîæíî ðàññìîòðåòü è
êâàäðàòè÷íóþ ôîðìó ïóñòîãî ðèìàíîâà ïðîñòðàíñòâà 2:

ds2 Ægi k (x)dx i dxk , (3.37)

ãäå jj gi k jj ÆG - íåâûðîæäåííàÿ ìàòðèöà, ïðè÷åì êâàäðàòè÷íàÿ ôîðìà ( 3.37)
ïîëîæèòåëüíî îïðåäåëåíà, âñëåäñòâèå ÷åãî:

g ÆjGj È 0. (3.38)

Òàêèì îáðàçîì, â êàæäîé òî÷êå M (x i ) ìíîæåñòâà òî÷åê M èìååì ïàðó êâàäðà-
òè÷íûõ ôîðì, ( 3.23) è (3.37), îïðåäåëÿåìûõ ñèììåòðè÷íûìè òåíçîðàìè 2-ãî
ðàíãà n i k è gi k .3 Ñîãëàñíî òåîðèè êâàäðàòè÷íûõ ôîðì 4 ïàðó êâàäðàòè÷íûõ
ôîðì, èç êîòîðûõ îäíà ïîëîæèòåëüíî îïðåäåëåíà, íåâûðîæäåííûìè ïðåîáðà-
çîâàíèÿìè êîîðäèíàò â êàæäîé ïðîèçâîëüíîé, ôèêñèðîâàííîé òî÷êå M0 ìîæíî
îäíîâðåìåííî ïðèâåñòè ê êàíîíè÷åñêîìó âèäó:

G0 Æ

0

@
1 0 0
0 1 0
0 0 1

1

A; N0 Æ

0

@
n1 0 0
0 n2 0
0 0 n3

1

A, (3.39)

ãäån i - ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû N , îïðåäåëÿåìûå õàðàêòåðèñòè÷åñêèì
óðàâíåíèåì:

jN ¡ nGj Æ0. (3.40)

2Êîòîðîå â ðàññìàòðèâàåìîì íàìè ñëó÷àå ÿâëÿåòñÿ åâêëèäîâûì.
3Íàïîìíèì, ÷òî ìàòðèöà êâàäðàòè÷íîé ôîðìû âñåãäà ñèììåòðè÷íà.
4Ñì., íàïðèìåð, [ 21]
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Ñîáñòâåííûå æå âåêòîðû, k
(®)

i ; ® Æ1,3, îïðåäåëÿåìûå óðàâíåíèÿìè:

(N ¡ nG)K Æ0 )
¡
n i j ¡ n (®)gi j

¢
k

(®)

j Æ0, (3.41)

áóäåì íàçûâàòü îïòè÷åñêèìè îñÿìè ñðåäû .
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Ïîñòðîåíèå ãåîäåçè÷åñêèõ ëèíèé íà ïîâåðõíîñòè

Çàäà÷à:

Ïîñòðîèòü ãåîäåçè÷åñêóþ ëèíèè íà ïîâåðõíîñòè.

Ìàòåìàòè÷åñêàÿ ìîäåëü

Ïóñòü ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà ïîâåðõíîñòè:

ds2 Ægi k dx i dxk ,

ãäåx i ,xk � âíóòðåííèå êîîðäèíàòû ïîâåðõíîñòè. Òîãäà óðàâíåíèÿ ãåîäåçè÷å-
ñêèõ ëèíèé ïîâåðõíîñòè:

d 2xm

ds2 Å ¡ m
ik

dx i

ds

dxk

ds
Æ0,

ãäå¡ m
ik Æ1

2g jm (@i g j k Å @k gi j ¡ @j gi k ) � ñèììåòðè÷íûå ïî äâóì íèæíèì èíäåê-
ñàì ñèìâîëû Êðèñòîôôåëÿ 2-ãî ðîäà.

Ìàòåìàòè÷åñêàÿ ìîäåëü ãåîäåçè÷åñêîé ëèíèè íà ïîâåðõíîñòè ñîñòîèò èç
äèôôåðåíöèàëüíûõ óðàâíåíèé ãåîäåçè÷åñêîé è íà÷àëüíûõ óñëîâèé � ïðîèç-
âîëüíîé òî÷êè ãåîäåçè÷åñêîé è êàñàòåëüíîãî âåêòîðà ãåîäåçè÷åñêîé â ýòîé
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òî÷êå:

r (s0) Ær0;
d r

ds

¯
¯
¯
¯
sÆs0

Æv0,

ãäås � ïàðàìåòð ãåîäåçè÷åñêîé ëèíèè.

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è

Âûâåäåì óðàâíåíèÿ ãåîäåçè÷åñêèõ ëèíèé äëÿ ïîâåðõíîñòè îäíîïîëîñòíîãî
ãèïåðáîëîèäà âðàùåíèÿ ñ êàíîíè÷åñêèì óðàâíåíèåì:

x2

a2 Å
y2

a2 ¡
z2

c2 Æ1.

Ðàññìîòðèì ñëåäóþùóþ ïàðàìåòðèçàöèþ ãèïåðáîëîèäà:

x Æ a ch(u)cos(v);

y Æ a ch(u)sin(v);

z Æ csh(u),

ãäåu 2 (¡1 ,1 ), v 2 [0,2¼].
Òîãäà ðàäèóñ-âåêòîð òî÷êè ïàðàìåòðèçîâàííîé ïîâåðõíîñòè:

r (u ,v) Æ(a ch(u)cos(v), a ch(u)sin(v), csh(u)),

è ÷àñòíûå ïðîèçâîäíûå îò âåêòîðíîé ôóíêöèè ïî ïàðàìåòðàì:

ru Æ (a sh(u)cos(v), a sh(u)sin(v), cch(u));

r v Æ (¡ a ch(u)sin(v), a ch(u)cos(v), 0).

Íàéäåì êîýôôèöèåíòû ïåðâîé êâàäðàòè÷íîé ôîðìû ïîâåðõíîñòè ãèïåðáîëîè-
äà:

E Ær2
u Æa2 sh2(u ) Å c2 ch2(u );

G Ær2
v Æa2 ch2(u );

F Æ(ru ¢r v ) Æ0.

Ìàòðèöà ïåðâîé êâàäðàòè÷íîé ôîðìû ïîâåðõíîñòè (ìåòðè÷åñêèé òåíçîð)
èìååò âèä:

jj gi k jj Æ
µ

a2 sh2(u ) Å c2 ch2(u ) 0
0 a2 ch2(u )

¶
,

à îáðàòíàÿ ê íåé ìàòðèöà:

jj g i k jj Æ

0

B
B
@

1

a2 sh2(u ) Å c2 ch2(u )
0

0
1

a2 ch2(u )

1

C
C
A.
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Âû÷èñëèì ñèìâîëû Êðèñòîôôåëÿ 1-ãî ðîäà îòíîñèòåëüíî ìåòðè÷åñêîãî òåíçîðà
gi k , ¡ i k , j Æ1

2

¡
@i g j k Å @k gi j ¡ @j gi k

¢
:

¡ 11,2 Æ¡ 12,1 Æ¡ 21,1 Æ¡ 22,2 Æ0;

¡ 11,1 Æ(a2 Å c2)ch(u)sh(u);

¡ 12,2 Æ ¡¡ 22,1 Æa2 ch(u)sh(u),

ãäåx1 Æu , x2 Æv .
Âû÷èñëèì ñèìâîëû Êðèñòîôôåëÿ 2-ãî ðîäà ïî ôîðìóëå ¡ m

ik Ægm j ¡ i k , j :

¡ 2
11 Æ¡ 1

12 Æ¡ 1
21 Æ¡ 2

22 Æ0;

¡ 1
11 Æ

(a2 Å c2)ch(u)sh(u)

a2 sh2(u ) Å c2 ch2(u )
;

¡ 1
22 Æ ¡

a2 ch(u)sh(u)

a2 sh2(u ) Å c2 ch2(u )
;

¡ 2
12 Æ¡ 2

21 Æth(u).

Ñëåäîâàòåëüíî, óðàâíåíèÿ ãåîäåçè÷åñêèõ ëèíèé íà îäíîïîëîñòíîì ãèïåðáî-
ëîèäå âðàùåíèÿ âûãëÿäÿò ñëåäóþùèì îáðàçîì:

(i Æ1)
d 2u

ds2 Å ¡ 1
11

µ
du

ds

¶2
Å ¡ 1

22

µ
dv

ds

¶2
Æ0;

(i Æ2)
d 2v

ds2 Å 2¡ 2
12

du

ds

dv

ds
Æ0.

Òàêèì îáðàçîì, ãåîäåçè÷åñêèå ëèíèè îïðåäåëÿþòñÿ îáùèìè ðåøåíèÿìè
ïàðû ñëåäóþùèõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

d 2u

ds2 Å
(a2 Å c2)ch(u)sh(u)

a2 sh2(u ) Å c2 ch2(u )

µ
du

ds

¶2
¡

a2 ch(u)sh(u)

a2 sh2(u ) Å c2 ch2(u )

µ
dv

ds

¶2
Æ0;

d 2v

ds2 Å 2th(u)
du

ds

dv

ds
Æ0.

Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè â ÑÊÌ Maple

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì îáùèé ñëó÷àé ïîñòðîåíèÿ ãåîäåçè÷åñêîé ëèíèè
íà ïðîèçâîëüíîì îäíîïîëîñòíîì ãèïåðáîëîèäå. Ïóñòü äåéñòâèòåëüíûå ïîëóîñè
ðàâíû: a Æ1, b Æ2, à ìíèìàÿ ïîëóîñü � c Æ3. Òîãäà êàíîíè÷åñêîå óðàâíåíèå
çàäàííîãî ãèïåðáîëîèäà:

x2

1
Å

y2

4
¡

z2

9
Æ1,
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à âåêòîðíî-ïàðàìåòðè÷åñêîå óðàâíåíèå:

r Æ(ch(u)cos(v),2ch(u)sin(v),3sh(u)) .

Èñïîëüçóÿ ïåðâóþ êâàäðàòè÷íóþ ôîðìó ïîâåðõíîñòè è óðàâíåíèÿ ãåîäåçè-
÷åñêîé ëèíèè, íàéäåì ÷èñëåííî ãåîäåçè÷åñêóþ ïðîõîäÿùóþ ÷åðåç òî÷êó ïî-
âåðõíîñòè ñ ïàðàìåòðàìè u0 Æ¼/4 , v0 Æ1, ñ êàñàòåëüíûì âåêòîðîì â ýòîé òî÷êå:
(1,1).

1) Äëÿ ðåøåíèÿ çàäà÷è íåîáõîäèìî ïîäêëþ÷èòü áèáëèîòåêè tensor , plots , linalg :

restart :
with (tensor):
with (plots):
with (linalg):

Çàäàäàíèå ïàðàìåòðîâ ãèïåðáîëîèäà, âåêòîðíî-ïàðàìåòðè÷åñêîãî óðàâíåíèÿ,
ïîñòðîåíèå ïîâåðõíîñòè:

a:=1:
b:=2:
c:=3:
R:=[a*cosh(u)*cos(v),b*cosh(u)*sin(v),c*sinh(u)]:
plot3d (R,u=-Pi..Pi,v=0..2*Pi,color=grey,style=patchnogrid,

scaling=constrained);

Ðèñ. 3.5 Îäíîïîëîñòíîé ýëëèïòè÷åñêèé ãèïåðáîëîèä

2) Êîýôôèöèåíòû ïåðâîé êâàäðàòè÷íîé ôîðìû âû÷èñëÿþòñÿ ïî ôîðìóëàì: E Æ
jru j2, G Æ jr v j2, F Æ(ru , r v ). Ñ ïîìîùüþ êîìàíäû create çàäàäèì êîâàðèàíòíûé
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ìåòðè÷åñêèé òåíçîð íà ïîâåðõíîñòè ãèïåðáîëîèäà, ñîâïàäàþùèé ñ ìàòðèöåé
ïåðâîé êâàäðàòè÷íîé ôîðìû:

g_gip:= array (symmetric,sparse,1..2,1..2):
g_gip[1,1]:= innerprod ( diff (R,u), diff (R,u)):
g_gip[1,2]:= innerprod ( diff (R,u), diff (R,v)):
g_gip[2,2]:= innerprod ( diff (R,v), diff (R,v)):
g:= create ([-1,-1], eval (g_gip));

g :Ætable

0

B
B
B
B
@

[compts Æ[

(sinh (u))2 (sin (v))2 Å 4 (sinh (u))2 (cos(v))2 Å 9 (cosh(u))2 ,
3 sin (v)cos(v)sinh (u)cosh(u)

3 sin (v)cos(v)sinh (u)cosh(u) ,
(cosh(u))2 (cos(v))2 Å 4 (cosh(u))2 (sin (v))2

], index_char Æ[¡ 1,¡ 1]]

1

C
C
C
C
A

3) Âû÷èñëåíèå êîìïîíåíò êîíòðâàðèàíòíîãî ìåòðè÷åñêîãî òåíçîðà:

g_inv:= invert (g,'detg'):

Çàäàíèå êîîðäèíàò:

coord:=[u,v]:

Âû÷èñëåíèå ïåðâûõ ÷àñòíûõ ïðîèçâîäíûõ îò ìåòðè÷åñêîãî òåíçîðà, ñèìâîëîâ
Êðèñòîôôåëÿ 1-ãî è 2-ãî ðîäà:

D1g:= d1metric (g,coord):
Cf1:= Christoffel1 (D1g):
Cf2:= Christoffel2 (g_inv,Cf1):

4) Äëÿ çàïèñè óðàâíåíèé ãåîäåçè÷åñêèõ èñïîëüçóåòñÿ âñòðîåííàÿ êîìàíäà ïà-
êåòàtensor � geodesic_eqns :

Eq_geo:= geodesic_eqns (coord,s,Cf2):

Äëÿ äàëüíåéøåãî ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íåîáõîäèìî ïðèâåñòè
â íèõ èñêîìûå ôóíêöèè u(s), v(s) ê îäíîìó âèäó, èñïîëüçóÿ êîìàíäó subs :

Eq_geo:= subs ({u(s)=U(s),v(s)=V(s)},Eq_geo):
Eq_geo:= subs ({u=U(s),v=V(s)},Eq_geo):

Ðåøåíèå çàäà÷è Êîøè

5) Ðåøèì ïîëó÷åííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ íà÷àëüíûìè äàííûìè
è ñîõðàíèì ðåçóëüòàò â ïåðåìåííîé sol :

sol:= dsolve ({ op(Eq_geo),U(0)=Pi/4,V(0)=1,D(U)(0)=1,D(V)(0)
=1},{U(s),V(s)},type=numeric,output=listprocedure):

Äëÿ äàëüíåéøåãî îáðàùåíèÿ ê íàéäåííûì ðåøåíèÿì â êà÷åñòâå ôóíêöèé íåîá-
õîäèìî èõ êîððåêòíî èçâëå÷ü èç ïåðåìåííîé sol è ïðèñâîèòü íîâûì ïåðåìåí-
íûì:
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u:= subs (sol,U(s)):
v:= subs (sol,V(s)):

6) Íàêîíåö, ïîñòðîèì ïîâåðõíîñòü ãèïåðáîëîèäà è íàéäåííóþ êðèâóþ íà îäíîì
ãðàôèêå:

plot_gip:= plot3d ([a*cosh(u)*cos(v),b*cosh(u)*sin(v),c*sinh(u)
],u=-Pi..Pi,v=0..2*Pi,color=grey,style=line,thickness=3):

plot_geo1:= spacecurve ([a*cosh(u(s))*cos(v(s)),b*cosh(u(s))*
sin(v(s)),c*sinh(u(s))],s=-2.5*Pi..2.5*Pi,color=black,
thickness=2,numpoints=2000):

display ([plot_gip,plot_geo1]);

Ðèñ. 3.6 Êðèâàÿ íà îäíîïîëîñòíîì ýëëèïòè÷åñêîì ãèïåðáîëîèäå

Ïîñòðîåíèå ëèíèè íà ïîâåðõíîñòè

Ñîñòàâèì ïðîöåäóðó äëÿ ïîñòðîåíèÿ îäíîé ãåîäåçè÷åñêîé íà ãèïåðáîëîèäå
òðåáóåìîãî öâåòà äëÿ ïðîèçâîëüíî çàäàííûõ íà÷àëüíûõ óñëîâèé. Ïàðàìåòðû
ïðîöåäóðû: êîîðäèíàòû îïîðíîé òî÷êè ( U 0,V 0), êîìïîíåíòû êàñàòåëüíîãî
âåêòîðà (DU 0,DV 0), öâåò êðèâîé ( cl r ):

geo_gip:= proc (U0,V0,DU0,DV0,clr)
local sol,u,v;
sol:= dsolve ({ op(Eq_geo),U(0)=U0,V(0)=V0,D(U)(0)=DU0,D(V)(0)=

DV0},{U(s),V(s)},type=numeric,output=listprocedure):



52 Ïðèíöèï íàèìåíüøåãî äåéñòâèÿ íà ïðèìåðå ãåîäåçè÷åñêèõ

u:= subs (sol,U(s)):
v:= subs (sol,V(s)):
spacecurve ([a*cosh(u(s))*cos(v(s)),b*cosh(u(s))*sin(v(s)),c*

sinh(u(s))],s=-2*Pi..2*Pi,color=clr,thickness=2,numpoints
=2000):

end proc :

Èñïîëüçóÿ ïðîöåäóðó, ïîñòðîèì îäíîâðåìåííî íåñêîëüêî ãåîäåçè÷åñêèõ íà
ãèïåðáîëîèäå:

geo1:=geo_gip(1, 0, 1, 0, black):
geo2:=geo_gip(1, Pi/2, 1, 0, black):
geo3:=geo_gip(1, Pi, 1, 0, black):
geo4:=geo_gip(1, 3*Pi/2,1, 0, black):
geo5:=geo_gip(1, 2*Pi, 1, 0, black):
display ([plot_gip,geo1,geo2,geo3,geo4,geo5],scaling=

constrained);

Ðèñ. 3.7 Ãåîäåçè÷åñêèå íà îäíîïîëîñòíîì ýëëèïòè÷åñêîì ãèïåðáîëîèäå
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Êîìïüþòåðíîå ìîäåëèðîâàíèå ïó÷êà ñâåòîâûõ ëó-
÷åé â íåîäíîðîäíîé àíèçîòðîïíîé îïòè÷åñêîé ñðåäå

Çàäàíèå òåíçîðà ïðåëîìëåíèÿ ñðåäû

Â ýòîì ðàçäåëå âûïîëíÿþòñÿ ñëåäóþùèå çàäà÷è:
1. Çàäàíèå êîîðäèíàò ìàòðèöû (h) òåíçîðà ïðåëîìëåíèÿ (ìåòðè÷åñêîãî òåíçîðà)
è êîîðäèíàò (x1,x2,x3) çàäà÷è.
2. Ñîçäàíèå òåíçîðà ïðåëîìëåíèÿ, (n), (ìåòðè÷åñêîãî òåíçîðà). Âû÷èñëåíèå
êîíòðâàðèàíòíîãî òåíçîðà ïðåëîìëåíèÿ, n_1, (êîíòðâàðèàíòíîãî ìåòðè÷åñêîãî
òåíçîðà) è ñèìâîëîâ Êðèñòîôôåëÿ I-ãî, ­ i j ,k , è II-ãî, ­ i

j k , ðîäà:

>restart:
with(tensor):with(linalg):

>coord:=[x1,x2,x3]:
>h:=array(1..3,1..3,symmetric,sparse):

h[1,1]:=n11(x1,x2,x3): h[1,2]:=n12(x1,x2,x3):
h[1,3]:=n13(x1,x2,x3):h[2,2]:=n22(x1,x2,x3):
h[2,3]:=n23(x1,x2,x3):h[3,3]:=n33(x1,x2,x3):
n:=create([-1,-1],eval(h)):

>n_1:=invert(n,'detn'):
>D1n:= d1metric (n, coord):
>Omega1:= Christoffel1 (D1n):

`tensor/Christoffel2/simp`:= proc(x) simplify(x) end:
Omega2:= Christoffel2 (n_1, Omega1):

Óðàâíåíèÿ ñâåòîâûõ ëó÷åé â îáùåì ñëó÷àå

Äëÿ ïîëó÷åíèÿ óðàâíåíèé ãåîäåçè÷åñêèõ ëèíèé ìîæíî èñïîëüçîâàòü êîìàíäó
geodesic_eqns áèáëèîòåêè tensor . Çäåñü íåîáõîäèìî ïîìíèòü, ÷òî óðàâíå-
íèÿ ãåîäåçè÷åñêèõ áóäóò âûäàíû â ïðîèçâîëüíîì ïîðÿäêå (à íå ñîîòâåòñòâåííî
íîìåðàì êîîðäèíàò). Ïðè ýòîì â êîîðäèíàòíûõ ôóíêöèÿõ óðàâíåíèé ãåîäåçè-
÷åñêèõ íå áóäåò îáîçíà÷åí àðãóìåíò s. Ïîýòîìó ïðè îáðàùåíèè ê ýòèì óðàâíå-
íèÿì ïðè êàæäîì ïåðåçàïóñêå ïðîãðàììû íåîáõîäèìî îòñëåæèâàòü ïîðÿäîê
ýòèõ óðàâíåíèé è ñâîåâðåìåííî âíîñèòü êîððåêòèâû â ïîñëåäóþùèå ñ íèìè
îïåðàöèè. Ìû, îäíàêî, ïîëó÷èì óðàâíåíèÿ ãåîäåçè÷åñêèõ: ñàìîñòîÿòåëüíî, ïî
ìåòîäèêå ïðîô. Èãíàòüåâà, ÷òîáû èìåòü áîëüøèå âîçìîæíîñòè ìàíèïóëÿöèé ñ
íèìè.

Çàäàäèì ïåðâûå è âòîðûå ïðîèçâîäíûå îò êîîðäèíàò ïî íàòóðàëüíîìó ïàðà-
ìåòðó s:
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>X:=(s)->[x1(s),x2(s),x3(s)];
U:=(s)->diff(X(s),s);
dU:=(s)->diff(U(s),s);

Ñîçäàäèì êîíòðâàðèàíòíûå âåêòîðûñêîðîñòè ÷àñòèöû u i è åå óñêîðåíèÿ du i

ds ;

>u:=(s)->create([1],array(1..3,U(s)));
du:=create([1],array(1..3,dU(s)));

v:=create([1],array(1..3,[v1(s),v2(s),v3(s)]));

Ñ ïîìîùüþ êîìàíäû prod(A,B,[i,k]) âíóòðåííåãî ïðîèçâåäåíèÿ òåíçîðîâ
ïî i-îé è k-òîé êîîðäèíàòàì íàéäåì ñâåðòêó: dC Æ¡ i

j k u i uk äëÿ óðàâíåíèÿ
ãåîäåçè÷åñêèõ:

du i

ds
Å ¡ i

j k u i uk Æ0.

>dc:=(s)->prod(prod(Omega2,u(s),[2,1]),u(s),[2,1]):
dC:=(s)->get_compts(dc(s)):
GeoMat:= (s)->matadd(dU(s),dC(s)):

Ñîñòàâèì óïîðÿäî÷åííóþ ïîñëåäîâàòåëüíîñòü óðàâíåíèé ãåîäåçè÷åñêèõ, GEO,
êîòîðûå ìû íå áóäåì âûïèñûâàòü ÿâíî âñëåäñòâèå èõ áîëüøîé ãðîìîçäêîñòè â
îáùåì ñëó÷àå:

>GEO:=[GeoMat(s)[1]=0,GeoMat(s)[2]=0,GeoMat(s)[3]=0]:

Çàïèøåì òàêæå ñîîòíîøåíèå íîðìèðîâêè n i k u i uk Æ1.

>norm_n:=get_compts(prod(prod(n,u(s),[1,1]),u(s),[1,1]))=1:

Ïîëó÷åííûå óðàâíåíèÿ ÿâëÿþòñÿ ñèñòåìîé ÎÄÓ 2-ãî ïîðÿäêà îòíîñèòåëüíî
3-õ ïåðåìåííûõ: x1(s),x2(s),x3(s) . Îíè íå óäîáíû äëÿ ÷èñëåííîãî ðåøå-
íèÿ. Ïîýòîìó íàðÿäó ñ íèìè òàêæå ñîñòàâèì è óðàâíåíèÿ ãåîäåçè÷åñêèõ â âèäå
íîðìàëüíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî øåñòè ïåðå-
ìåííûõ x1(s),x2(s),x3(s),v1(s),v2(s),v3(s) :

>dd:=prod(prod(Omega2,v,[2,1]),v,[2,1]):
dD:=get_compts(dd):
GEO1:=[diff(x1(s),s)=v1(s),diff(x2(s),s)=v2(s),
diff(x3(s),s)=v3(s)]:
GEO2:=[diff(v1(s),s)=-dD[1],
diff(v2(s),s)=-dD[2],
diff(v3(s),s)=-dD[3]]:

Óðàâíåíèå íîðìèðîâêè ïðè ýòîì ñòàíîâèòñÿ àëãåáðàè÷åñêèì óðàâíåíèåì 2-ãî
ïîðÿäêà îòíîñèòåëüíî ïåðåìåííûõ v1(s),v2(s),v3(s) :

>norm1:=get_compts(prod(prod(n,v,[1,1]),v,[1,1]))=1;

Ýòî óðàâíåíèå ïîíàäîáèòñÿ äëÿ ïðàâèëüíîãî çàäàíèÿ íà÷àëüíûõ óñëîâèé çàäà-
÷è.
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Çàäàíèå ñôåðè÷åñêè-ñèììåòðè÷íîãî òåíçîðà ïðåëîìëåíèÿ

Òåïåðü ìû çàäàåì êîíêðåòíûå êîìïîíåíòû òåíçîðà ïðåëîìëåíèÿ â âèäå ÿâíûõ
ôóíêöèé n i k (x1,x2,x3) è ïîäñòàâëÿåì èõ â âûðàæåíèå äëÿ òåíçîðà ïðåëîìëå-
íèÿ, à òàêæå â ñîîòíîøåíèå íîðìèðîâêè:. Êîìïîíåíòû òåíçîðà ïðåëîìëåíèÿ
(ìåòðè÷åñêîãî òåíçîðà) ââîäÿòñÿ çäåñü â ïðàâóþ ÷àñòü usn (ñì. íèæå).

Ïîñêîëüêó ìû õîòèì çàäàòü îïòè÷åñêóþ ñðåäó ñî ñôåðè÷åñêîé ñèììåòðèåé,
âî-ïåðâûõ, êîîðäèíàòû x1,x2,x3 îáùåé ìåòîäèêè áóäóò èìåòü ñìûñë ñôåðè-
÷åñêèõ (ãåîãðàôè÷åñêèõ) êîîðäèíàò:
x1 Ær ;
x2 ÆÁ; x3 Æµ, ãäår - ðàäèóñ òî÷êè, Á - ïîëÿðíûé óãîë, èçìåíÿþùèéñÿ íà èíòåð-
âàëå [0,2 ¼] , µ èçìåíÿåòñÿ â ïðåäåëàõ [ ¡ ¼/2 ,2 ¼/2 ] , ïðè÷åì òî÷êè µ Æ §¼/2
íàçûâàþòñÿ, ñîîòâåòñòâåííî, ñåâåðíûì è þæíûìè ïîëþñàìè, à çíà÷åíèþ µ Æ0
ñîîòâåòñòâóåò ýêâàòîð.

Äëÿ òîãî, ÷òîáû ñðåäà îáëàäàëà ñôåðè÷åñêîé ñèììåòðèåé, ïðè÷åì åå ñâîé-
ñòâà íå èçìåíÿëèñü ïðè çàìåíå Á ! ¡ Á è µ ! ¡ µ, íåîáõîäèìî, ÷òîáû êîìïîíåí-
òû òåíçîðà ïðåëîìëåíèÿ íå çàâèñåëè îò êîîðäèíàòû Á è êðîìå òîãî íåäèàãî-
íàëüíûå ýëåìåíòû òåíçîðà ïðåëîìëåíèÿ áûëè ðàâíû íóëþ.

Èòàê, çàäàäèì òåíçîð ïðåëîìëåíèÿ â ñëåäóþùåé ôîðìå:

N Æ

0

@
1/(1 Å x12) 0 0

0 cos(x3)2/(1 Å x12) 0
0 0 x12/(1 Å x12)

1

A (A)

> usn:=n11(x1,x2,x3)=1/(1+x1^2),
n12(x1,x2,x3)=0,
n13(x1,x2,x3)=0,
n22(x1,x2,x3)=cos(x3)^2/(1+x1^2),
n23(x1,x2,x3)=0, n33(x1,x2,x3)=x1^2/(1+x1^2);

> N:=create([-1,-1],eval(subs(usn,get_compts(n))));
> Norm1:=subs(usn,norm1);

Òåïåðü, êîãäà âûïèñàíû óðàâíåíèÿ ãåîäåçè÷åñêèõ, â êîòîðûå âõîäÿò ÷àñòíûå
ïðîèçâîäíûå òåíçîðà ïðåëîìëåíèÿ, ìîæíî óæå ïîäñòàâèòü â íèõ êîíêðåòíûå
çíà÷åíèÿ êîìïîíåíò òåíçîðà ïðåëîìëåíèÿ, à òàêæå ââåñòè â íèõ çàâèñèìîñòü
êîîðäèíàò îò íàòóðàëüíîãî ïàðàìåòðà:

> GEOU1:=eval(subs(usn,GEO2)):
> X:=x1=x1(s),x2=x2(s),x3=x3(s),

x1(s)=x1(s),x2(s)=x2(s),x3(s)=x3(s):
> Normirovka:=subs(X,Norm1);
> GEOD:=subs(X,GEOU1):
> GEODESIC:=[op(GEO1),op(GEOD)];

Ïîëó÷åííàÿ ñèñòåìà óðàâíåíèé GEODESICè ÿâëÿåòñÿ èñêîìîé íîðìàëüíîé ñè-
ñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðèìåíèòåëüíî ê çàäàí-
íîìó òåíçîðó ïðåëîìëåíèÿ îòíîñèòåëüíî øåñòè èñêîìûõ ôóíêöèé:

XV:=x1(s),x2(s),x3(s),v1(s),v2(s),v3(s);
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Çàäàíèå íà÷àëüíûõ óñëîâèé

Ñëåäóÿ ñòàíäàðòíîé ïîñòàíîâêå çàäà÷è áóäåì ïîëàãàòü, ÷òî ñâåò ïàäàåò ¾âíèç¿ è
áóäåì âûáèðàòü ïðè ýòîì òàêóþ êîîðäèíàòó x3 , ÷òîáû k3<0 . Çàäàäèì íà÷àëüíûé
âåêòîð ñêîðîñòè, êàê ñîíàïðàâëåííûé âåêòîðó k è óäîâëåòâîðÿþùèé ïðè ýòîì
ñîîòíîøåíèþ íîðìèðîâêè.

Çàäàäèì öåíòðàëüíóþ íà÷àëüíóþ òî÷êó M0íà ñåâåðíîì ïîëþñå:

> M0:=x1(0)=10,x2(0)=0,x3(0)=Pi/2;

çàäàäèì òåïåðü íàïðàâëåíèå K0:

> K0:=k1=0.2,k2=0,k3=-1;

è âû÷èñëèì çíà÷åíèå ïðîèçâîëüíîãî îðòà V â ýòîé òî÷êå:

> K:=array(1..3,[k1,k2,k3]);
> k:=create([1],eval(K));
> KK:=subs(s=0,subs(X,get_compts(prod(prod(N,k,[1,1]),k,[1,1]))));
> kk0:=eval(subs(M0,KK));
> V:=scalarmul(K,1/sqrt(kk0));

Òîãäà íà÷àëüíûå óñëîâèÿ ïðèíèìàþò âèä:

> V0:=subs(K0,op(V));
> Inits0:={M0,v1(0)=V0[1],v2(0)=V0[2],v3(0)=V0[3]};

Ini t s 0 :Æ{v1(0) Æ.2009573249,v2(0) Æ0,v3(0) Æ ¡1.004786624,

x1(0) Æ10,x2(0) Æ0,x3(0) Æ(1/2) ¤ Pi }

Ïðîâåðèì ðàáîòó ïðîãðàììû ïî ìåòîäèêå Èãíàòüåâà â íàøåì êîíêðåòíîì
ñëó÷àå:

>Sol:=dsolve({op(GEODESIC)} union Inits0,{XV},
type=numeric,output=listprocedure);

Sol :Æ[sÆproc (s)...end proc ,v1(s) Æproc (s)...end proc ,

v2(s) Æproc (s)...end proc ,v3(s) Æproc (s)...

end proc ,x1(s) Æproc (s)...end proc ,

x2(s) Æproc (s)...end proc ,x3(s) Æproc (s)...end proc ]

>XVS:=subs(Sol,[XV]);
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[proc (s)...end proc (s)...end proc (s)...end

proc (s)...end; ,proc (s)...end; ,proc (s)...end; ]

>XVS(1)[3];

0.56623867659446)

Ñîçäàäèì ïðîãðàììó ãåíåðàöèè íà÷àëüíûõ óñëîâèé â ñëó÷àå, íàïðèìåð, êîãäà
x1,x2,x3 ÿâëÿþòñÿ ñôåðè÷åñêèìè êîîðäèíàòàìè: x1 Ær,x2 ÆÁ,x3 Ætheta ,
ïðè÷åì:

Á 2 [0,2¼]; µ Æ[¡ ¼/2, ¼/2].

Çàäàäèì íåêîòîðûé íà÷àëüíûé ðàäèóñ a òðóáêè ãåîäåçè÷åñêèõ ëèíèé (ëó÷åé)

> a:=1;

è çàäàäèì êîîðäèíàòû 8 òî÷åê ïî íà÷àëüíîìó ñå÷åíèþ ýòîé òðóáêè è êîîðäèíà-
òû îðòîâ â êàæäîé òî÷êå, êîëëèíåàðíûõ çàäàííîìó íàïðàâëåíèþ K0:

> for i from 0 to 7 do
M(i):= x1(0)=rhs(M0[1]),
x2(0)=rhs(M0[2])+i*Pi/4,
x3(0)=rhs(M0[3])-arcsin(a/rhs(M0[1])):
od:

>kk:=(i)->eval(subs(M(i),KK)):
>V:=(i)->scalarmul(K,1/sqrt(kk(i))):
>V0:=(i)-> subs(K0,V(i)):

V0(3);

[.2009573249,0,¡ 1.004786624]

Ïðîâåðèì ðàáîòó ïîäïðîãðàììû:

> evalf(M(4));

x1(0) Æ10.,x2(0) Æ3.141592654,x3(0) Æ1.470628906

>Inits:=(i)->[M(i),v1(0)=V0(i)[1],v2(0)=V0(i)[2], v3(0)=V0(i)[3]]:

Ïðîâåðèì ðàáîòó ïîäïðîãðàììû:

> Inits(3);

·
x1(0) Æ10,x2(0) Æ

3

4
¤ ¼,x3(0) Æ

1

2
¤ ¼¡

arcsin
µ

1

10

¶
,v1(0) Æ.2009573249,v2(0) Æ0,v3(0) Æ ¡1.004786624

¸
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Ñîçäàíèå ãðóïïû ïðîöåäóð ðåøåíèé

> for i from 0 to 7 do
Sol:=(i)->dsolve({op(GEODESIC)} union {op(Inits(i))},
{XV},type=numeric,output=listprocedure);
XVS:=(i)->subs(Sol(i),[XV]);
od;

> XVS(1)(3);

[11.08331959483005,0.7853981633974481,¡ 1.541235055459776,

0.5266918932539943,0.0,¡ 1.0029368888061927]

Ñîçäàíèå ãðàôèêîâ ðåøåíèé

Ñîçäàäèì ñïèñîê íà÷àëüíûõ òî÷åê êàê ïîñëåäîâàòåëüíîñòü:

> points:={seq([ rhs(M(i)[1])*cos(rhs(M(i)[2]))*
cos(rhs(M(i)[3])),
rhs(M(i)[1])*sin(rhs(M(i)[2]))* cos(rhs(M(i)[3])),
rhs(M(i)[1])*sin(rhs(M(i)[3]))],i=0..7)};

> STARTX:=plots[pointplot3d](points,color=BLUE,
symbol=CIRCLE,symbolsize=24,axes=BOXED,
labels=["X","Y","Z"]):

> Sp:=plot3d([rhs(M0[1])*cos(u)*cos(v),
rhs(M0[1])*sin(u)*cos(v),
rhs(M0[1])*sin(v)], u=0..2*Pi,v=-Pi/2..Pi/2,
style=CONTOUR,
scaling=CONSTRAINED,color=gray):

Ñîçäàäèì ïîñëåäîâàòåëüíîñòü ãðàôèêîâ ñâåòîâûõ ëó÷åé:

> for i from 0 to 7 do
GRAF:=(i)->plots[spacecurve]([ XVS(i)(s)[1]*
cos(XVS(i)(s)[2])*cos(XVS(i)(s)[3]),
XVS(i)(s)[1]*sin(XVS(i)(s)[2])* cos(XVS(i)(s)[3]),
XVS(i)(s)[1]*sin(XVS(i)(s)[3])], s=0..3,color=black):
od:

Èçîáðàçèì ãðàôèêè ñâåòîâûõ ëó÷åé ñîâìåñòíî ñ èõ íà÷àëüíûìè ïîëîæåíèÿìè:

> plots[display](GRAF(0),GRAF(1),GRAF(2),GRAF(3),
GRAF(4),GRAF(5),GRAF(6),GRAF(7),STARTX);
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Ðèñ. 3.8 Ñâåòîâûå ëó÷è â íåîäíîðîäíîé îïòè÷åñêîé ñðåäå ñî ñôåðè÷åñêîé ñèììåòðèåé

Êîìïüþòåðíîå ìîäåëèðîâàíèå äèñïåðñèè ñâåòîâûõ ëó-
÷åé â íåîäíîðîäíîé àíèçîòðîïíîé îïòè÷åñêîé ñðåäå

Äèñïåðñèåé ñâåòà íàçûâàåòñÿ çàâèñèìîñòü ïîêàçàòåëÿ ïðåëîìëåíèÿ îò äëèíû
âîëíû (÷àñòîòû) ñâåòà è ñâÿçàííûå ñ ýòèì ÿâëåíèÿ ðàñùåïëåíèÿ ëó÷à ñâåòà .

Çàäàíèå òåíçîðà ïðåëîìëåíèÿ ñðåäû

ßñíî, ÷òî îñíîâíûå ïðîöåäóðû äî ìîìåíòà çàäàíèÿ êîíêðåòíîãî òåíçîðà ïðå-
ëîìëåíèÿ (A) áóäóò ñîâïàäàòü ñ ïðîöåäóðàìè ïðåäøåñòâóþùåé çàäà÷è. Çàäàäèì
òåíçîð ïðåëîìëåíèÿ â ñëåäóþùåé ôîðìå:

N Æ

0

B
@

exp(¡ ! ) 0 0

0 x12 cos(x3)2

1Å! 2 0

0 0 x12

1Åx12

1

C
A (B)

>usn:=
n11(x1,x2,x3)=exp(-omega),n12(x1,x2,x3)=0,
n13(x1,x2,x3)=0,
n22(x1,x2,x3)=x1^2*cos(x3)^2/(1+omega^2),
n23(x1,x2,x3)=0,
n33(x1,x2,x3)=x1^2*exp(-omega);
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N:=create([-1,-1],eval(subs(usn,get_compts(n))));
Norm1:=subs(usn,norm1);

Òåïåðü, êîãäà âûïèñàíû óðàâíåíèÿ ãåîäåçè÷åñêèõ, â êîòîðûå âõîäÿò ÷àñòíûå
ïðîèçâîäíûå òåíçîðà ïðåëîìëåíèÿ, ìîæíî óæå ïîäñòàâèòü â íèõ êîíêðåòíûå
çíà÷åíèÿ êîìïîíåíò òåíçîðà ïðåëîìëåíèÿ, à òàêæå ââåñòè â íèõ çàâèñèìîñòü
êîîðäèíàò îò íàòóðàëüíîãî ïàðàìåòðà:

>GEOU1:=eval(subs(usn,GEO2)):
X:=x1=x1(s),x2=x2(s),x3=x3(s),
x1(s)=x1(s),x2(s)=x2(s), x3(s)=x3(s):
Normirovka:=subs(X,Norm1);
GEOD:=subs(X,GEOU1):
GEODESIC:=[op(GEO1),op(GEOD)];

Ïîëó÷åííàÿ ñèñòåìà óðàâíåíèé GEODESICè ÿâëÿåòñÿ èñêîìîé íîðìàëüíîé ñè-
ñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðèìåíèòåëüíî ê çàäàí-
íîìó òåíçîðó ïðåëîìëåíèÿ îòíîñèòåëüíî øåñòè èñêîìûõ ôóíêöèé:

>XV:=x1(s),x2(s),x3(s),v1(s),v2(s),v3(s);

x1(s), x2(s), x3(s), v1(s), v2(s), v3(s)

Çàäàäèì òðè çíà÷åíèÿ ÷àñòîòû ! 1,! 2,omeg a3, óñëîâíî îòâå÷àþùèõ òðåì öâå-
òàì ëó÷åé: êðàñíîìó, çåëåíîìó, ñèíåìó:

> RED:=omega=1;GREEN:=omega=2;BLUE:=omega=3;

omeg a Æ1

omeg a Æ2

omeg a Æ3

Ïðîèçâåäåì ïîäñòàíîâêè ïàðàìåòðîâ â óðàâíåíèÿ GEODESIC, Normirovka è
òåíçîð ïðåëîìëåíèÿ N:

> GEO_RED:=subs(RED,GEODESIC);
Normirovka_RED:=subs(RED,Normirovka);
N_RED:=create([-1,-1],subs(RED,get_compts(N)));

> GEO_GREEN:=subs(GREEN,GEODESIC);
Normirovka_GREEN:=subs(GREEN,Normirovka);

N_GREEN:=
create([-1,-1],subs(GREEN,get_compts(N)));

> GEO_BLUE:=subs(BLUE,GEODESIC);
Normirovka_BLUE:=subs(BLUE,Normirovka);
N_BLUE:=
create([-1,-1],subs(BLUE,get_compts(N)));

Çàäàäèì öåíòðàëüíóþ íà÷àëüíóþ òî÷êó M0:
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> M0:=x1(0)=1,x2(0)=0,x3(0)=0;

çàäàäèì òåïåðü íàïðàâëåíèå K0:

> K0:=k1=0,k2=1,k3=-1;

è âû÷èñëèì çíà÷åíèå ïðîèçâîëüíîãî îðòà V â ýòîé òî÷êå:

#Äëÿ êðàñíîãî ëó÷à:
> K:=array(1..3,[k1,k2,k3]);
> k:=create([1],eval(K));
> KK_RED:=subs(s=0,

subs(X,get_compts(prod(prod(N_RED,k,[1,1]),
k,[1,1]))));

> kk_RED:=eval(subs(M0,KK_RED));
> V_RED:=scalarmul(K,1/sqrt(kk_RED));
# Äëÿ çåëåíîãî ëó÷à:
> KK_GREEN:=subs(s=0,

subs(X,get_compts(prod(prod(N_GREEN,k,[1,1]),
k,[1,1]))));

> kk_GREEN:=eval(subs(M0,KK_GREEN));
> V_GREEN:=scalarmul(K,1/sqrt(kk_GREEN));
# Äëÿ ñèíåãî ëó÷à:
> KK_BLUE:=

subs(s=0,
subs(X,get_compts(prod(prod(N_BLUE,k,
[1,1]),k,[1,1]))));

> kk_BLUE:=eval(subs(M0,KK_BLUE));
> V_BLUE:=scalarmul(K,1/sqrt(kk_BLUE));

Òîãäà íà÷àëüíûå óñëîâèÿ ïðèíèìàþò âèä:

# Äëÿ êðàñíîãî ëó÷à:
> V0_RED:=subs(K0,op(V_RED));
> Inits_RED:={M0,v1(0)=V0_RED[1],

v2(0)=V0_RED[2],v3(0)=V0_RED[3]};
# Äëÿ çåëåíîãî ëó÷à:
> V0_GREEN:=subs(K0,op(V_GREEN));
> Inits_GREEN:={M0,v1(0)=V0_GREEN[1],

v2(0)=V0_GREEN[2],v3(0)=V0_GREEN[3]};
# Äëÿ ñèíåãî ëó÷à:
> V0_BLUE:=subs(K0,op(V_BLUE));
> Inits_BLUE:={M0,v1(0)=V0_BLUE[1],

v2(0)=V0_BLUE[2],v3(0)=V0_BLUE[3]};

Ïðîâåðèì ðàáîòó ïðîãðàììû ïî ìåòîäèêå Èãíàòüåâà â íàøåì êîíêðåòíîì ñëó-
÷àå:

> Sol:=dsolve({op(GEO_BLUE)} union
Inits_BLUE,{XV},type=numeric,output=listprocedure);
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[s Æproc(s)...end,v1(s) Æproc(s)...end,v2(s) Æproc(s)...end,
v3(s)Æproc(s)...end,x1(s) Æproc(s)...end; ,x2(s) Æproc(s)...end,x3(s) Æproc(s)...end]

XVS :Æsubs(Sol, [XV])[proc(s)...end; ,proc(s)...end,proc(s)...end,

proc(s)...end,proc(s)...end,proc(s)...end]

> XVS(1)[3];

¡ 0.5976382965013475

Ñîçäàíèå ïðîöåäóð ðåøåíèé XVS :

# Ïðîöåäóðà äëÿ êðàñíîãî ëó÷à:
> Sol_RED:=

dsolve({op(GEO_RED)} union {op(Inits_RED)},
{XV},type=numeric,output=listprocedure);
XVS_RED:=subs(Sol_RED,[XV]);

# Ïðîöåäóðà äëÿ çåëåíîãî ëó÷à:
> Sol_GREEN:=

dsolve({op(GEO_GREEN)} union {op(Inits_GREEN)},{XV},
type=numeric, output=listprocedure);
XVS_GREEN:=subs(Sol_GREEN,[XV]);

# Ïðîöåäóðà äëÿ çåëåíîãî ëó÷à:
> Sol_BLUE:=

dsolve({op(GEO_BLUE)} union {op(Inits_BLUE)},{XV},
type=numeric, output=listprocedure);
XVS_BLUE:=subs(Sol_BLUE,[XV]);

# Âûâåäåì ðåçóëüòàò äëÿ ñèíåãî ëó÷à ñ òî÷íîñòüþ äî 4 çíàêîâ:
evalf(XVS_BLUE(5),4);

[22.43,1.070,¡ 0.6138,4.477,0.007685,¡ 0.0002801]

Âèçóàëèçàöèÿ äèñïåðñèè :

GRAF_RED0:=
plots[spacecurve]([XVS_RED(s)[1]*
cos(XVS_RED(s)[2]),XVS_RED(s)[1]*
sin(XVS_RED(s)[2]), XVS_RED(s)[3]],
s=0..4,color=red):
GRAF_GREEN0:=
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plots[spacecurve]([XVS_GREEN(s)[1]*
cos(XVS_GREEN(s)[2]),XVS_GREEN(s)[1]*
sin(XVS_GREEN(s)[2]), XVS_GREEN(s)[3]],
s=0..2,color=green):
GRAF_BLUE0:=
plots[spacecurve]([XVS_BLUE(s)[1]*
cos(XVS_BLUE(s)[2]),XVS_BLUE(s)[1]*
sin(XVS_BLUE(s)[2]), XVS_BLUE(s)[3]],
s=0..1,color=blue):
plots[display](GRAF_RED0,GRAF_GREEN0,
GRAF_BLUE0, axes=BOXED,
labelfont=[TIMES,BOLD,12],
labels=["X","Y","Z"],orientation=[10,30]);

Ðèñ. 3.9 Äèñïåðñèÿ ñâåòîâûõ ëó÷åé â íåîäíîðîäíîé îïòè÷åñêîé ñðåäå ñ òåíçîðîì ïðåëîìëåíèÿ
(B)
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4.1 Ïðåîáðàçîâàíèå åâêëèäîâà ïðîñòðàíñòâà

Ôóíêöèÿ Ëàãðàíæà äîëæíà áûòü èíâàðèàíòíîé (Ëåêöèÿ 2), íî ïî îòíîøåíèþ ê
êàêèì ïðåîáðàçîâàíèÿì?

Îêàçûâàåòñÿ, ñâîéñòâà ïðåîáðàçîâàíèé ôàçîâîãî ïðîñòðàíñòâà, îòíîñèòåëü-
íî êîòîðûõ ôóíêöèÿ Ëàãðàíæà ÿâëÿåòñÿ èíâàðèàíòíîé, êàðäèíàëüíûì îáðàçîì
îïðåäåëÿåò ñâîéñòâà ñàìîé äèíàìè÷åñêîé ñèñòåìû, � ôèçèêó ñèñòåìû. Ñî-
ãëàñíî ñîâðåìåííûì ïðåäñòàâëåíèÿì òåîðåòè÷åñêîé ôèçèêè èìåííî ãðóïïà
ïðåîáðàçîâàíèé , ïîëîæåííàÿ â îñíîâó äèíàìèêè, îïðåäåëÿåò âñþ ôèçè÷åñêóþ
êàðòèíó äàííîé äèíàìèêè.

Íàïîìíèì, ÷òî ãðóïïîé ïðåîáðàçîâàíèé íàçûâàåòñÿ ìíîæåñòâî ïðåîáðà-
çîâàíèé G, êîòîðîå óäîâëåòâîðÿåò òðåì óñëîâèì:

1. Ýòî ìíîæåñòâî ñîäåðæèò òîæäåñòâåííîå ïðåîáðàçîâàíèå;

2. Ýòî ìíîæåñòâî ñîäåðæèò îáðàòíîå ïðåîáðàçîâàíèå ê ëþáîìó ïðåîáðàçîâà-
íèþ ìíîæåñòâà;

3. Ýòî ìíîæåñòâî ñîäåðæèò ïðîèçâåäåíèå äâóõ ëþáûõ ïðåîáðàçîâàíèé ìíî-
æåñòâà.

Ïðè ýòîì ïîðÿäêîì ãðóïïû r ! Gr íàçûâàåòñÿ ìèíèìàëüíîå ÷èñëî ñóùåñòâåí-
íûõ ïàðàìåòðîâ ïðåîáðàçîâàíèÿ. Ìåõàíèêà, ïîñòðîåííàÿ íà àáñîëþòíîì âðå-
ìåíè è ãðóïïå ïðåîáðàçîâàíèé åâêëèäîâà ïðîñòðàíñòâà, E3 £ T , íàçûâàåòñÿ
êëàññè÷åñêîé èëè íüþòîíîâîé ìåõàíèêîé .

4.2 Ãðóïïà ïðåîáðàçîâàíèé åâêëèäîâà ïðîñòðàíñòâà è ãðóïïà
ïðåîáðàçîâàíèé Ãàëèëåÿ

Èçó÷èì ïðåîáðàçîâàíèÿ ìíîæåñòâà E3 £ T . Òðåáîâàíèå îäíîðîäíîñòè è èçîòðî-
ïèè òðåõìåðíîãî êîíôèãóðàöèîííîãî ïðîñòðàíñòâà ïðèâîäèò, êàê èçâåñòíî, ê
òðåáîâàíèþ èíâàðèàíòíîñòè äëèíû äóãè ïî îòíîøåíèþ ê äîïóñòèìûì ïðåîá-
ðàçîâàíèÿì ïðîñòðàíñòâà:

ds2 Ædx2 Å d y2 Å dz2 ´ ±i k dx i dxk . (4.1)

Êàê èçâåñòíî, òàêèìè ïðåîáðàçîâàíèÿìè åâêëèäîâà ïðîñòðàíñòâà ÿâëÿþòñÿ
äâèæåíèÿ E3 è òîëüêî îíè :

x0i ÆC i 0

k xk Å x i
0, ! r0ÆCrÅr0, (4.2)
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ãäå

C ´ jj C i 0

k jj ! ek ÆC i 0

k ei , CT C ÆE

� îðòîãîíàëüíàÿ ìàòðèöà ïåðåõîäà, r0 Æ(x1
0,x2

0,x3
0) � âåêòîð ïàðàëëåëüíîãî

ïåðåíîñà. Ïðåîáðàçîâàíèÿ ( 4.2) îáðàçóþò 6-ïàðàìåòðè÷åñêóþ ãðóïïó äâèæåíèé.
Ïîñêîëüêó â êëàññè÷åñêîé ìåõàíèêå âðåìÿ t ÿâëÿåòñÿ èíâàðèàíòîì, òî âìå-

ñòå ñ (8.4) è àáñîëþòíàÿ âåëè÷èíà ñêîðîñòè òàêæå ÿâëÿåòñÿ èíâàðèàíòîì ïî
îòíîøåíèþ ê äâèæåíèÿì ( 4.2):

v2 Æ
dr2

dt 2 ´
ds2

dt 2 ÆInv. (4.3)

Ïîñêîëüêó âðåìÿ ïî îòíîøåíèþ ê ãåîìåòðèè E3 ÿâëÿåòñÿ âíåøíèì îáúåêòîì,
ïðåîáðàçîâàíèÿ ( 4.2) íè÷åãî íå ãîâîðÿò î âîçìîæíîé çàâèñèìîñòè ïàðàìåòðîâ
ïðåîáðàçîâàíèÿ îò âðåìåíè. Â ýòîì ïóíêòå íåîáõîäèìî äîáàâèòü äîïîëíèòåëü-
íûé ïðèíöèï, íàçûâàåìûé ïðèíöèïîì îòíîñèòåëüíîñòè Ãàëèëåÿ , êîòîðûé
íà îñíîâå àíàëèçà îïûòíûõ äàííûõ áûë ñôîðìóëèðîâàí Ãàëèëåî Ãàëèëååì è
çàêëþ÷àåòñÿ â ñîâðåìåííîé òðàêòîâêå â ñëåäóþùåì:

Óðàâíåíèÿ ìåõàíèêè èíâàðèàíòíû îòíîñèòåëüíî ïðåîáðàçîâàíèé Ãàëèëåÿ:

r0Ær Å v0t ; t 0Æt . (4.4)

Ïðåîáðàçîâàíèÿ Ãàëèëåÿ ( 4.4) (ãðóïïó Ãàëèëåÿ) ìîæíî îáúåäèíèòü ñ ïðåîáðà-
çîâàíèÿìè äâèæåíèÿ ( 4.2), ïîëàãàÿ â ( 4.2) (çàêîí ñëîæåíèÿ ñêîðîñòåé ):

r0 Æv0t Å R0, v0 ÆConst, R0 ÆConst. (4.5)

Ðèñ. 4.1 Ïðèíöèï îòíîñèòåëüíîñòè Ãàëèëåÿ. Âñå çàêîíû ïðèðîäû ïðîòåêàþò îäèíàêîâî â
èíåðöèàëüíûõ ñèñòåìàõ îòñ÷åòà.

4.3 Êëàññè÷åñêàÿ ìåõàíèêà îäíîé ÷àñòèöû

Ôóíêöèÿ Ëàãðàíæà ñâîáîäíîé ÷àñòèöû âñëåäñòâèå îäíîðîäíîñòè è èçîòðîïèè
ïðîñòðàíñòâà ìîæåò çàâèñåòü ëèøü îò èíâàðèàíòà v2. Âñëåäñòâèå ïðèíöèïà
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îòíîñèòåëüíîñòè Ãàëèëåÿ ïðè ïåðåõîäå â äðóãóþ èíåðöèàëüíóþ ñèñòåìó îò-
ñ÷åòàv0Æv Å v0 ôóíêöèÿ Ëàãðàíæà L(v2) äîëæíà ïåðåéòè â òàêóþ æå ôóíêöèþ
Ëàãðàíæà ñ òî÷íîñòüþ äî ïîëíîé ïðîèçâîäíîé ïî âðåìåíè

L0(v02) ÆL(v Å v0)2) ÆL(v2) Å
d

dt
f (r , t ).

Ýòîãî ìîæíî äîáèòüñÿ ëèøü â îäíîì ñëó÷àå:

L(v2) Æ®v2, ® ÆConst; f (r , t ) Æ2rv0 Å v2
0t .

Ïîëàãàÿ äàëåå ® Æm/2 , ãäåm � èíåðòíàÿ ìàññà , ïîëó÷èì îêîí÷àòåëüíî:

L Æ
m

2
v2 Æ

m

2

3X

i Æ1
�x2 ´

m

2
( �x2 Å �y2 Å �z2). (4.6)

Ïîñêîëüêó ôóíêöèÿ Ëàãðàíæà íå çàâèñèò ÿâíî îò êîîðäèíàò ÷àñòèöû, óðàâíåíèÿ
Ýéëåðà ïðèíèìàþ âèä:

d

dt

@L

@�x i
Æ0 )

@L

@�x i
ÆConsti ) �x i Æv i

0 ) x i Æv i
0t Å x i

0. (4.7)

Òàêèì îáðàçîì, ñâîáîäíàÿ ÷àñòèöà ñîâåðøàåò ïðÿìîëèíåéíîå ðàâíîìåð-
íîå äâèæåíèå .

Ðàññìîòðèì ÷àñòèöó âî âíåøíåì ïîëå, çàâèñÿùåì îò ðàäèóñà-âåêòîðà r . Â
ýòîì ñëó÷àå îäíîðîäíîñòü è èçîòðîïíîñòü ïðîñòðàíñòâà íàðóøàåòñÿ. Íî ìû
ìîæåì, ñëåäóÿ ïðèíöèïó çàïèñàòü åå â âèäå:

L Æ
m

2
v2 Å V (r , t ), (4.8)

ãäåV (r , t ) � íåêîòîðàÿ ñêàëÿðíàÿ ôóíêöèÿ ðàäèóñà-âåêòîðà.
Òîãäà óðàâíåíèÿ Ýéëåðà ïðèíèìàþò âèä:

m
d 2x i

dt 2 Æ
@V

@x i
)

d 2r

d t 2 Æ rV, (4.9)

ãäår i Æ@i .
Ïîëàãàÿ

r V ÆF, (4.10)

ïîëó÷èì çàêîí Íüþòîíà:

ma ÆF. (4.11)

Çàêîí ñîõðàíåíèÿ ýíåðãèè:
Óìíîæèì ñêàëÿðíî îáå ÷àñòè óðàâíåíèé äâèæåíèÿ ( 4.9) íà �r , òîãäà ïîëó÷èì:

d

dt

mv2

2
Æ@i V

dx i

dt
.
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Â ñëó÷àå, åñëè ïîòåíöèàëüíàÿ ôóíêöèÿ V (r , t ) íå çàâèñèò îò âðåìåíè, ìû ïîëó-
÷èì â ïðàâîé ÷àñòè ïîñëåäíåãî ñîîòíîøåíèÿ ïîëíóþ ïðîèçâîäíóþ ïî âðåìåíè,
ïåðåíîñÿ êîòîðóþ â ëåâóþ ÷àñòü, ïîëó÷èì çàêîí ñîõðàíåíèÿ ïîëíîé ýíåðãèè

dE

dt
Æ0 ) E ÆE0 ÆConst, E Æ

mv2

2
¡ V (r). (4.12)
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Çàäà÷à

Çàäà÷à:

Ïîñòðîèòü äâóìåðíóþ ìîäåëü íåðåëÿòèâèñòñêîãî äâèæåíèÿ êîñìè÷åñêîãî êî-
ðàáëÿ â ñèñòåìå íåñêîëüêèõ çâåçä.

Ìàòåìàòè÷åñêàÿ ìîäåëü

Áóäåì ñ÷èòàòü, ÷òî â çàäà÷å ïðèìåíèìà ìîäåëü ìàòåðèàëüíîé òî÷êè, òî åñòü
ðàçìåðû äâèæóùåãîñÿ êîñìè÷åñêîãî êîðàáëÿ è çâåçä ïðåíåáðåæèìî ìàëû ïî
ñðàâíåíèþ ñ âåëè÷èíîé îòíîñèòåëüíûõ ïåðåìåùåíèé êîðàáëÿ. Ìàññà êîðàáëÿ
ìàëà ïî ñðàâíåíèþ ñ ìàññàìè çâåçä è âðåìÿ ïîëåòà êîðàáëÿ ìåíüøå îòíîñèòåëü-
íîãî âðåìåíè äâèæåíèÿ çâåçä, ïîýòîìó áóäåì ñ÷èòàòü çâåçäû íåïîäâèæíûìè.

Íüþòîíîâñêàÿ ñèëà ïðèòÿæåíèÿ òåëà ñ ìàññîé m ñî ñòîðîíû òåëà ìàññîé
M i , ïîëîæåíèÿ êîòîðûõ çàäàíû â ñèñòåìå êîîðäèíàò ñîîòâåòñòâåííî ðàäèóñ-
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âåêòîðàìè r , Ri :

Fi Æ ¡
GmM

jr ¡ Ri j2
(r ¡ Ri ).

Ñîãëàñíî âòîðîìó çàêîíó Íüþòîíà óñêîðåíèå òåëà è âåêòîð ñóììû âñåõ ñèë,
äåéñòâóþùèõ íà òåëî, ñâÿçàíû ñîîòíîøåíèåì:

ma Æ
X

i
Fi Æ

X

i
¡

GmM

jr ¡ Ri j2
(r ¡ Ri ). (4.13)

Ýòà ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ
íà÷àëüíûìè óñëîâèÿìè:

r (t0) Ær0;
d r

d t

¯
¯
¯
¯
t Æt0

Æv0.

ñîñòàâëÿåò ìàòåìàòè÷åñêóþ ìîäåëü íåðåëÿòèâèñòñêîãî äâèæåíèÿ êîñìè÷åñêîãî
êîðàáëÿ â ñèñòåìå íåñêîëüêèõ çâåçä.

Ðàññìîòðèì ñëó÷àé äâóìåðíîé ñèñòåìû êîñìè÷åñêèé êîðàáëü - çâåçäû è
äâèæåíèÿ ïðîèñõîäèò â ïëîñêîñòè XOY . Ïóñòü äàíû 2 çâåçäû ñ ìàññàìè M i
è êîîðäèíàòàìè Si (h i ,k i ). Òîãäà ïåðåïèøåì âòîðîé çàêîí Íüþòîíà ( 4.13) â
êîîðäèíàòíîé ôîðìå:

d 2x

d t 2 Æ
2X

i Æ1
¡

GMi (x ¡ h i )

((x ¡ h i )2 Å (y ¡ k i )2)(3/2)
; (4.14)

d 2y

d t 2 Æ
2X

i Æ1
¡

GMi (y ¡ k i )

((x ¡ h i )2 Å (y ¡ k i )2)(3/2)
. (4.15)

Äàëåå äëÿ ðåøåíèÿ çàäà÷è íåîáõîäèìî çàäàòü êîîðäèíàòû è ìàññû çâåçä.
Ïóñòü êîîðäèíàòû çâåçä � S1(1,1), S2(¡ 1,¡ 1), à èõ ìàññû ñîâïàäàþò � M1 ÆM2 Æ
10. Ïðèìåì ãðàâèòàöèîííóþ êîíñòàíòó çà åäèíèöó: G Æ1.

Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè â ÑÊÌ Maple

1) Äëÿ ðåøåíèÿ çàäà÷è ïîäêëþ÷èì áèáëèîòåêè DEtools , plots , plottools :

restart ;
with (plots):
with (plottools):
with (DEtools):

Çàäàíèå ïàðàìåòðîâ ìîäåëè: ãðàâèòàöèîííàÿ ïîñòîÿííàÿ, êîëè÷åñòâî çâåçä, èõ
ìàññû è êîîðäèíàòû ( G, poles, M i , h i , k i )

G:=1;
poles:=2:
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M[1]:=10:
h[1]:=1:
k[1]:=1:
M[2]:=10;
h[2]:=-1;
k[2]:=-1;

2) Äèôôåðåíöèàëüíûå óðàâíåíèÿ äâèæåíèÿ â êîîðäèíàòíîé ôîðìå ( 4.14), (4.15):

Xeq:= diff (x(t),t,t)= sum(-(G*M[j]*(x(t)-h[j]))/((x(t)-h[j])
^2+(y(t)-k[j])^2)^(3/2),j=1..poles);

Xeq :Æ
d 2

dt 2 x (t ) Æ ¡10
x (t ) ¡ 1

³
(x (t ) ¡ 1)2 Å

¡
y (t ) ¡ 1

¢2
´3/2

¡ 10
x (t ) Å 1

³
(x (t ) Å 1)2 Å

¡
y (t ) Å 1

¢2
´3/2

Yeq:= diff (y(t),t,t)= sum(-(G*M[j]*(y(t)-k[j]))/((x(t)-h[j])
^2+(y(t)-k[j])^2)^(3/2),j=1..poles);

Yeq:Æ
d 2

dt 2 y (t ) Æ ¡10
y (t ) ¡ 1

³
(x (t ) ¡ 1)2 Å

¡
y (t ) ¡ 1

¢2
´3/2

¡ 10
y (t ) Å 1

³
(x (t ) Å 1)2 Å

¡
y (t ) Å 1

¢2
´3/2

Ðåøåíèå çàäà÷è Êîøè:

3) Ïóñòü â íà÷àëüíûé ìîìåíò âðåìåíè ( t Æ0) êîñìè÷åñêèé êîðàáëü íàõîäèë-
ñÿ â òî÷êå ñ êîîðäèíàòàìè x0 Æ ¡2, y0 Æ0 è äâèãàëñÿ ñî ñêîðîñòüþ v0 Æ(0,2).
Ñîõðàíèì íà÷àëüíûå äàííûå â ïåðåìåííóþ inits:

inits:=x(0)=-2,y(0)=0,D(x)(0)=0,D(y)(0)=2;

inits :Æx (0) Æ ¡2, y (0) Æ0, D(x)(0) Æ0, D
¡
y

¢
(0) Æ2

Ïðîöåäóðà ÷èñëåííîãî ðåøåíèÿ ñèñòåìû ÄÓ ñ íà÷àëüíûìè óñëîâèÿìè:

g:= dsolve ({Xeq,Yeq,inits},{x(t),y(t)},type=numeric,method=
dverk78,abserr=.000001,output=procedurelist):

Ïîñòðîåíèå ãðàôè÷åñêîé ïðîöåäó-
ðû äâèæåíèå êîñìè÷åñêîãî êîðàáëÿ

4) Çàäàíèå êîëè÷åñòâà èññëåäóåìûõ òî÷åê íà òðàåêòîðèè ( iter), ÷àñòîòà êàäðîâ
àíèìàöèè ( n), êîìàíäû âû÷èñëåíèÿ è âûâîäà ãðàôèêè:

n:=50:
iter:=300:
for i from 0 to iter do
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px[i]:= rhs (g(i/n)[2]):
py[i]:= rhs (g(i/n)[4]):
end do :
data:= seq ( point ([px[i],py[i]],color=red),i=0..iter):
Anim:= display (data, insequence=false,scaling=constrained,axes

=boxed):
stars:= display ( seq ( point ([h[i],k[i]],color=black),i=1..poles)

):
display ({stars,Anim});

Ðèñ. 4.2 Äëÿ âûâîäà àíèìàöèè äâèæåíèÿ êîñìè÷åñêîãî êîðàáëÿ íåîáõîäèìî èçìåíèòü çíà÷åíèå
ïàðàìåòðàinsequence ñfalse íà true .
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Ðèñ. 4.3 Ïîñòðîåíèå òðàåêòîðèè ïîëåòà äëÿ íà÷àëüíûõ óñëîâèéx0 Æ ¡2, y0 Æ0,v0 Æ(2,3)

Ðèñ. 4.4 Åñëè íà÷àëüíàÿ ñêîðîñòü êîñìè÷åñêèé êîðàáëÿ áóäåò âåëèêà, òî îí ïîêèíåò çâåçäíóþ
ñèñòåìó. Íàïðèìåð ïðèx0 Æ ¡2, y0 Æ0,v0 Æ(2,3)



5 Òåîðèÿ îäíîìåðíûõ êîëåáàíèé

5.1 Îäíîìåðíûå êîëåáàíèÿ ìåõàíè÷åñêîé ñèñòåìû âáëèçè òî÷êè
ðàâíîâåñèÿ

Ðàññìîòðèì îäíîìåðíûå äâèæåíèÿ ìåõàíè÷åñêîé ñèñòåìû. Òàêàÿ ñèñòåìà èìååò
2 ñòåïåíè ñâîáîäû è îïèñûâàåòñÿ ôóíêöèåé Ëàãðàíæà

L Æ
m �x2

2
¡ U (x). (5.1)

Ó÷èòûâàÿ èíòåãðàë ïîëíîé ýíåðãèè, ïîëó÷èì óðàâíåíèå Ýéëåðà (îáðàùàåì
âíèìàíèå íà çíàê!):

m �x2

2
ÅU (x) ÆE0 ÆConst. (5.2)

Ñîãëàñíî ( 5.2) âñëåäñòâèå íåîòðèöàòåëüíîñòè �x2 äâèæåíèå âîçìîæíî ëèøü â
îáëàñòÿõ:

U (x) 6 E0. (5.3)

Â ÷àñòíîñòè, ïðè U (x) ÆE0 �x Æ0 ! x Æxi . Òàêèå òî÷êè íàçûâàþòñÿ òî÷êàìè
ïîâîðîòà .

Ïðè âûïîëíåíèè ( 5.3) ðàçðåøàÿ (5.2), ïîëó÷èì:

dx

dt
Æ §

r
2

m
(E0 ¡ U ), (5.4)

ãäå çíàê ïåðåä ðàäèêàëîì äîëæåí ìåíÿòüñÿ â òî÷êàõ ïîâîðîòà.
Ïðè çàäàííîé ôóíêöèè ïîòåíöèàëüíîé ýíåðãèè ìû ìîæåì íàéòè ôîðìàëü-

íîå ðåøåíèå (5.4) â êâàäðàòóðàõ:

Z
dx

p
E ¡ U (x)

Æ

r
2

m
t Å Const. (5.5)

Åñëè èìåþòñÿ 2 òî÷êè ïîâîðîòà, x1,x2, ïðè÷åì E0 ¡ U (x) È 0 ïðè x1 Ç x Ç x2,
òî ñèñòåìà ñîâåðøàåò êîëåáàòåëüíûå äâèæåíèÿ ìåæäó ýòèìè òî÷êàìè ïîâîðîòà.
Ïåðèîä êîëåáàíèé T ýòîé ñèñòåìû ìîæíî âû÷èñëèòü íà îñíîâå ðåøåíèÿ ( 5.5):

T Æ

r
m

2

x2Z

x1

dx
p

E ¡ U (x)
. (5.6)
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Ðèñ. 5.1 Îäíîìåðíûå äâèæåíèÿ ìåõàíè÷åñêîé ñèñòåìû

Åñëè èìååòñÿ îäíà òî÷êà ïîâîðîòà, èëè èõ âîîáùå íåò, ñèñòåìà ñîâåðøàåò èí-
ôèíèòíîå äâèæåíèå .

Ó÷èòûâàÿ, ÷òî ïîòåíöèàëüíàÿ ýíåðãèÿ çàäàíà ñ òî÷íîñòüþ äî ïðîèçâîëüíîé
êîíñòàíòû è ïåðåíîñÿ íà÷àëî êîîðäèíàò â òî÷êó ðàâíîâåñèÿ ñèñòåìû, ðàçëîæèì
ïîòåíöèàë ïî ìàëîñòè ¢ x Æx ñìåùåíèÿ èç ïîëîæåíèÿ ðàâíîâåñèÿ.

U (x) Æ U (0) ÅU 0(0)x Å
1

2
U 00(0)x2

Å
1

6
U 000(0)x3 Å

1

24
U IV (0)x4 Å¢¢¢ (5.7)

Äàëåå, ïîñêîëüêó òî÷êà x Æ0 ÿâëÿåòñÿ òî÷êîé ìèíèìóìà, òî âñëåäñòâèå âûáðàí-
íîé íàìè ñèñòåìû êîîðäèíàò:

U (0) Æ0; U 0(0) Æ0; U 00(0) Æk È 0. (5.8)

Òàêèì îáðàçîì, ðàçëîæåíèå ïîòåíöèàëüíîé ýíåðãèè âáëèçè òî÷êè ðàâíîâå-
ñèÿ (5.7) íà÷èíàåòñÿ ñ êâàäðàòè÷íîãî ÷ëåíà:

U (x) Æ
1

2
kx 2 Å

1

6
U 000(0)x3 Å

1

24
U IV (0)x4 Å¢¢¢ (5.9)

Îãðàíè÷èâàÿñü ïåðâûì ÷ëåíîì ýòîãî ðàçëîæåíèÿ, ïîëó÷èì:

U (x) ¼
1

2
kx 2, ) F Æ ¡kx Çàêîí Ãóêà! (5.10)

Òàêèì îáðàçîì, óðàâíåíèå Ýéëåðà â ýòîì ñëó÷àå ïðèíèìàåò âèä:

m
d 2x

d t 2 Å kx Æ0. (5.11)

Ýòî îáûêíîâåííîå, ëèíåéíîå, îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå 2-
ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè . Ñîãëàñíî òåîðèè îáûêíîâåííûõ
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ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ñì., íàïðèìåð, Ýëüñãîëüö) åãî îáùåå
ðåøåíèå íåîáõîäèìî èñêàòü â âèäå

x Æe¸ t . (5.12)

Ïîäñòàâëÿÿ ( 5.12) â (5.11), íàéäåì êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

¸ 1,2 Æ §i ! 0; ãäå ! 0 Æ
q

k
m ¡ ñîáñòâåííàÿ ÷àñòîòà ñèñòåìû. (5.13)

Ïîýòîìó ñîãëàñíî ( 5.12) è (5.13) îáùåå ðåøåíèå ëèíåéíûõ ñâîáîäíûõ êîëåáà-
íèé åñòü:

x ÆCÅei ! 0t ÅC¡ e¡ i ! 0t ÆC1 cos(! 0t )ÅC2 sin(! 0t ) ÆC0 sin(! 0t Å ' 0) (5.14)

� ãàðìîíè÷åñêèå êîëåáàíèÿ, C0 Æ
q

C2
1 Å C2

2 � àìïëèòóäà êîëåáàíèé, ' 0 � íà-
÷àëüíàÿ ôàçà êîëåáàíèé. Òàêèì îáðàçîì, äëÿ êîíñåðâàòèâíîé ñèñòåìû ãàðìîíè-
÷åñêèå êîëåáàíèÿ âáëèçè òî÷êè ðàâíîâåñèÿ ÿâëÿþòñÿ îáùåé çàêîíîìåðíîñòüþ.

Ðèñ. 5.2 Ìàëûå êîëåáàíèÿ ìàÿòíèêà

Äëÿ ìàÿòíèêà ïîëó÷èì: x(t ) Æ` sin ' (t ) ¼`' , y(t ) Æ` ¡ ` cos' (t ) ¼ 1
2` �' 2, ò.î.,

vx Æ�x Æ` cos' (t ) �' ¼` �' 0, vy Æ�y Æ` sin ' (t ) �' ¼ ¡ `' �' . Òàêèì îáðàçîì:

L Æ
mv 2

2
¡ mg y ¼

m`

2
�' 2 ¡

`

2
mg ' 2 . (5.15)

Òàêèì îáðàçîì, ïðåîáðàçîâàíèåì L ÆL/ ` ; ' Æx;mg Æk çàäà÷à î êîëåáàíèè
ìàÿòíèêà ñâîäèòñÿ ê çàäà÷å î ìàëûõ îäíîìåðíûõ êîëåáàíèÿõ ñèñòåìû âáëèçè
òî÷êè ðàâíîâåñèÿ.
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5.2 Ëèíåéíûå îäíîìåðíûå êîëåáàíèÿ ìåõàíè÷åñêîé ñèñòåìû:
âûíóæäåííûå êîëåáàíèÿ

Ðàññìîòðèì òåïåðü íåêîíñåðâàòèâíóþ ñèñòåìó, êîãäà:

U (x, t ) ÆU0(x) ¡ xF(t ), (5.16)

ãäåF(t ) � âíåøíÿÿ ( âûíóæäàþùàÿ ) ñèëà. Òîãäà âìåñòî óðàâíåíèÿ ñâîáîäíûõ
êîëåáàíèé ( 5.14) ïîëó÷èì óðàâíåíèå ìàëûõ âûíóæäåííûõ êîëåáàíèé:

d 2x

d t 2 Å ! 2
0x Æ

1

m
F(t ) (5.17)

Ïîñêîëüêó ýòî ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå, åãî îáùåå ðåøåíèå ðàâ-
íî ñóììå îáùåãî ðåøåíèÿ ñîîòâåòñòâóþùåãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ( 5.14) è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ.

Ðàññìîòðèì ÷àñòíûé ñëó÷àé âûíóæäàþùåé ñèëû F ÆF0 sin ! t . Òîãäà î÷åâèä-
íî, ÷òî ÷àñòíîå ðåøåíèå óðàâíåíèÿ ( 5.17) ìîæíî èñêàòü â âèäå:

x1(t ) ÆAsin ! t , (5.18)

ïðè÷åì äëÿ êîíñòàíòû A íàéäåì:

A Æ
F0

m

1

! 2
0 ¡ ! 2

. (5.19)

Òàêèì îáðàçîì, ïîëó÷èì ðåøåíèå:

x ÆC1 cos! 0t Å C2 sin ! 0t Å
F0

m

1

! 2
0 ¡ ! 2

sin ! t . (5.20)

5.3 Ëèíåéíûå îäíîìåðíûå êîëåáàíèÿ ìåõàíè÷åñêîé ñèñòåìû: ðåçîíàíñ

Ôîðìóëà ( 5.20) íåïðèìåíèìà â ñëó÷àå ñîâïàäåíèÿ ñîáñòâåííîé è âûíóæäàþùåé
÷àñòîò êîëåáàíèé. Ðàññìîòðèì ñëó÷àé ! Æ! 0:

Òåîðèÿ ÎÄÓ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè óòâåðæäàåò, ÷òî â ñëó÷àå ñîâïà-
äåíèÿ õàðàêòåðèñòè÷åñêèõ ÷èñåë ñ ÷àñòîòàìè â ïðàâîé ÷àñòè óðàâíåíèÿ ÷àñòíîå
ðåøåíèå ïîñëåäíåãî íåîáõîäèìî èñêàòü â âèäå:

x1 ÆAt sin ! 0t . (5.21)

Âû÷èñëÿÿ ïðîèçâîäíûå, ïîäñòàâëÿÿ èõ â óðàâíåíèå, íàéäåì:

A Æ ¡
F0

2m! 0
. (5.22)
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Òàêèì îáðàçîì, â óñëîâèÿõ ðåçîíàíñà ïîëó÷èì îáùåå ðåøåíèå:

x ÆC1 cos! 0t Å C2 sin ! 0t ¡
F0

2m

t

! 0
cos! 0t . (5.23)

Òàêèì îáðàçîì, â óñëîâèÿõ ðåçîíàíñà àìïëèòóäà êîëåáàíèé ðàñòåò ëèíåéíî
ñî âðåìåíåì.

Âû÷èñëèì ñêîðîñòü êîëåáàíèé. Äèôôåðåíöèðóÿ ( 5.24), ïîëó÷èì:

v Æ ¡C1! 0 sin ! 0t Å C2! 0 cos! 0t ¡
F0

2m

1

! 0
cos! 0t Å

F0

2m
t sin ! 0t . (5.24)

Òàêèì îáðàçîì, ñêîðîñòü êîëåáàíèé ðàñòåò òàêæå ëèíåéíî ñî âðåìåíåì, à, ñòàëî
áûòü, êèíåòè÷åñêàÿ ýíåðãèÿ êîëåáàíèé ðàñòåò êâàäðàòè÷íî ïî âðåìåíè.

5.4 Ëèíåéíûå îäíîìåðíûå êîëåáàíèÿ ìåõàíè÷åñêîé ñèñòåìû:
äèññèïàòèâíûå ïðîöåññû

Ðàçóìååòñÿ, ýíåðãèÿ êîëåáàíèé íå ìîæåò ðàñòè äî áåñêîíå÷íîñòè. Ïðè ñóùå-
ñòâåííîì óâåëè÷åíèè àìïëèòóäû êîëåáàíèé ìû, âî-ïåðâûõ, íàðóøàåì óñëîâèå
ìàëîñòè êîëåáàíèé (íåîáõîäèìî ó÷èòûâàòü äîïîëíèòåëüíûå ÷ëåíû â ðàçëî-
æåíèè ôóíêöèè ïîòåíöèàëà), íî êðîìå òîãî, â ñèñòåìå åñòåñòâåííûì îáðàçîì
âîçíèêàþò äèññèïàòèâíûå ïðîöåññû, ñâÿçàííûå ñ ñèëàìè òðåíèÿ è ïðèâîäÿùèå
ê äèññèïàöèè ýíåðãèè íà òåïëîâûå ïðîöåññû.

Ïðîñòåéøèì ñïîñîáîì ó÷åòà ñèë òðåíèÿ ÿâëÿåòñÿ ââåäåíèå â ïðàâóþ ÷àñòü
óðàâíåíèÿ êîëåáàíèé äîïîëíèòåëüíîãî ÷ëåíà ëèíåéíîãî ñîïðîòèâëåíèÿ:

Fdi s Æ ¡m¯ v, (5.25)

ãäå¯ � êîýôôèöèåíò ëèíåéíîãî òðåíèÿ. Òîãäà ïîëó÷èì óðàâíåíèå êîëåáàíèé ñ
ó÷åòîì ñèëû òðåíèÿ:

d 2x

d t 2 Å ¯
dx

d t
Å ! 2

0x Æ
1

m
F0 sin ! t . (5.26)

Ðåøàÿ ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå, íàéäåì:

x Æe¡ ¯
2 t (C1 cos!̃ 0t Å C2 sin !̃ 0t ) , !̃ 0 Æ ! 0

s

1¡
¯ 2

4! 2 . (5.27)

×àñòíîå ðåøåíèå óðàâíåíèÿ ( 5.4) áóäåì èñêàòü â âèäå:

x1 ÆAsin(! t ) Å B cos(! t ). (5.28)

Ïîäñòàâèì ýòî ðåøåíèå â óðàâíåíèå ( 5.4):

¡ A! 2 sin(! t ) ¡ B! 2 cos(! t ) Å ¯ A! cos(! t ) ¡ ¯ B! sin(! t )

ÅA! 2
0 sin(! t ) Å B! 2

0 cos(! t ) Æ
F0

m
sin(! t ).
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Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè cos! t è sin ! t â ïðàâûõ è ëåâûõ ÷àñòÿõ ýòîãî
óðàâíåíèÿ, ïîëó÷èì ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé íà êîýôôèöèåíòû A è
B:

sin(! t ) ¡ A! 2 ¡ B¯! Å A! 2
0 ÆF0

m ;

cos(! t ) ¡ B! 2 Å A¯! Å B! 2
0 Æ0.

(5.29)

Ðåøàÿ (5.29), íàéäåì:

A Æ ¡
F0

m

! 2 ¡ ! 2
0

(! 2 ¡ ! 2
0)2 Å ¯ 2! 2

; B Æ ¡
F0

m

¯!

(! 2 ¡ ! 2
0)2 Å ¯ 2! 2

; (5.30)

òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ âûíóæäåííûõ êîëåáàíèé ñ ó÷åòîì
ëèíåéíîãî êîýôôèöèåíòà òðåíèÿ ìîæíî çàïèñàòü â âèäå:

x Æe¡ ¯
2 t C0 sin( !̃ 0t Å ' 0) Å C sin(! t Å ' ), (5.31)

ãäå ' 0, ' � íåêîòîðûå ôàçû, C0 Æ
q

C2
1 Å C2

2 ,

C Æ
p

A2 Å B2 Æ
jF0j

m

1
q

(! 2 ¡ ! 2
0)2 Å ¯ 2! 2

. (5.32)

Âû÷èñëÿÿ ñêîðîñòü êîëåáàíèé îòíîñèòåëüíî ðåøåíèÿ ( 5.4), à çàòåì � êèíåòè-
÷åñêóþ ýíåðãèþ êîëåáàíèé, íàéäåì:

E Æ
mv 2

2
Æ

m

2

µ
¡

¡ ¯

2
e¡ ¯

2 t C0 sin( !̃ 0t Å ' 0)Å

e¡ ¯
2 t !̃ 0C0 cos(!̃ 0t Å ' 0) Å ! C cos(! t Å ' )

¶2
, (5.33)

Îòñþäà ïðè t ! 1 ïîëó÷èì:

E w
t !1

F2
0

m

! 2
0

(! 2 ¡ ! 2
0)2 Å ¯ 2! 2

cos2(! t Å ' ). (5.34)

Óñðåäíÿÿ ( 5.34) ïî ïåðèîäó êîëåáàíèé ñ ó÷åòîì ñîîòíîøåíèÿ:

hcos2 xi Æ
1

2¼

2¼Z

0

cos2 xdx Æ
1

2

ïîëó÷èì:

hEi Æ
t !1

F2
0

2m

! 2
0

(! 2 ¡ ! 2
0)2 Å ¯ 2! 2

. (5.35)
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Òàêèì îáðàçîì, â óñëîâèÿõ ðåçîíàíñà ! Æ! 0 ïîëó÷èì:

E ¼
F2

0

m

1

¯ 2 cos2(! t Å ' ) ! hEi Æ
F2

0

2m

1

¯ 2 . (5.36)

Ðèñ. 5.3 Ãðàôèê çàâèñèìîñòè ñðåäíåé íîðìèðîâàííîé ýíåðãèè êîëåáàíèéE Æ2mE
! 2

0
F2

0
îò

îòíîñèòåëüíîé ÷àñòîòûx Æ! / ! 0. Çäåñü» Æ ¯
! 0

. Òàêèì îáðàçîì, âûñîòà ïèêà â ìàêñèìóìå ðàâíà

1
»2 Æ

³
! 0
¯

´2
.
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Ìîäåëèðîâàíèå ëèíåéíûõ êîëåáàíèé

Çàäà÷à:Ïîñòðîèòü ìîäåëü îäíîìåðíûõ ëèíåéíûõ âûíóæäåííûõ êîëåáàíèé ñ
ó÷åòîì ëèíåéíîé äèññèïàöèè.

Ìàòåìàòè÷åñêàÿ ìîäåëü

Ðàññìîòðèì óðàâíåíèå ëèíåéíûõ êîëåáàíèé ñ ëèíåéíûì äèññèïàòèâíûì ÷ëå-
íîì è ïðîèçâîëüíîé âûíóæäàþùåé ñèëîé f (t ):

d 2x

d t 2 Å ¯
dx

d t
Å ! 2

0x Æ
1

m
f (t ), (5.37)

ãäåm � ìàññà òåëà, ¯ ÆConst � êîýôôèöèåíò ëèíåéíîãî òðåíèÿ , ! 0 � ÷àñòî-
òà ñîáñòâåííûõ êîëåáàíèé, x(t ) � àìïëèòóäà êîëåáàíèé. Çàäàäèì íà÷àëüíûå
óñëîâèÿ çàäà÷è:

x(t0) Æx0;
dx

d t

¯
¯
¯
¯
t0Æ0

Æv0. (5.38)

Òàêèì îáðàçîì, ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è î ìàëûõ îäíîìåðíûõ êîëåáàíèé
ñ ëèíåéíîé äèññèïàöèåé ïðåäñòàâëÿåò ñîáîé çàäà÷ó Êîøè äëÿ îáûêíîâåííîãî
ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà.

Áèáëèîòåêà ëèíåéíûõ êîëåáàíèé

Ðàññìîòðèì ñîçäàíèå è èñïîëüçîâàíèå áèáëèîòåêè ïðîãðàììíûõ ïðîöåäóð
äëÿ ìîäåëèðîâàíèÿ ëèíåéíûõ êîëåáàíèé ( 5.37) â ÑÊÌ Maple [ 3]. Äëÿ ñîçäàíèÿ
áèáëèîòåêè ïðîãðàììíûõ ïðîöåäóð ñ èìåíåì Oscilat íåîáõîäèìî, âî ïåðâûõ,
â íà÷àëå ïðîãðàììíîãî ôàéëà, ñêàæåì, ñ èìåíåì lib.mw çàïèñàòü

>restart:
>Oscilat:=table():

Âî-âòîðûõ, â êîíöå ôàéëà íåîáõîäèìî äàòü çàêëþ÷èòåëüíóþ êîìàíäó ñîõðàíå-
íèÿ áèáëèîòåêè

>save(Oscilat,`Osc.m`):

� â ýòîì ñëó÷àå áèáëèîòåêà Oscilat ñîõðàíèòñÿ â ôàéëå Osc.m. Â òðåòüèõ, âñå
ïðîãðàììíûå ïðîöåäóðû áèáëèîòåêè ñ èìåíåì name íåîáõîäèìî îïðåäåëÿòü
â ôîðìàòå Oscilast[name] . Ïîñëå çàïóñêà òàêèì îáðàçîì ïðèãîòîâëåííîãî
ôàéëà â ýòîé æå ïàïêå îáðàçóåòñÿ ôàéë Osc.m. Íàêîíåö, íåîáõîäèìî ñîçäàòü
ðàáî÷èé ôàéë, íàïðèìåð, test.mw , â ïðåàìáóëå êîòîðîãî íåîáõîäèìî óêàçàòü
èìÿ ôàéëà áèáëèîòåêè è èìÿ áèáëèîòåêè:
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>restart:
>read "Osc.m";

with(Oscilat);

Îòëàäêà ïðîãðàììû ìîæåò ïðîõîäèòü ïî ñëåäóþùåé ñõåìå: 1. çàïóñê ñîçäàííîé
ïðîãðàììíîé ïðîöåäóðû Oscilast[name] â ôàéëå lib.mw ; 2. çàïóñòèòü çàêëþ-
÷èòåëüíóþ êîìàíäó ñîõðàíåíèÿ; 3. çàïóñòèòü óêàçàííûå êîìàíäû â ïðåàìáóëå
ôàéëà test.mw ; 4. çàïóñòèòü êîìàíäó name ñ íåîáõîäèìûìè ïàðàìåòðàìè.
Ïðîöåäóðà çàäàíèÿ óðàâíåíèÿ ëèíåéíûõ êîëåáàíèé
Ïàðàìåòðàìè ïðîöåäóðû Oscilat[EqOscilat](t,f,m,beta,omega0) ÿâëÿ-
þòñÿ: t � âðåìÿ, f � âûíóæäàþùàÿ ñèëà, m � ìàññà òåëà, ¯ � êîýôôèöèåíò
ëèíåéíîãî òðåíèÿ, ! 0 � ñîáñòâåííàÿ ÷àñòîòà êîëåáàíèé:

>Oscilat[EqOscilat]:=proc(t,x,f,m,beta,omega0)local F,T,X:
F:=(T)->subs(t=T,f):
X:=(T)->subs(t=T,x(t)):
diff(x(t),t$2)+beta*diff(x(t),t)+omega0^2*x(t)=F(t)/m:

end proc:

Ïðèìåð èñïîëíåíèÿ ïðîöåäóðû Oscilat[EqOscilat](t,x,f,m,beta,omega0)
(â ôàéëå test.mw ):

>EqOscilat(t,xi,t*exp(-t),m,beta,omega0);

d2

dt 2 »(t ) Å ¯
d

dt
»(t ) Å ! 02»(t ) Æ

t e¡ t

m

Îáùåå ðåøåíèå óðàâíåíèÿ ëèíåéíûõ êîëåáàíèé
Äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ ÎÄÓ
Oscilat[EqOscilat](t,x,f,m,beta,omega0) îòíîñèòåëüíî íåèçâåñòíîé
ôóíêöèè x(t) âîñïîëüçóåìñÿ ñòàíäàðòíîé ôóíêöèåé dsolve(Eq,x(t)) . Ìû
çíàåì, ÷òî îáùåå ðåøåíèå îáûêíîâåííîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ âñåãäà áóäåò íàéäåíî Maple â êâàäðàòóðàõ. Ýòî ðåøåíèå áóäåò çàâèñåòü
îò äâóõ ïðîèçâîëüíûõ ïîñòîÿííûõ, êîòîðûå â Maple îáîçíà÷àþòñÿ êàê _C1,_C2 .
Äëÿ âîçìîæíîñòè óïðàâëåíèÿ, êàê ýòèìè ïîñòîÿííûìè, òàê è äðóãèìè ïàðàìåò-
ðàìè, ñîçäàäèì ïðîöåäóðó
Oscilat[GenSolve](t1,t,x,f,m,beta,omega0,C1,C2) , ãäå t ,x � âðåìåí-
íàÿ ïåðåìåííàÿ è àìïëèòóäà, à t 1 � çíà÷åíèå âðåìåííîé ïåðåìåííîé, äëÿ
êîòîðîé âû÷èñëÿåòñÿ ðåøåíèå:

>Oscilat[GenSolve]:=proc(t1,t,x,f,m,beta,omega0,C1,C2)
local X,T,GS,GST,GSTt:
GS:=dsolve(Oscilat[EqOscilat](t,x,f,m,beta,omega0),x(t)):
GST:=subs({_C1=C1,_C2=C2},rhs(GS)):
GSTt:=(T)->subs(t=T,GST):
GSTt(t1):
end proc:

Ïðèìåð èñïîëíåíèÿ ïðîöåäóðû:
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>GenSolve(tau,t,xi,exp(-t)*t,m,beta,omega0,C1,C2);

e

³
¡ 1

2 ¯ Å 1
2

p
¯ 2¡ 4! 02

´
¿
C2Åe

³
¡ 1

2 ¯ ¡ 1
2

p
¯ 2¡ 4! 02

´
¿
C1¡ e¡ ¿ (¡ ! 02 Å ¯ ¡ 1)¤ ¿Å ¯ ¡ 2)

(¡ ! 02 Å ¯ ¡ 1)2m

Ñîçäàäèì ïðîöåäóðû âû÷èñëåíèÿ àìïëèòóäû êîëåáàíèé
Oscilat[GenAmplitude](t1,t,x,f,m,beta,omega0,C1,C2) â îáùåì ðåøå-
íèè çàäà÷è Êîøè è ñêîðîñòè êîëåáàíèé
Oscilat[GenVelocity](t,x,f,m,beta,omega0,C1,C2) :

>Oscilat[GenAmplitude]:=(T,t,x,f,m,beta,omega0,C1,C2)->
Oscilat[GenSolve](T,t,x,f,m,beta,omega0,C1,C2):

>Oscilat[GenVelocity]:=(T,t,x,f,m,beta,omega0,C1,C2)->
subs(T=t,diff(Oscilat[Amplitude](T,x,f,m,beta,omega0,C1,C2),T)):

è ïðèâåäåì ïðèìåð èñïîëíåíèÿ ïðîöåäóð:

GenAmplitude(1,x,sin(t),1,0.1,2,1,1);

e¡ 1
20 sin

µ
1

20

p
1599

¶
Å e¡ 1

20 cos
µ

1

20

p
1599

¶
¡

10

901
cos(1)Å

300

901
sin(1)

>evalf(GenVelocity(1,t,x,exp(-t)*sin(t),1,0.1,2,1,0));

¡ 1.784367302

Ââåäåì äëÿ êðàòêîñòè àìïëèòóäó è ñêîðîñòü êîëåáàíèé:

>X1:=(tau)->
GenAmplitude(tau,t,x,exp(-t)*sin(t),1,0.1,2,1,0);
>V1:=(tau)->
GenVelocity(tau,t,x,exp(-t)*sin(t),1,0.1,2,1,0);

Ïîñòðîèì ãðàôèê çàâèñèìîñòè àìïëèòóäû êîëåáàíèé îò âðåìåíè: è ôàçîâóþ
äèàãðàììó êîëåáàíèé (ðèñ. ??.

Ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ ëèíåéíûõ êîëåáàíèé

Ïîëó÷åííîå îáùåå ðåøåíèå óðàâíåíèÿ ëèíåéíûõ êîëåáàíèé, îäíàêî, íå î÷åíü
óäîáíî äëÿ çàäà÷åé èññëåäîâàíèÿ, ïîñêîëüêó îïðåäåëÿåòñÿ ïðîèçâîëüíûìè
êîíñòàíòàìè C1,C2, íå èìåþùèõ ÿñíîãî ôèçè÷åñêîãî ñìûñëà. Ñîçäàäèì ïîýòî-
ìó ïðîöåäóðû ðåøåíèÿ çàäà÷è Êîøè, ò.å., çàäà÷è ñ íà÷àëüíûìè óñëîâèÿìè, â
êîòîðîé äâå ïðîèçâîëüíûå êîíñòàíòû áóäóò îïðåäåëÿòüñÿ â êîíå÷íîì èòîãå
íà÷àëüíûìè çíà÷åíèÿìè êîîðäèíàòû x0 è ñêîðîñòè v0.
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Ðèñ. 5.4 Ãðàôèê àìïäèòóäû êîëåáàíèé ïî îáùåìó ðåøåíèþ

Ðèñ. 5.5 Ôàçîâàÿ äèàãðàììà êîëåáàíèé ïî îáùåìó ðåøåíèþ

Çàäàíèå íà÷àëüíûõ óñëîâèé
Îïðåäåëèì ïðîãðàììíóþ ïðîöåäóðó ââîäà íà÷àëüíûõ óñëîâèé
Oscilat[IC](x,t,ic) , ãäåic=[t0,x0,v0] (¾IC¿ � Initial Conditions):
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>Oscilat[IC]:=proc(x,t,ic) local X,T,dX,t0,x0,v0:
t0:=ic[1]:x0:=ic[2]:v0:=ic[3]:
X:=(T)->subs(t=T,x(t)):
dX:=(T)->D(X)(T):
X(t0)=x0,subs({T=t0,X=x},D(X)(T)=v0):
end proc:

Èñïîëíåíèå ýòîé êîìàíäû èìååò âèä:

IC(x,t,[1,2,3]);

x(1) Æ2,D(x)(1) Æ3

Ïîñòðîèì ïðîãðàììíóþ ïðîöåäóðó ðåøåíèÿ çàäà÷è Êîøè ñ íà÷àëüíûìè äàí-
íûìè ic â ìîìåíò âðåìåíè t=t1,
Oscilat[CosheSolve](t1,t,x,f,m,beta,omega0,ic):

Oscilat[CosheSolve]:=proc(t1,t,x,f,m,beta,omega0,ic)
local X,T,GS,GST,GSTt,t0,x0,v0,InC,dX,XX,XT,VV,VT:
X:=(T)->subs(t=T,x(t)):
dX:=(T)->D(X)(T):
t0:=ic[1]:x0:=ic[2]:v0:=ic[3]:
InC:=X(t0)=x0,subs({T=t0,X=x},D(X)(T)=v0):
GS:=dsolve({Oscilat[EqOscilat](t,x,f,m,beta,omega0),InC},x(t)):
XX:=eval(subs(GS,X(t))):
XT:=(T)->subs(t=T,XX):
VV:=eval(subs(GS,diff(X(t),t))):
VT:=(T)->subs(t=T,VV):
[XT(t1),VT(t1)]:
end proc:

Ñîãëàñíî ôîðìàòó ýòîé ïðîöåäóðû îíà ñðàçó âû÷èñëÿåò çíà÷åíèÿ àìïëèòóäû è
ñêîðîñòè êîëåáàíèé è ïðåäñòàâëÿåò èõ â âèäå ñïèñêà [x(t1),v(t1)] :

> evalf(CosheSolve(1,tau,x,sin(tau),1,0.1,1,[1,2,3]));

[2.000000002,2.999999998]

Äëÿ óäîáñòâà ïðîâåäåíèÿ èññëåäîâàíèé ìîæíî ïîñòðîèòü ñïåöèàëüíûå ïðîöå-
äóðû ãðàôè÷åñêîãî âûâîäà ðåçóëüòàòîâ:
Oscilat[AmplitudeGraph](t,x,f,m,beta,omega0,ic,T,c) ,
Oscilat[VelocityGraph](t,x,f,m,beta,omega0,ic,T,c) è
Oscilat[FaseGraph](t,x,f,m,beta,omega0,ic,T,c) �
àìïëèòóäû, êîëåáàíèé, ñêîðîñòè êîëåáàíèé è ôàçîâîé äèàãðàììû êîëåáàíèé.
Â ýòèõ ïðîöåäóðàõ T=[t0,t1] � âðåìåííîé èíòåðâàë âûâîäà ãðàôèêà, c � öâåò
ãðàôèêà.
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>Oscilat[AmplitudeCoshe]:=(t1,t,x,f,m,beta,omega0,ic)->
Oscilat[CosheSolve](t1,t,x,f,m,beta,omega0,ic)[1]:

>Oscilat[VelocityCoshe]:=(t1,t,x,f,m,beta,omega0,ic)->
Oscilat[CosheSolve](t1,t,x,f,m,beta,omega0,ic)[2]:

>Oscilat[AmplitudeGraph]:=
proc(t,x,f,m,beta,omega0,ic,T,c) local t1:
plot(Oscilat[AmplitudeCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..T[2],
title=`Ãðàôèê àìïëèòóäû êîëåáàíèé X(t)`,labels=[t,x(t)],
labelfont=[TIMES,BOLD,14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c):
end proc:

>Oscilat[VelocityGraph]:=
proc(t,x,f,m,beta,omega0,ic,T,c) local t1:
plot(Oscilat[VelocityCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..T[2],
title=`Ãðàôèê ñêîðîñòè êîëåáàíèé V(t)`,labels=[t,v(t)],
labelfont=[TIMES,BOLD,14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c):
end proc:

>Oscilat[FaseGraph]:=
proc(t,x,f,m,beta,omega0,ic,T,c) local t1:
plots[display](#
plot([Oscilat[AmplitudeCoshe](t1,t,x,f,m,beta,omega0,ic),
Oscilat[VelocityCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..T[2]],
title=`Ôàçîâàÿ òðàåêòîðèÿ êîëåáàíèé [X(t),V(t)]`,
labels=[x(t),v(t)],
labelfont=[TIMES,BOLD,14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c),
plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):
end proc:

Ïðèâåäåì ïðèìåð âûâîäà ôàçîâûõ äèàãðàìì êîëåáàíèé (Ðèñ. 5.8 è 5.9). Êðàñíîé
òî÷êîé àâòîìàòè÷åñêè îáîçíà÷àåòñÿ íà÷àëüíîå ïîëîæåíèå ñèñòåìû â ôàçîâîì
ïðîñòðàíñòâå.

>FaseGraph(t,x,sin(t),1,0.1,1,[0,0,0],[0,32*Pi],
COLOR(RGB,0,0,0.5));

>FaseAnime(t,x,0,1,0.1,1,[0,10,0],[0,48*Pi],64,
COLOR(RGB,0,0,0.5));
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Ðèñ. 5.6 Ôàçîâàÿ äèàãðàììà êîëåáàíèé íà îñíîâå ðåøåíèÿ çàäà÷è Êîøè. Ñëó÷àé ðåçîíàíñà.

Ðèñ. 5.7 Ôàçîâàÿ äèàãðàììà êîëåáàíèé íà îñíîâå ðåøåíèÿ çàäà÷è Êîøè. Âûíóæäàþùàÿ ñèëà
îòñóòñòâóåò.

Ïðîöåäóðû îñíàùåííîé äèíàìè÷åñêîé
âèçóàëèçàöèè ëèíåéíûõ êîëåáàíèé

Ïîä óïðàâëÿåìîé, îñíàùåííîé äèíàìè÷åñêîé âèçóàëèçàöèåé ìû ïîíèìàåì âè-
çóàëèçàöèþ ìíîãîïàðàìåòðè÷åñêîé ìàòåìàòè÷åñêîé ìîäåëè, èçìåíåíèå ñâîéñòâ
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êîòîðîé ìîæíî íàáëþäàòü âî âðåìåííîé ïîñëåäîâàòåëüíîñòè â ãðàôè÷åñêîé
ôîðìå, ñîïðîâîæäàåìîé èçìåíÿþùåéñÿ ñî âðåìåíåì ÷èñëîâîé èëè ãðàôè÷å-
ñêîé èíôîðìàöèåé, ñ âîçìîæíîñòüþ èçìåíåíèÿ ïîëüçîâàòåëåì ïàðàìåòðîâ
ìîäåëè [ 3]. Ìåòîäû îñíàùåííîé äèíàìè÷åñêîé âèçóàëèçàöèè ðàçðàáàòûâàþòñÿ
ïîä ðóêîâîäñòâîì ïðîôåññîðà Þ.Ã. Èãíàòüåâà ñ 2004 ã. Äèíàìè÷åñêóþ ãðàôèêó
â ñèñòåìå Maple ìîæíî ñîçäàòü äâóìÿ ñïîñîáàìè. Ïåðâûé èç íèõ çàêëþ÷àåò-
ñÿ â èñïîëüçîâàíèè ïðÿìûõ êîìàíä àíèìàöèè áèáëèîòåêè plots . Äëÿ ñîçäà-
íèÿ ñëîæíûõ àíèìàöèîííûõ ìîäåëåé íåîáõîäèìî ïðèìåíÿòü âòîðîé ñïîñîá
àíèìàöèè íà îñíîâå ïðîãðàììíîé ïðîöåäóðû áèáëèîòåêè plots display ñ
íåîáÿçàòåëüíîé îïöèåé insequence = true . Ïðèìåíåíèå ýòîé ïðîöåäóðû
áåç óêàçàííîé îïöèè ñîçäàåò êîìáèíàöèþ ãðàôè÷åñêèõ îáúåêòîâ, óêàçàííûõ
â òåëå êîìàíäû display . Ïîýòîìó ñëîæíûå àíèìàöèîííûå ñòðóêòóðû ìîæíî
ñîçäàâàòü èç îòäåëüíûõ ãðàôè÷åñêèõ îáúåêòîâ, ñîáèðàÿ èõ ñ ïîìîùüþ ïðîöå-
äóðû â ðàçëè÷íûå ñòðóêòóðû, êîòîðûå ñíîâà ìîæíî èíòåãðèðîâàòü ôóíêöèåé
display . Ïðè ýòîì íàäî çàìåòèòü, ÷òî îòäåëüíûìè ãðàôè÷åñêèìè îáúåêòà-
ìè, ñîáèðàåìûìè ïðîöåäóðîé display ìîãóò áûòü è àíèìàöèîííûå îáúåêòû,
ñîçäàâàåìûå óêàçàííûìè âûøå ñïîñîáàìè. Âûâîä ìîìåíòàëüíîé öèôðîâîé
èíôîðìàöèè ìîæíî îñóùåñòâëÿòü â òåêñòîâûõ íàäïèñÿõ êàæäîãî i -ãî êàäðà â
ôîðìàòå convert([X=x(i),Y=y(i)],string) . Ïðè ýòîì ïðåäâàðèòåëüíî â
òåëå ïðîãðàììíîé ïðîöåäóðû íåîáõîäèìî ïðîâåñòè ïðèáëèæåííûå âû÷èñëåíèÿ
âåëè÷èí x(i),y(i),... .

Ïðîöåäóðû óïðàâëÿåìîé äèíàìè÷åñêîé âèçóàëèçàöèè ëèíåéíûõ êîëåáà-
íèé
Ïðèâåäåì êîäû ïðîãðàìì îñíàùåííîé äèíàìè÷åñêîé âèçóàëèçàöèè ôàçîâîé
äèàãðàììû êîëåáàíèé, ãðàôèêà àìïëèòóäû è ñêîðîñòè êîëåáàíèé:
Oscilat[FaseAnime](t,x,f,m,beta,omega0,ic,T,N,c) ,
Oscilat[AmplitudeAnime](t,x,f,m,beta,omega0,ic,T,N,c) ,
Oscilat[VelocityAnime]:=proc(t,x,f,m,beta,omega0,ic,T,N,c) .
Ïîìèìî ïðî÷èõ, èçâåñòíûõ óæå, ïàðàìåòðîâ çäåñü ïðèñóòñòâóþ c � öâåò ëèíèè,
N� êîëè÷åñòâî êàäðîâ àíèìàöèè.

>Oscilat[FaseAnime]:=proc(t,x,f,m,beta,omega0,ic,T,N,c)
local t1,i,k,tt,G:
tt:=(i)->evalf((T[2]-T[1])*i/N,3):
G:=(i)->plots[display](#
plot([Oscilat[AmplitudeCoshe](t1,t,x,f,m,beta,omega0,ic),
Oscilat[VelocityCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..tt(i)],
title=`Ôàçîâàÿ òðàåêòîðèÿ êîëåáàíèé [X(t),V(t)]`,
labels=[x(t),v(t)],
labelfont=[TIMES,BOLD,14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c,caption=[t=convert(tt(i),string)],
captionfont=[TIMES,ROMAN,14]),
plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):
plots[display](seq(G(i),i=0..N),insequence=true):
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end proc:
>Oscilat[AmplitudeAnime]:=proc(t,x,f,m,beta,omega0,ic,T,N,c)

local t1,i,k,tt,G:
tt:=(i)->evalf((T[2]-T[1])*i/N,3):
G:=(i)->plots[display](#
plot(Oscilat[AmplitudeCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..tt(i),
title=`Àìïëèòóäà êîëåáàíèé [t,X(t)]`, labels=[t,x(t)],
labelfont=[TIMES,BOLD,14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c,caption=[t=convert(tt(i),string)],
captionfont=[TIMES,ROMAN,14]),
plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):
plots[display](seq(G(i),i=0..N),insequence=true):
end proc:

>Oscilat[VelocityAnime]:=proc(t,x,f,m,beta,omega0,ic,T,N,c)
local t1,i,k,tt,G:
tt:=(i)->evalf((T[2]-T[1])*i/N,3):
G:=(i)->plots[display](#
plot(Oscilat[VelocityCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..tt(i),
title=`Ñêîðîñòü êîëåáàíèé [t,V(t)]`,labels=[t,V(t)],
labelfont=[TIMES,BOLD,14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,
color=c,caption=[t=convert(tt(i),string)],
captionfont=[TIMES,ROMAN,14]),
plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):
plots[display](seq(G(i),i=0..N),insequence=true):
end proc:

Ïðèâåäåì ïðèìåðû èñïîëíåíèÿ ýòèõ ïðîöåäóð:

>FaseAnime(t,x,sin(t),1,0.1,1,[0,0,0],[0,48*Pi],64,
COLOR(RGB,0,0,0.5));

>FaseAnime(t,x,0,1,0.1,1,[0,10,0],[0,48*Pi],64,
COLOR(RGB,0,0,0.5));

×èòàòåëþ ðåêîìåíäóåòñÿ ïðîâåñòè ñàìîñòîÿòåëüíûé àíàëèç ìîäåëè ëèíåé-
íûõ êîëåáàíèé ñ ó÷åòîì ïðèâåäåííûõ êîäîâ, ðàññìîòðåâ ñëó÷àè ðåçîíàíñà (ñîâ-
ïàäåíèÿ ñîáñòâåííîé ÷àñòîòû è ÷àñòîòû âûíóæäàþùåé ñèëû), áèåíèé (êðàò-
íîñòè ÷àñòîò), áîëüøîãî è ìàëîãî çíà÷åíèÿ ìàññû òåëà, áîëüøîãî è ìàëîãî
çíà÷åíèÿ êîýôôèöèåíòà ëèíåéíîãî òðåíèÿ .
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Ðèñ. 5.8 Îñíàùåííàÿ äèíàìè÷åñêàÿ âèçóàëèçàöèÿ ôàçîâîé äèàãðàììû êîëåáàíèé íà îñíîâå
ðåøåíèÿ çàäà÷è Êîøè. Ñëó÷àé ðåçîíàíñà. Ôèëüì èç N=64 êàäðîâ.

Ðèñ. 5.9 Îñíàùåííàÿ äèíàìè÷åñêàÿ âèçóàëèçàöèÿ ôàçîâîé äèàãðàììû êîëåáàíèé íà îñíîâå
ðåøåíèÿ çàäà÷è Êîøè. Âûíóæäàþùàÿ ñèëà îòñóòñòâóåò. Ôèëüì èç N=64 êàäðîâ.



6
Ìàòåìàòè÷åñêàÿ ìîäåëü
íåëèíåéíûõ êîëåáàíèé

6.1 Íåëèíåéíûå îäíîìåðíûå êîëåáàíèÿ ìåõàíè÷åñêîé ñèñòåìû âáëèçè
òî÷êè ðàâíîâåñèÿ

Ïðè óâåëè÷åíèè àìïëèòóäû êîëåáàíèé âáëèçè òî÷êè ðàâíîâåñèÿ íà÷èíàþò ïðî-
ÿâëÿòüñÿíåëèíåéíûå ñâîéñòâà äâèæåíèÿ ìåõàíè÷åñêîé ñèñòåìû. Âåðíåìñÿ ê
ôîðìóëå ðàçëîæåíèÿ ïîòåíöèàëà âáëèçè òî÷êè ðàâíîâåñèÿ.

U (x) Æ
1

2
kx 2 Å

1

6
U 000(0)x3 Å

1

24
U IV (0)x4 Å¢¢¢ (6.1)

Íà ðèñóíêå ïðèâåäåí òèïè÷íûé ãðàôèê êóáè÷åñêîé ïàðàáîëû, ïîëó÷åííûé

â ÑÊÌ Maple. Íà ïåðâûé âçãëÿä êàæåòñÿ, ÷òî ñëåäóþùèì øàãîì îáîáùåíèÿ
äîëæåí áûòü ó÷åò êóáè÷åñêîãî ÷ëåíà â ðàçëîæåíèè ( 6.1). Îäíàêî, ýòî íå òàê. Â
óñòîé÷èâîé ìåõàíè÷åñêîé ñèñòåìå ýòîò ÷ëåí ðàçëîæåíèÿ äîëæåí áûòü ðàâåí
íóëþ.

Ðàññìîòðèì ðàçëîæåíèå ( 6.1) äî 4-ãî ïîðÿäêà, èñêëþ÷àÿ òåïåðü ÷ëåíû òðå-
òüåãî ïîðÿäêà, ïîëàãàÿ, ÷òî ïîòåíöèàë ÿâëÿåòñÿ ÷åòíîé ôóíêöèåé îòíîñèòåëüíî
òî÷êè ðàâíîâåñèÿ.
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Èòàê, ïîëîæèì:

U (x) Æa0 Å
1

2
a2x2 Å

1

4
a4x4. (6.2)

Äëÿ òîãî, ÷òîáû ïîëó÷èòü ïîòåíöèàëüíóþ ÿìó, íåîáõîäèìî, ÷òîáû

a4 È 0. (6.3)

Âû÷èñëÿÿ ïåðâóþ ïðîèçâîäíóþ îò U (x), ïîëó÷èì óðàâíåíèå íà òî÷êè ýêñòðåìó-
ìîâ:

x(a2 Å a4x2) Æ0. (6.4)

Îäíà òî÷êà ýêñòðåìóìà âñåãäà ñóùåñòâóåò: x Æ0. Â ñëó÷àå, åñëèa2 È 0, áîëüøå
ýêñòðåìóìîâ íåò, è ìû èìååì ïàðàáîëó 4-ãî ïîðÿäêà.

Åñëèa2 Ç 0, èìåþòñÿ åùå äâå ñèììåòðè÷íûå òî÷êè ìèíèìóìîâ, â ýòîì ñëó÷àå
x Æ0 � òî÷êà ìàêñèìóìà. Âûáèðàÿ êîýôôèöèåíòû ñîãëàñíî ( 6.5), ìû äîáüåì-
ñÿ òîãî, ÷òîáû ÷òîáû òî÷êè ìèíèìóìà íàõîäèëèñü â íóëå ïîòåíöèàëà. Òîãäà
ïîëó÷èì èñêîìûé ïîòåíöèàë 4-ãî ïîðÿäêà:

U (x) Æ
b2

2

µ
x2 ¡

k

2b2

¶2
; a2 Æ ¡k/2, a4 Æb2/2, a0 Æk2/8 b2. (6.5)

6.2 Ìåõàíèçì ñïîíòàííîãî íàðóøåíèÿ ñèììåòðèè

Óðàâíåíèå ñâîáîäíûõ êîëåáàíèé ñ ïîòåíöèàëîì 4-ãî ïîðÿäêà ñ ó÷åòîì äèññèïà-
òèâíûõ ïðîöåññîâ ïðèíèìàåò âèä:

d 2x

d t 2 Å ¯ 0
dx

dt
¡

k

m
x Å 2

b2

m
x3 Æ0. (6.6)

Ýòî íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ êóáè÷åñêîé íåëèíåéíîñòüþ.
Åãî ðåøåíèå ìîæíî ïîëó÷èòü òîëüêî ÷èñëåííûì èíòåãðèðîâàíèåì. Îäíàêî, íå
òàê ñëîæíî ïðîàíàëèçèðîâàòü îáùèé õàðàêòåð ðåøåíèÿ, îáðàòèâøèñü ê ýíåðãå-
òè÷åñêîìó àíàëèçó.
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Ðèñ. 6.1 Íà ðèñóíêå ïðèâåäåí ãðàôèê ïîòåíöèàëà 4-ãî ïîðÿäêà (6.5), ïîëó÷åííûé â ÑÊÌ Maple.
Î÷åâèäåí ìåõàíèçì ñïîíòàííîãî íàðóøåíèÿ ñèììåòðèè. Â ìîìåíò âðåìåíèt0 ÷àñòèöà íàõîäèòñÿ â
öåíòðå ñèììåòðè÷íîãî ïîòåíöèàëà ñ ýíåðãèåéE0 È U (0), äâèãàÿñü âïðàâî èëè âëåâî � íàïðàâëåíèå
äâèæåíèÿ íå âëèÿåò êà÷åñòâåííî íà ðåçóëüòàò. Âñëåäñòâèå äèññèïàöèè ýíåðãèè ÷àñòèöà íà÷èíàåò åå
òåðÿòü, îïóñêàÿñü íåîáðàòèìî â ëåâûé èëè â ïðàâûé ìèíèìóì.

Ðèñ. 6.2 Íàãëÿäíàÿ ñõåìà ìåõàíèçìà ñïîíòàííîãî íàðóøåíèÿ ñèììåòðèè. Îáåäåííûé ñòîë
ñåðâèðîâàí íà 8 ïåðñîí òàðåëêàìè, íîæàìè è âèëêàìè. Ïî ïðàâèëó ýòèêåòà ãîñòè äîëæíû âçÿòü íîæè â
ïðàâûå ðóêè, à âèëêè � â ëåâûå. Ïðåäïîëîæèì, ÷òî çà ñòîëîì ïîÿâèëñÿ ãîñòü, íå çíàþùèé ïðàâèëà
ýòèêåòà, êîòîðûé âîçüìåò ó ñîñåäà ñïðàâà âèëêó, à ó ñîñåäà ñëåâà � íîæ. Òîãäà åãî ñîñåäÿì íè÷åãî íå
îñòàåòñÿ, êàê ïîâòîðèòü òîæå ñàìîå. Â ðåçóëüòàòå � âåñü ñòîë ñòàíåò ¾íåïðàâèëüíûìþ¿ � âñå ãîñòè
íàðóøàò ïðàâèëî ýòèêåòà. Ïðîèçîøëî ñïîíòàííîå (ñëó÷àéíîå) íàðóøåíèå ñåðâèðîâêè áàíêåòíîãî ñòîëà.
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[1] Ë.Ä. Ëàíäàó, Å.Ì. Ëèôøèö. Òåîðåòè÷åñêàÿ ôèçèêà. Òîì I. Ìåõàíèêà.
Ì: Íàóêà � ëþáîå èçäàíèå, íà÷èíàÿ ñ 1965 ã.
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[2] Ýëüñãîëüö Ë.Ý. Äèôôåðåíöèàëüíûå óðàâíåíèÿ è âàðèàöèîííîå èñ-
÷èñëåíèå. Ì: Íàóêà � ëþáîå èçäàíèå, íà÷èíàÿ ñ 1965 ã.

[3] Èãíàòüåâ Þ.Ã. Ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâàíèå
ôóíäàìåíòàëüíûõ îáúåêòîâ è ÿâëåíèé â ñèñòåìå êîìïüþòåðíîé
ìàòåìàòèêè Maple. Ëåêöèè äëÿ øêîëû ïî ìàòåìàòè÷åñêîìó ìîäåëè-
ðîâàíèþ. Êàçàíü: Êàçàíñêèé óíèâåðñèòåò, 2014. - 298 ñ. ISBN 978-5-
00019-150-7. http://libweb.ksu.ru/ebooks/05-IMM/05_120_000443.pdf

×èñëåííîå ìîäåëèðîâàíèå ñïîíòàííî-
ãî íàðóøåíèÿ ñèììåòðèè â ÑÊÌ Maple

Çàäà÷à: Ïîñòðîèòü êà÷åñòâåííóþ ìîäåëü ñïîíòàííîãî íàðóøåíèÿ ñèììåòðèè .

Ïðîöåäóðû çàäàíèÿ óðàâíåíèÿ íåëèíåéíûõ êîëåáàíèé
Áóäåì ðàñøèðÿòü ðàññìîòåííóþ íà ïðåäûäóùåé ëåêöèè áèáëèîòåêó Oscilate ,
äîïîëíÿÿ åå ÷èñëåííûì àíàëèçîì íåëèíåéíûõ êîëåáàíèé.

%
>Oscilat[Potential4]:=(x,k,b)->b^2/2*(x^2-k/(2*b^2))^2:
>Oscilat[Force4]:=(x,k,b)->-subs(X=x,
diff(Oscilat[Potential4](X,k,b),X)):
>Oscilat[EqNonLinOscilat]:=proc(t,x,f,k,b,beta)local F,T,X:

F:=(T)->subs(t=T,f):
X:=(T)->subs(t=T,x(t)):
expand(diff(x(t),t$2)+beta*diff(x(t),t)-
Oscilat[Force4](X(t),k,b)=F(t)):
end proc:

Èñïîëíåíèå êîìàíä:

>plot(Potential4(x,1,1),x=-1.1..1.1,labels=[x,U(x)],
color=blue,labelfont=[TIMES,ROMAN,14]);

� ãðàôèê ïîêàçàí âûøå íà Ðèñ. 6.1.

EqNonLinOscilat(t,x,sin(t),k,b,beta);

d2

dt2 x(t ) Å ¯
d

dt
x(t ) Å 2b2x(t )3 ¡ x(t )k Æsin( t )

Ïðîöåäóðà ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ íåëèíåé-
íûõ êîëåáàíèé
Oscilat[CosheSolveNonLin](t1,t,x,f,k,b,beta,ic) � îáîçíà÷åíèÿ ïðåæ-
íèå. Òàêæå ââåäåì è äâå îòäåëüíûå êîìàíäû äëÿ âû÷èñëåíèÿ àìïëèòóäû è ñêî-
ðîñòè. Äëÿ âûâîäà ÷èñëåííîãî ðåøåíèÿ óêàçàíû òèï type=numeric è ôîðìàò
âûâîäà output=listprocedure .
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>Oscilat[CosheSolveNonLin]:=proc(t1,t,x,f,k,b,beta,ic)
local X,T,F,GS,GST,GSTt,t0,x0,v0,InC,dX,XX,XT,VV,VT:
X:=(T)->subs(t=T,x(t)):
dX:=(T)->D(X)(T):
F:=(T)->subs(t=T,f):
t0:=ic[1]:x0:=ic[2]:v0:=ic[3]:
InC:=X(t0)=x0,subs({T=t0,X=x},D(X)(T)=v0):
GS:=
dsolve({Oscilat[EqNonLinOscilat](t,X,F(t),k,b,beta),InC},X(t),
type=numeric,output=listprocedure):
XX:=eval(subs(GS,X(t))):
XT:=subs(t=T,XX):
VV:=eval(subs(GS,diff(X(t),t))):
VT:=subs(t=T,VV):
[XT(t1),VT(t1)]:
end proc:

>Oscilat[AmplitudeCosheNonLin]:=(t1,t,x,f,k,b,beta,ic)->
Oscilat[CosheSolveNonLin](t1,t,x,f,k,b,beta,ic)[1]:

>Oscilat[VelocityCosheNonLin]:=(t1,t,x,f,k,b,beta,ic)->
Oscilat[CosheSolveNonLin](t1,t,x,f,k,b,beta,ic)[2]:

Ïðîöåäóðà âûâîäèò ñïèñîê [x(t),v(t1)] . Ïðîäåìîíñìòðèðóåì èñïîëíåíèå
êîìàíäû:

CosheSolveNonLin(2,t,x,sin(t),1,1,0.1,[0,0,0]);

[1.14479001480599,1.21939806911861]

Ïðîöåäóðû ãðàôè÷åñêîãî âûâîäà ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ
íåëèíåéíûõ êîëåáàíèé
Â ïîëíîé àíàëîãèè ñ ïðåäûäóùåé ëåêöèåé ââåäåì ãðàôè÷åñêèå ïðîöåäóðû:
Oscilat[AmplitudeGraphNonLin](t,x,f,k,b,beta,ic,T,c) ;
Oscilat[VelocityGraphNonLin](t,x,f,k,b,beta,ic,T,c) ;
Oscilat[FaseGraphNonLin](t,x,f,k,b,beta,ic,T,c) .

>Oscilat[AmplitudeGraphNonLin]:=
proc(t,x,f,k,b,beta,ic,T,c) local t1:
plot(AmplitudeCosheNonLin(t1,t,x,f,k,b,beta,ic),
t1=T[1]..T[2],
title=`Ãðàôèê àìïëèòóäû íåëèíåéíûõ êîëåáàíèé X(t)`,
labels=[t,x(t)],labelfont=[TIMES,BOLD,14],
titlefont=[TIMES,ROMAN,14],numpoints=5000,color=c):
end proc:

>Oscilat[VelocityGraphNonLin]:=
proc(t,x,f,k,b,beta,ic,T,c) local t1:
plot(Oscilat[VelocityCosheNonLin](t1,t,x,f,k,b,beta,ic),
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t1=T[1]..T[2],
title=`Ãðàôèê ñêîðîñòè íåëèíåéíûõ êîëåáàíèé V(t)`,
labels=[t,v(t)],labelfont=[TIMES,BOLD,14],
titlefont=[TIMES,ROMAN,14],numpoints=5000,color=c):
end proc:

>Oscilat[FaseGraphNonLin]:=
proc(t,x,f,k,b,beta,ic,T,c) local t1:
plots[display](#
plot([Oscilat[AmplitudeCosheNonLin](t1,t,x,f,k,b,beta,ic),
Oscilat[VelocityCosheNonLin](t1,t,x,f,k,b,beta,ic),
t1=T[1]..T[2]],
title=`Ôàçîâàÿ òðàåêòîðèÿ íåëèíåéíûõ êîëåáàíèé [X(t),V(t)]`,
labels=[x(t),v(t)],labelfont=[TIMES,BOLD,14],
titlefont=[TIMES,ROMAN,14],numpoints=5000,color=c),

plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):
end proc:

Ïðèâåäåì ïðèìåðû èñïîëíåíèÿ ïðîöåäóð:

>AmplitudeGraphNonLin(t,x,0,1,1,0.1,[0,2,0],[0,32*Pi],blue);

Ðèñ. 6.3 ×èñëåííîå ìîäåëèðîâàíèå àìïëèòóäû íåëèíåéíûõ êîëåáàíèé. Ðèñóíîê íàãëÿäíî
èëëþñòðèðóåò ñïîíòàííîå íàðóøåíèå ñèììåòðèè âëåâî.

>FaseGraphNonLin(t,x,0,1,1,0.1,[0,2,0],[0,32*Pi],blue);

Ïðîöåäóðû ãðàôè÷åñêîãî âûâîäà ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ
íåëèíåéíûõ êîëåáàíèé
Ââåäåì äâå ïðîöåäóðû îñíàùåííîé äèíàìè÷åñêîé ãðàôèêè:
Oscilat[SpontanAnime](t,x,f,k,b,beta,ic,T,N,c) ;
Oscilat[DemonstrateSpontanAnime](t,x,f,k,b,beta,ic,T,N,c) .
Ïåðâàÿ èç ýòèõ ïðîöåäóð ñîçäàåò àíèìàöèîííûé ôèëüì èç N êàäðîâ ïðîöåññà
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Ðèñ. 6.4 ×èñëåííîå ìîäåëèðîâàíèå ôàçîâîé òðàåêòîðèè íåëèíåéíûõ êîëåáàíèé. Ðèñóíîê
íàãëÿäíî èëëþñòðèðóåò ñïîíòàííîå íàðóøåíèå ñèììåòðèè âëåâî. Êðàñíîé òî÷êîé îòìå÷åíî íà÷àëüíîå
ñîñòîÿíèå ñèñòåìû.

ñïîíòàííîãî íàðóøåíèÿ ñèììåòðèè, èçîáðàæàÿ ñîñòîÿíèå ñèñòåìû íà ôîíå ïî-
òåíöèàëüíîé ÿìû. Âòîðàÿ ïðîöåäóðà ñîçäàåò àíèìàöèîííûé ôèëüì èç N êàäðîâ
ïðîöåññà ñïîíòàííîãî íàðóøåíèÿ ñèììåòðèè, èçîáðàæàÿ ñîñòîÿíèå ñèñòåìû
êàê òî÷êè, äâèæóùåéñÿ ïî ëåäÿíîé ãîðêå öâåòà c ñ ïðîôèëåì ïîòåíöèàëà.

> Oscilat[SpontanAnime]:=
proc(t,x,f,k,b,beta,ic,T,N,c)
local t1,i,tt,U,u,X,SX,Xmin,Xmax,x_max,UG,V,E1,E0,EE,G:
U:=(X)->Oscilat[Potential4](X,k,b):
u:=(t1)->U(X(t1)):
tt:=(i)->evalf(T[1]+(T[2]-T[1])*i/N,3):
X:=(t1)->Oscilat[AmplitudeCosheNonLin](t1,t,x,f,k,b,beta,ic):
SX:=seq(X(tt(i)),i=0..N):
Xmin:=min(SX):Xmax:=max(SX):x_max:=max([abs(Xmin),abs(Xmax)]):
UG:=plot(U(X),X=-1.1*x_max..1.1*x_max,
color=COLOR(RGB,0.5,0,0),filled=true):
V:=(t1)->Oscilat[VelocityCosheNonLin](t1,t,x,f,k,b,beta,ic):
E1:=(t1)->V(t1)^2/2+u(t1):
E0:=ic[3]^2/2+U(ic[2]):
EE:=(i)->evalf(E1(tt(i)),3):
G:=(i)->plots[display](#
plot([X(t1),E1(t1),t1=T[1]..tt(i)],
title=`Ïîëíàÿ ýíåðãèÿ êîëåáàíèé [x(t),E(t)]`,
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labels=[x,E],labelfont=[TIMES,BOLD,14],
titlefont=[TIMES,ROMAN,14],numpoints=5000,
color=c,caption=convert([t=tt(i),E=EE(i)],string),
captionfont=[TIMES,ROMAN,14]),
plots[pointplot]([ic[2],E0],style=point,
symbol=solidcircle,symbolsize=12,color=red),
UG):
plots[display](seq(G(i),i=0..N),insequence=true):
end proc:

> Oscilat[DemonstrateSpontanAnime]:=
proc(t,x,f,k,b,beta,ic,T,N,c)
local t1,i,tt,U,u,X,SX,Xmin,Xmax,x_max,UG,UU,V,E1,E0,EE,G:
U:=(X)->Oscilat[Potential4](X,k,b):
u:=(t1)->U(X(t1)):
tt:=(i)->evalf(T[1]+(T[2]-T[1])*i/N,3):
X:=(t1)->Oscilat[AmplitudeCosheNonLin](t1,t,x,f,k,b,beta,ic):
SX:=seq(X(tt(i)),i=0..N):
Xmin:=min(SX):Xmax:=max(SX):x_max:=max([abs(Xmin),abs(Xmax)]):
UG:=plot(U(X),X=-1.1*x_max..1.1*x_max,
color=COLOR(RGB,0,1,1),filled=true):
V:=(t1)->Oscilat[VelocityCosheNonLin](t1,t,x,f,k,b,beta,ic):
E1:=(t1)->V(t1)^2/2+u(t1):
E0:=ic[3]^2/2+U(ic[2]):
UU:=(i)->evalf(u(tt(i)),3):
G:=(i)->plots[display](#
plots[pointplot]([X(tt(i)),u(tt(i))],
title=`Êà÷åíèå â ãðàâèòàöèîííîì ïîëå [x(t),z(t)]`,
labels=[x,E],labelfont=[TIMES,BOLD,14],titlefont=[TIMES,ROMAN,14],
style=point,symbol=solidcircle,symbolsize=14,color=c,
caption=convert([t=tt(i),z=UU(i)],string),
captionfont=[TIMES,ROMAN,14]),
plots[pointplot]([ic[2],UU(0)],style=point,
symbol=solidcircle,symbolsize=12,color=red),UG):
plots[display](seq(G(i),i=0..N),insequence=true):
end proc:

Ïðèâåäåì ïðèìåðû èñïîëíåíèÿ êîìàíä:

Oscilat[SpontanAnime](t,x,0,1,1,0.1,[0,0,1],[0,12*Pi],100,blue);

Oscilat[DemonstrateSpontanAnime](t,x,0,1,1,0.1,[0,0,1],[0,12*Pi],100,blue);
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Ðèñ. 6.5 Îñíàùåííàÿ äèíàìè÷åñêàÿ âèçóàëèçàöèÿ íåëèíåéíûõ êîëåáàíèé. 100-é êàäð èç
100-êàäðîâîãî ôèëüìà.

Ðèñ. 6.6 Îñíàùåííàÿ äèíàìè÷åñêàÿ âèçóàëèçàöèÿ íåëèíåéíûõ êîëåáàíèé. 100-é êàäð èç
100-êàäðîâîãî ôèëüìà.



7
Äâèæåíèå

â öåíòðàëüíî-ñèììåòðè÷åñêîì ïîëå

7.1 Ïîñòàíîâêà çàäà÷è î äâèæåíèè ÷àñòèöû â öåíòðàëüíî - ñèììåòðè÷åñêîì
ïîëå

Ðàññìîòðèì çàäà÷ó î äâèæåíèè ÷àñòèöû âî âíåøíåì öåíòðàëüíî - ñèììåòðè-
÷åñêîì ïîëå U (r ), ãäår Æ jr j. Çàïèøåì ôóíêöèþ Ëàãðàíæà äëÿ òàêîé ñèñòåìû:

L Æ
m �r

2
¡ U (r ). (7.1)

Òîãäà ñ ó÷åòîì ïðàâèëà äèôôåðåíöèðîâàíèÿ

@U (r )

@x i
´ @i U (r ) Æ

dU

dr
@i

q
x2 Å y2 Å z2 ÆU 0

r
x i

r
) r U ÆU 0r

r
. (7.2)

óðàâíåíèÿ Ýéëåðà ïðèìóò âèä:

m
d 2r

d t 2 Æ ¡U 0r

r
. (7.3)

Äëÿ èõ ðåøåíèÿ íåîáõîäèìî ïåðåéòè â ñôåðè÷åñêóþ ñèñòåìó êîîðäèíàò:
8
<

:

x Æ r cos' cosµ;
y Æ r sin ' cosµ; ' 2 [0,2¼];
z Æ r sin µ µ 2 [¡ ¼/2, ¼/2]

. (7.4)

7.2 Ïðèíöèï îáùåé êîâàðèàíòíîñòè è îïðåäåëåíèå òåíçîðà

Âñå èçìåðÿåìûå êëàññè÷åñêèå ôèçè÷åñêèå âåëè÷èíû ÿâëÿþòñÿ òåíçîðíûìè
îáúåêòàìè (èíà÷å áûë áû íåâîçìîæåí èõ îäíîçíà÷íûé ïåðåñ÷åò èç îäíîé
ñèñòåìû îòñ÷åòà â äðóãóþ), ïîýòîìó âñå ôóíäàìåíòàëüíûå óðàâíåíèÿ, îïèñû-
âàþùèå ôèçè÷åñêèå îáúåêòû, äîëæíû èìåòü òåíçîðíûé õàðàêòåð

.
Ïóñòü äâå ñèñòåìû êîîðäèíàò, X, è X0, ñâÿçàíû ïðåîáðàçîâàíèåì:

X0! X : x i 0
Æf i 0

(x1,x2, . . . ,xn ), (i 0Æ1,n);
X ! X0: x i Æg i (x10

,x20
, . . . ,xn0

), (i Æ1,n);
(7.5)
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Ðèñ. 7.1 Ñôåðè÷åñêàÿ ñèñòåìà êîîðäèíàò

Ïóñòü äàëåå:

C i 0

k Æ
@x i 0

@xk
; det(C i 0

k ) 6Æ0; C i
k0 Æ

@x i

@xk0; det(C i
k0) 6Æ0 (7.6)

� ìàòðèöû ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèé, ñâÿçàííûå ñîîòíîøåíèåì
(ïîêàçàòü, ïî÷åìó, ÿêîáèàí, íåâûðîæäåííîñòü):

C i 0

k C
j
i 0 Æ±i

j ; C i 0

k Ck
j 0 Æ±i 0

j 0 ) C¡ 1C Æ1 . (7.7)

Òîãäà âåëè÷èíû Tr
n ¡ r ñ êîîðäèíàòàìè T i 1...i r

kr Å1...kn
, ïðåîáðàçóþùèåñÿ ïðè ïðåîáðà-

çîâàíèè êîîðäèíàò ( 7.5) ïî çàêîíó:
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) T0r
n¡ r ÆCr (C¡ 1)n¡ r Tr

n ¡ r , (7.9)

íàçûâàþòñÿ òåíçîðàìè âàëåíòíîñòè n: r ðàç êîíòðâàðèàíòíûìè è n ¡ r ðàç
êîâàðèàíòíûìè.
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7.3 Êîâàðèàíòíîå äèôôåðåíöèðîâàíèå

Äëÿ äèôôåðåíöèàëüíûõ òåíçîðíûõ óðàâíåíèé ïðèìåíÿåòñÿ àïïàðàò êîâàðèàíò-
íîãî äèôôåðåíöèðîâàíèÿ, ïîñêîëüêó ÷àñòíûå ïðîèçâîäíûå îò òåíçîðà âàëåíò-
íîñòè 0 (ñêàëÿð) ÿâëÿþòñÿ êîìïîíåíòàìè êîâàðèàíòíîãî òåíçîðà âàëåíòíîñòè 1
(ïîêàçàòü, ïî÷åìó), à, íàïðèìåð, ÷àñòíûå ïðîèçâîäíûå îò êîâàðèàíòíîãî âåêòî-
ðà óæå íå ÿâëÿþòñÿ êîìïîíåíòàìè òåíçîðà (ïîêàçàòü ïî÷åìó).

Îïðåäåëåíèå êîâàðèàíòíûõ ïðîèçâîäíûõ îò òåíçîðà:

r j T i 1...i r
kr Å1...kn
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kr Å1...kn

Å T m...i r
kr Å1...kn

¡ i 1
jm Å¢¢¢ÅT i 1...m

kr Å1...kn
¡ i r

jm

¡ T i 1...i r
m...kn

¡ m
jk r Å1

¡¢¢¢ ¡T i 1...i r
kr Å1...m ¡ m

jk n
, (7.10)

� âñå êîíòðâàðèàíòíûå èíäåêñû îáðàáàòûâàòñÿ ñèìâîëàìè Êðèñòîôôåëÿ
2-ðîäà ñî çíàêîì ¾+¿, âñå êîâàðèàíòíûå èíäåêñû � ñèìâîëàìè Êðèñòîôôåëÿ ñî
çíàêîì ¾-¿.

Â ðåçóëüòàòå ïðèìåíåíèÿ ê òåíçîðó Tr
n ¡ r îïåðàöèè êîâàðèàíòíîãî äèôôåðåí-

öèðîâàíèÿ ïîëó÷àåòñÿ òåíçîð âàëåíòíîñòè íà 1 áîëüøå, r ðàç êîíòðâàðèàíòíûé
è n ¡ r Å 1 êîâàðèàíòíûé, Tr

n ¡ r Å1.

Ëåììà î êîâàðèàíòíîì îáîáùåíèè
Ïóñòü â íåêîòîðîé ñèñòåìå êîîðäèíàò X¤ äëÿ êîîðäèíàò òåíçîðà Ar

n ¡ r ñïðà-
âåäëèâû ñîîòíîøåíèÿ (çíàê Æ

¤
êàê ðàç è îçíà÷àåò, ÷òî äàííûå ñîîòíîøå-

íèÿ èìåþò ìåñòî áûòü â ñèñòåìå êîîðäèíàò X¤ ):

Ai1...i r
k rÅ1...kn

Æ
¤

Ti1...i r
k rÅ1...kn

, (7.11)

ãäå Tr
n ¡ r � âûðàæåíèå â ÿâíî òåíçîðíîé ôîðìå. Òîãäà ñîîòíîøåíèå ( 7.11)

ñïðàâåäëèâî â ëþáîé ñèñòåìå êîîðäèíàò.

7.4 Êîâàðèàíòíîå îáîáùåíèå óðàâíåíèé äâèæåíèÿ

Àáñîëþòíàÿ ïðîèçâîäíàÿ âåêòîðà ñêîðîñòè. Óðàâíåíèÿ äâèæåíèÿ èìåþò
âèä:

ma ÆF, (7.12)

ãäå a � âåêòîð óñêîðåíèÿ, F � âåêòîð ñèëû. Âåêòîð óñêîðåíèÿ â äåêàðòîâîé
ñèñòåìå êîîðäèíàò îïðåäåëÿåòñÿ âòîðîé ïðîèçâîäíîé ðàäèóñà - âåêòîðà r . Íåîá-
õîäèìî îïðåäåëèòü çíà÷åíèå ýòîãî âåêòîðà â ïðîèçâîëüíîé ñèñòåìå êîîðäèíàò.

Èìååì:

d

dt
v i (x1(t ), . . . ,xn (t ), t ) ´

@v i

@t
Å

@v i

@xk

dxk

dt
. (7.13)
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Ïîñêîëüêó ÷àñòíûå ïðîèçâîäíûå îò êîíòðâàðèàíòíîãî âåêòîðà íå ÿâëÿþòñÿ
êîìïîíåíòàìè òåíçîðà, òî ñîãëàñíî ïðèíöèïó îáùåé êîâàðèàíòíîñòè äëÿ ñî-
õðàíåíèÿ âåêòîðíîãî õàðàêòåðà óñêîðåíèÿ â ïðîèçâîëüíîé ñèñòåìå êîîðäèíàò
ìû äîëæíû çàìåíèòü ÷àñòíûå ïðîèçâîäíûå â ôîðìóëå ( 10.15) êîâàðèàíòíûìè
ïðîèçâîäíûìè â ïðîèçâîëüíîé ñèñòåìå êîîðäèíàò:

a i Æ
@v i

@t
År k v i vk ´

@v i

@t
Å ¡ i

j k v j vk ) a i Æ
d 2x i

dt 2 Å ¡ i
j k

dx j

dt

dxk

dt
. (7.14)

Òàêèì îáðàçîì, âûðàæåíèå äëÿ êîíòðâàðèàíòíîãî óñêîðåíèÿ ÷àñòèöû ñîâïàäàåò
ñ ëåâîé ÷àñòüþ óðàâíåíèÿ ãåîäåçè÷åñêèõ ëèíèé, î ÷åì ìû ãîâîðèëè â áîëåå
ðàííèõ ëåêöèÿõ.

Àíàëîãè÷íî, äëÿ ïðîèçâîëüíîãî âåêòîðà U i ìîæíî ââåñòè ïîíÿòèå àáñîëþò-

íîé ïðîèçâîäíîé â íàïðàâëåíèè v i Ædx i

dt :

±U i

±t
Æ

dU i

dt
Å ¡ i

j k U j vk . (7.15)

7.5 Óðàâíåíèÿ äâèæåíèÿ â öåíòðàëüíî - ñèììåòðè÷åñêîì ïîëå

Îáðàòèìñÿ ê óðàâíåíèÿì Ýéëåðà äëÿ ôóíêöèè Ëàãðàíæà ( 7.1) â ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò. Èç ïðèíöèïà îáùåé êîâàðèàíòíîñòè ñëåäóåò, ÷òî âåêòîð
ñèëû â ïðîèçâîëüíîé ñèñòåìå êîîðäèíàò íåîáõîäèìî çàïèñàòü â âèäå:

F i Æ ¡r i U ´ ¡ g i k @kU . (7.16)

Â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò íàéäåì ( r Æx1,µ Æx2, ' Æx3), âûïèñûâàåì
íåíóëåâûå êîìïîíåíòû ñèìâîëîâ Êðèñòîôôåëÿ:

ds2 Ædr 2 Å r 2d­ 2 ´ dr 2 Å r 2(dµ2 Å cos2 µd ' 2); (7.17)

¡ 1,22 Æ ¡¡ 22,1 Ær ;¡ 1,33 Æ ¡¡ 33,1 Ær cos2 µ;¡ 33,2 Æ ¡¡ 23,3 Ær 2 cosµsin µ;
¡ 1

22 Æ ¡r ;¡ 1
33 Æ ¡r cos2 µ;¡ 2

12 Æ¡ 3
13 Æ1

r ; ¡ 2
33 Æcosµsin µ;¡ 3

23 Æ ¡ tgµ.
Òàêèì îá-

ðàçîì, óðàâíåíèÿ äâèæåíèÿ â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò ïðèíèìàþò âèä
(ïîêàçàòü, êàê) :

r̈ ¡ r �µ2 ¡ r cos2 µ �' 2 Æ ¡
1

m
U 0

r ; (7.18)

µ̈2 Å
2

r
�r �µ Å 2cosµsin µ �µ �' Æ 0; (7.19)

¨' Å
2

r
�r �' ¡ 2 tgµ �µ �' Æ 0. (7.20)

Ïîäåëèâ îáå ÷àñòè óðàâíåíèÿ ( 7.20) íà �' 6Æ0, ïîëó÷èì èçâåñòíûé ïåðâûé èíòå-
ãðàë èç òåîðèè ãåîäåçè÷åñêèõ íà ïîâåðõíîñòÿõ âðàùåíèÿ (ïîêàçàòü, êàê) :

r 2 cos2 µ �' ÆConst ) ½2 �' ÆConst ÆC. (7.21)



102 Äâèæåíèå â öåíòðàëüíî-ñèììåòðè÷åñêîì ïîëå

7.6 Ðåøåíèå óðàâíåíèé äâèæåíèÿ â öåíòðàëüíî - ñèììåòðè÷åñêîìïîëå

Ðèñ. 7.2 2-é çàêîí Êåïëåðà: çàêîí ïëîùàäåé

Èíòåãðàë äâèæåíèÿ ( 7.21) ìîæíî ïðåäñòàâèòü è â äðóãîì âèäå: �SÆConst
� 2-é çàêîí Êåïëåðà.

Èíòåãðàë äâèæåíèÿ ( 7.21) èìååò ñëåäóþùèé ôèçè÷åñêèé ñìûñë: îí âûðàæàåò
çàêîí ñîõðàíåíèÿ ìîìåíòà êîëè÷åñòâà äâèæåíèÿ (äîêàçàòü ñàìîñòîÿòåëüíî;
îáúÿñíèòü äðóãîé ñïîñîá, îñíîâàííûé íà ãðóïïå O(3)):

M Æmr £ v ÆM0. (7.22)

Î÷åâèäíî, ÷òî jM0j ÆC/ m . Âñëåäñòâèå (7.21) è (7.22) ïîëó÷èì:

(r ¢M0) Æ0, (7.23)

íî ýòî åñòü îáùåå óðàâíåíèå ïëîñêîñòè. Òàêèì îáðàçîì, äâèæåíèå â öåíòðàëü-
íîì ïîëå ïðîèñõîäèò â îäíîé ïëîñêîñòè .

Êðîìå ýòîãî ïåðâîãî èíòåãðàëà ñèñòåìà óðàâíåíèé ( 7.18) � ( 7.20) èìååò åùå
è èíòåãðàë ïîëíîé ýíåðãèè, òàê êàê ñîîòâåòñòâóþùàÿ äèíàìè÷åñêàÿ ñèñòåìà
êîíñåðâàòèâíà � ïîòåíöèàë íå çàâèñèò îò âðåìåíè. Âû÷èñëÿÿ â ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò êâàäðàò ñêîðîñòè v2 Ægi k v i vk , íàéäåì ýòîò èíòåãðàë:

m

2
( �r 2 Å r 2 �µ2 Å r 2 cos2 µ �' 2) ÅU (r ) ÆE0 (ÆConst). (7.24)

Ñîãëàñíî óðàâíåíèÿì äâèæåíèÿ ( 7.18) � ( 7.20) óêàçàííóþ â ïëîñêîñòü âñåãäà
ìîæíî âûáðàòü â êà÷åñòâå ýêâàòîðèàëüíîé ïëîñêîñòè â çàäàííîé ñôåðè÷åñêîé
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ñèñòåìå êîîðäèíàò µ Æ0. Òîãäà óðàâíåíèÿ äâèæåíèÿ óïðîùàþòñÿ:

r̈ ¡ r �' 2 Æ ¡
1

m
U 0

r ; (7.25)

r 2 �' Æ
L0

m
, (7.26)

à èíòåãðàë ýíåðãèè ïðèíèìàåò âèä:

m

2
( �r 2 Å r 2 �' 2) ÅU (r ) ÆE0 ) �r Æ

s
2

m
(E0 ¡ U (r )) ¡

L2
0

m 2r 2 . (7.27)

Ðàçäåëÿÿ ïåðåìåííûå â óðàâíåíèè ( 7.27) è èíòåãðèðóÿ, íàéäåì:

t Æ
Z

dr
r

2
m (E0 ¡ U (r )) ¡

L2
0

m 2r 2

. (7.28)

Äàëåå èç (7.26) íàéäåì:

d ' Æ
L0

mr 2 dt ´
L0

mr 2

dt

dr
dr . (7.29)

Ïîäñòàâëÿÿ â ýòî ñîîòíîøåíèå âûðàæåíèå äëÿ dt
dr èç (7.27) è èíòåãðèðóÿ, íàéäåì:

' ÆL0

Z
dr

r 2

r

2m(E0 ¡ U (r )) ¡
L2

0
r 2

Å Const. (7.30)

Öåíòðîáåæíàÿ ýíåðãèÿ. Âûðàæåíèå äëÿ ïîëíîé ýíåðãèè ( 7.24) ìîæíî çàïè-
ñàòü è â äðóãîì âèäå: E0 Æm �r 2/2 ÅUeff(r )

Ueff(r ) ÆU (r ) Å
L2

0

2mr 2 , (7.31)

ãäå âòîðîé ÷ëåí íàçûâàåòñÿ öåíòðîáåæíîé ýíåðãèåé . Èç (7.27) ñëåäóåò, ÷òî
ïðè

Ueff(r ) ÆE0 ) �r Æ0, (7.32)

ò.å., ðàäèàëüíàÿ ñêîðîñòü îáðàùàåòñÿ â íóëü. Ïîýòîìó ( 7.32) îïðåäåëÿåò ãðàíèöû
äâèæåíèÿ ïî ðàññòîÿíèþ îò öåíòðà è òî÷êè ïîâîðîòà .

Î÷åâèäíî, ÷òî äëÿ ñóùåñòâîâàíèÿ ãðàíèö äâèæåíèÿ íåîáõîäèìà, âî-ïåðâûõ,
îòðèöàòåëüíîñòü ïîòåíöèàëüíîé ýíåðãèè, à. âî-âòîðûõ, ñóùåñòâîâàíèå äâóõ
âåùåñòâåííûõ ðåøåíèé óðàâíåíèÿ ( 7.32).

Îòðèöàòåëüíûì çíà÷åíèÿì ïîòåíöèàëüíîé ýíåðãèè ñîîòâåòñòâóåò ïðè-
òÿæåíèå, à ïîëîæèòåëüíûì � îòòàëêèâàíèå.
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Èññëåäîâàíèå äâèæåíèÿ â öåíòðàëüíî - ñèììåòðè÷åñêîì ïîëå

Åñëè îáëàñòü äâèæåíèÿ îãðàíè÷åíà ñâåðõó è ñíèçó, ò.å., óðàâíåíèå ( 7.32) èìå-
åò 2 ðåøåíèÿ, rmin è rmax , òî òðàåêòîðèÿ ÷àñòèöû ëåæèò âíóòðè êîëüöà r 2
[rmin , rmax ]. Çà âðåìÿ äâèæåíèÿ âíóòðè ýòèõ ïðåäåëîâ óãîë ' èçìåíÿåòñÿ íà
âåëè÷èíó ¢ ' (ôàêòîð 2 ïîÿâëÿåòñÿ çà ñ÷åò ïóòè òóäà è îáðàòíî):

¢ ' Æ2L0

rmaxZ

rmin

dr

r 2

r

2m(E0 ¡ U (r )) ¡
L2

0
r 2

. (7.33)

Äëÿ òîãî, ÷òîáû òðàåêòîðèÿ áûëà çàìêíóòîé, íåîáõîäèìî:

Ðèñ. 7.3 Òðàåêòîðèÿ ÷àñòèöû â öåíòðàëüíîì ïîëå

m¢ ' Æ2¼n. (7.34)

Îêàçûâàåòñÿ ýòî âîçìîæíî ëèøü â äâóõ ñëó÷àÿõ çàâèñèìîñòè U (r ): U (r ) » 1/ r è
U (r ) » 1/ r 2.

Èññëåäîâàíèå äâèæåíèÿ â öåíòðàëüíî - ñèììåòðè÷åñêîì ïîëå:
Êåïëåðîâà çàäà÷à

Êëàññè÷åñêîå ãðàâèòàöèîííîå ïîëå ìàññèâíîé ÷àñòèöû, êàê êóëîíîâñêîå ïîëå
çàðÿæåííîé ÷àñòèöû, èìåþò ïîòåíöèàë, îáðàòíî ïðîïîðöèîíàëüíûé r . Ðàñ-
ñìîòðèì ñíà÷àëà ïîëå ïðèòÿæåíèÿ:

U (r ) Æ ¡
®

r
, (7.35)
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ãäå® È 0. Äëÿ ãðàâèòàöèîííîãî ïîëÿ ® ÆMmG , ãäå M � ìàññà öåíòðàëüíîãî
òåëà,G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ; äëÿ ýëåêòðè÷åñêîãî ïîëÿ ® Æ ¡Qe, ãäåQ
� öåíòðàëüíûé çàðÿä, e � çàðÿä ïðîáíîé ÷àñòèöû, QeÇ 0.

Â ýòîì ñëó÷àå èíòåãðàë ( 8.21) ïðèìåò âèä (ñäåëàåì çàìåíó r Æ1/ »):

' ÆL0

rZ

r0

dr

r 2

r

2m
¡
E0 Å ®

r

¢
¡

L2
0

r 2

Æ

1/ r0Z

1/ r

d»
r

2mE0
L2

0
Å 2m®

L2
0

»¡ »2
.

Äîâîäÿ âûðàæåíèå ïîä ðàäèêàëîì äî ïîëíîãî êâàäðàòà:

2mE0

L2
0

Å
2m®

L2
0

»¡ »2 ´ ¡

Ã

»¡
m®

L2
0

! 2

Å b2; b Æ
m®

L2
0

s

1Å
2E0L2

0

m®2 .

Äåëàÿ çàìåíó:

Ðèñ. 7.4 Êðèâûå 2-ãî ïîðÿäêà!!!

» Æ
®m

L2
0

¡ b cosz,

ïîëó÷èì îêîí÷àòåëüíî:

' Æ arccos
µ

1
br ¡ ®m

L2
0b

¶
Å Const

) r Æ p
1Åecos' , (7.36)

p Æ
L2

0
m® ; eÆ

r

1Å
2E0L2

0
m®2 . (7.37)

Êàê èçâåñòíî, óðàâíåíèå ( 7.36) ÿâëÿåòñÿ óðàâíåíèåì êðèâîé 2-ãî ïîðÿäêà â
ïîëÿðíûõ êîîðäèíàòàõ, Îòñþäà ñëåäóåò:
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E0 Ç 0 ) Òðàåêòîðèÿ � ýëëèïñ ; (7.38)

E0 Æ0 ) Òðàåêòîðèÿ � ïàðàáîëà ; (7.39)

E0 È 0 ) Òðàåêòîðèÿ � ãèïåðáîëà . (7.40)

Ñîîòíîøåíèå ( 7.38) èçâåñòíî êàê 1-é çàêîí Êåïëåðà.

Èç ïîëó÷åííûõ âûøå ôîðìóë ìîæíî ïîëó÷èòü è 3-é çàêîí Êåïëåðà � ãàðìî-
íè÷åñêèé çàêîí:

T 2

a3 ÆConst, (7.41)

ãäåT � ïåðèîä îáðàùåíèÿ ÷àñòèöû âîêðóã öåíòðàëüíîãî òåëà.
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Êîìïüþòåðíîå ìîäåëèðîâàíèå äâèæåíèÿ òåëà â
öåíòðàëüíî - ñèììåòðè÷åñêîì ïîëå â ÑÊÌ Maple

Çàäà÷à:

Ïîñòðîèòü àíèìèðîâàííóþ ìîäåëü äâèæåíèÿ òåëà â öåíòðàëüíî-
ñèììåòðè÷åñêîì ïîëå.
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Ìàòåìàòè÷åñêàÿ ìîäåëü

Áóäåì ñ÷èòàòü, ÷òî â çàäà÷å ïðèìåíèìà ìîäåëü ìàòåðèàëüíîé òî÷êè, òî åñòü
ðàçìåðû äâèæóùåãîñÿ òåëà ìàëû ïî ñðàâíåíèþ ñ âåëè÷èíîé ïåðåìåùåíèé
ýòîãî òåëà. Äâèæåíèå òåëà â öåíòðàëüíî ñèììåòðè÷íîì ïîëå U (r ) îïèñûâàåòñÿ
âòîðûì çàêîíîì Íüþòîíà:

m
d 2r

d t 2 Æ ¡U 0r

r
,

ãäår Æ jr j. Ýòà ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî
ïîðÿäêà ñ íà÷àëüíûìè óñëîâèÿìè:

r (t0) Ær0;
d r

d t

¯
¯
¯
¯
t Æt0

Æv0.

ñîñòàâëÿåò ìàòåìàòè÷åñêóþ ìîäåëü äâèæåíèÿ òåëà â öåíòðàëüíî-ñèììåòðè÷åñêîì
ïîëå.

Èññëåäîâàíèå ìàòåìàòè÷åñêîé ìîäåëè

Èññëåäîâàíèå ìàòåìàòè÷åñêîé ìîäåëè ïîäðîáíî èçëîæåíî â ëåêöèè. Ïðèâåäåì
îñíîâíûå ðåçóëüòàòû:

ˆ Â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò ( r Æx1,µ Æx2, ' Æx3) óðàâíåíèÿ äâèæå-
íèÿ ïðèíèìàþò âèä:

r̈ ¡ r �µ2 ¡ r cos2 µ �' 2 Æ ¡
1

m
U 0

r ;

µ̈2 Å
2

r
�r �µ Å 2cosµsin µ �µ �' Æ 0;

¨' Å
2

r
�r �' ¡ 2 tgµ �µ �' Æ 0.

ˆ Ïåðâûé èíòåãðàë äâèæåíèÿ â ñôåðè÷åñêèõ êîîðäèíàòàõ:

½2 �' ÆConst.

ˆ Äâèæåíèå â öåíòðàëüíîì ïîëå ïðîèñõîäèò â îäíîé ïëîñêîñòè, êîòîðóþ
âñåãäà ìîæíî âûáðàòü â êà÷åñòâå ýêâàòîðèàëüíîé ïëîñêîñòè â çàäàííîé
ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò µ Æ0. Òîãäà óðàâíåíèÿ äâèæåíèÿ óïðîùà-
þòñÿ:

r̈ ¡ r �' 2 Æ ¡
1

m
U 0

r ;

r 2 �' Æ
L0

m
.
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Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è

Â ñëó÷àå êëàññè÷åñêîãî ãðàâèòàöèîííîãî ïîëÿ ìàññèâíîé ÷àñòèöû è êóëîíîâ-
ñêîãî ïîëÿ çàðÿæåííîé ÷àñòèöû ïîòåíöèàë îáðàòíî ïðîïîðöèîíàëåí r :

U (r ) Æ ¡
®

r
.

Â ýòîì ñëó÷àå ðåøåíèå ïðèíèìàåò âèä ( 7.36):

r Æ
p

1Å ecos'
,

ãäåp Æ
L2

0

m®
; e Æ

s

1Å
2E0L2

0

m®2 ; E0 Æ
m

2
( �r 2 Å r 2 �' 2) ÅU (r ) � èíòåãðàë ïîëíîé ýíåð-

ãèè.
Ïðè E0 Ç 0 òðàåêòîðèÿ � ýëëèïñ, ïðè E0 Æ0 òðàåêòîðèÿ � ïàðàáîëà, ïðè E0 È 0

òðàåêòîðèÿ � ãèïåðáîëà.

Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè â ÑÊÌ Maple

1) Ïîäêëþ÷åíèå áèáëèîòåê plots , plottools :

restart :
with (plots):
with (plottools):

Çàäàíèå ìàññû òåëà:

mu:=10/11:

Çàäàíèå öåíòðàëüíî-ñèììåòðè÷åñêîãî ïîëÿ:

k:=3:
U:=-k/r:

Çàäàíèå íà÷àëüíûõ êîîðäèíàò òåëà è êîìïîíåíò ñêîðîñòè:

r0:=1:
phi0:=0:
dr0:=1:
dphi0:=1.3:

2) Âû÷èñëåíèå óãëîâîãî ìîìåíòà ñèñòåìû, ïîëíîé ýíåðãèè ñèñòåìû, ýôôåê-
òèâíîãî ïîòåíöèàëà è ïåðèîäà îáðàùåíèÿ:

angMom:=mu*r0^2*dphi0;
E:=(1/2)*mu*dr0^2 + (1/2)*mu*(dphi0*r0)^2 + subs (r=r0,U);
Veff:=U + angMom^2/(2*mu*r^2);
period0:= evalf (2*Pi/dphi0);
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angMom :Æ1.181818182

E :Æ ¡1.777272728

Veff :Æ ¡3r ¡ 1 Å 0.7681818180r ¡ 2

period0 :Æ4.833219466

Ïîñòðîåíèå íà îäíîì ãðàôèêå ïîëíîé ýíåðãèè è ýôôåêòèâíîãî ïîòåíöèàëà:

plot ([Veff,E],r=0..4,- abs (3*E).. abs (3*E),color=[black,grey],
thickness=3);

Ðèñ. 7.5 Ãðàôèê ýôôåêòèâíîãî ïîòåíöèàëà

Ñèëà äåéñòâóþùàÿ íà òåëî:

f:= subs (r=r(t),- diff (U,r));

f :Æ ¡3 (r (t ))¡ 2

3) Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé äâèæåíèÿ â öåíòðàëüíîì ïîëå ( 7.25),
(7.26):

sys:=
diff (r(t),t$2)-r(t)* diff (phi(t),t)^2=(1/mu)*f,
diff (phi(t),t$2)+2* diff (r(t),t)/r(t)* diff (phi(t),t)=0;

sys:Æ
d 2

dt 2 r (t )¡ r (t )

µ
d

d t
Á (t )

¶2
Æ ¡

33

10
(r (t ))¡ 2 ,

d 2

dt 2 Á(t )Å2

³
d
dt r (t )

´
d
dt Á(t )

r (t )
Æ0
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Ïîñòðîåíèå ãðàôè÷åñêîé ïðîöåäóðû
òðàåêòîðèè òåëà â öåíòðàëüíîì ïîëå

4) ×èñëåííîå ðåøåíèå çàäà÷è Êîøè è åãî âèçóàëèçàöèÿ:

sol:= dsolve (
{sys,r(0)=r0,phi(0)=phi0,D(r)(0)=dr0,D(phi)(0)=dphi0},
{r(t),phi(t)},
type=numeric,
output=listprocedure

):
R:= subs (sol,r(t)):
Phi:= subs (sol,phi(t)):
plot1:= plot ([R(t)*cos(Phi(t)),R(t)*sin(Phi(t)),t=0..2*Pi],

color=red,thickness=1,numpoints=2000):
display ([plot1],axes=none,scaling=constrained);

Ðèñ. 7.6 Âèçóàëèçàöèÿ äâèæåíèÿ òåëà

Ïîëíàÿ ýíåðãèÿ òåëà ìåíüøå íóëÿ, â ðåçóëüòàòå òåëî äâèæåòñÿ â öåíòðàëüíîì
ïîëå ïî ýëëèïñó.
5) Îäíîâðåìåííûé âûâîä àíèìàöèè äâèæåíèÿ ïî îðáèòå è ãðàôèê çàâèñèìîñòè
ýíåðãèè îò ðàññòîÿíèÿ äî öåíòðà:

period:=2:
fps:=25:
seqPerUnit:=fps* trunc (Pi*period/2):
ball := (x,y) -> plots[ pointplot ]([[x,y]],color=blue,symbol=

solidcircle,symbolsize=40):
plot_ := Array (1 .. 2):
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plot_[1] :=
display (

[ plot ([R(t)*cos(Phi(t)),R(t)*sin(Phi(t)),
t=-period/2*Pi..period/2*Pi],
color=red,
thickness=1,
scaling=constrained,
numpoints=2000),

display (
[ seq (ball(R(i/fps)*cos(Phi(i/fps)), R(i/fps)*sin(Phi(i/

fps))), i=-seqPerUnit..seqPerUnit)],
insequence = true)

]
):

plot_[2] :=
display (

[ plot ([Veff, E],
r = 0..4,
- abs (3*E).. abs (3*E),
color=[black,grey],thickness=3),

display (
[ seq (ball(R(i/fps), E), i=-seqPerUnit..seqPerUnit)],
insequence = true)]

):
display (plot_);

Ðèñ. 7.7 Îðáèòà ñ èçîáðàæåíèåì òåëà; èçîáðàæåíèå ïîëîæåíèå òåëà íà ãðàôèêå ýôôåêòèâíîãî
ïîòåíöèàëà
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Ñîçäàíèå ïðîöåäóðû äèíàìè÷åñêîé âèçóà-
ëèçàöèè äâèæåíèÿ òåëà â öåíòðàëüíîì ïîëå

6) Äëÿ àíàëèçà ðåøåíèÿ çàäà÷è îáúåäèíèì âñå ïðåäûäóùèå ðàñ÷åòû â îäíó
ïðîöåäóðó Orbit(k, index, mu, r0, phi0, dr0, dphi0, T) , ïîçâîëÿþùóþ ïîñòðîèòü
àíèìàöèþ äâèæåíèÿ òåëà â öåíòðàëüíî - ñèììåòðè÷åñêîì ïîëå ïî ñëåäóþùèì
âõîäíûì ïàðàìåòðàì: k, index � ïàðàìåòðû ïîëÿ ( U Æ ¡k/ r (index )), ìàññà, íà-
÷àëüíîå ïîëîæåíèå è ñêîðîñòü òåëà ( mu, r0, phi0, dr0, dphi0 ), âðåìÿ äâèæåíèÿ
òåëà (T):

ball := (x,y) -> plots[ pointplot ]([[x,y]],color=blue,symbol=
solidcircle,symbolsize=40):

Orbit:= proc (k,index,mu,r0,phi0,dr0,dphi0,T)
local fps,seqPerUnit,U,angMom,E,Veff,f,sys,

sol,R,Phi,plot_:
fps:=25:
seqPerUnit:=fps* trunc (T):
U:=-k/r^index;
angMom:=mu*r0^2*dphi0;
E:=(1/2)*mu*dr0^2 + (1/2)*mu*(dphi0*r0)^2 + subs (r=r0,U);
Veff:=U + angMom^2/(2*mu*r^2);
f:= subs (r=r(t),- diff (U,r));
sys:=

diff (r(t),t$2)-r(t)* diff (phi(t),t)^2=(1/mu)*f,
diff (phi(t),t$2)+2* diff (r(t),t)/r(t)* diff (phi(t),t)=0;

sol:= dsolve (
{sys,r(0)=r0,phi(0)=phi0,D(r)(0)=dr0,D(phi)(0)=dphi0},
{r(t),phi(t)},
type=numeric,
output=listprocedure

):
R:= subs (sol,r(t)):
Phi:= subs (sol,phi(t)):
plot_ := Array (1 .. 2):
plot_[1] :=

display (
[ plot ([R(t)*cos(Phi(t)),R(t)*sin(Phi(t)),

t=0.. trunc (T)],
color=red,
thickness=1,
scaling=constrained,
numpoints=2000),

display (
[ seq (ball(R(i/fps)*cos(Phi(i/fps)), R(i/fps)*sin(Phi(i/

fps))), i=0..seqPerUnit)],
insequence = true)
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]
):

plot_[2] :=
display (

[ plot ([Veff, E],
r = 0..4,
- abs (3*E).. abs (3*E),
color=[black,grey],thickness=3),

display (
[ seq (ball(R(i/fps), E), i=0..seqPerUnit)],
insequence = true)]

):
display (plot_);
end proc :

Ïðèìåðû âûçîâà ïðîöåäóðû:

Orbit(10,1,3,1,0,0,1,3);

Ðèñ. 7.8 Àíèìàöèÿ äâèæåíèÿ òåëà â öåíòðàëüíîì ïîëå

Orbit(3,1,10/11,2,0,0,1,10);
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Ðèñ. 7.9 Ãèïåðáîëè÷åñêàÿ òðàåêòîðèÿ



8 Îñíîâû ðåëÿòèâèñòñêîé ìåõàíèêè

8.1 Ïðèíöèïû ñïåöèàëüíîé òåîðèè îòíîñèòåëüíîñòè

Íåóäà÷íûå ïîïûòêè îáîáùåíèÿ êëàññè÷åñêîé ìåõàíèêè íà ýëåêòðîìàãíèòíûå
âçàèìîäåéñòâèÿ. Ïåðåñìîòð ðÿäà êëþ÷åâûõ ïîëîæåíèé òåîðèè (À. Ïóàíêàðå, Õ.
Ëîðåíö, Ã. Ìèíêîâñêèé, À. Ýéíøòåéí, � 1904 � 1907 ãã.)

Ýëåêòðîìàãíèòíûå âçàèìîäåéñòâèÿ ïåðåäàþòñÿ ñî ñêîðîñòüþ ñâåòà:

c Æ2,998¢1010 ñì/ñ ¼300000êì/ñ (8.1)

� îãðîìíîé ñêîðîñòüþ ïî ñðàâíåíèþ ñ îáû÷íûìè ìåõàíè÷åñêèìè ñêîðîñòÿìè!
Ñêîðîñòü ñâåðçâóêîâîãî èñòðåáèòåëÿ/êðûëàòîé ðàêåòû 3M ¼ (1 êì/ñ) ñîñòàâëÿåò
âñåãî ëèøü 3¢10¡ 6 ñêîðîñòè ñâåòà; ñêîðîñòü äâèæåíèÿ Çåìëè âîêðóã Ñîëíöà 30
êì/c � 10¡ 4 Æ1/10000 ñêîðîñòè ñâåòà.

Â 1881 � 1987 ãã. Ìàêåéëñîí è Ìîðëè ïðîâåëè ñåðèþ ýêñïåðèìåíòîâ ïî èçó÷å-
íèþ çàâèñèìîñòè ñêîðîñòè ñâåòà îò íàïðàâëåíèÿ (Ìàêñâåëë, óâëå÷åíèå ýôèðîì).
Ýêñïåðèìåíòû ïîêàçàëè, ÷òî ðàçíèöà ñêîðîñòåé ¢ c ÆcÒ¡ c? Ç 1/40 îò òåîðå-

Ðèñ. 8.1 Ñõåìà ýêñïåðèìåíòà Ìàéêåëüñîíà - Ìîðëè

òè÷åñêè ïðåäñêàçàííîé. Â äàëüíåéøåì èçìåðåíèÿ ïîñòîÿíñòâà ñêîðîñòè ñâåòà
ïðîâîäèëèñü ñî çíà÷èòåëüíûì óâåëè÷åíèåì òî÷íîñòè (ïðîâîäÿòñÿ è â íàñòî-
ÿùåå âðåìÿ). Â íàñòîÿùåå âðåìÿ ïîêàçàíî, ÷òî ñêîðîñòü ñâåòà â âàêóóìå íå
çàâèñèò îò âûáîðà ñèñòåìû îòñ÷åòà ñ òî÷íîñòüþ äî 10¡ 16 !!! îò àáñîëþòíîãî
çíà÷åíèÿ.

Ïðèíöèïû ñïåöèàëüíîé òåîðèè îòíîñèòåëüíîñòè:
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1. Ïðèíöèï îòíîñèòåëüíîñòè: Âñå çàêîíû ïðèðîäû îäèíàêîâû âî âñåõ
èíåðöèàëüíûõ ñèñòåìàõ îòñ÷åòà

2. Ñêîðîñòü ñâåòà â âàêóóìå ïîñòîÿííà âî âñåõ èíåðöèàëüíûõ ñèñòåìàõ îò-
ñ÷åòà:

c ÆConst ) c � ôóíäàìåíòàëüíàÿ êîíñòàíòà . (8.2)

3. Ñêîðîñòü ñâåòà â âàêóóìå ÿâëÿåòñÿ ìàêñèìàëüíîé ñêîðîñòüþ ðàñïðîñòðà-
íåíèÿ âçàèìîäåéñòâèé.

Çàïèøåì óñëîâèå ðàâåíñòâà êâàäðàòà ñêîðîñòè ñâåòà c2:

v2 ´
d r2

dt 2 ´
dx2

dt 2 Å
d y2

dt 2 Å
dz2

dt 2 Æc2; (8.3)

) ds2 ´ c2dt 2 ¡ dx2 ¡ d y2 ¡ dz2 Æ0. (8.4)

Åñëè ïðèìåíèòü ê ( 8.3) ïðåîáðàçîâàíèÿ Ãàëèëåÿ r (t ) Ær0(t ) Å V0t , òî ìû ïðè-
äåì ê ïðîòèâîðå÷èþ, åñëè ïîòðåáóåì ïîñòîÿíñòâà ñêîðîñòè ñâåòà âî âñåõ èíåð-
öèàëüíûõ ñèñòåìàõ îòñ÷åòà. Òàêèì îáðàçîì, àáñîëþòíûé õàðàêòåð âðåìåíè
ïðîòèâîðå÷èò ïðèíöèïó ïîñòîÿíñòâà ñêîðîñòè ñâåòà .

Âðåìÿ äîëæíî ïðåîáðàçîâûâàòüñÿ ïðè ïðåîáðàçîâàíèè ñèñòåìû îòñ÷åòà,
à ýòî çíà÷èò, ÷òî âìåñòî 3-õ ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà E3 íåîáõîäèìî
ðàññìàòðèâàòü 4-õ ìåðíîå ïðîñòðàíñòâî ñîáûòèé {x1,x2,x3,x4}, ãäå x4 Æct .

Ôîðìóëà ( 8.4) ïîäñêàçûâàåò, êàêîé ôóíäàìåíòàëüíîé êâàäðàòè÷íîé ôîðìîé
(ìåòðèêîé) äîëæíî îáëàäàòü ýòî ïðîñòðàíñòâî:

ds2 Æc2dt 2 ¡ dx2 ¡ d y2 ¡ dz2 ´ ´ i k dx i dxk ; (i ,k Æ1,4,) (8.5)

Òàêèì îáðàçîì, ïðîñòðàíñòâî ñîáûòèé ÿâëÿåòñÿ : ÷åòûðåõìåðíûì ïñåâäîåâ-
êëèäîâûì ïðîñòðàíñòâîì E¤

4 ñ ñèãíàòóðîé (¡ ,¡ ,¡ ,Å). ãäå ´ i k � êîâàðèàíò-
íûé òåíçîð Ìèíêîâñêîãî:

jj ´ i k jj Æ

0

B
B
B
B
B
B
@

¡ 1 0 0 0

0 ¡ 1 0 0

0 0 ¡ 1 0

0 0 0 1

1

C
C
C
C
C
C
A

(8.6)

� ´ diag(¡ 1,¡ 1,¡ 1,Å1).
Êàê èçâåñòíî, âñå ìíîæåñòâî âåêòîðîâ â ïñåâäîåâêëèäîâîì ïðîñòðàíñòâå

ðàçáèâàåòñÿ íà òðè íåïåðåñåêàþùèåñÿ êëàññà:
(a,a) È 0 � âðåìåíèïîäîáíûå;
(a,a) Æ0 � èçîòðîïíûå;
(a,a) Ç 0 � ïðîñòðàíñòâåííîïîäîáíûå,
ãäå (a,a) ´ ´ ik a1ak � ñêàëÿðíîå ïðîèçâåäåíèå â E¤

4 .
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Ðèñ. 8.2 Èçîòðîïíûé êîíóñ

Âûÿñíèì, êàêèå áèåêòèâíûå ïðåîáðàçîâàíèÿ îñòàâëÿþò èíâàðèàíòíîé ôîð-
ìó ( 8.5). Êàê èçâåñòíî, áèåêòèâíûìè ïðåîáðàçîâàíèÿìè â àôôèííîì ïðîñòðàí-
ñòâå ÿâëÿþòñÿ àôôèííûå ïðåîáðàçîâàíèÿ è òîëüêî îíè. Èòàê:

x i ÆC i
k0x

k0
Å x i

0, ïðè÷åì det(C i
k0 6Æ0). (8.7)

Òîãäà:

dx i ÆC i
k0dxk0

(8.8)

Ïîäñòàâëÿÿ ( 8.8) â âûðàæåíèå äëÿ èíòåðâàëà ( 8.5) è òðåáóÿ åãî èíâàðèàíòíîñòü:

ds2 Æds02, (8.9)

ïîëó÷èì:

ds02 Æ´ i 0k0dx i 0
dxk0

Æ´ i k C i
i 0C

k
k0dx i 0

dxk0
(8.10)
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ñëåäñòâèå íåçàâèñèìîñòè è ïðîèçâîëüíîñòè äèôôåðåíöèàëîâ êîîðäèíàò
dx i 0

(ïîêàçàòü, êàê) äëÿ âûïîëíåíèÿ ( 8.10) íåîáõîäèìî è äîñòàòî÷íî:

´ i 0k0 Æ´ i k C i
i 0C

k
k0. (8.11)

Óñëîâèÿ (8.11) ÿâëÿþòñÿ ñèñòåìîé 1
2n(n Å 1) Æ10 êâàäðàòíûõ óðàâíåíèé íà

êîýôôèöèåíòû ìàòðèöû ïðåîáðàçîâàíèé C i
i 0. Ýòè óðàâíåíèÿ ïîëíîñòüþ àíà-

ëîãè÷íû (ñ ó÷åòîì ñèãíàòóðû ìåòðèêè) óñëîâèþ îðòîãîíàëüíîñòè ìàòðèöû
ïðåîáðàçîâàíèé â åâêëèäîâîì ïðîñòðàíñòâå C¢CT ÆE0 è àíàëîãè÷íî åâ-
êëèäîâûì ïðîñòðàíñòâàì îïðåäåëÿþò 1

2n(n Å 1) Æ10 - ïàðàìåòðè÷åñêóþ
ãðóïïó äâèæåíèé ïðîñòðàíñòâà Ìèíêîâñêîãî, êîòîðàÿ íàçûâàåòñÿ ãðóï-
ïîé Ëîðåíöà-Ïóàíêàðå .

8.2 Äâóìåðíûå ïðåîáðàçîâàíèÿ Ëîðåíöà-Ïóàíêàðå

Ðàññìîòðèì äëÿ ïðîñòîòû ïðåîáðàçîâàíèÿ Ëîðåíöà-Ïóàíêàðå â ïëîñêîñòè {x1 Æ
x,x4 Æct}, ïðè÷åì äëÿ óäîáñòâà ïîëîæèì:

jjC i
k0jj Æ

0

@
® ¯

° ±

1

A.

Ðàñïèñûâàÿ óðàâíåíèÿ ( 8.11), ïîëó÷èì:
8
<

:

¡ 1 Æ ¡®2 Å ° 2;
0 Æ ¡®¯ Å °± ;
1 Æ ¡¯ 2 Å ±2.

(8.12)

Äëÿ ðåøåíèÿ ñèñòåìû ( 8.12) ïîëîæèì:
° ÆshÁ ) ® Æe1 ch Á
¯ ÆshÃ ) ± Æe2 ch Ã,

ãäåei Æ §1. Ïîäñòàíîâêà ýòèõ ñîîòíîøåíèé âî âòîðîå óðàâíåíèå ñèñòåìû ( 8.12)
äàåò:

0 Æ ¡e1 ch ÁshÃ Å e2 shÁch Ã ) sh(Ã ¡ eÁ) Æ0 ) Ã ÆeÁ,

ãäåe Æe1e2 Æ §1 (îáúÿñíèòü, ïî÷åìó 1 êîðåíü) .
Òàêèì îáðàçîì, ïîëó÷àåì äâóìåðíûå ïðåîáðàçîâàíèÿ Ëîðåíöà - Ïóàíêàðå:

x1 Æ®x10
Å ¯ x40

Å x1
0 ) x Æe1 ch Á x0Å eshÁ ct0Å x0 (8.13)

x4 Æ° x10
Å ±x40

Å x4
0 ) t ÆshÁ

x0

c
Å e2 ch Á t 0Å t0. (8.14)

Òàêèì îáðàçîì, ãðóïïà ïðåîáðàçîâàíèé Ëîðåíöà-Ïóàíêàðå íà ïëîñêîñòè
{x,ct } ïðåäñòàâëÿåò òðåõïàðàìåòðè÷åñêóþ ãðóïïó ïðåîáðàçîâàíèé (îáðàòèòü
âíèìàíèå íà àíàëîãèþ ñ äâèæåíèÿìè ïðè çàìåíå òðèãîíîìåòðè÷åñêèõ ôóíêöèé
ãèïåðáîëè÷åñêèìè) .
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Âûÿñíèì ôèçè÷åñêèé ñìûñë áåçðàçìåðíîé ïåðåìåííîé Á â ôîðìóëàõ ( 8.13),
(8.14). Äëÿ ýòîãî âû÷èñëèì äèôôåðåíöèàëû îò îáåèõ ÷àñòåé ýòèõ ôîðìóë è
ïîäåëèì èõ äðóã íà äðóãà:

dx

dt
Æ

e1 ch Ádx0Å eshÁcdt

shÁ dx0

c Å e2 ch Á dt 0
. (8.15)

Ïðåäïîëîæèì ñíà÷àëà, ÷òî ñèñòåìà K 0ïîêîèòñÿ: x0ÆConst. Òîãäà ïîëó÷èì èç
(8.24), ïîëàãàÿ V ´ dx

d t è ó÷èòûâàÿ ee2 ´ e1e2e2 Æe1:

V Æe1c th Á ) th Á Æe1
V

c
) shÁ Æe1

V
cq

1¡ V 2

c2

,ch Á Æ
1

q
1¡ V 2

c2

. (8.16)

Â äàëüíåéøåì çíàêîâûå ñèìâîë ei ìû áóäåì îïóñêàòü, òàê êàê èçìåíåíèå çíàêà
â ôîðìóëàõ ìîæíî äîáèòüñÿ çàìåíîé V ! V .

Ñ ó÷åòîì ( 8.16) ôîðìóëû ïðåîáðàçîâàíèÿ Ëîðåíöà - Ïóàíêàðå ( 8.13), (8.14)
ìîæíî çàïèñàòü â ÿâíîì âèäå (Îáðàòèì âíèìàíèå íà çíàê V !):

x Æ
x0Å V t 0
q

1¡ V 2

c2

Å x0; x0Æ
x ¡ V t

q
1¡ V 2

c2

Å x0
0 (8.17)

t Æ
t 0Å V x0

c2
q

1¡ V 2

c2

Å t0; t 0Æ
t ¡ V x

c2
q

1¡ V 2

c2

Å t 0
0. (8.18)

8.3 Çàêîí ñëîæåíèÿ ñêîðîñòåé è ñîêðàùåíèå ïðîìåæóòêîâ

Ïîäåëèâ îáå ÷àñòè ñîîòíîøåíèÿ ( 8.17) íà ñîîòâåòñòâóþùèå ÷àñòè ñîîòíîøåíèÿ
(8.18) è ââîäÿ îáîçíà÷åíèÿ dx/ d t Æv , dx0/ d t 0Æv0(ñêîðîñòè â ñèñòåìå K è K 0),
ïîëó÷èì ðåëÿòèâèñòñêèé çàêîí ñëîæåíèÿ ñêîðîñòåé :

v Æ
v0Å V

1Å v0V
c2

. ) v0Æc ) v Æ
c Å V

1Å cV
c2

´ c. (8.19)

Ïîëàãàÿ ïîî÷åðåäíî â ôîðìóëàõ Ëîðåíöà - Ïóàíêàðå ( 8.13), (8.14) ñîáûòèÿ
îäíîâðåìåííûìè t Æt 0 èëè ïðîèñõîäÿùèìè â îäíîé òî÷êå x Æx0, ïîëó÷èì
çàêîíû ñîêðàùåíèÿ äëèí è ïðîìåæóòêîâ âðåìåíè (ñàìîñòîÿòåëüíî) . Íà âåðõíåì
ðèñóíêå - ïîðòðåò áåäóèíà íà âåðáëþäå, ñíÿòûé â äâèæóùåéñÿ ñèñòåìå îòñ÷åòà.
Íà íèæíåì ðèñóíêå � äåôîðìàöèÿ êóëîíîâñêîãî ïîëÿ ýëåêòðè÷åñêîãî çàðÿäà.
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Ðèñ. 8.3 Èëëþñòðàöèÿ ñîêðàùåíèÿ äëèíû â äâèæóùåéñÿ ñèñòåìå îòñ÷åòà

8.4 ×åòûðåõìåðíûé âåêòîð ñêîðîñòè

Â êëàññè÷åñêîé ìåõàíèêå âñëåäñòâèå àáñîëþòíîãî õàðàêòåðà âðåìåíè è êîíòðâà-
ðèàíòíîñòè äèôôåðåíöèàëîâ êîîðäèíàò òðåõìåðíàÿ ñêîðîñòü ÷àñòèöû ÿâëÿåòñÿ
òðåõìåðíûì êîíòðâàðèàíòíûì âåêòîðîì:

v® Æ
dx®

dt
; (®,¯ Æ1,3). (8.20)

Â ðåëÿòèâèñòñêîé ìåõàíèêå âðåìÿ íå ÿâëÿåòñÿ àáîëþòíûì, åäèíñòâåííûé æå
èíâàðèàíò, ñâÿçàííûé ñ òðàåêòîðèåé ÷àñòèöû, åñòü s � ÷åòûðåõìåðíûé èí-
òåðâàë,ñîáñòâåííîå âðåìÿ (8.5). Ïîýòîìó è åäèíñòâåííûì êîíòðâàðèàíòíûì
âåêòîðîì, ñâÿçàííûì ñ äèôôåðåíöèàëàìè êîîðäèíàò ÷àñòèöû ÿâëÿåòñÿ:

u i Æ
dx i

ds
. (8.21)

Ïîäåëèâ îáå ÷àñòè ñîîòíîøåíèÿ ( 8.5) íà ds2, ìû ïîëó÷èì ñîîòíîøåíèå íîð-
ìèðîâêè :

´ i k u i uk ´ (u ,u) Æ1. (8.22)

Â ñëó÷àå áåçìàññîâûõ ÷àñòèö:

´ i k u i uk ´ (u ,u) Æ0. (8.23)
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Íàéäåì ñâÿçü ìåæäó êîìïîíåíòàìè 4-õ ìåðíîãî è 3-õ ìåðíîãî âåêòîðîâ ñêîðî-
ñòè. Âûïîëíÿÿ òîæäåñòâåííîå ïðåîáðàçîâàíèå:

u® Æ
dx®

ds
´

dx®

cd t

dx4

ds
´

v®

c
u4. (8.24)

ïîëó÷èì èç ñîîòíîøåíèÿ íîðìèðîâêè:

u4 Æ
1

p
1¡ v2/ c2

; u® Æ
v®

c

1
p

1¡ v2/ c2
. (8.25)

Ðàññìîòðèì ñîîòíîøåíèå íîðìèðîâêè ( 8.22) èëè (8.23), â îáùåì ñëó÷àå ïîëàãàÿ

´ i k u i uk ´ (u ,u) ÆConst. (8.26)

Äèôôåðåíöèðóÿ ( 8.26) ïî s, ïîëó÷èì:

´ i k
du i

ds
uk ´ (g,u) Æ0 (8.27)

� óñëîâèå îðòîãîíàëüíîñòè ÷åòûðåõìåðíîãî âåêòîðà óñêîðåíèÿ g i Ædu i / ds
è ñêîðîñòè u i .

8.5 Èìïóëüñ-ýíåðãèÿ è ôîðìóëà Ýéíøòåéíà

Óìíîæèâ âåêòîð 4-õ ìåðíîé ñêîðîñòè íà mc , ìû ïîëó÷èì âåêòîð 4-èìïóëüñà:

p i Æmcu i Æ
mv ®

p
1¡ v2/ c2

;
v

c
¿ 1 ) p® ¼mv ®. (8.28)

Âîçíèêàåò âîïðîñ, à êàêîé ñìûñë èìååò 4-ÿ êîìïîíåíòà ýòîãî èìïóëüñà? Åñëè
ìû óìíîæèì åå íà ñêîðîñòü ñâåòà, òî ïîëó÷èì âåëè÷èíó ðàçìåðíîñòè ýíåðãèè:

E Æcp4 Æ
mc2

p
1¡ v2/ c2

(8.29)

Ïîñìîòðèì, âî ÷òî ïåðåõîäèò âåëè÷èíà ( 17.8) ïðè ìàëûõ ñêîðîñòÿõ v/ c ! 0.
Ðàçëàãàÿ ïðàâóþ ÷àñòü (17.8) â ðÿä Òýéëîðà ïî ìàëîñòè ýòîé âåëè÷èíû, ïîëó÷èì:

E ¼mc2 Å
mv 2

2
Å O(v/ c)4. (8.30)

Òàêèì îáðàçîì, â ïåðâîì ïðèáëèæåíèè ìû ïîëó÷èì êëàññè÷åñêóþ ôîðìóëó äëÿ
êèíåòè÷åñêîé ýíåðãèè ñ ïîñòîÿííûì ñëàãàåìûì. Êàê ìû çíàåì, â êëàññè÷åñêîé
ìåõàíèêå ê ýíåðãèè ìîæíî äîáàâëÿòü ëþáóþ âåëè÷èíó, ïîýòîìó äëÿ êëàññè÷å-
ñêîé ìåõàíèêè ýòà äîáàâêà íå èãðàåò íèêàêîé ðîëè, � îíà íå îáíàðóæèâàåòñÿ
íèêàêèìè ñðåäñòâàìè êëàññè÷åñêîé ìåõàíèêè.
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Ïðè ðàâíîé íóëþ ñêîðîñòè ìû ïîëó÷èì èç ( 17.8) çíàìåíèòóþ ôîðìóëó Ýéí-
øòåéíà :

E0 Æmc2. (8.31)

Âåëè÷èíà E0 íàçûâàåòñÿ ýíåðãèåé ïîêîÿ òåëà.

Äàëåå, òðåõìåðíûé âåêòîð dp ®/ d t â êëàññè÷åñêîé ôèçèêå ÿâëÿåòñÿ ñîãëàñ-
íî âòîðîìó çàêîíó Íüþòîíà âåêòîðîì ñèëû . åñòåñòâåííûì ÷åòûðåõìåðíûì
îáîáùåíèåì ýòîãî âåêòîðà ÿâëÿåòñÿ âåêòîð:

f i ´ mg i Æ
dp i

ds
. (8.32)

Âûÿñíèì ñìûñë 4-é êîìïîíåíòû ýòîãî âåêòîðà:

f 4 Æ
dp 4

ds
´

dE

c2dt
u4 Æ

N

c2
p

1¡ v2/ c2
, (8.33)

ãäå

N Æ
dE

dt
Æmc2 du 4

dt
� ìîùíîñòü.

8.6 Äåôåêò ìàññû è ðàñïàä ÷àñòèö

Ðèñ. 8.4 Äåôåêò ìàññû âîçíèêàåò ïðè ñëèÿíèè äâóõ ÷àñòåé â îäíî öåëîå

Ëþáîå öåëîå òåëî, C, ñîñòàâëåííîå èç îòäåëüíûõ ÷àñòåé A è B ñâÿçûâàåòñÿ
èìè íåêîòîðûìè ñèëàìè ïðèòÿæåíèÿ, ñîîòâåòñòâóþùèìè îòðèöàòåëüíîé
ïîòåíöèàëüíîé ýíåðãèè âçàèìîäåéñòâèÿ . ×åì áîëüøå çíà÷åíèå ýíåðãèè
ñâÿçè ïî àáñîëþòíîé âåëè÷èíå, òåì ïðî÷íåå ñîñòàâíîå òåëî.

Ïîýòîìó ïîëíàÿ ýíåðãèÿ ýòîãî òåëà ðàâíà ñóììå ïîëíûõ ýíåðãèé åãî ÷àñòåé
è ýíåðãèè âçàèìîäåéñòâèÿ:

EAB ÆEA Å EB ÅU AB, (U AB Ç 0) )

M AB ÆM A Å MB ¡ ¢ M AB, ¢ M AB Æ ¡
U AB

c2 , (8.34)
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� âåëè÷èíà ¢ M AB íàçûâàåòñÿ äåôåêòîì ìàññû .
Äëÿ îáû÷íûõ ìîëåêóëÿðíûõ è àòîìíûõ ñâÿçåé, ñâÿçûâàþùèõ â åäèíîå öåëîå

òâåðäîå òåëî, ýíåðãèÿ ñâÿçè ñîñòàâëÿåò ïîðÿäêà 1ýâ � (ýëåêòðîíîâîëüò) � ýíåð-
ãèÿ, ïðèîáðåòàåìàÿ ýëåêòðîíîì â ýëåêòðè÷åñêîì ïîëå 1 âîëüò. Â ñèñòåìå CGSE
(ã/ñì/cåê) ýòà âåëè÷èíà ñîñòàâëÿåò 1.6¢10¡ 12ýðã. Òàêèì îáðàçîì, äåôåêò ìàññû
äëÿ ñâÿçè òâåðäîãî òåëà ñîñòàâëÿåò ïîðÿäêà 10¡ 33 ã. Åñëè ó÷åñòü, ÷òî ÿäðà àòîìîâ
ñàìûõ ëåãêèõ âåùåñòâ (âîäîðîäà) èìåþò ìàññó ïîðÿäêà 10¡ 24ã, òî ìû ïîëó÷èì
îòíîñèòåëüíûé äåôåêò ìàññû ¢ M/ M äëÿ òâåðäûõ òåë ïîðÿäêà 10¡ 9!!! Òàêîãî
æå ïîðÿäêà äåôåêò ìàññû è äëÿ õèìè÷åñêèõ ñâÿçåé.
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00019-150-7. http://libweb.ksu.ru/ebooks/05-IMM/05_120_000443.pdf

Çàäà÷à î ¾ïàðàäîêñå áëèçíåöîâ¿

Â ïåðâûå ãîäû ïîñëå ñîçäàíèÿ ñïåöèàëüíîé òåîðèè îòíîñèòåëüíîñòè îæèâëåí-
íî îáñóæäàëñÿ òàê íàçûâàåìûé ïàðàäîêñ áëèçíåöîâ . Ýòîò ¾ïàðàäîêñ¿ çàêëþ÷à-
åòñÿ â ñëåäóþùåì.Ïî îòíîøåíèþ ê íåïîäâèæíîìó íàáëþäàòåëþ ¾A¿ âðåìÿ â
äâèæóùåéñÿ ñèñòåìå îòñ÷åòà òå÷åò ìåäëåííåå. Ïðåäñòàâèì, ÷òî â íåêîòîðûé
ìîìåíò âðåìåíè t Æ0 ñ Çåìëè ñòàðòîâàë êîñìè÷åñêèé êîðàáëü, äâèæóùèéñÿ ñî
ñêîðîñòüþ v ïî íàïðàâëåíèþ ê çâåçäå. Íà Çåìëå îñòàëñÿ îäèí èç áëèçíåöîâ ¾A¿,
à äðóãîé áëèçíåö ¾B¿ óëåòåë íà êîñìè÷åñêîì êîðàáëå. Ïîñêîëüêó ýòîò áëèçíåö
äâèãàëñÿ îòíîñèòåëüíî ¾A¿ ñî ñêîðîñòüþ v, îí âñëåäñòâèå çàìåäëåíèÿ âðåìåíè
â äâèæóùåéñÿ ñèñòåìå îòñ÷åòà äîëæåí ïðèëåòåòü íà Çåìëþ, ñïóñòÿ íåêîòîðîå
âðåìÿ, 2¿, áîëåå ìîëîäûì, ÷åì îñòàâøèéñÿ íåïîäâèæíûì áëèçíåö ¾A¿. Îäíàêî,
êàê ãîâîðèëè îïïîíåíòû ñïåöèàëüíîé òåîðèè îòíîñèòåëüíîñòè, ñ òî÷êè çðåíèÿ
áëèçíåöà ¾B¿, íàîáîðîò, áëèçíåö ¾A¿ äâèãàëñÿ îòíîñèòåëüíî íåãî ñî ñêîðîñòüþ
¡ v, ïîýòîìó îí äîëæåí îêàçàòüñÿ ìîëîæå â ìîìåíò âñòðå÷è.
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Íà ñàìîì äåëå, íèêàêîãî ïàðàäîêñà çäåñü íåò. Îïïîíåíòû òåîðèè îòíîñèòåëü-
íîñòè íåïðàâîìåðíî ïðèìåíÿëè ïðåîáðàçîâàíèÿ Ëîðåíöà ê ýòîé çàäà÷å. Äåëî â
òîì, ÷òî äëÿ òîãî, ÷òîáû ïðèîáðåñòè ñêîðîñòü v, ñðàâíèìóþ ñî ñêîðîñòüþ ñâåòà,
áëèçíåö ¾B¿ ñíà÷àëà äîëæåí áûë óñêîðèòüñÿ. Óñêîðåíèå æå â îòëè÷èå ñêîðîñòè
íå ÿâëÿåòñÿ îòíîñèòåëüíûì, òàê êàê îíî íàðóøàåò óñëîâèå èíåðöèàëüíîñòè ñè-
ñòåìû îòñ÷åòà. Ïîýòîìó èìåííî áëèçíåö ¾B¿ äîëæåí âåðíóòüñÿ íà Çåìëþ áîëåå
ìîëîäûì, ÷åì ¾A¿. Ðåøèì ýòó çàäà÷ó, ïîëüçóÿñü çàêîíàìè ñïåöèàëüíîé òåîðèè
îòíîñèòåëüíîñòè.
Çàäà÷à:

Ïðåäïîëîæèì ñëåäóþùèé ïðîñòîé ñöåíàðèé êîñìè÷åñêîé îäèññåè: Áëèçíåö
¾B¿ ïðîëåòàåò ïîëîâèíó ïóòè äî çâåçäû ñ ïîñòîÿííûì óñêîðåíèåì g (âðåìÿ ¿0),
âòîðóþ ïîëîâèíó ïóòè � ñ óñêîðåíèåì ¡ g (ñ ó÷åòîì ïîëíîé ñèììåòðèè çàäà÷è
âðåìÿ ¿0). Ïóòü äîìîé ïîâòîðÿåò ïóòü íà çâåçäó. Òàêèì îáðàçîì, åñëè âðåìÿ
ïîëåòà äî çâåçäû 2¿0, òî ñóììàðíîå âðåìÿ ïîëåòà ¾òóäà è îáðàòíî¿ ïî ÷àñàì
áëèçíåöà ¾B¿ åñòü4¿0. Ïî ÷àñàì áëèçíåöà ¾A¿ íà Çåìëå ïðîéäåò 4t0 âðåìåíè.
Íåîáõîäèìî âû÷èñëèòü ñóììàðíûé äåôåêò âðåìåíè.

Ìîäåëü:

Ñíà÷àëà íåîáõîäèìî ñòðîãî îïðåäåëèòü, ÷òî çíà÷èò ¾ïîñòîÿííîå óñêîðåíèå¿. Â
ðåëÿòèâèñòñêîé ìåõàíèêå ïîñòîÿííûì óñêîðåíèåì ìîæåò ïîíèìàòüñÿ ëèøü ïî-
ñòîÿííûé èíâàðèàíò óñêîðåíèÿ, ò.å., âûáèðàÿ íàïðàâëåíèå âåêòîðà òðåõìåðíîé
ñêîðîñòè âäîëü îñè Ox1:

(g,g) ´ ¡ (g1)2 Å (g4)2 ÆConst. (8.35)

Äëÿ îïðåäåëåíèÿ çíàêà ýòîé ïîñòîÿííîé ó÷òåì óñëîâèå îðòîãîíàëüíîñòè ñêîðî-
ñòè è óñêîðåíèÿ ( 8.27):

(u ,g) Æ0 ) u1g1 Æu4g4. (8.36)

Ïîñêîëüêó âñëåäñòâèå v Ç c âñåãäàju1j Ç u4, òî âñëåäñòâèå (8.36) äîëæíî áûòü
jg1j È j g4j. Òàêèì îáðàçîì, êîíñòàíòà â ( 8.35) äîëæíà áûòü îòðèöàòåëüíîé:

(g,g) ´ ¡ (g1)2 Å (g4)2 Æ ¡g2
0 ´

w 2
0

c4 , (8.37)

ãäåw0 � èíâàðèàíòíîå óñêîðåíèå, ñêîðîñòü ñâåòà ââåäåíà èç ñîîáðàæåíèé ðàç-
ìåðíîñòè.

Èññëåäîâàíèå ìîäåëè:

Âîçâîäÿ â êâàäðàò îáå ÷àñòè ðàâåíñòâà ( 8.36) è ïîäñòàâëÿÿ â ïîëó÷åííîå ðàâåí-
ñòâî âûðàæåíèå äëÿ g4 èç (8.37) ñ ó÷åòîì ñîîòíîøåíèÿ íîðìèðîâêè âåêòîðà
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÷åòûðåõìåðíîé ñêîðîñòè ( (u4)2 ¡ (u1)2 Æ1), íàéäåì (ñì. [ 20]):

g1 Æu4g0 )
du 1

ds
Æg0

dx4

ds
) u1 Æg0x4 )

v
p

1¡ v2/ c2
Æw0t ) v Æ

w0t
s

1Å
w 2

0 t 2

c2

. (8.38)

Òàêèì îáðàçîì, ïîëó÷èì èç ( 8.38) äèôôåðåíöèàëüíîå óðàâíåíèå è åãî ðåøåíèå:

dx

dt
Æ

w0t
s

1Å
w 2

0 t 2

c2

) x Æ
c2

w 2
0

0

@

s

1Å
w 2

0 t 2

c2 ¡ 1

1

A, (8.39)

òàê ÷òî x(0) Æ0. Ìèðîâîå âðåìÿ t ñîâïàäàåò ñ âðåìåíåì íåïîäâèæíîãî íàáëþ-
äàòåëÿ ¾A¿. ÏóñòüL Æ2` - ðàññòîÿíèå îò Çåìëè äî çâåçäû. Òîãäà:

` Æ
c2

w0

0

@

s

1Å
w 2

0 t 2
0

c2 ¡ 1

1

A) , t0 Æ

s
L

w0

vu
u
t

Ã

2Å
Lw 2

0

c2

!

¡ 1. (8.40)

ãäå t0 � âðåìÿ ïîëåòà êîñìè÷åñêîãî êîðàáëÿ äî ñåðåäèíû ïóòè, èçìåðåííîå ïî
÷àñàì íåïîäâèæíîãî íàáëþäàòåëÿ ¾A¿. Ïðè t ! 0 ïîëó÷èì îòñþäà êëàññè÷åñêóþ
ôîðìóëó äëÿ ðàâíîìåðíî óñêîðåííîãî äâèæåíèÿ: ` Æw0t 2/2 .

Ñîáñòâåííîå âðåìÿ ¿, èçìåðåííîå ïî ÷àñàì íàáëþäàòåëÿ ¾B¿ åñòü s/ c, ò.å.:
dx4/ ds Æu4 ! ds Æcdt / u4. Òàêèì îáðàçîì:

d¿Æ
dt

u4 ) ¿Æ

tZ

0

s

1¡
v2

c2 dt ´

tZ

0

dt
r

1Å
w 2

0 t 2

c2

) ¿Æ
c

w0
ln

0

@

s

1Å
w 2

0 t 2

c2 Å
! 0t

c

1

A.

(8.41)

Âû÷èñëåíèÿ â ÑÊÌ Maple

>restart:

Íàéäåì ñâÿçü ìåæäó ñîáñòâåííûì âðåìåíåì ¿ íàáëþäàòåëÿ ¾B¿ è âðåìåíåì
t íàáëþäàòåëÿ ¾A¿ íà ïåðâîì óñêîðåííîì ó÷àñòêå òðàåêòîðèè, ò.å., âû÷èñëèì
èíòåãðàë (8.40):

tau:=(t,w0,c)->int(1/sqrt(1+(w0*t/c)^2*x^2),x=0..t):
tau(t,w0,c);
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Ðàçðåøèì ( 8.40) îòíîñèòåëüíî t (¿), ïîñêîëüêó êðèòè÷åñêèì äëÿ êîñìè÷åñêèõ
ïîëåòîâ ÿâëÿåòñÿ âîçðàñò èìåííî áëèçíåöà ¾B¿

t1:=(tau0,w0,c)->simplify(solve(tau(t,w0,c)=tau0,t)):
t1(tau0,omega0,c);

Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùåå âûðàæåíèå:

t Æ
c

w0
ssinh

³ w0¿0

c

´
, (8.42)

îòêóäà ïðè ¿0 Æ! 0 ïîëó÷èì t ¼¿0.
Âû÷èñëèì òåïåðü ðàññòîÿíèå, äîñòèãàåìîå êîñìè÷åñêèì êîðàáëåì çà âðåìÿ

¿0. Äëÿ ýòîãî íåîáõîäèìî âû÷èñëèòü ðàññòîÿíèå L(t ), äîñòèãàåìîå çà âðåìÿ t ïî
÷àñàì íàáëþäàòåëÿ ¾A¿, à çàòåì èñïîëüçîâàòü â ïîëó÷åííîì âûðàæåíèè ñâÿçü
t (¿) (8.42):

>l:=(t,w0,c)->w0*int(x/sqrt(1+w0^2*x^2/c^2),x=0..t):
l(t,w0,c);

` Æ
c2

w0

0

@

s

1Å
w 02t 2

c2 ¡ 1

1

A. (8.43)

>L:=(tau0,w0,c)->simplify(subs(t=t1(tau0,w0,c),l(t,w0,c)):
L(tau0,w0,c);

Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùåå âûðàæåíèå:

L(¿0,w0,c) Æ
c2

2w0

³
cosh

¿0w0

c
¡ 1

´
. (8.44)

Ïðè ¿0 ! 0 ïîëó÷èì îòñþäà êëàññè÷åñêóþ ôîðìóëó äëÿ ðàâíîìåðíî óñêîðåííîãî
äâèæåíèÿ: ` Æw0¿2

0/2 .
Ïóñòü òåïåðü ïåðåä íàìè ñòîèò òàêàÿ çàäà÷à: 20-òè ëåòíèé áëèçíåö ¾B¿ ïî-

ñûëàåòñÿ íà êîñìè÷åñêîì êîðàáëå ñ óñêîðåíèåì, ðàâíûì çåìíîìó: w0 Æg0 Æ
980ñì ¢ñåê¡ 2, è äîëæåí âîçâðàòèòñÿ íàçàä äî ñâîåãî 70-ëåòíåãî âîçðàñòà. Ñëåäî-
âàòåëüíî, â ïóòè îí ìîæåò íàõîäèòüñÿ 50 ëåò, ò.å., ¿0 Æ12,5 ëåòÆ3,16¢107ñåê.
Íàéäåì ìàêñèìàëüíóþ äàëüíîñòü ïîëåòà êîñìè÷åñêîãî êîðàáëÿ ñ òàêèìè óñëî-
âèÿìè: Lmax Æ2L(¿0,g0,c) ¼2,19¢1019ñì=23 ñâ.ãîäà. Ñîãëàñíî ( 8.42) íà Çåìëå
çà 50 ëåò æèçíè áëèçíåöà ¾B¿ ïðîéäåò 191466 ëåò! Êàê íè ãðóñòíî, íî áëèçíåöû
óæå íå âñòðåòÿòñÿ íà Çåìëå. Êàçàëîñü áû, çâåçäíûå ïîëåòû ÷åëîâåêà âîçìîæíû.
Îäíàêî, âû÷èñëèì ýíåðãèþ, êîòîðóþ íåîáõîäèìî ïîòðàòèòü äëÿ äîñòèæåíèÿ
ýòîé ìå÷òû. Êèíåòè÷åñêàÿ ýíåðãèÿ ìàññû m , ðàçîãíàííîé äî ñêîðîñòè ( 8.38)
ðàâíà:

E Æ
mc2

q
1¡ v2

c2

Æmc2

s

1Å
w 2

0 t 2

c2 .
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Ïðè ýòîì êîñìè÷åñêèé êîðàáëü â êîíöå ýòàïà ðàçãîíà îáëàäàåò êèíåòè÷åñêîé
ýíåðãèåé, ðàâíîé 197377 åãî ýíåðãèè ïîêîÿ! Äàæå, åñëè áû êîñìè÷åñêèé êîðàáëü
ñîñòîÿë áû èç îäíîãî òîëüêî áëèçíåöà ¾B¿ ìàññîé 70 êã, îí áû îáëàäàë ýíåðãè-
åé 1,24¢1031ýðã! Òîëüêî ýòîé ýíåðãèè õâàòèëî áû äëÿ òîãî, ÷òîáû âûâåñòè íà
îðáèòó Çåìëè ãðóç ìàññîé 3,9¢1010 òîíí. Ýòà ìàññà ñîïîñòàâèìà ñ ìàññîé ãîðû
Ýâåðåñò. Â ðåàëüíûõ óñëîâèÿõ ñ ó÷åòîì ìàññû êîíñòðóêöèé, òîïëèâà è çàïàñîâ
ìàññà êîðàáëÿ äîëæíà áûòü, ïî êðàéíåé ìåðå, íå ìåíåå 100 òîíí. Â ýòîì ñëó÷àå
íåîáõîäèìàÿ ýíåðãèÿ äëÿ ðàçãîíà êîðàáëÿ óâåëè÷èâàåòñÿ, ïî êðàéíåé ìåðå,
â 1000 ðàç. Ïîýòîìó ðåàëüíûå ïîëåòû ê çâåçäàì çà ïðîìåæóòîê ÷åëîâå÷åñêîé
æèçíè, âðÿä-ëè, âîçìîæíû âîîáùå.



9
Óðàâíåíèÿ äâèæåíèÿ çàðÿäà

â ýëåêòðîìàãíèòíîì ïîëå

9.1 ×åòûðåõìåðíûé âåêòîðíûé ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ

Ýëåìåíòàðíûå ÷àñòèöû â êëàññè÷åñêîé ðåëÿòèâèñòñêîé ôèçèêå ïðåäñòàâ-
ëÿþòñÿ ìàòåìàòè÷åñêèìè òî÷êàìè, ñíàáæåííûìè íåêîòîðûìè íåèçìåííûìè
ôóíäàìåíòàëüíûìè õàðàêòåðèñòèêàìè, ïîñòîÿííûìè äëÿ ýëåìåíòàðíûõ ÷à-
ñòèö äàííîãî êëàññà. Òàêèìè ýëåìåíòàðíûìè ÷àñòèöàìè ÿâëÿþòñÿ, íàïðèìåð,
ýëåêòðîíû, ïðîòîíû, íåéòðîíû, ôîòîíû, íåéòðèíî (ýëåêòðîííûå è ìþîííûå),
ìþîíû, êâàðêè, õèããñîâû áîçîíû è ò.ï.

Âñå ýëåìåíòàðíûå ÷àñòèöû äåëÿòñÿ, âî-ïåðâûõ, íà äâà áîëüøèõ êëàññà: ôåð-
ìèîíû , èìåþùèå ïîëóöåëûé ñïèí (sÆ(2n Å 1)/2 ), è áîçîíû , èìåþùèå öåëûé
ñïèí sÆn .

Êðîìå òîãî, ÷àñòèöû ìîãóò èìåòü ìàññó ïîêîÿ m0. Åñëè ìàññà ïîêîÿ ðàâíà
íóëþ, ÷àñòèöû íàçûâàþòñÿ áåçìàññîâûìè .

×àñòèöû òàêæå ìîãóò èìåòü ðàçëè÷íûå çàðÿäû â êà÷åñòâå êîíñòàíò âçàè-
ìîäåéñòâèÿ ñ ðàçëè÷íûìè ïîëÿìè: ýëåêòðè÷åñêèé çàðÿä e ïî îòíîøåíèþ ê
ýëåêòðîìàãíèòíîìó âçàèìîäåéñòâèþ, ëåïòîííûé çàðÿä ` ïî îòíîøåíèþ ê
ýëåêòðîñëàáîìó âçàèìîäåéñòâèþ, ñòðàííîñòü - charm - �àðîìàò� ïî îòíîøå-
íèþ ê ñèëüíûì âçàèìîäåéñòâèÿì, öâåòîâîé çàðÿä q ïî îòíîøåíèþ ê êâàðê-
ãëþîííûì âçàèìîäåéñòâèÿì.

Â êëàññè÷åñêîé òåîðèè äâèæåíèÿ çàðÿäà â ýëåêòðîìàãíèòíîì ïîëå èìååòñÿ
ïàðà ïîòåíöèàëîâ ýëåêòðîìàãíèòíîãî ïîëÿ: ñêàëÿðíûé, ' , è âåêòîðíûé, A, òàê
÷òî:

E Æ ¡
1

c

@A

@t
¡ grad ' ; H ÆrotA , (9.1)

ãäå grad è rot - âåêòîðíûå äèôôåðåíöèàëüíûå îïåðàòîðû ïåðâîãî ïîðÿäêà,
èìåþùèå â äåêàðòîâûõ êîîðäèíàòàõ ñëåäóþùèå âûðàæåíèÿ:

grad ' Æ r ' ; divA Æ(r ,A); rot A Æ[r ,A]; (9.2)

r Æ
¡ @

@x
,

@

@y
,

@

@z

¢
. (9.3)

Èç ôîðìóëû ( 9.1) âèäíî, ÷òî ïîòåíöèàëû ' è A èìåþò îäèíàêîâóþ ðàçìåð-
íîñòü. Ïîñòðîèì èç ýòèõ ïîòåíöèàëîâ ÷åòûðåõìåðíûé âåêòîðíûé ïîòåíöè-
àë ïî ïðàâèëó:

Ai Æ(¡ A,¡ ' ); ) Ai Æ(A,¡ ' ). (9.4)
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Ñîãëàñíî ïðèíöèïó àääèòèâíîñòè ôóíêöèè Ëàãðàíæà ñóììàðíîå äåéñòâèÿ äëÿ
çàðÿæåííîé ÷àñòèöû è ýëåêòðîìàãíèòíîãî ïîëÿ ïðåäñòàâèì â âèäå

SÆSp Å Se f Å Sf , (9.5)

ãäåSp � äåéñòâèå äëÿ ñâîáîäíîé ÷àñòèöû (çàðÿäà), Se f � äåéñòâèå âçàèìîäåé-
ñòâèÿ çàðÿäà ñ ýëåêòðîìàãíèòíûì ïîëåì, Sf � äåéñòâèå äëÿ ýëåêòðîìàãíèòíîãî
ïîëÿ. Î÷åâèäíî, ÷òî äåéñòâèå äëÿ ñâîáîäíîé ÷àñòèöû ìîæåò áûòü ïðîïîðöèî-
íàëüíî ëèøü åå ÷åòûðåõìåðíîìó èíòåðâàëó,

R
ds, òàê êàê äðóãîãî èíâàðèàíòà,

ñâÿçàííîãî ñî ñâîáîäíîé ÷àñòèöåé, íåò. Äëÿ òîãî, ÷òîáû äåéñòâèå èìåëî ïðà-
âèëüíóþ ðàçìåðíîñòü [S] Æ[E ¢t ];, ýòîò èíòåðâàë íåîáõîäèìî óìíîæèòü íà mc ,
òàê êàê äðóãîãî âûáîðà ó íàñ íåò.

Èòàê,

Sp Æms
Z

ds. (9.6)

(îáðàòèòå âíèìàíèå íà çíàê, îòëè÷àþùèéñÿ îò çíàêà â êíèãå Ëàíäàó!)

9.2 Äåéñòâèå äëÿ ÷àñòèöû â ýëåêòðîìàãíèòíîì ïîëå; óðàâíåíèÿ äâèæåíèÿ
çàðÿäà

Äàëåå, ðàññìîòðèì ôóíêöèþ äåéñòâèÿ çàðÿäà e âî âíåøíåì ýëåêòðîìàãíèò-
íîì ïîëå. Î÷åâèäíî, ÷òî ýòî äåéñòâèå äîëæíî, ñ îäíîé ñòîðîíû, îïðåäåëÿòüñÿ
çàðÿäîì è äèíàìè÷åñêèìè ïåðåìåííûìè ÷àñòèöû, ñ äðóãîé ñòîðîíû, � ïîòåí-
öèàëîì ýëåêòðîìàãíèòíîãî ïîëÿ. Åäèíñòâåííî âîçìîæíàÿ òàêàÿ êîìáèíàöèÿ
äëÿ ôóíêöèè Ëàãðàíæà åñòü Cost¢eui Ai . Ïîäáèðàÿ êîíñòàíòó èç ñîîáðàæåíèé
ðàçìåðíîñòè, çàïèøåì:

Se f Æ
e

c

Z
(u, A)ds ´

e

c

Z
Ai dx i . (9.7)

Òàêèì îáðàçîì, åñëè ïîêà íå ó÷èòûâàòü äèíàìè÷åñêèõ ñòåïåíåé ñâîáîäû
ýëåêòðîìàãíèòíîãî ïîëÿ , ò.å., ñ÷èòàòü åãî çàäàííûì/âíåøíèì, ôóíêöèþ äåé-
ñòâèÿ äëÿ çàðÿäà â ýëåêòðîìàãíèòíîì ïîëå ìîæíî çàïèñàòü â âèäå:

Sem ÆSp Å Se f Æ

BZ

A

¡
mcdsÅ

e

c
Ai dx i ¢

(9.8)

Âû÷èñëèì âàðèàöèþ ýòîãî äåéñòâèÿ, ó÷èòûâàÿ ðåçóëüòàò èç òåîðèè ãåîäåçè-
÷åñêèõ:

±

BZ

A

ds Æ

BZ

A

¡
gi k D suk ±x i ¢

ds, ãäåD suk ´
du k

ds
Å ¡ k

lm u l um (9.9)

àáñîëþòíàÿ ïðîèçâîäíàÿ ñêîðîñòè âäîëü òðàåêòîðèè.
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9.3 Óðàâíåíèÿ äâèæåíèÿ çàðÿäà è òåíçîð ýëåêòðîìàãíèòíîãî ïîëÿ

Âû÷èñëèì òåïåðü âàðèàöèþ Se f :

±Se f Æ
e

c

Z B

A
(±Ai dx i Å Ai ±dx i ). (9.10)

Ïåðåñòàâëÿÿ âî âòîðîì ÷ëåíå îïåðàöèè âàðüèðîâàíèÿ è äèôôåðåíöèðîâàíèÿ è
âû÷èñëÿÿ ïî ÷àñòÿì ñîîòâåòñòâóþùèé èíòåãðàë ñ ó÷åòîì ðàâåíñòâà íóëþ âàðèà-
öèé êîîðäèíàò â êîíöåâûõ òî÷êàõ A è B è äèôôåðåíöèðóÿ Ai (x) êàê ñëîæíóþ
ôóíêöèþ, ïðèâåäåì âàðèàöèþ äåéñòâèÿ ê âèäó (ïîêàçàòü êàê ýòî ñäåëàòü) :

±Se f Æ
e

c

BZ

A

¡
@k Ai ¡ @i Ak

¢
dx i ±xk ´

e

c

BZ

A

Fki u i ±xk ds, (9.11)

ãäå ââåäåí àíòèñèììåòðè÷íûé òåíçîð ýëåêòðîìàãíèòíîãî ïîëÿ = òåíçîð
Ìàêñâåëëà :

Fi k ´ @i Ak ¡ @k Ai ) Fki Æ ¡Fi k . (9.12)

Ñêëàäûâàÿ òåïåðü âàðèàöèè îò îáåèõ ÷àñòåé äåéñòâèÿ ( 9.9) è (9.11), ïîëó÷èì, ìå-
íÿÿ ìåñòàìè íåìûå èíäåêñû i k î âòîðîì ÷ëåíå ñ ó÷åòîì àíòèñèììåòðè÷íîñòè
òåíçîðà Ìàêñâåëëà:

±Sem Æ

BZ

A

¡
mcgi k D suk ¡

e

c
Fi k uk ¢

±x i ds (9.13)

9.4 Óðàâíåíèÿ äâèæåíèÿ çàðÿäà è �3+1�-ðàçáèåíèå

Ïðèðàâíèâàÿ âàðèàöèþ íóëþ, âñëåäñòâèå îñíîâíîé ëåììû âàðèàöèîííîãî èñ-
÷èñëåíèÿ ïîëó÷èì óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà:

mcgi k D suk ¡
e

c
Fi k uk Æ0. (9.14)

Ñâîðà÷èâàÿ ýòè óðàâíåíèÿ ñ êîíòðâàðèàíòíûì ìåòðè÷åñêèì òåíçîðîì g i j , ïðî-
èçâîäÿ çàìåíó j ! i è ïåðåíîñÿ ÷ëåí ñ òåíçîðîì Ìàêñâåëëà â ïðàâóþ ÷àñòü
ïîëó÷åííûõ óðàâíåíèé, ïîëó÷èì îêîí÷àòåëüíî êîâàðèàíòíûå ðåëÿòèâèñò-
ñêèå óðàâíåíèÿ äâèæåíèÿ çàðÿäà â ýëåêòðîìàãíèòíîì ïîëå :

mcD su i Æ
e

c
F i

. k uk )
d 2x i

ds2 Å ¡ i
kl

dxk

ds

dx l

ds
Æ

e

mc2 F i
. k uk , (9.15)
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ãäå

F i
. k Æg i j Fi j . (9.16)

Ïîñêîëüêó òåíçîð Ìàêñâåëëà àíòèñèììåòðè÷åí, òî÷êîé ìû óêàçûâàåì ïîçèöèþ,
ñ êîòîðîé áûë ïîäíÿò èíäåêñ i .

Äëÿ âûÿñíåíèÿ ñâÿçè êîìïîíåíò òåíçîðà Ìàêñâåëëà ñ òðåõìåðíûìè âåêòî-
ðàìè ïðîâåäåì òàê íàçûâàåìîå ¾3+1¿ ðàçáèåíèå, îòäåëÿÿ ïðîñòðàíñòâåííûå è
âðåìåííûå êîìïîíåíòû. Òàê íàéäåì, ïîëàãàÿ ®,¯ Æ1,3:

F®4 Æ@4A® ¡ @®A4 Æ
@A®

c@t
¡ @®' )

1

c

@A

@t
Å grad ' ´ ¡ E (9.17)

9.5 Òåíçîð Ìàêñâåëëà è äèñêðèìèíàíòíûé òåíçîð

Ðàññìîòðèì òåïåðü ïðîñòðàíñòâåííûå êîìïîíåíòû òåíçîðà Ìàêñâåëëà:

F®¯ Æ@®A¯ ¡ @̄ A® ) F12 Æ@1A2 ¡ @2A1 ´ H3

) H ° Æe®¯° F®¯ , e®¯° Æ ¡e¯®° Æe®°¯ (e123 Æ0), (9.18)

ãäåe®¯° � åäèíè÷íûé àáñîëþòíî àíòèñèììåòðè÷íûé òåíçîð ïåðåñòàíî-
âîê .

Òî÷íåå ãîâîðÿ, e®¯° ÿâëÿåòñÿ òåíçîðîì òîëüêî ïî îòíîøåíèþ ê äâèæåíèÿì
â åâêëèäîâîì ïðîñòðàíñòâå. Äëÿ òîãî, ÷òîáû ïîëó÷èòü èç ýòèõ âåëè÷èí êîâàðè-
àíòíûé òåíçîð âàëåíòíîñòè 3, íåîáõîäèìî ââåñòè äèñêðèìèíàíòíûé òåíçîð :

´ ®¯° Æ
" ®¯°
p

jgj
, jgj Æabs(jj gi k jj ). (9.19)

Äîêàæèòå, ÷òî ýòî òåíçîð.
Îêàçûâàåòñÿ, â ëþáîì ðèìàíîâîì ïðîñòðàíñòâå Vn ìîæíî ââåñòè àíàëîãè÷-

íûå êîâàðèàíòíûå è êîíòðâàðèàíòíûå äèñêðèìèíàíòíûå òåíçîðû:

´ i 1...i n Æ
" i 1...i np

jgj
; ´ i 1...i n Æ

p
jgj" i 1...i n , (9.20)

ãäå " 12...n Æ1 äëÿ ãëàâíîé ïîñëåäîâàòåëüíîñòè ÷èñåë, îñòàëüíûå íåíóëåâûå
êîìïîíåíòû ïîëó÷àþòñÿ èç ýòîãî çíà÷åíèÿ ïåðåñòàíîâêàìè.

Äèñêðèìèíàíòíûé òåíçîð íàðÿäó ñ ìåòðè÷åñêèì òåíçîðîì ÿâëÿåòñÿ ôóíäà-
ìåíòàëüíûì òåíçîðîì ðèìàíîâà ïðîñòðàíñòâà. Âî-ïåðâûõ, òàêæå êàê è ìåòðè-
÷åñêèé òåíçîð, îí êîâàðèàíòíî ïîñòîÿíåí (äîêàæèòå):

r i ´ i 1...i n ´ 0; r i ´ i 1...i n ´ 0. (9.21)

Âî-âòîðûõ, ýòîò òåíçîð, ïîäîáíî ìåòðè÷åñêîìó îïðåäåëÿåò íåêîòîðûå ìåðû
â ðèìàíîâîì ïðîñòðàíñòâå. Òàê, îáúåì áåñêîíå÷íî ìàëîãî n-ìåðíîãî ïàðàë-
ëåëåïèïåäà â n-ìåðíîì ðèìàíîâîì ïðîñòðàíñòâå, ïîñòðîåííûé íà âåêòîðàõ
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d»i
(1),d»i

(2), . . . ,d»i
(n ) ðàâåí

dVn Æ´ i 1...i n d»i 1
(1) ¢¢¢d»i n

(n ), (9.22)

Â-òðåòüèõ, ñ ïîìîùüþ ýòîãî òåíçîðà ìîæíî ñîñòàâèòü âåêòîð

Si Æ´ i i 2...i n d»i 2
(2) ¢¢¢d»i n

(n ), (9.23)

ìîäóëü êîòîðîãî îïðåäåëÿåò ïëîùàäü n ¡ 1 - ìåðíîé ãðàíè d»(1) Æ0. Ïîêàçàòü
ïðèìåðû îáúåìîâ è ïëîùàäåé äëÿ 1-3-õ ìåðíûõ ïðîñòðàíñòâ.

Òàêèì îáðàçîì, âû÷èñëÿÿ, íàéäåì:

jjFi k jj Æ

0

B
B
B
B
B
B
B
B
@

0 H3 ¡ H2 ¡ E1

¡ H3 0 H1 ¡ E2

H2 ¡ H1 0 ¡ E3

E1 E2 E3 0

1

C
C
C
C
C
C
C
C
A

(9.24)

Ïîäíèìàÿ èíäåêñû ñ ïîìîùüþ òåíçîðà Ìèíêîâñêîãî ´ i k , ó÷èòûâàÿ åãî äèàãî-
íàëüíîñòü è òîò ôàêò, ÷òî ñìåøàííûå êîìïîíåíòû F®4 ïðè òàêîì ïîäíÿòèè
èíäåêñîâ áóäóò ìåíÿòü çíàê íà ïðîòèâîïîëîæíûé, à ïðîñòðàíñòâåííûå êîìïî-
íåíòû F®¯ íå èçìåíÿþò çíàê, ïîëó÷èì

jjF i k jj Æ

0

B
B
B
B
B
B
B
B
@

0 H3 ¡ H2 E1

¡ H3 0 H1 E2

H2 ¡ H1 0 E3

¡ E1 ¡ E2 ¡ E3 0

1

C
C
C
C
C
C
C
C
A

(9.25)

Ââåäåì äóàëüíûé òåíçîð ê òåíçîðó Ìàêñâåëëà

¤
F i k Æ

1

2
´ i klm Flm . (9.26)

Ïðîñòûì âû÷èñëåíèåì íåòðóäíî ïîêàçàòü, ÷òî ýòîò òåíçîð ïîëó÷àåòñÿ èç òåíçî-
ðà Ìàêñâåëëà ( 9.25) è (9.24) (îáðàòèòå âíèìàíèå íà ïîðÿäîê!) ïîäñòàíîâêàìè
E® � H® (Äîêàæèòå!):

jj
¤
F i k jj Æ

0

B
B
B
B
B
B
B
B
@

0 E3 ¡ E2 ¡ H1

¡ E3 0 E1 ¡ H2

E2 ¡ E1 0 ¡ H3

H1 H2 H3 0

1

C
C
C
C
C
C
C
C
A

(9.27)
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9.6 Èíâàðèàíòû ýëåêòðîìàãíèòíîãî ïîëÿ

Àíàëîãè÷íî ïîëó÷èì

jj
¤
F i k jj Æ

0

B
B
B
B
B
B
B
B
@

0 E3 ¡ E2 H1

¡ E3 0 E1 H2

E2 ¡ E1 0 H3

¡ H1 ¡ H2 ¡ H3 0

1

C
C
C
C
C
C
C
C
A

(9.28)

Êàê è âî âñÿêîé òåîðèè, â ýëåêòðîäèíàìèêå èìåþò áîëüøîå çíà÷åíèå èíâàðè-
àíòû ýëåêòðîìàãíèòíîãî ïîëÿ . Î÷åâèäíî, ÷òî ìû ìîæåì îáðàçîâàòü ëèøü 3
òàêèõ èíâàðèàíòà:

a Æ
1

2
Fi k F i k ; b Æ

1

4
Fi k

¤
F i k ; c Æ

1

2

¤
F i k

¤
F i k . (9.29)

Âû÷èñëèì, íàïðèìåð, èíâàðèàíò a:

a ÆFi k F i k Æ2(F12F12 Å F13F13 Å

F23F23 Å F14F14 Å F24F24 Å F34F34) ´

H 2
1 Å H 2

2 Å H 2
3 ¡ E2

1 ¡ E2
2 ¡ E2

3 ´ H2 ¡ E2. (9.30)

Ó÷èòûâàÿ, ÷òî èíâàðèàíò c ìîæíî ïîëó÷èòü èç èíâàðèàíòà a ïåðåñòàíîâêîé
E � H , ïîëó÷èì c:

c ÆE2 ¡ H2 ´ ¡ a. (9.31)

Àíàëîãè÷íî ïîëó÷èì:

b Æ
1

4
Fi k

¤
F i k ´ (EH). (9.32)

Ðàññìîòðèì ïðåîáðàçîâàíèÿ Ëîðåíöà:

x Æ
x0Å V t 0
q

1¡ V 2

c2

; y Æy0,z Æz0,ct Æ
V
c x0Å ct0

q
1¡ V 2

c2

, (9.33)

êîòîðûì ñîîòâåòñòâóåò ìàòðèöà ïðåîáðàçîâàíèÿ (ìû ïîëàãàåì x4 Æct ):

jjC i
k0jj Æ

0

B
B
B
@

1p
1¡ V 2/ c2

0 0 V
c

1p
1¡ V 2/ c2

0 1 0 0
0 0 1 0

V
c

1p
1¡ V 2/ c2

0 0 1p
1¡ V 2/ c2

1

C
C
C
A

, (9.34)
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) det(jjC i
k0jj ) Æ1. Êàê ìû îòìå÷àëè ðàíåå, îáðàòíûå ïðåîáðàçîâàíèÿ, à âìåñòå ñ

íèìè è îáðàòíàÿ ìàòðèöà ïðåîáðàçîâàíèé, ïîëó÷àþòñÿ èç ýòèõ çàìåíîé V !
¡ V .

Òàêèì îáðàçîì, íàéäåì, íàïðèìåð:

E10 ÆF4010 ÆC i
40C

k
10Fi k ÆC4

40C
1
10F41 Å C1

40C
4
10F14

) E10 ÆE1
¡¡ 1

p
1¡ V 2/ c2

¢2 ¡
¡ V

c

1
p

1¡ V 2/ c2

¢2¢
´ E1. (9.35)

Òàêèì îáðàçîì, ïîëó÷èì (âû÷èñëèòü ñàìîñòîÿòåëüíî) :

E10 ÆE1; E20 Æ
E20¡ V

c H30
p

1¡ V 2/ c2
; E30 Æ

E30Å V
c H20

p
1¡ V 2/ c2

;

H10 ÆH1; H20 Æ
H20Å V

c E30
p

1¡ V 2/ c2
; H30 Æ

H30
V
c E20

p
1¡ V 2/ c2

; (9.36)

Ïî îòíîøåíèþ ê ïîâîðîòàì ñèñòåìû êîîðäèíàò êîìïîíåíòû äèñêðèìèíàíò-
íîãî òåíçîðà ´ i 1...i n è ´ i 1...i n âåäóò ñåáÿ êàê êîìïîíåíòû òåíçîðà. Îäíàêî, åñëè
ðàññìîòðåòü ïðåîáðàçîâàíèÿ îòðàæåíèÿ òèïà:

x1 Æx01, . . . , xp Æ ¡x0p , . . . ,xn Æx0n , (9.37)

êîòîðûì ñîîòâåòñòâóåò ìàòðèöà ïðåîáðàçîâàíèÿ:

jjC i
k0jj Æ

0

B
B
@

1 0 0 0
0 1 0 0
0 0 ¡ 1 0
0 0 0 1

1

C
C
A,) det(jjC i

k0jj ) Æ ¡1. (9.38)

Òàêèì îáðàçîì, ïî îïðåäåëåíèþ êîìïîíåíòû äèñêðèìèíàíòíîãî òåíçîðà ïðè
ïðåîáðàçîâàíèè ( 9.37) íå èçìåíÿòñÿ, òîãäà êàê ñîîòâåòñòâóþùèå êîìïîíåíòû
èñòèííîãî òåíçîðà äîëæíû áûëè áû èçìåíèòü çíàê. Ïîýòîìó ââåäåííûå íà-
ìè äèñêðèìèíàíòíûå ¾òåíçîðû¿ íå ÿâëÿþòñÿ èñòèííûìè òåíçîðàìè, à ëèøü
ïñåâäîòåíçîðàìè .

Ïîýòîìó â îòëè÷èå îò êîìïîíåíò òåíçîðà Ìàêñâåëëà Fi k , êîìïîíåíòû äóàëü-

íîãî òåíçîðà
¤
F i k òàêæå íå ÿâëÿþòñÿ êîìïîíåíòàìè èñòèííîãî òåíçîðà, à ëèøü

ïñåâäîòåíçîðà. Âñëåäñòâèå ýòîãî è èíâàðèàíò ýëåêòðîìàãíèòíîãî ïîëÿ

b Æ
1

4
Fi k

¤
F i k ´ (EH) (9.39)

íå ÿâëÿåòñÿ èñòèííûì ñêàëÿðîì, à ëèøü ïñåâäîñêàëÿðîì : ïðè ïðåîáðàçîâàíèè
âèäà (9.37) òàêèå âåëè÷èíû ìåíÿþò çíàê.

Îáðàòèìñÿ òåïåðü ê òðåõìåðíîìó ïðåäñòàâëåíèþ òåíçîðà Ìàêñâåëëà. Ñîãëàñ-
íî ( 9.17) E® ÆF4® � ïî îòíîøåíèþ ê ïðåîáðàçîâàíèÿì òðåõìåðíîãî åâêëèäîâà
ïðîñòðàíñòâà ýòè âåëè÷èíû ïðåîáðàçóþòñÿ êàê êîìïîíåíòû êîâàðèàíòíîãî
âåêòîðà.



9.7 �3+1� � ðàçáèåíèå óðàâíåíèé äâèæåíèÿ, èíòåãðàë ýíåðãèè 135

Âåêòîð íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ îïðåäåëÿåòñÿ ñ ïîìîùüþ òðåõìåð-
íîãî òåíçîðà ² ®¯° (9.18):

H° ÆF®¯ ² ®¯° ) H3 ÆF12, . . . (9.40)

Òàêèì îáðàçîì, ïðè îòðàæåíèè òðåõìåðíûõ êîîðäèíàò x ! ¡ x, y ! ¡ y,z ! ¡ z
êîìïîíåíòû òðåõìåðíîãî âåêòîðà E èçìåíÿò çíàê íà ïðîòèâîïîëîæíûé, òîãäà
êàê êîìïîíåíòû âåêòîðà H íå èçìåíÿò çíàê. Âåêòîðû, àíàëîãè÷íûå, âåêòîðó E,
íàçûâàþòñÿ ïîëÿðíûìè âåêòîðû , à âåêòîðû, àíàëîãè÷íûå H � àêñèàëüíûìè
âåêòîðàìè (ïñåâäîâåêòîðàìè). Ïîýòîìó ñêàëÿðíîå ïðîèçâåäåíèå ïîëÿðíîãî è
àêñèàëüíîãî âåêòîðîâ ÿâëÿåòñÿ ïñåâäîñêàëÿðîì.

Îäíàêî, âåëè÷èíû âèäà
¤
F i k

¤
F i k , êàê è âåëè÷èíû

¡
Fi k

¤
F i k ¢2 ñíîâà ÿâëÿþòñÿ

èñòèííûìè ñêàëÿðàìè.

9.7 �3+1� � ðàçáèåíèå óðàâíåíèé äâèæåíèÿ, èíòåãðàë ýíåðãèè

Êàê ìû çíàåì, êâàäðàò âåêòîðà 4-ñêîðîñòè åñòü êîíñòàíòà:

(u ,u) Æ
½

1, m 6Æ0;
0, m Æ0. (9.41)

Ñâåðíåì óðàâíåíèÿ äâèæåíèÿ çàðÿäà â ýëåêòðîìàãíèòíîì ïîëå ( 9.15) ñ âåêòîðîì
gi j u j , ó÷èòûâàÿ î÷åâèäíîå âñëåäñòâèå êîâàðèàíòíîãî ïîñòîÿíñòâà ìåòðè÷åñêî-

ãî òåíçîðà ñîîòíîøåíèå gi j u j D su i ´ 1
2D sgi j u i u j :

msDs(u ,u) Æ
e

c
Fi j u i u j ´ 0. (9.42)

Òàêèì îáðàçîì, íîðìà âåêòîðà ñêîðîñòè ÷àñòèöû ñîõðàíÿåòñÿ â ýëåêòðîìàãíèò-
íîì ïîëå.

Ïðîèçâåäåì ¾3+1¿ - ðàçáèåíèå óðàâíåíèé äâèæåíèÿ ( 9.15), ó÷èòûâàÿ ïîëó-
÷åííûå ðàíåå ñîîòíîøåíèÿ:

u4 Æ
1

q
1¡ v2

c2

; u® Æ
v®

c

1
q

1¡ v2

c2

;

E Æ
mc2

q
1¡ v2

c2

Æmc2u4; p Æ
mcv

q
1¡ v2

c2

(9.43)

Òàêèì îáðàçîì, ïîëó÷èì (ñàìîñòîÿòåëüíî) :

dp

dt
Æ e

¡
EÅ

1

c
[vH]

¢
;

dE

dt
Æ e(vE). (9.44)
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Îáçîð òåíçîðíûõ îïåðàöèé ñ èñïîëüçîâàíèåì áèáëèîòåêè tensor .

Ïàêåò tensor âïåðâûå ïîÿâèëñÿ â ðåàëèçàöèè Maple V R5. Îí ïðåäîñòàâëÿåò
îáøèðíûé íàáîð êîìàíä äëÿ äëÿ âû÷èñëåíèé ñ òåíçîðàìè íà êàñàòåëüíîì ðàñ-
ñëîåíèè íàä ëþáûì ìíîãîîáðàçèåì. Â ïàêåòå èñïîëüçîâàí ñïåöèàëüíûé òèï
äàííûõ tensor_typeâ âèäå òàáëèö ñ äâóìÿ ïîëÿìè: êîìïîíåíòîâ è õàðàêòåðèñòèê
èíäåêñîâ. Ïîëå êîìïîíåíòîâ � ìàññèâ ñ ðàçìåðíîñòüþ, ýêâèâàëåíòíîé ðàíãó
îáúåêòà. Ïîëå õàðàêòåðèñòèê èíäåêñîâ çàäàåòñÿ ñïèñêîì ÷èñåë 1 è -1. Ïðè ýòîì
1 íà i-é ïîçèöèè îçíà÷àåò, ÷òî ñîîòâåòñòâóþùèé èíäåêñ êîíòðàâàðèàíòíûé, à -1
� ÷òî îí êîâàðèàíòíûé. Ïðîöåäóðà tensor_typeâîçâðàùàåò ëîãè÷åñêîå çíà÷åíèå
true, åñëè åå ïåðâûé àðãóìåíò óäîâëåòâîðÿåò ñâîéñòâàì òåíçîðà, è false, åñëè îí
ýòîìó ñâîéñòâó íå óäîâëåòâîðÿåò.

Ïàêåò tensor ñîäåðæèò êîìàíäû äëÿ ñòàíäàðòíûõ àëãåáðàè÷åñêèõ îïåðàöèé
íàä òåíçîðàìè, à òàêæå êîìàíäû äëÿ êîâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ, ðàñ-
÷åòà êðèâèçíû ìåòðè÷åñêèõ ïðîñòðàíñòâ, âû÷èñëåíèå òåíçîðà Ýéíøòåéíà è
ïðî÷èå. Ðàññìîòðèì îñíîâíûå êîìàíäû ïàêåòà.
1) Çàãðóçêà áèáëèîòåêètensor â ïàìÿòü:

restart :
with (tensor):

2) Êîìàíäà create([a,b,..],eval(A)) ñîçäàåò òåíçîð âàëåíòíîñòè [a,b,...] èç ìàñ-
ñèâàA. a,b,... = +1 äëÿ êîíòðâàðèàíòíûõ èíäåêñîâ (âåðõíèõ), a,b,... = -1 � äëÿ
êîâàðèàíòíûõ èíäåêñîâ (íèæíèõ). Ìàññèâ A çàäàåòñÿ êîìàíäîé array(sparse,
1..n, 1..n,...,1..n) , ãäån � ðàçìåðíîñòü ïðîñòðàíñòâà, ÷èñëî ïîâòîðåíèé (ðàíã
òåíçîðà); ïàðàìåòð sparse óêàçûâàåò íà òî, ÷òî âñå íå îïðåäåëåííûå êîìïîíåí-
òû ìàññèâà ÿâëÿþòñÿ íóëåâûìè:

A := array (sparse, 1..3, 1..3):
A[1,1]:=15:
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A[1,2]:= 5:
A[1,3]:=-9:
A[2,1]:=-7:
A[2,2]:= 0:
A[2,3]:=24:
A[3,1]:= 4:
A[3,3]:=-2:
A_:= create ([-1,-1], eval (A));

A_ :Ætable

0

B
B
@[compts Æ

2

6
6
4

15 5 ¡ 9

¡ 7 0 24

4 0 ¡ 2

3

7
7
5 ,index_char Æ[¡ 1,¡ 1]]

1

C
C
A

3) get_compts(A) � êîìàíäà âûâîäà êîìïîíåíò òåíçîðà (èñõîäíûé ìàññèâ):

get_compts (A_);
2

6
6
4

15 5 ¡ 9

¡ 7 0 24

4 0 ¡ 2

3

7
7
5

4) get_char(A) � êîìàíäà âûâîäà âàëåíòíîñòè òåíçîðà:

get_char (A_);

[¡ 1,¡ 1]

5) get_rank(A) � êîìàíäà âûâîäà ðàíãà òåíçîðà (÷èñëî èíäåêñîâ):

get_rank (A_);

2

Ìåòðè÷åñêèé òåíçîð

6) Ìåòðè÷åñêèé òåíçîð ñèììåòðè÷åí ïî ñâîèì èíäåêñàì. Ñâîéñòâî ñèììåò-
ðè÷íîñòè ìàññèâà (îáðàçóþùåãî òåíçîð) ïî âñåì èíäåêñàì ìîæíî óêàçàòü ïàðà-
ìåòðîì symmetric :

g_compts := array (symmetric, sparse, 1..4, 1..4):
g_compts[1,1]:=-1:
g_compts[2,2]:=-1:
g_compts[3,3]:=-1:
g_compts[4,4]:= 1:
g:= create ([-1,-1], eval (g_compts));
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g :Ætable

0

B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
4

¡ 1 0 0 0

0 ¡ 1 0 0

0 0 ¡ 1 0

0 0 0 1

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

7) invert(g, 'detg') � êîìàíäà âû÷èñëåíèÿ êîíòðàâàðèàíòíîãî ìåòðè÷åñêîãî
òåíçîðà; âòîðîé ïàðàìåòð ïðîöåäóðû 'detg' (ìîæíî óêàçàòü èìÿ ëþáîé ñâîáîäîé
ïåðåìåííîé) ÿâëÿåòñÿ âûõîäíûì ïàðàìåòðîì, â êîòîðûé ñîõðàíÿåòñÿ çíà÷åíèå
îïðåäåëèòåëÿ ìàòðèöû ìåòðè÷åñêîãî òåíçîðà:

g_inv := invert (g, 'detg');

g_inv :Ætable

0

B
B
B
B
B
@

[index_char Æ[1,1], compts Æ

2

6
6
6
6
6
4

¡ 1 0 0 0

0 ¡ 1 0 0

0 0 ¡ 1 0

0 0 0 1

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

Ñèìâîë Ëåâè-×èâèòû

Ïàðàìåòð antisymmetric êîìàíäû array óêàçûâàåò, ÷òî ìàññèâ àíòèñèììåòðè-
÷åí ïî âñåì èíäåêñàì. Çàäàíèå êîíòðàâàðèàíòíîãî àíòèñèììåòðè÷íîãî òåíçîðà
âòîðîãî ðàíãà F i k :

F_ik := array (antisymmetric, sparse, 1..4, 1..4):
F_ik[1,2]:= H3:
F_ik[1,3]:=-H2:
F_ik[1,4]:=-E1:
F_ik[2,4]:=-E2:
F_ik[2,3]:= H1:
F_ik[3,4]:=-E3:
F:= create ([1,1], eval (F_ik));

F :Ætable

0

B
B
B
B
B
@

[index_char Æ[1,1], compts Æ

2

6
6
6
6
6
4

0 H3 ¡ H2 ¡ E1

¡ H3 0 H1 ¡ E2

H2 ¡ H1 0 ¡ E3

E1 E2 E3 0

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

Levi_Civita(detg, dim, cov_LC, con_LC) � êîìàíäà âû÷èñëåíèÿ êîâàðèàíòíîãî è
êîíòðàâàðèàíòíîãî ïñåâäîòåíçîðîâ Ëåâè-×èâèòû ´ i klm (ñì. äèñêðèìèíàíòíûé
òåíçîð ( 9.20)). detg � îïðåäåëèòåëü êîâàðèàíòíîãî ìåòðè÷åñêîãî òåíçîðà, dim �
ðàçìåðíîñòü ïðîñòðàíñòâà, cov_LC� âûõîäíîé ïàðàìåòð ïðîöåäóðû, â êîòîðûé
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çàïèñûâàåòñÿ âû÷èñëåííûé êîâàðèàíòíûé ïñåâäîòåíçîð Ëåâè-×èâèòû, con_LC�
âûõîäíîé ïàðàìåòð äëÿ çàïèñè êîíòðàâàðèàíòíîãî ïñåâäîòåíçîð Ëåâè-×èâèòû:

Levi_Civita (detg, 4, cov_LC, con_LC);

Âû÷èñëåíèå òåíçîðà äóàëüíîãî ê äàííîìó ñ ïîìîùüþ äèñêðèìèíàíòíîãî òåí-

çîðà ( 9.26),
¤
F i k Æ

1

2
´ i klm F lm . dual(LC, T, index_list ) � êîìàíäà âû÷èñëåíèÿ

äóàëüíîãî òåíçîðà, LC � ïñåâäîòåíçîð Ëåâè-×èâèòû (êî- ëèáî êîíòðàâàðèàíò-
íûé), T � èñõîäíûé òåíçîð, index_list � ñïèñîê èíäåêñîâ òåíçîðà T ïî êîòîðûì
ïðîâîäèòñÿ îïåðàöèÿ: :

F_star := dual (cov_LC, F, [1,2]);

F_star :Ætable

0

B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
4

0 ¡ E3 E2 H1

E3 0 ¡ E1 H2

¡ E2 E1 0 H3

¡ H1 ¡ H2 ¡ H3 0

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

Ïîâòîðíîå ïðèìåíåíèå äóàëüíîãî ñîïðÿæåíèÿ:

F_star_star := dual (con_LC, F_star, [1,2]);

F_star_star :Ætable

0

B
B
B
B
B
@

[index_char Æ[1,1], compts Æ

2

6
6
6
6
6
4

0 ¡ H3 H2 E1

H3 0 ¡ H1 E2

¡ H2 H1 0 E3

¡ E1 ¡ E2 ¡ E3 0

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

Âèäíî, ÷òî âû÷èñëåííûé òåíçîð ðàâåí èñõîäíîìó ñ òî÷íîñòüþ äî çíàêà:

¤¤
F i k Æ ¡F i k .
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Äâèæåíèå çàðÿæåííûõ ÷àñòèö:

èíòåãðèðîâàíèå óðàâíåíèé
Ýéëåðà-Ëàãðàíæà

10.1 Ïîñòîÿííûå è îäíîðîäíûå ýëåêòðîìàãíèòíûå ïîëÿ

Ïîñòîÿííûì ýëåêòðîìàãíèòíûì ïîëåì íàçûâàåòñÿ ïîëå, íå çàâèñÿùåå îò
âðåìåíè â íåêîòîðîé èíåðöèàëüíîé ñèñòåìå îòñ÷åòà:

Fi k ÆFi k (r ) ) E ÆE(r),H ÆH(r). (10.1)

Íî òîãäà ïîòåíöèàëû ïîëÿ ìîæíî âûáðàòü òàêæå íå çàâèñÿùèìè îò âðåìåíè:

Ai ÆAi (r ) ) A4 Æ' (r); A® ÆA®(r ); ) E Æ ¡r ' , H Æ[r A]. (10.2)

Íà ïðîøëîé ëåêöèè ìû ïîëó÷èëè ðåëÿòèâèñòñêóþ ñâÿçü ìåæäó êèíåòè÷åñêîé
ýíåðãèåé, èìïóëüñîì è òðåõìåðíîé ñêîðîñòüþ:

u4 Æ
1

q
1¡ v2

c2

; u® Æ
v®

c

1
q

1¡ v2

c2

;

Ekin Æ
mc2

q
1¡ v2

c2

Æmc2u4; p Æ
mv

q
1¡ v2

c2

(10.3)

Òàêæå ìû ïîëó÷èëè ñîîòíîøåíèå äëÿ ñêîðîñòè èçìåíåíèÿ êèíåòè÷åñêîé ýíåð-
ãèè:

dp

dt
Æe

³
EÅ

1

c
[vH]

´
; (10.4)

dEkin

dt
´ v

dp

d t
(Æe(vE)). (10.5)

Â ñëó÷àå ïîñòîÿííîãî ïîëÿ ( 10.1) èìååì âñëåäñòâèå ( 10.2):

(vE) Æ ¡
¡ @'

@x®
dx®

dt

¢
´ ¡

d '

d t
. (10.6)

Òàêèì îáðàçîì, ïîëó÷èì èç ( 17.8)

E ÆEkin ÅU Æ
mc2

q
1¡ v2

c2

Å e' ÆConst (10.7)
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� çàêîí ñîõðàíåíèÿ ïîëíîé ýíåðãèè çàðÿæåííîé ÷àñòèöû â ïîñòîÿííîì ýëåê-
òðîìàãíèòíîì ïîëå.

Îäíîðîäíûì ýëåêòðîìàãíèòíûì ïîëåì íàçûâàåòñÿ ýëåêòðîìàãíèòíîå
ïîëå, òåíçîð Ìàêñâåëëà êîòîðîãî ïîñòîÿíåí â íåêîòîðîé èíåðöèàëüíîé ñèñòåìå
îòñ÷åòà (äîêàçàòü ñàìîñòîÿòåëüíî) :

Fi k ÆConst ) E ÆE0,H ÆH0 ) ' Æ ¡E0r ,A Æ
1

2
[Hr ]. (10.8)

Ïîñòîÿíñòâî âåêòîðîâ íàïðÿæåííîñòè îäíîðîäíîãî ýëåêòðîìàãíèòíîãî ïîëÿ
ïîçâîëÿåò âûáðàòü ñïåöèàëüíóþ äåêàðòîâó ñèñòåìó êîîðäèíàò ñ îðòàìè, êîë-
ëèíåàðíûìè ýòèì íàïðÿæåííîñòÿì, ÷òî çíà÷èòåëüíî óïðîùàåò èññëåäîâàíèå
äâèæåíèÿ. Ðàññìîòðèì äâèæåíèå â ïîñòîÿííîì ýëåêòðè÷åñêîì ïîëå E0 Æ
(E0,0,0). Óðàâíåíèÿ äâèæåíèÿ ( 10.4) ëåãêî èíòåãðèðóþòñÿ ïåðâûé ðàç ( p0 Æ
Const, äëÿ ïðîñòîòû âûáèðàåì ñèñòåìó îòñ÷åòà, â êîòîðîé p1

0 Æ0):

p1 ÆeE0t , p2 Æp2
0, p3 Æp3

0; ) Ekin Æc
q

m 2c2 Å p2 Æ
q

E2
0 Å (ceE0t )2. (10.9)
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Äëÿ íàõîæäåíèÿ òðàåêòîðèè ÷àñòèöû ïîëó÷èì èç ñîîòíîøåíèé ( 10.4) � ( 17.8)

v® Æ
c2p®

Ekin
)

dx1

dt
Æ

c2eE0t
q

E2
0 Å (ceE0t )2

(10.10)

dx2

dt
Æ

c2p2
0q

E2
0 Å (ceE0t )2

;
dx3

dt
Æ

c2p3
0q

E2
0 Å (ceE0t )2

. (10.11)

Ïðîâîäÿ ýëåìåíòàðíîå èíòåãðèðîâàíèå, íàéäåì, ïîëàãàÿ r (0) Æ0 (ïðîòèíòåãðè-
ðîâàòü ñàìîñòîÿòåëüíî) :

x1 Æ

q
E2

0 Å (ceE0t )2

eE0
¡

E0

eE0
; x¾Æ

p¾
0 c

eE0
Arcch

ceE0t

E0
,

´
p¾

0 c

eE0
ln

ceE0t Å
q

E2
0 Å (ceE0t )2

E0
, (¾Æ1,2) (10.12)

Èñêëþ÷àÿ t â (10.12) ñ ïîìîùüþ ( 10.12), íàéäåì â ÿâíîì âèäå óðàâíåíèå òðà-
åêòîðèè çàðÿäà â îäíîðîäíîì ýëåêòðè÷åñêîì ïîëå � óðàâíåíèå öåïíîé ëèíèè:

x¾Æ
p¾

0 c

eE0
Arcch

s
³
1Å

eE0x1

E0

´2
¡ 1. (10.13)
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10.3 Äâèæåíèå â ïîñòîÿííîì îäíîðîäíîì ìàãíèòíîì ïîëå

Â îòñóòñòâèè ýëåêòðè÷åñêîãî ïîëÿ ïîëó÷èì:

Ekin ÆE0 ÆConst ) (10.3) ) v Æ jvj Æv0 ÆConst ) p Æ
E0

c2 v. (10.14)

Äëÿ íàõîæäåíèÿ òðàåêòîðèè ÷àñòèöû ïîëó÷èì èç óðàâíåíèé ( 10.4)

dv

dt
Æ

ec

E0
[vH0]. (10.15)

Óìíîæàÿ ñêàëÿðíî îáå ÷àñòè ñîîòíîøåíèÿ ( 10.15) íà H , ïîëó÷èì ñëåäñòâèÿ:

d(vH0)

d t
Æ0 ) (vH0) ´ v0H0 cos® ÆConst ) ® Æ®0 ÆConst, (10.16)

� óãîë ìåæäó âåêòîðîì ìàãíèòíîãî ïîëÿ è ñêîðîñòüþ ÷àñòèöû ñîõðàíÿåòñÿ.
Íàïðàâèì âåêòîð ìàãíèòíîãî ïîëÿ âäîëü îñè OX , òîãäà óðàâíåíèÿ äâèæåíèÿ

(10.15) ïðèìóò âèä:

dv 1

dt
Æ0;

dv 2

dt
Æ

ecH0

E0
v3;

dv 3

dt
Æ ¡

ecH0

E0
v2. (10.17)

Ââåäåì ðåëÿòèâèñòñêóþ ëàðìîðîâñêóþ ÷àñòîòó

! H Æ
ecH0

E0
´

eH0

mc

s

1¡
v2

c2 . (10.18)

Òîãäà óðàâíåíèÿ äâèæåíèÿ ( 10.17) ïðèìóò âèä:

dv 1

dt
Æ0;

dv 2

dt
Æ! H v3;

dv 3

dt
Æ ¡! H v2. (10.19)

Ïåðâîå èç ýòèõ óðàâíåíèé äàåò:

v1 ÆvÒÆConst, (10.20)

à ïîäñòàâëÿÿ çíà÷åíèå v2 èç òðåòüåãî óðàâíåíèÿ âî âòîðîå, ïîëó÷èì:

d 2v3

dt 2 Å ! 2
H v3 Æ0 ) v3 Æv? sin(! H t Å Á0), (10.21)

ãäåÁ0 � íà÷àëüíàÿ ôàçà, v? ÆConst � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Òàêèì îáðàçîì,
èç òðåòüåãî óðàâíåíèÿ ( 10.19) ïîëó÷èì:

v2 Æ ¡v? cos(! H t Å ' ), (10.22)

ïðè÷åì:

v2
ÒÅ v2

? Æv2
0. (10.23)
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Èíòåãðèðóÿ ïî âðåìåíè ñîîòíîøåíèÿ ( 10.20) � ( 10.22), ïîëó÷èì îêîí÷àòåëüíî
óðàâíåíèå òðàåêòîðèè çàðÿæåííîé ÷àñòèöû â ýëåêòðîìàãíèòíîì ïîëå:

r Ær0 Å
³
vÒt , ¡

v?

! H
sin(! H t Å Á0), ¡

v?

! H
cos(! H t Å Á0)

´
. (10.24)

Òàêèì îáðàçîì, òðàåêòîðèÿ çàðÿæåííîé ÷àñòèöû â ïîñòîÿííîì ìàãíèòíîì ïîëå
ïðåäñòàâëÿåò ñîáîé öèëèíäðè÷åñêóþ âèíòîâóþ ëèíèþ ñ îñüþ H0

Ðàäèóñ öèëèíäðà ðàâåí:

r H Æ
v?

! H
. (10.25)

10.4 Äâèæåíèå â ïîñòîÿííûõ îäíîðîäíûõ ñêðåùåííûõ ïîëÿõ

Ðèñ. 10.1 Äðåéô çàðÿæåííîé ÷àñòèöû â
ñêðåùåííûõ ýëåêòðîìàãíèòíûõ ïîëÿõ

Ðàññìîòðèì óðàâíåíèÿ äâèæåíèÿ ( 10.4)
â íåðåëÿòèâèñòñêîì ïðèáëèæåíèè
(v ¿ c) â ñëó÷àå âçàèìíî - îðòîãî-
íàëüíûõ (ñêðåùåííûõ) îäíîðîäíûõ è
ïîñòîÿííûõ ýëåêòðè÷åñêîì è ìàãíèò-
íîì ïîëåé:

E0 Æ(0,E0,0); H0 Æ(H0,0,0) !

m
dv

dt
Æe

¡
E0 Å

1

c
[vH0]

¢
. (10.26)

Ïåðåéäåì â äðóãóþ èíåðöèàëüíóþ
ñèñòåìó îòñ÷åòà:

v Æv1Åvd , ãäåvd Æc
[E0H0]

H2
0

(10.27)

� òàê íàçûâàåìàÿ äðåéôîâàÿ ñêî-
ðîñòü .

Ïîäñòàâëÿÿ ( 10.27) â óðàâíåíèÿ
äâèæåíèÿ ( 10.26), ïðèâåäåì èõ âèäó:

m
dv1

dt
Æ

e

c
[v1H0] (10.28)

� íåðåëÿòèâèñòñêèõ óðàâíåíèé äâèæå-
íèÿ çàðÿäà â îäíîðîäíîì ìàãíèòíîì ïîëå. Äëÿ òîãî, ÷òîáû ñêîðîñòü îñòàâàëàñü
íåðåëÿòèâèñòñêîé, íåîáõîäèìî, ÷òîáû vd ¿ c, ò.å., ñîãëàñíî ( 10.27):

E0 ¿ H0. (10.29)
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Âû÷èñëÿÿ äðåéôîâóþ ñêîðîñòü ( 10.27), íàéäåì:

vd Æ
¡
0,0,¡ c

E0

H0

¢
. (10.30)

Ó÷èòûâàÿ òåïåðü ðåøåíèÿ óðàâíåíèÿ äâèæåíèÿ â îäíîðîäíîì ìàãíèòíîì ïîëå
(10.20), (10.21) è (10.22), ïîëó÷èì:

v Æ
¡
vÒ, ¡ v? cos(! H t Å Á), v? sin(! H t Å Á) ¡ c

E0

H0

¢
. (10.31)

Èíòåãðèðóÿ ïî âðåìåíè ýòî ðåøåíèå, ïîëó÷èì îêîí÷àòåëüíî:

r Æ
¡
vÒt , ¡

v?

! H
sin(! H t Å Á), ¡

v?

! H
? cos(! H t Å Á) ¡ ct

E0

H0

¢
(10.32)

� òàê íàçûâàåìóþ òðîõîèäó (ñì. 10.1).

10.5 Äâèæåíèå â ïîñòîÿííûõ îäíîðîäíûõ ñêðåùåííûõ ïîëÿõ
ñ ó÷åòîì òðåíèÿ

Ñàìûì ïðîñòûì ôåíîìåíîëîãè÷åñêèì ñïîñîáîì ó÷åòà äèññèïàòèâíûõ ñèë ÿâ-
ëÿåòñÿ ââåäåíèÿ ñèëû òðåíèÿ, ëèíåéíîé ïî ñêîðîñòè:

dp

dt
Æe

³
EÅ

1

c
[vH]

´
¡ ¯ p, (10.33)

ãäå¯ � êîýôôèöèåíò ëèíåéíîãî òðåíèÿ.
Ïðîèçâåäÿ ïîäñòàíîâêó â ( 10.33) v Æv0e¡ ¯ t , ïðèâåäåì óðàâíåíèÿ äâèæåíèÿ

ê âèäó (10.26) îòíîñèòåëüíî v0. Ïîýòîìó ñðàçó ìîæíî íàïèñàòü ðåøåíèå ýòèõ
óðàâíåíèé:

v Æe¡ ¯ t
³
vÒ, ¡ v? cos(! H t Å Á), v? sin(! H t Å Á) ¡ c

E0

H0

´
. (10.34)

Íà ñàìîì äåëå, ïðîáëåìà ó÷åòà ðåàëüíîãî òðåíèÿ â ýëåêòðîäèíàìè÷åñêèõ
ñèñòåìàõ ãîðàçäî ñëîæíåå ýòîé ìîäåëüíîé çàäà÷è. Äåëî çàêëþ÷àåòñÿ â òîì, ÷òî
ïðè óñêîðåíèè çàðÿæåííûõ ÷àñòèö âîçíèêàåò òîðìîçíîå èçëó÷åíèå, ñîñòîÿùåå
èç ôîòîíîâ, óíîñÿùèõ ñ ñîáîé ÷àñòü ýíåðãèè-èìïóëüñà çàðÿæåííûõ ÷àñòèö.
Ýòî òîðìîçíîå èçëó÷åíèå è ÿâëÿåòñÿ ðåàëüíûì ìåõàíèçìîì äèññèïàöèè äëÿ
ýëåêòðîäèíàìè÷åñêèõ ñèñòåì.

Â óñêîðèòåëÿõ ÷àñòèö çàðÿæåííûå ýëåìåíòàðíûå ÷àñòèöû ýëåêòðîíû, ïðî-
òîíû óñêîðÿþòñÿ ïåðåìåííûì ýëåêòðè÷åñêèì ïîëåì, ñèíõðîííî ñëåäóþùèì ñ
ïó÷êîì ÷àñòèö ïî êðóãîâîé îðáèòå (ñèíõðîôàçîòðîíû). Ðàäèóñ îðáèòû ( 10.25)
äëÿ óëüòðàðåëÿòèâèñòñêèõ ÷àñòèöv ! c ðàâåí:

r H Æ
E0

eH0
. (10.35)
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×åì âûøå ýíåðãèÿ óñêîðÿåìûõ ÷àñòèö, òåì áîëüøå ðàäèóñ îðáèòû ïðè ïîñòî-
ÿííîì çíà÷åíèè íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ. Óâåëè÷åíèå íàïðÿæåííîñòè
ìàãíèòíîãî ïîëÿ ïðè ïîñòîÿííîì ðàäèóñå îðáèòû ïðèâîäèò ê âîçðàñòàíèþ
ïîòåðü ýíåðãèè íà ñèíõðîòðîííîå èçëó÷åíèå, ÷òî äåëàåò íåâîçìîæíûì äàëü-
íåéøåå óñêîðåíèå. Ïðè ýíåðãèè 10 Òýâ ( 1023ýâ¼10ýðã) è íàïðÿæåííîñòè ïîëÿ
ïîðÿäêà 100 ãñ ïîëó÷èì r H » 20êì. Äîïîëíèòåëüíûé âûèãðûø ýíåðãèè ïîëó÷à-

Ðèñ. 10.2 Ñõåìà óñêîðèòåëÿ íà âñòðå÷íûõ ïó÷êàõ � êîëëàéäåðà

åòñÿ çà ñ÷åò ðåëÿòèâèñòñêèõ ýôôåêòîâ ñòàëêèâàþùèõñÿ ýêâèâàëåíòíûõ ïó÷êîâ
� ýôôåêòèâíàÿ ýíåðãèÿ â ñèñòåìå öåíòðà ìàññ ìîæåò áûòü óâåëè÷åíà íà ìíîãèå
ïîðÿäêè.

Ëèòåðàòóðà ê ëåêöèè
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Ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâà-
íèå äâèæåíèÿ ýëåêòðè÷åñêîãî çàðÿäà â ñêðå-
ùåííûõ ýëåêòðè÷åñêîì è ìàãíèòíîì ïîëÿõ

Çàäà÷à:

Ïîñòðîèòü ìàòåìàòè÷åñêóþ è êîìïüþòåðíóþ ìîäåëü äâèæåíèÿ ðåëÿòèâèñò-
ñêîãî çàðÿäà â ýëåêòðîìàãíèòíîì ïîëå.

Ìàòåìàòè÷åñêàÿ ìîäåëü

Ðàññìîòðèì óðàâíåíèÿ äâèæåíèÿ ðåëÿòèâèñòñêîãî çàðÿäà â ýëåêòðîìàãíèòíîì
ïîëå ïðè íàëè÷èè ëèíåéíîé ñèëû òðåíèÿ ( 10.33):

dp

dt
Æe

³
EÅ

1

c
[vH]

´
¡ ¯ p, (A)

ãäå¯ � êîýôôèöèåíò ëèíåéíîãî òðåíèÿ, ãäå p � 3-âåêòîð ðåëÿòèâèñòñêîãî èì-
ïóëüñà, E,H � íàïðÿæåííîñòè ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëåé. Ïîëó÷èì íà
îñíîâå ýòèõ óðàâíåíèé çàìêíóòóþ ñèñòåìó óðàâíåíèé îòíîñèòåëüíî 3-õ ìåðíîãî
âåêòîðà ñêîðîñòè ÷àñòèöû:

v Æ
dr

d t
, (B)

ñ êîòîðîé ñ ïîìîùüþ êèíåòè÷åñêîé ýíåðãèè ( 10.3):

Ekin Æ
mc2

q
1¡ v2

c2

(C)

ñâÿçàí ðåëÿòèâèñòñêèé èìïóëüñ p:

p Æ
vEkin

c2 Æ
mv

q
1¡ v2

c2

. (D)

Äëÿ âûâîäà çàìêíóòûõ óðàâíåíèé îòíîñèòåëüíî âåêòîðà ñêîðîñòè v(t ) ó÷òåì
òîæäåñòâî (17.8)

dEkin

dt
´ v

dp

d t
(E)

Òàêèì îáðàçîì, âû÷èñëÿÿ, ïîëó÷èì:

dp ®

dt
Æ

1

c2

d

dt
v®Ekin ´

Ekin

c2

dv ®

dt
Å

v®v ¯

c2

dp ¯

dt
.

Ïîäñòàâëÿÿ â ýòî âûðàæåíèå çíà÷åíèå dp/ d t èç óðàâíåíèÿ (A), ïîëó÷èì:

dp ®

dt
Æ

Ekin

c2

dv ®

dt
Å e

v®

c
v ¯ E¯ ¡ ¯

v®

c

Ekin

c2 . (F)
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Ñ äðóãîé ñòîðîíû, ïðèðàâíèâàÿ ýòî âûðàæåíèå ïðàâîé ÷àñòè (A) è óìíîæàÿ îáå
÷àñòè ïîëó÷åííîãî óðàâíåíèÿ íà c2/ Ekin , ïîëó÷èì îêîí÷àòåëüíî:

dv ®

dt
Æ

e

m

s

1¡
v2

c2 E¯

³
±®¯ ¡

v®v ¯

c2

´
Å

e

m

s

1¡
v2

c2 ² ®¯°
v ¯

c
H ° ¡ ¯ v®

³
1¡

v2

c2

´
,

(10.36)

ãäå² ®¯° � òåíçîð ïåðåñòàíîâîê.

Çàïèñü óðàâíåíèé äâèæåíèÿ â äåêàðòîâûõ êîîðäèíàòàõ äëÿ ïîñòîÿííûõ
ñêðåùåííûõ ýëåêòðîìàãíèòíûõ ïîëåé .
Ïîëîæèì äàëåå:

E Æ(E0,0,0); H Æ(0,H0,0) (G)

Òîãäà î÷åâèäíî:

" ®¯° v ¯ H ° Æ(H0v3,0,¡ H0v1). (H )

Óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò âèä:

dv 1

dt
Æ

e

m

s

1¡
v2

c2 E0

³
1¡

(v1)2

c2

´
Å

e

m

s

1¡
v2

c2 H0
v3

c
¡ ¯ v1

³
1¡

v2

c2

´
; (10.37)

dv 2

dt
Æ ¡

e

m

s

1¡
v2

c2 E0
v1v2

c2 ¡ ¯ v2
³
1¡

v2

c2

´
; (10.38)

dv 3

dt
Æ ¡

e

m

s

1¡
v2

c2 E0
v1v3

c2 ¡
e

m

s

1¡
v2

c2 H0
v1

c
¡ ¯ v3

³
1¡

v2

c2

´
. (10.39)

Ïåðåõîä ê áåçðàçìåðíûì ïåðåìåííûì

Ïîëàãàÿ H0 6´0, ââåäåì â ñîîòâåòñòâèå ñ ( 10.18) ïîñòîÿííóþ êëàññè÷åñêóþ Ëàð-
ìîðîâñêóþ ÷àñòîòó:

! L Æ
eH0

mc
; ² 0 Æ

E0

H0
(I )

è ïåðåéäåì ê áåçðàçìåðíîé âðåìåííîé ïåðåìåííîé ¿ Æt ! L . Ââåäåì äàëåå
áåçðàçìåðíûå ïåðåìåííûå äëÿ âåêòîðà ñêîðîñòè:

v®/ c ´ »®, »2 · 1. (J)
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Ââåäåì, íàêîíåö, áåçðàçìåðíûé êîýôôèöèåíò òðåíèÿ k Æ¯ / ! L . Òîãäà ñèñòåìó
óðàâíåíèé ( 10.37) � ( 10.39) ìîæíî ïðèâåñòè ê ñëåäóþùåìó áåçðàçìåðíîìó âèäó:

d»1

d¿
Æ

q
1¡ »2² 0(1 ¡ (»1)2) Å

q
1¡ »2»3 ¡ k»1(1 ¡ »2); (10.40)

d»2

d¿
Æ ¡

q
1¡ »2² 0»1»2 ¡ k»2(1 ¡ »2); (10.41)

d»3

d¿
Æ ¡

q
1¡ »2² 0»1»3 ¡

q
1¡ »2»1 ¡ k»3(1¡ »2). (10.42)

Óðàâíåíèÿ ( 10.40) � ( 10.42) ïðåäñòàâëÿþò ñèñòåìó òðåõ îáûêíîâåííûõ íåëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ïåðâûõ
ïðîèçâîäíûõ, ò.å., ÿâëÿþòñÿ íîðìàëüíîé ñèñòåìîé îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé. Äëÿ èõ ðåøåíèÿ íåîáõîäèìî çàäàòü áåçðàçìåðíûé âåêòîð
ñêîðîñòè ÷àñòèöû â íà÷àëüíûé ìîìåíò âðåìåíè, íàïðèìåð, ¿0 Æ0:

»(0) Æ(0,0,»0), »Ç1.

Ðåøåíèåì ñèñòåìû ( 10.40) � ( 10.42) áóäóò ÿâëÿòüñÿ ôóíêöèè »i (¿). Îêîí÷àòåëü-
íîå ðåøåíèå äëÿ êîîðäèíàò ÷àñòèöû ìîæíî íàéòè â âèäå:

x i (t ) Æ
c

! L

¿(t )Z

0

»i (¿)d¿. (K )

Êîìïüþòåðíîå ìîäåëèðîâàíèå â ÑÊÌ Maple

Ïîñêîëüêó ñèñòåìà óðàâíåíèé ( 10.40) � ( 10.42) ÿâëÿåòñÿ ñóùåñòâåííî íåëèíåé-
íîé, äëÿ åå ðåøåíèÿ íåîáõîäèìî ïðèìåíèòü ìåòîäû ÷èñëåííîãî èíòåãðèðîâà-
íèÿ.

Ïåðåìåííûå xi_1(tau),xi_2(tau),xi_3(tau) , ïðè÷åì âñå xi_i<1
è xi2(tau)=xi_1^2+xi_2^2+xi_3^2<1 . Ïàðàìåòðàìè çàäà÷è (êðîìå íà÷àëü-
íûõ óñëîâèé) ÿâëÿþòñÿ 2: e0=E0/H0 è k - ïðèâåäåííûé êîýôôèöèåíò òðåíèÿ.
Èòàê, ââåäåì ñèñòåìó óðàâíåíèé

> Eqs:=proc(X,t,e0,k) local x,y,z,T,x2:
x:=(T)->subs(t=T,X[1]):y:=(T)->
subs(t=T,X[2]):z:=(T)->subs(t=T,X[3]):
x2:=(T)->x(T)^2+y(T)^2+z(T)^2:
[diff(x(t),t)=
sqrt(1-x2(t))*e0*(1-x(t)^2)+
sqrt(1-x2(t))*z(t)-k*x(t)*(1-x2(t)),
diff(y(t),t)=

-sqrt(1-x2(t))*e0*x(t)*y(t)-k*y(t)*(1-x2(t)),
diff(z(t),t)=-sqrt(1-x2(t))*e0*x(t)*z(t)-
sqrt(1-x2(t))*x(t)-k*z(t)*(1-x2(t))]
end proc:
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çäåñü X- ñïèñîê ïåðåìåííûõ.
Ïðîâåðèì ðàáîòó ïðîãðàììû:

> Eqs([xi1(tau),xi2(tau),xi3(tau)],tau,e0,k);

·
d»1(¿)

d¿
Æ

q
1¡ »1(¿)2 ¡ »2(¿)2 ¡ »3(¿)2e0(1¡ »1(¿)2)Å

q
1¡ »1(¿)2 ¡ »2(¿)2 ¡ »3(¿)2»3(¿) ¡ k ¤ »1(¿)(1 ¡ »1(¿)2 ¡ »2(¿)2 ¡ »3(¿)2),

d»2(¿)

d¿
Æ ¡

q
1¡ »1(¿)2 ¡ »2(¿)2 ¡ »3(¿)2e0»1(¿)»2(¿) ¡

k»2(¿)(1 ¡ »1(¿)2 ¡ »2(¿)2 ¡ »3(¿)2),
d»3(¿)

d¿
Æ ¡

q
1¡ »1(¿)2 ¡ »2(¿)2 ¡ »3(¿)2e0»1(¿)»3(¿) ¡

q
1¡ »1(¿)2 ¡ »2(¿)2 ¡ »3(¿)2»1(¿) ¡ k»3(¿)(1 ¡ »1(¿)2 ¡ »2(¿)2 ¡ »3(¿)2)

i

Ââåäåì êîìàíäó çàäàíèÿ íà÷àëüíûõ óñëîâèé:

IC:=proc(X,t,ic) local x,y,z,T,x0,y0,z0:
x0:=ic[1]:y0:=ic[2]:z0:=ic[3]:
x:=(T)->subs(t=T,X(t)[1]):
y:=(T)->subs(t=T,X(t)[2]):
z:=(T)->subs(t=T,X(t)[3]):
x(0)=x0,y(0)=y0,z(0)=z0:
end proc:

Ïðîâåðèì ðàáîòó êîìàíäû

IC([xi1,xi2,xi3],tau,[0,0.5,0]);

xi 1(0) Æ0,xi 2(0) Æ.5,xi 3(0) Æ0

Ñîçäàäèì êîìàíäó ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè:

> CosheSolve:=proc(t1,X,t,e0,k,ic)
local T,GS,InC,GST,GSTt,
x,y,z,x0,y0,z0,XX,XT:
x0:=ic[1]:y0:=ic[2]:z0:=ic[3]:
x:=(T)->subs(t=T,X(t)[1]):
y:=(T)->subs(t=T,X(t)[2]):
z:=(T)->subs(t=T,X(t)[3]):
x(0)=x0,y(0)=y0,z(0)=z0:
x0:=ic[1]:y0:=ic[2]:z0:=ic[3]:
InC:=x(0)=x0,y(0)=y0,z(0)=z0:
GS:=dsolve({op(Eqs([x(t),y(t),z(t)],t,e0,k)),InC},X(t),
type=numeric,output=listprocedure):
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XX:=eval(subs(GS,X(t))):
XT:=subs(t=T,XX):
XT(t1):
end proc:

Çàäàäèì âåêòîð ñêîðîñòè òî÷êè

V:=(tau)->CosheSolve(tau,[u,v,w],t,0.1,0.1,[0,0.5,0.5]);

Ïðîâåðèì èñïîëíåíèå êîìàíäû:

> V(1);

[.372686516064843, .467895287346855, .327696818734380]

Ïîñòðîèì ãðàôèê ñêîðîñòè ÷àñòèöû:

> plots[spacecurve](V(tau),tau=0..64*Pi,color=blue,
numpoints=10000);

Ðèñ. 10.3 Ãðàôèê ñêîðîñòè çàðÿæåííîé ÷àñòèöû â ñêðåùåííûõ ýëåêòðîìàãíèòíûõ ïîëÿõ

Êîíôèãóðàöèîííóþ òðàåêòîðèþ ñèñòåìû íàõîäèì èíòåãðèðîâàíèåì ïîëó-
÷åííîãî ðåøåíèÿ ïî ôîðìóëàì (K). Íàäî îòìåòèòü, ÷òî êîíôèãóðàöèîííàÿ òðàåê-
òîðèÿ çàðÿäà âû÷èñëÿåòñÿ äîëüøå, ÷åì ãðàôèê ñêîðîñòè, ïîýòîìó ìû èñïîëüçóåì
ïðîöåäóðó óïðîùåííîãî âû÷èñëåíèÿ èíòåãðàëîâ ìåòîäîì òðàïåöèé:

Integral:=proc(a,b,N,n,x,f) local x0,i,F:
x0:=a+(b-a)/N*(i-1/2):
F:=evalf(subs(x=x0,f),n):evalf((b-a)/N*sum(F,i=1..N),n):end:
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Çäåñü[as,b] � èíòåðâàë èíòåãðèðîâàíèÿ, N � ÷èñëî ïðîìåæóòêîâ, n � ÷èñëî
çíà÷àùèõ öèôð, x � íåçàâèñèìàÿ ïåðåìåííàÿ, f � ïîäûíòåãðàëüíàÿ ôóíêöèÿ.
Òàêèì îáðàçîì

Radius:=proc(t1,X,t,e0,k,ic) local VV,T,tau,XX,YY,ZZ:
VV:=(T)->CosheSolve(T,X,t,e0,k,ic):
XX:=(T)->Integral(0,T,100,3,tau,VV(tau)[1]):
YY:=(T)->Integral(0,T,100,3,tau,VV(tau)[2]):
ZZ:=(T)->Integral(0,T,100,3,tau,VV(tau)[3]):
[XX(t1),YY(t1),ZZ(t1)]:
end proc:

Ïðîâåðèì ðàáîòó êîìàíäû:

R:=(tau)->Radius(tau,[u,v,w],t,0.1,0.1,[0,0.5,0.5]);

[0.200,0.496,0.447]

Ïîñòðîèì òðàåêòîðèþ ÷àñòèöû:

> plots[spacecurve](R(tau),tau=0..12*Pi,color=blue,
numpoints=500);

Ðèñ. 10.4 Êîíôèãóðàöèîííàÿ òðàåêòîðèÿ çàðÿæåííîé ÷àñòèöû â ñêðåùåííûõ ýëåêòðîìàãíèòíûõ
ïîëÿõ

Çàìåòèì, ÷òî êîîðäèíàòû ÷àñòèöû ìû ìîãëè áû íàéòè ïðÿìûì èíòåãðèðîâà-
íèåì ïîëíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, ðàñøèðèâ ïðèâåäåííóþ
âûøå ñèñòåìó óðàâíåíèÿìè:

dx

dt
Æv1,

d y

d t
Æv2,

dz

d t
Æv3. (M )
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×åòûðåõìåðíûé âåêòîð ïëîòíîñòè òîêà

è óðàâíåíèÿ Ìàêñâåëëà

11.1 ×åòûðåõìåðíûé âåêòîð ïëîòíîñòè òîêà è óðàâíåíèå íåïðåðûâíîñòè

Ðèñ. 11.1 Ïåðåíîñ ñâîéñòâ çàðÿäà èç òî÷êè íà ïðîñòðàíñòâî

Çàéìåìñÿ òåïåðü äåéñòâèåì âçàèìîäåéñòâèÿ äëÿ ñèñòåìû ÷àñòèö â ýëåêòðî-
ìàãíèòíîì ïîëå. Êîãäà ìû èññëåäîâàëè äâèæåíèå ÷àñòèöû â çàäàííîì ïîëå, ìû
çàïèñàëè ñîîòâåòñòâóþùåå äåéñòâèå â âèäå (Ëåêöèÿ 9):

±Se f Æ
e

c

Z
Ai dx i , (11.1)

ïîëàãàÿ, ÷òî x i Æx i (s) è, òàêèì îáðàçîì, Ai ÆAi (s). Ïðè ïîïûòêå îáúåäèíåíèÿ
ýòîãî äåéñòâèÿ ñ äåéñòâèåì ïîëÿ, ò.å., ïðè ïîïûòêå ïîñòðîåíèÿ ýëåêòðîäèíà-
ìèêè , ìû ñòàëêèâàåìñÿ ñ íåñîîòâåòñòâèåì òî÷å÷íûõ îáúåêòîâ (÷àñòèöà) è êîí-
òèíóàëüíûõ (ïîëå). Äëÿ îáúåäèíåíèÿ ýòèõ îáúåêòîâ â îäíó ñèñòåìó íåîáõîäèìî
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¾èçîáðåñòè¿ îïåðàòîð, ïåðåíîñÿùèé ñâîéñòâà òî÷å÷íîãî çàðÿäà íà îêðóæàþùåå
åãî ïðîñòðàíñòâ

Òàêàÿ ôóíêöèÿ-îïåðàòîð áûëà èçîáðåòåíà Ï.À.Ì. Äèðàêîì ïðè ïîñòðîåíèè
èì êâàíòîâîé ýëåêòðîäèíàìèêè (ñì. Äèðàê Ï. À. Ì. Îñíîâû êâàíòîâîé ìåõà-
íèêè / Ïåð. ñ àíãë. � Ì., 1932 (åñòü ìíîãî ïåðåèçäàíèé, â òîì ÷èñëå, âïëîòü äî
ïîñëåäíèõ ëåò, ¾Îñíîâû¿ â ïåðåâîäàõ ìîãóò áûòü çàìåíåíû íà ¾Ïðèíöèïû¿).

11.2 Ôóíêöèÿ Äèðàêà è åå ñâîéñòâà

Ñóùåñòâóåò ìíîæåñòâî îïðåäåëåíèé ôóíêöèè ± - Äèðàêà, êîòîðàÿ îòíîñèòñÿ ê
êëàññóîáîáùåííûõ ôóíêöèé . Îäíèì èç íàèáîëåå ðàñïðîñòðàíåííûõ ÿâëÿåòñÿ
åå èíòåãðàëüíîå îïðåäåëåíèå. Ïóñòü f (x) � çàäàííàÿ íà âñåé äåéñòâèòåëüíîé
îñè ôóíêöèÿ (íåïðåðûâíîñòü åå íå îáÿçàòåëüíà). Òîãäà

f (x0) Æ

Å1Z

¡1

f (x)±(x ¡ x0)dx . (11.2)

Ýòà ôóíêöèÿ ìîæåò áûòü òàêæå îïðåäåëåíà êàê ïðåäåë ñòóïåí÷àòîé ôóíêöèè

½(x ¡ x0,¢ ) Æ

8
<

:

0, x · x0 ¡ ¢ /2;
1
¢ , x0 ¡ ¢ /2 Ç x · x0 Å ¢ /2;
0, x È x0 Å ¢ /2.

±(x ¡ x0) Ælim
¢ ! 0

½(x ¡ x0,¢ ).

Äåéñòâèòåëüíî, âû÷èñëÿÿ èíòåãðàë â ïðàâîé ÷àñòè ( 11.2) îòíîñèòåëüíî ôóíê-
öèè ½(x ¡ x0,¢ ), ïðèìåíÿÿ òåîðåìó î ñðåäíåì, âîñïîëüçîâàâøèñü òåì îáñòîÿ-
òåëüñòâîì, ÷òî ïëîùàäü ïîä ñòóïåíüêîé ðàâíà 1, è ïåðåõîäÿ ê ïðåäåëó ¢ ! 0,
ïîëó÷èì ( 11.2). Êðîìå òàêîãî íàãëÿäíîãî ñóùåñòâóåò è ìíîæåñòâî äðóãèõ ñïî-
ñîáîâ ïðåäñòàâëåíèÿ ± - ôóíêöèè Äèðàêà. Èç íèõ íàèáîëåå óïîòðåáèòåëüíûì
ÿâëÿåòñÿ ñëåäóþùåå:

±(x) Æ
1

2¼

Å1Z

¡1

ei kx dk . (11.3)

Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ íåêîòîðûå ñâîéñòâà ± - ôóíêöèé Äèðàêà.

±(' (x)) Æ
X

k

±(x ¡ xk )

j' 0(xk )j
, (11.4)

ãäåxk êîðíè óðàâíåíèÿ ' (x) Æ0. Â ÷àñòíîñòè, (äîêàæèòå):

±(¡ x) Æ±(x); ±(ax) Æ
1

jaj
±(x); ±(x2 ¡ a2) Æ

1

2jaj
(±(x ¡ a) Å ±(x Å a)). (11.5)
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Ðèñ. 11.2 Êàê ïîëó÷àåòñÿ± - ôóíêöèÿ Äèðàêà

Âàæíî òàêæå ñâîéñòâî äèôôåðåíöèðîâàíèÿ ± - ôóíêöèè Äèðàêà

@

@x
±(x ¡ y) f (y) Æ±(x ¡ y)

@

@y
f (y) (11.6)

� åãî ëåãêî äîêàçàòü ñ ïîìîùüþ îïðåäåëåíèÿ ( 11.2).
Äåéñòâèòåëüíî, ïðîäèôôåðåíöèðóåì îáå ÷àñòè ñîîòíîøåíèÿ ( 11.2):

f (x) Æ

Å1Z

¡1

f (z)±(z ¡ x)dz ) f 0
x (x) Æ

Å1Z

¡1

f (z)
d

dx
±(z ¡ x)dz Æ ¡

Å1Z

¡1

f (z)
d

dz
±(z ¡ x)dz. (11.7)

Âîçüìåì èíòåãðàë ( 11.7) ïî ÷àñòÿì:

f 0
x (x) Æ ¡ f (z)±(z ¡ x)

¯
¯
¯
zÆÅ1

zÆ¡1
Å

Å1Z

¡1

f 0
z(z)±(z ¡ x)dz. (11.8)

Òàê êàê±(§1 ) Æ0, ïîëó÷èì îêîí÷àòåëüíî:

f 0
x (x) Æ

Å1Z

¡1

f 0
z(z)±(z ¡ x)dz. (11.9)

Òàêèì îáðàçîì, ñîãëàñíî îïðåäåëåíèþ ( 11.2) âûïîëíÿåòñÿ ñèìâîëè÷åñêîå ïðà-
âèëî äèôôåðåíöèðîâàíèÿ ± - ôóíêöèè ( 11.6). Çàìåòèì, ÷òî â ðÿäå ó÷åáíûõ
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ìàòåðèàëîâ, â ÷àñòíîñòè, â Âèêèïåäèè, ñîäåðæèòñÿ îøèáêà â çíàêå ïðîèçâîäíîé
ôîðìóëû ( 11.6).
Ñîãëàñíî ( 11.2) îïåðàòîð äèôôåðåíöèðîâàíèÿ ñ ± - ôóíêöèè ïåðåíîñèòñÿ
íà åå îêðóæåíèå ñ ñîîòâåòñòâóþùåé çàìåíîé ïåðåìåííûõ .

11.3 Ìíîãîìåðíàÿ ± - ôóíêöèÿ è èíâàðèàíòíàÿ ôóíêöèÿ èñòî÷íèêà

Ìíîãîìåðíóþ ± - ôóíêöèþ Äèðàêà â äåêàðòîâûõ êîîðäèíàòàõ n - ìåðíîãî åâêëè-
äîâà/ïñåâäîåâêëèäîâà ïðîñòðàíñòâà Vn ìîæíî îïðåäåëèòü àíàëîãè÷íî ( 11.2):

f (r ) Æ
Z

Vn

f (r0)±n (r0 ¡ r )d n r0 ´

Å1Z

¡1

dx1 ¢¢¢

Å1Z

¡1

dxn ±(x1
0 ¡ x1)¢¢¢±(xn

0 ¡ xn ) f (x1
0, . . . ,xn

0 ) (11.10)

� ò.å., â äåêàðòîâûõ êîîðäèíàòàõ åâêëèäîâà ïðîñòðàíñòâà ìíîãîìåðíàÿ ± - ôóíê-
öèÿ ðàñïàäàåòñÿ íà ïðîèçâåäåíèå îäíîìåðíûõ.

Îäíàêî, â êðèâîëèíåéíûõ êîîðäèíàòàõ åâêëèäîâà ïðîñòðàíñòâà è â ðèìàíî-
âîì ïðîñòðàíñòâå ìíîãîìåðíóþ èíâàðèàíòíóþ ± - íåîáõîäèìî ïåðåîïðåäåëèòü
(ñì., íàïðèìåð, Þ.Ã. Èãíàòüåâ. Ðåëÿòèâèñòñêàÿ êèíåòèêà íåðàâíîâåñíûõ ïðî-
öåññîâ â ãðàâèòàöèîííûõ ïîëÿõ, 2010):

f (x) Æ
Z

Vn ±n (x;z) f (z)dVn (z), (11.11)

ãäå±n (x;z) � èíâàðèàíòíàÿ ñèììåòðè÷íàÿ ( ±n (x;z) Æ±n (z;x)) äâóõòî÷å÷íàÿ ± -
ôóíêöèÿ , dVn (z) Æ

p
gdz1 . . .dzn � èíâàðèàíòíûé ýëåìåíò îáúåìà.

Îäíàêî, ìû íå ìîæåì ïðÿìî âîñïîëüçîâàòüñÿ èíâàðèàíòíîé 4-ìåðíîé ± -
ôóíêöèåé äëÿ ïîñòðîåíèÿ íåêîòîðîé ïëîòíîñòè çàðÿäà â ÷åòûðåõìåðíîì ïðî-
ñòðàíñòâå -âðåìåíè, òàê êàê ïîäîáíîå îïðåäåëåíèå îçíà÷àëî áû, ÷òî ÷àñòèöà
îïðåäåëåíà òî÷êîé íå òîëüêî â òðåõìåðíîì ïðîñòðàíñòâå, íî è âî âðåìåíè, ÷òî,
êîíå÷íî, ÿâëÿåòñÿ àáñóðäîì. Ïîýòîìó íåîáõîäèìî ïðèäóìàòü èíâàðèàíòíûé
ïåðåõîä îò ÷åòûðåõìåðíîé ± - ôóíêöèè � ê òðåõìåðíîé.

Òàêîé èíâàðèàíòíûé ïåðåõîä ìîæåò áûòü îñóùåñòâëåí ñ ïîìîùüþ èíâàðè-
àíòíîé ôóíêöèåé èñòî÷íèêà (Þ.Ã. Èãíàòüåâ. Ðåëÿòèâèñòñêàÿ êèíåòèêà íåðàâíî-
âåñíûõ ïðîöåññîâ â ãðàâèòàöèîííûõ ïîëÿõ, 2010) :

¢ (x̃, x̃a) Æ

Å1Z

¡1

±n (x,xa(s))ds, (11.12)

ãäå x̃ , z̃a � êîîðäèíàòû íà òðåõìåðíîé ãèïåðïîâåðõíîñòè, x i
a(s) � êîîðäèíàòû

÷àñòèöû íà òðàåêòîðèè åå äâèæåíèÿ, à èíòåãðèðîâàíèå â ( 12.22) ïðîâîäèòñÿ
âäîëü âñåé òðàåêòîðèè ÷àñòèöû.
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Ïîêàæåì, êàê ïîëüçîâàòüñÿ ôóíêöèåé ¢ (x̃, z̃a). Âûáåðåì, íàïðèìåð, äåêàð-
òîâó ñèñòåìó êîîðäèíàò â V4 è ïåðåéäåì â èíòåãðàëå ( 12.22) îò ïåðåìåííîé
èíòåãðèðîâàíèÿ s (ñîáñòâåííîãî âðåìåíè ÷àñòèöû) ê ìèðîâîìó âðåìåíè t :

ds Æ
ds

dx4 dx4 ´
dx4

u4(s)

è ïðîèíòåãðèðóåì ïî x4(s) Æct(s):

¢ (x̃, z̃a) Æ
1

u4(t )
±3(r ¡ ra(t )), (11.13)

ãäå±3(r ¡ r a(t )) - îáû÷íàÿ òðåõìåðíàÿ ± - ôóíêöèÿ â äåêàðòîâîé ñèñòåìå êîîð-
äèíàò. Â ïðîèçâîëüíîé ñèñòåìå îòñ÷åòà, â êîòîðîé íàáëþäàòåëü äâèæåòñÿ ñî
ñêîðîñòüþ v i íåîáõîäèìî ñäåëàòü çàìåíó â çíàìåíàòåëå ( 11.13) u4 ! (u ,v).

11.4 ×åòûðåõìåðíûé âåêòîð ïëîòíîñòè òîêà è çàêîí ñîõðàíåíèÿ çàðÿäà

Ñîãëàñíî ñìûñëà ââåäåííîé èíâàðèàíòíîé ôóíêöèè èñòî÷íèêà ( 12.22) ââåäåì
÷åòûðåõìåðíûé âåêòîð ïëîòíîñòè òîêà :

Ji Æ
X

a
eac

Å1Z

¡1

u i
a(sa)±4(x,xa(s))dsa , (11.14)

ãäå ãäå ñóììèðîâàíèå ïðîâîäèòñÿ ïî âñåì çàðÿäàì ea , à èíòåãðèðîâàíèå � âäîëü
òðàåêòîðèé âñåõ çàðÿäîâ, sa � ñîáñòâåííîå âðåìÿ a - òîãî çàðÿäà.

Ó÷òåì äàëåå äèôôåðåíöèàëüíîå òîæäåñòâî, ñïðàâåäëèâîå äëÿ ëþáîé ôóíê-
öèè f (x) êîîðäèíàò ÷àñòèöû x i (s):

u i @

@x i
f (x(s)) ´

d f

ds
. (11.15)

Òîãäà, âû÷èñëÿÿ ÷åòûðåõìåðíóþ äèâåðãåíöèþ âåêòîðà ïëîòíîñòè òîêà ( 12.23),
íàéäåì:

@i Ji Æ
P

a
eac

Å1R

¡1
u i

a(sa) @
@x i ±4(x,xa(s))dsa

Æ
P

a
eac

Å1R

¡1

d
ds±4(x,xa(s))dsa

Æ
P

a
eac

Å1R

¡1
±4(x,xa(s)) d 1

ds dsa ´ 0 ) @i Ji Æ0 . (11.16)

Ñîîòíîøåíèå ( 11.16) íàçûâàåòñÿ óðàâíåíèåì íåïðåðûâíîñòè . Åãî ñëåäñòâèåì ÿâ-
ëÿåòñÿçàêîí ñîõðàíåíèÿ çàðÿäà . Äåéñòâèòåëüíî, ïðîèíòåãðèðóåì ýòî ñîîòíîøå-
íèå ïî òðåõìåðíîìó ïðîñòðàíñòâåííîìó îáúåìó V3, îãðàíè÷åííîãî íåêîòîðîé
çàìêíóòîé ãëàäêîé äâóìåðíîé ïîâåðõíîñòüþ § , ïðèìåíÿÿ ¾3+1¿ - ðàçáèåíèå
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è òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà ê ïðîñòðàíñòâåííîé ÷àñòè ïëîòíîñòè òîêà
(%(r, t ) ´ J4/ c � òðåõìåðíàÿ ïëîòíîñòü çàðÿäà):

Z

V3

@i Ji dV3 ´
d

d t

Z

V3

%(r, t )dV3 Å
Ï

§

Jnd§ Æ0

)
dQ

dt
Å

Ï

§

Jnd§ Æ0 (11.17)

Ðèñ. 11.3 Çàêîí ñîõðàíåíèÿ çàðÿäà

Óñðåäíåíèå ýòîé ìèêðîñêîïè÷åñêîé ïëîòíîñòè òîêà ïî âñåì òðàåêòîðèÿì
÷àñòèö äàåòìàêðîñêîïè÷åñêóþ ïëîòíîñòü òîêà, Ji (x). Òàêèì îáðàçîì, ñ ó÷åòîì
îïðåäåëåíèÿ ( 12.23) äåéñòâèå âçàèìîäåéñòâèÿ (Ëåêöèÿ 9) ìîæåò áûòü çàïèñàíî
â âèäå:

Se f Æ
e

c

Z
(u, A)ds )

1

c2

Z

V4

Jk Ak dV4. (11.18)

SÆ
X

a
m ac

Z
dsa Å

1

c2

Z

V4

Jk Ak dV4 Å
1

16¼

Z

V4

Fi k F i k dV4 (11.19)

Äàëåå, ïîñêîëüêó ìû ïîëó÷àåì óðàâíåíèÿ ïîëÿ, ñ÷èòàÿ âàðüèðóåìûìè ïî-
ëåâûå ïåðåìåííûå, íî íå äèíàìè÷åñêèå ïåðåìåííûå çàðÿæåííûõ ÷àñòèö, òî
ïðè âàðèàöèÿ ïåðâîãî ÷ëåíà â ( 11.19) ðàâíà íóëþ, à ïðè âàðèàöèè âòîðîãî ÷ëåíà
çàäàííûì îñòàåòñÿ âåêòîð ïëîòíîñòè òîêà. Ïîýòîìó ïîëó÷èì:

±SÆ
1

c2

Z

V4

Jk ±Ak dV4 Å
1

16¼
±

Z

V4

Fi k F i k dV4 Æ0. (11.20)
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Ñ ó÷åòîì ðåçóëüòàòà ëåêöèè XII (Lection11), ïîëó÷èì îêîí÷àòåëüíî, óìíîæàÿ íà
4¼c:

1

c2

Z

V4

Jk ±Ak dV4 Å
1

4¼c

Z

V4

dV4 @i F i k ±Ak

)
Z

V4

dV4±Ak

µ
4¼

c
Jk Å @i F i k

¶
Æ0. (11.21)

Òàêèì îáðàçîì, ïîëó÷èì òàê íàçûâàåìóþ âòîðóþ ãðóïïó óðàâíåíèé Ìàêñâåëëà :

Ïîìåíÿåì èíäåêñû i � k è ïåðåñòàâèì èõ ìåñòàìè â òåíçîðå Ìàêñâåëëà

@k F i k Æ
4¼

c
Ji ) r k F i k Æ

4¼

c
Ji . (11.22)

Âû÷èñëèì êîâàðèàíòíóþ äèâåðãåíöèþ îò îáåèõ ÷àñòåé óðàâíåíèé Ìàêñâåëëà
(11.22). Âñëåäñòâèå àíòèñèììåòðè÷íîñòè òåíçîðà Ìàêñâåëëà è ñèììåòðè÷íî-
ñòè îïåðàòîðà âòîðûõ ïðîèçâîäíûõ @i k F i k ´ 0, ïîýòîìó ïîëó÷èì óðàâíåíèå
íåïðåðûâíîñòè êàê ñëåäñòâèå óðàâíåíèé Ìàêñâåëëà:

r i Ji Æ0 (11.23)

Òàêèì îáðàçîì, çàêîí ñîõðàíåíèÿ çàðÿäà ÿâëÿåòñÿ ñëåäñòâèåì âòîðîé ãðóïïû
óðàâíåíèé Ìàêñâåëëà.

À ãäå æå òîãäà ïåðâàÿ ãðóïïà óðàâíåíèé Ìàêñâåëëà? Îêàçûâàåòñÿ, ìû åå óæå
ïîëó÷èëè ñ ñàìîãî íà÷àëà, îïðåäåëÿÿ òåíçîð Ìàêñâåëëà:

Fi k Æ@i Ak ¡ @k Ai . (11.24)

Âû÷èñëÿÿ ÷àñòíûå/êîâàðèàíòíûå ïðîèçâîäíûå îò òåíçîðà Ìàêñâåëëà, íåòðóäíî
ïîëó÷èòü âñëåäñòâèå ðàâåíñòâà ñìåøàííûõ ïðîèçâîäíûõ òîæäåñòâî ( ,k îçíà÷àåò
äèôôåðåíöèðîâàíèå ïî xk ):

Fi j ,k Å Fki , j Å F j k ,i ´ F(i j ,k ) Æ0. (11.25)

Ýòè ñîîòíîøåíèÿ ÷àñòî è èñïîëüçóþòñÿ â êà÷åñòâå ïåðâîé ãðóïïû óðàâíåíèé
Ìàêñâåëëà.

Îäíàêî, ýòèì óðàâíåíèÿì ìîæíî ïðèäàòü è áîëåå ñèììåòðè÷íóþ ïî ñðàâíå-
íèþ ñ ( 11.22) ôîðìó. Äëÿ ýòîãî äîñòàòî÷íî ñâåðíóòü óðàâíåíèÿ ( 11.25) ñ äèñêðè-
ìèíàíòíûì òåíçîðîì ´ i j kl � òàêèì îáðàçîì ïîëó÷èì ïåðâóþ ãðóïïó óðàâíåíèé
Ìàêñâåëëà :

r k
¤
F i k Æ0. (11.26)
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Äîêàçàòü ñàìîñòîÿòåëüíî!
Óêàæåì, ÷òî ñóùåñòâîâàëè (è ñóùåñòâóþò) ïîïûòêè ïðèäàòü ïåðâîé ãðóïïå

óðàâíåíèé Ìàêñâåëëà ôîðìó, ïîëíîñòüþ ñèììåòðè÷íóþ óðàâíåíèÿì âòîðîé
ãðóïïû óðàâíåíèé Ìàêñâåëëà ( 11.22). Äëÿ ýòîãî â ïðàâóþ ÷àñòü óðàâíåíèé ( 11.26)

ââîäèòñÿ íåêîòîðûé âåêòîð ïëîòíîñòè ìàãíèòíîãî òîêà ,
¤
J i :

r k
¤
F i k Æ

4¼

c

¤
J i , (11.27)

êîòîðûé òàêæå, êàê è ýëåêòðè÷åñêèé òîê, ñîõðàíÿåòñÿ âñëåäñòâèå ( 11.27):

r i
¤
J i Æ0. (11.28)

11.5 Óðàâíåíèÿ Ìàêñâåëëà è ìîíîïîëü Äèðàêà

Íî òîãäà äîëæåí ñóùåñòâîâàòü è íåêîòîðûé ôóíäàìåíòàëüíûé çàðÿä
¤
Q. Ïîñêîëü-

êó äóàëüíûé òåíçîð Ìàêñâåëëà ïîëó÷àåòñÿ èç îáû÷íîãî ïåðåñòàíîâêîé E $ H ,
òî åñòåñòâåííî íàçâàòü òàêîé çàðÿä ¾ìàãíèòíûì çàðÿäîì¿. Ãèïîòåòè÷åñêèå ÷à-
ñòèöû, êîòîðûå ìîãëè áû îáëàäàòü òàêèì çàðÿäîì, íàçûâàþòñÿ ìîíîïîëÿìè
Äèðàêà ïî èìåíè ó÷åíîãî, êîòîðûé ïðåäëîæèë èõ òåîðåòè÷åñêóþ ìîäåëü. Íàäî
îòìåòèòü, ÷òî, ïðàâàÿ ÷àñòü êàê óðàâíåíèé Ìàêñâåëëà ( 11.26), òàê óðàâíåíèé
Äèðàêà (11.27) ÿâëÿþòñÿ ïñåâäîâåêòîðíûìè îáúåêòàìè, ïîýòîìó è â ïðàâîé
÷àñòè ýòèõ óðàâíåíèé äîëæåí íàõîäèòñÿ ïñåâäîâåêòîðíûé îáúåêò. Äëÿ óðàâ-
íåíèé Ìàêñâåëëà ( 11.26) ýòî íå ïðèâîäèò ê êàêèì-ëèáî ïîñëåäñòâèÿì, òàê êàê
ïðàâàÿ ÷àñòü ýòèõ óðàâíåíèé ðàâíà 0-âåêòîðó. Â ñëó÷àå æå óðàâíåíèé Äèðàêà
ìû ïðèõîäèì ê âûâîäó, ÷òî ìàãíèòíûé òîê äîëæåí áûòü ïñåâäîâåêòîðîì, à ìàã-
íèòíûé ìîíîïîëü � ïñåâäîñêàëÿðîì. Äîáàâèì, ÷òî äî ñèõ ïîð â ýêñïåðèìåíòàõ
ñ ýëåìåíòàðíûìè ÷àñòèöàìè âûñîêèõ ýíåðãèé ìîíîïîëü Äèðàêà íå îáíàðóæåí.

Èñïîëüçóÿ îïðåäåëåíèå òåíçîðà Ìàêñâåëëà ( 11.24) âî âòîðîé ãðóïïå óðàâíå-
íèé Ìàêñâåëëà ( 11.22) è ìåíÿÿ ïîðÿäîê âòîðûõ ïðîèçâîäíûõ, ïðèâåäåì èõ ê
âèäó:

r i (r k Ak ) ¡ � Ai Æ
4¼

c
Ji , (11.29)

ãäå� Ai ´ g j k r i r k Æ´ j k @j k Ai � îïåðàòîð d'Alamber'à.

Ïðè íàëîæåíèè êàëèáðîâî÷íîãî óñëîâèÿ Ëîðåíöà r i Ai Æ0 óðàâíåíèå ( 11.29)
ñâîäèòñÿ ê íåîäíîðîäíîìó âîëíîâîìó óðàâíåíèþ :

� Ai Æ ¡
4¼

c
Ji . (11.30)
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11.6 ×àñòíûå ðåøåíèÿ óðàâíåíèé Ìàêñâåëëà: ïîëå íåïîäâèæíîãî òî÷å÷íîãî
çàðÿäà

Ðàññìîòðèì ýëåêòðîìàãíèòíîå ïîëå íåïîäâèæíîãî u i Æ±i
4 òî÷å÷íîãî çàðÿäà

e. Ïîìåñòèì åãî â íà÷àëå äåêàðòîâîé ñèñòåìû êîîðäèíàò x® Æ0;x4 Æct . Òîãäà
âåêòîð ïëîòíîñòè òîêà ( 12.23) ðàâåí:

Ji Æ±i
4ec

Å1Z

¡1

±4(x,xa(s))dsa Æ±i
4ec±3(r ). (11.31)

Òîãäà èç âîëíîâîãî óðàâíåíèÿ ( 11.30) ñëåäóåò:

� A® Æ0; � A4 Æ ¡4¼±3(r ). (11.32)

Áóäåì èñêàòü ðåøåíèå ýòèõ óðàâíåíèé, îáðàùàþùååñÿ â íóëü â îòñóòñòâèè
çàðÿäà. Ýòîìó óñëîâèþ óäîâëåòâîðÿåò âûáîð A® Æ0, íî òîãäà âñëåäñòâèå êàëèá-
ðîâî÷íîãî óñëîâèÿ Ëîðåíöà r i Ai Æ0 @4A4 Æ0, òàêèì îáðàçîì, A4 ÆA4 Æ' (r).

Òàêèì îáðàçîì, óðàâíåíèå ( 11.32) ïðèíèìàåò âèä:

¡4 ' ´
µ

@2

@x2 Å
@2

@y2 Å
@2

@z2

¶
' Æ ¡4¼e±3(r ). (11.33)

Î÷åâèäíî, ÷òî ïîëå òî÷å÷íîãî çàðÿäà äîëæíî áûòü öåíòðàëüíî - ñèììåòðè-
÷åñêèì, ò.å., ' Æ' (r ), ãäår Æ jr j. Â ñâÿçè ñ ýòèì ïðåîáðàçóåì óðàâíåíèå Ïóàññîíà
(11.33) ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò, èñïîëüçóÿ îáùåå äèôôåðåíöèàëüíîå
ñîîòíîøåíèå

4 Ã Æ
1

p
jgj

@

@x®

µp
jgjg®¯ @Ã

@x ¯

¶
) 4 ' (r ) Æ

1

r 2

d

dr
r 2 d '

dr
(11.34)

Òàêèì îáðàçîì, óðàâíåíèå ( 11.34) ïîñëå óìíîæåíèÿ îáåèõ åãî ÷àñòåé íà r 2

ïðèíèìàåò âèä:

d

dr
r 2 d '

dr
Æe4¼r 2±3(r ). (11.35)

Ïðîèíòåãðèðóåì îáå ÷àñòè óðàâíåíèÿ ( 11.35) ïî r â ïðåäåëàõ [0, r ], ïîëàãàÿ
lim
r ! 0

r 2' (r ) Æ0 è ó÷èòûâàÿ òîò ôàêò, ÷òî âåëè÷èíà 4¼r 2dr åñòü îáúåì øàðîâîãî
ñëîÿ:

4¼

rZ

0

r 2±(r )dr Æ1;

â ðåçóëüòàòå ïîëó÷èì � çíàìåíèòûé çàêîí Êóëîíà:

d '

dr
Æ

e

r 2 ) ' Æ ¡
e

r
) E Æ ¡r ' Æ ¡

er

r 3 . (11.36)
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11.7 ×àñòíûå ðåøåíèÿ óðàâíåíèé Ìàêñâåëëà: ïîëå äâèæóùåãîñÿ òî÷å÷íîãî
çàðÿäà � ïîòåíöèàëû Ëèåíàðà - Âèõåðòà

Ðàññìîòðèì òåïåðü ïîëå òî÷å÷íîãî çàðÿäà, äâèæóùåãîñÿ ïî òðàåêòîðèè

x i Æx i (s); ) x® Æx®(t ). (11.37)

Òàêèì îáðàçîì, óðàâíåíèÿ Ìàêñâåëëà ñ ó÷åòîì îïðåäåëåíèÿ âåêòîðà ïëîòíîñòè
òîêà ( 12.23) äëÿ îäèíî÷íîãî çàðÿäà e ïðèíèìàþò âèä:

� Ai Æ ¡4¼e

Å1Z

¡1

u i (s)±4(x,x(s))ds. (11.38)

Äëÿ ðåøåíèÿ ýòèõ óðàâíåíèé ïîäåéñòâóåì íà îáå èõ ÷àñòè îïåðàòîðîì Ôóðüå

F(x,k ) f (x) ´ f(k ) Æ

Å1Z

0

dx4
Å1Z

¡1

dx1
Å1Z

¡1

dx2
Å1Z

¡1

dx3ei (k ,x) f (x), (11.39)

ãäå(a,b) ´ ai bk , ó÷èòûâàÿ î÷åâèäíûå ñîîòíîøåíèÿ (äëÿ äîêàçàòåëüñòâà ïðîèí-
òåãðèðóéòå ïî ÷àñòÿì) :

F(x,k )@i f (x) Æ ¡ik i f(k ), (11.40)

à òàêæå ñâîéñòâà± - ôóíêöèè Äèðàêà.
Â ðåçóëüòàòå ïîëó÷èì ( Å îçíà÷àåò, ÷òî îòáèðàþòñÿ ëèøü çíà÷åíèÿ ñ x4 > 0):

Ai (k ) Æ
4¼

(k ,k )
ea

Å1Z

¡1

u i (s)ei k j x0j (s)dsÅ . (11.41)

Ñîâåðøèì òåïåðü îáðàòíîå Ôóðüå-ïðåîáðàçîâàíèå ( 11.41):

F¡ 1(k ,x)f(k ) ´ f (x) Æ
1

(2¼)4

Å1Å i ¾Z

¡1Å i ¾

dk4

Å1Z

¡1

dk1

Å1Z

¡1

dk2

Å1Z

¡1

dk3e¡ i (k ,x)f(k ), (11.42)

ãäå¾! Å 0.
Ïðè âû÷èñëåíèè îáðàòíîãî Ôóðüå-îáðàçà âîçíèêàþò èíòåãðàëû âèäà

1

(2¼)4

Å1Z

¡1

d 4k
ei (x0j (s)¡ x j )k j

(k ,k )
Æ2±((R,R)), (11.43)

ãäå

R j Æx0j (s) ¡ x j . (11.44)
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Òàêèì îáðàçîì, ïîëó÷èì:

Ai (x) Æ2e
Z

dsui ±((R,R)). (11.45)

Ïåðåéäåì îò èíòåãðèðîâàíèÿ ïî ïåðåìåííîé s ê èíòåãðèðîâàíèþ ïî ïåðåìåí-
íîé Z Æ(R,R), ó÷èòûâàÿ ñâÿçü:

d Z

ds
Æ2(u,R). (11.46)

Òàêèì îáðàçîì, èíòåãðèðóÿ ñ ó÷åòîì ñâîéñòâ ± - ôóíêöèè, íàéäåì îêîí÷àòåëüíî:

Ai Æ
eui

(u ,R)

¯
¯
¯
¯
¯
Z Æ0

. (11.47)

Óðàâíåíèå Z Æ0 èìååò äâà êîðíÿ:

t 0¡ t Æ §R(t 0)/ c ) t 0§ R(t 0) Æt , t 0È 0. (11.48)

Ïîëîæèòåëüíîìó çíàêó â ( 11.48) ñîîòâåòñòâóþò çàïàçäûâàþùèå ðåøåíèÿ ,
îòðèöàòåëüíîìó � îïåðåæàþùèå . Ðåøåíèÿ ( 11.47) íàçûâàþòñÿ ïîòåíöèàëàìè
Ëèåíàðà - Âèõåðòà . Äëÿ ïîêîþùåãîñÿ çàðÿäà u i Æ±i

4 ïîëó÷àåì îòñþäà çàêîí
Êóëîíà.
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Îáîáùåííûå ôóíêöèè â ÑÊÌ Maple

±-ôóíêöèÿ Äèðàêà

Îäíîìåðíàÿ ±-ôóíêöèÿ Äèðàêà âû÷èñëÿåòñÿ â ÑÊÌ Maple ñ ïîìîøüþ êîìàíäû
Dirac(x) . Ðàññìîòðèì ïðèìåðû ðàáîòû ñ ýòîé êîìàíäîé.

1) Ñâîéñòâî ±-ôóíêöèè ( 11.5)): ±(¡ x) Æ±(x)

' Dirac (-x)' = Dirac (-x);

Dirac (¡ x) ÆDirac (x)

Ñâîéñòâî ±-ôóíêöèè ( 11.5): ±(ax) Æ 1
jaj ±(x)

' Dirac (-5*x)'= Dirac (-5*x);

Dirac (¡ 5x) Æ1/5 Dirac (x)

Ïî îïðåäåëåíèþ ( 11.2): f (x0) Æ

Å1Z

¡1

f (x)±(x ¡ x0)dx . Â ëèòåðàòóðå ýòî îïðåäåëå-

íèå íàçûâàþò òàêæå ôèëüòðóþùèì ñâîéñòâîì ±-ôóíêöèè:

Int ( Dirac (x)*f(x),x=-infinity..infinity)= int ( Dirac (x)*f(x),x
=-infinity..infinity);
Z 1

¡1
Dirac (x) f (x)dx Æf (0)

Ïðèìåð ôèëüòðóþùåãî ñâîéñòâà äëÿ ôóíêöèè ei xp :

Int ( Dirac (x-x0)*exp(-I*x*p),x=-infinity..infinity)= int ( Dirac (
x-x0)*exp(-I*x*p),x=-infinity..infinity);
Z 1

¡1
Dirac (x ¡ x0)e¡ i xp dx Æe¡ i x0 p

Ïðèìåð ôèëüòðóþùåãî ñâîéñòâà ôóíêöèè Äèðàêà ±(x ¡ 5) äëÿ ôóíêöèè ex2
:

Int ( Dirac (x-5)*exp(x\symbol{94}2),x=-infinity..infinity)= int (
Dirac (x-5)*exp(x\symbol{94}2),x=-infinity..infinity);



164 ×åòûðåõìåðíûé âåêòîð ïëîòíîñòè òîêà è óðàâíåíèÿ Ìàêñâåëëà

Z 1

¡1
Dirac (x ¡ 5)ex2

dx Æe25

Äîêàçàòåëüñòâî ñâîéñòâà äèôôåðåíöèðîâàíèÿ ±-ôóíêöèè Äèðàêà ( 11.6):

Int ( Diff ( Dirac (x-y),x)*f(y),y=-infinity..infinity) = int ( diff
( Dirac (x-y),x)*f(y),y=-infinity..infinity);

Int ( Dirac (x-y)* diff (f(y),y),y=-infinity..infinity) = int (
Dirac (x-y)* diff (f(y),y),y=-infinity..infinity);
Z 1

¡1

µ
@

@x
Dirac

¡
x ¡ y

¢
¶

f
¡
y

¢
d y Æ

d

dx
f (x)

Z 1

¡1
Dirac

¡
x ¡ y

¢ d

d y
f

¡
y

¢
d y Æ

d

dx
f (x)

2) Ïðèìåð ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ñîäåðæàùåãî ±-ôóíêöèþ
Äèðàêà:

DE:= diff (y(t),t$2)+2* diff (y(t),t)+2*y(t)= Dirac (t-Pi)- Dirac (t
-2*Pi);

SOL:=dsolve (\{DE,y(0)=0,D(y)(0)=0\},y(t));
Y:= subs (SOL,y(t)):
plot (Y(t),t=0..15);

DE :Æ
d 2

dt 2 y (t ) Å 2
d

dt
y (t ) Å 2y (t ) ÆDirac (t ¡ ¼) ¡ Dirac (t ¡ 2¼)

SOL :Æy (t ) Æ ¡ sin (t )
³
e2¼¡ t Heaviside(t ¡ 2¼) Å e¼¡ t Heaviside(t ¡ ¼)

´

Ðèñ. 11.4 Ãðàôè÷åñêèé âûâîä ðåøåíèÿ ñèíãóëÿðíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
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3) Êîìàíäà Dirac òàêæå ïîçâîëÿåò çàäàòü êîìïàêòíî ìíîãîìåðíóþ ±-ôóíêöèþ
Äèðàêà:

Dirac ([x-1,y-2,z-3]);
expand (%);

Dirac
¡
[x ¡ 1,y ¡ 2,z ¡ 3]

¢

Dirac (x ¡ 1)Dirac
¡
y ¡ 2

¢
Dirac (z ¡ 3)

Èíòåãðèðîâàíèå ìíîãîìåðíîé ôóíêöèè Äèðàêà:

Int ( Int ( Int ( Dirac ([x,y,z])*f(x,y,z),x=-infinity..infinity),y
=-infinity..infinity),z=-infinity..infinity)= int ( int ( int (
Dirac ([x,y,z])*f(x,y,z),x=-infinity..infinity),y=-infinity
..infinity),z=-infinity..infinity);
Z 1

¡1

Z 1

¡1

Z 1

¡1
Dirac

¡
[x, y,z]

¢
f

¡
x, y,z

¢
dx d y dz Æf (0,0,0)

Ôóíêöèÿ Õåâèñàéäà

Ôóíêöèÿ Õåâèñàéäà âû÷èñëÿåòñÿ â ÑÊÌ Maple ñ ïîìîøüþ êîìàíäû Heaviside(x) .

1) Ïîñòðîåíèå ãðàôèêà ôóíêöèè Õåâèñàéäà Heaviside(x) íà ïðîìåæóòêå [-10,10] :

plot ( Heaviside (x),x=-10..10);

Ðèñ. 11.5 Ïîñòðîåíèå ôóíêöèè Õåâèñàéäà â ÑÊÌ Maple

Ïðèìåðû âû÷èñëåíèÿ ôóíêöèè Õåâèñàéäà:



166 ×åòûðåõìåðíûé âåêòîð ïëîòíîñòè òîêà è óðàâíåíèÿ Ìàêñâåëëà

Heaviside (2);
Heaviside (-5);

1

0

Ãðàôèê ñóììû äâóõ ôóíêöèè Õåâèñàéäà:

plot ( Heaviside (x-5) + Heaviside (x-10), x=-10..20);

Ãðàôèê ðàçíîñòè äâóõ ôóíêöèè Õåâèñàéäà:

plot ( Heaviside (x-5) - Heaviside (x-10), x=-10..20);

Ðèñ. 11.6 Êîìáèíàöèÿ ñòóïåí÷àòûõ ôóíêöèé

2) Ïðîèçâîäíàÿ ôóíêöèè Õåâèñàéäà � ôóíêöèÿ Äèðàêà:

diff ( Heaviside (x),x);

Dirac (x)

3) Âûðàæåíèå ôóíêöèÿ çíàêà signum(x) ÷åðåç ðàçíîñòü äâóõ ôóíêöèé Õåâèñàé-
äà (ðèñ. 11.7):

plot ( Heaviside (x)- Heaviside (-x),x=-10..10);

Äëÿ ñðàâíåíèÿ ïðèâåäåì ãðàôèê ôóíêöèè çíàêà signum(x) (ðèñ. 11.8):

plot ( signum (x),x=-10..10);
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Ðèñ. 11.7 Êîìáèíàöèÿ ñòóïåí÷àòûõ
ôóíêöèé

Ðèñ. 11.8 Ãðàôèê çíàêîâîé ôóíêöèè

Ôóíêöèÿ ìîäóëÿ

1) Çàäàíèå ôóíêöèè ìîäóëÿ â âèäå êóñî÷íî ãëàäêîé ôóíêöèè:

Md:=(x)-> piecewise (x<0,-x,x>=0,x);
Md(-1),Md(0),Md(1);
plot (Md(x),x=-1..1,scaling=CONSTRAINED);

Md :Æx ! piecewi se(¡ x,x Ç 0,x,0 · x)

1, 0, 1

2) Ïðîèçâîäíàÿ ôóíêöèè ìîäóëÿ � ôóíêöèÿ çíàêà signum(x) :

Md:=(x)-> piecewise (x<0,-x,x>=0,x);
Md(-1),Md(0),Md(1);
plot (Md(x),x=-1..1,scaling=CONSTRAINED);
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Ðèñ. 11.9 Ãðàôèê ôóíêöèè ìîäóëÿjxj

Ðèñ. 11.10 Ïðîèçâîäíàÿ ôóíêöèè ìîäóëÿ � ýòî ôóíêöèÿ çíàêà
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Òåíçîð ýíåðãèè-èìïóëüñà
ýëåêòðîìàãíèòíîãî ïîëÿ

12.1 Îáùèå ïðèíöèïû ïîëó÷åíèÿ òåíçîðà ýíåðãèè-èìïóëüñà

Ïóñòü ïî àíàëîãèè ñ ýëåêòðîìàãíèòíûì ïîëåì ñîâîêóïíîñòü ôóíêöèé q (a)(x i )
a Æ1,N è èõ ïåðâûõ ÷àñòíûõ ïðîèçâîäíûõ q (a)

,i ´ @i q (a) � ÿâëÿåòñÿ ïîëíûì
íàáîðîì äèíàìè÷åñêèõ ïåðåìåííûõ, ïîëíîñòüþ õàðàêòåðèçóþùèõ ñîñòîÿíèå
íåêîòîðîé ïîëåâîé ñèñòåìû. Ýòî îçíà÷àåò, ÷òî ôóíêöèîíàë äåéñòâèÿ äëÿ òàêîé
çàìêíóòîé ïîëåâîé ñèñòåìû èìååò âèä:

SÆ
1

c

Z

V4

L(q (a),q (a)
,i )dV4, (12.1)

ãäåL(q,q,i ) � èíâàðèàíòíàÿ ôóíêöèÿ â ïðîñòðàíñòâå Ìèíêîâñêîãî, íîðìèðó-
þùèé ìíîæèòåëü c¡ 1 ìû âûáðàëè äëÿ ñîõðàíåíèÿ ïðàâèëüíîé ðàçìåðíîñòè
ôóíêöèè Ëàãðàíæà.

Âû÷èñëèì âàðèàöèþ äåéñòâèÿ ( 12.1), íå êîíêðåòèçèðóÿ ôóíêöèè Ëàãðàíæà,
ïðåäïîëàãàÿ ëèøü åå íå çàâèñÿùåé ÿâíî îò ìèðîâîãî âðåìåíè (âû÷èñëåíèÿ
ïðîâîäÿòñÿ àíàëîãè÷íî ïðåäûäóùèì):

±SÆ
1

c

Z

V4

³ @L

@q (a)
±q (a) Å

@L

@q (a)
,i

±q (a)
,i

´
dV4. (12.2)

Ïðîèçâåäåì òîæäåñòâåííûå ïðåîáðàçîâàíèÿ ïîäèíòåãðàëüíîãî âûðàæåíèÿ â
(12.1):

@L

@q (a)
,i

±q (a)
,i ´

@L

@q (a)
,i

±
@q (a)

@x i
´

@L

@q (a)
,i

@±q (a)

@x i
)

)
@L

@q (a)
,i

±q (a)
,i ´

@

@x i

³ @L

@q (a)
,i

±q (a)
´
¡ ±q (a) @

@x i

@L

@q (a)
,i

(12.3)

Ïåðâûé ÷ëåí ( 12.3) èìååò ÿâíî äèâåðãåíòíóþ ôîðìó, ïîýòîìó ïðè ïîäñòàíîâêå
(12.3) â èíòåãðàë (12.2) îí, áóäó÷è ïðåîáðàçîâàí ïî ôîðìóëå Îñòðîãðàäñêîãî-
Ãàóññà, äàñò íóëü.

Â ðåçóëüòàòå ïîëó÷èì äëÿ âàðèàöèè äåéñòâèÿ ( 12.2) âûðàæåíèå:

±SÆ
1

c

Z

V4

³ @L

@q (a)
¡

@

@x i

@L

@q (a)
,i

´
±q (a)dV4. (12.4)



170 Òåíçîð ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ

Ïðèðàâíèâàÿ âàðèàöèþ ( 12.4) íóëþ è ïðèìåíÿÿ îñíîâíóþ ëåììó âàðèàöèîííîãî
èñ÷èñëåíèÿ, ïîëó÷àåì âñëåäñòâèå ôóíêöèîíàëüíîé íåçàâèñèìîñòè äèíàìè÷å-
ñêèõ ïåðåìåííûõ ñèñòåìó óðàâíåíèé Ýéëåðà-Ëàãðàíæà äëÿ ïîëåé q (a):

@L

@q (a)
¡

@

@x i

@L

@q (a)
,i

Æ0, (a Æ1,N ). (12.5)

Ñ ó÷åòîì òîãî, ÷òî L çàâèñèò îò êîîðäèíàò ëèøü ïîñðåäñòâîì äèíàìè÷åñêèõ
ïîëåâûõ ôóíêöèé {q (a),q (a)

,i }, çàïèøåì:

@L

@x i
´

@L

@q (a)
q (a)

,i Å
@L

@q (a)
,k

q (a)
,i k . (12.6)

Ïîäñòàâëÿÿ â ( 12.6) âûðàæåíèå äëÿ @L/ @q (a) èç óðàâíåíèé Ýéëåðà ( 12.5) è ó÷è-
òûâàÿ ðàâåíñòâî âòîðûõ ñìåøàííûõ ïðîèçâîäíûõ q (a)

,i k Æq (a)
,ki , ïîëó÷èì:

@L

@x i
Æ

@

@xk

³ @L

@q (a)
,k

´
q (a)

,i Å
@L

@q (a)
,k

q (a)
,i k ´

@

@xk

³
q (a)

,i
@L

@q (a)
,k

´
)

@

@xk

³
±k

i L ¡ q (a)
,i

@L

@q (a)
,k

´
Æ0, )

@

@xk
T i

k Æ0 , (12.7)

ãäå ââåäåí

T̃ k
i Æ±k

i L ¡
X

a
q (a)

,i
@L

@q (a)
,k

(12.8)

� íåñèììåòðè÷íûé òåíçîð ýíåðãèè-èìïóëüñà.
Ïîñêîëüêó ÷åòûðåõìåðíàÿ äèâåðãåíöèÿ ýòîãî òåíçîðà ðàâíà íóëþ, ê íåìó

ìîæíî äîáàâèòü ëþáîé òåíçîð, óäîâëåòâîðÿþùèé ýòîìó æå óñëîâèþ. Â ÷àñòíî-
ñòè, ê íåìó ìîæíî äîáàâèòü ïðîèçâîëüíûé òåíçîð âèäà:

@l ª
i kl ; ãäåª i kl Æ ¡ª i l k ) @kl ª i kl ´ 0, (12.9)

ãäåª i kl � àíòèñèììåòðè÷íûé ïî äâóì ïîñëåäíèì èíäåêñàì òåíçîð.

Âûáîðîì ª i kl âñåãäà ìîæíî ñèììåòðèçèðîâàòü âåëè÷èíû ( 12.8) è îïðåäå-
ëèòü ñèììåòðè÷íûé òåíçîð ýíåðãèè - èìïóëüñà :

T i k ÆT ki @k T i k Æ0. (12.10)
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12.2 Òåíçîð ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ

Äëÿ ýëåêòðîìàãíèòíîãî ïîëÿ ôóíêöèÿ Ëàãðàíæà ðàâíà:

L Æ
1

16¼
F lm Flm , (12.11)

à äèíàìè÷åñêèìè ïåðåìåííûìè q (a) � êîìïîíåíòû âåêòîðíîãî ïîòåíöèàëà Ai .
Òàê êàê ôóíêöèÿ Ëàãðàíæà ÿâíî íå çàâèñèò îò ýòèõ êîìïîíåíò, à òîëüêî îò èõ
ïðîèçâîäíûõ, q (a)

,i ! Ak ,i è

@Flm

@Ai ,k
´

@

@Ai ,k

¡
Am,l ¡ Al ,m

¢
Æ±i

m ±k
l ¡ ±i

l ±k
m , (12.12)

ïîëó÷èì, óäâàèâàÿ ðåçóëüòàò:

@L

@Ai ,k
Æ

1

8¼
(Fki ¡ F i k ) Æ

1

4¼
Fki )

q (a)
,i

@L

@q (a)
,k

) Al ,i
@L

@Al ,k
Æ

1

4¼
Al ,i Fkl . (12.13)

Òàêèì îáðàçîì, ïîëó÷èì ñîãëàñíî ( 12.8) âûðàæåíèå äëÿ íåñèììåòðè÷íîãî òåí-
çîðà ýíåðãèè-èìïóëüñà:

T̃ k
i Æ ¡

1

4¼
Al ,i Fkl Å

1

16¼
±k

i Flm F lm . (12.14)

Âû÷èñëèì äèâåðãåíöèþ îò òåíçîðà T̃ k
i (12.14):

@k T̃ k
i Æ ¡

1

4¼
Al ,i k Fkl ¡

1

4¼
Al ,i k Fkl

,k Å
1

8¼
Flm ,i F lm )

¯
¯
¯Al ,i k Fkl Æ@i Al ,k Fkl ´

1

2
(@i (Al ,k )Fkl Å @i (Ak ,l )F

l k ) ´

1

2
(@i Al ,k ¡ @i Ak ,l )F

kl ´
1

2
Fkl ,i Fkl

¯
¯
¯ )

@k T̃ k
i Æ ¡

1

8¼
Fkl ,i Fkl ¡

1

4¼
Al ,i Fkl

,k Å
1

8¼
Flm ,i F lm ´ ¡

1

4¼
Al ,i Fkl

,k . (12.15)

Òàêèì îáðàçîì, ñ ó÷åòîì âòîðîé ãðóïïû óðàâíåíèé Ìàêñâåëëà (22), Ëåêöèÿ 11,
ïîëó÷èì îêîí÷àòåëüíî â îòñóòñòâèå ýëåêòðè÷åñêèõ çàðÿäîâ ( Ji Æ0):

@k T̃ k
i Æ ¡

1

4¼
Al ,i Fkl

,k Æ
4¼

c
Al ,i Jl ) @k T̃ k

i Æ0 . (12.16)

Ñèììåòðèçàöèÿ òåíçîðà ( 12.14) ñîãëàñíî ( 14.14) ìîæåò áûòü ïðîèçâåäåíà äîáàâ-
ëåíèåì ê íåìó

1

4¼
Ai ,l F

kl ´
1

4¼

@

@x l
Ai Fkl ¡

1

4¼
Ai Fkl

,l Æ
1

4¼

@

@x l
Ai Fkl Å

1

c
Ai Jk . (12.17)
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Äåéñòâèòåëüíî, â îòñóòñòâèå ýëåêòðè÷åñêèõ çàðÿäîâ ïîñëåäíèé ÷ëåí â ïðàâîé
÷àñòè (12.17) ðàâåí íóëþ è, ïîëàãàÿ Ã i kl Æ 1

4¼Ai Fkl , ìû óäîâëåòâîðÿåì óñëîâèþ
(14.14).

Äîáàâëÿÿ ÷ëåí ( 12.17) ê íåñèììåòðè÷íîìó òåíçîðó T̃ k
i (12.14)

T k
i ÆT̃ k

i Å
1

4¼
Ai ,l F

kl Æ ¡
1

4¼
Al ,i Fkl Å

1

4¼
Ai ,l F

kl Å
1

16¼
±k

i Flm F lm ,

ïîëó÷èì ñèììåòðè÷íûé òåíçîð ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ:

T
( f ) k
i Æ

1

4¼

¡
¡ Fi l Fkl Å

1

4
±i

k Flm F lm ¢
) (12.18)

T
( f )
i k Æ

1

4¼

¡
¡ Fi l F l

k . Å
1

4
gi k Flm F lm ¢

. (12.19)

Ïîñêîëüêó:

gi k g i k ´ ±k
k Æn(Æ4), (12.20)

òî ñëåä òåíçîðà ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ ðàâåí íóëþ

T ( f ) ´ T
( f )
i k g i k Æ0. (12.21)

12.3 Òåíçîð ýíåðãèè-èìïóëüñà ÷àñòèö

Â Ëåêöèè 12 (XIII) ìû ââåëè èíâàðèàíòíóþ ôóíêöèþ èñòî÷íèêà, ôîðìóëà (12):

¢ (x̃, x̃a) Æ

Å1Z

¡1

±n (x,xa(s))ds, (12.22)

ñ ïîìîùüþ êîòîðîé îïðåäåëèëè ìèêðîñêîïè÷åñêèé âåêòîð ïëîòíîñòè òîêà,
ôîðìóëà (14):

Ji Æ
X

a
eac

Å1Z

¡1

u i
a(sa)±4(x,xa(s))dsa . (12.23)

Àíàëîãè÷íî ( 12.23) îïðåäåëèì ñèììåòðè÷íûé ìèêðîñêîïè÷åñêèé òåíçîð ÷àñòèö
(particles)

T (p) ik Æ
X

a
m ac

Å1Z

¡1

u i
a(sa)uk

a (sa)±4(x,xa(s))dsa . (12.24)
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Âû÷èñëèì äèâåðãåíöèþ ýòîãî òåíçîðà ñ ó÷åòîì äèôôåðåíöèàëüíîãî òîæäå-
ñòâà (15) Ëåêöèè 12:

u i @

@x i
f (x(s)) ´

d f

ds
. (12.25)

Òàêèì îáðàçîì, ïîëó÷èì:

@k T (p) ik Æ
X

a
m ac

Å1Z

¡1

u i
a(sa)uk

a (sa)
@

@xk
±4(x,xa(s))dsa

Æ
X

a
m ac

Å1Z

¡1

d

ds
±4(x,xa(s))u i

a(sa)dsa

Æ
X

a
m ac

Å1Z

¡1

±4(x,xa(s))
du i

a

dsa
dsa . (12.26)

Ïîäñòàâèì â ( 12.26) âûðàæåíèå äëÿ ïîëíîé ïðîèçâîäíîé âåêòîðà ñêîðîñòè ÷àñòè-
öû du i

a / dsa èç óðàâíåíèé äâèæåíèÿ çàðÿæåííîé ÷àñòèöû â ýëåêòðîìàãíèòíîì
ïîëå, ( 9.15):

du i

ds
Æ

e

mc2 F i
. k uk (12.27)

â ôîðìóëó ( 12.26) ñ ó÷åòîì ñâîéñòâ ± - ôóíêöèè è îïðåäåëåíèÿ âåêòîðà ïëîòíîñòè
òîêà ( 12.23):

@k T (p) ik Æ
1

c
Jk F i

.k (x). (12.28)

Âûøå ìû âû÷èñëÿëè äèâåðãåíöèþ òåíçîðà ýíåðãèè-èìïóëüñà ýëåêòðîìàã-
íèòíîãî ïîëÿ, îòáðàñûâàÿ ÷ëåíû ñ ïðîèçâåäåíèåì ïëîòíîñòè òîêà íà òåíçîð
Ìàêñâåëëà, ïðåäïîëàãàÿ îòñóòñòâèå çàðÿäîâ. Òåïåðü ìû ñíèìåì ýòî îãðàíè÷åíèå,
çàíîâî âû÷èñëèâ êîâàðèàíòíóþ äèâåðãåíöèþ ñèììåòðè÷íîãî òåíçîðà ýëåêòðî-
ìàãíèòíîãî ïîëÿ ( 12.19) ñ ó÷åòîì óðàâíåíèé Ìàêñâåëëà 1-îé è 2-îé ãðóïïû è
äåëàÿ çàìåíó èíäåêñîâ k , l ! l ,m â â ïåðâîì ÷ëåíå:

r k T ( f ) i k Æ
1

4¼
r k

¡
¡ F i

.l F
kl Å

1

4
g i k Flm F lm ¢

´

1

4¼

¡
¡ F im ,l Flm ¡ F i

.m F lm
,l Å

1

2
Flm F lm ,i ¢

´

¡
1

8¼

¡
F im ,l Å F i l ,m Å Fml ,i ¢

Flm ¡
1

4¼
F i

.m F lm
,l )

r k T ( f ) i k Æ ¡
1

c
F i

.m Jm . (12.29)

Òàêèì îáðàçîì, ñêëàäûâàÿ ýòîò ðåçóëüòàò ñ ( 12.28), ïîëó÷èì çàêîí ñîõðàíåíèÿ
ïîëíîé ýíåðãèè:
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r k T i k Æ0, ãäåT i k ÆT ( f ) i k Å T (p) ik (12.30)

� ñóììàðíûé òåíçîð ýíåðãèè-èìïóëüñà ñèñòåìû ¾ýëåêòðîìàãíèòíîå ïîëå +
÷àñòèöû¿.

Ââåäåì òåïåðü èíòåãðàëüíûå âåëè÷èíû � ïîëíóþ ýíåðãèþ-èìïóëüñ ñèñòåìû
çàðÿæåííûõ ÷àñòèö:

P i Æ
1

c

Z
T i k dSk , (12.31)

ãäå èíòåãðèðîâàíèå ïðîâîäèòñÿ ïî òðåõìåðíîé ãèïåðïîâåðõíîñòè ñ íîðìàëü-
íûì âåêòîðîì nk : nk dS ÆdSk .

Âñëåäñòâèå ðàâåíñòâà íóëþ êîâàðèàíòíîé äèâåðãåíöèè òåíçîðà ýíåðãèè-
èìïóëüñà ýòè âåëè÷èíû ñîõðàíÿþòñÿ äëÿ çàìêíóòîé ñèñòåìû:

P i ÆConst. (12.32)

Ëèòåðàòóðà ê ëåêöèè

[1] Ë.Ä. Ëàíäàó, Å.Ì. Ëèôøèö. Òåîðåòè÷åñêàÿ ôèçèêà. Òîì II. Òåîðèÿ
ïîëÿ. Ì: Íàóêà � ëþáîå èçäàíèå, íà÷èíàÿ ñ 1973 ã.

[2] Äæ. Ñèíã. Îáùàÿ òåîðèÿ îòíîñèòåëüíîñòè. Ì: Íàóêà � ëþáîå èçäà-
íèå, íà÷èíàÿ ñ 1963 ã.

[3] Äèðàê Ï. À. Ì. Îñíîâû êâàíòîâîé ìåõàíèêè / Ïåð. ñ àíãë. � Ì., 1932
(èëè Ïðèíöèïû êâàíòîâîé ìåõàíèêè) � ëþáîå èçäàíèå.

[4] Èãíàòüåâ Þ.Ã. Ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâàíèå
ôóíäàìåíòàëüíûõ îáúåêòîâ è ÿâëåíèé â ñèñòåìå êîìïüþòåðíîé
ìàòåìàòèêè Maple. Ëåêöèè äëÿ øêîëû ïî ìàòåìàòè÷åñêîìó ìîäåëè-
ðîâàíèþ. Êàçàíü: Êàçàíñêèé óíèâåðñèòåò, 2014. - 298 ñ. ISBN 978-5-
00019-150-7. http://libweb.ksu.ru/ebooks/05-IMM/05_120_000443.pdf

Êîìïüþòåðíîå ìîäåëèðîâàíèå ïî-
òåíöèàëüíûõ ïîëåé â ÑÊÌ Maple

Ïðîöåäóðà ïîñòðîåíèÿ ýêâèäèñòàíòíûõ ýêâèïîòåíöèàëüíûõ ïîâåðõíîñòåé è
ãðàäèåíòíûõ ëèíèé ê íèì â ÑÊÌ Maple.

Ðàññìîòðèì ñîçäàíèå ïðîöåäóðû ïîñòðîåíèÿ ýêâèïîòåíöèàëüíûõ ïîâåðõ-
íîñòåé è ãðàäèåíòíûõ ëèíèé â ÑÊÌ Maple. Ýêâèïîòåíöèàëüíàÿ ïîâåðõíîñòü �
ýòî ïîâåðõíîñòü, íà êîòîðîé ïîòåíöèàëüíàÿ ôóíêöèÿ ïðèíèìàåò ïîñòîÿííîå
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çíà÷åíèå. Ýêâèïîòåíöèàëüíàÿ ïîâåðõíîñòü â ëþáîé òî÷êå ïåðïåíäèêóëÿðíà
ãðàäèåíòíûì ëèíèÿì.

1) Ïðîöåäóðà èìååò ÷åòûðå îáÿçàòåëüíûõ âõîäíûõ ïàðàìåòðà è ÷åòûðå íåîáÿ-
çàòåëüíûõ. Îáÿçàòåëüíûå ïàðàìåòðû:

ˆ variables � ñïèñîê àðãóìåíòîâ ôóíêöèè ïîòåíöèàëà (ñïèñîê),

ˆ potential � ôóíêöèÿ ïîòåíöèàëà (àëãåáðàè÷åñêîå âûðàæåíèå),

ˆ intervals � ñïèñîê èíòåðâàëîâ èçìåíåíèÿ àðãóìåíòîâ äëÿ ïîñòðîåíèÿ
ãðàôèêîâ (ñïèñîê),

ˆ SurfNum � êîëè÷åñòâî ðàññìàòðèâàåìûõ ïîâåðõíîñòåé (öåëîå ÷èñëî).

Íåîáÿçàòåëüíûå ïàðàìåòðû ïðîöåäóðû ïîçâîëÿþò óïðàâëÿòü âûâîäîì ãðàôè÷å-
ñêîé èíôîðìàöèè, à òàêæå óïðîñòèòü âûçîâ ïðîöåäóðû:

ˆ withTitle � ïîäïèñü ãðàôèêà (áóëåâñêèé ïàðàìåòð). Â ñëó÷àå true ãðàôèê
âûâîäèòñÿ ñ ïîäïèñüþ, â ñëó÷àå false - áåç ïîäïèñè.

ˆ withLines � ïàðàìåòð, îïðåäåëÿþùèé íåîáõîäèìîñòü ïîñòðîåíèÿ ãðà-
äèåíòíûõ ëèíèé (áóëåâñêèé ïàðàìåòð). Â ñëó÷àå true ëèíèè ñòðîÿòñÿ, â
ñëó÷àåfalse - íåò.

ˆ Surfaces � ïàðàìåòð, îïðåäåëÿþùèé òèï ãðàôè÷åñêîãî îòîáðàæåíèÿ âû-
âîäà ðåçóëüòàòà (áóëåâñêèé ïàðàìåòð). Â ñëó÷àå true âûâîäÿòñÿ ýêâèïîòåí-
öèàëüíûå ïîâåðõíîñòè, â ñëó÷àå false âûâîäèòñÿ ñå÷åíèå ïîâåðõíîñòåé
çàäàííîé ïëîñêîñòüþ.

ˆ Plane � ïëîñêîñòü ñå÷åíèÿ (ñïèñîê), ïàðàëëåëüíàÿ îäíîé èç êîîðäèíàòíûõ
ïëîñêîñòåé.

Êàæäûé íåîáÿçàòåëüíûé ïàðàìåòð ïðè îïðåäåëåíèè â ïðîöåäóðå äîëæåí áûòü
óêàçàí ñ îïðåäåëåííûì çíà÷åíèåì ïî óìîë÷àíèþ. Â ñëó÷àå âûçîâà ïðîöåäóðû
áåç íåîáÿçàòåëüíîãî ïàðàìåòðà, ïðîöåäóðà ïðè âûïîëíåíèè èñïîëüçóåò çíà÷å-
íèå ïàðàìåòðà, çàäàííîå ïî óìîë÷àíèþ. Äëÿ íàøåé ôóíêöèè îïðåäåëèì ñëå-
äóþùèå çíà÷åíèÿ ïî óìîë÷àíèþ: withTitle:=false, withLines:=true,
Surfaces:=true, Plane:=[x=0] :

equipotential:= proc (
variables :: list,
potential :: algebraic,
intervals :: list,
SurfNum :: integer,

{withTitle :: boolean := false,
withLines :: boolean := true,
Surfaces :: boolean := true ,
Plane :: list := [x=0]

})
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2) Îïðåäåëèì ëîêàëüíûå ïåðåìåííûå:

local R,X,Y,Z,U,x1,x2,y1,y2,z1,z2,
dx,dy,dz,i,j,k,m,RR,UU,U_max,U_min,dU,Um,Sm,
gradU,q1,q2,q3,inits,interval_max,output_graph,
title_,t1,t2,T,T1,T2,t1_,t2_:

3) Äàëåå ïåðåîïðåäåëèì àðãóìåíòû ôóíêöèè ïîòåíöèàëà íà R[1], R[2], R[3]
è ñäåëàåì ïîäñòàíîâêó â èñõîäíóþ ôóíêöèþ ñ ïîìîùüþ êîìàíäû subs . Èñïîëü-
çóÿ çíà÷åíèÿ ñïèñêà èíòåðâàëîâ èçìåíåíèÿ àðãóìåíòîâ è êîëè÷åñòâà ðàññìàò-
ðèâàåìûõ ïîâåðõíîñòåé, ðàññ÷èòàåì ðàññòîÿíèå ìåæäó ïîâåðõíîñòÿìè. Çàòåì,
îïðåäåëèì çíà÷åíèÿ ôóíêöèè ïîòåíöèàëà äëÿ êàæäîé èç ïîâåðõíîñòåé, íàéäåì
ìèíèìàëüíîå è ìàêñèìàëüíîå èç ýòèõ çíà÷åíèé:

U:=(R)-> subs ({variables[1]=R[1],variables[2]=R[2],variables
[3]=R[3]},potential):

x1:=intervals[1][1]:
x2:=intervals[1][2]:
y1:=intervals[2][1]:
y2:=intervals[2][2]:
z1:=intervals[3][1]:
z2:=intervals[3][2]:
dx:=(x2-x1)/SurfNum:
dy:=(y2-y1)/SurfNum:
dz:=(z2-z1)/SurfNum:
RR:=(i,j,k)->[x1+i*dx,y1+j*dy,z1+k*dz]:
UU:=(i,j,k)->U(RR(i+1/2,j+1/2,k+1/2)):
U_max:=max([ seq ( seq ( seq (UU(i,j,k),i=0..SurfNum-1),j=0..

SurfNum-1),k=0..SurfNum-1)]):
U_min:=min([ seq ( seq ( seq (UU(i,j,k),i=0..SurfNum-1),j=0..

SurfNum-1),k=0..SurfNum-1)]):
dU:= evalf ((U_max-U_min)/SurfNum):
Um:=(m)->U_min+dU*m:

Îïðåäåëèì âñïîìîãàòåëüíûå ïåðåìåííûå, íåîáõîäèìûå äëÿ ãðàôè÷åñêîãî îòîá-
ðàæåíèÿ ðåçóëüòàòà è ñîçäàíèÿ ïîäïèñè:

output_graph:=[]:
title_:="":

4) Â ñëó÷àå ïîñòðîåíèÿ ïîâåðõíîñòåé (ïàðàìåòð Surfaces=true ):

if Surfaces then

ïðîöåäóðà âûïîëíÿåò ñëåäóþùèå äåéñòâèÿ: ïðè çíà÷åíèè ïàðàìåòðà Surfaces=true
ôîðìèðóåò ñòðîêó ïîäïèñè ãðàôèêà; çàäàåò ôóíêöèþ, âûâîäÿùóþ ïîëóïðîçðà÷-
íóþ ïîâåðõíîñòü ñ îïðåäåëåííûì çíà÷åíèåì ïîòåíöèàëà öâåòîì, èíòåíñèâ-
íîñòü êîòîðîãî çàâèñèò îò çíà÷åíèÿ ïîòåíöèàëà; ôîðìèðóåò ñïèñîê output_graph ,
ñîäåðæàùèé ïîâåðõíîñòè, ïîñòðîåííûå ïî âõîäíûì ïàðàìåòðàì ïðîöåäóðû:

if withTitle then
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title_:=typeset("U(",variables[1],",",variables[2],",",
variables[3],")=", potential):

end if :
Sm:=(m)->plots[implicitplot3d](

U([X,Y,Z])=Um(m),
X=x1..x2,Y=y1..y2,Z=z1..z2,
style= point ,
grid=[16,16,16],
thickness=0,
symbolsize=12,
numpoints=5000,
color=COLOR(RGB,m/SurfNum,0,1-m/SurfNum),
style = patchnogrid,
transparency=.8,
title=title_

):
output_graph:=[ op(output_graph), seq (Sm(m),m=0..SurfNum-1)];

5) Åñëè ïàðàìåòðó withLines ïðèñâîåíî çíà÷åíèå true , òî ïðîöåäóðà ñ ïîìî-
ùüþ êîìàíäû DEplot3d ñòðîèò ãðàäèåíòíûå ëèíèè ê ïîâåðõíîñòÿì, ïðåäâàðè-
òåëüíî âû÷èñëèâ íà÷àëüíûå çíà÷åíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé:

if withLines then
gradU:=linalg[ grad ](U([X,Y,Z]),[X,Y,Z]);
q1:= diff (x(t),t)= subs ({X=x(t),Y=y(t),Z=z(t)}, eval (gradU

[1]));
q2:= diff (y(t),t)= subs ({X=x(t),Y=y(t),Z=z(t)}, eval (gradU

[2]));
q3:= diff (z(t),t)= subs ({X=x(t),Y=y(t),Z=z(t)}, eval (gradU

[3]));
inits:=[ seq ( seq ( seq ([0,x1+i*(x2-x1)/4,y1+j*(y2-y1)/4,z1+k

*(z2-z1)/4],k=0..4),j=0..4),i=0..4)];
interval_max:= abs (max(x2-x1,y2-y1,z2-z1)/2):
interface (warnlevel=0):
output_graph:=[ op(output_graph),DEtools[DEplot3d](

{q1,q2,q3},
{x(t),y(t),z(t)},
t=-interval_max*10..interval_max*10,x=x1..x2,y=y1..y2,z

=z1..z2,
inits,
stepsize=.1,
linecolor=COLOR(RGB,.2,.2,.2),
thickness=1,
title=title_

)]:
interface (warnlevel=3):

end if :



178 Òåíçîð ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ

6) Â ñëó÷àå ïîñòðîåíèÿ ñå÷åíèÿ ýêâèïîòåíöèàëüíûõ ïîâåðõíîñòåé (ïàðàìåòð
Surfaces=false ):

else

ïðîöåäóðà ïðîâåðÿåò, ÷òî ïîëüçîâàòåëü óêàçàë ïëîñêîñòü ñå÷åíèÿ â òðåáóåìîì
ôîðìàòå ( x ÆConst èëè y ÆConst, èëè z ÆConst), â ïðîòèâíîì ñëó÷àå âûâîäèòñÿ
ñîîáùåíèå îá îøèáêå:

if lhs (Plane[1])=x then
T:=X:
t1:=y:T1:=Y:
t2:=z:T2:=Z:
t1_[1]:=y1:t1_[2]:=y2:
t2_[1]:=z1:t2_[2]:=z2:

elif lhs (Plane[1])=y then
T:=Y:
t1:=x:T1:=X:
t2:=z:T2:=Z:
t1_[1]:=x1:t1_[2]:=x2:
t2_[1]:=z1:t2_[2]:=z2:

elif lhs (Plane[1])=z then
T:=Z:
t1:=x:T1:=X:
t2:=y:T2:=Y:
t1_[1]:=x1:t1_[2]:=x2:
t2_[1]:=y1:t2_[2]:=y2:

else
print("Wrong case");

end if ;

7) Äàëåå ôîðìèðóåòñÿ ñòðîêà ïîäïèñè ãðàôèêà (ïðè âûáîðå ñîîòâåòñòâóþùåé
îïöèè) è çàïîëíÿåòñÿ ñïèñîê output_graph , ñîäåðæàùèé ñå÷åíèå ýêâèïîòåí-
öèàëüíûõ ïîâåðõíîñòåé:

if withTitle then
title_:=typeset("U(",variables[1],",",variables[2],",",

variables[3],")=", potential,"\n ñå÷åíèåâïëîñêîñòè "
, Plane[1]):

end if :
output_graph:=[ op(output_graph),plots[ implicitplot ](

[ seq ( subs (T= rhs (Plane[1]),U([X,Y,Z])=Um(m)),m=0..SurfNum
-1)],

T1=t1_[1]..t1_[2],T2=t2_[1]..t2_[2],
scaling=constrained,
numpoints=2000,
title=title_

)];
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8) Àíàëîãè÷íî ïðîñòðàíñòâåííîìó ñëó÷àþ ñòðîÿòñÿ ãðàäèåíòíûå ëèíèè, åñëè
âûáðàíà îïöèÿ withLines=true :

if withLines then
gradU:=linalg[ grad ]( subs (T= rhs (Plane[1]),U([X,Y,Z])),[T1,

T2]);
q1:= diff (t1(t),t)= subs ({T1=t1(t),T2=t2(t)}, eval (gradU[1])

);
q2:= diff (t2(t),t)= subs ({T1=t1(t),T2=t2(t)}, eval (gradU[2])

);
inits:=[ seq ( seq ([0,t1_[1]+i*(t1_[2]-t1_[1])/4,t2_[1]+j*(

t2_[2]-t2_[1])/4],j=0..4),i=0..4)];
interval_max:= abs (max(t1_[2]-t1_[1],t2_[2]-t2_[1])/2):
interface (warnlevel=0):
output_graph:=[ op(output_graph),DEtools[ DEplot ](

{q1,q2},
{t1(t),t2(t)},
t=-interval_max*10..interval_max*10,t1=t1_[1]..t1_[2],

t2=t2_[1]..t2_[2],
inits,
arrows = none,
stepsize=.1,
linecolor=COLOR(RGB,.2,.2,.2),
thickness=1,
title=title_

)]:
interface (warnlevel=3):

end if :

9) Äàëåå çàêàí÷èâàåòñÿ îáðàáîòêà îïöèé ïðîöåäóðû:

end if :

è ïîëó÷åííûå ãðàôè÷åñêèå îáúåêòû âûâîäÿòñÿ íà ýêðàí:

plots[ display ](output_graph,scaling=CONSTRAINED):
end proc :

10) Ïðèâåäåì ïðèìåðû èñïîëüçîâàíèÿ ïðîöåäóðû equipotential .
Äëÿ ïîñòðîåíèÿ ýêâèïîòåíöèàëüíûõ ïîâåðõíîñòåé, ãðàäèåíòíûõ ëèíèé è ïîä-
ïèñè ðèñóíêà ñëåäóåò âûçâàòü ïðîöåäóðû ñî ñëåäóþùèìè ïàðàìåòðàìè:

equipotential([x,y,z],1/ sqrt ((x+1)^2+y^2+z^2)+1/ sqrt ((x-1)^2+
y^2+z^2),[[-5,5],[-5,5],[-6,6]],10,withTitle=true);

Äëÿ ïîñòðîåíèÿ ñå÷åíèÿ ïîòåíöèàëüíîé ôóíêöèè ïëîñêîñòüþ z Æ1 íåîáõîäèìî
çàäàòü ïàðàìåòðû Surfaces = false, Plane = [z=1] :

equipotential([x,y,z],1/ sqrt ((x+1)^2+y^2+z^2)+1/ sqrt ((x-1)^2+
y^2+z^2),[[-5,5],[-5,5],[-6,6]],10,withTitle=true,Surfaces
=false,Plane=[z=1]);
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Ðèñ. 12.1 Ýêâèïîòåíöèàëüíûå ïîâåðõíîñòè ýëåêòðè÷åñêîãî ïîëÿ äâóõ ïîëîæèòåëüíûõ çàðÿäîâ

Ðèñ. 12.2 Ñå÷åíèå ýêâèïîòåíöèàëüíûõ ïîâåðõíîñòåé ýëåêòðè÷åñêîãî ïîëÿ äâóõ ïîëîæèòåëüíûõ
çàðÿäîâ ñ èçîáðàæåíèåì ãðàäèåíòíûõ ëèíèé

Äëÿ ïîñòðîåíèÿ ñå÷åíèÿ áåç ãðàäèåíòíûõ ëèíèé íåîáõîäèìî äîïîëíèòåëüíî
çàäàòü ïàðàìåòð withLines = false :

equipotential([x,y,z],1/ sqrt ((x+1)^2+y^2+z^2)+1/ sqrt ((x-1)^2+
y^2+z^2),[[-5,5],[-5,5],[-6,6]],10,withLines=false,



12.5 Êîìïüþòåðíîå ìîäåëèðîâàíèå ïîòåíöèàëüíûõ ïîëåé â ÑÊÌ Maple 181

Surfaces=false,Plane=[z=1]);

Ðèñ. 12.3 Ñå÷åíèå ýêâèïîòåíöèàëüíûõ ïîâåðõíîñòåé ýëåêòðè÷åñêîãî ïîëÿ äâóõ ïîëîæèòåëüíûõ
çàðÿäîâ áåç ãðàäèåíòíûõ ëèíèé

equipotential([x,y,z],1/ sqrt ((x+1)^2+y^2+z^2)-1/ sqrt ((x-1)^2+
y^2+z^2),[[-2,2],[-2,2],[-2,2]],10);

Ðèñ. 12.4 Ïðèìåð âûâîäà ïðîöåäóðû, âûçâàííîé òîëüêî ñ îáÿçàòåëüíûìè ïàðàìåòðàìè
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Ïðèíöèïû ðåëÿòèâèñòñêîé

òåîðèè ãðàâèòàöèè

13.1 Ïðèíöèï ýêâèâàëåíòíîñòè è ãåîìåòðè÷åñêèé õàðàêòåð ãðàâèòàöèîííîãî
ïîëÿ

Âñå òåëà ïàäàþò â ãðàâèòàöèîííîì ïîëå ñ îäèíàêîâûì óñêîðåíèåì:
6ma ÆF Æ6mg ) a Æg

Ðèñ. 13.1 Ìûñëåííûé ýêñïåðèìåíò ñ ïàäàþùèì ëèôòîì. Òÿãîòåíèå èñ÷åçàåò? �Óñêîðåííàÿ
ñèñòåìà îòñ÷åòà ýêâèâàëåíòíà òÿãîòåíèþ?) Ïðèíöèï ýêâèâàëåíòíîñòè.

Óñêîðåííàÿ ñèñòåìà îòñ÷åòà ëîêàëüíî ýêâèâàëåíòíà ïîëþ òÿãîòåíèÿ.
Íî ïðè ýòîì ñîãëàñíî ñïåöèàëüíîé òåîðèè îòíîñèòåëüíîñòè â ïàäàþùåé ñèñòåìå
îòñ÷åòà ïðîñòðàíñòâî - âðåìÿ äîëæíî èìåòü ìåòðèêó Ìèíêîâñêîãî:

ds2 ¤
Æc2dt 2 ¡ dx2 ¡ d y2 ¡ dz2 ´ ´ i k dx i dxk , (13.1)
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ãäå
¤
Æ� çäåñü è äàëåå îáîçíà÷åíèå òîãî, ÷òî ìåòðèêà çàïèñûâàåòñÿ â ñïåöèàëüíîé

ñèñòåìå îòñ÷åòà, â îêðåñòíîñòè íåêîòîðîé òî÷êè . Â ïðîèçâîëüíîé ñèñòåìå
îòñ÷åòà ìåòðèêà ÷åòûðåõìåðíîãî ïðîñòðàíñòâà - âðåìåíè ïðèìåò îáùèé âèä:

ds2 Ægi k (x)dx i dxk , ¾(gi k ) Æ(¡ ¡ ¡Å ) Æ ¡2. (13.2)

Åñëè îòîæäåñòâèòü ìåòðèêó ( 14.32) ñ ¾ïîòåíöèàëàìè¿ ãðàâèòàöèîííîãî ïîëÿ,
òî î÷åâèäíî, ÷òî ¾ñèëà¿ áóäåò âûðàæàòüñÿ ÷åðåç ïåðâûå ïðîèçâîäíûå ìåòðèêè,
ò.å., ÷åðåç ñèìâîëû Êðèñòîôôåëÿ ¡ i

j k :

¡ i
kl Æg i j ¡ kl , j ; ¡ kl ,i Æ

1

2

¡
@k gl i Å @l gki ¡ @i gkl

¢
. (13.3)

Íî åäèíñòâåííàÿ âîçìîæíîñòü ïîñòðîèòü îáùåêîâàðèàíòíûå óðàâíåíèÿ äâè-
æåíèÿ ÷àñòèöû � ýòî âçÿòü â êà÷åñòâå èõ óðàâíåíèÿ ãåîäåçè÷åñêîé ëèíèè (ïðè
m Æ0 âìåñòî íóëåâîãî êàíîíè÷åñêîãî ïàðàìåòðà s èñïîëüçóåòñÿ íåíóëåâîé
ïàðàìåòð ¿Æs/ m ):

d 2x i

ds2 Å ¡ i
j k

dx j

ds

dxk

ds
Æ0 ,

Du i

ds
Æ0 , u i

,k uk Æ0. (13.4)

Êàê ïðè ýòîì óäîâëåòâîðèòü ïðèíöèïó ýêâèâàëåíòíîñòè? Âñåãäà ìîæíî âûáðàòü
ñèñòåìó êîîðäèíàò òàêèì îáðàçîì, ÷òîáû â îêðåñòíîñòè íàïåðåä çàäàííîé òî÷êè
P ðèìàíîâà ïðîñòðàíñòâà V4 ñèìâîëû Êðèñòîôôåëÿ îáðàùàëèñü â íóëü (À.Ç.
Ïåòðîâ):

¡ i
j k

¯
¯
¯
P

Æ0 )
d 2x i

ds2

¯
¯
¯
¯
¯
P

Æ0 ) x i Æx i
P Å u i

Ps (ïðÿìûå âáëèçè P) . (13.5)

Ñîãëàñíî ïðèíöèïó ñîîòâåòñòâèÿ âñå çàêîíîìåðíîñòè áîëåå îáùåé òåîðèè
äîëæíû ïåðåõîäèòü â çàêîíîìåðíîñòè òåîðèè íèçøåãî ïîðÿäêà â ïðåäåëüíîì
çíà÷åíèè ïàðàìåòðîâ òåîðèè. Ïåðâûì òàêèì ïàðàìåòðîì ðåëÿòèâèñòñêîé òåî-
ðèè ãðàâèòàöèè ÿâëÿåòñÿ ñêîðîñòü ñâåòà. Â êëàññè÷åñêîé òåîðèè ãðàâèòàöèè
c ! 1 . Ïðîâåäåì, êàê ìû äåëàëè â ïðåäûäóùåì êóðñå (ÌÎÔ) ¾3+1¿ ðàçáèåíèå
óðàâíåíèé ( 13.4) ñ ó÷åòîì èíòåãðàëà ãåîäåçè÷åñêèõ (Èãíàòüåâ):

ds2 Ægi k (x)dx i dxk ) 1 Ægi k u i uk ; u® ´
dx®

cd t

dx4

ds
´

v®

c
u4

) 1 Æ(u4)2
³
g44 Å 2g®4

v®

c
Å g®¯

v®v ¯

c2

´
, u4 ¼

1
p

g44
. (13.6)

Âòîðûì ïàðàìåòðîì ÿâëÿåòñÿ ìàëîñòü îòêëîíåíèÿ ìåòðèêè îò ïñåâäîåâêëèäî-
âîé â ëîêàëüíî ëîðåíöåâîé ñèñòåìå îòñ÷åòà, ò.å.:

gi k ¼´ i k Å ±gi k ; ±gi k ¿ 1. (13.7)
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Ðàçëàãàÿ ïðîñòðàíñòâåííûå êîìïîíåíòû óðàâíåíèé ãåîäåçè÷åñêèõ ïî ýòèì
ïàðàìåòðàì, íàéäåì (Âû÷èñëèòü!):

d 2x®

ds2 Æ
u4

c

d

dt

³ v®

c
u4

´
)

d 2x i

ds2 Å ¡ i
j k

dx j

ds

dxk

ds
Æ

u4

c

d

dt

³ v®

c
u4

´
Å (u4)2

³
¡ ®

44 Å 2¡ ®
¯ 4

v ¯

c
Å ¡ ®

¯°
v ¯ v °

c2

´
Æ0. (13.8)

Ïðåíåáðåãàÿ êâàäðàòàìè ìàëûõ âåëè÷èí òèïà v ¯ v ° / c2 è v®/ c@̄ gi k , ïðèâåäåì
óðàâíåíèÿ ( 13.8) ê âèäó:

1

c2

dv ®

dt
Å

1

2
@®g44 Æ0. (13.9)

Äëÿ òîãî, ÷òîáû ýòè óðàâíåíèÿ ñîâïàäàëè ñ óðàâíåíèÿìè äâèæåíèÿ íåðåëÿòè-
âèñòñêîé ÷àñòèöû â êëàññè÷åñêîì íüþòîíîâñêîì ïîëå ñ ïîòåíöèàëîì Á(r , t ):

dv

dt
Æ ¡r Á, (13.10)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû â ëèíåéíîì ïðèáëèæåíèè êîìïîíåíòà g44
ìåòðèêè áûëà ñâÿçàíà ñ ïîòåíöèàëîì êëàññè÷åñêîãî ãðàâèòàöèîííîãî ïîëÿ
ñëåäóþùèì îáðàçîì:

±g44 Æ
2Á

c2 ) g44 Æ1Å
2Á

c2 . (13.11)

Óðàâíåíèÿ äâèæåíèÿ â ãðàâèòàöèîííîì ïîëå â ôîðìå óðàâíåíèé ãåîäåçè÷åñêèõ
áûëè ñôîðìóëèðîâàíû Ýéíøòåéíîì â äîñòàòî÷íî ðàííèõ ðàáîòàõ. Â òîì ÷èñëå
èì áûëà óñòàíîâëåíà è ñâÿçü ìåæäó êîìïîíåíòíîé ìåòðèêè g44 è íüþòîíîâ-
ñêèì ïîòåíöèàëîì. Îäíàêî, ïðîöåññ íàõîæäåíèÿ óðàâíåíèé ãðàâèòàöèîííîãî
ïîëÿ, ò.å., äèôôåðåíöèàëüíûõ óðàâíåíèé íà êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà,
çàòÿíóëñÿ ïî÷òè íà äåñÿòèëåòèå. Çàòîðìîçèëà ýòîò ïðîöåññ èìåííî îøèáî÷íàÿ
èäåÿ îáùåé òåîðèè îòíîñèòåëüíîñòè êàê òåîðèè áîëåå îáùèõ ïðåîáðàçîâàíèé,
÷åì ïðåîáðàçîâàíèÿ Ëîðåíöà - Ïóàíêàðå. Ïåðâîíà÷àëüíîé ìûñëüþ Ýéíøòåéíà
áûëà ñëåäóþùàÿ: ïîñêîëüêó òÿãîòåíèå óñòðàíÿåòñÿ âûáîðîì ñèñòåìû îòñ÷åòà,
òî íåëüçÿ ëè íàéòè òàêèå ïðåîáðàçîâàíèÿ, êîòîðûå ïîëíîñòüþ áû îïèñûâàëè
ãðàâèòàöèîííûå ïîëÿ? Íåâåðíûì îêàçàëîñü îáîáùåíèå ñâÿçè ìåæäó ÷àñòíûì
ñëó÷àåì ïîñòîÿííîãî è îäíîðîäíîãî ïîëÿ òÿæåñòè ( g Æ

¡¡¡¡!
Const) è ïðèíöèïîì

ýêâèâàëåíòíîñòè. Êàê ìû îòìå÷àëè âûøå, ïðèíöèï ýêâèâàëåíòíîñòè íîñèò ëî-
êàëüíûé õàðàêòåð, ò.å., èìååò ìåñòî áûòü â îêðåñòíîñòè òî÷êè. Â íåîäíîðîäíîì
ïîëå òÿæåñòè Çåìëè óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ çàâèñèò îò ðàññòîÿíèÿ äî
öåíòðà Çåìëè ïî çàêîíó Íüþòîíà, ïîýòîìó â êàæäîé òî÷êå âîçíèêàåò ðàçíîå
óñêîðåíèå.
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13.2 Íèêîëàé Èâàíîâè÷ Ëîáà÷åâñêèé � Êîïåðíèê ãåîìåòðèè

Íèêîëàé Èâàíîâè÷ Ëîáà÷åâñêèé (20 íîÿáðÿ (1 äåêàáðÿ) 1792, Íèæíèé Íîâãîðîä
� 12 (24) ôåâðàëÿ 1856, Êàçàíü) � âåëèêèé ðóññêèé ìàòåìàòèê, ãåíèé íàóêè,
îñíîâîïîëîæíèê íååâêëèäîâîé ãåîìåòðèè. Èçâåñòíûé àíãëèéñêèé ìàòåìàòèê
Óèëüÿì Êëèôôîðä íàçâàë Ëîáà÷åâñêîãî ¾Êîïåðíèêîì ãåîìåòðèè¿. Ëîáà÷åâñêèé
â òå÷åíèå 40 ëåò ïðåïîäàâàë â Êàçàíñêîì óíèâåðñèòåòå, â òîì ÷èñëå 19 ëåò ðóêî-
âîäèë èì â äîëæíîñòè ðåêòîðà; åãî àêòèâíîñòü è óìåëîå ðóêîâîäñòâî âûâåëè
óíèâåðñèòåò â ÷èñëî ïåðåäîâûõ ðîññèéñêèõ ó÷åáíûõ çàâåäåíèé. Ôàêòè÷åñêè,
Íèêîëàé Èâàíîâè÷ Ëîáà÷åâñêèé íå òîëüêî ñîçäàë ïåðâóþ íååâêëèäîâó ãåîìåò-
ðèþ, íî è ïåðâûì ïîñòàâèë âîïðîñ î ñâÿçè ãåîìåòðèè è ôèçèêè îêðóæàþùåãî
ìèðà, çà 90 ëåò ïðåäâàðèâ ñîçäàíèå îáùåé òåîðèè îòíîñèòåëüíîñòè Ýéíøòåéíà.
¾...Îñòàëîñü áû èññëåäîâàòü, êàêîãî ðîäà ïåðåìåíà ïðîèçîéäåò îò ââåäåíèÿ âî-
îáðàæàåìîé ãåîìåòðèè â ìåõàíèêó, è íå âñòðåòèòñÿ ëè çäåñü ïðèíÿòûõ óæå
íåñîìíèòåëüíûõ ïîíÿòèé î ïðèðîäå âåùåé, íî êîòîðûå ïðèíóäÿò íàñ îãðàíè÷è-
âàòü èëè ñîâñåì íå äîïóñêàòü çàâèñèìîñòè ëèíèé è óãëîâ.¿
. Í.È. Ëîáà÷åâñêèé. ¾Î íà÷àëàõ ãåîìåòðèè¿. ¾Êàçàíñêèé âåñòíèê¿, 1829.

Â ñâîåé êíèãå ¾Ïàíãåîìåòðèÿ¿ (1855) Í.È. Ëîáà÷åâñêèé ïðÿìî ñòàâèò âî-
ïðîñ î çâåçäíîé òðèàíãóëÿöèè , ò.å., îá àñòðîíîìè÷åñêîì èçìåðåíèè ñóììû
óãëîâ ìåæçâåçäíûõ òðåóãîëüíèêîâ, òåì ñàìûì ïðÿìî ïåðåâîäÿ âîïðîñ î ãåî-
ìåòðèè ê âîïðîñó î ãåîìåòðèè ðåàëüíîãî ìèðà . Ïî-âèäèìîìó, ýòà ãëóáîêàÿ
ìûñëü ïîñëóæèëà ïóòåâîäíîé çâåçäîé äëÿ ñîçäàíèÿ â Êàçàíñêîì óíèâåðñèòåòå
àñòðîíîìè÷åñêîé îáñåðâàòîðèè â 1836 ã., êîòîðàÿ íà÷àëà äåéñòâîâàòü â 1838 ã.,
ò. å. íà ãîä ðàíüøå Ïóëêîâñêîé. Íàäî îòìåòèòü, ÷òî èìåííî Í.È. Ëîáà÷åâñêèé
ñàì ñïðîåêòèðîâàë çäàíèå îáñåðâàòîðèè, êîòîðîå íàõîäèòñÿ âî äâîðå çäàíèÿ
Êàçàíñêîãî óíèâåðñèòåòà.

Îäíàêî íàó÷íûå èäåè Ëîáà÷åâñêîãî íå áûëè ïîíÿòû ñîâðåìåííèêàìè. Åãî
òðóä ¾Î íà÷àëàõ ãåîìåòðèè¿, ïðåäñòàâëåííûé â 1832 ãîäó ñîâåòîì óíèâåðñèòåòà
â Àêàäåìèþ íàóê, ïîëó÷èë ó Ì. Â. Îñòðîãðàäñêîãî îòðèöàòåëüíóþ îöåíêó. Â
èðîíè÷åñêè-ÿçâèòåëüíîì îòçûâå íà êíèãó Îñòðîãðàäñêèé îòêðîâåííî ïðèçíàë-
ñÿ, ÷òî îí íè÷åãî â íåé íå ïîíÿë, êðîìå äâóõ èíòåãðàëîâ, îäèí èç êîòîðûõ, ïî
åãî ìíåíèþ, áûë âû÷èñëåí íåâåðíî (íà ñàìîì äåëå îøèáñÿ ñàì Îñòðîãðàäñêèé).
Ñðåäè äðóãèõ êîëëåã òàêæå ïî÷òè íèêòî Ëîáà÷åâñêîãî íå ïîääåðæàë, ðîñëè íåïî-
íèìàíèå è íåâåæåñòâåííûå íàñìåøêè. Âåíöîì òðàâëè ñòàë èçäåâàòåëüñêèé
àíîíèìíûé ïàñêâèëü (ïîäïèñàííûé ïñåâäîíèìîì Ñ. Ñ.), ïîÿâèâøèéñÿ â æóð-
íàëå Ô. Áóëãàðèíà ¾Ñûí îòå÷åñòâà¿ â 1834 ãîäó: ¾Äëÿ ÷åãî æå ïèñàòü, äà åù¼ è
ïå÷àòàòü, òàêèå íåëåïûå ôàíòàçèè? ... Êàê ìîæíî ïîäóìàòü, ÷òîáû ã. Ëîáà÷åâ-
ñêèé, îðäèíàðíûé ïðîôåññîð ìàòåìàòèêè, íàïèñàë ñ êàêîé-íèáóäü ñåðü¼çíîé
öåëüþ êíèãó, êîòîðàÿ íåìíîãî áû ïðèíåñëà ÷åñòè è ïîñëåäíåìó ïðèõîäñêîìó
ó÷èòåëþ? Åñëè íå ó÷¼íîñòü, òî ïî êðàéíåé ìåðå çäðàâûé ñìûñë äîëæåí èìåòü
êàæäûé ó÷èòåëü, à â íîâîé ãåîìåòðèè íåðåäêî íåäîñòàåò è ñåãî ïîñëåäíåãî. . . .
Íîâàÿ Ãåîìåòðèÿ ... íàïèñàíà òàê, ÷òî íèêòî èç ÷èòàâøèõ å¼ ïî÷òè íè÷åãî íå
ïîíÿë...¿
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Ðèñ. 13.2 Íèêîëàé Èâàíîâè÷ Ëîáà÷êâñêèé � îñíîâîïîëîæíèê íååâêëèäîâîé ãåîìåòðèè

Ðèñ. 13.3 Òèòóëüíûé ëèñò êíèãè
Ëîáà÷åâñêîãî ¾Âîîáðàæàåìàÿ ãåîìåòðèÿ¿

Ðèñ. 13.4 Ðåàëèçàöèÿ ãåîìåòðèè
Ëîáà÷åâñêîãî íà ïñåâäîñôåðå
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13.3 Êîâàðèàíòíîå äèôôåðåíöèðîâàíèå è òåíçîð Ðèìàíà

Ïîýòîìó äëÿ íàõîæäåíèÿ óðàâíåíèé ãðàâèòàöèîííîãî ïîëÿ ìû äîëæíû ïîñòðî-
èòü êîâàðèàíòíûå äèôôåðåíöèàëüíûå îïåðàòîðû 2-ãî ïîðÿäêà îòíîñèòåëüíî
êîìïîíåíò ìåòðè÷åñêîãî òåíçîðà. Íî êîâàðèàíòíûå ïðîèçâîäíûå îò ìåòðè÷å-
ñêîãî òåíçîðà òîæäåñòâåííî ðàâíû íóëþ. Äàëåå, îáúåêòû, ñîñòîÿùèå èç ÷àñòíûõ
ïðîèçâîäíûõ ìåòðè÷åñêîãî òåíçîðà, ñèìâîëû Êðèñòîôôåëÿ ­ i

j k íå ÿâëÿþòñÿ

êîìïîíåíòàìè òåíçîðà. Ïðè êîîðäèíàòíûõ ïðåîáðàçîâàíèÿõ ýòè îáúåêòû ïðå-
îáðàçóþòñÿ ïî çàêîíó (ñì. Èãíàòüåâ, äîêàçàòü ñàìîñòîÿòåëüíî) :

¡ i 0

j 0k0 Æ¡ i
j k Ai 0

i A
j
j 0A

k
k0Å

@2x i

@x j 0@xk0 Ai 0

i (13.12)

Ïðè ýòîì ìîæíî äîêàçàòü ñëåäóþùåå óòâåðæäåíèå (ñì. Èãíàòüåâ êèíåòèêà,
äîêàçàòü ñàìîñòîÿòåëüíî) . Ïóñòü Vn è V̄n � ðèìàíîâû ïðîñòðàíñòâà â îáùåé
êîîðäèíàöèè {x} ñ ìåòðèêàìè gi k è ḡi k . Òîãäà îáúåêòû

­ i j ,k Æ¡̄ i j ,k ¡ ¡ i j ,k è ­ i
j k Æ¡̄ i

j k ¡ ¡ i
j k (13.13)

ÿâëÿþòñÿ êîìïîíåíòàìè òåíçîðîâ âàëåíòíîñòè (3,0) è (2,1).
Ìîæíî òàêæå ïîêàçàòü (ñì. Ïåòðîâ, äîêàçàòü ñàìîñòîÿòåëüíî) , ÷òî èç ñèìâî-

ëîâ Êðèñòîôôåëÿ è èõ ïåðâûõ ïðîèçâîäíûõ ìîæíî ïîñòðîèòü òåíçîð âàëåíòíî-
ñòè (3,1):

Ri
j kl Æ2@[k ¡ i

l ] j Å 2¡ m
j [l ¡

i
k ]m , (13.14)

ãäåa[i k ] ´ 1
2(ai k ¡ aki ) � îïåðàöèÿ àëüòåðíèðîâàíèÿ òåíçîðà a ïî èíäåêñàì

i ,k. Òåíçîð Ri j kl íàçûâàåòñÿ òåíçîðîì êðèâèíû èëè òåíçîðîì Ðèìàíà .

13.4 Ñâîéñòâà òåíçîðà Ðèìàíà

Îí îáëàäàåò ñëåäóþùèìè àëãåáðàè÷åñêèìè ñâîéñòâàìè (ñì. Ïåòðîâ, äîêàçàòü
ñàìîñòîÿòåëüíî) :

Ri j kl Æ ¡Rj i kl Æ ¡Ri j l k ; (13.15)

Ri j kl Æ Rkl i j ; (13.16)

Ri ( j kl ) ´
1

3!
(Ri j kl Å Ri l j k Å Ri kl j ) Æ0, (13.17)

êðóãëûìè ñêîáêàìè îáîçíà÷åíà îïåðàöèÿ ñèììåòðèçàöèè. Êðîìå òîãî, òåíçîð
Ðèìàíà óäîâëåòâîðÿåò íåêîòîðûì äèôôåðåíöèàëüíûì òîæäåñòâàì, êîòîðûå
íàçûâàþòñÿ òîæäåñòâàìè Áèàíêè (ñì. Ïåòðîâ):

Ri
j [kl ,m ] Æ0 ) Ri

j kl ,m Å Ri
jmk ,l Å Ri

j lm ,k Æ0; (,i ´ r i ). (13.18)
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Ñâåðòêîé òåíçîðà Ðèìàíà ïî ïåðâîìó è òðåòüåìó èíäåêñàì ìîæíî ïîëó-
÷èòü ñèììåòðè÷íûé òåíçîð âàëåíòíîñòè (2,0) � òåíçîð Ðè÷÷è , ïîñëåäóþùåé
ñâåðòêîé êîòîðîãî ïîëó÷èì ñêàëÿðíóþ êðèâèçíó :

Ri k ÆR
j
i j k ; R Æg i k Ri k . (13.19)

Èç ýòèõ äâóõ îáúåêòîâ è ìåòðè÷åñêîãî òåíçîðà ìîæíî îáðàçîâàòü ñèììåòðè÷íûé
òåíçîð âàëåíòíîñòè (2,0). îáû÷íî íàçûâàåìûé òåíçîðîì Ýéíøòåéíà , õîòÿ îí
áûë èçâåñòåí ãåîìåòðàì è ðàíåå:

Gi k ÆRi k ¡
1

2
gi k R. (13.20)

Âñëåäñòâèå òîæäåñòâ Áèàíêè (13.18) êîâàðèàíòíàÿ äèâåðãåíöèÿ òåíçîðà Ýéí-
øòåéíà òîæäåñòâåííî ðàâíà íóëþ (ñì. Ïåòðîâ, äîêàçàòü ñàìîñòîÿòåëüíî) :

r kGk
i ´ 0. (13.21)

13.5 Óðàâíåíèÿ Ýéíøòåéíà

Ó÷èòûâàÿ, ÷òî ó íàñ èìååòñÿ ñèììåòðè÷íûé ìàòåðèàëüíûé òåíçîð âòîðîé âà-
ëåíòíîñòè, äèâåðãåíöèÿ êîòîðîãî äîëæíà áûòü ðàâíà íóëþ � òåíçîð ýíåðãèè
-èìïóëüñà Ti k , çàïèøåì óðàâíåíèÿ Ýéíøòåéíà, ïîëó÷åííûå èì â 1915 ãîäó:

Gi k Æ{ Ti k , { � íåêèé êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè . (13.22)

Ïðè àíàëèçå êîñìîëîãè÷åñêîé ìîäåëè Ýéíøòåéí ïðåäëîæèë äîáàâèòü â ëå-
âóþ ÷àñòü óðàâíåíèé ( 13.22) òàê íàçûâàåìûé êîñìîëîãè÷åñêèé ÷ëåí , êîâàðè-
àíòíàÿ ïðîèçâîäíàÿ îò êîòîðîãî àâòîìàòè÷åñêè ðàâíà íóëþ, ¤ gi k , ãäå¤ � íîâàÿ
óíèâåðñàëüíàÿ ïîñòîÿííàÿ, òàê íàçûâàåìàÿ êîñìîëîãè÷åñêàÿ ïîñòîÿííàÿ :

Gi k Å ¤ gi k Æ{ Ti k . (13.23)
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Âû÷èñëåíèå ìåòðè÷åñêèõ âåëè÷èí ñ èñïîëüçîâàíèåì áèáëèîòåêè tensor .

Ðàññìîòðèì ñòàíäàðòíûå êîìàíäû áèáëèîòåêè tensor , ïîçâîëÿþùèå âû÷èñ-
ëèòü äëÿ çàäàííîé ìåòðèêè:

ds2 Ægi k (x)dx i dxk

ˆ ñèìâîëû Êðèñòîôôåëÿ 1-ãî è 2ãî ðîäà:

¡ kl ,i Æ
1

2

¡
@k gl i Å @l gki ¡ @i gkl

¢
;

¡ i
kl Æg i j ¡ kl , j ;

ˆ òåíçîð Ðèìàíà:

Ri
j kl Æ2@[k ¡ i

l ] j Å 2¡ m
j [l ¡

i
k ]m ,

ˆ òåíçîð Ðè÷÷è:

Ri k ÆR
j
i j k ;

ˆ ñêàëÿðíóþ êðèâèçíó:

R Æg i k Ri k ;

ˆ òåíçîð Ýéíøòåéíà:

Gi k ÆRi k ¡
1

2
gi k R.

1) Çàãðóçêà áèáëèîòåêètensor â ïàìÿòü:

restart :
with (tensor):

2) Íàéäåì ìåòðè÷åñêèå âåëè÷èíû äëÿ ìåòðèêè Ìèíêîâñêîãî. Çàäàíèå ìåòðèêè:
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g_compts := array (symmetric, sparse, 1..4, 1..4):
g_compts[1,1]:=-1:
g_compts[2,2]:=-1:
g_compts[3,3]:=-1:
g_compts[4,4]:= 1:
g:= create ([-1,-1], eval (g_compts));

g :Ætable

0

B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
4

¡ 1 0 0 0

0 ¡ 1 0 0

0 0 ¡ 1 0

0 0 0 1

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

è âû÷èñëåíèå êîíòðàâàðèàíòíîãî ìåòðè÷åñêîãî òåíçîðà:

g_inv := invert (g, 'detg');

g_inv :Ætable

0

B
B
B
B
B
@

[index_char Æ[1,1], compts Æ

2

6
6
6
6
6
4

¡ 1 0 0 0

0 ¡ 1 0 0

0 0 ¡ 1 0

0 0 0 1

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

3) Îïðåäåëåíèå èìåí êîîðäèíàò è èõ ïîðÿäêà:

coord:=[x,y,z,t];

coord :Æ[x, y,z, t ]

4) d1metric (g, coord) � êîìàíäà âû÷èñëåíèÿ ïåðâûõ ÷àñòíûõ ïðîèçâîäíûõ îò
ìåòðèêè g ïî êîîðäèíàòàì coord :

D1g := d1metric (g,coord);

5) Christoffel1(D1g) � êîìàíäà âû÷èñëåíèÿ ñèìâîëîâ Êðèñòîôôåëÿ 1-ãî ( ¡ i j ,k )
ñ ïîìîùüþ ÷àñòíûõ ïðîèçâîäíûõ D1g:

Cf1 := Christoffel1 (D1g);

6) Christoffel2 (g_inv, Cf1) � êîìàíäà âû÷èñëåíèÿ ñèìâîëîâ Êðèñòîôôåëÿ 2-
ãî ðîäà ( ¡ i

j k ) îòíîñèòåëüíî ñèìâîëîâ Êðèñòîôôåëÿ 1-ãî ðîäà Cf1 ñ ïîìîùüþ

êîíòðàâàðèàíòíîãî ìåòðè÷åñêîãî òåíçîðà g_inv:

Cf2 := Christoffel2 (g_inv, Cf1);

7) d2metric(D1g, coord) � êîìàíäà âû÷èñëåíèÿ âòîðûõ ÷àñòíûõ ïðîèçâîäíûõ
îò ìåòðèêè ïî êîîðäèíàòàì coord ñ èñïîëüçîâàíèåì ïåðâûõ ÷àñòíûõ ïðîèçâîä-
íûõ D1g:

D2g := d2metric (D1g, coord);
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8) Riemann(g_inv, D2g, Cf1) � êîìàíäà âû÷èñëåíèÿ òåíçîðà Ðèìàíà Ri klm ñ
ïîìîùüþ êîíòðàâàðèàíòíîãî ìåòðè÷åñêîãî òåíçîðà g_inv, âòîðûõ ÷àñòíûõ ïðî-
èçâîäíûõ îò ìåòðèêè D2g è ñèìâîëîâ Êðèñòîôôåëÿ 1-ãî ðîäà Cf1:

RMN := Riemann (g_inv, D2g, Cf1);

9) Ricci(g_inv, RMN) � êîìàíäà âû÷èñëåíèÿ òåíçîðà Ðè÷÷è Ri k ñ èñïîëüçîâà-
íèåì òåíçîðà Ðèìàíà RMN è êîíòðàâàðèàíòíîãî ìåòðè÷åñêîãî òåíçîðà g_inv:

RCC := Ricci (g_inv, RMN);

RICCI :Ætable

0

B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
4

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

10) Ricciscalar(g_inv, RMN) � êîìàíäà âû÷èñëåíèÿ ñêàëÿðíîé êðèâèçíû (ñêà-
ëÿð Ðè÷÷è) R ñ èñïîëüçîâàíèåì òåíçîðà Ðè÷÷è RCCè êîíòðàâàðèàíòíîãî ìåò-
ðè÷åñêîãî òåíçîðà g_inv:

RS := Ricciscalar (ginv, RCC):

RS:Ætable
¡
[index_char Æ[], compts Æ0]

¢

11) Einstein(g, RCC, RS) � êîìàíäà âû÷èñëåíèÿ òåíçîðà Ýéíøòåéíà Gi k äëÿ
çàäàííîé ìåòðèêè g, ïðåäâàðèòåëüíî âû÷èñëåííûõ òåíçîðà Ðè÷÷è, RCC, è ñêà-
ëÿðíîé êðèâèçíû, RS:

Estn := Einstein (g, RCC, RS);

Estn :Ætable

0

B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
4

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

Êîâàðèàíòíàÿ ïðîèçâîäíàÿ

12) cov_diff(A, coord, Cf2) � êîìàíäà âû÷èñëåíèÿ êîâàðèàíòíûõ ïðîèçâîäíûõ
îò òåíçîðà A îòíîñèòåëüíî ñèìâîëîâ Êðèñòîôôåëÿ 2-ãî ðîäà Cf2:

cov_diff (g, coord, Cf2);

Ñâåðòêà òåíçîðîâ

13) Êîìàíäà prod(A,B,[i,k]) âû÷èñëÿåò ñâåðòêó òåíçîðîâ A è B ïî èíäåêñàì i(A)
è k(B) . Èíäåêñû äîëæíû áûòü â ðàçíûõ ïîçèöèÿõ:
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prod (g, g_inv, [1,1]);

table

0

B
B
B
B
B
@

[index_char Æ[¡ 1,1],compts Æ

2

6
6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

3

7
7
7
7
7
5

]

1

C
C
C
C
C
A

Çàäà÷à:

Ïîêàçàòü, ÷òî äëÿ ñôåðè÷åñêè-ñèììåòðè÷íîé ìåòðèêè êîâàðèàíòíàÿ äèâåð-
ãåíöèÿ òåíçîðà Ýéíøòåéíà òîæäåñòâåííî ðàâíà íóëþ.

1) Çàäàíèå ñôåðè÷åñêèõ êîîðäèíàò è ñôåðè÷åñêè-ñèììåòðè÷íîãî ìåòðè÷åñêîãî
òåíçîðà:

coord := [r, theta, phi, t]:
g_compts := array (symmetric,sparse, 1..4, 1..4):
g_compts[1,1] := -exp(lambda(r,t)):
g_compts[2,2] := -r^2:
g_compts[3,3] := -r^2*sin(theta)^2:
g_compts[4,4] := exp(nu(r,t)):
g := create ( [-1,-1], eval (g_compts));

g :Ætable

0

B
B
B
B
B
B
B
@

[compts Æ

2

6
6
6
6
6
6
6
4

¡ e¸ (r ,t ) 0 0 0

0 ¡ r 2 0 0

0 0 ¡ r 2 (sin (µ))2 0

0 0 0 eº (r ,t )

3

7
7
7
7
7
7
7
5

,index_char Æ[¡ 1,¡ 1]]

1

C
C
C
C
C
C
C
A

2) Âû÷èñëåíèå îáðàòíîãî ìåòðè÷åñêîãî òåíçîðà:

ginv:= invert (g, 'detg');

ginv :Ætable

0

B
B
B
B
B
B
B
B
B
@

[compts Æ

2

6
6
6
6
6
6
6
6
6
4

¡
³
e¸ (r ,t )

´¡ 1
0 0 0

0 ¡ r ¡ 2 0 0

0 0 ¡ 1
r 2(sin(µ))2

0

0 0 0
³
eº (r ,t )

´¡ 1

3

7
7
7
7
7
7
7
7
7
5

,index_char Æ[1,1]]

1

C
C
C
C
C
C
C
C
C
A

3) Âû÷èñëåíèå ñèìâîëîâ Êðèñòîôôåëÿ 1-ãî è 2-îãî ðîäà, òåíçîðîâ Ðèìàíà è
Ðè÷÷è, ñêàëÿðíîé êðèâèçíû è òåíçîðà Ýéíøòåéíà:

D1g := d1metric (g, coord):
Cf1 := Christoffel1 (D1g):
Cf2 := Christoffel2 (ginv, Cf1):
D2g := d2metric (D1g, coord):
RMN := Riemann (ginv, D2g, Cf1):
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RCC := Ricci (ginv, RMN):
RS := Ricciscalar (ginv, RCC):
G := Einstein (g, RCC, RS):

4) Âû÷èñëåíèå ñìåøàííûõ êîìïîíåíò òåíçîðà Ýéíøòåéíà Gi
k è âûâîä íåíóëå-

âûõ êîìïîíåíò:

G_comb := prod (G, ginv, [2,2]):
G11 := expand ( get_compts (G_comb)[1,1]);
G22 := expand ( get_compts (G_comb)[2,2]);
G33 := expand ( get_compts (G_comb)[3,3]);
G14 := expand ( get_compts (G_comb)[1,4]);
G44 := expand ( get_compts (G_comb)[4,4]);

G11 :Æ
@
@r º (r , t )

r e¸ (r ,t )
¡ r ¡ 2 Å

1

e¸ (r ,t )r 2

G22 :Æ ¡1/4

³
@
@t ¸ (r , t )

´2

eº (r ,t )
Å 1/4

³
@
@t ¸ (r , t )

´
@
@t º (r , t )

eº (r ,t )
¡ 1/4

³
@
@r ¸ (r , t )

´
@
@r º (r , t )

e¸ (r ,t )

1/4

³
@
@r º (r , t )

´2

e¸ (r ,t )
¡ 1/2

@2

@t 2 ¸ (r , t )

eº (r ,t )
Å 1/2

@2

@r 2 º (r , t )

e¸ (r ,t )
¡ 1/2

@
@r ¸ (r , t )

r e¸ (r ,t )
Å 1/2

@
@r º (r , t )

r e¸ (r ,t )

G33 :Æ ¡1/4

³
@
@t ¸ (r , t )

´2

eº (r ,t )
Å 1/4

³
@
@t ¸ (r , t )

´
@
@t º (r , t )

eº (r ,t )
¡ 1/4

³
@
@r ¸ (r , t )

´
@
@r º (r , t )

e¸ (r ,t )

1/4

³
@
@r º (r , t )

´2

e¸ (r ,t )
¡ 1/2

@2

@t 2 ¸ (r , t )

eº (r ,t )
Å 1/2

@2

@r 2 º (r , t )

e¸ (r ,t )
¡ 1/2

@
@r ¸ (r , t )

r e¸ (r ,t )
Å 1/2

@
@r º (r , t )

r e¸ (r ,t )

G14 :Æ ¡
@
@t ¸ (r , t )

r eº (r ,t )

G44 :Æ ¡
@
@r ¸ (r , t )

r e¸ (r ,t )
¡ r ¡ 2 Å

1

r 2e¸ (r ,t )

5) Âû÷èñëåíèå êîâàðèàíòíûõ ïðîèçâîäíûõ îò òåíçîðà Ýéíøòåéíà, r l G
i
k :

CDG:=cov_diff (G_comb,coord,Cf2):

6) Êîâàðèàíòíàÿ äèâåðãåíöèÿ òåíçîðà Ýéíøòåéíà, r i G
i
k , � ñâåðòêà ïîëó÷åííîãî

òåíçîðà ïî 2 è 3 èíäåêñàì:

DivG:= get_compts (contract(CDG,[2,3])):
expand (DivG[1]);
expand (DivG[2]);
expand (DivG[3]);
expand (DivG[4]);

0

0

0

0

Âèäíî, ÷òî êîìïîíåíòû äèâåðãåíöèè òîæäåñòâåííî ðàâíû íóëþ.
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Ëèíåéíîå ïðèáëèæåíèå

îáùåé òåîðèè îòíîñèòåëüíîñòè

14.1 Ðàçëîæåíèå òåíçîðà Ðèìàíà ïî ñëàáîñòè ãðàâèòàöèîííîãî ïîëÿ

Íà ïðîøëîé ëåêöèè ìû ñôîðìóëèðîâàëè ïðèíöèï ñîîòâåòñòâèÿ è ðàññìîò-
ðåëè íåðåëÿòèâèñòñêèé ïðåäåë îáùåé òåîðèè îòíîñèòåëüíîñòè. Òåïåðü ìû íå
áóäåì íàëàãàòü óñëîâèå ìàëîñòè ñêîðîñòåé ÷àñòèö, à ëèøü óñëîâèå ìàëîñòè
ãðàâèòàöèîííûõ ïîëåé.

Ïóñòü íàì çàäàíû äâà ïðîñòðàíñòâà â îáùåé êîîðäèíàöèè {x i } � ïñåâäîåâ-
êëèäîâî ïðîñòðàíñòâî E¤

4 è ëîêàëüíî ïñåâäîåâêëèäîâî ðèìàíîâî ïðîñòðàíñòâî
V4 ñ ñèãíàòóðîé ìåòðèê ds2 è d s̄2 (¡ ,¡ ,¡ ,Å) (V4 â äàëüíåéøåì äëÿ êðàòêîñòè
áóäåì íàçûâàòü ïñåâäîðèìàíîâûì ):

ds2 Ægi k dx i dxk ; d s̄2 Æḡi k dx i dxk . ) h i k ´ ḡi k ¡ gi k ; (14.1)

° i k Æḡ i k ¡ g i k ; h i j g i k Æ ¡gi j ° i k ¡ h i j ° i k . (14.2)

Ïîñëåäíåå ñîîòíîøåíèå ñâÿçûâàåò àëãåáðàè÷åñêè êîíòðâàðèàíòíûå âîçìóùå-
íèÿ ìåòðèêè ñ êîâàðèàíòíûìè.

Íà ïðîøëîé ëåêöèè ìû ïîêàçàëè, ÷òî ðàçíîñòè ñèìâîëîâ Êðèñòîôôåëÿ

­ i
j k ´ ¡̄ i

j k ¡ ¡ i
j k (14.3)

ÿâëÿþòñÿ êîìïîíåíòàìè òåíçîðîâ.
Ïåðåïèñûâàÿ óðàâíåíèÿ ãåîäåçè÷åñêèõ â V4

±ū i

±s̄
´ ūk r̄ k ū i Æ0 (14.4)

â òåðìèíàõ ïðîñòðàíñòâà E¤
4 , ïîëó÷èì ýêâèâàëåíòíîå óðàâíåíèå ìèðîâîé ëè-

íèè, âïåðâûå ïîëó÷åííîìó â 1968 ã. À.Ç. Ïåòðîâûì â çàäà÷å ìîäåëèðîâàíèÿ
ãðàâèòàöèîííîãî ïîëÿ (ñì. òàêæå Þ.Ã. Èãíàòüåâ, 1976):

±u i

±s
´ uk r k u i Æ­ i

j k u j uk ¡ u i ­ j k ,l u
j uk u l ´ (±i

l ¡ u i u l )­
l
j k u j uk . (14.5)

Ïðàâóþ ÷àñòü ( 14.5) ìîæíî èíòåðïðåòèðîâàòü êàê ñèëó, îðòîãîíàëüíóþ âåêòîðó
ñêîðîñòè u i (äîêàçàòü ñàìîñòîÿòåëüíî) .

Áóäåì ðàññìàòðèâàòü ñëàáûå ãðàâèòàöèîííûå ïîëÿ . Âûáåðåì ñèñòåìó îò-
ñ÷åòà, â êîòîðîé ìåòðèêà ïñåâäîåâêëèäîâà ïðîñòðàíñòâà E¤

4 ñîâïàäàåò ñ ìåòðè-
êîé Ìèíêîâñêîãî, à âîçìóùåíèÿ ìåòðèêè h i k ÿâëÿþòñÿ ìàëûìè:

gi k
¤
Æ´ i k ´ Diag(¡ 1,¡ 1,¡ 1,Å1); h i k ¿ 1. (14.6)
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Òîãäà â ïðîèçâîëüíûõ êîîðäèíàòàõ ïîëó÷èì ñîîòíîøåíèÿ:

° i k ¼ ¡ h i k ; ­ i
j k ¼

1

2
g i l (hkl , j Å h j l ,k ¡ h j k ,l ), (14.7)

ãäå èíäåêñû ïîäíèìàþòñÿ è îïóñêàþòñÿ ñ ïîìîùüþ ìåòðèêè gi k , îòíîñèòåëüíî
êîòîðîé îïðåäåëåíû è êîâàðèàíòíûå ïðîèçâîäíûå h i k , j ´ r j h i k .
Íåòðóäíî ïîêàçàòü, ÷òî ðàçíîñòü òåíçîðîâ Ðèìàíà è Ðè÷÷è äâóõ ñîîòâåòñòâó-
þùèõ ïðîñòðàíñòâ òàêæå ïîëíîñòüþ âûðàæàåòñÿ ñ ïîìîùüþ ­ i

j k è èõ ïåðâûõ

êîâàðèàíòíûõ ïðîèçâîäíûõ (ñì. Þ.Ã. Èãíàòüåâ, 1976). Òàê, íàïðèìåð,

R̄i k ¡ Ri k ´ ­ l
i k ,l ¡

1

2
(­ l

i l ,k Å ­ l
kl ,i ) ¡ ­ l

mk ­ m
i l Å ­ l

i k ­ m
lm . (14.8)

Â ñëó÷àå, êîãäà îäíî èç ïðîñòðàíñòâ ÿâëÿåòñÿ ïðîñòðàíñòâîì Ìèíêîâñêîãî,
Ri k Æ0. Â ÷àñòíîñòè, â ïñåâäîäåêàðòîâîé ñèñòåìå êîîðäèíàò ­ i

j k
¤
Æ¡ i

j k :

R̄i k ´ Ri k Æ@l ¡
l
i k ¡

1

2
(@k ¡ l

i l Å @i ¡ l
kl ) ¡ ¡ l

mk ¡ m
i l Å ¡ l

i k ¡ m
lm ; (14.9)

¡ l
i k ¼

1

2
´ l j (@i hk j Å @k h i j ¡ @j h i k ). (14.10)

Âû÷èñëÿÿ, íàéäåì:

r l ­
l
i k Æ

1

2
(r i l h l

k År kl h l
i ¡ � h i k ); � ´ g lm r lm ; (14.11)

­ l
i l Æ

1

2
r i h )

1

2
(­ l

i l ,k Å ­ l
kl ,i ) Æ

1

2
r i k h, h ´ g j l h j l . (14.12)

Òàêèì îáðàçîì, â ëèíåéíîì ïî h i k ïðèáëèæåíèè ïîëó÷èì äëÿ òåíçîðà Ðè÷÷è
(14.9) âûðàæåíèå (âû÷èñëèòü ñàìîñòîÿòåëüíî) :

Ri k ¼
1

2
(r i l h l

k År kl h l
i ¡ r i k h ¡ � h i k )

´
1

2
(r i l Ã l

k År kl Ã l
i ¡ � (Ã i k ¡

1

2
Ã gi k )), (14.13)

ãäå ââåäåíû íîâûå òåíçîðíûå ïåðåìåííûå

Ã i k ´ h i k ¡
1

2
hg i k , h i k ´ Ã i k ¡

1

2
Ã gi k . (14.14)

Òàêèì îáðàçîì, íàéäåì, ñâîðà÷èâàÿ:

R ¼ r j l Ã j l Å
1

2
� Ã; (14.15)

Gi k ¼
1

2
(r i l Ã l

k År kl Ã l
i ¡ gi k r j l Ã j l ¡ � Ã i k ) (14.16)
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14.2 Ðàçëîæåíèå òåíçîðà ýíåðãèè - èìïóëüñà

Óðàâíåíèÿ Ýéíøòåéíà âñëåäñòâèå äèôôåðåíöèàëüíûõ òîæäåñòâ Áèàíêè ïîçâî-
ëÿþò íàëîæèòü 4 äîïîëíèòåëüíûå äîñòàòî÷íî ïðîèçâîëüíûå êàëèáðîâî÷íûå
óñëîâèÿ . Âûáåðåì èõ â ñëåäóþùåì óäîáíîì âèäå, àíàëîãè÷íîì êàëèáðîâêå
Ëîðåíöà äëÿ ýëåêòðîìàãíèòíîãî ïîëÿ:

Ã k
i ,k Æ0 , hk

i ,k ¡
1

2
h ,i Æ0. (14.17)

Òàêèì îáðàçîì, â êàëèáðîâêå ( 14.17) âûðàæåíèå äëÿ òåíçîðà Ýéíøòåéíà
(14.16) ñóùåñòâåííî óïðîùàåòñÿ:

Gi k ¼ ¡
1

2
� Ã i k Æ{ Ti k . (14.18)

Ðàññìîòðèì òåïåðü âûðàæåíèå â ïðàâîé ÷àñòè óðàâíåíèé Ýéíøòåéíà, â êà÷å-
ñòâå êîòîðîãî áóäåì èñïîëüçîâàòü òåíçîð ýíåðãèè - èìïóëüñà (ÒÝÈ) èäåàëüíîé
æèäêîñòè:

Ti k Æ(" Å P)u i uk ¡ Pgi k , (u ,u) Æ1, (14.19)

ãäå ñêàëÿðû " (x) è P(x) � ïëîòíîñòü ýíåðãèè è äàâëåíèå èçîòðîïíîé èäåàëüíîé
æèäêîñòè. Ñâåðòêà ýòîãî òåíçîðà äàåò T Æ" ¡ 3P. Òàêèì îáðàçîì, óðàâíåíèÿ
Ýéíøòåéíà äëÿ èäåàëüíîé æèäêîñòè ïðèíèìàþò âèä:

¡
1

2
� Ã i k Æ{ [(" Å P)u i uk ¡ Pgi k ]. (14.20)

Êàê îòìå÷àëîñü ðàíåå, ñëåäñòâèåì óðàâíåíèé Ýéíøòåéíà ÿâëÿþòñÿ çàêîíû ñî-
õðàíåíèÿ ÒÝÈ:

r k T k
i Æ0. (14.21)

Ýòè æå ñîîòíîøåíèÿ ñ ó÷åòîì ( 14.17) ëåãêî ïîëó÷èòü è èç ïðèáëèæåííûõ óðàâ-
íåíèé Ýéíøòåéíà ( 14.33).

Òàêèì îáðàçîì, ïîëó÷èì èç ( 14.21) ñ ó÷åòîì ( 14.19):

(" Å P),k uk u i Å (" Å P)(u i ,k uk Å u i uk
,k ) ¡ P,i Æ0. (14.22)

Èç óñëîâèÿ åäèíè÷èíîñòè âåêòîðà ñêîðîñòè ìàòåðèè, u i , � (u ,u) Æ1 ïîëó÷èì:

r i (u ,u) Æ0 ) uk ,i uk Æ0. (14.23)

Òàêèì îáðàçîì, ñâîðà÷èâàÿ ( 14.22) ñu i , ïîëó÷èì ¾ çàêîí ñîõðàíåíèÿ ýíåðãèè ¿:
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" ,k uk Å (" Å P)uk
,k Æ0 , uk @k " Å

1
p

¡ g
@k (

p
¡ guk )(" Å P) Æ0. (14.24)

Ó÷èòûâàÿ ïîëó÷åííîå ñîîòíîøåíèå ( 14.24) â (14.22) è ïîäíèìàÿ èíäåêñ i ,
ïðèâåäåì ïîñëåäíåå ê âèäó Ëàãðàíæåâà óðàâíåíèÿ äâèæåíèÿ ñ ïëîòíîñòüþ
ñèëû , îðòîãîíàëüíîé ñêîðîñòè:

(" Å P)u i
,k uk ¡ P,k (g i k ¡ u i uk ) Æ0 , (" Å P)

Du i

±s
ÆP,k (g i k ¡ u i uk ). (14.25)

14.3 Óðàâíåíèÿ ëèíåéíîé òåîðèè ãðàâèòàöèè è èõ ðåøåíèÿ

Ðàññìîòðèì â êà÷åñòâå èñòî÷íèêà ãðàâèòàöèîííîãî ïîëÿ ñèñòåìó ÷àñòèö ñ ìàñ-
ñîé m a , äâèæóùèõñÿ ïî âðåìåíèïîäîáíûì ìèðîâûì ëèíèÿì x i Æx i

a(s). Íà
Ëåêöèè 12 ìû ââîäèëè ÒÝÈ ñèñòåìû ÷àñòèöû:

T (p) ik Æ
X

a
m ac2

Å1Z

¡1

u i
a(sa)uk

a (sa)±4(x,xa(s))dsa . (14.26)

Ðàññìîòðèì ëèíåàðèçèðîâàííûå óðàâíåíèÿ Ýéíøòåéíà ( 14.18) ñ ýòèì ÒÝÈ:

¡
1

2
� Ã i k Æ{

X

a
m ac2

Å1Z

¡1

u i
a(sa)uk

a (sa)±4(x,xa(s))dsa . (14.27)

Êàê ñëåäóåò èç ðåçóëüòàòîâ ëåêöèè12 (ôîðìóëà ( 12.26)), êîâàðèàíòíàÿ äèâåð-
ãåíöèÿ ýòîãî òåíçîðà ðàâíà

r k T (p) ik Æ
X

a
m ac2

Å1Z

¡1

±4(x,xa(s))
Du i

a

±sa
dsa (14.28)

è ðàâíà òîæäåñòâåííî íóëþ, åñëè âñå ÷àñòèöû äâèæóòñÿ ïî ãåîäåçè÷åñêèì, ò.å.,
åñëè íà íèõ íå äåéñòâóþ äðóãèå ïîëÿ, êðîìå ãðàâèòàöèîííîãî, ïîýòîìó äèôôå-
ðåíöèàëüíûå ñëåäñòâèÿ óðàâíåíèé Ýéíøòåéíà òîæäåñòâåííî âûïîëíÿþòñÿ â
ýòîì ñëó÷àå. Àíàëîãè÷íî ìîæíî óáåäèòüñÿ è â òîì, ÷òî äëÿ ñèñòåìû çàðÿæåííûõ
÷àñòèö çàêîíû ñîõðàíåíèÿ ýíåðãèè - èìïóëüñà òîæäåñòâåííî âûïîëíÿþòñÿ ïðè
âûïîëíåíèè óðàâíåíèé Ìàêñâåëëà è ñîîòâåòñòâóþùèõ óðàâíåíèé äâèæåíèÿ
çàðÿæåííûõ ÷àñòèö.

Ïðîèçâîäÿ ÷åòûðåõìåðíîå Ôóðüå - ïðåîáðàçîâàíèå óðàâíåíèé ( 14.27) äëÿ
îäèíî÷íîé ìàññû è îáðàòíîå ê íåìó, íàéäåì àíàëîãè÷íî Ëåêöèè 12 ïîòåíöèàëû
¾Ëèåíàðà - Âèõåðòà¿ äëÿ ãðàâèòàöèîííîãî ïîëÿ (ìû ó÷ëè ñîîòíîøåíèå { Æ
8¼G/ c4):
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Ã i k Æ ¡
2{ c2

4¼

mu i uk

(u ,R)

¯
¯
¯
¯
¯
Z Æ0

´ ¡
4mG

c2

u i uk

(u ,R)

¯
¯
¯
¯
¯
Z Æ0

, (14.29)

ãäå ôóíêöèÿ Z îïðåäåëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì:

d Z

ds
Æ2(u,R); Ri Æx0i (s) ¡ x i ; (14.30)

òî÷êè M (x i ) è M 0(x0i ) � òî÷êè íàáëþäàòåëÿ è ÷àñòèöû, ñîîòâåòñòâåííî.
Â ÷àñòíîñòè, äëÿ îäèíî÷íîé ïîêîÿùåéñÿ â íà÷àëå êîîðäèíàò ÷àñòèö ( u i Æ±i

4,

sÆx4; Z Ær ) íàéäåì èç ( 14.29):

Ã i k Æ ¡±4
i ±4

k
4mG

c2r
) Ã ÆÃ44. (14.31)

Òàêèì îáðàçîì, ïîëó÷èì h44 Æ ¡2mG/ c2r ; h®¯ Æ ¡±®¯ 2mG/ c2r :

gi k ¼c2dt 2
³
1¡

2mG

c2r

´
¡ (dx2 Å d y2 Å dz2)

³
1Å

2mG

c2r

´
. (14.32)

14.4 Ãðàâèòàöèîííûå âîëíû

Ðàññìîòðèì ðåøåíèå ëèíåàðèçèðîâàííûõ óðàâíåíèé Ýéíøòåéíà ( 14.18) â ïó-
ñòîòå:

� Ã i k Æ0. (14.33)

Â äåêàðòîâîé ñèñòåìå êîîðäèíàò ýòè óðàâíåíèÿ ñîâïàäàþò ñ óðàâíåíèåì Ä'Àëàìáåðà
îòíîñèòåëüíî òåíçîðíûõ êîìïîíåíò Ã i k :

µ
1

c2

@2

@t 2 ¡
@2

@x2 ¡
@2

@y2 ¡
@2

@z2

¶
Ã i k Æ0. (14.34)

×àñòíûå ðåøåíèÿ ýòîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè áóäåì èñêàòü â âèäå Ã i k ÆÃ0

ik ei ! t Åi kr . Ïîäñòàâëÿÿ ýòè
ðåøåíèÿ â óðàâíåíèÿ ( 14.34), ïîëó÷èì óñëîâèå èõ íåòðèâèàëüíîé ðàçðåøèìîñòè:

³ ! 2

c2 ¡ k2
´
Ã0

ik Æ0 ) ! Æ §kc. (14.35)

Òàêèì îáðàçîì, îáùåå ðåøåíèå ëèíåàðèçèðîâàííûõ óðàâíåíèé Ýéíøòåéíà â
ïóñòîòå â äåêàðòîâûõ êîîðäèíàòàõ ìîæíî çàïèñàòü â âèäå:
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Ã i k Æ
1

(2¼)3

Å1Z

¡1

Å1Z

¡1

Å1Z

¡1

³
ÃÅ

ik (k)ei (kct Åkr ) Å Ã ¡
i k (k)ei (¡ kct Åkr )

´
d 3k, (14.36)

ãäåÃ§
ik (k) � àìïëèòóäû îïåðåæàþùèõ è çàïàçäûâàþùèõ ¾ïîòåíöèàëîâ¿ ãðà-

âèòàöèîííîãî ïîëÿ.
Ðàññìîòðèì àëãåáðàè÷åñêóþ ñòðóêòóðó ïîñòîÿííûõ òåíçîðîâ Ã§

ik (k), ó÷èòû-
âàÿ, ÷òî âñëåäñòâèå êàëèáðîâî÷íûõ óñëîâèé ( 14.17) ýòè òåíçîðû äîëæíû óäîâëå-
òâîðÿòü àëãåáðàè÷åñêèì óñëîâèÿì:

Ã§
ik (k)kk Æ0. (14.37)

Ïóñòü v i � âðåìåíèïîäîáíûé åäèíè÷íûé âåêòîð ñêîðîñòè íàáëþäàòåëÿ ( (v,v) Æ
1). Òàêèì îáðàçîì, â ïñåâäîåâêëèäîâîì ïðîñòðàíñòâå çàäàíû ñëåäóþùèå òåí-
çîðíûå îáúåêòû: âðåìåíèïîäîáíûé âåêòîð v i , èçîòðîïíûé âîëíîâîé âåêòîð
k i , òåíçîð Ìèíêîâñêîãî ´ i k . Òàê êàê òåíçîðû Ã§

ik (k) ñèììåòðè÷íû, îíè ìîãóò
èìåòü ëèøü ñëåäóþùóþ àëãåáðàè÷åñêóþ ñòðóêòóðó:

Ã i k (k) Æ®v i vk Å ¯ k i kk Å ° (v i kk Å k i vk ) Å ±´ i k , (14.38)

ãäå®,¯ ,° ,± � íåêîòîðûå êîíñòàíòû.
Ñâîðà÷èâàÿ (14.38) ñ âåêòîðîì kk ñ ó÷åòîì êàëèáðîâî÷íîãî ñîîòíîøåíèÿ ( 14.37)
è èçîòðîïíîñòè âîëíîâîãî âåêòîðà, ïîëó÷èì âåêòîðíîå ðàâåíñòâî:

®v i (k ,v) Å [° (k ,v) Å ±]k i Æ0,

Âñëåäñòâèå ëèíåéíîé íåçàâèñèìîñòè âåêòîðîâ v i è k i èõ ëèíåéíàÿ êîìáèíà-
öèÿ ìîæåò îáðàùàòüñÿ â íóëü òîãäà è òîëüêî òîãäà, êîãäà êîýôôèöèåíòû ýòîé
êîìáèíàöèè ðàâíû íóëþ. Òàêèì îáðàçîì:

® Æ0; ± Æ ¡° (k ,u). (14.39)

ãäåÃ§
ik (k) � àìïëèòóäû îïåðåæàþùèõ è çàïàçäûâàþùèõ ¾ïîòåíöèàëîâ¿ ãðàâè-

òàöèîííîãî ïîëÿ.
Â èòîãå àìïëèòóäû Ã§

ik (k) ìîæíî ïðåäñòàâèòü ÷åðåç äâå ñêàëÿðíûå ôóíêöèè, ¯
è ° :

Ã§
ik (k) Æ¯ § k i kk Å ° § (v i kk Å k i vk ¡ ´ i k (k ,u)). (14.40)

Ñîîòíîøåíèÿ ( 14.40) èìåþò ìåñòî áûòü â ïðîèçâîëüíîé ñèñòåìå îòñ÷åòà. Åñëè æå
âûáðàòü ïàäàþùóþ â ãðàâèòàöèîííîì ïîëå, ò.å., ñèíõðîííóþ ñèñòåìó îòñ÷åòà ,
â êîòîðîé:

ds2 Æc2dt 2 Å g®¯ dx®dx¯ ) h4k Æ0 , Ã4k Æ0, (14.41)

òî ïðîñòðàíñòâåííûé òåíçîð Ã®¯ ìîæíî ðàçëîæèòü óæå ïî ïðîñòðàíñòâåííî-
ìó âîëíîâîìó âåêòîðó k è ìåòðè÷åñêîìó òåíçîðó òðåõìåðíîãî åâêëèäîâà ïðî-
ñòðàíñòâà, ±®¯ , à òàêæå íåêîòîðîìó òðåõìåðíîìó âåêòîðó S, îðòîãîíàëüíîìó k
((k,S) Æ0):

Ã®¯ (k) Æ¯ k®k¯ Å ° S®S¯ Å ±(k®S¯ Å S®k¯ ) Å ¾±®¯ , (14.42)
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ïðè÷åì âñëåäñòâèå êàëèáðîâî÷íîãî óñëîâèÿ ( 14.37)

Ã®¯ (k)k ¯ Æ0 ) ¾Æ ¡¯ k2 ¡ ±S2 )

Ã§
®¯ (k) Æ¯ § (k)(k®k¯ ¡ k2±®¯ ) Å

° § S®S¯ Å ±§ (k®S¯ Å S®k¯ ¡ S2±®¯ ). (14.43)

Ñîîòâåòñòâåííî ýòîìó ðàçëîæåíèþ ãðàâèòàöèîííûå ïîëÿ óñëîâíî äåëÿòñÿ íà
3 òèïà: ïðîäîëüíûå (ñêàëÿðíûå), âåêòîðíûå è ïîïåðå÷íûå, îïèñûâàåìûå âåê-
òîðîì ïîëÿðèçàöèè S. Ïîñëåäíèé òèï ãðàâèòàöèîííûõ ïîëåé íàçûâàåòñÿ ãðà-
âèòàöèîííûìè âîëíàìè . Ýòè âîëíû âïîëíå àíàëîãè÷íû ýëåêòðîìàãíèòíûì
âîëíàì. Ïðîäîëüíûå æå ãðàâèòàöèîííûå ïîëÿ àíàëîãè÷íû ýëåêòðè÷åñêèì (êó-
ëîíîâñêèì) ïîëÿì.

Ëèòåðàòóðà ê ëåêöèè

[1] Ë.Ä. Ëàíäàó, Å.Ì. Ëèôøèö. Òåîðåòè÷åñêàÿ ôèçèêà. Òîì II. Òåîðèÿ
ïîëÿ. Ì: Íàóêà � ëþáîå èçäàíèå, íà÷èíàÿ ñ 1973 ã.

[2] Äæ. Ñèíã. Îáùàÿ òåîðèÿ îòíîñèòåëüíîñòè. Ì: Íàóêà � ëþáîå èçäà-
íèå, íà÷èíàÿ ñ 1963 ã.

[3] Èãíàòüåâ Þ.Ã. Äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ êðèâûõ ïîâåðõ-
íîñòåé â åâêëèäîâîì ïðîñòðàíñòâå: ó÷åáíîå ïîñîáèå. IV ñå-
ìåñòð: êóðñ ëåêöèé äëÿ ñòóäåíòîâ ìàòåìàòè÷åñêîãî ôàêóëüòåòà. �
http://libweb.ksu.ru/ebooks/05_120_000327.pdf

[4] Èãíàòüåâ Þ.Ã. Ìàòåìàòè÷åñêèå ìîäåëè òåîðåòè÷åñêîé ôèçè-
êè. Ëåêöèÿ 13. Ïðèíöèïû ðåëÿòèâèñòñêîé òåîðèè ãðàâèòàöèè
(Lection14.pdf) -� http://kpfu.ru/main?p_id=28384

[5] Èãíàòüåâ Þ.Ã. Òåîðèÿ âîçìóùåíèé ãðàâèòàöèîííîãî ïîëÿ // Ãðàâè-
òàöèÿ è òåîðèÿ îòíîñèòåëüíîñòè. � Âûï. 10-11, Êàçàíü:ÊÃÓ. � 1976.
� ñ. 195 � 201.

Ìîäåëèðîâàíèå ìàëûõ âîçìóùåíèé ñôåðè÷åñêè ñèì-
ìåòðè÷íîãî ïðîñòðàíñòâà-âðåìåíè â ÑÊÌ Maple

Çàäà÷à:

Ïîêàçàòü, ÷òî ãåîìåòðèÿ ñôåðè÷åñêè ñèììåòðè÷íîãî ïðîñòðàíñòâà-âðåìåíè,
ïðåäñòàâëÿþùåãî ñîáîé ðåøåíèå ýéíøòåéíîâñêèõ óðàâíåíèé ïîëÿ â âàêóóìå,
ÿâëÿåòñÿ ãåîìåòðèåé Øâàðöøèëüäà (òåîðåìà Áèðêãîôà).
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Ìàòåìàòè÷åñêàÿ ìîäåëü

Ïóñòü ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà-âðåìåíè ḡi k ÿâëÿåòñÿ ñóììîé ïëîñêîé
ìåòðèêè gi k , çàïèñàííîé â ñôåðè÷åñêèõ êîîðäèíàòàõ, è ìàëûõ âîçìóùåíèé
h i k ¿ 1 (14.1):

2

6
6
6
6
6
4

¡ 1 0 0 0

0 ¡ r 2 0 0

0 0 ¡ r 2 sin2 µ 0

0 0 0 1

3

7
7
7
7
7
5

Å

2

6
6
6
6
6
4

A1(r , t ) 0 0 0

0 0 0 0

0 0 0 0

0 0 0 B1(r , t )

3

7
7
7
7
7
5

,

ãäå A1(r , t ), B1(r , t ) � ïðîèçâîëüíûå ìàëûå ôóíêöèè.
Ïðèâåäåì ëèíåéíûé ýëåìåíò ê âèäó, îïèñûâàþùåìó ãåîìåòðèÿ Øâàðöøèëü-

äà:

ds2 Æ
µ
1¡

2m

r

¶2
dt 2 ¡

dr 2

1¡ 2m
r

¡ r 2dµ2 ¡ r 2 sin2 µd ' 2.

Èññëåäîâàíèå ìàòåìàòè÷åñêîé ìîäåëè

Íåîáõîäèìî íàéòè ÿâíûé âèä ôóíêöèé A1(r , t ) è B1(r , t ). Óìíîæèì èõ íà ôîð-
ìàëüíûé ìàëûé ïàðàìåòð ² , ÷òî äàñò âîçìîæíîñòü ðàñêëàäûâàòü ìåòðè÷åñêèå
âåëè÷èíû ïî ìàëîñòè ² . Òîãäà â ëèíåéíîì ïðèáëèæåíèè ïî ìàëîìó ïàðàìåòðó
òåíçîð Ýéíøòåéíà ïðîñòðàíñòâà-âðåìåíè ìîæíî ïðåäñòàâèòü â âèäå ñóììû:

Gi k ÆG(0)
ik Å G(1)

ik ,

ãäåG(0)
ik � òåíçîð Ýéíøòåéíà ôîíîâîãî ïðîñòðàíñòâà. Òàê êàê ìû ðàññìàòðèâàåì

ïëîñêîå ôîíîâîå ïðîñòðàíñòâî, òî G(0)
ik òîæäåñòâåííî ðàâåí íóëþ.

Ïðè óñëîâèè îòñóòñòâèÿ ìàòåðèè Gi k Æ0, ÷òî ïîçâîëÿåò íàéòè èñêîìûå
ôóíêöèè A1(r , t ) è B1(r , t ). À êîíñòàíòû â âûðàæåíèÿõ äëÿ ôóíêöèé ìîæíî îïðå-
äåëèòü ÷åðåç ìàññó òåëà, ïîòðåáîâàâ, ÷òîáû íà áîëüøèõ ðàññòîÿíèÿõ èìåë ìåñòî
çàêîí Íüþòîíà. Òîãäà:

g44 Æ1Å 2Á,

ãäåÁ � íüþòîíîâñêèé ïîòåíöèàë ãðàâèòàöèîííîãî ïîëÿ.

Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè â ÑÊÌ Maple

1) Äëÿ ðåøåíèÿ çàäà÷è íåîáõîäèìî ïîäêëþ÷èòü áèáëèîòåêó tensor :
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restart :
with (tensor):

2) è çàäàòü äëÿ äàëüíåéøèõ âû÷èñëåíèé ñôåðè÷åñêèå êîîðäèíàòû:

coord := [r, theta, phi, t]:

3) Ìåòðèêà ôîíà � ïëîñêîå ïðîñòðàíñòâî-âðåìÿ â ñôåðè÷åñêèõ êîîðäèíàòàõ:

g_back_compts:= array (symmetric,sparse, 1..4, 1..4):
g_back_compts[1,1] := -1:
g_back_compts[2,2] := -r^2:
g_back_compts[3,3] := -r^2*sin(theta)^2:
g_back_compts[4,4] := 1:
g_back := create ( [-1,-1], eval (g_back_compts));

g_back :Ætable

0

B
B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
6
4

¡ 1 0 0 0

0 ¡ r 2 0 0

0 0 ¡ r 2 (sin (µ))2 0

0 0 0 1

3

7
7
7
7
7
7
5

]

1

C
C
C
C
C
C
A

4) Ââåäåì ôîðìàëüíî ìàëûé ïàðàìåòð ² è çàäàäèì òåíçîð ìàëûõ âîçìóùåíèé:

g_pert_compts:= array (symmetric,sparse, 1..4, 1..4):
g_pert_compts[1,1] := A1(r,t)*epsilon:
g_pert_compts[2,2] := 0:
g_pert_compts[3,3] := 0:
g_pert_compts[4,4] := B1(r,t)*epsilon:
g_pert := create ( [-1,-1], eval (g_pert_compts)):

g_pert :Ætable

0

B
B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
6
4

A1(r , t ) ² 0 0 0

0 0 0 0

0 0 0 0

0 0 0 B1(r , t ) ²

3

7
7
7
7
7
7
5

]

1

C
C
C
C
C
C
A

5) Òîãäà, ìåòðè÷åñêèé òåíçîð ñóììû ôîíà è ìàëûõ âîçìóùåíèé ïðèìåò âèä:

g := lin_com (g_back,g_pert);

g :Ætable

0

B
B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
6
4

A1(r , t ) ² ¡ 1 0 0 0

0 ¡ r 2 0 0

0 0 ¡ r 2 (sin (µ))2 0

0 0 0 B1(r , t ) ² Å 1

3

7
7
7
7
7
7
5

]

1

C
C
C
C
C
C
A

6) Ñ ïîìîùüþ ñòàíäàðòíûõ êîìàíä áèáëèîòåêè tensor ïðîèçâåäåì ïðîìåæó-
òî÷íûå âû÷èñëåíèÿ è íàéäåì òåíçîð Ýéíøòåéíà:

ginv := invert (g,'detg'):
D1g := d1metric (g, coord):
Cf1 := Christoffel1 (D1g):
Cf2 := Christoffel2 (ginv, Cf1):
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D2g := d2metric (D1g, coord):
RMN := Riemann (ginv, D2g, Cf1):
RCC := Ricci (ginv, RMN):
RS := Ricciscalar (ginv, RCC):
Estn := Einstein (g, RCC, RS):

7) Âû÷èñëèì òåíçîð Ýéíøòåéíà â íóëåâîì ïîðÿäêå âîçìóùåíèé ïî ìàëîìó
ïàðàìåòðó ² :

G0 := array (sparse, 1..4, 1..4):
for i from 1 to 4 do

for j from 1 to 4 do
G0[i,j]:= expand (mtaylor(tensor[ get_compts ](Estn)[i,j],

epsilon,1)):
end do :

end do :
eval (G0);

2

6
6
6
6
6
6
4

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

3

7
7
7
7
7
7
5

Òåíçîð òîæäåñòâåííî ðàâåí íóëþ, êàê è äîëæíî áûòü äëÿ ïëîñêîãî ïðîñòðàíñòâà-
âðåìåíè.
8) Íàéäåì òåïåðü ïåðâûé ïîðÿäîê âîçìóùåíèé òåíçîðà Ýéíøòåéíà ïî ìàëîìó
ïàðàìåòðó:

G1 := array (sparse, 1..4, 1..4):
for i from 1 to 4 do

for j from 1 to 4 do
G0[i,j]:= expand (mtaylor(tensor[ get_compts ](Estn)[i,j],

epsilon,1)):
G1[i,j]:= expand ( diff (mtaylor(tensor[ get_compts ](Estn)[i

,j],epsilon,2),epsilon));
end do :

end do :
eval (G1);

""

¡
@
@r B1(r , t )

r
¡

A1(r , t )

r 2 ,0,0,
@
@t A1(r , t )

r

#

"

0,¡ 1/2

Ã
@2

@r 2 B1(r , t )

!

r 2 ¡ 1/2

Ã
@2

@t 2 A1(r , t )

!

r 2 ¡ 1/2
µ

@

@r
A1(r , t )

¶
r ¡ 1/2

µ
@

@r
B1(r , t )

¶
,0,0

#

"

0,0,¡ 1/2
µ

@

@r
A1(r , t )

¶
r ¡ 1/2

µ
@

@r
B1(r , t )

¶
r Å 1/2 (cos(µ))2

Ã
@2

@r 2 B1(r , t )

!

r 2 Å 1/2 (cos(µ))2

Ã
@2

@t 2 A1(r , t )

!

r 2Å

1/2
µ

@

@r
A1(r , t )

¶

(cos(µ))2 r Å 1/2 (cos(µ))2
µ

@

@r
B1(r , t )

¶
r ¡ 1/2

Ã
@2

@r 2 B1(r , t )

!

r 2 ¡ 1/2

Ã
@2

@t 2 A1(r , t )

!

r 2,0

#

" @
@t A1(r , t )

r
,0,0,

@
@r A1(r , t )

r
Å

A1(r , t )

r 2

##
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9) Â ëèíåéíîì ïðèáëèæåíèè ïî ìàëûì âîçìóùåíèÿì òåíçîð Ýéíøòåéíà äîë-
æåí îáðàùàòüñÿ â íóëü. Èç ýòîãî óñëîâèÿ íàéäåì íåèçâåòíûå ôóíêöèè A1(r , t ),
B1(r , t ).
Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ äëÿ êîìïîíåíòû G1[1,4]:

dsolve (G1[1,4]=0,A1(r,t));

A1(r , t ) Æ_F1(r )

è ïîäñòàíîâêà íàéäåííîãî ðåøåíèÿ â òåíçîð Ýéíøòåéíà:

G1:= eval (G1,{A1(r,t)=A1(r)});

G1 :Æ

""

¡
@
@r B1(r , t )

r
¡

A1(r )

r 2 ,0,0,0

#

"

0,¡ 1/2

Ã
@2

@r 2 B1(r , t )

!

r 2 ¡ 1/2
µ

d

dr
A1(r )

¶
r ¡ 1/2

µ
@

@r
B1(r , t )

¶
,0,0

#

"

0,0,¡ 1/2
µ

d

dr
A1(r )

¶
r ¡ 1/2

µ
@

@r
B1(r , t )

¶
r Å 1/2 (cos(µ))2

Ã
@2

@r 2 B1(r , t )

!

r 2 Å 1/2
µ

d

dr
A1(r )

¶

(cos(µ))2 r Å

1/2 (cos(µ))2
µ

@

@r
B1(r , t )

¶
r ¡ 1/2

Ã
@2

@r 2 B1(r , t )

!

r 2,0

#

"

0,0,0,
d
dr A1(r )

r
Å

A1(r )

r 2

##

10) Äàëåå, ðåøèâ äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ êîìïîíåíòû G1[4,4], íàé-
äåì ôóíêöèþ A1(r ) ñ òî÷íîñòüþ äî êîíñòàíòû:

dsolve (G1[4,4]=0,A1(r));
A1_:= subs (%,A1(r)):
A1_:= subs (_C1=alpha,%);

A1(r ) Æ
_C1

r

A1_ :Æ
®

r

11) Àíàëîãè÷íî âûðàçèì ôóíêöèþ B1(r , t ), èñïîëüçîâàâ êîìïîíåíòó G1[1,1]:

dsolve ( subs (A1(r)=A1_,G1[1,1])=0,B1(r,t));
B1_:= subs (%,B1(r,t));

B1(r , t ) Æ
®

r
Å _F1(t )

B1_ :Æ
®

r
Å _F1(t )
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12) Ñðàâíèâàÿ êîìïîíåíòó ìåòðè÷åñêîãî òåíçîðà g44 ñ íüþòîíîâñêèì ïðåäå-
ëîì:

g44 Æ1Å 2Á Æ1Å B1(r , t ),

ãäåÁ Æ ¡
m

r
, m � ìàññà ãðàâèòèðóþùåãî îáúåêòà,

íàéäåì âûðàæåíèÿ äëÿ ôóíêöèé A1,B1:

_F1(t ) Æ0, ® Æ ¡2m,

) B1(r ) Æ ¡
2m

r
.

B1_:= subs ({_F1(t)=0,alpha=-2*m},B1_);
A1_:=B1_;

B1_ :Æ ¡2
m

r

A1_ :Æ ¡2
m

r

Ïðîâåðèì íàéäåííîå ðåøåíèå ïîäñòàíîâêîé â ïåðâîå ïðèáëèæåíèå òåíçîðà
Ýéíøòåéíà ïî ìàëîìó ïàðàìåòðó ² :

eval (G1,{A1(r)=A1_,B1(r,t)=B1_});
2

6
6
6
6
6
6
4

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

3

7
7
7
7
7
7
5

13) Èñõîäÿ èç ïàðàìåòðîâ ìîäåëè, ôóíêöèè A1(r , t ), B1(r , t ) ÿâëÿþòñÿ ìàëû-
ìè, òîãäà ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ äëÿ êîìïîíåíò ìåòðè÷åñêîãî
òåíçîðà:

g44 Æ1¡
2m

r
, (14.44)

g11 Æ ¡1Å A1(r , t ) Æ ¡1¡
2m

r
Æ ¡

µ
1Å

2m

r

¶
Æ ¡

µ
1¡

2m

r

¶¡ 1
. (14.45)

È ëèíåéíûé ýëåìåíò ñîâïàäàåò ñ àíàëîãè÷íûì äëÿ ìåòðèêè Øâàðöøèëüäà:

ds2 Æ
µ
1¡

2m

r

¶2
dt 2 ¡

dr 2

1¡ 2m
r

¡ r 2dµ2 ¡ r 2 sin2 µd ' 2. (14.46)
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Ñôåðè÷åñêè - ñèììåòðè÷íûå

ãðàâèòàöèîííûå ïîëÿ

15.1 Ñâÿçü òåîðèè ãðàâèòàöèè ñ òåîðèåé ãðóïï Ëè

Âñÿêàÿ ôèçè÷åñêàÿ òåîðèÿ òåñíî ñâÿçàíà ñ ñèììåòðèÿìè ïðîñòðàíñòâà è âðå-
ìåíè. Òåì áîëåå, ýòî îòíîñèòñÿ ê òåîðèè ãðàâèòàöèè, ïðèðîäà êîòîðîé îïðå-
äåëÿåòñÿ ñâîéñòâàìè ïðîñòðàíñòâà - âðåìåíè. Ðàññìîòðèì áåñêîíå÷íî ìàëîå
(èíôèíèòåçèìàëüíîå) ïðåîáðàçîâàíèå ðèìàíîâà ïðîñòðàíñòâà, ñîîòâåòñòâóþ-
ùåå ñìåùåíèþ åãî òî÷åê âäîëü âåêòîðà »:

x0i Æx i Å »i ±t (15.1)

Ñîïîñòàâèì ýòîìó ñìåùåíèþ äèôôåðåíöèàëüíûé îïåðàòîð:

X Æ»i @i (15.2)

Ïðåîáðàçîâàíèÿ ( 15.1) îáðàçóþò îäíîïàðàìåòðè÷åñêóþ ãðóïïó ïðåîáðàçî-
âàíèé G1 (ñì. Ë.Ï. Ýéçåíõàðò), îïåðàòîð X íàçûâàåòñÿ ãåíåðàòîðîì ãðóïïû .
r � ïàðàìåòðè÷åñêîé ãðóïïû ïðåîáðàçîâàíèé Gr ñîîòâåòñòâóåò r íåçàâèñèìûõ
ãåíåðàòîðîâ ãðóïïû Xa , ïðè÷åì:

[Xa ,Xb ] ÆCd
abXd , (a,b,d Æ1,r ), (15.3)

ïîñòîÿííûå Cd
ab íàçûâàþòñÿ ñòðóêòóðíûìè êîíñòàíòàìè ãðóïïû Gr .

Ïóñòü ­ (i )
(k )(x) � íåêîòîðûé îáúåêò. Ïðîèçâåäåì ñäâèã òî÷åê ïðîñòðàíñòâà ïî

çàêîíó ( 15.1) è âû÷èñëèì ðàçíîñòü ±­ (i )
(k )(x) Æ­ (i )

(k )(x
0) ¡ ­ (i )

(k )(x), êîòîðàÿ íàçû-

âàåòñÿäèôôåðåíöèàëîì Ëè îáúåêòà ­ (i )
(k)(x), à âåëè÷èíà ±­ (i )

(k )(x)/ ±t - ïðîèç-

âîäíîé Ëè è îáîçíà÷àåòñÿ L
»

­ (i )
(k ).

Îòíîñèòåëüíî òåíçîðíîãî îáúåêòà ­ i
k ïðîèçâîäíàÿ Ëè âû÷èñëÿåòñÿ ñ ïîìîùüþ

êîâàðèàíòíûõ ïðîèçâîäíûõ è íàñëåäóåò òåíçîðíûå ñâîéñòâà îáúåêòà:

L
»

­ i
k Æ»j r j ­ i

k ¡ ­
j
k r j »i Å ­ i

j r k »j . (15.4)

Àíàëîãè÷íî îáðàáàòûâàþòñÿ è äðóãèå èíäåêñû.
Åñëè ïðîèçâîäíàÿ Ëè îò íåêîòîðîãî îáúåêòà ðàâíà íóëþ, ýòî îçíà÷àåò íåèç-

ìåííîñòü ñâîéñòâ îáúåêòà âäîëü òðàåêòîðèè ãðóïïû:

L
»

­ Æ0 ) ­ (x i (t )) ÆConst, ãäå
dx i

dt
Æ»i . (15.5)
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Ãîâîðÿò, ÷òî ðèìàíîâî ïðîñòðàíñòâî äîïóñêàåò ãðóïïó äâèæåíèé ïîðÿäêà
r , Gr , åñëè ïðîèçâîäíûå Ëè îò ìåòðè÷åñêîãî òåíçîðà âäîëü âñåõ âåêòîðîâ »

(a)
ðàâíû íóëþ:

L
»
a

gi k Æ0, (a Æ1,r ). (15.6)

Ñîîòíîøåíèÿ ( 15.6) ýêâèâàëåíòíû ñëåäóþùèì äèôôåðåíöèàëüíûì óñëîâèÿì
íà âåêòîðû »

(a)
(äîêàçàòü ñàìîñòîÿòåëüíî) :

»
a

i ,k Å »
a

k,i Æ0. (15.7)

Óðàâíåíèÿ ( 15.7) íàçûâàþòñÿ óðàâíåíèÿìè Êèëëèíãà , à âåêòîðû »
(a)

, óäîâëåòâî-

ðÿþùèå ýòèì óðàâíåíèÿì, � âåêòîðàìè Êèëëèíãà .
Ìàêñèìàëüíî äîïóñòèìûé ïîðÿäîê ãðóïïû äâèæåíèÿ ðèìàíîâà ïðîñòðàí-

ñòâà åñòür Æn(nÅ1)
2 , ïðè÷åì â ýòîì ñëó÷àå ìàêñèìàëüíîé ïîäâèæíîñòè ðèìàíîâî

ïðîñòðàíñòâî èìååò ïîñòîÿííóþ êðèâèçíó K : Ri j kl ÆK (gi k g j l ¡ gi l g j k ).1

Åñëè âûïîëíåíû óñëîâèÿ ( 15.6), òî âûïîëíÿþòñÿ àíàëîãè÷íûå óñëîâèÿ è íà
âñå ìåòðè÷åñêèå îáúåêòû (äîêàçàòü ñàìîñòîÿòåëüíî) :

L
»
a

¡ i
j k Æ0; L

»
a

Ri j kl Æ0; L
»
a

Gi k Æ0 ) L
»
a

Ti k Æ0. (15.8)
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Êëàññèôèêàöèÿ ïîëåé òÿãîòåíèÿ ïî ãðóïïàì äâèæåíèé ïðîâåäåíà À.Ç. Ïåòðîâûì
è åãî ó÷åíèêàìè (¾ÀÇ¿, êàê ïî÷òèòåëüíî èìåíîâàëè åãî ó÷åíèêè è êîëëåãè).
Àëåêñåé Çèíîâüåâè÷ Ïåòðîâ (Ãåîðãèåâñêèé) ðîäèëñÿ 28 îêòÿáðÿ (15 îêòÿáðÿ ïî
ñòàðîìó ñòèëþ) 1910 ãîäà â âîëîñòíîì ñåëå Êîøêè Ñàìàðñêîé ãóáåðíèè â ñåìüå
ñåëüñêîãî ñâÿùåííèêà Çèíîâèÿ Âàñèëüåâè÷à Ãåîðãèåâñêîãî è Çîè Íèêîëàåâíû
Öàðåãðàäñêîé. Â 1915 ãîäó, êîãäà Àëåøå áûëî ïÿòü ëåò, îò òóáåðêóëåçà óìåð åãî
îòåö, è çàáîòû ïî âîñïèòàíèþ äåòåé âñåé òÿæåñòüþ ëåãëè íà ïëå÷è ìàòåðè. Îäíî
èç ñàìûõ ðàííèõ âîñïîìèíàíèé Àëåêñåÿ Çèíîâüåâè÷à � î òîì, êàê ïîäíÿëè
åãî íî÷üþ ñ ïîñòåëè è ïîäâåëè ïðîùàòüñÿ ê óìèðàþùåìó îòöó. Äðóãîå ÿðêîå
âîñïîìèíàíèå äåòñòâà � áîëüøîé ïîæàð, â êîòîðîì ñãîðåë ðîäíîé äîì è âñå, ÷òî
â íåì áûëî. Ýòà áåäà ïðèíåñëà îñèðîòåâøåé ñåìüå íîâûå ëèøåíèÿ è çàñòàâèëà
ìàòü, Çîþ Íèêîëàåâíó, îòäàòü äâóõ ïîñëåäíèõ ñûíîâåé - ïîãîäêîâ � Àëåøó
è Ñåâèðà íà âîñïèòàíèå èõ òåòêå ïî îòöó, ñåëüñêîé ó÷èòåëüíèöå Åêàòåðèíå
Âàñèëüåâíå Ïåòðîâîé, ðàáîòàâøåé â òîì æå ñåëå. Ïîçæå Å. Â. Ïåòðîâà óñûíîâèëà
ìàëü÷èêîâ, äàâ èì ñâîþ ôàìèëèþ. ¾Òåòêà ïî õàðàêòåðó áûëà ýíåðãè÷íîé, î÷åíü
íàñòîé÷èâîé, äàæå ÷ðåçìåðíî âëàñòîëþáèâîé æåíùèíîé. Îíà îêàçàëà íà íàñ

1ñì., íàïðèìåð, Ë.Ï. Ýéçåíõàðò.
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áîëüøîå ïîëîæèòåëüíîå âëèÿíèå, � áûëî ñ êîãî áðàòü ïðèìåð¿, � âñïîìèíàë
Íàðêèñ Çèíîâüåâè÷ Ãåîðãèåâñêèé.

Àëåêñåþ Çèíîâüåâè÷ó Ïåòðîâó ïðèíàäëåæèò âûäàþùååñÿ îòêðûòèå: âñå ïîëÿ
ãðàâèòàöèè äåëÿòñÿ íà 3 àëãåáðàè÷åñêèõ òèïà + 1 âûðîæäåííûé . Ïðîãðàììà
âû÷èñëåíèÿ àëãåáðàè÷åñêèõ òèïîâ ïî Ïåòðîâó çàëîæåíà äàæå â ìàòåìàòè÷å-
ñêîì ïàêåòå Maple, â áèáëèîòåêå tensor . À.Ç. Ïåòðîâ ïðåäëîæèë èíâàðèàíòíî -
ãðóïïîâîé ïîäõîä ê ïðîáëåìàì òåîðèè ãðàâèòàöèè è îñóùåñòâèë (ñîâìåñòíî
ñî ñâîèìè ó÷åíèêàìè) ïîëíóþ êëàññèôèêàöèþ ïîëåé òÿãîòåíèÿ ïî ãðóïïàì
ïðåîáðàçîâàíèé, ïîëó÷èâ íà ýòîì ïóòè äåñÿòêè òî÷íûõ ðåøåíèé óðàâíåíèé
Ýéíøòåéíà. Íàäî îòìåòèòü, ÷òî äî åãî îòêðûòèÿ áûëî èçâåñòíî âñåãî íåñêîëüêî
òî÷íûõ ðåøåíèé óðàâíåíèé Ýéíøòåéíà. Çà ñâîè âûäàþùèåñÿ èññëåäîâàíèÿ À.Ç.
Ïåòðîâ ïîëó÷èë Ëåíèíñêóþ ïðåìèþ ÑÑÑÐ â îáëàñòè íàóêè è òåõíèêè � âûñøóþ
ãîñóäàðñòâåííóþ ïðåìèþ îãðîìíîé ñòðàíû � Ñîâåòñêîãî Ñîþçà 2. Â îêòÿáðå
1956 ãîäà À. Ç. Ïåòðîâ ñòàíîâèòñÿ ïðîôåññîðîì êàôåäðû ãåîìåòðèè Êàçàíñêîãî
óíèâåðñèòåòà, à â 1960 ãîäó âîçãëàâëÿåò ïåðâóþ (è äî ñèõ ïîð åäèíñòâåííóþ) â Ñî-
âåòñêîì Ñîþçå êàôåäðó òåîðèè îòíîñèòåëüíîñòè è ãðàâèòàöèè, îñíîâàííóþ ïðè
åãî äåÿòåëüíîì ó÷àñòèè íà ôèçè÷åñêîì ôàêóëüòåòå Êàçàíñêîãî óíèâåðñèòåòà.

Â 1960 ãîäó À.Ç. Ïåòðîâ ñòàíîâèòñÿ ïðåäñåäàòåëåì ñåêöèè ãðàâèòàöèè Íàó÷íî-
òåõíè÷åñêîãî ñîâåòà Ìèíèñòåðñòâà âûñøåãî è ñðåäíåãî ñïåöèàëüíîãî îáðàçîâà-
íèÿ ÑÑÑÐ è ïðåäñåäàòåëåì Ñîâåòñêîé êîìèññèè â Ìåæäóíàðîäíîì êîìèòåòå ïî
ãðàâèòàöèè è òåîðèè îòíîñèòåëüíîñòè . À. Ç. Ïåòðîâ çàíèìàåò ýòè ïîñòû äî êîí-
öà ñâîåé æèçíè, ñûãðàâ áîëüøóþ ðîëü â îðãàíèçàöèè è ðàçâèòèè èññëåäîâàíèé
ïî ãðàâèòàöèè â Ñîâåòñêîì Ñîþçå è çà ðóáåæîì.

Â 60-å ãîäû âûõîäÿò èç ïå÷àòè ìîíîãðàôèè À. Ç. Ïåòðîâà ¾Ïðîñòðàíñòâà Ýéí-
øòåéíà¿ è ¾Íîâûå ìåòîäû â îáùåé òåîðèè îòíîñèòåëüíîñòè¿, ïîäûòîæèâàþùèå
ðåçóëüòàòû åãî ìíîãîëåòíèõ èññëåäîâàíèé. Ýòè ìîíîãðàôèè, çàíèìàþùèå îñî-
áîå ìåñòî â ìèðîâîé ëèòåðàòóðå ïî îáùåé òåîðèè îòíîñèòåëüíîñòè, áûñòðî ïî-
ëó÷èëè âñåîáùåå ïðèçíàíèå è áûëè ïåðåâåäåíû íà ìíîãèå èíîñòðàííûå ÿçûêè.
Íàäî îòìåòèòü òàêæå íàó÷íî - ïîïóëÿðíóþ êíèãó À.Ç. Ïåòðîâà ¾Ïðîñòðàíñòâî-
âðåìÿ è ìàòåðèÿ: Ýëåìåíòàðíûé î÷åðê ñîâðåìåííîé òåîðèè îòíîñèòåëüíîñòè¿,
êîòîðàÿ îïðåäåëèëà âûáîð ìíîãèõ ñòóäåíòîâ, â ÷àñòíîñòè, îäíîãî èç Àâòîðîâ, â
ïîëüçó òåîðèè ãðàâèòàöèè. Íàäî îòìåòèòü, ÷òî íåñìîòðÿ íà ñâîå ÷èñòî ìàòåìàòè-
÷åñêîå áàçîâîå îáðàçîâàíèå, À.Ç. Ïåòðîâ, êàê è åãî ãåíèàëüíûé ïðåäøåñòâåííèê,
Í.È. Ëîáà÷åâñêèé, ïîñòîÿííî ïûòàëñÿ ñâÿçàòü àáñòðàêòíûå ìàòåìàòè÷åñêèå
êîíñòðóêöèè ñ ðåàëüíûì ìèðîì. Ýòó ãëóáèííóþ òåíäåíöèþ èùóùåãî óìà èñ-
ñëåäîâàòåëÿ ìîæíî âèäåòü â åãî öèòèðîâàííîé êíèãå ¾Íîâûå ìåòîäû â îáùåé
òåîðèè îòíîñèòåëüíîñòè¿, à òàêæå â íàïðàâëåíèè åãî èññëåäîâàíèé â èíñòèòóòå
òåîðåòè÷åñêîé ôèçèêè, ãäå îí ñîâìåñòíî ñ ïðîôåññîðîì ìîñêîâñêîãî óíèâåðñè-
òåòà Â.Á. Áðàãèíñêèì ñîçäàë ëàáîðàòîðèþ ïî äåòåêòèðîâàíèþ ãðàâèòàöèîííûõ
âîëí. Îòìå÷ó òàêæå, êàê îäèí èç åãî ó÷åíèêîâ, ÷òî Àëåêñåé Çèíîâüåâè÷ Ïåòðîâ
ïîëüçîâàëñÿ îãðîìíûì àâòîðèòåòîì è ëþáîâüþ ñðåäè ñòóäåíòîâ, åãî ÷åòêèå,
âäóì÷èâûå è ãëóáîêèå ëåêöèè íà ðàôèíèðîâàííîì èíòåëëèãåíòíîì ÿçûêå ñ
íåèçìåííûì ¾ï �î�ýòîìó¿ âñåãäà ïðèâëåêàëè îãðîìíîå êîëè÷åñòâî ñòóäåíòîâ.

2Åäèíñòâåííàÿ Ëåíèíñêàÿ ïðåìèÿ ó÷åíûõ ÈÌÌ
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Ðèñ. 15.1 Àëåêñåé Çèíîâüåâè÷ Ïåòðîâ
Ðèñ. 15.2 Îáëîæêà êíèãè À.Ç. Ïåòðîâà

¾Íîâûå ìåòîäû â îáùåé òåîðèè
îòíîñèòåëüíîñòè¿, Ì: Íàóêà. � 1966
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Ãðóïïà âðàùåíèé ðèìàíîâà ïðîñòðàíñòâà-âðåìåíè

Ïóñòü ãðàâèòàöèîííîå ïîëå îáëàäàåò ñôåðè÷åñêîé ñèììåòðèåé, ò.å., ñîîòâåòñòâó-
þùåå åìó ïñåâäîðèìàíîâî ïðîñòðàíñòâî V4 äîïóñêàåò òðåõïàðàìåòðè÷åñêóþ
ãðóïïó âðàùåíèé G3 íà ïîäïðîñòðàíñòâå V3 � âðåìåíèïîäîáíîé ãèïåðïîâåðõíî-
ñòèV3 ½V4 (ñì. À.Ç. Ïåòðîâ, Ÿ61). Ýòî îçíà÷àåò, ÷òî ñóùåñòâóþò 3 ïðîñòðàíñòâåí-
íîïîäîáíûõ âåêòîðîâ Êèëëèíãà, êîòîðûå â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò
(r ,µ, ' , t ) èìåþò âèä

»
1
Æ(0,sin ' ,ctgµcos' ,0), »

2
Æ(0,¡ cos' ,ctgµsin ' ,0), »

3
Æ(0,0,¡ 1,0). (15.9)

Ìîæíî íåïîñðåäñòâåííî ïðîèíòåãðèðîâàòü óðàâíåíèÿ Êèëëèíãà äëÿ ýòîãî
ñëó÷àÿ. Ïðè ýòîì íåîáõîäèìî ó÷èòûâàòü, ÷òî ìû âñåãäà ìîæåì èñïîëüçîâàòü
äîïóñòèìûå ïðåîáðàçîâàíèÿ êîîðäèíàò , ïîçâîëÿþùèå óïðîñòèòü ìåòðèêó.
Òàê, íàïðèìåð, ïîäñòàíîâêà òðåòüåãî âåêòîðà ( 15.9) â óðàâíåíèÿ Êèëëèíãà ( 15.7)
ñðàçó ïðèâîäèò ê ðåçóëüòàòó: @' gi k Æ0, ò.å. ìåòðè÷åñêèé òåíçîð íå çàâèñèò îò
ïîëÿðíîãî óãëà ' . Ñ ïîìîùüþ äîïóñòèìûõ ïðåîáðàçîâàíèé êîîðäèíàò ìîæíî
äîáèòüñÿ g®4 Æ0 (ñì. À.Ç. Ïåòðîâ). Òàêèì îáðàçîì, ìîæíî ïîêàçàòü, ÷òî ñôåðè-
÷åñêè - ñèììåòðè÷íàÿ ìåòðèêà V4 ìîæåò áûòü çàïèñàíà â âèäå (ñì., íàïðèìåð,
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Äæ. Ñèíã, Ë.Ä. Ëàíäàó):

ds2 Æc2dt 2eº ¡ dr 2e¸ ¡ r 2d­ 2, (15.10)

ãäåº (r , t ), ¸ (r , t ) � ïðîèçâîëüíûå ôóíêöèè, d­ 2 Ædµ2 Å sin2 µd ' 2 � ìåòðèêà 2-
ìåðíîé ñôåðû åäèíè÷íîãî ðàäèóñà. Äîêàæèòå, ÷òî ìåòðèêà ( 15.10) è âåêòîðû
(15.9) óäîâëåòâîðÿþò óðàâíåíèÿì Êèëëèíãà.

15.4 Âû÷èñëåíèå ìåòðè÷åñêèõ âåëè÷èí â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè

Âû÷èñëÿÿ ìåòðè÷åñêèå âåëè÷èíû îòíîñèòåëüíî ìåòðèêè ( 15.10), íàéäåì (âû÷èñ-
ëèòü ñàìîñòîÿòåëüíî) . Íåòðèâèàëüíûå êîìïîíåíòû ñèìâîëîâ Êðèñòîôôåëÿ 2-ãî
ðîäà (ñèììåòðè÷íûå ïî íèæíèì èíäåêñàì ñèìâîëû Êðèñòîôôåëÿ ìû îïóñêàåì):

¡ 1
11 Æ1

2¸ 0; ¡ 1
14 Æ1

2
�̧ ; ¡ 1

22 Æ ¡r e¡ ¸ ;

¡ 1
33 Æ ¡r sin2 µe¡ ¸ ; ¡ 1

44 Æ1
2eº ¡ ¸ º 0; ¡ 2

12 Æ¡ 3
13 Æ1

r ;

¡ 2
23 Æctgµ; ¡ 2

33 Æ ¡ sin µcosµ;

¡ 4
11 Æ1

2e¸ ¡ º �̧ ¡ 4
14 Æ1

2º 0; ¡ 4
44 Æ1

2 �º ,

(15.11)

ãäå �y ´ @t y; y0´ @r y.

15.5 Óðàâíåíèÿ Ýéíøòåéíà äëÿ ñëó÷àÿ ñôåðè÷åñêîé ñèììåòðèè

Âû÷èñëÿÿ êîìïîíåíòû òåíçîðà Ýéíøòåéíà (âû÷èñëèòü ñàìîñòîÿòåëüíî â Maple,
íå çàáûâàÿ î çíàêå) , ïîëó÷èì (ñì. Ë.Ä. Ëàíäàó) 4 íåòðèâèàëüíûõ óðàâíåíèÿ
Ýéíøòåéíà ( G2

2 ÆG3
3):

¡ e¡ ¸
³

º 0

r Å 1
r 2

´
Å 1

r 2 Æ8¼G
c4 T 1

1 ; ¡ e¡ ¸ �̧
r Æ8¼G

c4 T 1
4 ;

¡ 1
2e¡ ¸

³
º 00Å º 02

2 Å º 0¡ ¸ 0

r ¡ º 0̧ 0

2

´
Å 1

2e¡ º
³

¨̧ Å
�̧ 2

2 ¡
�̧ �º
2

´
Æ8¼G

c4 T 2
2 ;

¡ e¡ ¸
³

1
r 2 ¡ ¸ 0

r

´
Å 1

r 2 Æ8¼G
c4 T 4

4 .

(15.12)

Âû÷èñëÿÿ êîâàðèàíòíóþ äèâåðãåíöèþ òåíçîðà Ýéíøòåéíà r kGk
i Æ0, ìû ïîëó-

÷èì ñ ó÷åòîì ( 15.11) è (15.12):

r kGk
1 Æ@1G1

1 Å @4G4
1 Å ¡ k

ik Gi
1 ¡ ¡ i

k1Gk
i ´ @1G1

1 Å @4G4
1 Å

¡ k
1kG1

1 Å ¡ 4
4kG4

1 ¡ ¡ 1
11G1

1 ¡ ¡ 2
12G2

2 ¡ ¡ 3
13G3

3 Æ0 )

2

r
G2

2 Æ
2

r
G3

3 Æ@1G1
1 Å @4G4

1 Å ¡ k
1kG1

1 Å ¡ 4
4kG4

1 ¡ ¡ 1
11G1

1. (15.13)
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Òàêèì îáðàçîì, óðàâíåíèÿ Ýéíøòåéíà 2
2 è 3

3 ÿâëÿþòñÿ äèôôåðåíöèàëü- íûìè

ñëåäñòâèÿìè óðàâíåíèé 1
1,41 ,44. Â èòîãå ìû èìååì ëèøü 3 íåçàâèñèìûõ óðàâíåíèÿ

Ýéíøòåéíà 1
1,41 ,44 íà 2 ôóíêöèè ìåòðè÷åñêèå ¸ ,º è êîìïîíåíòû 3 ñîîòâåòñòâóþ-

ùèå êîìïîíåíòû ÒÝÈ.
Ïðîèçâåäåì ïðåîáðàçîâàíèÿ â ëåâîé ÷àñòè ÷åòâåðòîãî óðàâíåíèÿ ( G4

4) ñèñòåìû
(15.12):

r 2G4
4 Æe¡ ¸ (1 ¡ r ¸ 0) ¡ 1 ´

¡
r e¡ ¸ ¡ r

¢0Æ ¡
8¼G

c4 T 4
4 r 2. (15.14)

Âûáåðåì ñèñòåìó êîîðäèíàò êâàçèãàëèëååâó â öåíòðå, ò.å., ÷òîáû ìåòðèêà áûëà
ïñåâäîåâêëèäîâîé â íà÷àëå êîîðäèíàò:

¸ (0, t ) Æ0; º (0, t ) Æ0. (15.15)

Òîãäà, èíòåãðèðóÿ ( 15.14) ñ óñëîâèÿìè ( 15.15), íàéäåì:

e¡ ¸ Æ1¡
8¼G

c4

1

r

rZ

0

T 4
4 r 2dr . (15.16)

Ïîëàãàÿ íàéäåííîé ôóíêöèþ ¸ (r , t ), èíòåãðèðóÿ ïåðâîå óðàâíåíèå èç ñèñòå-
ìû ( 15.12) îòíîñèòåëüíî º ñ ó÷åòîì óñëîâèé ( 15.15), íàéäåì:

º Æ

rZ

0

µ
1

r

¡
e¸ ¡ 1

¢
¡

8¼G

c4 T 1
1 r e¸

¶
dr . (15.17)

Äëÿ äàëüíåéøåãî èíòåãðèðîâàíèÿ óðàâíåíèé íåîáõîäèìî îïðåäåëèòü êîì-
ïîíåíòû T 1

1 è T 4
4 òåíçîðà ýíåðãèè - èìïóëüñà ìàòåðèè. Íå êîíêðåòèçèðóÿ ïîêà

ìàòåðèàëüíóþ ñðåäó, çàìåòèì, ÷òî ó íàñ èìååòñÿ åùå îäíî äèôôåðåíöèàëüíîå
ñëåäñòâèå óðàâíåíèé Ýéíøòåéíà ( 15.12):

r k T k
4 Æ0 ) @t T 4

4 Å @r T 1
4 Å

º 0Å ¸ 0

2
T 1

4 Å
2

r
T 1

4 Å
�̧

2
(T 4

4 ¡ T 1
1 ) Æ0. (15.18)

Ôàêòè÷åñêè (15.18) ïðåäñòàâëÿåò çàêîí ñîõðàíåíèÿ ýíåðãèè-èìïóëüñà.
Ðàññìîòðèì òåïåðü â êà÷åñòâå ìàòåðèè èäåàëüíóþ æèäêîñòü:

T i
k Æ (" Å P)u i uk ¡ ±i

k P; u i Æ(u,0,0,u4); (u ,u) Æ1, (15.19)

) u4 Æ e¡ º /2
p

1Å e¸ u2; (u ´ u1).

T 1
1 Æ ¡P ¡ e¡ ¸ u2(" Å p); T 1

4 Æueº /2
p

1Å e¸ u2(" Å P); (15.20)

T 4
4 Æ " (1Å u2e¸ ) ¡ Pu2e¸ . (15.21)

Ïîäñòàâëÿÿ êîìïîíåíòû ( 15.19) â çàêîí ñîõðàíåíèÿ ýíåðãèè ( 15.18) ïðè çàäàí-
íîì óðàâíåíèè P ÆP(" ) ìû ïîëó÷èì óðàâíåíèå íà ôóíêöèè " è u . Èç âòîðî-
ãî óðàâíåíèÿ ñèñòåìû ( 15.12) íàéäåì ñêîðîñòü u(r , t ). Òàêèì îáðàçîì, ( 15.18))
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ñòàíåò çàìêíóòûì äèôôåðåíöèàëüíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ
îòíîñèòåëüíî ïëîòíîñòè ýíåðãèè " (r , t ).

Ðàññìîòðèì ñòàòè÷åñêèé ñëó÷àé º Æº (r ), ¸ Æ¸ (r ). Òîãäà èç âòîðîãî óðàâíå-
íèÿ ñèñòåìû ( 15.12) ñðàçó ïîëó÷èì T 1

4 Æ0 ) u Æ0. Òîãäà èç (15.19) ïîëó÷èì
T 1

1 Æ ¡P, T 4
4 Æ" . Íåòðóäíî óáåäèòüñÿ, ÷òî çàêîí ñîõðàíåíèÿ ýíåðãèè ( 15.18)

òîæäåñòâåííî óäîâëåòâîðÿåòñÿ.

Ââîäÿ â ( 15.16) ôóíêöèþ ïîëíîé ìàññû øàðà ðàäèóñà r :

M (r ) Æ4¼

rZ

0

" (r )r 2dr , (15.22)

ïîëó÷èì äëÿ ( 15.16):

e¡ ¸ (r ) Æ1¡
2GM(r )

r c4 (15.23)

Ôóíêöèÿ M (r ) îïðåäåëÿåòñÿ ñ ïîìîùüþ èíòåãðàëà îò ïëîòíîñòè ýíåðãèè
" (r ). Äëÿ íàõîæäåíèÿ ïëîòíîñòè ýíåðãèè ìîæíî èñïîëüçîâàòü ñëåäñòâèå óðàâ-
íåíèé Ýéíøòåéíà r k T k

1 Æ0, êîòîðîå äëÿ ñòàòè÷åñêîãî ñëó÷àÿ ïðèíèìàåò âèä
(âû÷èñëèòü ñàìîñòîÿòåëüíî) :

1

2
º 0(" Å P(" )) Å P0Æ0 )

Z
dP

" Å P
Æ ¡

1

2
º Å Const. (15.24)

Ïðè çàäàííîì óðàâíåíèè ñîñòîÿíèÿ P ÆP(" ) óðàâíåíèå ( 15.24) âñåãäà èíòåãðè-
ðóåòñÿ.

15.6 Ðåøåíèå Øâàðöøèëüäà

Ðàññìîòðèì ðåøåíèå óðàâíåíèé â ïóñòîòå âíå øàðà ðàäèóñàR è ïîëíîé ìàññû
M (R) ´ M0, êîòîðîå ìîæíî ïîëó÷èòü èç ðåøåíèÿ ( 15.23), ïîëàãàÿ M ÆM (r ), r · R
è M (r ) ÆM0, r È R (ò.å., " Æ0,r È R):

e¡ ¸ (r ) Æ1¡
2r g

r
, (r È R); (15.25)

r g ´
M0G

c4 . (15.26)
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Òîãäà ñ ó÷åòîì T 1
1 (r ) Æ0,r È R ïîëó÷èì äëÿ ðåøåíèÿ ( 15.17)3

º (r ) Æº (R) Å

rZ

R

µ
1

r ¡ 2r g
¡

1

r

¶
dr

eº Æ
1

1¡
2r g
r

; ) e¸ Æ1¡
2r g

r
. (15.27)

Òàêèì îáðàçîì, â ïóñòîòå ïîëó÷àåì ðåøåíèå Øâàðöøèëüäà :

ds2 Æc2dt 2
µ
1¡

2r g

r

¶
¡

dr 2

1¡
2r g

r

¡ r 2d­ 2. (15.28)

Ëåãêî óâèäåòü, ÷òî ïðè r g / r ! 0 ðåøåíèå Øâàðöøèëüäà ïåðåõîäèò â ïîëó-
÷åííîå ðàíåå ðåøåíèå ëèíåéíûõ óðàâíåíèé Ýéíøòåéíà.
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Ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâàíèå äâè-
æåíèÿ ìàññèâíîé ÷àñòèöû â ìåòðèêå Øâàðøèëüäà

Çàäà÷à:

Èññëåäîâàòü äâèæåíèå ìàññèâíîé ÷àñòèöû â ìåòðèêå Øâàðøèëüäà.

Ìàòåìàòè÷åñêàÿ ìîäåëü

Ñîãëàñíî îáùåé òåîðèè îòíîñèòåëüíîñòè, â îòñóòñòâèè âíåøíèõ ñèë ïðîáíûå
÷àñòèöû äâèæóòñÿ ïî ãåîäåçè÷åñêèì ëèíèÿì ïðîñòðàíñòâà-âðåìåíè. Ðàññìîò-
ðèì çàäà÷ó î äâèæåíèè ÷àñòèöû íà ôîíå ìåòðèêè Øâàðöøèëüäà, ýòî îçíà÷àåò,
÷òî äâèæåíèå ïðîáíîé ÷àñòèöû íå ìåíÿåò èñõîäíóþ ìåòðèêó.
Òàêèì îáðàçîì, íåîáõîäèìî ñîñòàâèòü óðàâíåíèÿ ãåîäåçè÷åñêèõ ëèíèè ïðî-
ñòðàíñòâà - âðåìåíè ñ ëèíåéíûì ýëåìåíòîì:

ds2 Æ ¡dr 2
³
1¡ 2

m

r

´¡ 1
¡ r 2

³
dµ2 Å (sin (µ))2 dÁ2

´
Å d t 2

³
1¡ 2

m

r

´
.

Ìàòåìàòè÷åñêàÿ ìîäåëü äâèæåíèÿ ìàññèâíîé ÷àñòèöû â ìåòðèêå Øâàðøèëüäà
ñîñòîèò èç äèôôåðåíöèàëüíûõ óðàâíåíèé ãåîäåçè÷åñêîé ëèíèè è íà÷àëüíûõ
óñëîâèé äëÿ ÷àñòèöû:

r (t0) Ær0;
d r

d t

¯
¯
¯
¯
t Æt0

Æv0.

Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè â ÑÊÌ Maple

1) Ïîäêëþ÷àåì áèáëèîòåêè tensor è linalg :

restart :
with (tensor):
with (linalg):

Çàäàåì êîîðäèíàòû x:

coord:=[r,theta,phi,t]:

2) Çàäàåì êîâàðèàíòíûé ìåòðè÷åñêèé òåíçîð ïîëÿ Øâàðöøèëüäà:

ds2 Æ ¡dr 2
³
1¡ 2

m

r

´¡ 1
¡ r 2

³
dµ2 Å (sin (µ))2 dÁ2

´
Å d t 2

³
1¡ 2

m

r

´
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g_compts:= array (symmetric,sparse,1..4,1..4):
g_compts[1,1]:=-1/(1-2*m/r):
g_compts[2,2]:=-r^2:
g_compts[3,3]:=-r^2*sin(theta)^2:
g_compts[4,4]:=1-2*m/r:
g:= create ([-1,-1], eval (g_compts));

g :Ætable

0

B
B
B
B
B
B
B
@

[compts Æ

2

6
6
6
6
6
6
6
4

¡
¡
1¡ 2 m

r
¢¡ 1 0 0 0

0 ¡ r 2 0 0

0 0 ¡ r 2 (sin (µ))2 0

0 0 0 1¡ 2 m
r

3

7
7
7
7
7
7
7
5

,index_char Æ[¡ 1,¡ 1]]

1

C
C
C
C
C
C
C
A

Âû÷èñëåíèå ïåðâûõ ÷àñòíûõ ïðîèçâîäíûõ ìåòðè÷åñêîãî òåíçîðà

dg:= d1metric (g,coord):

Âû÷èñëåíèå êîìïîíåíò êîíòðâàðèàíòíîãî ìåòðè÷åñêîãî òåíçîðà:

ginv:= invert (g,'detg');

ginv :Ætable

0

B
B
B
B
B
B
B
@

[compts Æ

2

6
6
6
6
6
6
6
4

¡ r Å2m
r 0 0 0

0 ¡ r ¡ 2 0 0

0 0 ¡ 1
r 2(sin(µ))2

0

0 0 0 ¡ r
¡ r Å2m

3

7
7
7
7
7
7
7
5

,index_char Æ[1,1]]

1

C
C
C
C
C
C
C
A

Âû÷èñëåíèå ñèìâîëîâ Êðèñòîôôåëÿ 1-ãî è 2-ãî ðîäà:

Cf1:= Christoffel1 (dg):
Cf2:= Christoffel2 (ginv,Cf1):

3) Äëÿ ïîëó÷åíèÿ óðàâíåíèé ãåîäåçè÷åñêèõ ëèíèé ìîæíî èñïîëüçîâàòü êîìàí-
äó "geodesic_eqns"áèáëèîòåêè " tensor". Çäåñü íåîáõîäèìî ïîìíèòü, ÷òî óðàâíåíèÿ
ãåîäåçè÷åñêèõ áóäóò âûäàíû â ïðîèçâîëüíîì ïîðÿäêå (à íå ñîîòâåòñòâåííî íî-
ìåðàì êîîðäèíàò). Ïîýòîìó ïðè îáðàùåíèè ê ýòèì óðàâíåíèÿì ïðè êàæäîì
ïåðåçàïóñêå ïðîãðàììû íåîáõîäèìî îòñëåæèâàòü ïîðÿäîê ýòèõ óðàâíåíèé è
ñâîåâðåìåííî âíîñèòü êîððåêòèâû â ïîñëåäóþùèå ñ íèìè îïåðàöèè. Ìû, îä-
íàêî, ïîëó÷èì óðàâíåíèÿ ãåîäåçè÷åñêèõ: ñàìîñòîÿòåëüíî, ïî ìåòîäèêå ïðîô.
Èãíàòüåâà, ÷òîáû èìåòü áîëüøèå âîçìîæíîñòè ìàíèïóëÿöèé ñ íèìè.
Çàäàäèì ïåðâûå è âòîðûå ïðîèçâîäíûå îò êîîðäèíàò ïî íàòóðàëüíîìó ïàðà-
ìåòðó s:

X:=[r(s),theta(s),phi(s), t(s)];
U:= diff (X,s);
dU:= diff (U,s);

X :Æ[r (s) ,µ (s) ,Á (s) , t (s)]

U :Æ[
d

ds
r (s) ,

d

ds
µ (s) ,

d

ds
Á(s) ,

d

ds
t (s)]

dU :Æ[
d2

ds2 r (s) ,
d2

ds2 µ (s) ,
d2

ds2 Á(s) ,
d2

ds2 t (s)]
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Çàäàäèì êîíòðâàðèàíòíûé âåêòîð ñêîðîñòè ÷àñòèöû u i

u:= create ([1], array (1..4,U));
du:= create ([1], array (1..4,dU));

u :Ætable
³
[compts Æ

h
d
dsr (s) d

dsµ (s) d
dsÁ(s) d

ds t (s)
i

, index_char Æ[1]]
´

du :Ætable
³
[compts Æ

h
d2

ds2 r (s) d2

ds2 µ (s) d2

ds2 Á(s) d2

ds2 t (s)
i

, index_char Æ[1]]
´

Ñ ïîìîùüþ êîìàíäû prod(A,B,[i,k]) âíóòðåííåãî ïðîèçâåäåíèÿ òåíçîðîâ ïî i-îé
è k-òîé êîîðäèíàòàì íàéäåì ñâåðòêó:

dC Æ¡ jk
i u j uk

dc:= prod ( prod (Cf2,u,[2,1]),u,[2,1]):
dC:= lin_com (1,du,1,dc):
GeoMat:= get_compts (dC):
Geo[1]:=GeoMat[1]=0:
Geo[2]:=GeoMat[2]=0:
Geo[3]:=GeoMat[3]=0:
Geo[4]:=GeoMat[4]=0:
Geo:=[Geo[1],Geo[2],Geo[3],Geo[4]]:

Àíàëèòè÷åñêèå âû÷èñëåíèÿ è ïðåîáðàçîâàíèÿ

4) Äâèæåíèå â ýêâàòîðèàëüíîé ïëîñêîñòè . Ó÷òåì, ÷òî, êàê èçâåñòíî, ÷àñòèöû
äâèæóòñÿ â öåíòðàëüíîì ïîëå âñåãäà â îäíîé ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç öåíòð
èñòî÷íèêà ïîëÿ. Òàêèì îáðàçîì, ïðè íàäëåæàùåì âûáîðå ñèñòåìû êîîðäèíàò,
÷àñòèöà áóäåò äâèãàòüñÿ â ïëîñêîñòè ýêâàòîðà µ Æ¼/2 . Ñîîòâåòñòâåííî ýòîìó
ïîëîæèì:

ss:=[theta(s)=Pi/2,theta=Pi/2,r=r(s),r(s)=r(s)];

ss:Æ[µ (s) Æ¼/2, µ Æ¼/2, r Ær (s) ,r (s) Ær (s)]

Geo1:= collect ( expand ( simplify ( eval ( subs (ss,Geo)))),[ diff (r(s)
, s, s),( diff (phi(s), s))^2,( diff (t(s), s))^2]);

Geo1:Æ[
µ
2

m

¡ r (s) Å 2m
¡

r (s)

¡ r (s) Å 2m

¶
d2

ds2 r (s)Å

µ
4

m 2

¡ r (s) Å 2m
¡ 4

r (s)m

¡ r (s) Å 2m
Å

(r (s))2

¡ r (s) Å 2m

¶µ
d

ds
Á(s)

¶2
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Å
µ
¡ 4

m 3

(r (s))3 (¡ r (s) Å 2m)
Å 4

m 2

(r (s))2 (¡ r (s) Å 2m)
¡

m

r (s)(¡ r (s) Å 2m)

¶

µ
d

ds
t (s)

¶2
Å

m
³

d
dsr (s)

´2

r (s)(¡ r (s) Å 2m)
Æ0,0Æ0,2

³
d
dsÁ(s)

´
d
dsr (s)

r (s)
Å

d2

ds2 Á(s)

Æ0,2
m

³
d
ds t (s)

´
d
dsr (s)

(r (s) ¡ 2m) r (s)
¡ 2

³
d2

ds2 t (s)
´
m

r (s) ¡ 2m
Å

r (s) d2

ds2 t (s)

r (s) ¡ 2m
Æ0]

simplify (2*m/(-r(s)+2*m)-r(s)/(-r(s)+2*m))* diff (r(s), s, s);

d2

ds2 r (s)

simplify (-4*m^3/(r(s)^3*(-r(s)+2*m))+4*m^2/(r(s)^2*(-r(s)+2*m
))-m/(r(s)*(-r(s)+2*m)))*( diff (t(s), s))^2;

(r (s) ¡ 2m)m
³

d
ds t (s)

´2

(r (s))3

simplify ((4*m^2/(-r(s)+2*m)-4*r(s)*m/(-r(s)+2*m)+r(s)^2/(-r(s
)+2*m)))*( diff (phi(s), s))^2;

(¡ r (s) Å 2m)

µ
d

ds
Á(s)

¶2

- ïðè ýòîì îäíî èç óðàâíåíèé, âòîðîå, îáðàòèòñÿ â òîæäåñòâî.
5) Èíòåãðàë ãåîäåçè÷åñêèõ
Îäíî èç ýòèõ óðàâíåíèé (òðåòüå) èìååò èçâåñòíûé â ñëó÷àå îñåâîé ñèììåòðèè
ïåðâûé èíòåãðàë , L=const, ãåîäåçè÷åñêèõ:

In:= int ( expand ( lhs (Geo1[3])/ diff (phi(s),s)),s);
I_1:=L= simplify (exp(In));

In :Æ2 ln (r (s)) Å ln
µ

d

ds
Á(s)

¶

I _1 :ÆL Æ(r (s))2 d

ds
Á(s)

Òàêèì îáðàçîì, íàéäåì:

SS:= diff (phi(s),s)= solve (I_1, diff (phi(s),s));

SS:Æ
d

ds
Á(s) Æ

L

(r (s))2
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Geodesic1:= simplify ( eval ( subs (SS,Geo1)));

Geodesic1:Æ[¡

Ã
d2

ds2 r (s)

!

(r (s))5 Å 2

Ã
d2

ds2 r (s)

!

(r (s))4 m Å m
µ

d

ds
r (s)

¶2
(r (s))3

¡ (r (s))3
µ

d

ds
t (s)

¶2
m Å 4 (r (s))2

µ
d

ds
t (s)

¶2
m 2 ¡ 4r (s)

µ
d

ds
t (s)

¶2
m 3 Å L2 (r (s))2 ¡ 4L2r (s)m Å 4L2m 2

(r (s) ¡ 2m) (r (s))4)¡ 1 Æ0,0Æ0,0Æ0,
2m

³
d
ds t (s)

´
d
ds r (s) ¡ 2

³
d2

ds2 t (s)
´
r (s)m Å

³
d2

ds2 t (s)
´
(r (s))2

(r (s) ¡ 2m)r (s)
Æ0]

6) Ïðèâåäåíèå óðàâíåíèé ãåîäåçè÷åñêèõ ê íîðìàëüíîìó âèäó
Ðàçðåøèì óðàâíåíèå

GEO[1]:= diff (r(s),s,s)= solve (Geodesic1[1], diff (r(s),s,s));

GEO1 :Æ
d2

ds2 r (s) Æm
µ

d

ds
r (s)

¶2
(r (s))3¡ (r (s))3

µ
d

ds
t (s)

¶2
mÅ4 (r (s))2

µ
d

ds
t (s)

¶2
m 2¡

4r (s)

µ
d

ds
t (s)

¶2
m 3 Å L2 (r (s))2 ¡ 4L2r (s)m Å 4L2m 2

³
(r (s) ¡ 2m) (r (s))4

´¡ 1

GEO[2]:= diff (t(s),s,s)= solve (Geodesic1[4], diff (t(s),s,s));

GEO2 :Æ
d2

ds2 t (s) Æ ¡2
m

³
d
ds t (s)

´
d
dsr (s)

(r (s) ¡ 2m) r (s)

7) Äëÿ óïðîùåíèÿ óðàâíåíèÿ GEO[1] èñïîëüçóåì ñîîòíîøåíèå íîðìèðîâêè:

g_compts[1,1]* diff (r(s),s)^2+ g_compts[3,3]* diff (phi(s),s)^2+
g_compts[4,4]* diff (t(s),s)^2=1;

Norm_0:= eval ( subs (ss,g_compts[1,1]* diff (r(s),s)^2+ g_compts
[3,3]* diff (phi(s),s)^2+g_compts[4,4]* diff (t(s),s)^2=1));

¡
µ

d

ds
r (s)

¶2 ³
1¡ 2

m

r

´¡ 1
¡ r 2 (sin (µ))2

µ
d

ds
Á(s)

¶2
Å

³
1¡ 2

m

r

´ µ
d

ds
t (s)

¶2
Æ1

Norm _0 :Æ ¡
µ

d

ds
r (s)

¶2 µ
1¡ 2

m

r (s)

¶¡ 1
¡ (r (s))2

µ
d

ds
Á(s)

¶2
Å

µ
1¡ 2

m

r (s)

¶µ
d

ds
t (s)

¶2
Æ1

Norm_1:= eval ( subs (SS,Norm_0));

Norm _1 :Æ ¡
µ

d

ds
r (s)

¶2 µ
1¡ 2

m

r (s)

¶¡ 1
¡

L2

(r (s))2 Å
µ
1¡ 2

m

r (s)

¶µ
d

ds
t (s)

¶2
Æ1

ðåøàÿ êîòîðîå îòíîñèòåëüíî (T (s))2, íàéäåì:

T02:= diff (t(s),s)^2= solve (Norm_1, diff (t(s),s)^2);

T02 :Æ
µ

d

ds
t (s)

¶2
Æ

(r (s))3
³

d
dsr (s)

´2
Å L2r (s) ¡ 2L2m Å (r (s))3 ¡ 2m (r (s))2

r (s)
¡
(r (s))2 ¡ 4r (s)m Å 4m 2

¢

Ïîäñòàâëÿÿ òåïåðü íàéäåííîå çíà÷åíèå (T (s))2 èç T02(s) â óðàâíåíèå GEO[1],
ïðåîáðàçóåì åãî ê âèäó:
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EE:= simplify ( subs (T02,GEO[1]));

EE :Æ
d2

ds2 r (s) Æ
L2r (s) ¡ 3L2m ¡ m (r (s))2

(r (s))4

Ðåøåíèå çàäà÷è Êîøè

8) Íåêîòîðûå èç íà÷àëüíûõ óñëîâèé ìîæíî çàäàòü ïðîèçâîëüíî, îò èõ çíà÷å-
íèé çàâèñèò ëèøü îïðåäåëåíèå êîîðäèíàò çàäà÷è, ýòè íà÷àëüíûå óñëîâèÿ ìû
áóäåì ñîõðàíÿòü íåèçìåííûìè îò çàäà÷è ê çàäà÷å. Çäåñü ìû îòñ÷èòûâàåì çíà-

÷åíèå óãëîâîé ïåðåìåííîé îò òàêîé òî÷êè îðáèòû, â êîòîðîé
d

ds
r (s) Æ0, ò.å., îò

ìàêñèìóìà (àïîãåÿ) èëè ìèíèìóìà (ïåðèãåÿ) :

Init_0:=phi(0)=0,t(0)=0,D(r)(0)=0;

Init _0 :ÆÁ(0) Æ0, t (0) Æ0, D(r ) (0) Æ0

Äàëåå ìàññó öåíòðàëüíîãî òåëà òàêæå ìîæíî çàäàòü ïðîèçâîëüíî, îò åå îïðåäåëå-
íèÿ ïðîñòî çàâèñèò ìàñøòàá ðàäèàëüíîé êîîðäèíàòû r . Ïîýòîìó ìû ïîëîæèì
åå ðàâíîé åäèíèöå è ïîäñòàâèì ýòî çíà÷åíèå â èñõîäíûå óðàâíåíèÿ:

m_0:=m=1:
GEOD1:=subs (m_0,EE):

Íà÷àëüíûå óñëîâèÿ çàäà÷è îïðåäåëÿþòñÿ, âî-ïåðâûõ, çíà÷åíèåì ðàäèàëüíîé ,
à, âî-âòîðûõ, çàäàíèåì çíà÷åíèÿ ìîìåíòà, L, ÷òî çíà÷åíèå L Æ0 ñîîòâåòñòâóåò
ðàäèàëüíîìó ïàäåíèþ ÷àñòèöû.

Òàêèì îáðàçîì, â êàæäîé çàäà÷å íàì äîñòàòî÷íî çàäàâàòü çíà÷åíèå ïàðà-
ìåòðà L è ðàäèàëüíîé ïåðåìåííîé, ñîîòâåòñòâóþùåé íóëåâîìó çíà÷åíèþ óãëà.

Ïîëàãàÿ R(s) Æ0, ïîëó÷èì êðóãîâûå îðáèòû ñ r (s) Ær0 ÆConst. Òîãäà èç
óðàâíåíèÿ GEOD1[5], íàéäåì ðàäèóñ òàêîé îðáèòû:

r0:= solve ( rhs (GEOD1)=0,r(s));

r0 :Æ
³
L/2 Å 1/2

p
L2 ¡ 12

´
L,

³
L/2 ¡ 1/2

p
L2 ¡ 12

´
L

Îòêóäà âèäíî, ÷òî êðóãîâûå îðáèòû ñóùåñòâóþò ëèùü ïðè óñëîâèè L0 · L, ãäå
L0 :Æ

p
12 3.464101616

L[0]:= sqrt (12);

L0 :Æ2
p

3

L<=evalf (%);
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L · 3.464101616

Ïðè óãëîâîì ìîìåíòå L, óäîâëåòâîðÿþùåìó ýòîìó óñëîâèþ, âîçìîæíû äâà
ðåøåíèÿ, ñîîòâåòñòâóþùèå êðóãîâûì îðáèòàì:

r_min:=(1/2*L-1/2*(L^2-12)^(1/2))*L;
r_max:=(1/2*L+1/2*(L^2-12)^(1/2))*L;
plot ([r_min,r_max],L= sqrt (12)..6,thickness=[1,2], labels=["L"

,"r0"],legend=["r_min","r_max"],color=[black,grey],view
=[0..6,0..30]);

r_min :Æ
³
L/2 ¡ 1/2

p
L2 ¡ 12

´
L

r_max :Æ
³
L/2 Å 1/2

p
L2 ¡ 12

´
L

Ðèñ. 15.3 Çàâèñèìîñòü ìåæäó ïàðàìåòðàìèr 0 èL

Åñëè r_min · r , r · r_max , òî ÷àñòèöà óñêîðÿåòñÿ â íàïðàâëåíèè, ïðîòèâîïîëîæ-

íîì íàïðàâëåíèþ ê ìàññå: 0 ·
dR

ds
, à ïðè r · r_min èëè r_max · r ðàäèàëüíîå

óñêîðåíèå ìåíÿåò çíàê:
dR

ds
· 0.

9) Èñêëþ÷åíèå íàòóðàëüíîãî ïàðàìåòðà
Èñïîëüçóåì èíòåãðàë

drs:= subs ( diff (r(s),s)= diff (r(phi),phi)* subs (r(s)=r(phi), rhs (
SS)));
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drs :Æ
d

ds
r (s) Æ

³
d

dÁ r
¡
Á

¢́
L

¡
r

¡
Á

¢¢2

d2rs:= diff (r(s),s,s)= diff ( rhs (drs),phi)* subs (r(s)=r(phi), rhs (
SS));

d2rs :Æ
d2

ds2 r (s) Æ
L

¡
r

¡
Á

¢¢2

0

B
@

³
d2

dÁ2 r
¡
Á

¢́
L

¡
r

¡
Á

¢¢2 ¡ 2

³
d

dÁ r
¡
Á

¢́ 2
L

¡
r

¡
Á

¢¢3

1

C
A

EQUATION:=expand (r(phi)^4/L^2* rhs (d2rs))= expand (r(phi)^4/L^2*
subs (r(s)=r(phi), rhs (EE)));

EQUATION :Æ
d2

dÁ2 r
¡
Á

¢
¡ 2

³
d

dÁ r
¡
Á

¢́ 2

r
¡
Á

¢ Ær
¡
Á

¢
¡ 3m ¡

¡
r

¡
Á

¢¢2 m

L2

PH1:= dsolve (EQUATION,r(phi));

PH1 :Æ
Z r (Á) L

p
L2_C1_a4 ¡ L2_a2 Å 2L2_am Å 2_a3m

d_a ¡ Á ¡ _C2Æ0,

Z r (Á)
¡

L
p

L2_C1_a4 ¡ L2_a2 Å 2L2_am Å 2_a3m
d_a ¡ Á ¡ _C2Æ0

PH2:= subs ([r(phi)=r,_C1=(1-E)/L^2,_C2=0,_a=a],PH1[1]);
PH3(r):= solve (PH2,phi);

PH2 :Æ
Z r L

p
a4 (1¡ E) ¡ L2a2 Å 2maL 2 Å 2a3m

da ¡ Á Æ0

PH3(r ) :Æ
Z r L

p
a4 (1¡ E) ¡ L2 a2 Å 2 m a L 2 Å 2 a3 m

da

diff (phi(r),r)= diff (PH3(r),r);

d

dr
Á(r ) Æ

L
p

¡ Er 4 Å 2L2mr ¡ L2r 2 Å 2mr 3 Å r 4
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Àíàëèç ðåøåíèÿ

Ñëó÷àé ïî÷òè êðóãîâîé îðáèòû
Ýòîò ñëó÷àé ñîîòâåòñòâóåò çíà÷åíèÿì L, áîëüøèì L0:

Sol:= dsolve ({ subs (L=-4,EQUATION), r(0)=11,D(r)(0)=0},r(phi),
numeric):;

plots[ odeplot ](Sol,[r(phi)*cos(phi),r(phi)*sin(phi)], phi
=0..4*Pi,color=black,numpoints=500, axes=NORMAL,labels=["X
","Y"],scaling=CONSTRAINED);

d

dr
Á(r ) Æ

L
p

¡ Er 4 Å 2L2mr ¡ L2r 2 Å 2mr 3 Å r 4

Â ýòîì ñëó÷àå ìû íàáëþäàåì òàê íàçûâàåìîå ñìåùåíèå ïåðèãåëèÿ ÷àñòèöû.

Ñëó÷àé ãðàâèòàöèîííîãî çàõâàòà
Â ýòîì ñëó÷àå L · L0:

Sol1:= dsolve ({ subs (L=-3,EQUATION), r(0)=10,D(r)(0)=0},r(phi),
numeric):;

P1:= plot ([2*cos(ph),2*sin(ph),ph=0..2*3.14]):
P2:=plots[ odeplot ](Sol1,[r(phi)*cos(phi),r(phi)*sin(phi)],

phi=0..12*Pi,color=black,numpoints=500, axes=NORMAL,labels
=["X","Y"], scaling=CONSTRAINED):;

plots[ display ](P1,P2);

d

dr
Á(r ) Æ

L
p

¡ Er 4 Å 2L2mr ¡ L2r 2 Å 2mr 3 Å r 4

Â ýòîì ñëó÷àå ïðè Á Æ6,7944...(ò.å., ñïóñòÿ äâà ñ íåáîëüøèì îáîðîòà) ïðîèñõî-
äèò çàõâàò ÷àñòèöû ÷åðíîé äûðîé, î ÷åì ñîîáùàåò Maple.

Ðèñ. 15.4 Ïî÷òè êðóãîâàÿ îðáèòà
Ðèñ. 15.5 Ñëó÷àé ãðàâèòàöèîííîãî

çàõâàòà
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Òåîðèÿ Ôðèäìàíà

èçîòðîïíîé îäíîðîäíîé Âñåëåííîé

16.1 Ïî÷åìó íàøà Âñåëåííàÿ îäíîðîäíàÿ, èçîòðîïíàÿ è íå âñåãäà áûëà
òàêîé, êàê ñåé÷àñ?

Èçîòðîïèÿ � ñâîéñòâà ïðîñòðàíñòâà â áîëüøèõ ìàñøòàáàõ íå çàâèñÿò îò íà-
ïðàâëåíèÿ: ïëîòíîñòü ãàëàêòèê, ïëîòíîñòü ðåëèêòîâîãî èçëó÷åíèÿ, ïëîòíîñòü
êîñìè÷åñêèõ ëó÷åé íå çàâèñÿò îò óãëà çðåíèÿ. Ñïåêòð ðåëèêòîâîãî èçëó÷åíèÿ ñî-
îòâåòñòâóåò ñïåêòðó èçëó÷åíèÿ àáñîëþòíî ÷¼ðíîãî òåëà ñ òåìïåðàòóðîé 2,725oK ,
÷òî ñîîòâåòñòâóåò äëèíå âîëíû 1,9 ìì. Îíî èçîòðîïíî ñ òî÷íîñòüþ ïîðÿäêà 10¡ 4,
ò.å. ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå òåìïåðàòóðû ñîñòàâëÿåò ïðèáëèçèòåëüíî
1,8¢10¡ 5 oK .

Ðèñ. 16.1 Âîññòàíîâëåííàÿ êàðòà (ïàíîðàìà) àíèçîòðîïèè ðåëèêòîâîãî èçëó÷åíèÿ ñ èñêëþ÷¼ííûì
èçîáðàæåíèåì Ãàëàêòèêè, èçîáðàæåíèåì ðàäèîèñòî÷íèêîâ è èçîáðàæåíèåì äèïîëüíîé àíèçîòðîïèè.
Êðàñíûå öâåòà îçíà÷àþò áîëåå ãîðÿ÷èå îáëàñòè, à ñèíèå öâåòà � áîëåå õîëîäíûå îáëàñòè. Ïî äàííûì
ñïóòíèêà WMAP.

Îäíîðîäíîñòü � ñâîéñòâà ïðîñòðàíñòâà â áîëüøèõ ìàñøòàáàõ íå çàâèñÿò
îò ïîëîæåíèÿ â íåì: ïëîòíîñòü ãàëàêòèê, ïëîòíîñòü ðåëèêòîâîãî èçëó÷åíèÿ,
ïëîòíîñòü êîñìè÷åñêèõ ëó÷åé íå çàâèñÿò îò ïîëîæåíèÿ.

Ñî÷åòàíèå ýòèõ äâóõ ñâîéñòâ (èçîòðîïíîñòè è îäíîðîäíîñòè) ñ òî÷êè çðåíèÿ
ãåîìåòðèè ïðèâîäèò ê òîìó, ÷òî ìåòðèêà 3-õ ìåðíîãî ïðîñòðàíñòâà Âñåëåííîé
â áîëüøèõ ìàñøòàáàõ äîëæíà áûòü èçîòðîïíîé è îäíîðîäíîé, ò.å., äîïóñêàòü
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Ðèñ. 16.2 Èëëþñòðàöèÿ îäíîðîäíîñòè Âñåëåííîé. Åñëè áû Âñåëåííàÿ áûëà èçîòðîïíîé
îòíîñèòåëüíî Çåìëè, íî ïðè ýòîì � íåîäíîðîäíîé, òî Çåìëÿ áûëà áû öåíòðîì Âñåëåííîé. Ýòî �
ãåîöåíòðè÷åñêàÿ òî÷êà çðåíèÿ! ãåëèîöåíòðè÷åñêàÿ! ãàëàêòèêîöåíòðè÷åñêàÿ è ò.ï.

ãðóïïó âðàùåíèé è òðàíñëÿöèé � ïðè ïîâîðîòàõ è ïåðåìåùåíèÿõ ìåòðèêà 3-õ
ìåðíîãî ïðîñòðàíñòâà äîëæíà ïåðåõîäèòü ñàìà â ñåáÿ. Ýòîìó óñëîâèþ ñîîòâåò-
ñòâóþò òðåõìåðíûå ïðîñòðàíñòâà ïîñòîÿííîé êðèâèçíû .

16.2 Òðåõìåðíûå ïðîñòðàíñòâà ïîñòîÿííîé êðèâèçíû è ìåòðèêè Ôðèäìàíà

Â êóðñå Äèôôåðåíöèàëüíîé ãåîìåòðèè ( Èãíàòüåâ) áûëî ïîêàçàíî, ÷òî ïîâåðõ-
íîñòè ïîñòîÿííîé êðèâèçíû â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå ìîãóò
áûòü òîëüêî òðåõ òèïîâ (â çàâèñèìîñòè îò ïîñòîÿííîé k ):

ds2 Æ
ds2

0

(1Å k½2
¢2 , (16.1)

ãäåds0 � ìåòðèêà åâêëèäîâîé ïëîñêîñòè E2, k � ïîñòîÿííàÿ êðèâèçíà ïîâåðõ-
íîñòè: k Æ0 � ïîâåðõíîñòü íóëåâîé êðèâèçíû (ïëîñêîñòü); k È 0 � ïîâåðõíîñòü
ïîñòîÿííîé ïîëîæèòåëüíîé êðèâèçû k Æ1/ a2 (ñôåðà), a � ðàäèóñ ñôåðû; k Ç 0
� ïîâåðõíîñòü ïîñòîÿííîé îòðèöàòåëüíîé êðèâèçû k Æ ¡1/ a2 (ïñåâäîñôåðà),
a � ðàäèóñ ïñåâäîñôåðû; ½2 � êâàäðàò äëèíû ðàäèóñà-âåêòîðà íà ïëîñêîñòè
½Æ

R
ds0.

Àíàëîãè÷íî ìîæíî çàïèñàòü è ìåòðèêó 3-õ ìåðíîãî ïðîñòðàíñòâà ïîñòîÿííîé
êðèâèçíû â ôîðìå ( 16.1), ãäåds2

0 óæå ìåòðèêà ïëîñêîãî òðåõìåðíîãî åâêëèäîâà

ïðîñòðàíñòâà E3, ½2 ´ r 2 � êâàäðàò äëèíû ðàäèóñà-âåêòîðà â E3. Â ñôåðè÷åñêèõ
êîîðäèíàòàõ r ,µ, ' , (z Ær sin µ) òàêèì îáðàçîì, èìååì:

ds2 Æ
ds2

0

(1Å kr 2)2
´

dr 2 Å r 2(cos2 µd ' 2 Å dµ2)

(1Å kr 2)2
. (16.2)
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Ïåðåõîäÿ îò ïåðåìåííîé r ê ïåðåìåííîé Â:

r Æath
Â

a
, (k Æ ¡1/ a2); r ÆaÂ(k Æ0); r Æatg

Â

a
, (k Æ1/ a2), (16.3)

ïîëó÷èì îêîí÷àòåëüíî ìåòðèêó òðåõìåðíîãî ïðîñòðàíñòâà ïîñòîÿííîé êðèâèç-
íû â ñôåðè÷åñêèõ êîîðäèíàòàõ (äîêàçàòü ñàìîñòîÿòåëüíî!)
(d­ Æcos2 µd ' 2 Å dµ2 � ìåòðèêà ñôåðû åäèíè÷íîãî ðàäèóñà):

ds2 Æ

8
<

:

a2(dÂ2 Å sin2 Âd­ 2), k Æ1/ a2;
a2(dÂ2 Å Â2d­ 2), k Æ0;
a2(dÂ2 Å sh2Âd­ 2), k Æ ¡1/ a2.

(16.4)

Ýòó ìåòðèêó ìîæíî òàêæå çàïèñàòü ýêâèâàëåíòíîì âèäå:

ds2 Æa2(dÂ2 Å %2(Â)d ­ 2), %(Â) Æ

8
<

:

sin Â, k Æ1/ a2;
Â, k Æ0;
shÂ, k Æ ¡1/ a2.

(16.5)

Çàìåòèì, ÷òî ìåòðèêà ( 16.2) ÿâëÿåòñÿêîíôîðìíî ïëîñêîé .
Ñîãëàñíî ( 16.5) äèôôåðåíöèàëû äëèíû äóãè ïðè ñìåùåíèè âäîëü Â (' ÆConst, µ Æ
Const) è âäîëü ' (Â ÆÂ0 ÆConst, µ ÆConst Æµ0 Æ0) ðàâíû, ñîîòâåòñòâåííî:
dsÂ ÆadÂ, ds' Æa%(Â)d ' . Ïîýòîìó îòíîøåíèå äëèíû îêðóæíîñòè C ê åå ðàäè-
óñóR â ýòîì ìèðå ðàâíî: C/ R Æ2¼%(Â0)/ Â0 � ðàâíî íóëþ äëÿ ïëîñêîãî ìèðà,
ìåíüøå 2¼äëÿ ïðîñòðàíñòâà îòðèöàòåëüíîé êðèâèçíû è áîëüøå 2¼äëÿ ïðî-
ñòðàíñòâà ïîëîæèòåëüíîé êðèâèçíû (ñì. Èãíàòüåâ, Äèôôåðåíöèàëüíàÿ ãåîìåò-
ðèÿ) .

Ñîãëàñíî çàêîíó ñîõðàíåíèÿ ýíåðãèè çâåçäû íå ìîãëè ãîðåòü áåñêîíå÷íî
äîëãî, òàê êàê ðàíî èëè ïîçäíî, ëþáûå çàïàñû ýíåðãèè èñ÷åðïûâàþòñÿ.

Åñëè æå ïðåäïîëîæèòü, ÷òî çâåçäû ïî êàêèì-òî ïðè÷èíàì ãîðÿò áåñêîíå÷íî
äîëãî, òî ýòî îçíà÷àåò, ÷òî ÷èñëî èçëó÷åííûõ ôîòîíîâ ïîñòîÿííî óâåëè÷èâàåòñÿ,
ñòàëî áûòü, óâåëè÷èâàåòñÿ è èõ ïëîòíîñòü.

Ôîòîìåòðè÷åñêèé ïàðàäîêñ(ïàðàäîêñ Îëüáåðñà) . Ïðåäïîëîæèì, ÷òî çâåç-
äû âî Âñåëåííîé ðàñïðåäåëåíû â ñðåäíåì ðàâíîìåðíî ñ ïëîòíîñòüþ ½ÆConst,
òàê ÷òî â ñôåðè÷åñêîì ñëîå òîëùèíîé dr íàõîäÿòñÿ dN Æ½4¼r 2dr çâåçä. Ïóñòü
S0 � ñðåäíÿÿ ñâåòèìîñòü çâåçä, òîãäà îò çâåçäû íà ðàññòîÿíèè r íà Çåìëå áóäåò
çàôèêñèðîâàíà èíòåíñèâíîñòü èçëó÷åíèÿ i 0 ÆS0/ r 2. Òàêèì îáðàçîì, âêëàä â
èíòåíñèâíîñòü èçëó÷åíèÿ îò ñôåðè÷åñêîãî ñëîÿ áóäåò d I Æi 0dN Æ4¼½S0dr ,
à èíòåíñèâíîñòü, ñîçäàâàåìàÿ çâåçäàìè, íàõîäÿùèìèñÿ â øàðå ðàäèóñà r íà
Çåìëå, áóäåò ðàâíà I (r ) Æ4¼½S0r . Ïðè r ! 1 I ! 1 � òåïëîâàÿ ñìåðòü .

Ãðàâèòàöèîííûé ïàðàäîêñ(ïàðàäîêñ Çååëèãåðà) . Ñîãëàñíî òåîðèè Íüþ-
òîíà íà òåëî ìàññû m äåéñòâóåò ñèëà òÿæåñòè îò ìàññû, çàêëþ÷åííîé â ñôåðå
ðàäèóñà r : F Æ ¡mM (r )G/ r 2 Æ ¡mG4¼½r /3 . Íî â îäíîðîäíîé Âñåëåííîé íåò
öåíòðà, ïîýòîìó ñèëà ñòàíîâèòñÿ íåîïðåäåëåííîé. Íà ñàìîì äåëå ïðè ïðàâèëü-
íîé ïîñòàíîâêå çàäà÷è ýòîò ïàðàäîêñ ñíèìàåòñÿ â Íüþòîíîâñêîé òåîðèè, íî
ïðè ýòîì òåîðèÿ äîëæíà áûòü íåñòàöèîíàðíîé (Áîííîð).
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Ðèñ. 16.3 Ôîòîìåòðè÷åñêèé ïàðàäîêñ

Ñîãëàñíî ñêàçàííîìó âûøå, ìåòðèêó ÷åòûðåõìåðíîãî ïðîñòðàíñòâà - âðåìå-
íè ñëåäóåò çàïèñàòü â âèäå (Ôðèäìàí, 1922) 1:

ds2 Ædt 2 ¡ a2(t )(dÂ2 Å %2(Â)d ­ 2), (16.6)

êîòîðóþ ìû è áóäåì â äàëüíåéøåì íàçûâàòü Ìåòðèêîé Ôðèäìàíà . Êàê
èçâåñòíî, ó ïîáåäû âñåãäà ìíîãî ðîäèòåëåé, ïîýòîìó, åñòåñòâåííî, ê ôàìèëèè
Ôðèäìàíà ¾ñêîðî¿ áûëè äîáàâëåíû èíîñòðàííûå ôàìèëèè Ëåìåòðà (1927), Ðî-
áåðòñîíà - Óîêêåðà (1935). Â àíãëîÿçû÷íîé ëèòåðàòóðå ìåòðèêó Ôðèäìàíà îáû÷-
íî íàçûâàþò èìåíàìè Ðîáåðòñîíà è Óîêêåðà.

Ïðîèçâîäÿ çàìåíó âðåìåííîé ïåðåìåííîé

t Æ
Z

a(´ )d ´ $ ´ Æ
Z

dt

a(t )
, (16.7)

ýòó ìåòðèêó ìîæíî òàêæå çàïèñàòü â êîíôîðìíî - ñòàöèîíàðíîì âèäå:

ds2 Æa2(´ )(d ´ 2 ¡ dÂ2 ¡ %2(Â)d ­ 2). (16.8)

1Â 1922 ã. Àëåêñàíäð Ôðèäìàí îïóáëèêîâàë ðåøåíèå óðàâíåíèé Ýéíøòåéíà äëÿ ïðîñòðàíñòâà
ïîëîæèòåëüíîé êðèâèçíû, à â 1924 - äëÿ ïðîñòðàíñòâà îòðèöàòåëüíîé êðèâèçíû, ïðè÷åì ðåøåíèÿ
ñðàçó ó÷èòûâàëè êîñìîëîãè÷åñêèé ÷ëåí, è áûë ïîêàçàí ïðåäåëüíûé ïåðåõîä ê ðåøåíèÿì Ýéíøòåéíà
è äå-Ñèòòåðà.
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16.3 Ñîçäàòåëü òåîðèè ðàñøèðÿþùåéñÿ Âñåëåííîé � Àëåêñàíäð
Àëåêñàíäðîâè÷ Ôðèäìàí

Àëåêñàíäð Àëåêñàíäðîâè÷ Ôðèäìàí (4 (16) èþíÿ 1888, Ñàíêò-Ïåòåðáóðã � 16 ñåí-
òÿáðÿ 1925, Ëåíèíãðàä) � âûäàþùèéñÿ ðîññèéñêèé è ñîâåòñêèé ìàòåìàòèê, ôè-
çèê è ãåîôèçèê, ñîçäàòåëü òåîðèè íåñòàöèîíàðíîé Âñåëåííîé. Â 1922 ãîäó îïóá-
ëèêîâàë ðàáîòó ¾Î êðèâèçíå ïðîñòðàíñòâà¿ http://www.astronet.ru/db/msg/1187035/ ,
êîòîðàÿ ïîëîæèëà íà÷àëî òåîðåòè÷åñêîé êîñìîëîãèè. Ýéíøòåéí íà íà÷àëüíûõ
ýòàïàõ ïîäâåðãàë êðèòèêå ðåçóëüòàòû ðàáîòû Ôðèäìàíà, îäíàêî âïîñëåäñòâèå
áåçîãîâîðî÷íî ïðèíÿë èõ.

Ðèñ. 16.4 Àëåêñàíäð Àëåêñàíäðîâè÷ Ôðèäìàí � îñíîâîïîëîæíèê êîñìîëîãèè

16.4 Êèíåìàòèêà Âñåëåííîé Ôðèäìàíà

Ëåãêî ïîêàçàòü, ÷òî ìèðîâûå ëèíèè r Ær0 Æ
¡¡¡¡!
const ÿâëÿþòñÿ ãåîäåçè÷åñêèìè

ìèðà Ôðèäìàíà (äîêàçàòü ñàìîñòîÿòåëüíî) . Ñåòü ýòèõ ãåîäåçè÷åñêèõ, ïîêðûâà-
þùèõ âåñü ìèð Ôðèäìàíà, ðåàëèçóåò ñèíõðîííóþ ñèñòåìó îòñ÷åòà, ñîîòâåòñòâó-
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þùóþ íàáëþäàòåëÿì. Òîãäà â ëþáîé ìîìåíò ñèíõðîííîãî âðåìåíè äâà òàêèõ
íàáëþäàòåëÿ â ìåòðèêå ( 16.4) èìåþò ïîñòîÿííûå ïðîñòðàíñòâåííûå êîîðäèíà-
òû Â0,µ0, ' 0 è Â0 Å ±Â,,µ0 Å ±µ,' 0 Å ±' . Êâàäðàò ñèíõðîííîãî (îäíîâðåìåííîãî)
ðàññòîÿíèÿ ìåæäó ýòèìè íàáëþäàòåëÿìè â ìîìåíò âðåìåíè t ðàâíî:

±` 2 Æa2(t )(±Â2 Å %2(Â)±­ 2). (16.9)

Åñëè �a 6Æ0 ðàññòîÿíèå ìåæäó íàáëþäàòåëÿìè â ìèðå Ôðèäìàíà èçìåíÿåòñÿ.
Îòíîñèòåëüíóþ ñêîðîñòü äâóõ íàáëþäàòåëåé ïîëó÷èì äèôôåðåíöèðîâàíèåì
(16.9) ïî âðåìåíè, ó÷èòûâàÿ, ÷òî v Æd` / d t :

2±`
±`

d t
Æ2a �a(dÂ2 Å %2(Â)d ­ 2) ´ 2

�a

a
±` 2

Îòñþäà ïîëó÷àåì ëèíåéíûé çàêîí äëÿ îòíîñèòåëüíîé ñêîðîñòè:

±`

d t
´ v(t ) ÆH (t )±` ;

³
H (t ) ´

�a

a

´
, (16.10)

ãäåH (t ) � òàê íàçûâàåìàÿ ïîñòîÿííàÿ Õàááëà .
Áåçðàçìåðíûé èíâàðèàíò

­ ´
äa

�a2 (16.11)

íàçûâàåòñÿ êîñìîëîãè÷åñêèì óñêîðåíèåì .
Òàêèì îáðàçîì, H È 0 ñîîòâåòñòâóåò ðàñøèðåíèþ Âñåëåííîé, H Æ0 � ñòàöè-

îíàðíîé Âñåëåííîé, H Ç 0 � ñæàòèþ Âñåëåííîé. Ýäâèí Õàááë, 1929 - ýêñïåðè-
ìåíòàëüíîå ïîäòâåðæäåíèå. Ñîâðåìåííîå çíà÷åíèÿ H Æ67,80§ 0,77 (êì/ñ)/Ìïê
èëè (2,197§ 0,025)¢10¡ 18c¡ 1= ! 1.14 ¢1010 ëåò (t » H ¡ 1).

Âû÷èñëèì ìåòðè÷åñêèå âåëè÷èíû äëÿ ìåòðèêè Ôðèäìàíà (äëÿ ìåòðèêè
(16.8) âû÷èñëèòü ñàìîñòîÿòåëüíî) îòëè÷íûå îò íóëÿ ñèìâîëû Êðèñòîôôåëÿ
2-ãî ðîäà äëÿ ïðîñòðàíñòâà Ôðèäìàíà ( 16.8, ïðèíèìàÿ âî âíèìàíèå ôîðìóëû
äëÿ ðàçëè÷íûõ èíäåêñîâ êðèâèçíû ( 16.5):

¡ 1
14 Æ¡ 2

24 Æ¡ 3
34 Æ

�a

a
; ¡ 1

22 Æ ¡½½0; ¡ 1
33 Æ ¡½½0cos2 µ;

¡ 2
12 Æ¡ 3

13 Æ
½0

½
; ¡ 2

33 Æcosµsin µ; ¡ 3
23 Æ ¡tgµ;

¡ 4
11 Æa �a; ¡ 4

22 Æa �a½2; ¡ 4
33 Æa �a½2 cos2 µ. (16.12)

Òî÷êîé îáîçíà÷åíû ïðîèçâîäíûå ïî êîíôîðìíîìó âðåìåíè ´ , øòðèõîì � ïðî-
èçâîäíûå ïî Â.
Îòëè÷íûå îò íóëÿ êîìïîíåíòû òåíçîðà Ýéíøòåéíà : Ïðè ýòîì íàäî èìåòü
ââèäó ñëåäóþùèå ïîëåçíûå ñîîòíîøåíèÿ:

1¡ ½02 Æ²½2, ½00Æ ¡²½, (16.13)

ãäå² Æ1 â ñëó÷àå ïîëîæèòåëüíîé êðèâèçíû, ² Æ0 â ñëó÷àå íóëåâîé êðèâèçíû
è ² Æ ¡1 â ñëó÷àå îòðèöàòåëüíîé êðèâèçíû (äîêàçàòü ñàìîñòîÿòåëüíî) . Òàêèì
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îáðàçîì, ïîëó÷èì äëÿ îòëè÷íûõ îò íóëÿ ñìåøàííûõ êîìïîíåíò òåíçîðà Ýéí-
øòåéíà 2:

G1
1 ÆG2

2 ÆG3
3 Æ

2aä ¡ �a2 Å ² a2

a4 ; G4
4 Æ3

² a2 Å �a2

a4 ;R Æ ¡6
² a Å ä

a2 . (16.14)

16.5 Óðàâíåíèÿ Ýéíøòåéíà è çàêîíû ñîõðàíåíèÿ

Âñëåäñòâèå èçîòðîïíîñòè è îäíîðîäíîñòè òðåõìåðíîãî ïðîñòðàíñòâà òðåõìåð-
íàÿ ÷àñòü òåíçîðà ýíåðãèè - èìïóëüñà òàêæå äîëæíà ñîñòàâëÿòü òðåõìåðíûé
îäíîðîäíûé è èçîòðîïíûé òåíçîð, ò.å., îí äîëæåí áûòü èíâàðèàíòåí îòíîñè-
òåëüíî âðàùåíèé è ïåðåíîñîâ òðåõìåðíîãî ïðîñòðàíñòâà. Ýòî ïðèâîäèò ê òîìó,
÷òî â ñîïóòñòâóþùåé ñèñòåìå îòñ÷åòà

T i
k uk Æ" u i (16.15)

òåíçîð ýíåðãèè - èìïóëüñà äîëæåí èìåòü âèä:

T i
k

¤
Æ

0

B
B
@

¡ P(´ ) 0 0 0
0 ¡ P(´ ) 0 0
0 0 ¡ P(´ ) 0
0 0 0 " (´ )

1

C
C
A) T i

k Æ(" Å P)u i uk ¡ P±i
k , (16.16)

ò.å., òåíçîð ýíåðãèè - èìïóëüñà èçîòðîïíîãî îäíîðîäíîãî ìèðà äîëæåí ñîâïà-
äàòü ñòåíçîðîì ýíåðãèè - èìïóëüñà èäåàëüíîé æèäêîñòè .
Åäèíè÷íûé âðåìåíèïîäîáíûé ñîáñòâåííûé âåêòîð ìàòðèöû T i

k , u i , îòâå÷àþ-
ùèé ïîëîæèòåëüíîìó çíà÷åíèþ ñîáñòâåííîãî ÷èñëà " È 0, íàçûâàåòñÿ äèíà-
ìè÷åñêîé ñêîðîñòüþ ìàòåðèè , à ïîëîæèòåëüíîå ñîáñòâåííîå ÷èñëî " � ïëîò-
íîñòüþ ýíåðãèè ìàòåðèè; ñîáñòâåííûå ÷èñëà P, îòâå÷àþùèå ïðîñòðàíñòâåí-
íîïîäîáíûì ñîáñòâåííûì âåêòîðàì v

(®)
i , íàçûâàþòñÿ äàâëåíèÿìè âäîëü îñåé

v
(®)

.

Èç ñðàâíåíèÿ ( 17.5) è (16.16) ñëåäóåò, ÷òî èìååòñÿ âñåãî ëèøü 2 íåçàâèñèìûõ
óðàâíåíèÿ Ýéíøòåéíà íà 3 íåèçâåñòíûå ôóíêöèè: a(´ ), " (´ ),P(´ ). Ïîýòîìó äëÿ
çàìûêàíèÿ ñèñòåìû óðàâíåíèé íåîáõîäèìî íàëîæèòü åùå îäíî óðàâíåíèå,
ñâÿçûâàþùåå P è " � óðàâíåíèå ñîñòîÿíèÿ :

P ÆP(" ). (16.17)

Ýòî óðàâíåíèå îïðåäåëÿåòñÿ âíóòðåííèì ôèçè÷åñêèì ñîñòîÿíèåì ìàòåðèè è
ñóùåñòâåííî çàâèñèò îò åå ìîäåëè.

2Ïðè âû÷èñëåíèÿõ â Maple íåîáõîäèìî ïîìíèòü, ÷òî íàøå îïðåäåëåíèå òåíçîðà Ýéíøòåéíà è
îïðåäåëåíèå Maple îòëè÷àþòñÿ çíàêîì!
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Íà îñíîâå ( 17.5) è (16.16) ñôîðìóëèðóåì ñèñòåìó íåçàâèñèìûõ óðàâíåíèé
Ýéíøòåéíà ( â ïëàíêîâñêîé ñèñòåìå åäèíèö ~ÆG Æc Æ1!):

G1
1 Æ

2aä ¡ �a2 Å ² a2

a4 Æ ¡8¼P(" ); (16.18)

G4
4 Æ 3

² a2 Å �a2

a4 Æ8¼". (16.19)

Íà îñíîâå ýòèõ óðàâíåíèé ìîæíî ïîëó÷èòü èõ äèôôåðåíöèàëüíîå ñëåäñòâèå:

d

d´
G4

4 ´ 6
�a

a5 (¡ ² a2 Å aä ¡ 2 �a2); G4
4 ¡ G1

1 Æ ¡
2

a4 (¡ ² a2 ¡ 2 �a2 Å aä);

)
dG4

4

d´
Å 3

�a

a
(G4

4 ¡ G1
1) Æ0 )

d "

d ´
Å 3

�a

a
(" Å P(" )) Æ0 (16.20)

� çàêîí ñîõðàíåíèÿ ýíåðãèè. Ýòîò æå çàêîí ìîæíî ïîëó÷èòü è ïðÿìûì ìåòîäîì,
âû÷èñëÿÿ êîâàðèàíòíûå ïðîèçâîäíûå r k T k

i Æ0 (âû÷èñëèòü ñàìîñòîÿòåëüíî) .
Çàêîí ñîõðàíåíèÿ ýíåðãèè ( 16.20) ìîæíî âçÿòü âìåñòî îäíîãî èç íåçàâèñèìûõ

óðàâíåíèé Ýéíøòåéíà. Ïðè çàäàííîì óðàâíåíèè ñîñòîÿíèÿ óðàâíåíèå ( 16.20)
èíòåãðèðóåòñÿ â êâàäðàòóðàõ:

3ln a Æ ¡
Z

d"

" Å P(" )
Å Const, (16.21)

ïîýòîìó ôîðìàëüíî óðàâíåíèÿ Ýéíøòåéíà äëÿ Âñåëåííîé Ôðèäìàíà âñåãäà
ñâîäÿòñÿ ê îäíîìó èíòåãðî - äèôôåðåíöèàëüíîìó óðàâíåíèþ ( 16.19).

16.6 Ðåøåíèÿ Ôðèäìàíà

Â ðåëÿòèâèñòñêîé ãèäðîäèíàìèêå äîêàçûâàåòñÿ, ÷òî ñîîòíîøåíèå

dP

d"
Æ

v2
s

c2 (16.22)

îïðåäåëÿåò ñêîðîñòü çâóêà vs â èçîòðîïíîé ìàòåðèè. Ïðè ýòîì íàäî ïîìíèòü,
÷òî " � åñòü ïëîòíîñòü ýíåðãèè ìàòåðèè ñ ó÷åòîì åå ìàññû ïîêîÿ. Ïîñêîëü-
êó ñêîðîñòü çâóêà äîëæíà áûòü ìåíüøå ñêîðîñòè ñâåòà, èìååòñÿ îãðàíè÷åíèå:
dP/ d " · 1.

×àñòî â ìîäåëüíûõ èññëåäîâàíèÿõ èñïîëüçóþò òàê íàçûâàåìîå áàðîòðîïè-
÷åñêîå óðàâíåíèå ñîñòîÿíèÿ :

P Æk" (16.23)

ãäå áåçðàçìåðíûé êîýôôèöèåíò k · 1 íàçûâàåòñÿ êîýôôèöèåíòîì áàðîòðî-
ïû .
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ˆ Â ÷àñòíîñòè, k Æ0 ) P ! 0 ñîîòâåòñòâóåò íåðåëÿòèâèñòñêîìó óðàâíå-
íèþ ñîñòîÿíèÿ , â ýòîì ñëó÷àå " Æ%c2 (%� ïëîòíîñòü âåùåñòâà);

ˆ k Æ1/3 � óëüòðàðåëÿòèâèñòñêîìó óðàâíåíèþ ñîñòîÿíèÿ (ýòî óðàâíå-
íèå ñîñòîÿíèÿ ïîëó÷àåòñÿ â òîì ñëó÷àå, åñëè ìàññà ïîêîÿ ñîñòàâëÿþùèõ
ìàòåðèþ ÷àñòèö è ôèçè÷åñêèõ ïîëåé ñòðåìèòñÿ ê íóëþ);

ˆ k Æ1 � ïðåäåëüíî - æåñòêîìó óðàâíåíèþ ñîñòîÿíèÿ .

ˆ Â íàñòîÿùåå âðåìÿ â êîñìîëîãèè ðàññìàòðèâàþòñÿ ìîäåëè ñ îòðèöàòåëü-
íûì êîýôôèöèåíòîì áàðîòðîïû, â ÷àñòíîñòè, ¡ 1 Ç k Ç ¡ 1/3 � êâèíòýñ-
ñåíöèÿ ;

ˆ k Æ ¡1 � âàêóóìíîå óðàâíåíèå ñîñòîÿíèÿ ,

ˆ k Ç ¡ 1 � ôàíòîìíàÿ ýíåðãèÿ (òåìíàÿ ýíåðãèÿ) .

Ôðèäìàí ïîëó÷èë ðåøåíèÿ äëÿ îäíîðîäíîé êîñìîëîãè÷åñêîé ìîäåëè ñ ïî-
ëîæèòåëüíîé êðèâèçíîé ñ ó÷åòîì êîñìîëîãè÷åñêîãî ÷ëåíà â ñëó÷àå íåðåëÿòè-
âèñòñêîãî óðàâíåíèÿ ñîñòîÿíèÿ P Æ0, " Æ%c2, êîãäà óðàâíåíèå ( 16.24) ëåãêî
èíòåãðèðóåòñÿ è äàåò çàêîí ñîõðàíåíèÿ ìàññû:

3ln a Æ ¡
Z

d"

"
Å Const ) " a3 ÆConst , %a3 ÆConst Æ½0. (16.24)

Ìû çäåñü ðàññìîòðèì ñëó÷àè ïðîèçâîëüíîãî èíäåêñà êðèâèçíû ² , íî ïðè ¤ Æ0
(ñëó÷àé ¤ 6Æ0 ðàññìîòðåòü ñàìîñòîÿòåëüíî) . Ïîäñòàíîâêà ðåøåíèÿ ( 16.24) â
óðàâíåíèå ( 16.25) ïðèâîäèò åãî ê âèäó (ìû ïîëîæèëè a(´ 0) Æ1, ½(´ 0) Æ½0):

3(² a2 Å �a2) Æ8¼½0a. (16.25)

Ñîâåðøèì ìàñøòàáíîå ïðåîáðàçîâàíèå:

a ! a
8¼

3
½0, (16.26)

òîãäà óðàâíåíèå Ýéíøòåéíà ïðèìåò êîìïàêòíûé âèä:

² a2 Å �a2 Æa. (16.27)

íòåãðèðóÿ åãî, ïîëó÷èì ðåøåíèå â êâàäðàòóðàõ:
Z

da
p

a ¡ ² a2
Æ´ Å Const. (16.28)

Èíòåãðàë â ëåâîé ÷àñòè ( 16.28) íàäî âû÷èñëÿòü äëÿ êàæäîãî çíà÷åíèÿ ² (âû÷èñ-
ëèòü ñàìîñòîÿòåëüíî) . Â ðåçóëüòàòå ïîëó÷èì:

a(´ ) Æ

8
>><

>>:

1
2(1 ¡ cos´ ), ² Æ Å1;
1
2´ 2, ² Æ0;
1
2(ch´ ¡ 1), ² Æ ¡1;

(16.29)
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Ïðè ïîëó÷åíèè ôîðìóë ( 16.29) ìû ó÷ëè ïðîèçâîëüíîñòü âûáîðà âðåìåí-
íîé ïåðåìåííîé, ò.å., èíâàðèàíòíîñòü ìåòðèêè Ôðèäìàíà îòíîñèòåëüíî ñäâèãà
´ ! ´ Å Const, ïîäîáðàâ ïîñòîÿííóþ òàêèì îáðàçîì, ÷òîáû ñèíãóëÿðíîñòè
ìåòðèêè a Æ0 ñîîòâåòñòâîâàëî íóëåâîå çíà÷åíèå âðåìåííîé ïåðåìåííîé ´ Æ0.
Ïåðåõîäÿ ê ôèçè÷åñêîìó âðåìåíè t ïî ôîðìóëå ( 16.7), ïîëó÷èì ¾ñâÿçü âðåìåí¿:

t Æ

8
>><

>>:

1
2(´ ¡ sin ´ ), ² Æ Å1;
1
6´ 3, ² Æ0;
1
2(sh´ ¡ ´ ), ² Æ ¡1;

(16.30)

Òàêèì îáðàçîì, ïðè ´ ! 0 t ! ´ 3/6 , è ñ ó÷åòîì ( 16.24) íàéäåì:

a(t ) '
µ

3

4

¶2/3
t 2/3 ) ½Æ

16

9t 2 . (16.31)

� â ïëàíêîâñêèõ åäèíèöàõ.
Ñàìîñòîÿòåëüíî ðàçîáðàòü ðåøåíèå ñ êîñìîëîãè÷åñêèì ÷ëåíîì.
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Òåíçîðíûå âû÷èñëåíèÿ äëÿ ìåòðèêè Ôðèäìàíà â ÑÊÌ Maple

Çàäà÷à:

Âû÷èñëèòü â ÑÊÌ Maple îòëè÷íûå îò íóëÿ ñèìâîëû Êðèñòîôôåëÿ 2-ãî ðîäà è
êîìïîíåíòû òåíçîð Ýéíøòåéíà äëÿ ïðîñòðàíñòâà Ôðèäìàíà.
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1) Äëÿ ðåøåíèÿ çàäà÷è íåîáõîäèìî ïîäêëþ÷èòü áèáëèîòåêó tensor :

restart :
with (tensor):

2) Îïðåäåëåíèå ìåòðèêè Ôðèäìàíà â ôîðìå ( 16.8):

coord := [chi, theta, phi, eta]:
g := array (symmetric, sparse, 1..4, 1..4):
g[1,1] := -(a(eta))^2:
g[2,2] := -(a(eta)*rho(chi))^2:
g[3,3] := -(a(eta)*rho(chi)*cos(theta))^2:
g[4,4] := 1:
g := create ([-1,-1], eval (g));

g :Ætable

0

B
B
B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
6
6
4

¡
¡
a

¡
´

¢¢2 0 0 0

0 ¡
¡
a

¡
´

¢¢2 ¡
½

¡
Â

¢¢2 0 0

0 0 ¡
¡
a

¡
´

¢¢2 ¡
½

¡
Â

¢¢2 (cos(µ))2 0

0 0 0 1

3

7
7
7
7
7
7
7
5

]

1

C
C
C
C
C
C
C
A

3) Âû÷èñëåíèå êîíòðàâàðèàíòíîãî ìåòðè÷åñêîãî òåíçîðà:

g_inv:= invert (g,'detg');

g_inv :Ætable

0

B
B
B
B
B
B
B
B
@

[index_char Æ[1,1], compts Æ

2

6
6
6
6
6
6
6
6
4

¡
¡
a

¡
´

¢¢¡ 2 0 0 0

0 ¡ 1
(a(´ ))2(½(Â))2 0 0

0 0 ¡ 1
(a(´ ))2(½(Â))2(cos(µ))2

0

0 0 0 1

3

7
7
7
7
7
7
7
7
5

]

1

C
C
C
C
C
C
C
C
A

3) Âû÷èñëåíèå ñèìâîëîâ Êðèñòîôôåëÿ 2-ãî ðîäà:

D1g := d1metric (g, coord):
Cf1 := Christoffel1 (D1g):
Cf2 := Christoffel2 (g_inv, Cf1);

Cf2 :Ætable
¡
[index_char Æ[1, ¡ 1,¡ 1],compts ÆARRAY

¡
cf2, [1. . .4,1. . .4,1. . .4], [{1,1,1}Æ0,{1,1,2}Æ0,{1,1,3}Æ0,

{1,1,4}Æ

d
d´ a

¡
´

¢

a
¡
´

¢ , {1,2,1}Æ0,{1,2,2}Æ ¡½
¡
Â

¢ d

dÂ
½

¡
Â

¢
,{1,2,3}Æ0,{1,2,4}Æ0,{1,3,1}Æ0,

{1,3,2}Æ0,{1,3,3}Æ ¡½
¡
Â

¢
(cos(µ))2 d

dÂ
½

¡
Â

¢
,{1,3,4}Æ0,{1,4,1}Æ

d
d´ a

¡
´

¢

a
¡
´

¢ , {1,4,2}Æ0,{1,4,3}Æ0,

{1,4,4}Æ0,{2,1,1}Æ0,{2,1,2}Æ

d
dÂ ½

¡
Â

¢

½
¡
Â

¢ ,{2,1,3}Æ0,{2,1,4}Æ0,{2,2,1}Æ

d
dÂ ½

¡
Â

¢

½
¡
Â

¢ ,{2,2,2}Æ0,{2,2,3}Æ0,

{2,2,4}Æ

d
d´ a

¡
´

¢

a
¡
´

¢ , {2,3,1}Æ0,{2,3,2}Æ0,{2,3,3}Æcos(µ)sin (µ) , {2,3,4}Æ0,{2,4,1}Æ0,

{2,4,2}Æ

d
d´ a

¡
´

¢

a
¡
´

¢ , {2,4,3}Æ0,{2,4,4}Æ0,{3,1,1}Æ0,{3,1,2}Æ0,{3,1,3}Æ

d
dÂ ½

¡
Â

¢

½
¡
Â

¢ ,

{3,1,4}Æ0,{3,2,1}Æ0,{3,2,2}Æ0,{3,2,3}Æ ¡
sin (µ)

cos(µ)
, {3,2,4}Æ0,{3,3,1}Æ

d
dÂ ½

¡
Â

¢

½
¡
Â

¢ ,{3,3,2}Æ ¡
sin (µ)

cos(µ)
,
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{3,3,3}Æ0,{3,3,4}Æ

d
d´ a

¡
´

¢

a
¡
´

¢ , {3,4,1}Æ0,{3,4,2}Æ0,{3,4,3}Æ

d
d´ a

¡
´

¢

a
¡
´

¢ , {3,4,4}Æ0,{4,1,1}Æa
¡
´

¢ d

d ´
a

¡
´

¢
,

{4,1,2}Æ0,{4,1,3}Æ0,{4,1,4}Æ0,{4,2,1}Æ0,{4,2,2}Æa
¡
´

¢¡
½

¡
Â

¢¢2 d

d´
a

¡
´

¢
, {4,2,3}Æ0,{4,2,4}Æ0,

{4,3,1}Æ0,{4,3,2}Æ0,{4,3,3}Æa
¡
´

¢¡
½

¡
Â

¢¢2 (cos(µ))2 d

d´
a

¡
´

¢
, {4,3,4}Æ0,{4,4,1}Æ0,{4,4,2}Æ0,

{4,4,3}Æ0,{4,4,4}Æ0])])

Íåíóëåâûå ýëåìåíòû ñîâïàäàþò ñ ïðèâåäåííûìè â ( 16.12).
3) Âû÷èñëåíèå òåíçîðà Ýéíøòåéíà:

D2g := d2metric (D1g, coord):
RMN := Riemann (g_inv, D2g, Cf1):
RCC := Ricci (g_inv, RMN):
RS := Ricciscalar (g_inv, RCC):
Einstein (g, RCC, RS);

table

0

B
B
B
B
B
B
B
B
B
B
@

[index_char Æ[¡ 1,¡ 1],compts Æ

2

6
6
6
6
6
6
6
6
6
6
4

¡
¡ 2a(´ )(½(Â))2 d2

d´ 2 a(´ )¡
³

d
d´ a(´ )

´2
(½(Â))2Å

³
d

dÂ ½(Â)
´2

¡ 1

(½(Â))2 ,0,0,0

0,2a
¡
´

¢¡
½

¡
Â

¢¢2 d 2

d´ 2 a
¡
´

¢
Å

³
d

d´ a
¡
´

¢́ 2 ¡
½

¡
Â

¢¢2 ¡ ½
¡
Â

¢ d 2

dÂ2 ½
¡
Â

¢
,0,0

0,0,0,
¡ 3

³
d

d´ a(´ )
´2

(½(Â))2Å
³

d
dÂ ½(Â)

´2
Å2½(Â) d2

dÂ2 ½(Â)¡ 1

(a(´ ))2(½(Â))2

3

7
7
7
7
7
7
7
7
7
7
5

]

1

C
C
C
C
C
C
C
C
C
C
A

Çàäà÷à:

Âû÷èñëèòü âðåìÿ æèçíè çàìêíóòîé Âñåëåííîé, çàïîëíåííîé íåðåëÿòèâèñò-
ñêèì âåùåñòâîì.

Àíàëèòè÷åñêîå ðåøåíèå

Äëÿ çàìêíóòîé Âñåëåííîé ïàðàìåòð ² Æ1. Íåðåëÿòèâèñòñêîå âåùåñòâî õàðàêòå-
ðèçóåòñÿ íóëåâûì äàâëåíèåì P Æ0 è ïëîòíîñòüþ ýíåðãèè " Æ¹ (´ ), ãäå¹ ÆM / V
� ïëîòíîñòü âåùåñòâà. Ñ ó÷åòîì ýòèõ óñëîâèé óðàâíåíèå Ýéíøòåéíà ( 16.19) è
çàêîí ñîõðàíåíèÿ ýíåðãèè ( 16.20) ïðèíèìàþò âèä:

1

a2 Å
�a2

a4 Æ
8¼

3
" ; (16.32)

�" Å 3
�a

a
" Æ0. (16.33)

Èíòåãðèðîâàíèå çàêîíà ñîõðàíåíèÿ äàåò ñîîòíîøåíèå ¹ a3 ÆConst, êîòîðîå
âûðàæàåò ïîñòîÿíñòâî ñóììû M ìàññ òåë âî âñåì ïðîñòðàíñòâå.

Íàéäåì ïðîñòðàíñòâåííûé îáúåì Âñåëåííîé:

V Æ

2¼Z

0

¼Z

0

¼Z

0

a3 sin2 Âsin µdÂdµdÁ Æ2¼2a3.
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Òîãäà ïîëíàÿ ìàññà âåùåñòâà:

M Æ2¼2¹ a3.

Ïðîèíòåãðèðîâàâ ñ ó÷åòîì ýòîãî óðàâíåíèå Ýéíøòåéíà ( 16.32), ïîëó÷àåì:

a Æa0
¡
1¡ cos´

¢
a0 Æ

4¼

3
¹ a3.

Èñïîëüçóÿ äèôôåðåíöèàëüíîå ñîîòíîøåíèå dt Æad´ , íàéäåì îêîí÷àòåëüíî:

t Æa0(´ ¡ sin ´ ).

Òàêèì îáðàçîì, çàìêíóòàÿ Âñåëåííàÿ, çàïîëíåííàÿ íåðåëÿòèâèñòñêèì âåùå-
ñòâîì, ðàñøèðÿåòñÿ äî ìàêñèìàëüíîãî çíà÷åíèÿ ðàäèóñà a Æ2a0 ïðè t Æ¼a0 è
ñíîâà ñæèìàåòñÿ â òî÷êó ïðè t Æ2¼a0.

Âû÷èñëåíèÿ â ÑÊÌ Maple

1) Ðàññìîòðèì óðàâíåíèå Ýéíøòåéíà ( 16.19) è çàêîí ñîõðàíåíèÿ ýíåðãèè ( 16.20):

eqFried1:=3*( diff (a(eta),eta)^2+epsilon*a(eta)^2)/a(eta)^4=8*
Pi*E(eta);

eqFried2:= diff (E(eta),eta)+3* diff (a(eta),eta)/a(eta)*(E(eta)+
k*E(eta))=0;

eqFried1 :Æ3

³
d

d´ a
¡
´

¢́ 2
Å ²

¡
a

¡
´

¢¢2

¡
a

¡
´

¢¢4 Æ8¼E
¡
´

¢

eqFried2 :Æ
d

d´
E

¡
´

¢
Å 3

³
d

d´ a
¡
´

¢́ ¡
E

¡
´

¢
Å kE

¡
´

¢¢

a
¡
´

¢ Æ0

2) Îïðåäåëèì ôóíêöèè ïîäñòàíîâêè ïàðàìåòðîâ ìîäåëè ( e � ïàðàìåòð êðèâèç-
íû ìîäåëè, Eps � ïëîòíîñòü ýíåðãèè ìàòåðèè, K � êîýôôèöèåíò áàðîòðîïû) â
äèôôåðåíöèàëüíûå óðàâíåíèÿ:

eqFried1_cond:=(e,Eps)-> eval ( subs ({E(eta)=e,epsilon=Eps},
eqFried1)):

eqFried2_cond:=(e,K)-> eval ( subs ({E(eta)=e,k=K},eqFried2)):

3) Ñîãëàñíî óñëîâèþ çàäà÷è Âñåëåííàÿ çàìêíóòàÿ ( ² Æ1), à ïëîòíîñòè ýíåðãèè
è êîýôôèöèåíò áàðîòðîïû äëÿ íåðåëÿòèâèñòñêîé ìàòåðèè: " (´ ) Æ¹ (´ ), k Æ0.
Ïîäñòàâèì ýòè çíà÷åíèÿ ïàðàìåòðîâ â äèôôåðåíöèàëüíûå óðàâíåíèÿ:

eq1_1:=eqFried1_cond(mu(eta),1);
eq1_2:=eqFried2_cond(mu(eta),0);
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eq1_1 :Æ3

³
d

d´ a
¡
´

¢́ 2
Å

¡
a

¡
´

¢¢2

¡
a

¡
´

¢¢4 Æ8¼¹
¡
´

¢

eq1_2 :Æ
d

d´
¹

¡
´

¢
Å 3

³
d

d´ a
¡
´

¢́
¹

¡
´

¢

a
¡
´

¢ Æ0

4) Ðåøåíèå ÄÓ çàêîíà ñîõðàíåíèÿ ýíåðãèè îòíîñèòåëüíî ôóíêöèè ¹ (´ ):

dsolve (eq1_2,mu(eta));

¹
¡
´

¢
Æ

_C1
¡
a

¡
´

¢¢3

è ïîäñòàíîâêà íàéäåííîãî ðåøåíèÿ â óðàâíåíèå Ýéíøòåéíà:

subs (%,eq1_1);

3

³
d

d´ a
¡
´

¢́ 2
Å

¡
a

¡
´

¢¢2

¡
a

¡
´

¢¢4 Æ8
¼_C1

¡
a

¡
´

¢¢3

5) Ðåøåíèåì óðàâíåíèÿ Ýéíøòåéíà ÿâëÿåòñÿ ôóíêöèÿ

a Æa0
¡
1¡ cos´

¢
,

ãäåa0 Æ
4¼

3
¹ a3. Ïðîâåðèì ýòî ðåøåíèå ïîäñòàíîâêîé:

subs (a(eta)=(2*M/(3*Pi))*(1-cos(eta)),(3*(( diff (a(eta), eta))
^2+a(eta)^2))/a(eta)^4 = 8*Pi*(M/(2*Pi^2))/a(eta)^3);

243

16

Ãµ
@

@´

µ
2/3

M
¡
1¡ cos

¡
´

¢¢

¼

¶¶2
Å 4/9

M 2 ¡
1¡ cos

¡
´

¢¢2

¼2

!

¼4M ¡ 4 ¡
1¡ cos

¡
´

¢¢¡ 4 Æ
27

2

¼2

M 2
¡
1¡ cos

¡
´

¢¢3

simplify (%);

¡
27

2

¼2

M 2
³¡

cos
¡
´

¢¢3 ¡ 3
¡
cos

¡
´

¢¢2 Å 3 cos
¡
´

¢
¡ 1

´ Æ ¡
27

2

¼2

M 2
³¡

cos
¡
´

¢¢3 ¡ 3
¡
cos

¡
´

¢¢2 Å 3 cos
¡
´

¢
¡ 1

´

Òàêèì îáðàçîì, ôóíêöèÿ ìàñøòàáíîãî ôàêòîðà a Æa0
¡
1¡ cos´

¢
ÿâëÿåòñÿ ðåøå-

íèå óðàâíåíèÿ Ýéíøòåéíà äëÿ çàìêíóòîé Âñåëåííîé, çàïîëíåííîé íåðåëÿòè-
âèñòñêèì âåùåñòâîì.
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17.1 Îñíîâîïîëîæíèê òåîðåòè÷åñêîé àñòðîôèçèêè è ãîðÿ÷åé ìîäåëè
Âñåëåííîé � Ãåîðãèé Àíòîíîâè÷ Ãàìîâ

Ãåîðãèé Àíòîíîâè÷ Ãàìîâ (Äæîðäæ); 20 ôåâðàëÿ (4 ìàðòà) 1904, Îäåññà, Ðîññèÿ;
� 19 àâãóñòà 1968, Áîóëäåð, ÑØÀ) � ðóññêèé, ñîâåòñêèé ôèçèê - òåîðåòèê, àñòðî-
ôèçèê, îñíîâîïîëîæíèê òåîðèè ýâîëþöèè çâåçä (1934 � 1946), ñîçäàòåëü ãîðÿ÷åé
ìîäåëè Âñåëåííîé , êîñìîëîãè÷åñêîãî è àñòðîôèçè÷åñêîãî ñèíòåçà ýëåìåíòîâ ,
ïðåäñêàçàë ðåëèêòîâîå èçëó÷åíèå (1946 � 1956). Â 1954 ã. Ãàìîâ ïîñòàâèë ïðîáëå-
ìó ãåíåòè÷åñêîãî êîäà : íàñëåäñòâåííàÿ èíôîðìàöèÿ äîëæíà áûòü çàøèôðîâàíà
â ïîñëåäîâàòåëüíîñòè èç ÷åòûð¼õ âîçìîæíûõ íóêëåîòèäîâ, âõîäÿùèõ â ñîñòàâ
ìîëåêóëû ÄÍÊ. Îí áûë ïåðâûì, êòî ïðåäïîëîæèë êîäèðîâàíèå àìèíîêèñëîòíûõ
îñòàòêîâ òðèïëåòàìè íóêëåîòèäîâ.
Ñîâåòñêèé ôèçèê-òåîðåòèê Ëåâ Ëàíäàó òàê îõàðàêòåðèçîâàë åãî (1932): ¾íåîáõî-
äèìî èçáðàòü Äæîíè Ãàìîâà àêàäåìèêîì. Âåäü îí áåññïîðíî ëó÷øèé òåîðåòèê
ÑÑÑÐ¿.

17.2 Ëîêàëüíîå òåðìîäèíàìè÷åñêîå ðàâíîâåñèå

Âåðíåìñÿ ê çàêîíó ñîõðàíåíèÿ ýíåðãèè ( 16.20) (d / d t ´ d / da �a):

d

da
" Å

3

a
(" Å P(" )) Æ0 )

d

d ln a
" Å 3(" Å P) Æ0. (17.1)

Ïðåäïîëîæèì, ÷òî Âñåëåííàÿ çàïîëíåíà ãàçîì ÷àñòèö ñ ìàññîé ïîêîÿ m , íàõî-
äÿùåìñÿ â òåðìîäèíàìè÷åñêîì ðàâíîâåñèè ñ òåìïåðàòóðîé T (t ). Ðàâíîâåñíîå
èçîòðîïíîå ðàñïðåäåëåíèå Ìàêñâåëëà - Áîëüöìàíà ÷àñòèö ãàçà åñòü 1:

f0(t ,p) ÆA(t )e¡
p4

T (t ) ÆA(t )e¡

p
m2Åp2

T (t ) , (17.2)

ãäå A(t ) � íåêîòîðàÿ íîðìèðîâî÷íàÿ ôóíêöèÿ.
Ìîìåíòû ôóíêöèè ýòîé ðàñïðåäåëåíèÿ èìåþò ñëåäóþùåå çíà÷åíèå:

n i (t ) Æ
Z

P

d 3p

p4
p i f0(t ,p), T i

k (t ) Æ
Z

P

d 3p

p4
p i pk f0(t ,p). (17.3)

Âñëåäñòâèå èçîòðîïèè òðåõìåðíîãî ïðîñòðàíñòâà â ÷åòûðåõìåðíîì ïðîñòðàíñòâå-
âðåìåíè Ôðèäìàíà èìååòñÿ ëèøü îäíî âûäåëåííîå íàïðàâëåíèå u i Æ±i

4, è îäèí

1Ìû âûáèðàåì óíèâåðñàëüíóþ ñèñòåìó åäèíèö: G Æ~Æc Æk Æ1, k � ïîñòîÿííàÿ Áîëüöìàíà.
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Ðèñ. 17.1 Ãåîðãèé Àíòîíîâè÷ Ãàìîâ � ãåíèàëüíûé ðóññêèé ó÷åíûé, îñíîâîïîëîæíèê òåîðåòè÷åñêîé
àñòðîôèçèêè, ãîðÿ÷åé ìîäåëè Âñåëåííîé, òåîðèè êîñìîëîãè÷åñêîãî ñèíòåçà ýëåìåíòîâ

ñèììåòðè÷íûé òåíçîð gi k (±i
k ). Ïîýòîìó ìîìåíòû ( 17.3) ìîãóò èìåòü ëèøü ñëå-

äóþùóþ àëãåáðàè÷åñêóþ ñòðóêòóðó:

n i Æu i n; T i
k Æau i uk Å b±i

k , (17.4)

Òåíçîð T i
k èìååò ñòðóêòóðó òåíçîðà ýíåðãèè - èìïóëüñà èäåàëüíîé æèäêîñòè.

Ïîýòîìó èç ñðàâíåíèÿ èõ íàéäåì: a Æ" Å P, b Æ ¡P. Òàêèì îáðàçîì, íàéäåì:

" ÆT 4
4 ; T ®

¯ Æ ¡±®
¯ P; P Æ ¡1/3T ®

® . (17.5)

17.3 Ëîêàëüíîå òåðìîäèíàìè÷åñêîå ðàâíîâåñèå:
ìàêðîñêîïè÷åñêèå ñêàëÿðû

Äëÿ âû÷èñëåíèÿ ýòèõ ñêàëÿðîâ ïåðåéäåì ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò â
ïðîñòðàíñòâå èìïóëüñîâ, à çàòåì ñäåëàåì ïîäñòàíîâêó: p Æm shx . Â ðåçóëüòàòå
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ïîëó÷èì ( p®p® Æ ¡p2):

n(t ) Æ
Z

d 3p

p4 p4 f0(t ,p) Æ4¼A(t )m 3
1Z

0

sh2x ¢ch x ¢e¡ ¸ ch xdx, (17.6)

P(t ) Æ
1

3

Z
d 3p

p4 p2 f0(t ,p) Æ
4¼

3
A(t )m 4

1Z

0

sh4xe¡ ¸ ch xdx, (17.7)

" (t ) Æ
Z

d 3p

p4 (p4)2 f0(t ,p) Æ4¼A(t )m 4
1Z

0

sh2x ¢ch2x ¢e¡ ¸ ch xdx, (17.8)

ãäå¸ (t ) Æm/ T (t ).
Ðàññìîòðèì èíòåãðàëû âèäà (Í.Í. Ëåáåäåâ. Ñïåöèàëüíûå ôóíêöèè è èõ ïðè-

ëîæåíèÿ // Ì-Ë: ÃÈÔÌË. � 1963. � 359 ñ.):

Kn (z) Æ
zn

(2n ¡ 1)!!

1Z

0

e¡ zchxsh2n xdx (17.9)

� ôóíêöèè Áåññåëÿ Ìíèìîãî àðãóìåíòà (ôóíêöèè Ìàêäîíàëüäà).
Òàêèì îáðàçîì, ñðàçó íàéäåì äàâëåíèå :

P(t ) Æ4¼A(t )m 4 K2(¸ )

¸ 2 . (17.10)

Äëÿ âû÷èñëåíèÿ ïëîòíîñòè ÷èñëà ÷àñòèö n(t ) èñïîëüçóåì òîæäåñòâî:

1Z

0

sh2x ¢ch x ¢e¡ ¸ ch xdx ´ ¡
d

d ¸

1Z

0

sh2x ¢e¡ ¸ ch xdx ´ ¡
d

d ¸

K1(¸ )

¸
, (17.11)

à òàêæå äèôôåðåíöèàëüíîå ñîîòíîøåíèå ìåæäó ôóíêöèÿìè Ìàêäîíàëüäà:

d

dz
z¡ n Kn (z) Æ ¡z¡ n KnÅ1(z). (17.12)

Òàêèì îáðàçîì, ïîëó÷èì:

n(t ) Æ4¼A(t )m 3 K2(¸ )

¸
. (17.13)

Íàêîíåö, äëÿ ïëîòíîñòè ýíåðãèè (17.8), èñïîëüçóÿ òîæäåñòâî ch2x ´ sh2x Å 1 è
îïðåäåëåíèå ( 17.9), íàéäåì:

" (t ) Æ4¼A(t )m 4
³
3

K2(¸ )

¸ 2 Å
K1(¸ )

¸

´
´ 3P Å 4¼A(t )m 4 K1(¸ )

¸
. (17.14)

Ñðàâíèâàÿ ( 17.13) è (17.10), ïîëó÷èì ñîîòíîøåíèå ìåæäó äàâëåíèåì è ïëîòíî-
ñòüþ ÷èñëà ÷àñòèö:
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P(t ) Æn(t )T (t ). (17.15)

Ñ ïîìîùüþ ýòîãî ñîîòíîøåíèÿ âûðàæåíèå äëÿ ïëîòíîñòè ýíåðãèè ( 17.14)
ìîæíî ïåðåïèñàòü â ôîðìàõ;

" Æn
³
m

K1(¸ )

K2(¸ )
Å 3T

´
´ P

³
¸

K1(¸ )

K2(¸ )
Å 3

´
. (17.16)

17.4 Çàêîíû ñîõðàíåíèÿ è ýâîëþöèÿ òåìïåðàòóðû: íåðåëÿòèâèñòñêèé ãàç

Ïðåäïîëîæèì, ÷òî ÷èñëî ÷àñòèö ñîõðàíÿåòñÿ â õîäå êîñìîëîãè÷åñêîé ýâîëþöèè.
Òîãäà äîëæåí âûïîëíÿòüñÿ çàêîí:

1

a3

d

d´
a3n Æ0 )

d

da
a3n Æ0 ) n(a)a3 Æconst. (17.17)

Ïðåäïîëîæèì, ÷òî ãàç ÿâëÿåòñÿ íåðåëÿòèâèñòñêèì, ò.å.:

mc2 À kT ) ¸ À 1. (17.18)

Ïðè áîëüøèõ çíà÷åíèÿõ àðãóìåíòà ôóíêöèè Ìàêäîíàëüäà èìåþò ñëåäóþùóþ
àñèìïòîòèêó (Ëåáåäåâ):

Kn (z) ¼

r
¼

2z
e¡ z¡

1Å
4n2 ¡ 1

8z
Å O(z¡ 2)

¢
, z ! 1 . (17.19)

Âû÷èñëÿÿ íåîáõîäèìîå íàì îòíîøåíèå K1(¸ )/K 2(¸ ), ïîëó÷èì â ëèíåéíîì ïðè-
áëèæåíèè:

K1(¸ )/K 2(¸ ) ¼1¡
3

2¸
. (17.20)

Òàêèì îáðàçîì, ïîëó÷èì èç ( 17.16) â íåðåëÿòèâèñòñêîì ïðåäåëå:

" ¼nm Å
3

2
nT, (17.21)

ò.å., êëàññè÷åñêóþ ôîðìóëó, ñîñòîÿùóþ èç ñóììû ýíåðãèè ïîêîÿ è òåïëîâîé
ýíåðãèè ãàçà.

Ïîäñòàâëÿÿ ýòî âûðàæåíèå äëÿ ïëîòíîñòè ýíåðãèè â çàêîí ñîõðàíåíèÿ ýíåð-
ãèè (17.1) è ó÷èòûâàÿ ïðè ýòîì çàêîí ñîõðàíåíèÿ ÷èñëà ÷àñòèö ( 17.17), ïîëó÷èì
çàìêíóòîå óðàâíåíèå íà òåìïåðàòóðó ãàçà:

1

2

dT

da
Å

T

a
Æ0 ) T Æ

T0

a2 . (17.22)
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17.5 Çàêîíû ñîõðàíåíèÿ è ýâîëþöèÿ òåìïåðàòóðû: óëüòðàðåëÿòèâèñòñêèé ãàç

Òàêèì îáðàçîì, â ïðîøëîì, Âñåëåííàÿ èìåëà áîëåå âûñîêóþ òåìïåðàòóðó, à â
êîñìîëîãè÷åñêîé ñèíãóëÿðíîñòè a(0) ! 0 òåìïåðàòóðà äîëæíà îáðàùàòüñÿ â
áåñêîíå÷íîñòü.
Íî òîãäà ñòàíîâèòñÿ íåïðèãîäíûì íåðåëÿòèâèñòñêîå ïðèáëèæåíèå, è íåîáõî-
äèìî âñå âû÷èñëåíèÿ ïðîâîäèòü â äðóãîì êðàéíåì ñëó÷àå ¸ ! 0. Â ýòîì ñëó÷àå
ôóíêöèè Ìàêäîíàëüäà èìåþò ñëåäóþùóþ àñèìïòîòèêó:

Kn (z) ¼
(n ¡ 1)!

2

µ
2

z

¶n
, z ! 0. (17.23)

Â ýòîì ñëó÷àå èç ( 17.16) íàéäåì:

" ¼3nT. (17.24)

Òîãäà çàêîí ñîõðàíåíèÿ ýíåðãèè ( 17.1) ñ ó÷åòîì çàêîíà ñîõðàíåíèÿ ÷àñòèö ïðè-
âîäèò ê ñëåäóþùåìó çàêîíó ýâîëþöèè òåìïåðàòóðû:

�T Å
�a

a
T Æ0 ) T Æ

T0

a
(17.25)

� òåìïåðàòóðà âñå ðàâíî îáðàùàåòñÿ â áåñêîíå÷íîñòü â êîñìîëîãè÷åñêîé ñèíãó-
ëÿðíîñòè.
Ýòîò âûâîä ÿâëÿåòñÿ áàçîâûì äëÿ ãîðÿ÷åé ìîäåëè Ãàìîâà . Åñëè â ïðîøëîì Âñå-
ëåííîé áûëè äîñòèæèìû ñêîëü óãîäíî áîëüøèå çíà÷åíèÿ òåìïåðàòóðû, òî ýòî
îçíà÷àåò, ÷òî âáëèçè êîñìîëîãè÷åñêîé ñèíãóëÿðíîñòè ìîãëè ïðîòåêàòü ÿäåðíûå
ðåàêöèè è îáðàçîâûâàòüñÿ áîëåå òÿæåëûå ýëåìåíòû èç áîëåå ëåãêèõ.

Â ÷àñòíîñòè, â îïðåäåëåííûé ìîìåíò âðåìåíè t i òåìïåðàòóðà ïëàçìû îïóñêà-
åòñÿ äî òàê íàçûâàåìîé òåìïåðàòóðû ðåêîìáèíàöèè , íèæå êîòîðîé èîíèçè-
ðîâàííûé âîäîðîä ïðåâðàùàåòñÿ â íåéòðàëüíûé, âñëåäñòâèå ÷åãî ðåçêî óìåíü-
øàåòñÿ ïîãëîùåíèå êâàíòîâ ñâåòà, � ïëàçìà ñòàíîâèòñÿ ïðîçðà÷íîé, à ôîòîíû �
ñâîáîäíûìè. Ýòè ôîòîíû è ñîñòàâëÿþò ñîâðåìåííîå ðåëèêòîâîå èçëó÷åíèå .

17.6 Ôåðìè è Áîçå ãàçû ýëåìåíòàðíûõ ÷àñòèö

Ïîñêîëüêó ïðè ïðèáëèæåíèè ê êîñìîëîãè÷åñêîé ñèíãóëÿðíîñòè òåìïåðàòóðà
âåùåñòâà � êîñìîëîãè÷åñêîé ïëàçìû , à ñòàëî áûòü, è êèíåòè÷åñêîé ýíåðãèè
÷àñòèö, ìîãëà äîñòèãàòü ñêîëü óãîäíî áîëüøèõ çíà÷åíèé, òî ïðè ïðèáëèæåíèè ê
êîñìîëîãè÷åñêîé ñèíãóëÿðíîñòè êèíåòè÷åñêàÿ ýíåðãèÿ ÷àñòèö ðàíî èëè ïîçäíî
ïðåâûñèò ïîòåíöèàëüíóþ ýíåðãèþ èõ ñâÿçè, ÷òî ïðèâåäåò ê ðàñïàäó ñîñòàâíûõ
÷àñòèö íà ýëåìåíòàðíûå: ìîëåêóë � íà àòîìû; àòîìû � íà ýëåêòðîíû è ÿäðà;
ÿäðà � íà ïðîòîíû è íåéòðîíû è òä.. Ïîýòîìó ïðè ïðèáëèæåíèè ê êîñìîëîãè÷å-
ñêîé ñèíãóëÿðíîñòè ñâîéñòâà êîñìîëîãè÷åñêîé ïëàçìû îïðåäåëÿþòñÿ ôèçèêîé
ýëåìåíòàðíûõ ÷àñòèö ïðè âûñîêèõ ýíåðãèÿõ: èìåííî â ýòîì ïóíêòå ïðîèñõîäèò
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ñòûêîâêà ôèçèêè ìèêðîìèðà è ôèçèêè ìàêðîìèðà. Âñåëåííàÿ ïðåäñòàâëÿåò ñî-
áîé åñòåñòâåííûé ãèãàíòñêèé óñêîðèòåëü ÷àñòèö, äàþùèé íàì âñå áîëåå âûñîêèå
ýíåðãèè ÷àñòèö, ÷åì áëèæå ìû ïîäñòóïàåì ê èññëåäîâàíèþ åå íà÷àëà 2.

Ïîñêîëüêó ìû çäåñü ðàññìàòðèâàåì êîñìîëîãè÷åñêóþ ïëàçìó, ñîñòîÿùóþ
èç ýëåìåíòàðíûõ ÷àñòèö, íàì íåîáõîäèìî ïåðåéòè ê êâàíòîâîñòàòèñòè÷åñêî-
ìó îïèñàíèþ ýòèõ ÷àñòèö. Âñå ýëåìåíòàðíûå ÷àñòèöû äåëÿòñÿ íà äâà áîëüøèõ
êëàññà ïî ñâîåé äèñêðåòíîé êâàíòîâîé õàðàêòåðèñòèêå � ñïèíó, S, êîòîðûé ïðè-
íèìàåò öåëî÷èñëåííûå çíà÷åíèÿ SÆn � äëÿ áîçîíîâ è ïîëóöåëûå çíà÷åíèÿ
SÆ(2n Å 1)/2 � äëÿ ôåðìèîíîâ . Áîçîíàìè ÿâëÿþòñÿ, íàïðèìåð, Õèããñîâû áîçî-
íû H , à òàêæåW,Z (SÆ0); ãëþîíû g ôîòîíû ° (SÆ1); ãðàâèòîíû g (SÆ2) è äð.
Ôåðìèîíàìè ÿâëÿþòñÿ, íàïðèìåð, ýëåêòðîíû è ïîçèòðîíû SÆ1/2 ; ïðîòîíû è
íåéòðîíû ñ èõ àíòè÷àñòèöàìè p,n (SÆ1/2 ); íåéòðèíî è àíòèíåéòðèíî º e,º m u
(S=1/2); àíî- è êàòî- êâàðêè ðàçëè÷íûõ çàðÿäîâ è öâåòîâ q (sÆ1/2 ).

Ôåðìèîíû è áîçîíû ïîä÷èíÿþòñÿ ñòàòèñòèêå Ôåðìè è Áîçå, ñîîòâåòñòâåííî.
Â ÷àñòíîñòè, ðàâíîâåñíûå ðàñïðåäåëåíèÿ ÷àñòèö îïèñûâàþòñÿ íå êëàññè÷åñêèì
ðàñïðåäåëåíèåì Ìàêñâåëëà-Áîëüöìàíà ( 17.2), à ðàñïðåäåëåíèÿìè Ôåðìè è Áîçå:

f0(p) Æ
2SÅ 1

(2¼~)3
1

exp
µ

¡ ¹ Åc
p

m 2c2Åp2

T

¶
§ 1

, (17.26)

ãäå¹ � õèìè÷åñêèé ïîòåíöèàë , çíàê ¾-¿ ñîîòâåòñòâóåò áîçîíàì, ¾+¿ � ôåðìè-
îíàì.
Ïóñòü â ðàâíîâåñíîé ïëàçìå ïðîòåêàþò ðåàêöèè ñ ó÷àñòèåì ýëåìåíòàðíûõ ÷à-
ñòèö a,b,c,d :

a Å b � c Å d . (17.27)

Òîãäà õèìè÷åñêèå ïîòåíöèàëû ýòèõ ÷àñòèö óäîâëåòâîðÿþò óñëîâèÿì õèìè÷å-
ñêîãî ðàâíîâåñèÿ :

¹ a Å ¹ b Æ¹ c Å ¹ d . (17.28)

Â ïðèíöèïå, ïðè âûñîêèõ ýíåðãèÿõ ìîãóò ïðîòåêàòü ëþáûå ðåàêöèè ñ ýëåìåíòàð-
íûìè ÷àñòèöàìè. Åäèíñòâåííûì îãðàíè÷åíèåì íà àëãåáðó âçàèìîäåéñòâèé
ÿâëÿåòñÿ íåêîòîðûé íàáîð çàêîíîâ ñîõðàíåíèÿ êâàíòîâûõ ÷èñåë , íàïðèìåð,
ñïèíà, ýëåêòðè÷åñêîãî, ëåïòîííîãî è áàðèîííîãî çàðÿäîâ, öâåòà è ò.ï. Òàê, íà-
ïðèìåð, ýëåêòðîíû è íåéòðèíî ÿâëÿþòñÿ ëåïòîíàìè, à íåéòðîíû è ïðîòîíû �
áàðèîíàìè. Ýòè çàêîíû ñîõðàíåíèÿ çàïðåùàþò, íàïðèìåð, ðåàêöèþ p Å e � n
âñëåäñòâèå íàðóøåíèÿ çàêîíà ñîõðàíåíèÿ ëåïòîííîãî çàðÿäà, íî ðàçðåøàþò
ðåàêöèþ p Å e � n Å º e (óðêà-ïðîöåññ).
Ñ äðóãîé ñòîðîíû, âñå óêàçàííûå êâàíòîâûå ÷èñëà, êðîìå ñïèíà, âêëþ÷àÿ è ìàñ-
ñó ïîêîÿ, äëÿ ôîòîíîâ ðàâíû íóëþ. Ýòî îçíà÷àåò, ÷òî ÷èñëî ôîòîíîâ â ðàçëè÷íûõ

2Ìû çäåñü íå áóäåì ðàññìàòðèâàòü ñàìûé ðàííèé ýòàï ýâîëþöèè Âñåëåííîé, êîòîðûé ïî ìíåíèþ
ìíîãèõ ó÷åíûõ ÿâëÿåòñÿ êâàçèâàêóóìíûì.
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ðåàêöèÿõ ìîæåò áûòü ïðîèçâîëüíûì ïðè óñëîâèè ñîõðàíåíèÿ ñóììàðíîãî ñïè-
íà. Òàê, íàïðèìåð, âîçìîæíû ñëåäóþùèå ðåàêöèè àííèãèëÿöèè ýëåêòðîíà è
ïîçèòðîíà :

eÅ ē Æ° ; eÅ ē Æ° Å ° ; eÅ ē Æ° Å ° Å ° ; . . . (17.29)

Ïîýòîìó, åñëè ýëåêòðîíû, ïîçèòðîíû è ôîòîíû íàõîäÿòñÿ â òåðìîäèíàìè÷å-
ñêîì ðàâíîâåñèè, ñîãëàñíî ( 17.28) äîëæíû âûïîëíÿòüñÿ ñëåäóþùèå óñëîâèÿ
õèìè÷åñêîãî ðàâíîâåñèÿ äëÿ ðåàêöèé ( 17.29):

¹ e Å ¹̄ e Æ¹ ° ; ¹ e Å ¹̄ e Æ2¹ ° ; ¹ e Å ¹̄ e Æ3¹ ° ; . . . . (17.30)

Î÷åâèäíî, ÷òî åäèíñòâåííûì ðåøåíèåì ýòîé ñèñòåìû óðàâíåíèé ÿâëÿåòñÿ ¹ ° Æ
0. Îòñþäà ïîëó÷àåì ñëåäóþùåå âàæíîå ñëåäñòâèå:

Â óñëîâèÿõ òåðìîäèíàìè÷åñêîãî ðàâíîâåñèÿ õèìè÷åñêèé ïîòåíöèàë ôîòîíîâ
ðàâåí íóëþ, à õèìè÷åñêèå ïîòåíöèàëû ÷àñòèö è àíòè÷àñòèö ïðîòèâîïîëîæíû:

¹ ° Æ0; ¹̄ Æ ¡¹ . (17.31)

Òàêèì îáðàçîì, â êîñìîëîãè÷åñêîé ïëàçìå:

f 0
° (p) Æ

2

(2¼~)3
1

e
cp
T ¡ 1

, (17.32)

Òàêèì îáðàçîì, ïðîèçâîäÿ çàìåíó ïåðåìåííîé cp/ T Æx , ïîëó÷èì ìàêðîñêî-
ïè÷åñêèå ñêàëÿðû ( 17.6) � ( 17.8) äëÿ ôîòîíîâ â êîñìîëîãè÷åñêîé ïëàçìå ïðè
òåìïåðàòóðå T È mec2:

n° (t ) Æ
Z

d 3p

p4 p4 f 0
° (t ,p) Æ

µ
T

~c

¶3 1Z

0

x2dx

ex ¡ 1
Æ

µ
T

~c

¶3
2³ (3); (17.33)

" ° (t ) Æ3P° (t ) Æ
Z

d 3p

p4 (p4)2 f 0
° (t ,p) Æ

µ
T

~c

¶4 1Z

0

x3dx

ex ¡ 1
Æ

µ
T

~c

¶4
6³ (4), (17.34)

ãäå

³ (x) Æ
1

¡ (x)

1Z

0

zx¡ 1dz

ez ¡ 1
(17.35)

� ³ -ôóíêöèÿ Ðèìàíà (ñì., íàïðèìåð, È.Ñ. Ãðàíäøòåéí è È.Ì. Ðûæèê. Òàáëèöû
èíòåãðàëîâ, ñóìì, ðÿäîâ è ïðîèçâåäåíèé // Ì:ÃÈÔÌË. � 1963. � 1100 ñ.).

Äëÿ x Æ2m èìååò ìåñòî ñîîòíîøåíèå (ñì. òàì æå):

³ (2m) Æ
22m¡ 1¼2m

(2m)!
B2m , (17.36)
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ãäåBn � òàê íàçûâàåìûå ÷èñëà Áåðíóëëè (ñì. òàì æå). Ïðèâåäåì ÷àñòíûå çíà-
÷åíèÿ ôóíêöèé ³ (x) è Bn (èõ ìîæíî âû÷èñëèòü â Maple):

B1 Æ
1

6
; B3 Æ

1

30
; B3 Æ 1

42; B4 Æ 1
30,

³
³ 3

2

´
¼2,612; ³

³ 5

2

´
¼1,341; ³ (3) ¼1,202; ³ (5) ¼1,037.

Ðàññìîòðèì òåïåðü ãàç áåçìàññîâûõ Ôåðìè-÷àñòèö ñ ðàâíûì íóëþ õèìè÷å-
ñêèì ïîòåíöèàëîì. Ïðîâîäÿ àíàëîãè÷íûå âû÷èñëåíèÿ, ïîëó÷èì:

nF (t ) Æ
Z

d 3p

p4 p4 f 0
F (t ,p) Æ

µ
T

~c

¶3 1Z

0

x2dx

ex Å 1
Æ

µ
T

~c

¶3 3

2
³ (3); (17.37)

" F (t ) Æ3PF (t ) Æ
Z

d 3p

p4 (p4)2 f 0
F (t ,p) Æ

µ
T

~c

¶4 1Z

0

x3dx

ex Å 1
Æ

µ
T

~c

¶4 21

4
³ (4). (17.38)

Òàêèì îáðàçîì, ïîëó÷èì îêîí÷àòåëüíî äëÿ ïëîòíîñòè ýíåðãèè ãàçà ýëåìåíòàð-
íûõ ÷àñòèö:

" ° Æ
¼4

15

µ
T

~c

¶4
; " F Æ

7

8

¼4

15

µ
T

~c

¶4
) (17.39)

" Æ
¼4

15

µ
T

~c

¶4
Ã
X

B

2SÅ 1

2
Å

7

8

X

F

2SÅ 1

2

!

, (17.40)

ãäå ñóììèðîâàíèå ïðîõîäèò ïî âñåì áîçîíàì è ôåðìèîíàì.
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Ïðèëîæåíèÿ

Ôèçè÷åñêèå êîíñòàíòû è ðàçìåðíîñòü ôèçè÷åñêèõ åäèíèö

Â ôèçèêå ïîäàâëÿþùåå áîëüøèíñòâî âåëè÷èí èìåþò ðàçìåðíîñòü , ò.å., èõ ÷èñëî-
âîå çíà÷åíèå çàâèñèò îò ñèñòåìû åäèíèö . Â íàó÷íûõ èññëåäîâàíèÿõ, â îòëè÷èå
îò òåõíèêè, îáû÷íî ïðèìåíÿåòñÿ ñèñòåìà CGSE, îñíîâàííàÿ íà åäèíèöàõ äëè-
íû (ñàíòèìåòð), ìàññû (ãðàìì), âðåìåíè (ñåêóíäà), ýíåðãèè ( er g Æg ¢cm/ sec2).
Ýíåðãåòè÷åñêàÿ åäèíèöà ÿâëÿåòñÿ äîïîëíèòåëüíîé, åñëè îïðåäåëåíû ïåðâûå
òðè. Êðîìå ðàçìåðíûõ åäèíèö â ðàçëè÷íûõ çàäà÷àõ âîçíèêàþò è áåçðàçìåðíûå
âåëè÷èíû , çíà÷åíèå êîòîðûõ íå çàâèñèò îò ñèñòåìû åäèíèö èçìåðåíèÿ.

Ðàçìåðíîñòü âåëè÷èí îáîçíà÷àåòñÿ ñëåäóþùèì îáðàçîì:

[E] Æ
·

ã¢ñì 2

ñåê2

¸
.

Ñëåäóåò îñîáî ïîä÷åðêíóòü, ÷òî àðãóìåíòîì âñåõ ôóíêöèé, èñêëþ÷àÿ ëèíåéíóþ,
ìîæåò áûòü ëèøü áåçðàçìåðíàÿ âåëè÷èíà .

Ïðè ýòîì ÷àñòî ïðèìåíÿþò ñëåäóþùèå ýíåðãåòè÷åñêèå åäèíèöû:
1ýâ = 1,602¢10¡ 12 ýðã � ýíåðãèÿ, ïðèîáðåòàåìàÿ ýëåêòðîíîì â â ïîëå 1 âîëüò;
1oK Æ1,38¢10¡ 16 ýðãÆ0,863¢10¡ 4 ýâ;
1ýâ Æ1,16¢104o

K ;
1ýðã=0,625¢1012ýâ=0,625¢106 Ìýâ=625Ãýâ.

Ïðèâåäåì çíà÷åíèå íåêîòîðûõ êîíñòàíò :
ìàññà ýëåêòðîíà: me=9,106¢10¡ 28ã; mec2=0,511 Ìýâ;
ìàññà ïðîòîíà: m p =1,668¢10¡ 24ã; m p c2=938,3 Ìýâ;
ìàññà íåéòðîíà: mn =1,670¢10¡ 2ãã; mn c2=939,6 Ìýâ;
ðàçíîñòü ìàññ: ¢ m Æmn ¡ m p =2,36¢10¡ 27ã; ¢ mc2=1,33 Ìýâ;
ñêîðîñòü ñâåòà: c Æ3¢1010 ñì/ñåê;
ñâåòîâîé ãîä: 1 ñâ.ã. = 9,47¢1017ñì;
ïàðñåê: ïê (pc)=3,26 ñâ.ã.=3.09¢1018ñì;
ãðàâèòàöèîííàÿ ïîñòîÿííàÿ: G Æ6,7¢10¡ 8 ñì 3ã¡ 1ñåê¡ 2;
çàðÿä ýëåêòðîíà: e Æ4,8032¢10¡ 10ã1/2 ñì 3/2 ñåê¡ 1;
êëàññè÷åñêèé ðàäèóñ ýëåêòðîíà: re Æe2/ mec2 Æ2,81¢10¡ 13ñì;
ñå÷åíèå ðàññåÿíèÿ Òîìïñîíà: ¾0 Æ8¼/3 r 2

e Æ0,572¢10¡ 24ñì ¡ 2;
ïîñòîÿííàÿ Ïëàíêà: ~Æ1,05¢10¡ 27ã ñì 2ñåê¡ 1;
ïîñòîÿííàÿ Áîëüöìàíà: k Æ1,38¢10¡ 16ã ñì 2ñåê¡ 2ãðàä¡ 1;
ïîñòîÿííàÿ òîíêîé ñòðóêòóðû: ® Æe2/ ~c Æ1/137;
Ïðèâåäåì çíà÷åíèå íåêîòîðûõ âàæíûõ âåëè÷èí :
ðàäèóñ Çåìëè: R© Æ6371êì= 6,37¢108ñì;
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ìàññà Çåìëè: M© Æ5,97¢1027ã;
ðàäèóñ Ñîëíöà: R¯ Æ696000êì= 6,96¢1010ñì;
ìàññà Ñîëíöà: M ¯ Æ1,99¢1033ã;
ðàäèóñ ãàëàêòèêè ¾Ìëå÷íûé ïóòü¿: RG Æ4,73¢1022ñì= 50000ñâ.ëåò;
ìàññà ãàëàêòèêè ¾Ìëå÷íûé ïóòü¿: MG Æ6¢1045ã=3¢1012M ¯ .
ðàäèóñ ãîðèçîíòà Âñåëåííîé: RH Æ13,7¢109ñâ.ëåò=1,3¢1028ñì.

Ñïèñîê îáîçíà÷åíèé

Ïðèâåäåì ñïèñîê íàèáîëåå ðàñïðîñòðàíåííûõ îáîçíà÷åíèé â êíèãå:

Íåêîòîðûå êâàíòîðû

) � èìïëèêàöèÿ, ñëåäîâàíèå : A ) B � Èç A ñëåäóåò B (ñèíîíèì ! );

,

� ðàâíîñèëüíîñòü, ýêâèâàëåíòíîñòü : A , B: À èìååò ìåñòî òîãäà è
òîëüêî òîãäà, êîãäà èìååò ìåñòî B ;
B ½ A � âêëþ÷åíèå, B ÿâëÿåòñÿ ïîäìíîæåñòâîì A ;
B 2 A � ïðèíàäëåæíîñü, B ïðèíàäëåæèò A ;
A8 2 B � âñåîáùíîñòü, äëÿ âñå A èç B ;
A » B � ïîðÿäîê, A ïîðÿäêà B ;

A
de f
Æ B � A ïî îïðåäåëåíèþ ðàâíî B ;

Íåêîòîðûå îáîçíà÷åíèÿ è ñîêðàùåíèÿ

@®F
de f
Æ @F

@x® � ÷àñòíàÿ ïðîèçâîäíàÿ ;

�x(t )
de f
Æ dx(t )

d t ; , ẍ(t )
de f
Æ d 2x(t )

d t 2 , . . . � x i � êîîðäèíàòû êîíòðâàðèàíòíîãî âåêòî-
ðà èëè òî÷êè;
T i k

..lm � òåíçîð âàëåíòíîñòè 4, äâàæäû êîâàðèàíòíûé, äâàæäû êîíòð-
âàðèàíòíûé ; äâå òî÷êè âíèçó óêàçûâàþò íà òî, ÷òî ïîðÿäîê èíäåêñîâ ñëåäóþ-
ùèé: (i,k,l,m);Z

Vn

f (x1, . . . ,xn )dxn de f
Æ

Z

Vn

f (x1, . . . ,xn )dxn dx1 . . .dxn ;

Âñþäó ïðèíÿòà ñëåäóþùàÿ ñèãíàòóðà ìåòðèêè: (¡ 1,¡ 1,¡ 1,Å1);
Òåíçîð Ðè÷÷è ïîëó÷àåòñÿ èç òåíçîðà Ðèìàíà ñâåðòêîé ïåðâîãî è òðåòüåãî èí-
äåêñîâ: Rkm ÆRi j km g i k ;
² i 1...i n � òåíçîð ïåðåñòàíîâîê â n - ìåðíîì ïðîñòðàíñòâå;
´ i 1...i n Æ 1p

jgj
² i 1...i n � äèñêðèìèíàíòíûé òåíçîð â n - ìåðíîì ïðîñòðàíñòâå.
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Íåêîòîðûå ýêâèâàëåíòíûå ïðåäñòàâëåíèÿ ôóíêöèé Áåññåëÿ ìíèìîãî àðãóìåíòà
(ôóíêöèé Ìàêäîíàëüäà)

Ïðèâåäåì íåêîòîðûå ïðåäñòàâëåíèÿ ôóíêöèé Áåññåëÿ ìíèìîãî àðãóìåíòà [ 23]

Kº (z) Æ

p
¼zº

2º ¡
³
º Å 1

2

´

1Z

0

e¡ zchxsh2º xdx , Re(z) È 0, Re(º ) È ¡
1

2
; (A)

Kº (z) Æ
2º ¡

³
º Å 1

2

´

p
¼zº

1Z

0

coszx

(1Å x2)º Å 1
2

dx, z È 0, Re(º ) È ¡
1

2
; (B)

Kº (z) Æ
1

cos ¼º
2

1Z

0

cos(zsh x)ch º xdx , z È 0, jRe(º )j Ç 1. (C)

Ðåêóððåíòíûå ñîîòíîøåíèÿ ìåæäó ôóíêöèÿìè Áåññåëÿ ìíèìîãîàðãóìåíòà

Kº ¡ 1(z) ¡ Kº Å1(z) Æ ¡2
2º

z
Kº (z),

Kº ¡ 1(z) Å Kº Å1(z) Æ ¡2K0
º (z),

d

dz
zº Kº (z) Æ ¡zº Kº ¡ 1(z),

d

dz
z¡ º Kº (z) Æ ¡z¡ º Kº Å1(z).

(17.41)

Ãðàôèêè ôóíêöèé Áåññåëÿ ìíèìîãî àðãóìåíòà

Íà Ðèñ. 17.2 èçîáðàæåíû ãðàôèêè ôóíêöèé Áåññåëÿ:

.
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Ðèñ. 17.2 Ôóíêöèè ÁåññåëÿexKn (x): ÷åðíàÿ ëèíèÿ n=1, ãîëóáàÿ ëèíèÿ n=2, êðàñíàÿ ëèíèÿ n=3
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