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The textbook is a brief presentation of the foundations of theoretical physics in the form
of lectures for students - Mathematics Institute of Mathematics and Mechanics, Kazan Federal
University courses ¥2Mathematical Foundations of Physics¢, and ¥%2Mathematical Models of Theoretical
Physics¢,. In the textbook on the basis of principle of least action and the principle of general
covariance, Lagrangian formalism and symmetry principles of the fundamentals of theoretical
mechanics, including relativistic and classical eld theory, including the relativistic theory of
gravitation and cosmology. Lectures are supplemented to carry out tasks as analytical methods and
programming methods in applied mathematics package Maple. At the end of each lecture, a list
of recommended literature. The textbook is designed for students of physical and mathematical
faculties of universities, as well as undergraduate and graduate students specializing in the eld
of theoretical physics and mathematical modeling.
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PNV Eledaaiey 16TMélal iayoieéa

04i00 1142404iia1 ia aednoééé foadsedil aséiiié janfeainal gadeéa
14 44énoaai feed oyaeanoe Maddwado adcaedied aaiel 46ae 1éddaeiinoe daae-
ona’ , 10e&liyynu ia 6aie ' 10 addoeease. ia 1adalé acaeya eéaaedony, <ol ~efiél
fiodididé fatatan daaii 4. 14iaét, yoi i oaé. Endaeiaod x(t) & y(t) Aaycaid
1daedo iifaié ioiigaieyie X(t) &£ cos' (t), y(t) &£ j " sin' (t), 0.4., Taficia+il
aldazeapony +404c 1adaidiicp ' (t). Ajagiae=il, élioaeiao nélainoe iayo-
i@éa daaia:
vx AEX A sin' (1),
vy £y £ cos' (t)
Oaéei fadachi, n A2, aaefaié~anéeie 1adaiaiidie nenoaia yaeypony
[ (1), (t)]
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¢ +afoesn (i6ea+iial $asa), n=

RaT&TAl fTToARONOAGPO 3-1 &fidaeiadal r AE(Xx(t), y(t),z(t)) & &U& 3
AT4TA0 31 6idaciaoal A4oida feidifioe v AE(X(t), y(t), z(t)).
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0

a -
y oi+éié M(d1,92,...,0n) &N -
| efd-
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Oaciaay odadéoioey ioyileeiaéiial daaiiiasital aaeaediey X Avot,x Evg
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(Sm),
Z1
Sla(t)] £ L(q(t),t)dt (1.1)
to
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AUA 1aiéi 66iaaiaioasiini Aalénoan ooiéoee Eaadaised el 44 éiaa-
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Ange aefaie+anéay nefoala Siiiioieo ec caiéiools ifanenoal Sh, 01 66iédey
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Avd 1aiei Aaseili nalénoal 66ievee Eaddaisea yaeyaony ad fataficia+-
iinou , caéép+apuayny a fnedaopudi. Alaaaei é 66ievee Eaddaisea L(g,q,t)
Téiép idiecaiaiop igiecaieuiié doiédee f (g,t). Olaaa aéy foadonodaop-
Uaé indaaée é adénoaep iesd+ei:

Z1 Z1
df 4¢- & (©)
¢SAE adt f(q,t) £f(q“,t1); f(q"’,t0)AO.
to to

liyotio:

Oovieoey Eaddaieea L Tiddadeaia i oi+itfolp &1 iieiié isiecaiaiié il ada-
iaié 70 idiecaieuiié ooievee f(q,t).

A

E€04da00da é eaésee

I: Iaoea epala e(;aalea, |a—e|ay A 1965 a.

[2] Ediaoiaa b.A. Aedodddiveacuiay &AaN&o0dey e06ealnd -
a400iMoaé a aaeéceaial idTnodaifiodd. IV [aianos: eosn

gaéoeé &gy fodadioia iacdiaoce+anéial  6aéoelinaca.
http://libweb.ksu.ru/ebooks/05_120_000327.pdf.

[3] E&diaouda b.A. l1addiace+afnéa & eniiupoddita iadeediaaied
06iaaiaioaéuins 1andéoia é yaeaieé a nenoaia éiiupoadiié
iaodiaoeée Maple E&éoee 48y péied M iaodiaoe+anénio itadee-
diaaiep. Eacaii: Eacainéeé 6ieadaneodo, 2014. 298 fi. ISBN 978-5-

00019-150-7; http://libweb.ksu.ru/ebooks/05-IMM/05_120 000443.pdf

Caaa+a 1: linodieol itadeél aaeaedied 0déa a 1aiidiaiil iMed oyseanoe ise
jacé+ee eeiaéiié neea odaiey

A6a4i fi+@0aodu, +07 & cada+a ideidieia 11adel 1acddeasuiié
daciadl aaéeaedla é‘ y ()ééa i6aidadaaeeil 1aed 11 ndaaiaiep
o 7N AmA N O e N A\ é

foiifie0deuins 1adaiavaieé yoial oadea. Oldaa aaésedied 0ae
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084y ) TiefiiaaR0ny 01301 a8 [ipofia
ma /EF) L L (9 /90) (13)
gr2 iR GEd g; (9 /o) .

(o) Aro; —— /v (1.4)
tAo
Refodia 6Baaidies ( 7.12) i ia+asiinie 6REIaeyie ( 1.4) & ANOAAEYA0 1208-
ja0e+AME0p TR0 AAdaeaiey 046a A TANGTAN 164 oyaeanoe. Alcieifod
STiNEAATAAISY YOI6 1A0HIA08+ ANETE 114566 & 48 A38GAADTOR TARMIA-AAPO O8I-
51011 GUAROATAIGE & AASIF0ARITITOE BAgAy cada:e Eige & i&iBAB0AIE
CAABTBIINOS BRBAISE 10 1A+ABUING ONEIASE & ABAIAOSIA [ 24)

Effiedataaied iaodiaoe+anéié itadee

Aleacedl, 4-iA5406, -0 4aeeeaied 0asa a 1aiidlali 1led oyeeanioe afaaaa
i5ieRsiaco a islRéifoe a38oidia  {vo,g}. Eaé ecAanoit &c 4800a8aI0eABNITE
aaniaodee (fil., [Aidei&ad [ 18]), a8y Ofal, +0la0 6deaay ° alea iElfes edeale,
ia1461aeiT & aifioaot+il, ~ofal 4067 53Al (68p Fidvaiiié idlecadadied
0040 id1ecAlains daaeona-a2eoida

(r.F, i) /0, ©! . (1.5)
Ec 65aaiaieé aacaeaiey ( 7.12) [adaai:

¥ AE ) P K, (1.6)

PEj—ri o j—f .

m 9 m
Oasel 1adach, a0-eReyy fiaeaiia idiecadaaied ( 1.5), ii66+&l (680 afeaa-
FoAS eeseiaadiifoe A860idia T & F. jaidaaeypueie aaeoidaie yoié ieirei-
Roe Jasypofiy 4460130 Vo A (to) & g.
Al 0

R
>
’
o

|
aa® o6die idaead adéoidii  vp e up OX, ataasdai,
o s T433cT .

Metcdynu Taisiainoup need oyseanoe, ro A0, 0). Oasel dacil, 1adaieqai
A46018i04 6daaiaiey ( 7.12) a éiidaeiaoiié 6181a:
% A x /0, (1.7)
yA %y Eig, (1.8)

e o—odef
382 /E k/m.
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Nefiodia (1.7) ( 1.8) id4aioadeyao nemodaio 4460 1a0&itadiits eeiaéins 46004-
daiveaeuind 6daaiaieé 2-al idyaéa fi iifoiyiidie élyooeseaioaie , 10e+ai
fiefioaid idcaaeneiis 6daaidieé. bagaied fiiivadonoadpuaé faionaiié fiefioa-

0 AEeanit [  24] iadiaeony a aeaa:
x et ymet. (1.9)

lanoaagyy (| 1.9) a 1aiiaiaiop nenoaio 68aaidieé, fioadonodadpusp ( 1.7)
(1.8), iaéaai:
CCATHE;, ((ATHE0) | A A0 D).

Oaéei Tadachi, iMaeanil 0415414 14 14041 daodiee E&8&i06 T4iIaIAIN5
5200304i68261I00 65aai&iee [  24] (1aUAA SAoAied IATAITSIAITAT 8eiaéial
6daaiaiey daail fiiia 1a0AAT dagaiey 1ai1aiAT & Epaildl +afioial daea-
iey i&iaiaaiaD), 6+e00aay, ~of +anoiti daodiedl ytlyjhjlyjuj 683aiaiey
(1.8) yagyaonyy A imgt/k, iaéadi 1auda dagdied iefodia ( 1.7) ( 1.8):
: . . mg ’
r(t) £ C1ACoel KM cOACel KU/M e (1.10)

884C;,CO idlecatenina aiinoaion. iavaay islecataiay 1o daassna-aasoida
(1.10) daaia:
u

k . k )
v(t) £ | che' kt/m . Ecge' kt, =

” (1.11)

fianoaaeyy ( 1.10) ( 1.11) & ia+aeuiod onetasy ( 1.4), iaéad &iifioaiod  C;,C

EiCo AV coser 0 0N sinw; m°g 1.12
C1 iCo TCOS ; Cl |C2 Tsm i v ( . )
Oaéei 1adacii, ifanoaaeyy cia+aied 1noiyiins a tauda ddeaied ( 1.10), iléo6-
+el:
h . 3, . i
vom CktCm mg ¢ ke €
r(t) &£ j OTcos®lli el m e IVQATQ el m gt . (1.13)

i5Tadaei idaseeniinot dagaiey 14014l idaadenilal iAdasiaa é dagaiep
ecaanoiié caaa+e géielilé caaa+e T adesedieé caea a failolaii iea
4040614 4 618i66a ( 1.13)id¢ k! 0.DPaceasay 6idides ( 1.13) a dya Oaéeida il
iagifioe k A oi=finoup af ~e&ita  O(k?), iléo+ei:
W gt2!
r(t)¥a vocos®t,vosSin®t j T (1.14)

ecadnoild ¥.eéieuitde 6101680 aaesediey 0aca a Taiioiaiil ifed oyaioaiey.
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1) Odaaiaiey aaeaaiey:
Eqgs:=(m,k,g)->{m* diff  (x(t),t$2)=-k* diff  (x(t),t),
m*diff  (y(t),t$2)=-k* diff  (y(t),t)-m*g};

ia+a8iind onetaey:
Inits:=(t0,r0,v0)->
{x(t0)=r0[1],y(t0)=r0[2],D(x)(t0)=v0[1],D(y)(t0)=vO[2]}:

'I'A... AR AnQ ~AQ 7 PPN

Fefelies 4600A5a108a81I04 6OAATAIY yaeyponY Ta08Madiinie & seiaé-

iGie, &6 dAvAiea afaaaa To0NEeaaaony A Maple, 510 40 & 83340406546, A iagdl
a8 fie6+aa 60AATAIEY YABYPORY & O1i6 228 & 653aiAIeyIe A IIROTyiTdie 81y60e-
beaivaie, fiyoiio 5asaied alsee(l 100AEEAAOURY A YEAIAIOABINE D6/86eYE

S:=dsolve ({ op(Egs(m,k,g)),  op(Inits(t0,r0,v0))}{x(t),y(1)});
A&y 014, +01ad ileeil 40&1 Gidaa&yol iadaidodaie dagaiey, idlasiaeii
fiadeaol fneaaopudp fiadacep:
SS:=(tau,mu,kappa,zeta, T0,R0,V0)->
simplify  (‘subs (
{t=tau,m=mu,k=kappa,g=zeta,t0=T0,r0[1]=R0[1],
r0[2]=R0[2],v0[1]=VO0[1],v0O[2]=VO[2]},
subs (S,[x(1),y(O)D));

lieleei, iaideiad, neucoyi nalaialé aiaida ia+asaion+aoa asaiaie e éi-
Toaeiao (aneaanoaea iaiidiaiinoe feed oysednioe), t0=0, r0=[0,0], vO=[v0*cos(alpha),
vO*sin(alpha)].
X:=(t,m,k,g,v0,alpha)->SS(t,m,k,g,0,[0,0],
[vO*cos(alpha),v0*sin(alpha)]);

ERNeaadai iddadeiine iaoasia 61dioe a neo+ad 1onoonoaey ifsioeacaiey:
[mtaylor(X(t,m,k,g,v0,alpha)[1],k=0,3),
mtaylor(X(t,m,k,g,v0,alpha)[2],k=0,3)];

4 BAcO6U0A0A TTE6+8] 15348104 0131680 ( 1.14). Afiée a yoes 6181688 ii-
&leeeoll k=0, 10 iTe6+el fdAIAAB0I04 YaoeTE0I04 6151060, Aaeaaiey 086a A
141131411 1164 0yeeafioe.

Ad-eficel ideaseaeaiil NAid ad&idie, &1aaa
0.4., 5Agel 65aaiaied y(1)=0. x0fal 1043TReOU i3
6dAAI&IRY, 46841 ABAOU GDAAIEIRE 1BE t, iGAses
fsolve(X(t,1,0.1,9.8,100,Pi/4)[2]=0,t,t=0.01..infinity);

12.06252099

0461 61aado ¥sia caiépe,,
dadé, ibeaaié &ivaiu yor
i, &iéugei 0.01.

40600 ad-eneadiey aeeoaeuiifioe eaoa oaea:
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Tau:=(t,m.k,g,v0,alpha)->fsolve(X(t,m,k,g,v0,alpha)[2]=0.t
=0.01..infinity);

I51aadei 6aaios 1616aa680:
Tau(t,1,0.1,9.8,1000,Pi/6);
60.88192186
Nic&aaei ial6aaodo ad+enediey aagiifioe edoa odéa:
L:=(t,m,k,g,v0,alpha)->X(Tau(t,m,k,g,v0,alpha),m,k,g,v0,alpha
)[1];161488€18241006181684680
\begin{Istlisting}
L(t,1,0.1,9.8,1000,Pi/6);

8640.599524
O4é1 i671eaoeo 8640,6 180d1A.

lifiodiel 161682686 dda0e+anéial iotadasediey 06aaéoid
Graphic(m,k,g,v0,alpha,c,s) , da4c 06aao
1adaiaod iafigoaaediaaiey.

> Graphic:=(m,k,g,v0,alpha,c,s)->

plot ([ op(X(t,m,k,g,v0,alpha)),t=0..Tau(t,m,k,g,v0,alpha)],
color=c,scaling=s):

A~ O LA

Effeaa

(0]
a
'_l')
@
D/
o
L
m»
[0
>
=
o
o
x
Q_y
Qo
o

x
&))
(¢

Asiniél 3 0dea ii dacee+idie

e

> plots[ display ](Graphic(1,0.1,9.8,1000,Pi/6,blue,
UNCONSTRAINED),
Graphic(0.3,0.1,9.8,1000,Pi/6,black, UNCONSTRAINED),
Graphic(3,0.1,9.8,1000,Pi/6,red, UNCONSTRAINED),
captionCaaeneéiinol=" odadéoideeioianinodea  :+asiayéeiey
- m=0,3; feiyy - m=1; édaniay - m=3,

captionfont=[TIMES,ROMAN, 14));

Eaé aeail é¢ denoiea ioe idaieluiged iannad 0aea ianeiiaode+iinou 0daae-
oidee foilfieoaeui’ aa addweil ana aieligad iaddeadony ia cagéep+eodéeuii
yoaia ilédoa odaaeoioey foaitaeony ana aieaa ioaafiié.
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6000
5000
4000
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1ooo
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1] 5000 10000 15000 20000

SasucunMacht s MPaeRnopLLE OB MICCRL W eRa:
yeprad s - m=03; cunag - m=1; spacnaz - m=3

N QO NANA N~ A

PR Odadéoidee imedoa 0déa a caaefneiifioe 10 &t 1affa.

Agy yoiai ideaea+al aéaeeioaeo pIots a eéiaiii, 4a éfiaiao displayfi iaiayca-
o&éuiié 1ivedé insequence=true. 10 3i0& figaaol aigiadep e(; N éaaaia, ia
@aaedll ¢ &1015016 aléaeil a00U &¢Tadasedil: 1. 0461 4 48aa édanilal éd0aeéa
a aaiigé inaio asaiaie, 2. 6+anoié 0dadéoioee, éioidia i51eaoaet 04él Al
aaiitan inaioa asaiaie. 3. cia+aiea asaiaie, éiisaeiao x,y fa 0aaei 42ad66
oefdiéa.

>Fly:=proc(t,m,k,g,v0,alpha,N) local i,dt,tt,xx,yy,body,traj,
XX,YY,T,Cadr:
dt:=evalf(Tau(t,m,k,g,v0,alpha)/N,3):
tt:=(i)->evalf(i*dt,3):
xx:=(i)->evalf(X(tt(i),m,k,g,v0,alpha)[1],3):
yy:= (|) >evalf(X(tt(i),m,k,g,v0,alpha)[2], 3)
#1. Nicaadl i-é 8aad eciadasediey 0dda
body:=(i)->plots[pointplot]([xx(i),yy(i)],symbol=solidcircle,
symbolsize=14,color=red,title=convert([t=tt(i),x=xx(i),y=yy(i)],
string) tittefont=[TIMES,ROMAN, 14]):
#2. Nicaaddl i-eaad 0dadéoidee
XX:=(T)->evalf(X(T,m,k,g,v0,alpha)[1],3):
YY:=(T)->evalf(X(T,m,k,g,v0,alpha)[2],3):
traj:=(i)->plot([XX(T),YY(T),T=0..tt(i)],color=blue,thickness=1,
numpoints=N*50):
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#3. Nicaadl i-00é éaad ftaiavuaiedl aaod denodiéta
Cadr:=(i)->plots[display](body(i),traj(i)):

#4. Nicaadl aieiasep
plots[display](seq(Cadr(i),i=0..N),insequence=true):
end proc:

\\\\\\\ o

Caiéféaai aieiaoep:

a
>Fly(t,1,0.1,9.8,1000,Pi/4,100);

Tt Math Drawing plot (1

4 @ [ [p] CurrentFrame |58

=
il

— s 0 (B[]0 @N -

= Fly(t,1,0.1,9.8,1000,Pi/4,100) ;
[t=46.7,x = 698ed, y = 337ed]
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PENEAET 1604g8n0aea ecidieéoa %A, A T6iedéuBditognita

RASY44¥ 6 &1 .
2.2 Aaseasey e 4 naténoaa
(|
Noaaiaied iliyoeé oaidee doidveé é aadeaseliinal erejensai

~ Ooiésey e doieseiias
1asaiaiiay z factaadony 6oieseaé 1asaiaiiay v facCiaaaony 06iéoel-
TR0RI&INE X (adAGIAI0A), z AEz(x), sl 6oievee  y(x), v Av[y(x)], afice
anee éasealio cia+diep  x éc iaéiol- Gamedié 60iévee y(x) éc iagioiaial
oié 1aeanoe D fili04donoasao cia+a- éeannac™ ffoaaonoanao cia+aied v.
ied z.

"~ |8edavaied e aaseacey
[dedavaiedi ¢x adaoiaioa x 060ié- [dedavaiedi eee dadeadedéry adao-
oeé f(x) iaciaadony daciiiol ideedd jaioa  y(x) 66iécetiaéa  vly(x)] iag-
4aaiy cia+aieyie yoié iadaiaiiié Aaaofy daciifiol ideead 4aoiy 66ieoe-
Cx /Exi x1. Afigéx ijacaaeneiay ia- yieé éc idéioisiar éeanna ise taim
B&I&IAY, 01  d /. CiasAiee ABA0IAI0A  +y AY(X)| y1(X).



PIENAYT [8edaudied e aaseacey

Ooiesey f(x) iaciaadony i&isadoa- Ooiesetiaé  v[y(x)] iaciaadony iaida-
ie ﬁee 1aéMio éciiaiep asaos- d0aiti  , aneeiaéno eglalaleb 00ié-
1dida  x AM0AA0N0A0A0 1a&1a eciaia- 06ee y(x) ﬁﬁoééonoaoao 1aéia eciaia-
jed o6iecee  f(x). ied o6ieoeniaca  vy(x)].

Ae00adaiveacs 06iéoee e aadeasey doieoetiaca

Anee idedavaied ooiesee  f(x) Ange ivedanaied ooieseliaga vy (x)]
f(x) Ef (xAex)j f(x) ¢v Ev[y(x)A£yli v[y(x)]
idaanoaaeii a aéaa idaanoaaeii a aéaa
¢f Fa(x)txA™(x,¢x), ¢v AL[y(x), +y] A7 (y(x), xy)max j+yj,
d4da(x) ia cadeneoio ¢x,a (x,¢x)! 0 aaaL[y(x),xy] €eidéité i oilea-
i8¢ ¢x! 0,0100i66ey f(x)iacliaado- iepé zy 0oiédeliaée T (y(x),xy)! O
fiy 4660adai6ed0aiié , & egidéiay id¢ maxjtyj! 0, 0f &gidéiay i ioii-
i1 1oiigdiep é ¢ x +anoul idedana- gaiép é zy +anou |6e6aualey 0oié-
iey a(x)¢x faglaadony 46606a8aioe- 0efiaéa, L[y(x),+y] fachaadony aadea-
aéli 6oievee e Taicia+adony df: 6eaé doieseiiaca e 1aicia+aaony

*vi

@ _
df £fqx)¢x £— f (xA®Cx) -
@® R +v /E@@®v[y(x),&®iy) oD
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Tnifaiay eaiia aaseaseliinal ef+eneaiey
Ange a8y eazedi¢ iaioadnailé ooievee A(x) & i&idad0ailé ia 10dacea [xo0,X1]
0oieoee ©(x) adieiyaony oneiaea:
X1
©(x)A (x)d x A0, (2.1)
X0
of ia yoii aed 108a¢éa:
©(x)" 0 (2.2)
Naléfioaa aaseaoee
" Eeéidéiiniou
+V[®f 1 (X) Ao (x)] E®+V[f1(X)] A% V[f2(X)]; (2.3)
~ Aadeavey idiecadadiey
+uv BviuAuzy; (2.9)
"~ Aaseaoey néleeiial ooieveliaga
@ X @ _
Wy A—xy) 2v[yi(x),y2(X),....yn (X £ ——=*yy; (2.5)
@ Kk /L @k
" [adanoaiiai+inou (ellidoacey) 4e60adaioediaaiey & aaduediaaiey
+dy d+y AO,, [d,z] AO; (2.6)
" ladafnoaiiai+iifiou éi(‘)éééééiééie%y € daduediaaiey
Z Z . .
+ ydxj +ydx AO0,, = AO. (2.7)
Aéeciniol é5eand
Edeand y Af1(x) e y Af,(x) iachaapofy aeécéeéie a fidfied aeecinoe k - &

13y46a, AfEe 1A60 14068 BACHOAE:
f1(x)i fa(x);
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>
X

a). b).

PN a). Edeand, aeecéed a nitned ioeaaidl iloyaea. b). Eoeand,aseceed a fionsa 1-a
ioyaéa.

AN oA N Ars

[adaay aadeaseliiay caaa+a aey 18Tno1al 6618 ONTERA

banfiiooei 6oiévetiag, cadenyueé 10 o6iédee aité TAd4iaiité qg(t) e aa
iadaieé isiecaraiié q(t):
21
S[q(t)] £ L(t,q(t),q(t))dt, (2.8)
to
10&+ai adaie~ifa oi-ée anaod anonoeitd odaaéoioeé caéaaieait (.  1.6):
q(to) £9Q;  q(t1) £qW) q(to) Axq(ty) AO. (2.9)

Abadi ileaaaoii, +of 06ieoey Eaddaieea  L(t,q(t),q(t)) JA&yaony odeaal 486-
6ABAIGEBOAITE, 0.4., IBeiansaaeed eeaffi6  C3.

A48l efieaot 0adoh e3eadp q(t) & eEARAAC2, adiel 610116 6ieseTias
460080ai6ea8UIN1 efi+efBaieal, ~01a0 Aadeasey doieoeliasa adatasani a
i68. N 6+a01 iadani0aial-ifoe adaoeé aaduesiaaiey & 4806a5ai6ed1aa-
ey (2i0AAGedTAAIRY), A 0aGRA iBaAeEA AABUSSIAAISY NieTarilal 60ie0eTiaea,

21 A1y 1
@ Q
+SAE +L(t,q(t),qt))dt £ —+gA—=+q dt
(t,q(t),a(t)) @ q @ q

to to
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21 4, A
. ,dg d @ a, -! . d @
+qdt * £——dt £ (xq)dt A£Ad+q ) —+qdt £ —xq— | *q-——dt
et H @l @ to dt @
to to
Oaéei 1adagii, iMeo+ei 46y aadeavee a3énoaey:
Z1p 1
d
+SA @i —@ +qdt. (2.10)
@ dt @
to
la0ioaadaeiita aldascaied a 8004600 fétagad ( 2.10) faeanil iagasadidi
onetaeyi yaeyaony iaisadsnaiié o6ieseaé ia 108aceéa [to,t1], & Addeadey +q
idiecaiedia. lyolio faganii Aifaité eaiia aaseaceliinal en+enea-
jey ialasiaeidi oneiaeai adieiaiey ( 2.10), 0.4., yénodaiaeuiinoe aaénoaey

yaeyaony adieiaied 4606adaioeasuiial Aoiigaiey:

fiféfeues ooieoey Eaadaisea  L(t,q(t),q(t)) Vayaony caaaiiié 66ieoedé
fiales ada61&io1a, of 4600a0ai6ea&UiTa AloTeaiea( 7.3) yaeyaony 1atéiiaai-
i1 46006308i6836UI01 633aaiea] A0T81AT 118yA8a 10iiie0asuil d6ievee
q(t).

Azl 83gaied q Aq(t) & yaeyaony dasaiedl iioaasdiiié caaa+e 1a 1oanea-
iee 0dadeoidee iaeidilgdal 43én0asy. Yol 68aaidied iaciaadony 68aaiaiea
Yéeada ; aiddana il a0eT livaeestaait EAiiasdan Yésasii a 1744 4.

baffitodei 6oiéveiiag, caaenyueé 10 66iedee n i&d&iaiind gi (t) & &6 1306-
a0o isiecataiad g (t) (i &£Ln):
Z1
SO A& L(t,q1(t),. .., an ()da(t),....an(t))dt, (2.12)
to
18e+4i Adaie+i0a o+-ée anao anonoeitsd odadéoiseé gj Z&q; (t) caédaieaia
(Ai. 1.6):
ai (to) 297 q; (t1) £9P)  2q; (to) £qj (t1) AO. (2.13)
AGAA] T1-id8cei&io iTeadaot, +0f 60ie6ey Eaddaisea L(t,q1(t),....qn (O)q1(t),...,

AnO

an (t)) yaéyaony adaseal aeddasaioedoaiié i anai iadaiaiidi.
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A6aai enieaoi 0aéop edeaop a 6aciall isifiodaifioad gi(t) a ééaﬁﬁécz, aateu
éi0ioié aadeadey 0oiéoeliaéa L(t,qa(t),....dn(t)gs(t),...,qn(t)) (2.12) 146ava-
ganii a ioed. 1T aiaeiaée i iddanascneie ad+engaieyie, iled+ei, eioaadedoy
T +afoyi:

21 21 1
x e @
+S/E +£L(t,q(t),q(t))dt £ —+q; A —=+q; dt
im @i @i
to to
21 ‘_T. 21
., dg; d @ @ —t . d @
+qidt ~ +—-dt £--(+q;)dt A£d+q; —+qdt £ —=q;— +(; ——dt
di Tt gt (£ai) di ) @ q ai di . [ ai
to to
Oaéel 140acii, iMed+el 4ey aadeasee aaénoaey:
Zig M 1
X d
+S/E @i —@ +qjdt. (2.14)
o 1 @; dt @

Tatiodadaeiing aldasedied a €503600 Nélagad ( 2.14) faeanii iacaaaditi
oneiaeyi yaeyaony idisasnaiié 66ieoeaé iatodacea [to,t1], & &Nd Aadeaodee+q;
idiecaienin. Tyofiio Aiaganit fifaiié eaiia aaseaceliial en+enea-
jey iataciaeii oneiaeai aaieiaiey ( 2.14), 0.4., yénodaiaéuiifioe adénoaey

yaeyaony adiieidied aé66adaioeasuiiar iioiiediey ide éasedié aadeacee

@ da e
— i —— /&0; (i A£1,n). (2.15)
@; dt @
A yoli ie6+aa 10 ile6+adi fefiodio n 1a0é&i1aaiins aed6adaioeaenins
o0daaiaieé 10iifieoaeit é1i6eaosaceliing éiidaeiao nenoaid gi (1).
Dagaied yoié fenodit 6daaiaieé Tientaado daciaop 0daaéoidep aeiaie-
516 fie (

9]
=13
(@]
Qo
=
°
m
o
—
rd
=
B
—
~

Ti53adeeoi 65a0+aémob idYIop, Aldaiypuch a4 caaaiind oi-eé Ae
B & n - 148i1i Aaéeeaiaii i8ifiodaifioaa.
[6fiol 1adaia0de-aféed 65aaidiey 65eaié e1apo aea:

r A (t) AXa(t(, x2(t), ..., Xn (1)). (2.16)

Oiaaa aeeia a6ae yoié eseaié, s, daaia:
BU P
s[r(t)] &£ t x2(t)dt. (2.17)
i AL

A
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an§| |a6ag|| 06iéoey Eaddaiaea 46y iAdaié aadeaoeliiié casa+eé daaia

L A& X2(t).
i AL

liféletied doiesey Eaddaisea i cadeneo yaiiio t,X; (t), 01 6daaidiey Yéedda
(2.15) ioéieiapo aéa:

d @ @)
=2 Fo) = AC;. 2.18
ata ) @ (2-18)

Al+éneéyy, iabiaei:

2q;

———— AC;) q; £®(Const)) q; /Eqio,i\®it. (2.19)
P2
Coxe(t)
i A
oa é‘l aéagu édao+aépeie eeigyie a aaéeeaian 18Tnodain aéypony

~AO

Tivdadeeol 85ea0p, fitaaeiypuop 4aa caaaiil e°1 of-ée A¢ B, {aéasealied
ia 1ailé aasoeéaeiié igyiié, oaéop, +of ia ay a fiéaoeony é
A 4 B ¢a é6a0+aégdd adaiy.

31
=14
(04
g»
Q.
<
o
|
D
Q.
=
[}
Q.
(@]
D
o
35
<
D
O

i8& aaecediee 1a0ddeasuiié of+-

Ay ée a1ied oysednoe adieiyaony caéli
& fiiodaidiey yiddaee ( m iafna +anoe-
o0, g oféidaiea nalalaiai iaaa-
iey), fitaéanii éioiaiio
1
Emv /Emgy) v/AE 2gy
O+0g fioilgaied aey aeein ao-
géds/E 1Ay®dx, a 0aéaed 1i64a4E4-
ied néisinoe v Ads/dt:
B X /deﬁdeds, v ds
o > 4t ds at dx

Oaéei 1adaci, imed+ei Anoilea-
. . jea;
LR Cada+a T adadenoiosiia

p
dx 2gy




32 Yéai&iol aadeaceliinal en+eneaiey e anaia odaaidieé Yéeada-Eaddaisea
@i0450e86y éi0isia aéaal asaiy
fironéa:
q
28 1A y@
tly(x)] ﬁEp— —py—dx
ng
Oaéei |a6§1(;|| €131 140a0p aadeaseiiiop caaa+o &y doiedeiiaca tly(x)];)
L /Ep— lAy

Dafaa|ea gaaa+é ifeeil iaéoe a
http://natalibrilenova.ru/blog/1432-primer-zadacha-chaplygina-zadacha-o-brahistohrone.html

A

E€0adaocoda é eaéoee

[1] Yéunaieuo E.Y. Aeddadaioeasuind odaaidiey & aadeaseliina en-
+efiedied. I: [acéa épaia ecaaied, ia+eiay fi 1965 4.

[2] E.A. Eaiaad, A.l. Eedges. Odidaoe+aneay oeceéa. Ol |. 1adaieéa.
I: [avéa epaia ecaaied, ia=eiay i 1965 4.

[3] Ediaoida b.A. Aedodddiveasuiay &AaN&o0dey &56ealnd -
a4060iTNo0aé a A4aéeeaiall ioinodaifioda. IV Raianos: ésésn

gaeoeé &gy Nooadiota iacdiace+anéial  6aédeloaoca.
http://libweb.ksu.ru/ebooks/05_120 000327.pdf.

Iyl & 12xy(x) i (YIx)? dx;
il

y(i 1) A1, y(0) AO.
Ajaeeoe+aneéia oawsaied casa+e
oeliaé a gaaa a gaaeneo 10 00|eoee iaiié |a6a|a|||e e a1/4 |a6a|e |6|eg-

R
Taiié: J[y(x)]/E L'x,y(x), yO(x) dx.

i ig6+aa c‘)éleoey Easdaisea:

O
[=N
(‘D)

L(x,y,y9 El2xy; y®



2.5 Caaa+e aadeaoeliiinar en+eneaiey 33
Oi34a 6634aiaied Yéeada:
@ da
@' dx@°

aéy aaiiiai ooieoeiiaga ideiao aea:

A0

12x A yO%0.
Ei0c&ade004i 4aazeal 1186+aii1a 4206040ai6eaéiTa 60aaiaied & iadiael al
1aldd dawgaied:

y £ ix3ACixAcC,.
ltanoaaeyy adaie+i0d onetaey 66iéoee y(x), iaéadi yénodaiaeu:

y/Eix3.

1) Aey dagdiey casa+e idiadiaeiiinaéep+eol 46aseiodeéo VariationalCalculus
fila&ddeeaudp éfiaiaé  EulerLagrange(L,x,y(x)) , éioiday ad+efieydo 60aaiaiey
G B KA B e A TR K AATA A i
Yéeada aey 6oiéveiiaéa Jy(x)] &£ L x,y(x),yo(x) dx:

b

with (VariationalCalculus):

~AAN A Q

2) Caaaied iiioadonoaopudé doievee Eaadaisea:
Li=(12%*y(x)-  diff  (y(x),x)"2);

H T

d
L :E12xy (X)| &y(x)

3) A dacoeunaod efiieuciaaieya énai
fifaddeeaueé aeddasaioeasuita 6daai

aad EuIerLagrange algaéauaaony
aied Yéedoa. A iagdi fieo+aa:
egEL:=EulerLagrange(L,X,y(x));
% 42 Ya
eqEL :/E 12xA2 y(x)

4) Yéfiooaiage i iadiayony 604l dagaiey yoial a660adaiveaciiial 6daaidiey
fi Adaie+iie oneiaeyie. iaéadi enéniop yenodaiasu, enieicoy enaiao
dsolve:

dsolve ({ op(eqEL),y(-1)=1,y(0)=0},y(x));
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34 Yéai&iol aadeaceliinal en+eneaiey e anaia odaaidieé Yéeada-Eaddaisea

y (x) £ x>

aalaaol ia yénodaioi 6oiéoeiiaé

mr
=13

Z1 3 .
Iyl £ yIx) 1Ax2yAx) dx;
2

y(1) A3, y(2) /5.

N

Aiageoe+anéia odeaiea caaa+e

Ooievey Eaasaizea L EyYx) 1A x2y0(x) i& caaeneo yaii 1o 66iecee  y(x), néa-
41220860 6834iaied Yéeada ideieiado aea

g M a 1
— — AQ,
dx @°
anonéapueé 1adané eiodasae
% AEConst.
A iagdé caaa+4 iddané eivaadas ideiao aea:
1A 2x?y°&C.
Eioaa 6e60y| e0+aiita 46004daioeasuiia 6daaidied 1adaiai iidyaéa, iaéaal
aai1auaa sagaiea:
C
y /i Yl ACy

2] éﬁ'lTéugTéa'éé fiarad EulerLagrange &éy dagdiey cada+e aicadaceony
fiefie, Aladdaeateé Aail 66aaiaied Yésada & 140alé eiddasas.

1) Adcia éfiaiad EulerLagrange fi nuoaaonoaobuel Eaadaiaeeaiil & &1iads-
oediaaied iinedaiaaodeiiinoé dacoetoaoia adiéiaiey &fiaiad a niefé:

egEL := convert(EulerLagrange( diff  (y(X),x)*(1+x"2* diff  (y(x),x
)X,y (X)) list);
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d2
eqEL :/E[j 4xixy(x)| 2x° d—y(x) 2X iy(x)AlﬁEKl]

140a0é yedidio Aieféa 6oaaidied Yéedoa ,ééAoAé 10 iTeeil Tadatiaouny
+A0ac efadén nienéa: eqEL[1].
Yéfiodaiaél ileeil eé &7 jaéoe, dagea éfiaiaié dsolve aédoadaioeasuita

68aaiaied i adaie+idie oneiaeyie:
dsolve ({eqEL[1],y(1)=3,y(2)=5}.y(x));
y(x) AET7i axit

o

2) Tiiieell ife6+e00 d6ié6ep yerodaiase, aifileiciaaaseni iaéaaiiai

iA0a0i eiodasasti 6daaidiey Yeeaoa. Dagei 460040ai6eadiita 60aaidied
46y ei0aA06aca 4 £22402000a0:

sol := dsolve (eqEL[2],y(X));

1/2Kqj 1/2
sol :/Ey (xX) &£ +A_C1

e, anoaaéa a 1auda dagaied adaie+ita oneiaey, Meo+ei nenoaié aéddadae-
+anéesd odaaidieé:
soll :=  subs ({y(x)=3,x=1},s0l);

soll:E3& 12K A12A C1

sol2 :=  subs ({y(x)=5,x=2},s0l);
sol2 :/E5&E 114K A1/4 A C1

Dageéi nenoaid foitneoaenr
const ;= solve ({soll,s0l2},{K[1], C1});
const :AE{ C1/4A7,K1 A9}

& llanoaaei a dagaied 4e60adaiveaeliial odaaiaiey sol:
subs ({ op(const)},sol);
y(x) E7i axit

Dagaiey iaéaaiitie 1adadi e aoidai filitaaie niai aaapo
ia1a80ei yoi dasaied ianoailaéié a 6oaaidied Yéeada egEL[2]:

diff (eqEL[2],X);

2
4xiy(x)/-\2x d— y (x) 0
dx?

Daaalnoal |oep Me6+aiial atdasediey 1120440224240 efoeiiiion iaéaaiiial

dagaiey.



x /E
(3.1)
B Z2q
SIx'(t)] £ ds&  gjxi xKdt. (3.2)
A t1
Oaeei 1adacii, caaa+a 1 adleeddiee 65a0+aégaal 1608, aaeiypudal ia i-
a306iifioe § 4aa caaaii0d oi-éé A é B, falaeofy e 1adalé aadeaoetiiné caaa+a
aey 66févetiasa (- 3.2), 810idii6 filioadonoascdo d6iesey Eaadaisea

(3.3)
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@ 1
@ 2 gikx'x
k
ik X
@ g X (3.5)
@ gik X' xK

Danniiodei 6dadidiey Yéedda aey o6ieoee Eaddaiea (  3.3):

d
Q.98 4 (3.6)
@l dt g/
1Adaéaai 10 isiecaielninal iadaiaoda t &y0&0 6daaidieyo & eéaiiie+anéiio
120214080 s aceid adae eseaié - x!' Ex'(s). Olaaa anedanoaead 8.1) adiie-

iyaony ffoiigaiéa iisiediaée

dx' dxX
ds? g dx' dxK ——/El. 3.7
Jik ) ik I ds (3.7)
Oaéei 1adach, 16e faodoaciiné 1adaidodecacee éseaié 84340a0i0a
gidie a ciaiaiaodeyo idaand ~anoaé 61dioe ( 3.4) ( 3.5)7adavaporiya 1,éid
eé+ei
@) dx! dxk @ dxK
—7 —@ Jik 7= d I S
@& S ds @&! ds

Oaéei 1adacii, ileo+ei 6daaidiey Yeeada-Eaadaiea a 6i5ia:

dx! dxk d dxk

— AEO. 3.8
@g'k ds ds ' dsdkTgs (3.8)

Ae60a0ai6ed0y  gj, (xM (s)) éaé neieeiop 66ievep, iacadi

d dxX _dxKd d2xk @ik dx' dxK d2xk
K A g Ag, ——.
as9kgs Fgs ds Yk Mk gz @ ds ds 9ik g2

R6iied6y 8ac6610a00, l66-8l 48y 653aaieé Yéeada (  3.6)

1 @ik dx' dx* @iy dx' dxk - d2x -
2@kdsds'@1 ds ds ' Ji '

K as2
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fioaey ia iveiasa

Tadce+anees

Taudaeiyy +&aia i isiecataitie 10 1808e+anéial 0aicioa & 6+eodaay aal

fiéliaodep, iied+ei:

dx' dxk d2xk
ik g gs | 9k gz £EO, (3.9)
Aad aadadinTaicia+aied a8y  neiaieia Edoenoioodey I-ar oiaa
1 ., @
ik j A5 (@Yjk A@uiji @gik); @ @ (3.10)
i6e+ai:
iik,j ZEikij- (3.11)
Na&oidi 6daaiaiey ( 3.9) il éliodaadeaioiti iaode+anéei oaician gjm,()éééi
+0t:
9k g’ A (3.12)
Oiaaa ieo+ei 1éli+aodeiin o0daaiaiey datadce+anees eeieé
d2x™ . dx!dxK
—- A} ——— 4D, (3.13)
ds? K ds ds
EEEY :Tll gJ ik, j felidose+i0a 1 aadi ideeiel eéiadénai feiaied
Eééﬁ(ﬁ“éé &y 11-ai olaa
3.3 Eiodasae 6oaaiaieé adtadce+aneed
CEE——
Na&didi 6daaidiey adiadce+anéed ( 13.4) igmn dx"/ds & 6+04i fieiidodep 14o-
de-+anéial oaicida e oleeadnoaa:
dx"dx™ . 1d " dxMax" dx™ dx" d
9mn74s ds2 2ds 9™ ds ds ds ds dsomn

Ae0064dai6ed0y 1aode+anéeé 0aicid éaé nélae

dxX

d
— A .
Omn £EQImn —— dds

ds

fielidodee iaode+anéial oaicida:
dx' dxK dx"

‘ds ds ds

_mdxi dxk
ds 'k ds ds

iik,n

1

2

dx' dxk dx"

kg ds ds
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Oaéel 140acii, iMed+ei ey Naddoee 6daaiaieé adiadce+anees:
I

! A !
ax" " g3m mdx dx 1d - dxMdx (3.1
9mn “is d4s2 i ds ds 2ds 9kTgs ds ' '
Oaéei 1adagi, ieo+ei g ( 3.14) iadané eiodadae aaiaace+anéeed
dx dx* AConst. (3.15)
Qik 5 ol :
Niaganit ftioiieaiep iidiediaée ( 3.7) yoa élificaioa daaia 1 ( Const A1).

cE——
ben. 3.2
l1adaoiinou adataiey,  §,ileeil caaaod iaéiolaé iip adanaiey OOO(Tﬁ[]b
fielidodee) e ieifélé edeaié °, daiiiieiaediiié a |e‘ﬁé“ﬁc‘)é I, fifaddeeatiaé



40 iaeioei iaeidiugdal 4aénoaey ia iveiada aaiadce+~anéed

AU Al é‘é ¢. Eoeday ° iac0aadony 1adacopuaé 11aaasdiiioe asavnaiey. Anee
a éa+anoaa ine adavaiey atasaol il Oz Gééeiade+anéié nenoaia élidaeiao

r A(¥cos' ,¥sin' L z), (3.16)
882/ x2Ay2-1ieydiné daaeon, ' - 1ieydiné oaie, of 6daaidied i1addsii-

& A0AUAIRY Teell caiefiaot A aead:  WAEY(z);' 2[0,2Y4

r £(*4z)cos' ,“{z)sin’ ,z), (3.17)
0.4., caaaol 1aité 66ieveaé 1/;(2). Aﬂéééé’li A 6a+aMnoaa aibodaiied éfidaeia
11a4a0iinoe éiidaeiaod x1/Eu £ & x2/AEv Az Eeiée z AConst |ac;0Aap
ladaeeaéyie 11addciifnioe adavdiey, a eéiee ' AConst - 148éaéaiaie '|Téé66—
iinoé adauaiey.

Oaéel 1adacii, at+eneei éliniaiol 1a0de+anéial odicida

g1 A(r 1 ) AYA(2) 912 A1 1) A0, 00 AT 7, 17) ELAYS (2)

Ad+enéei éniniaion neiaieia Eaenoiooaey 1-ai oiaa:
i 111401 112/ i85 i 12,1 i 01,1 Y

i 21,2 480 12,2 4 22,1 AO; i 22,0 AEYRAO

Al+énéei é1iodaadeaioind énimiaion 140de+anéial odicioa
ol E1/v2 g12 fE0: g2 A 1
’ ’ 1AV2(z)
Ad+efieei énili&ion neiateia Eoenoionaey 2-ai aiaa:
A0 L, A AE/ZO A0 2, E A A 2, ;i AEVZQ/ZOO
I11 I12 I21 /1122 1 AR 1275 21 i 22 1A 152

Caiégdi 6daaiaiey aaiaace+anées:

d2 _ , dx! dxk) d2 Azl/zod dz (3.18)
ds2 'ik'ds ds ' ds2  ~t%dsds '

d2z . o dx' dx* d2z ., wB d' 2  19404z?2
—SAiG————) SA—o— A A (3.19)
ds2 'K ds ds ' ds?2’ 1A¥2ds 1A¥2ds

Oaéei 1adach, imed+ei &g ( 3.18) auaiaei 1adalé eiodasae

d 2d >d'
— In*2——/E0) v#— /EConst. 3.20
ds ‘ ds ) ds S ( )
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ladaidodecacey 6saaidiey (- 3.21) aifoeaadony ilanoaiiaéié:
X AEach(u)cos( );

y Aach(u)sin(' );

z /Ecsh(u).

(3.21)

[1ada6iifion aideéa (+6as6iéa) ileeil, iaideiad, fiefaou ddaaiaieyie:

r /((a A sin(u))cos(v), (a Asin(u))sin(v),u),
d3da l1aénelaéuiné daaeodn aidgéa.



19 s A

42 iaeioei iagidiugdal adénoaey ia i6e1ada adiaace+-aneed

rAEr(t)) x X (1), (3.22)
438 12041400 t M0l A0AlY. AAnelia+iiasay  Tioe+aneay aseia iooe 6ioiia,
d ¢, 4 aieciodiiiie Tioe+anélé d&aA R OAICISN iB&ENBAIRY Ny TIGAAREYAORY
BiBI0&1E:

d¢? Anj dx'dxk, (3.23)

S
O

=
o

Y
S
=)
:
o
9;

ade A(dx L, dx2,dx3) - 236018 a&nelia+ii 1aeial iavaiey
y aed Adee+eia feldinoe 61olia a jaidaacaiee  dr TI63A&EYA0RY

»
N
0
Q:
?Jo
=
Q.
2

VE njxixk, (3.24)



E0aé, caaaadi ooiesep Eaadaisea fadoiaial é6+a a 4éad
q .
LA njcdxidxk. (3.25)
A&66804&i6&86y ( 3.22) it adAiaie, ie+ei:
dx' /&x'dt,
aaa:
i d XI
F—
dt
Oaéel 140acii, 66ieveliae 4aénoaey aey naaoiand e6+aé iseieiado aea
Zq
SAE  njxixkdt. (3.26)
1
Noaaieaay 61516 yoial dacadea fi iifoadonoasdpueie 6idioeaie ( 3.7), (3.10),
(13.4) i (3.15), (3.23) i (3.26) & 0.4., cald+aal, +oi 158 1Mafoaiiaéad Aloadonoas-
buigd aldasedieé:
¢bos Nk ! ik (3.27)
casa+aiiadieeadied odadeoivee oiofia a aieciodtiiié & fafaiaiaiié fioe-
+&fielé NOaaa ie+ai oidiasnil i& 1oee+adony 1o caaa~e T 43iadce+anéié eeige
a deiaiiaii i6ifosaifoad. Eoae, ilaeil iadeaodl ieadacplidd 60addaeadied:

Aidaaaead aaiaooe+anéié fioeée 00adéoioey oioiia (66+ nadoa) afioe+anée
idicoa+iié aieciodiiiié e iaiaiidiaiié ndaaa i 0aicial idaeiiéaiey
nik (x) ifaiaaado i adfadce+anéié eeiedé a deiaiiali 16iModaiNoaa i 1ao-

Oaéeil 1adacii 6noaiadceaadony iaéneiaguii oaniay naycl 1daead aanaode-
+anéfé Tioeéié e deiaitaé aanaoseaé

A fayce i nétanoaiaaieal 6éacaiiial acaeiii faiicia+iiar iffoaaonoaey
a43a4ai 1audéon - ik e- I]k , €iad6es87aaiina oaician idaetiediey, éaé iao-
oeéié, -

. .
1 . .
T ij kA @k AQ@niki @nij ; (3.28)

-l A g (3.29)



[Ke]
aeyaony daeeeaia
1

104812046 feialen Eaenoiooasy aaéeeaiaa iainodainoaa, iij, e ijk’ aliavua
ATaiay, 1068+ 10 i68y. Daciiioe s
- . |

TR R TR S B TS S PR SR T R T (3.31)
yaeypony éiiiliaioaié oaiciaia & fiefidaapo 1yoiio 0dicisitnd naténoaa
fioé+anéié ndaad

Oaéeéiiadaci, alfiteliciaadeeni dacoéioacaie dacadea 2,10 idago Tieedi

adienaou o6saaiaiey daniginodaidiey nadoa afioe+anée idicda=iié idiaiisiaié
& aiecioatiiné Nddad |, é101803, éaé A0eT 6éacail aliwa, yaéypony odaaidieyie
Adlaace+anées eeieé aiaodeed ( 3.23):

d?x! A dx! dxk 50 (3.32)

d (,2 ik d é d <
Caiaoei, +oi 460606adaioediaaied a yoed 6daaiaieyo iiouanoaeyaony ia il iada-
14080 asaidie, t, aiinioe+anéié ageiaiooe, ¢ Anedanoaea 8.23) adieiyaony
fiffoilpaied iieiediade :

dx! dxt o (3.33)
njx — —— /L. .
e de
A&y dagaiey nenodil 1a0éitaaiitnd 4606adaiveaduitd odaaiaieé ( 3.32), éaé
€cadnoii, iatadiaeil caaaou ia+aelitad onetaey a iagioisié oi+ea M (Xg) EMo:
i i dx' dx' = i
X' (¢0) AEX; —(c0) E——= Auy, (3.34)
de¢ deé




3.5 laddiaoe+afeea iadee aaliaose-aneie fioeee 45
gadu’ - aagie+i0é a fi0NEA 1200868 n;, & GAMA0AGUINE & fiaddTATé 0oadssToee
448018

i _dx!
ul S (3.35)
<
Rmoiigaiea fisiesiage ( 3.33) afeeeil a0TIEIYOURY & &palé of+&a fadoiatal
86+a, 4 ofi ~&fied, & a ia-aguie:
Nik (xo)ubul 1 (3.36)
iae ~efiediill sAzaiee caaa+e 6alaiaa anaal aifielciadoufy fiffofieaieal
(3.36), a0Baceay 14i6 éc &iiiTAId a480T5a  ul) ~A0Ac 484 406484, 168 O fitaean-
il daioee a&iadce+aneed seieé foiloaiea foiediase ( 3.33) aaoiiaoe-anae
o 3 aaceRI Of Al6 BASAT

[a8y46 A 6aaada08+(1é 615116 Tive+aneTé BaAa ( 3.23) Tieell 5anfiiod80U &
82248208+0p 61816 i6f0TAT deiaitaa i3Ifodaifioaa -

ds? Ag;y (x)dx' dxX, (3.37)
A84ji iy ji A£G - 13a08Teeaaiiay 1405864, ide+41 64348a0e+iay 61dia ( 3.37)
iéTeeeodsiil id4a464ia, ANeaAN0aea ~4AT

g AGjEO (3.38)

daiaa nj, e gj.° Nizeanii odioee eaaadaoe+i0s oidi 206 63340208+006
0181, &c &1016006 Taia Meleeddeil 104adeaia, dandleeadiitie 1daiada-
claaieyie e1idaeiao a easeaié idiecaieniié, 6eenesiaaiiié oi+ea M g iteefi
T1ailad81&iil  152aanf0e é aliie+anélo aeas
0 1 0 1
100 nt 0 O
GoZEQ@0 1 0A; NogEQ@O0 np, 0 A (3.39)
0 01 0 0 n3
daan; - i1anoaaiind cia+aiey 120sesd N, 1i04a86yai08 6adaéoddenoe+anee
60aaiaieal
iN'i nGj AOQ. (3.40)
2E751818 4 BaRfa08eaaAIN faié fd6+ad yaeyaony aageeaiadi.
Siainifel, +011208€06a 63248208+11é 61810 ARA5AA feliaode+ia
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Niarioadiiod sed 4360180, k '; ® A1, 3, 1id4486y4i04 6daaiieyie:
©)

(N nG)K A0) 'nij i n@gij (g)J/EO, (3.41)

gaeoeé aey noodaaioia ia
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oi+éa _
dr—
r(so) Aro; —— /Ao,
ds s/
A33s Tadaiaod aaladce-aneié eefee
Ajageoe+aneia oasaied casa+e
A0adaai 6oaaidiey adladce+aneed egieé aéy 1Madadiinoe 1aienonal
Aeidoaieieaa adanaiey i eailie+anéel 6saaidieai:
2 2
X< . y< oz
— A= = mFL
a2 a2 Cz

X /A ach(u)cos(v);
y A ach(u)sin(v);
z /A csh(u),

d3au 2(j1 ,1),v2[0,24.
Oiaaa 6aaeon Aa6016 oi+ée 1adaidodeciaaiié 11adasdiinoe:

r(u,v) A(ach(u)cos(v), ach(u)sin(v), csh(u)),
& +anoita idiecaiaila 1o adéoidiié doiesee il iadaiaodai:
ry 4 (ash(u)cos(v), ash(u)sin(v), cch(u));
ry A (j ach(u)sin(v), ach(u)cos(v),0).
ia\ééé‘l glyd0e06eaiol 1adaié eaaadaoe+iié 61dil 11aaddiiioe deradaieie-
aa:
E A&r2 Aa’sh?(u)Ac?ch?(u);
G ﬁEr\Z, £Ea’ chz(u);
F A(ry try) AO.
. 1@}06?63 iadaié éaaadaoe+iié 61l 1Maaddiinoe (iaode+anéeé 0aigio)
eidao aea:

i ijH a?sh?(u)Ac?ch?(u) 0 f
ik 0 a2ch2(u)
afadaoiay é iaé iaodeoa:
0 1
! 0
ik a2sh?(u)Ac?ch?(u §
iig' JJ/E% ( )o w g

a2ch?(u)
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Al+eneei ﬁéié}TéG EééﬁbTﬁéééy 1-a7 6&'\5‘1 oiiiie0ae il 1aode+anéiar oaicida
Jik»iik,j B3 @Yjk AQUij i QYik :

i 11,2 A 12,1 A 21,1 /i 22,2 AO;

i 11,1 A(a®Ac®)ch(u)sh(u);

i 122/ ii 22,1 Fach(u)sh(u),

Al+énéei feiaien Eaenolnooasy 2-al diaa it 61di6ea i |T< g™ ik,j:
I R R N
i 11 AEi 10 #Ei 21 #Ei 5, AED;
1 (a?2Ac?)ch(u)sh(u)
17525n2(u) A c2ch2(u)’
4 aZch(u)sh(u)
122751 32502y A c2ch2(u)’

i %2 FEj %1 AEth(u).

Reaaiaaoaeii, 6aaiaiey aaiaace-anees eeieé fa 1AMMemoi A8iadal-
&ieaa AdALAISY AlAEYAYO NEAAGPURH TAdACT:

(i A1) d% 411 uduﬂz/l\- : HOIVﬂz,qzo-
ds2 'l gs 22 4s ’
d2v du dv
i A2 R 22— — Ao.
(142 427?125y
Dacel 1adacT], A414Ace+AMBRA Baie TIBAAAEYPONY Taleie dasaieyie

1400 EAA0PURE ARO0ABAIDSARUING OOAAIAIRE:
d2u , (a2Ac?)ch(u)shu) "du™®  aZch(u)sh(u) Mdv ™2
ds? a2sh?(u)Ac2ch?(u) ds ' a2sh?(u)Ac2ch?(u) ds ’
d?v du dv
2V Rathu) 2 2 o
ds? () ds ds

iTfooTaied 1aodiaoe+aneéieé iiadee a NEI Maple

A ea+4&r0ad iseidda danniiodel 1aleé neo+aé inodiaiey aaladce+aneie eeige

ia islecaienii 1aifiieinoin aeidsaieiead. lofou 44énoaeodsia edine

0aain: a A1, b A2, aiieiay iféoinu c /3. Oidaa éaiiie+anéia 6daaiaied
caaaiiial aeradaieieaa:

2 2 2

X z
—Ay—' — /1,
1 4 9
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Efilielicoy 1adaoh eaaasdaoe+iop 61810 i1adddiinoe & 6daaidiey adiadce-
+anéié eeéiee, iaéaadl ~eneaiil adtadce+anéop 18i6iayudp ~adac oi+8éo ii-
Aa006iifoe fi 1adaiacdaie AYIA , vo AL, i éanacdenitl 43éoisii 4 yoié oi+éa
(1,1)
1) Aey dagdiey casa+e idiadiaeiiinaéep+eou deaseiodee tensor , plots , linalg :
restart
with (tensor):
with (plots):
with (linalg):
Caaaaaied iadaidodia deiadaieieaa, aaéoidii-iadaiaode+anéial odaaiaiey,
iMHoataiea 1aaadiinoe
a:=1:
b:=2:
c:=3:
R:=[a*cosh(u)*cos(v),b*cosh(u)*sin(v),c*sinh(u)]:
plot3d (R,u=-Pi..Pi,v=0..2*Pi,color=grey,style=patchnogrid,

scaling=constrained);

BEEEIEE Taitineinioié yeeeioe+anéeé aeiasaieiea

2) Elyooesediol iddalé éaaadane-iié 61610 ai+efeypony it 6idioeai: E A

jirui? G £ jvj2, F Ary,ry). Niitop &fiaiac create caaaaei élaadeaioineé
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1408e+anéeé 0aicid ia 11aaddiihoe aeiadaieieaa, naiaaapuéé i iacdsesaé
iadaié eaaadaoe+iié 6i8i:
g_gip:= array (symmetric,sparse,l1..2,1..2):

g_gip[1,1]:= innerprod  (diff (R,u), diff (R,u)):
g_gip[1,2]: innerprod  (diff (R,u), diff (R,v)):

g_gip[2,2]: innerprod  (diff (R,v), diff (R,v)):
g:= create ([-1,-1], eval (g_gip));

0 (sinh (u))2 (sin (v))2 A 4 (sinh (u))2 (cos(v))2 A 9 (cosh (u))?, !

3ssin(v)cos(v)sinh (u)cosh(u)

g :/Atable %compts/E[ ],index_char A[j 1,j 1]]§

3sin(v)cos(v)sinh (u)cosh(u),
(cosh (u))2 (cos(v))2 A 4 (cosh (u))2 (sin (v))2

3) Ad+eneaied éiiifiaio éliodaadeaioiial idode+anéal oaicida:

g_inv:i= invert (g,'detg’):

Caaaied éfidaeiao:

coord:=[u,v]:

Al+engéied 186406 +anioi0o iolecalaind 10 180de+aneéial oaicioa, feiaieia

AAAAQ

Edenoiooasy 1-af e 2-af oiaa:

D1g:= dlmetric (g,coord):
Cfl:= Christoffell (D1g):
Cf2:= Christoffel2 (g_inv Cfl):

~OA.

4) Agy caiene 6daaidieé adiadce+
gaoatensor  geodesic_eqns

Telcoaony anodiaiiay éfiaiaa 1a-

31
('D)
Oz

e

Eq_geo:= geodesic_eqgns (coord,s,Cf2):

Aey aaciidéodal dagaiey 460640ai6a&ind 6daaiaieé idtasiaeii ideaadnoe

A A0

aieod enéiita doiévee u(s),v(s) é1aiiié aeao, eniielcoy éiiaiad subs :

Eqg_geo:= subs ({u(s)=U(s),v(s)=V(s)},Eq_geo):
Eq_geo:= subs ({u=U(s),v=V(s)},Eq_geo):

Pagaied casa+e Eig

5) Daeeéi iied+aiila 4e60adaioeaglita 6daaidiey i fa+aeidié aaiitie
e ficdaiel dacoeuoao a idsaiaiié sol:

sol:= dsolve ({ op(Eg_geo),U(0)=Pi/4,V(0)=1,D(U)(0)=1,D(V)(0)
=1},{U(s),V(s)},type=numeric,output=listprocedure):
A&y aa60i8épadi 1adataiey é iaéaaiiti daeaieyi a éa+ anOéé

oiaeii ed éi56a6e0it ecaca+u ec iadaiaiiié sol éidéf
iai:

_, o
g S
D
el
(9]

()

—
1
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u:= subs (sol,U(s)):
v:= subs (sol,V(s)):
6) iaéfiao, iMhodiel iadadiifion Aeiddaieieaa & iagaaiiop éoeacp iataii

plot_gip:=  plot3d ([a*cosh(u)*cos(v),b*cosh(u)*sin(v),c*sinh(u)
],u=-Pi..Pi,v=0..2*Pi,color=grey,style=line,thickness=3):

plot_geol:= spacecurve ([a*cosh(u(s))*cos(v(s)),b*cosh(u(s))*
sin(v(s)),c*sinh(u(s))],s=-2.5*Pi..2.5*Pi,color=black,
thickness=2,numpoints=2000):

display ([plot_gip,plot_geo1l));

161638080: &lidaeiaon 1iidité oi+ée ( U0,V 0), éiiliaiol éarnaoaedii

aaéoisa (DU 0,DV 0), 6ado éseaié (clr):

geo_gip:= proc (U0,v0,DUO,DVO,clr)

local sol,u,v;

sol:= dsolve ({ op(Eq_geo),U(0)=U0,V(0)=V0,D(U)(0)=DU0,D(V)(0)=
DVO0},{U(s),V(s)},type=numeric,output=listprocedure):
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u:= subs (sol,U(s)):

v:= subs (sol,V(s)):

spacecurve ([a*cosh(u(s))*cos(v(s)),b*cosh(u(s))*sin(v(s)),c*
sinh(u(s))],s=-2*Pi..2*Pi,color=clr,thickness=2,numpoints
=2000):

end proc :

geol:=geo_gip(1, O, 1, 0, black):
geo2:=geo_gip(1, Pi/l2, 1, 0, black):
geo3:=geo_gip(1, Pi, 1, 0, black):

geod:=geo_gip(1, 3*Pi/2,1, 0, black):

geo5:=geo_gip(1, 2*Pi, 1, 0, black):

display ([plot_gip,geol,geo2,ge03,geo4,geo5],scaling=
constrained);




A yoii 5acaaea AITEVpoRYy Aeaacpled caaase:

1. Caaaied lidaeian 1200860 (h) 0aicida idaeneaiey (1a05e-afeial 0aicida)
& 61548120 (x1,x2,x3) cada+e.

2. Nicaaied oaicisa idaefieaiey, (n), (1A08e+aReiat 0aicida). Al-eneaied
aiiosaaseaidiial oaicisa idaensaiey, n_1, (6105aaseaioNal 1A05e+anaaT

0&ici3a) & felateta Eaenoioodey -1, - ik, eIl - |, ofaa:

>restart:
with(tensor):with(linalg):

>coord:=[x1,x2,x3]:
>h:=array(1..3,1..3,symmetric,sparse):
h[1,1]:=n11(x1,x2,x3): h[1,2]:=n12(x1,x2,x3):
h[1,3]:=n13(x1,x2,x3):h[2,2]:=n22(x1,x2,X3):
h[2,3]:=n23(x1,x2,x3):h[3,3]:=n33(x1,x2,x3):
n:=create([-1,-1],eval(h)):

>n_1:=invert(n,'detn’):

>D1n:= dlmetric (n, coord):

>0Omegal:= Christoffell (D1n):
“tensor/Christoffel2/simp™:= proc(x) simplify(x) end:
Omega2:= Christoffel2 (n_1, Omegal):

Odaaiai

[l
<
=1
Q>
Qo
=
Q»
o
(@)
D
Ol\
Qo
(PN

geodesic_eqns Aaéaeeioaée sor . Caanu iatagiaeii iiieol, +of 68aaia-
fey Aaladce+anéed 46400 anaail a isiecaiediil Moyaéa (a ia nfoadonoaaiii
ifiadai éiisaeiao). Ioe yoii a 116aeiaoitd 66ieoeys 6daaidieé aaiaace-

+afiées ia 464a0 Taicia+ai adaosiaio  s. liyofio ide 1adavuaiee é yoei 6daaia-

Agy Meo+aiey 0daaidieé aaiadce+anéed eéiéé iaeil enileliciaaou énaias
ten

Q> Qe

ieyi 16 éasedll 1Adacaionéa idiadaiit iaiadiaei onedseeaaou ioyaié
yoeod 6daaidieé e naidasaiaiit aiifieol &ioodéoeal a iinedadpuead i ieie
fiadaoee. 10, Taiaét, ieo+ei 6daaiaiey adiadce+anéed: naiiioiyoasuit, it

jeie.
Caaaaei 1adala e aoio0a idiecaiaita 1o iioaeiao it iacddaéiiio iada-
14036 s:



s O

54 iaeioei iagidiugdal adénoaey ia i6e1ada adiaace+-aneed

>X:=(8)->[x1(s),x2(s),x3(s)];
U:=(s)->diff(X(s),s);
du:=(s)->diff(U(s),s);

Nicaaaei &fioaaseaioind aaeoiaaneiainoe +afoesa ul &

>u:=(s)->create([1],array(1..3,U(s)));

du:=create([1],array(1..3,dU(s)));
v:=create([1],array(1..3,[v1(s),v2(s),v3(s)]));

N ihifutp enaiad prod(A,B,[i,k]) 41600411441 i6iecaaaiey 0AicTaTa
M i-1é & k-07é élidaeiaoal iaéadi fiaaddoéos: dC A&j Ijk uluk aey odaaiaiey
aalaace+anéeos: _
d u ! . .
— Al ulu® &o.
ds =ik

>dc:=(s)->prod(prod(Omega2,u(s),[2,1]),u(s),[2,1]):
dC:=(s)->get_compts(dc(s)):
GeoMat:= (s)->matadd(dU(s),dC(s)):

Nifdaaei 6ildyai+aiiop ifiedaiaacdeéiniinon 6daaidieé adiadce+anéed, GEO,
01804 10 14 46441 adiendaaodl yaii anedanoaead eo aieligié adiiicaéinoe a
fandi neo+aa:

>GEO:=[GeoMat(s)[1]=0,GeoMat(s)[2]=0,GeoMat(s)[3]=0]:

Caiépai 0aéaed fiioilpaied iigiesiase niul uk AL
>norm_n:=get_compts(prod(prod(n,u(s),[1,1]),u(s),[1,1]))=1:

e6+aiiné& odaaidiey yaeyporny fienoaiié TAO 2-a1 1iayaéa 1oilfieodeui

3-0 1adaiaiinsg:  x1(s),x2(s),x3(s) .Tié & 6a1ai0 agy ~enéaiital oaea-
iey. Tiyolio iadyao fi ieie oaéeed fificadei & 6daaidiey aaiadce+anéed a aeaa
iidiaediié nenoait ae66adaiveacuind 6daaidieé ioiineoacuil ganoe iada-
1aiiae  x1(s),x2(s),x3(s),v1(s),v2(s),v3(s)

>dd:=prod(prod(Omega2,v,[2,1]),v,[2,1]):
dD:=get_compts(dd):
GEO1:=[diff(x1(s),s)=v1(s),diff(x2(s),s)=v2(Ss),
diff(x3(s),s)=v3(s)]:
GEO2:=[diff(v1(s),s)=-dDI[1],
diff(v2(s),s)=-dD[2],
diff(v3(s),s)=-dD[3]]:

Odaaiaied iidiediaée ide yoli fioaitaeony acadadae+anéei odaaiaiedl 2-at
oyaéa 10iifieodédil iadaiaiits v1(s),v2(s),v3(s)

>norml:=get_compts(prod(prod(n,v,[1,1]),v,[1,1]))=1;

YOl 6daaiaied ilaalaeony aey ivaaeélinal caaaiey ia+aséiind oneiaeé caaa-
+e.



O&i&dul 10 caaadi &liedanind enilidion oaicida ivaenédiey a aead yaino

006iéoeé njy (x1,x2,x3) e ||anoaé'eyé’1 &0 a aldaseaied aey oadicida idaéiiea-
iey, a 0aéeed a iioilgaiea iidiediaée:. Eiiiliaiot odigida idaéiieaiey

(1A08e+anéial oaicida) aatayony cadnu a idaaop +anol usn (fl. iesed).

ifiéieies it 6ioei caaaod fioe+anéop nddasc ii ioade+anéieé neiiaodede,
I 14014 plek:

ai-iadans, ensaeiaod x1,x2,x3 Tauaé iaoiaeée a6aoo eidou nidne rivade-
+anéeos (daiadade+anéed) éiidaeiao:
X1 Ar;

x2 /EA; x3 /B, 384r - 3aAe6n oi+ée, A -iieydité 6ale, eciaiypueény ia eiodd-
A43eaf0,2 Y4, u éciaiyaony ai18dadead [ W2,2 ¥42] ,idé+ai oi~ée | /E 842
|a<;uaabony, fili0aaonoaaiit, idaadii & paeidieé Mépnaie, a cia+aiep u A0
fii0adon0a6ac yéaaois.

Aey 0141, +0fal Nddaa 14caaaca ndade+anéié feiiaodeaé, ide+ai aa naié-
fi0da i ecidiyeenu ige géiél’é Al Aeénp!li p, idiastaei, <oian eniai-
o0 oalgléa |6ae||ea|ey & caadeénaee Tc‘) énoaeiaod A & é51i& 0141 idaeaai-
faéuinad yeaiaion odicida isaetieaiey atee daaid ioep.

E0aé, caaaaei 0aicid ivdénediey a nedaopuaé 6idia:

0 1/(1 Ax1?) 0 0 !
NA@ 0 cos(x3)?/(1 Ax1?) 0 A (A)
0 0 x12/(1 Ax12)

> usn:=nl11(x1,x2,x3)=1/(1+x1"2),
n12(x1,x2,x3)=0,
n13(x1,x2,x3)=0,
n22(x1,x2,x3)=cos(x3)"2/(1+x1"2),
n23(x1,x2,x3)=0, n33(x1,x2,x3)=x1"2/(1+x1"2);
> N:=create([-1,-1],eval(subs(usn,get_compts(n))));
> Norml:=subs(usnh,norml);

O&iddu, é1aaa anienaid 6daaidiey éé’ﬁaage fiééo, a éioidna adiayo ~anoita
|6|ega|a|'0a odicida idaeiiediey, iiaeil daed fancaaeod a ied éiiédaoita
cia+aiey éfiiniaio oaicida idaetieaiey, a oaéaed aaanoe a ied caaéneiinou

&1184éia0 10 1a00daéiial 1adaidoda:

> GEOULl:=eval(subs(usn,GEO2)):

X:=x1=x1(s),x2=x2(S),x3=x3(S),

x1(s)=x1(s),x2(s)=x2(s),x3(s)=x3(S):

Normirovka:=subs(X,Norm1);

GEOD:=subs(X,GEOU1):

GEODESIC:=[op(GEO1),0p(GEOD)];

le6+aiiay fnenodia 6daaidieé GEODESIC: yaeyaoriy eféiiié iidiaguiié rie-
fioailé Ta0éitaaiind ae60adaioeacuils 6daaidieé ideidieoaeuii é gaaai-

ifi6 04iciao 1daéTiediey 0iiiieodelil ganoe enélins 66iedeé:
XV:=x1(s),X2(s),x3(s),v1(s),v2(s),v3(s);

\%

vV V V
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GCaaaiea ia+aelins onefaeé

R34y foaiaadoiié iifoaitad caaa+e 4644l I6adao, +oi 1add iaaa&d aiece &
46431 40483300 T8¢ yOTi 0a80p &T1da81a00  x3,+01a0 k3<0.Caaaasi ia+asuineé
438013 e1diN0e, 6aé fNAIdAAGAIINE 4460136  k & 6A1As&dAISypuSE ide yof
Aifofigaiep iidiediace.

Caaaael baiddasUIGP a+asiiop 6i+66  MOfa AaA&ai ilspfia:
> MO0:=x1(0)=10,x2(0)=0,x3(0)=Pi/2;
canaael 0&iAdU [2idaABAIe8  KO:
> KO0:=k1=0.2,k2=0,k3=-1;

é al+eneéi cia+aiéd idiecaieuiiar ivoa V a yoié oi+éa:

\

K:=array(1..3,[k1,k2,k3]);

> k:=create([1],eval(K));

> KK:=subs(s=0,subs(X,get_compts(prod(prod(N,k,[1,1]),k,[1,1]))));
> kkO:=eval(subs(MO0,KK));

> V:=scalarmul(K,1/sqrt(kk0));

Oiaaa ia+aéuitd oneiaey iseieiapo aea:
> V0:=subs(K0,op(V));
> |nits0:={M0,v1(0)=V0[1],v2(0)=V0[2],v3(0)=VO[3]};

Inits 0 :4{v1(0) £.2009573249y2(0) A0,v3(0) /& | 1.004786624,
x1(0) ZE10,x2(0) A0, x3(0) A£(1/2) a Pi}

16724881 5241006 i61adaiil 1T 140Taeéd EAiaoldda a iagdi é1ieddoii
fnéoé+a

Qo

>Sol:=dsolve({op(GEODESIC)} union Inits0,{XV},
type=numeric,output=listprocedure);

Sol :A[s Aproc (s)...end proc ,v1(s) Aproc (s)...end proc ,
v2(s) Aproc (s)...end proc ,v3(s) ZAproc (S)...

end proc ,x1(s) Aproc (s)...end proc ,

x2(s) Aproc (s)...end proc ,x3(s) Aproc (s)...end proc ]

>XVS:=subs(Sol,[XV]);
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[proc (s)...end proc (s)...end proc (S)...end
proc (s)...end;,proc (s)...end;,proc (s)...end;]

>XVS(L)[3];

0.56623867659446)

Nicaaael idiadaiio adiddacee ia+aeuind onelaeé a fieo+ad, iaiseids, éiaaa
x1,x2,x3  yaeypony nodde+anéeie éiidaeiacaie: x1 Ar,x2 /A, x3 AEtheta,
i8e+ai:

A2[0,2v3; wAH; Y42, Y42).
Caaaaei iaéioisné ia+aeuiné saaeon a 0d6aée adiadce-anées éeieé (66+aé)
> a=1;
& caaaaei eiidaeiaot 8 oi+aé i ia+aéuilié na+aiep yoié odoaée é éidaeia-
001 18074 4 éazedié 01+84, &ieeeidaditd caaaiiiio iaidaaéaiep KO:
> for i from 0 to 7 do
M(i):= x1(0)=rhs(MO[1]),

x2(0)=rhs(MO[2])+i*Pi/4,

x3(0)=rhs(MOJ[3])-arcsin(a/rhs(MO[1])):

od:
>kk:=(i)->eval(subs(M(i),KK)):
>V:=(i)->scalarmul(K,1/sqgrt(kk(i))):
>V0:=(i)-> subs(KO0,V(i)):

VO(3);

[.2009573249,0; 1.004786624]
5124861 524106 TAisIAsAI:
> evalf(M(4));

x1(0) £10.,x2(0) A3.141592654 x 3(0) A1.470628906

>Inits:=(i)->[M(i),v1(0)=VO(i)[1],v2(0)=VO0(i)[2], v3(0)=VO(@)[3]I:
i5taadei 6aaioo naigiasaiil:
> Inits(3);

3 1
x1(0) £10,x2(0) AEZ a ¥4 x3(0) ,CEE a Y4
R ,
arcsin oY 1(0) A.2009573249y2(0) A0,v3(0) £ 1.004786624
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> for i from O to 7 do
Sol:=(i)->dsolve({op(GEODESIC)} union {op(Inits(i))},
{XV},type=numeric,output=listprocedure);
XVS:=(i)->subs(Sol(i),[XV]);

od;

> XVS(1)(3);

[11.08331959483005,0.7853981633974481,1.541235055459776,
0.5266918932539943,0.0;, 1.0029368888061927]

Nicaaied a0a0eéia ddsaieé
Nicaaaei filefiié ia+aeuins oi+aé eae iiiedaiaacdéiiinou:
> points:={seq([ rhs(M(i)[1])*cos(rhs(M(i)[2]))*
cos(rhs(M(i)[3])).
rhs(M@)[1])*sin(rhs(M(i)[2]))* cos(rhs(M(i)[3])),
rhs(M(i)[1])*sin(rhs(M(i)[3]))],i=0..7)};
> STARTX:=plots[pointplot3d](points,color=BLUE,
symbol=CIRCLE,symbolsize=24,axes=BOXED,
labels=["X","Y","Z"]):
> Sp:=plot3d([rhs(MO[1])*cos(u)*cos(V),
rhs(MO[1])*sin(u)*cos(v),
rhs(MO[1])*sin(v)], u=0..2*Pi,v=-Pi/2..Pi/2,
style=CONTOUR,
scaling=CONSTRAINED,color=gray):

Nicaaaei ineaaiaacacuiinon 46a6eéia iadoians eo+aé:

> for i from 0 to 7 do
GRAF:=(i)->plots[spacecurve]([ XVS(i)(s)[1]*
cos(XVS(i)(s)[2])*cos(XVS(i)(s)[3]),
XVS(i)(s)[1]*sin(XVS(i)(s)[2])* cos(XVS(i)(s)[3]).
XVS@i)(S)[1]*sin(XVS(i)(s)[3])], s=0..3,color=black):
od:

NAANO NN A~

Eciadacel 40a0eée naaoians e6+aé mMaianoi i &6 ia+aéditie ilsleaieyie:
> plots[display](GRAF(0),GRAF(1),GRAF(2),GRAF(3),
GRAF(4),GRAF(5),GRAF(6),GRAF(7),STARTX);
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AAAAAA AN AN A

aiein (+anoiol) Nadoa e faycaiita i yoei yagaiey danudiéaiey ed+a iadoa

RAT, 07 TRiTai04 161684680 &1 iTi&ida caaaiey 1ieédaoiial odicida ida-
ghieaiey (A) 46060 ftaiaaaod fi idioaaodaie 16daganoaoplaé casa+e. Caaaael
0dicie 16aéeiieaiey a neadadpuaé oidia:
0 exp(j !) 0 0 1
2 2
NAER 0 XS o f (B)
0 0 _x12_
1Ax12

>usn:=
n11l(x1,x2,x3)=exp(-omega),n12(x1,x2,x3)=0,
n13(x1,x2,x3)=0,
n22(x1,x2,x3)=x1"2*cos(x3)"2/(1+omega’2),
n23(x1,x2,x3)=0,
n33(x1,x2,x3)=x1"2*exp(-omega);
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N:=create([-1,-1],eval(subs(usn,get_compts(n))));
Norml:=subs(usn,norml);

~ QA

O4&iadi, é1aaa adienaid 6oaaiaiey aalaag ane
|6|e(;a|a| a 0dicida idaeiieaiey, ilaell dzea i aﬁé
cia+aiey éiiniaio oaicida 18aeiiediey, a oaéaea a

é1daeiao 10 iaoodaelinal iadaidoda:

>GEOU1:=eval(subs(usn,GEO2)):

X:=x1=x1(s),Xx2=x2(s),x3=x3(Ss),

x1(s)=x1(s),x2(s)=x2(s), x3(s)=x3(s):

Normirovka:=subs(X,Norm1);

GEOD:=subs(X,GEOU1):

GEODESIC:=[op(GEO1),0p(GEOD)];
leo+aiiay nenodia 6daaiaieé GEODESIQ yagyaony enéfiié iisiaguiié re-
fioaité 1a0éitaaiine a666a6aiveaduind 6daaidieé ideiaieodedii é casal-

ifi6 0aiciao idaetieaiey 10iiieodelit ganoe enénias 66ieveé:

>XV:=x1(s),x2(s),x3(s),v1(s),v2(s),v3(s);

x1(s),x2(s),x3(s),v1(s),v2(s),v3(s)
Caaaael ode ¢gia+aiéy +anoiod ! 1,! 2,omeg a3, éietaii
0al E6+3aé: édaiiiiio, ¢caeaiiio, neidio:

j04d+aplied 0dai 6aa-

> RED:=omega=1;GREEN:=omega=2;BLUE:=omega=3;

omega/Zl
omega/A2
omega/Z3

A Qi O nens sAn A

iatecadaai iianoaiiaée iadaidodia a 6daaidiey GEODESICNormirovka €
04aicio 10aeiieaiey N:

> GEO_RED:=subs(RED,GEODESIC);
Normirovka_RED:=subs(RED,Normirovka);
N_RED:=create([-1,-1],subs(RED,get_compts(N)));

> GEO_GREEN:=subs(GREEN,GEODESIC);
Normirovka_ GREEN:=subs(GREEN,Normirovka);
N_GREEN:=
create([-1,-1],subs(GREEN,get_compts(N)));

> GEO_BLUE:=subs(BLUE,GEODESIC);
Normirovka_ BLUE:=subs(BLUE,Normirovka);
N_BLUE:=
create([-1,-1],subs(BLUE,get_compts(N)));

Caaaaei vaiodaeuiop ia+~agliop oi+éo MaQ
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> MO0:=x1(0)=1,x2(0)=0,x3(0)=0;

cadaael 0diddl iaidaaedied  Ko:

> K0:=k1=0,k2=1,k3=-1;

é al+eneéi cia+aied isiecaieniiar ivoa V a yoié oi+éa:

#A&y edaninal eo+a:

> K

> k:

> K

:=array(1..3,[k1,k2,k3]);
=create([1],eval(K));
K_RED:=subs(s=0,

subs(X,get_compts(prod(prod(N_RED,k,[1,1]),
k,[1,1]))));

V # V V

K

kk_RED:=eval(subs(M0,KK_RED));
V_RED:=scalarmul(K,1/sqrt(kk_RED));

O rAmA

Agy caeainal eod+a:

K_GREEN:=subs(s=0,

subs(X,get_compts(prod(prod(N_GREEN,k,[1,1]),
k,[1,1]))));

V % V V

kk_GREEN:=eval(subs(M0,KK_GREEN));
V_GREEN:=scalarmul(K,1/sqrt(kk_GREEN));
Agy neidai eo+a:

KK_BLUE:=

subs(s=0,
subs(X,get_compts(prod(prod(N_BLUEk,
[1,1]).k,[1,1]))));

> kk_BLUE:=eval(subs(M0,KK_BLUE));

> V_BLUE:=scalarmul(K,1/sqrt(kk_BLUE));

O s~

Oiaaa ia+aeuité oneiaey iseieiapo aea:

# Agy édaniial éo+a:

> VO_RED:=subs(K0,op(V_RED));

> |nits_RED:={M0,v1(0)=V0_RED[1],
v2(0)=V0_REDI[2],v3(0)=V0_REDI3]};

# A8y caeaial éd+a:

> VO_GREEN:=subs(K0,op(V_GREEN));

> Inits_GREEN:={MO0,v1(0)=VO_GREENT[1],
v2(0)=VO0_GREEN][2],v3(0)=VO_GREEN[3]};

# Asy nejdail eo+a:

> VO_BLUE:=subs(K0,op(V_BLUE));

> |nits_BLUE:={M0,v1(0)=VO_BLUE[1],
v2(0)=V0_BLUE[2],v3(0)=VO_BLUE[3]};

51a808¢1 624100 i51adaii0 il 1a01aeéa Eaiaouaaa a iagdi &1ieédao

+aa:

> Sol:=dsolve({op(GEO_BLUE)} union
Inits_ BLUE {XV},type=numeric,output=listprocedure);

i neo-
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[s Aproc(s)...end, v1(s) Aproc(s)...end,v2(s) Aproc(s)...end,
v3(s) Aproc(s)...end, x1(s) Aproc(s)...end;, x2(s) Aproc(s)...end, x3(s) Aproc(s)...end]

XVS #Asubs(Sol, [ XV])[proc(s)...end;, proc(s)...end, proc(s)...end,

proc(s)...end, proc(s)...end, proc(s)...end]

> XVS(1)[3];
i 0.5976382965013475
Nicaaied idio&daod dagaieé XVS

# I8i6da0da agy ésanilal ed+a:

> Sol_RED:=
dsolve({op(GEO_RED)} union {op(Inits_RED)},
{XV},type=numeric,output=listprocedure);
XVS_RED:=subs(Sol_RED,[XV]);

# 18i68a0da agy cagaiiai eo+a:

> Sol_GREEN:=
dsolve({op(GEO_GREEN)} union {op(Inits GREEN)},{XV},
type=numeric, output=listprocedure);
XVS_GREEN:=subs(Sol_GREEN,[XV]);

# [8104a0da aey caeaiial ed+a:

> Sol_BLUE:=
dsolve({op(GEO_BLUE)} union {op(Inits_BLUE)},{XV},
type=numeric, output=listprocedure);
XVS_BLUE:=subs(Sol_BLUE,[XV]);

# A0A3431 dAcOEL0A0 &8y Neidal eo+a i oi+ilfiotp & 4 ciaéla:
evalf(XVS_BLUE(5),4);

[22.43,1.070,j 0.6138,4.477,0.007685; 0.0002801]
Aecoagecasey aeniaonee

GRAF_REDOQ:=
plots[spacecurve]([XVS_RED(s)[1]*
cos(XVS_RED(s)[2]),XVS_RED(s)[1]*
sSin(XVS_RED(s)[2]), XVS_RED(s)[3]],
s=0..4,color=red):

GRAF_GREENO:=
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3.9 Efiitipoadita ifa&eesiaaie

plots[spacecurve]([XVS_GREEN(s)[1]*
cos(XVS_GREEN(s)[2]),XVS_GREEN(s)[1]*
sSin(XVS_GREEN(s)[2]), XVS_GREEN(s)[3]],
s=0..2,color=green):

GRAF_BLUEOQO:=
plots[spacecurve]([XVS_BLUE(S)[1]*
cos(XVS_BLUE(s)[2]),XVS_BLUE(s)[1]*
sin(XVS_BLUE(s)[2]), XVS_BLUE(s)[3]],
s=0..1,color=blue):
plots[display](GRAF_REDO,GRAF_GREENO,
GRAF_BLUEO, axes=BOXED,
labelfont=[TIMES,BOLD,12],
labels=["X","Y","Z"],orientation=[10,30]);

RLENEERCN Aeniddney nadotand eo+aé a iataiisiaiié fioe+anéié ndaaa i oaician idastieaiey
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& iT3y4el 430l 1 Gy fac0A2A0RY 18I8IAGUNA +efeT AGUANOAAI-
106 1202140514 164T4daciadiey. 1acaieea, AOSIAITAY ia aafiepoii Ad4-
147 & A30114 id&1adaciadieé Aaseeaiaa i3iR0dAIN0AA, Es£ T, fac0aadony
aaafife+-anéié ese fupolilaié 1aoaieeié
4.2 Addiiaidatadaciaaieé aaéeeaiaa ioinodainoaa é asoiia
idatadaciaaieé Aageeay

(]
Eco+ei id1adaciaaiey iifednoad  Esf T.O534aTaaied 1aiidiiiioe & eciodi-
e OBAOIABIAT B1I0SA0BAGSTITAT I5TH0dAIT0AA IBeATae, 26 8cA&RON, &
08a4aaieh eiaadeaidiifioe aseit a6ae i 1oilgdiep & ATioRoeini id&14-
daciaaieyi idifnodaifioaa:

ds? Adx?Ady?Adz?" +,dx dxk (4.1)
Eae ecadfoil, oaéeie i 1 i

x4 /EC, xKAx{,! rOa&CrAr, 4.2)
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aaa
s A0 i0 T
C'ii Clit exACL e, C CAE
isoTaliastiay  1a0deoa 18340148, ro AE(xg,x3,x3) 48601 1adaseaeniiat
ia8aiina. 1841adaciaaiey ( 4.2)1a 86p 480610 aaeaaiee.

.2) 148acopo 6-iadaidode+af
a

i
[Thélelieo a éeanne+anéié iadaieéa asaiy t yaeyaony eiaadeaiofl, of aia-
fi0a fi B.4) & aafiepoiay adée+eia Néiainoe oaéaed yaeyaony eiaadeaion i
joifgaiep é aaeaedieyi ( 4.2):
5 dr?, ds?
veAE—  — Alnv (4.3)
dt2 dt2
ifétetiés asaiy il ioilgaiep é aataodsee E3 yaeyaony aiagiei 1anaéof,
idatadaciaaiey ( 4.2) ie+aal ia aiaiayo 1 aicitaeiié cadenelifioe iadaiaodia
id&tadaciaaiey 1o asaiaie. A yoii i6iéoa idiadiaeii aiaaaeol anieieods-
i0é 18eioel, fachaadiaé ideioein 1oiifieodeuiinoe Aagesay , 810180é
ja 1fiifad ajiaéeca 1100i0d 4aiind a0é noTdiceediaal Aacesdl Aasesdai e
&p- y & fifadaiaiité 08aéoiaéa a neadaopuai:

rOEr Avot:  tO/Ft (4.4)
id&tadaciaaiey Aaeeedy ( 4.4) (30616 Aagesdy) ileeil 1atdaeieol fi idarada-
ciaaieyie aaeeaediey ( 4.2), éasay a ( 4.2) (caéli nelaediey néisinodé ):
roAEvot ARy, vo ZConst, Rg £Const. (4.5)
y A jfy' ) A
iy
x o . i
K Vv K
0 3
deivei 1oiiieoasuiinoe Aagesedy. A& cadlil idedian i610aéapo 1aeiaéiarl a
fefoaias fon+aoa



66 146aie-anéeea nenoaia

ditieo&éiifioe Aaeesdy ide i40asiad a aéoaop eiadveaguiop nef él(’)
éavoﬁEvAvo d6ieoey Eagdaisea L(v2) aiéseia 128260& & 0280p 4 6

A+
Eaadaisea i oi+iiioup &1 ifeiié isiecaiaiie il adaiaie

—)

i 10-

Q)o

d
LYv®) £L(vAvp)?) ALV A e,
Yol iteeil &14800RY &l & 11T fe6+a4:

L(v%) E®v?, ®AConst; f(r,t)E2rvoAvat.

6iédép

lieasay aacdd ® FEm/2, 85am  eiddoiay ianfa |, éo+ei 1éli+a0dedin:
mo m® 5om o or 252
LE—Vv-AE— x° —x“Ay“Az°). (4.6)
2 2im 2
linéleués 6oievey Eaddaiaea ia caseneo yaii 1o éidagiad ~anoeod, 6daaiaiey
Yéedda ideieiap aéa:
d . . . . .
—gﬁE 0) g./EConsti ) x'Avy) x' Avgt Axg. 4.7
dt @' @'
Oaéeifadachi, nafaiaiay ~anoeoa faddeado ioyiieeiaéiia oaainas-
{4 aaéeedied
pannitodel ~anoeoo ai aidegial 1ied, caaenyuai 1o daaedna-aaéoisda r.A
yc‘JT‘l fieo+ad 1ailaTaiinou & eclodiiiifiou 13iiodaiioaa iadésadony. it id
ileedl, Nedady 16eioeiod caienaou aa a aeaa:
m
L/EEVZAV(r,t), (4.8)
434V (r,t) iaé “‘T}é y fiéaeydiay 66iéoey daaeona-adéoisa.
Oidaa 6daaidiey Yeeaoa iseieiapo aéa:
d2x! d2r
m /Eg.) — £V, (4.9
dt?2 @~ dt?
aaar i £@.
leazaay
rV AF, (4.10)
ifeo+ei caéli lupofia:
ma AF. (4.11)
Caéii fiddaiaiey ylaéaee
Oiileeél Néaeyail 1ad ~anoe 6daaidieé saeeediey ( 4.9) ia r, olaaa ieo+ei:
d mv? dx’
—— AEQV —.
dt 2 @ dt



dE mv?2
a0 A0) E AEgAConst, E /ET i V(). (4.12)

5300ifi0aé a aaeéeedian idifiodaifiodd. IV naianod: éodn
gaéoeé agy nooadioia ia éoel

[3] Ediaoida b. A Ajageoe+aneay adnaosey. xanod Il.  Ab-
) EELT: 0 idinodaifcaa.  O<aaitd -
aianod. IEEEOIT EOO, 2013, Eacaii, - 188 f.

u.ru/docs/F1788036257/Aff_Evk13.pdf

aea. |l
http://www.kpf

aciadl aaeaeduda ai 616246y e cadca 18aid et 1ae
fidaaidiep i adee+eilé 10iiieodenins iadaiauaieé idaaey. lanna éidaasy
iaéa 1l idaaiaiep f iafifaie caaca e adaiy iiedoa éidaaey iailiga ioiinecdeu-
ifa adaiaié adeaediey caaca, iyoiié adaai ii+eoaou ¢aacal iaiiadeseidie.
iupotitanéay fneea iveoyeediey oaea i ianmié m il AO181I0 0déa ianfié
M, ii&laediey &1016006 ¢adail a fenoaia éiidaeiao filioadonoaaiil daaéon-



GmM
i: (i Ry)
T Ri2
Niaeanit 4018116 caélio lupoiia 6féidaied odea & adéoid Aoiit anadd fee,
4aénoaopues ia 0aél, naycaia niioiigaiedi
X X  GmM
mak KA | —(>iRj). (4.13)
i i Iri Rij

mo
o
@
Q-
@:
=
o
(@}
(e
o
Q-
3
Qo
19
[N
[0}
o
-

Yoa fiefiodia 1atéitaaiind 4e66adai
ja+aedidie onéaeyie:

oigian itoyaéa fi

dr—
r(to) Aro; a—/ﬁ AEvo.
tAo

QO ~ A

fiifi0aaeyao iaodiaoe+anéop iiadéu iadaeyoeaenonéial 4aeeediey éinfie+anéia

1aa
é18aaey a nenodia ianéieuéed ca °<;a.
pannitodel neo+aé aadiadiié nenoaid éifie+-anéeé éidadél - caacal e
daeaeaiey idiendiaeo a einé ﬁ(‘)é XQY. I6fiod aaid

2 caacad fiiafnaie M,
aéii

u
¢ éivagiacaie  Sj(hj k). Oidaa 1adaiegai aoisié ¢aéii iupoiia ( 4.13) a

éiidaeiaoiié 6idia:

d?x E% . GM;(xi hi) . 4.14)
dt2 ' (i h)2A(yi k2D |
d?y X Mi(yi ki
Y g CMi(yi ki) (4.15)
dt2 " m ' (xi hi)2A(yi ki)2)E2)
Aasda aey 6araa|ey cada+eé ialadiaeit cazaou éisaeiaod e ianid caaca.
ionol éfdaeiaol cadca Si1(1,1), Sz(| .i 1), aéodiannd iaiaaapo M1 AEM, £

10. 15eiai Adaae0aoeliiop &ifioaiod ca daeieso: G A1,

1) Aey dagaiey cada+e iiaéep+ei deaeeioaée DEtools, plots , plottools :

restart ;

with (plots):

with (plottools):

with (DEtools):

Caaaied 1adaidodia itadée: a0aaéoadeliiay iinotyiiay, éleé+anoal caaca, &o
iaffd e élivaeiaocd (G, poles, M, hj, k;)

G:=1;

poles:=2:
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M[1]:=10:
h[1]:=1:
k[1]:=1:
M[2]:=10;
h[2]:=-1;
k[2]:=-1;

2) Ae60ABAIBEABNINA 6BAAIAIEY aadaeaiey A ETIdASIAONE BIBIA ( 4.14), (4.15);
Xeq:= diff  (x(t),t,t)= sum(-(G*M[jJ*(x(t)-h[i))/((x(t)-h[i])
"2+(y(H)-k[i])"2)"(3/2),j=1..poles);

d2 x(t)j 1 ) x(H)A1

Xeq:£A— x(t)/E.lOJ - i 10s £
de? ()i D2Alyt); 127 2 32

(x(t)Al)zAiy(t)Al

Yeq:= diff  (y(t),t,t)= sum(-(G*M[iI*(y(t)-KOD)((x(®)-h[i])
N2+(y(1)-k[])"2)"(3/2),j=1..poles);
d? yoyi1 yAL

Yeq:E—y(t) A£i10s i 103

& 32 (x(t)Al)ZAiy(t)Al% %

x()i D2A'y()i 1

Dagéied caaa+e Eige:

3) ool a ia+agéuiteé inaio asaiaie ( t /E0) éifiie+anéeé éidaasl iadiaeé-
iy & oi+éa i éiidaeiacaie xg &£ 2, yo &£0é aaeaaé Ay AT AétatAoup vo ZA(O, 2).
Niddaiei ia+aglita aaiita a 1adaiaiiop inits:

inits:=x(0)=-2,y(0)=0,D(x)(0)=0,D(y)(0)=2;
inits :/Ex (0) /& i 2, y (0) &0, D(x)(0) /O, D|y¢(0)ﬁE2

i51b&a00a ~efeaiiial ddsaiey fiefodid AO i ja+asuilie onetaeyie:

g:= dsolve ({Xeq,Yeq,inits},{x(t),y(t)},type=numeric,method=
dverk78,abserr=.000001,output=procedurelist):

AAAN N

4) Caaaiea élee+anoaa ennedacains oi+-aé ia odadéoisee ( iter), +anoida éaasia
aieiacee (| n), élaial ag+eneaiey & ataiaa asaoeée:

n:=50:

iter:=300:

for i from O to iter do
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rhs (g(i/n)[2]):
rhs (g(i/n)[4]):

px]i]:=
py[i]:=
end do:

data:= seq( point ([pxX[i],py[il],color=red),i=0..iter):

Anim:= display (data, insequence=false,scaling=constrained,axes

=boxed):
stars:=

):

display ({stars,Anim});

display (seq(point ([h[i],k[i]],color=black),i=1..poles)
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fainiaoind eiedaaiey iddaie+anéié nenodil aaéece of+ée
daaitaaney
bafiiiodei 1ailiadita adeaediey iadaie+anéié nenoaid. Oaéay fenoaia eidao
2 fodiaie faiaian e Tiefitaadony 06iéoedé Eaddaiaea
mx?
L /ET i UX). (5.1)

O+e00aay eivdasas ieilé yiddaee, ileo+el 0daaidied Yéedda (1adavadi

aiéiaiea ia giaé!):
2

mx
— AU (x) /EEq AConst. (5.2)
Niaéafii ( 5.2) anédanoaed iaiodesaddéiiiioe x2 aaéeedied aiciieeil éegli &
14eanoyo:
U (x) 6 Eo. (5.3)
A -afoiifioe, idé U (x) £Eg x £0! x /Ex;. Oaéea oi-ée iachaapofy of-eaie
ifaigioa .
i8¢ adieiaiee ( 5.3) dacdagay (5.2), iieo+ei:
r
dx 2
—/AE£8 —(Epj U), 54
It - (Eoi V) (5.4)
434 ciaé 14034 daaeéaci aiéseai 1aiyouny a oi+éad 1aisioa.
i85 caaaiiié o6ievee oaiveasuiié yiadaee ia ilaedi iaéoe oioiaéi-
ifa ddgdied (5.4) 4 €2a406a000a0:
z r__
dx 2 t A Const (5.5)
PEox m ' '

AR O 2 AN

Afige &1apony 2 o8& aisioa,  x1,xp, 8+ Egj U(X)E 0138 x1 Cx Cxy,
f

of fiefioaia ffaddeado &ledaacaélina aaesediey iaseas yoeie oi+éaie ifaisioa.
ladeta eiedaaieé T yoié fiefodid iieeil at+efeeou fa ifiitad daeaiey ( 5.5):
r X2
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A A
Y C Y

ﬂ .

D
X\ X,
A B
(y X /
0 X x X
Ax

Anee 218300y 1aia 0f+6a 11ai6i0a, eée &5 aNatd 140, fiefiddia Aaddsadd &i-
6272014 4aceedied
O-2004ay, +0f iTo&iceasuiay yiadaey caaaia ii oi+iifoup af idiecaiéuiie
&1ifi0aio0 & 1AdAINNY fa+aél eiidaeiao a 0i+e6 daaiaaniey nemodin, daceiee
oAIBeAsd Miasiioe ¢ x /X Aiauaiey ec ilélaediey daaiiaaney
1
Ux) £ U@©OAUY0)xA 5U 0%0)x2
1 1
AZU%)x2A —u'V(o)x*Acce (5.7)
6 24
Aagaa, iMieleies ol=ea  x A0 Jaeyaony ol+61é ieidioia, of Afeaanoass a0adai-
iié iaie fiefodin efdaesiao:
U ) &0; UuY0)&0; u®o) Ak Eo. (5.8)
Oacei 148acT, dacsisedied MOAIBRAIINE Viadaee aasece oi-6e daaiias-
Aey (5.7) ia+eiadony i 6aaadaoe-ial +&4ia
1 1 1
U(x);E—kaAéu OO(b)x3A2—4U Vo)x*Acce (5.9)
Tadaie+eaayfiu iada0l +eaill yoial daceiaeaiey, eo+el

1 _
U(x)1/4§kx2,) F/Eikx Caéii Ajea! (5.10)

d?x
m — Akx A0 (5.11)
dt
Yol Tatiéitaaiing, eeidéita, 1ailaiaita 4e6040aiveasiita 6daaiaied 2-
atiioyaea i itnoiyiinie élyooesedioaie Nizgafii odioee 1a0éifadiins



O&i5ey T4il1adias eledaaieé
82726100 4200404i62a81ING 6AAAIAIRE (fil., AideIad, Yeunaieis) a5t 1aldd
daoAieA 81401481 efieaol & aead

x AEe ! (5.12)
1af0aasyy ( 5.12) a (5.11), iacadi 6186 6adaG0ABRN0R+AMREIAT 6daaiaieY

Yy
L12/E8! o a8d | o & filanoadiiay +anoioa fiefoaia (5.13)
ifyolio faeanii ( 5.12) & (5.13) Al dagdied
ieé anoi

x ACae!' OLAC; ef ' O /EC; cos(! ot) ACasin(! ot) ACosin(! ot A’ o) (5.14)

q_—
: iedaaiey, Co/& CZACS aiiceosaaéiedaaies, ' o ia-
+aéiiay 6aca ledaaieé. Oaéei 1adachi, aey &linasaaceaiié nenoaia aadiiie-
+aféea éiedaaiey adeece oi+ée daaiiaaney yaeypony 1audé caéiiliasiinoup
Asy iayoieéa ied+ei: X(t) £ sin' (t)¥" ,y(t) A& j " cos' (t) 1/4%‘ ' 201,
Vx X AE cos' (t) Y ' O,vy By A sin' (1) Yai " ' . Oaééiladac:
2 N N
LE—— i mgy¥s —' & Emg'2 (5.15)
Oaéei 14dac, idaiadaciaaiedl L £L/" ;" AEx;mg Ak cada+a i éiedaaiee
iayoieéa naiaeony é cada+a 11ae0o 1aifiasiid éieadaieyo nenodil aaeéce
oi+éé daailaaney



U (x,t) AJo(x)i XF(t), (5.16)
aaAF(t) aidelyy ( AaGibeeaapuay ) fieea. Oiaaa AlanoT 65aaidiey RaTalains
gleadaieé ( 5.14) ieo+ei 6daaiaied 1ae06 atideeaaiins eicdaaieé

d’x ., 1

?A! X /EHF(t) (5.17)
[Téfeués yoi egidéita 406adaiveasuita 6daaiaiea, aai 1anaa dagaied 8aa-

ii ioli& 1ataaT dagaiey ffoadonoadpuaail 1aiiaiaiial ae606adaioeaeiial
o0daaiaiey ( 5.14) & ~anofial dagaiey ialaiisianar 6daaiaiey

baniitodei ~anoité feo+aé alioaeaapuaé fieed F AFgsin! t. Oldaa i~aaea-
if, -0 +afoila 5acAIea 653aiaiey ( 5.17) lieell éReadl a aca:

x1(t) EAsin! t, (5.18)
i8&+ai agy éiifoaiot  Aiaéaal

apo_1 (5.19)

mi12;12 '
Lei!
Oaéel 14daci, ied+el dasaied
. Fo 1 .
X ACycos! gt ACysin! otA—ﬂsm! t. (5.20)
T
H 0|

AN AR O 2N

+afioio éiéaaaieé. bannitooei fieé+aé
e - -,

Oaisey A0 iiofyiidie élyooeseaioaié 60addaedado, ~of  fied+ad fiiara-
aaiey 6adagoadenoe+aneéesd ~enaeé i +anoioale a idaaié +~anoe odaaidiey ~anoiia
04gdied 1IReaaidal id1adiaeil enéaol a aeaad
x1 EAtsin! ot. (5.21)
A0+éﬁéw idlecalaind, manoaaeyy ed a 6daaidied, iaéaai:
Fo
i (5.22)



. Fo t
X ACqcos! gt ACysin! gt | — —cos! gt. (5.23)
2m ! o

F
cos! ot A ﬁt sinlot.  (5.24)

Fosin! t. (5.26)

X fEei 2! (Cicosl ot ACysinlot), Fo&Elg 1i — . (5.27)

xanoia dagaied 65aaidiey ( 5.4) 46441 eREA0 & Aead:

x1 ZEAsin(! t)ABcos(! t). (5.28)
4003ai4ied (  5.4):
i Al Zsin(! t)j B! %cos(! t)ATA! cos(! t)j “B! sin(! t)

AA! 3sin(! t)AB! Zcos(! t)/E%sin(! ).
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iaesaaieaay iyooeceaiod ise cos! t ésin! t 4782400 & 64400 +anoyo yoia
08aaidiey, ed+ei nenoaid agaaadae+anées 6daaiaieé ia éiydooeseaion A e
B:
sin(!t) | i AL2; BT AAI2 A&
(5.29)
cos( t) | | B! 2AAT AB!Z A0.
DAgay (5.29), iaéadi:
2.2 _
Fo Fej ! 0 Fo !
AE|— — . BAE|— — ; (5.30)
m(!Zi!(Z))ZA 212 m(|21|(2))2A 2] 2
0aéel 1adactl, 1alida ddwaied 6daaiaiey alivaeadiits éiedaaieé i 6+aoi
@eiaéiial elyooeseaioa odaiey ilaeil caiefiaol 4 aéaa
x /el 2'Cosin(Fot A’ g)ACsin(! tA"), (5.31)
448’ o,' [&efoid08 6ach, Co4& CZACS,
p —+=3 iFol 1
CE A2AB2E—¢q ) (5.32)
m (1 2 |(2))2A 2
Al+efieyy neisinion éledaaieé 10ifiieodédin dagaiey ( 5.4), acadcal eéeiaoe-
+anédp yiadaep éiedaaieé, iaéaai:
2 Hoo—
mv<s _m .
EE— /E— i ——el 2'Cysin(T ot A' o)A
2 2 2
. T
el 2'rgCocos(Fot A' g)A! Ccos(! tA') (5.33)
lofipaaioe t!1 Teo+el:
i AT A
W — LtA). 34
tl m (12 !Z)ZA_2!2COS( ) (5.34)
0
Onaaaiyy (5.34) il iadeias eledaaieé i 6+aoii filoilgaiey:
Y,
2 e L i 2 1
hcos“xi £— cos“xdx A—
2Y4 2
0
Tieéo+ei
F2 | 2
rei £ 2 0 . (5.35)

til 2m (! 21- I (2))2A_2! 2



(5.36)

ImEedf

A io \\\\\\

+anéay 6eceéa. Oii |. |adaieéa.

[3] Eaiaouda P.A- Aeddadaiveasiiay

f0dé &a aaéeeaial ioifodainoaa. IV [aianod: eoodi
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gaeoeé &gy Nooadiota 1acdiace+anéial  6aédeloaoca.
http://libweb.ksu.ru/ebooks/05_120 000327.pdf.

Dainfiiodel 6daaidied eeidéito éiedaaieé i eeidéili aenneiaoeaill +ea-
iii e idTecaieuiié atideedapuaé neeié f(t):

d?x . _dx 1

—S AT A S A1 (1), (5.37)

t dt m
d3am iafna odéa, ~ AConst &lydo6ecedio eeiaéiiar odaiey , ! o =+afol-
0a fanoaaiins éieddaieé, x(t) aiieeddaa éiedaaieé. Caaaaei ia+aelita
onétaey cada+e B
dx—
x(to) Axo; ——— Vo (5.38)
dt t,m
Oaéei 1adach, 1aodiaoe+aneay itadel caaa+e 11ae06 1ailiasind eledaaicé
fi eeidéiié aénneiaceaé i6aanoaaéyao iiaié caaa+o Eige &éy ianéiiaaiiial
eeidéilal aé66adaiveaciial 6daaidiey aoidiai idyaéa
Aeaéeeinaéa eeiaéilio eieaaaieé

panfiiodel flcaaied & eniélciaaied aédeeioaée 161a0aliiits i816aa6d
aey iladeésdiaaiey eeiaéiio éiedaaieé ( 5.37) A NEl Maple [ 3]. Aéy fiicaaiey
4edeeioaée 161a8aiiiis i516aadd i eiaial Oscilat  i&14diaeilt, ai 1iadand
a ia+aéd idiadaiiiial oaééea, néasedi, i eiaial lib.mw caiefiaou
>restart:
>Oscilat:=table():
Ai-a01800, & &1i64 baééa idtasiaeil aaol caéép+eoaéliop énaias nodaia-

ey deéée

>save(Oscilat,"Osc.m):

ayoli ieo+ad aeaéeiodéa Oscilat  ABAAIGORY & 6aééd Osc.m. A 08300ied, and
81a6ai1i0a 161084080 deaeeiodée i eidiai name iaiadiaeii 1idaadéyou

a oisiada Oscilastiname] . lified caidiiéa oaéei 1adagii iseaioiaeaiiial

0aéea a yoié sed iaied 1adacodofny 6aéé Osc.m. [aéiido, idiasiaein iigaaou
dadi-eé daéé, iaioeiad, testmw , &164aia6ea €101diaT iatadiaell 6éacaou

eiy baééa deadeeioaée e eiy aeaeeiodée:



-
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>restart:
>read "Osc.m";
with(Oscilat);

loeaaéa 167140aii0 ileedo i8161ae0l 1T fiedadpuaé fdaia: 1. caioneé ficaaiilé
i8iadaiiité 161644680 Oscilast[name] a0aééa lib.mw ;2. caiéioeol caéep-

+@03a8Uiop éfiaias niddaiaiey; 3. caidonioeou 6éacaiita éiiaial a i6daiadea
0aééa test.mw ;4. caiénoeol éfiaiad name i idiadiaéidie 1adaidodaie.
181644060a caaaiey 6daaiaiey eeiaéind éiedaaieé

lasaidodaie i616aa0oda Oscilat[EqOscilat](t,f,m,beta,omega0) yaey-
bofiy: t adaly, f alideeadblay Aéea, m Ianfia 0Aea,  &lyeoeoeaio
geidéial odaiey, I o fitafioaaiiay ~anoioa éicaaaieé:

>Oscilat[EqOscilat]:=proc(t,x,f,m,beta,omegal)local F,T,X:
F:=(T)->subs(t=T,f):
X:=(T)->subs(t=T,x(t)):
diff(x(t),t$2)+beta*diff(x(t),t) +omega0”2*x(t)=F(t)/m:

end proc:

158140 eniteidiey id1oaa080 Oscilat[EqOscilat](t,x,f,m,beta,omega0)
(& 0aéea testmw ):

>EqOscilat(t,xi,t*exp(-t),m,beta,omega0);

d? _d ) tei t
F»(t),& a»(t)/&! 0 »(t)ﬁE?

Tan&a dawaied ooaaidiey eeiaeind eiedaaice
Agy iadiseadiey 1audar oagaiey TAO
Oscilat[EqOscilat](t,x,f,m,beta,omega0) foitieoaedit idecaanoiié
odieéoee x(t) Aaifieucoainy noaiaadoiié 66ieveaé dsolve(Eq,x(t)) .1a
ciadl, 01 1aliaa dawgaied 1a0éilaaiiial eeiaéiial 4660adaioeasuiiar 68aa-
jaiey andasa acado iaéaail Maple 4 2240a00046. YOI dagaied 40480 ¢caaenaol
10 4360 181ecaienind 1Mnoiyiits, éioidta a Maple 1aicia+aporiy éaé _C1, C2.
Agy aiciteeiinoe 6idaacaiey, éaé yoeie iinoiyiitie, 0aé é adoaeie iadaido-
daie, fiicaasel 181644686
Oscilat[GenSolve](t1,t,x,f,m,beta,omega0,C1,C2) , daat,x
fay 1adaiaiiay & aiiéeodaa, a tl cia+aied adaiaiiié 1adaiaiiié, aey
gioioié at+eneyaony daegaied:
>0Oscilat[GenSolve]:=proc(t1,t,x,f,m,beta,omega0,C1,C2)
local X, T,GS,GST,GSTt:
GS:=dsolve(Oscilat[EqOscilat](t,x,f,m,beta,omega0),x(t)):
GST:=subs({_C1=C1,_C2=C2},rhs(GS)):
GSTt:=(T)->subs(t=T,GST):
GSTt(t1):
end proc:

iBe1a8 efiieidiey i816a4680:
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>GenSolve(tau,t,xi,exp(-t)*t,m,beta,omega0,C1,C2);

3 o e 3 p
L 1—g 1T =20 2 . L1—. 1" =2, 2 .
|§A§ |4!O (:28 15 13 |4!0 <

A7 Du¢AT 2)

o (!
Clie® (i!' 02A7 1)2m

Nicaaaei iaivodaodi ad+ensaiey aiieeodad éiedaaieé
Oscilat[GenAmplitude](t1,t,x,f,m,beta,omega0,C1,C2) aianai 8aea-

jéé caga+e Eigé & fiéldinoe éiedaaieé
Oscilat[GenVelocity](t,x,f,m,beta,omega0,C1,C2)

>Oscilat{GenAmplitude]:=(T,t,x,f,m,beta,omega0,C1,C2)->
Oscilat[GenSolve](T,t,x,f,m,beta,omega0,C1,C2):

>Oscilat[GenVelocity]:=(T,t,x,f, m,beta,omega0,C1,C2)->
subs(T=t,diff(OscilatfAmplitude](T,x,f,m,beta,omega0,C1,C2),T)):

e i10eaaaai 16eiad eniieiaiey i516aaoo:
GenAmplitude(1,x,sin(t),1,0.1,2,1,1);

H 1 H f
1P— 1p— 10 300
el 2sin — 1599 Aei 20cos — 1599 i —cos(l)A sin(1)
20 20 901 901

>evalf(GenVelocity(1,t,x,exp(-t)*sin(t),1,0.1,2,1,0));

i 1.784367302

Aadaai 46y esaoéinoe aiieeooao e neisinol eledaaieeé:

>X1:=(tau)->
GenAmplitude(tau,t,x,exp(-t)*sin(t),1,0.1,2,1,0);
>V1:=(tau)->
GenVelocity(tau,t,x,exp(-t)*sin(t),1,0.1,2,1,0);

lifodiel a8a0eé caaeneiinoe aiieeodal éieadaaieé 1o asaiaie: e oactaop
aeaasaiio éjeaaaieé (oen. ?2.

Dagaied casa+e Eigeé 46y 6daaidiey eeiaéind éfe

aaieé, 1aiaéi, fai+aiu

IAeo aiifa 1auda dawgaiea ééééiél’éy é iaéino éieaa
T4 7 1i6dadeyaony |6|ega|eU|U|e
&l

afail a6y caaa+aé enneaa|aa|ey, ﬁ” el
T'ﬁoa|0a|e Cl1,C2,ia e|apueo ynua‘é‘gé éﬁ &l fiofiea. Nicaaaeéi iyoi-

6 151684000 dawgaiey caaa+e Eige, 0.4., cada+e fi ia+asuinie onelaeyle a
éTC)Téle aaa |6|e(;a|eui0é élifoaiol adando i éyouny a éiia+in eofaa
faraeunidie cia+aieyie éiidaeiaod x0 & féidinoe vO.

('D> O\
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Paszosaa MPAeKMOPHA KOTEGAH UL
obtiee perietile

Oscilat[IC](x,t,ic) , &8aic=[t0,x0,v0] (%1C¢,  Initial Conditions):



YA O s x xAA N o ..

5.6 1a8ééa7aaied 6&iaéi0o éiedaaieé

>Oscilat[IC]:=proc(x,t,ic) local X,T,dX,t0,x0,vO0:
t0:=ic[1]:x0:=ic[2]:v0:=ic[3]:
X:=(T)->subs(t=T,x(t)):

dX:=(T)->D(X)(T):
X(t0)=x0,subs({T=t0,X=x},D(X)(T)=v0):

end proc:

Efilgiaied yoié énaiad eidao aea:

IC(x,t,[1,2,3]):

x(1) £2,D (x)(1) &3

lnoaiel iaiadaiiiop 61644086 dagdiey caza+e Eige i ja+asiitie aai-
itié ic ainaio asaiaie t=t1,
Oscilat[CosheSolve](t1,t,x,f,m,beta,omega0,ic):

Oscilat[CosheSolve]:=proc(t1,t,x,f,m,beta,omega0,ic)
local X,T,GS,GST,GSTt,t0,x0,v0,InC,dX,XX,XT,VV,VT:
X:=(T)->subs(t=T,x(t)):

dX:=(T)->D(X)(T):

t0:=ic[1]:x0:=ic[2]:v0:=ic[3]:
INC:=X(t0)=x0,subs({T=t0,X=x},D(X)(T)=v0):
GS:=dsolve({Oscilat[EqOscilat](t,x,f,m,beta,omega0),InC},x(t)):
XX:=eval(subs(GS,X(t))):

XT:=(T)->subs(t=T,XX):

VV:=eval(subs(GS,diff(X(t),t))):

VT:=(T)->subs(t=T,VV):

[XT(t2),VT(t1)]:

end proc:

Riaeanit 6181a0s yoié 51634650 T fidacs al+efieyad cia-aiey aiiseosad &
Relaifioe eleaaaies & I5AaR0AAEYA0 &5 4 AcAA Aiefea  [x(t1),v(tl)]

> evalf(CosheSolve(1,tau,x,sin(tau),1,0.1,1,[1,2,3]));

[2.000000002,2.999999998]

Aey 6aianoaa isiadadiey ennedaiaaieé iieeil iiodieou Aaoeaeuitd i8i6a-
4000 ada6e+anéial ataiaa 6agoeloacia:
OscilatfAmplitudeGraph](t,x,f,m,beta,omega0,ic,T,c) ,
Oscilat[VelocityGraph](t,x,f,m,beta,omega0,ic, T,c) e
Oscilat[FaseGraph](t,x,f,m,beta,omega0,ic,T,c)

aiieeooan, éiedaaieé, néiainoe éieddaieé e daciaié agéaadaiil éiedaaieé.
A y0ed 1816840040 T=[t0,t1] adaiaiiié eioadaae ataiaa adaodeéa,

\\\\\
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>OscilatfAmplitudeCoshe]:=(t1,t,x,f,m,beta,omega0,ic)->
Oscilat[CosheSolve](t1,t,x,f,m,beta,omega0,ic)[1]:
>QOscilat[VelocityCoshe]:=(t1,t,x,f,m,beta,omega0,ic)->
Oscilat[CosheSolve](t1,t,x,f,m,beta,omega0,ic)[2]:
>QOscilatfAmplitudeGraph]:=
proc(t,x,f,m,beta,omega0,ic,T,c) local t1:
plot(OscilatfAmplitudeCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..T[2],

title="Adadeé aiieeooal éledaaieé X(t)labels=[tx(t)],
labelfont=[TIMES,BOLD, 14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c):

end proc:

>Oscilat[VelocityGraph]:=
proc(t,x,f,m,beta,omega0,ic,T,c) local t1:
plot(Oscilat[VelocityCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..T[2],

title="Ada6eé feidifioe éjedaaieé V(1) labels=[tv(t)],
labelfont=[TIMES,BOLD, 14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c):

end proc:

>QOscilat[FaseGraph]:=

proc(t,x,f,m,beta,omega0,ic,T,c) local t1:
plots[display](#
plot([OscilatfAmplitudeCoshe](t1,t,x,f,m,beta,omega0,ic),
Oscilat[VelocityCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..T[2]],

title="Oaciaay o0dadeoioey éiedaaieé [X(t),V()],
labels=[x(t),v(1)],

labelfont=[TIMES,BOLD, 14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c),
plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):

end proc:
i5eaaaai 16e1ad anaiaa (;”él](”) 4eaadall eieadaieé (Déﬁ
oi+@&ié adoiiace+aneée Taicia+adony fa+aeuiia Méfeediea nenoaid

i8ii0daifioad.
>FaseGraph(t,x,sin(t),1,0.1,1,[0,0,0],[0,32*Pi],

COLOR(RGB,0,0,0.5));

>FaseAnime(t,x,0,1,0.1,1,[0,10,0],[0,48*Pi],64,
COLOR(RGB,0,0,0.5));
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181684680 6idaaéyaiié aéiaie+an
ieé

544441 6140 i81adaii Tiiataiilé aeiaie+anéié aecoagecaoee dacgiaié
4€2A40aii0 éledaaieé, Ada0eéa aiieeodal é féidinoe eleaaaieé:
Oscilat[FaseAnime](t,x,f,m,beta,omega0,ic,T,N,c) ,
OscilatfAmplitudeAnime](t,x,f,m,beta,omega0,ic, T,N,c) ,
Oscilat[VelocityAnime]:=proc(t,x,f,m,beta,omega0,ic,T,N,c)

ifieil 181+e06, ecaanoitd deed, iadaidodia ¢aanu 18enoonoacp c 0ado éeiee,
jeiaoee.

>0Oscilat[FaseAnime]:=proc(t,x,f,m,beta,omega0,ic,T,N,c)
local t1,ik,tt,G:

tt:=(i)->evalf((T[2]-T[1])*i/N,3):

G:=(i)->plots[display](#
plot([OscilatfAmplitudeCoshe](t1,t,x,f,m,beta,omega0,ic),
Oscilat[VelocityCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..tt(i)],

title="Oaciaay o0dadeoioey éiedaaieé [X(1),V()],
labels=[x(t),v(1)],

labelfont=[TIMES,BOLD, 14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c,caption=[t=convert(tt(i),string)],
captionfont=[TIMES,ROMAN, 14]),
plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):
plots[display](seq(G(i),i=0..N),insequence=true):



YA O s x xAA N o ..

5.6 1a8ééa7aaied 6&iaéi0o éiedaaieé

end proc:
>OscilatfAmplitudeAnime]:=proc(t,x,f,m,beta,omega0,ic,T,N,c)
local t1,ik,tt,G:

tt:=(i)->evalf((T[2]-T[1])*i/N,3):

G:=(i)->plots[display](#
plot(OscilatfAmplitudeCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..tt(i),

title="Aliée06aa éledaaieé [t,X(1)]', labels=[t,x(t)],
labelfont=[TIMES,BOLD,14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,color=c,caption=[t=convert(tt(i),string)],
captionfont=[TIMES,ROMAN, 14]),
plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):
plots[display](seq(G(i),i=0..N),insequence=true):

end proc:
>QOscilat[VelocityAnime]:=proc(t,x,f,m,beta,omega0,ic,T,N,c)
local t1,ik,tt,G:

tt:=(i)->evalf((T[2]-T[1])*I/N,3):

G:=(i)->plots[display](#
plot(Oscilat[VelocityCoshe](t1,t,x,f,m,beta,omega0,ic),
t1=T[1]..tt(i),

title="N&idifiol &iedaaieé [t,V(1)] labels=[t,V(t)],
labelfont=[TIMES,BOLD, 14],labelfont=[TIMES,ROMAN,14],
numpoints=5000,

color=c,caption=[t=convert(tt(i),string)],
captionfont=[TIMES,ROMAN, 14]),
plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):
plots[display](seq(G(i),i=0..N),insequence=true):

end proc:
15644441 161480 eniieidiey yoeo idioaads:
>FaseAnime(t,x,sin(t),1,0.1,1,[0,0,0],[0,48*Pi],64,
COLOR(RGB,0,0,0.5));

>FaseAnime(t,x,0,1,0.1,1,[0,10,0],[0,48*Pi],64,
COLOR(RGB,0,0,0.5));

x@0A0AEP BAETIAIA0&OMY iBTAAM0S NAIHOIYOAENTNE Alases iTaase Eeidé-
i06 efedaaieé fi 6401l iIDRARAAITN0 61414, AAfifi0A4A AEG-ae dAcTiaifa (fila-
iaadiey Mafnoadiié +anoioa & +anoion atidaeaapidé fiesn), aedieé (6830-
iifioe +afiold), Aleliglal & 1a8Tal cia-aiey ianna o&ea, Aleleial e 1asial

cia-aiey éiyooeoeaioa éeidéiial osaiey
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Fasosan mpaskmopur xoaeboa i (A, V)]

[E="151.4
Tnfavaifay aeiaie+aneay aecoacecaney daciaié aéaadalin sleaaaies ia fiffaa
dagaiey casa~e Eige. Neo+aé daciiaina. Oesii ec N=64 aadia.

Pasosan mpasmopus xoaesaul (A, Vi)

[t="151."]

PRl Thfacaiiay aeiaie+aneay aecoasecacey 6aciaié 46aadaiia éiedaaies iainit

dagdiey casa+e Eige. Alidaeaapuay fieéa 10foofioacds. Oeéul ¢ N=64 8aadia.

aa



> U3:= (al,a2,a3,x)->al*x+a2/2*x"*2+a3/6*x"3;

U3 = (al, a2, a3, x) —al x + %asz + % a3x

:> plot(U3(-1,-1,1,x) ,x=-2.5..5,1labels=[x,U(x)],
numpoints=2000,labelfont=[TIMES ,BOLD,16]) ;

| /

A

0

U(x)

A8

AAAAAAAA



1 1
U (x) FagA Zaox?A Zagx*. (6.2)
2 4
Agy 0141, +01a0 ileo+eou Moaiveaeniop yid, iaiasiaeit, ~oiad
asEO. (6.3)
Al+efieyy 1adacp idlecaiaiop 10 U (x), iied+ei 6daaiaied ia oi+ée yénodaio-
ia:
x(az A agx?) A0 (6.4)
Taia oi+éa yénoodadioia andaaa noudnoacao: x AO0. A fied+ad, afééas E 0, aiéligd
yenoaaidiia iao, & it &iaai iadaaies 4-ai iidyaéa.
Anéea, C 0, eidpofy 404 434 fiel1aode+ind oi+ée ieieioita, a yol fieo+ad
x /0 of+-éaiaéneioia. Alaeday élydoeoeaiold fAiaeanii ( 6.5), 10 atauai-
fiy ofal, ~ofal +ofal oi+ée ieieidia iadiaeeenl a ivea Modiceaea. Oldaa
ed+ei enéiaeé oaiveae 4-ai ioyaea:
21 K T
U(x) = X2 oz Aik2 Ab?12, ag AEk2I8 . (6.5)

6.2 iééél’égi Aifioaiiial iadogaiey neiiaodee
G
OBaai&iea [aT4A14I00 61644AIeE i T0ATOEAET 4-8T 11By46a fi 640 Aefifieia-
ORAINd I510ARAMA ideieiado aea
d?x dx k b2
—— A o— i —xA2—x3 mo. 6.6
dt2” %4t ' 'm m (6.6)
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-9 . . apxe A

ideaaaai avaoeé ifoaiveasa 4-ai MO0+
ai iadogaiey neiidodsee. Al

[1] E.A. Eaiaao, A.l. Eedges. Odiddoe+anéay o6eceéa. O |. iadaieéa.
I: ' 2 fi



Caaa+a: linodieou éa+anoaaiiop ifadéu nitioaifi
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[2] Yeunaieuo E.Y. Aeddadaioeasuind odaaidiey & aadeaselii

I
Qs

+efiedied. I: [acéa épaia ecaaied, ia+eiay fi 1965 4.

\\\\\\\\\\\\\ AA NN O

[3] E&iaouda b.A. Iaoalaoe aﬁéia & éMlitpoasita ifadéesiaaied

jagaieé a nenoaia éi upc‘)ééﬁé

1aodiaoeée Maple. E&ét 'é‘ & 48y géied iT1aodiaoe+-anéno iiaaee-

o
o
Q:
2o
o
O
<)
D
c: ¢
=)
@]
)
[
SD
> D
O
g»
[
‘<

dtaaiep. Eacaiu: Eacaifiéeé 6ieadoneodo, 2014. - 298 ii. ISBN 978-5-
00019-150-7. http://libweb.ksu.ru/ebooks/05-IMM/05_120 000443.pdf

a ef-

187684600 caaaiey 6daaiaiey iaeeiaéins eiedaaieé

Aovadi 6anﬂe6you daniiiodiidp ia 16dataouaé edéoee 46aeeindeo

afielyy 4a +eneaiiti aiaeecii ideeidéins éiedaaieé.

%

>QOscilat[Potential4]:=(x,k,b)->b"2/2*(x"2-k/(2*b"2))"2:
>Oscilat[Force4]:=(x,k,b)->-subs(X=x,
diff(Oscilat[Potential4](X,k,b),X)):
>Oscilat[EqNonLinOscilat]:=proc(t,x,f,k,b,beta)local F,T,X:
F:=(T)->subs(t=T,f):

X:=(T)->subs(t=T,x(t)):
expand(diff(x(t),t$2)+beta*diff(x(t),t)-
Oscilat[Force4](X(t),k,b)=F(t)):

end proc:

Efiieiaied anafa;

>plot(Potential4(x,1,1),x=-1.1..1.1,labels=[x,U(x)],
color=blue,labelfont=[TIMES,ROMAN,14));

ddadeé iéacai alga ia bef. 6.1.

EgNonLinOscilat(t,x,sin(t),k,b,beta);

2
dt2

x(t)A_—x(t)Aszx(t) i x(t)k Asin(t)

ial6aacoa +enediilal sdesdiey casa+e Eige 4éy 6daaidiey iaceiae-
06 éieddaieé

OsciIat[CosheSoIveNonLin](tl t,x,f,k,b,beta,ic)

jed. Oaéaed 424441 & 424 T0adéli04 énaiad aey ad+éene ey aiieeodaa e néi-

aifioe. Aéy anaiaa ~eneaiial dasdiey 6éacail oei type=numeric e 6idiad

adaiaa output=listprocedure

Oscilate

Taicia+aiey idaee-
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6.4 xéfiediita ifadéediaaied

ifioaif

>Oscilat[CosheSolveNonLin]:=proc(t1,t,x,f,k,b,beta,ic)
local X,T,F,GS,GST,GSTt,t0,x0,v0,InC,dX,XX,XT,VV,VT:
X:=(T)->subs(t=T,x(t)):
dX:=(T)->D(X)(T):
F:=(T)->subs(t=T,f):
t0:=ic[1]:x0:=ic[2]:v0:=ic[3]:
INC:=X(t0)=x0,subs({T=t0,X=x},D(X)(T)=v0):
GS:=
dsolve({Oscilat[EgNonLinOscilat](t,X,F(t),k,b,beta),InC},X(t),
type=numeric,output=listprocedure):
XX:=eval(subs(GS,X(t))):
XT:=subs(t=T,XX):
VV:=eval(subs(GS,diff(X(t),t))):
VT:=subs(t=T,VV):
[XT(t1),VT(t1)]:
end proc:

>OscilatfAmplitudeCosheNonLin]:=(t1,t,x,f,k,b,beta,ic)->
Oscilat[CosheSolveNonLin](t1,t,x,f,k,b,beta,ic)[1]:

>QOscilat[VelocityCosheNonLin]:=(t1,t,x,f,k,b,beta,ic)->
Oscilat[CosheSolveNonLin](t1,t,x,f,k,b,beta,ic)[2]:

i5ioaa6sa a0ataeo fiefie  [x(t),v(tl)] . I31aITiRI056e5641 efileiaiea
afiaian:

CosheSolveNonLin(2,t,x,sin(t),1,1,0.1,[0,0,0]);

[1.14479001480599,1.21939806911861]

181684080 A0a06e+aNeiAT Alalaa dagdiey casa+e Eige a&y 6daaiaiey
jaeeiaéins éieddaieé

Aigiié aiagiaee i ivdaiaonaé edeoedé aadadl a0a0e+aneed i616aaoda:
OscilatfAmplitudeGraphNonLin](t,x,f,k,b,beta,ic,T,c) ;
Oscilat[VelocityGraphNonLin](t,x,f,k,b,beta,ic, T,c) ;

Oscilat[FaseGraphNonLin](t,x,f,k,b,beta,ic,T,c)

>OscilatfAmplitudeGraphNonLin]:=
proc(t,x,fk,b,beta,ic,T,c) local t1:
plot(AmplitudeCosheNonLin(t1,t,x,f,k,b,beta,ic),
t1=T[1]..T[2],

title="Ada0eé aiieeooal iaceidcind éledaaieé X(t)',
labels=[t,x(t)],labelfont=[TIMES,BOLD,14],
titlefont=[TIMES,ROMAN, 14],numpoints=5000,color=c):
end proc:

>QOscilat[VelocityGraphNonLin]:=
proc(t,x,f,k,b,beta,ic,T,c) local t1:
plot(Oscilat[VelocityCosheNonLin](t1,t,x,f,k,b,beta,ic),
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t1=T[1]..T[2],

title="Ada0eé neidifioe ideeidéind éledaaieé V(i)
labels=[t,v(t)],labelfont=[TIMES,BOLD,14],
tittefont=[TIMES,ROMAN, 14],numpoints=5000,color=c):
end proc:

>Oscilat[FaseGraphNonLin]:=

proc(t,x,f,k,b,beta,ic,T,c) local t1:

plots[display](#
plot([OscilatfAmplitudeCosheNonLin](t1,t,x,f,k,b,beta,ic),
Oscilat[VelocityCosheNonLin](t1,t,x,f,k,b,beta,ic),
t1=T[1]..T[2]],

title="0aciaay 00adéoidey iaceidéing éledadaieé [X(t),V()],
labels=[x(t),v(t)],labelfont=[TIMES,BOLD,14],
tittefont=[TIMES,ROMAN, 14],numpoints=5000,color=c),
plots[pointplot]([ic[2],ic[3]],style=point,
symbol=solidcircle,symbolsize=12,color=red)):

end proc:

i58aa4aai i5eiada enileiaiey 18164408:

>AmplitudeGraphNonLin(t,x,0,1,1,0.1,[0,2,0],[0,32*Pi],blue);

RISl xefigaiita iladeediaaied aiieeodal iaeeiaéits eiedaaieé. benasiié iagaeyait
€86piiodeddao fitioaiila iaddeaied feiidodee agaa.

>FaseGraphNonLin(t,x,0,1,1,0.1,[0,2,0],[0,32*Pi],blue);

181684680 A6a0e+aneial a0aiaa dagdiey caaa+e Eige a8y 65aaidiey

aeeiaéins eieddaieé

Aadaai 43 1816840600 THiavaiilé aeiaie+aneié asadeeée:
Oscilat[SpontanAnime](t,x,f,k,b,beta,ic, T,N,c) ;
OscilatiDemonstrateSpontanAnime](t,x,f,k,b,beta,ic,T,N,c)

iadaay ec yoed i5ioaadd fiicaado aieiaoeiiiié 6eeui é¢ N éaasia idivanna



6.4 xéfiediiia itaaéed

>

RIS xefngaiiia iladeediaaied dacial
faaeyait eeepiodedsdao fitioaiiia iaddeaiea
fifiolyiea fienoaia.

0
oaiveaguiié yin. Aotday idai6aaoda filcaado aieiaseliiné 6eeli e N eaadsia
18i6afina Ailioaiiial iadogaiey fieliaodee, eciadaseay finoiyied fefoaid
8aé oi+ée, aaexe0Uaény i edayiié 4i0éa 6aaca  c i 1616ee€ai iodioéaeca.
> Oscilat[SpontanAnime]:=

proc(t,x,f,k,b,beta,ic,T,N,c)

local tl,i,tt,U,u,X,SX,Xmin,Xmax,x_max,UG,V,E1,EO,EE,G:
U:=(X)->Oscilat[Potential4](X,k,b):

u:=(t1)->U(X(t1)):

tt:=(i)->evalf(T[1]+(T[2]-T[1])*I/N,3):
X:=(t1)->OscilatfAmplitudeCosheNonLin](t1,t,x,f,k,b,beta,ic):
SX:=seq(X(tt(i)),i=0..N):
Xmin:=min(SX):Xmax:=max(SX):x_max:=max([abs(Xmin),abs(Xmax)]):
UG:=plot(U(X),X=-1.1*x_max..1.1*x_mayx,
color=COLOR(RGB,0.5,0,0),filled=true):
V:=(t1)->Oscilat[VelocityCosheNonLin](t1,t,x,f,k,b,beta,ic):
E1:=(t1)->V(t1)"2/2+u(tl):

EO:=ic[3]*2/2+U(ic[2]):

EE:=(i)->evalf(EL(tt(i)),3):

G:=(i)->plots[display](#

plot([X(t1),E1(t1),t1=T[1]..tt(i)],

title="lefay yiadaey éiedaaieé [x(t),E®)],
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labels=[x,E],labelfont=[TIMES,BOLD,14],
titlefont=[TIMES,ROMAN, 14],numpoints=5000,
color=c,caption=convert([t=tt(i), E=EE(i)],string),
captionfont=[TIMES,ROMAN, 14]),
plots[pointplot]([ic[2],E0],style=point,
symbol=solidcircle,symbolsize=12,color=red),
uG):
plots[display](seq(G(i),i=0..N),insequence=true):
end proc:

> OscilatfDemonstrateSpontanAnime]:=
proc(t,x,f,k,b,beta,ic,T,N,c)

local tl,i,tt,U,u,X,SX,Xmin,Xmax,x_max,UG,UU,V,E1,EQ,EE,G:
U:=(X)->Oscilat[Potential4](X,k,b):

u:=(t1)->U(X(t1)):

tt:=(i)->evalf(T[1]+(T[2]-T[1])*i/N,3):
X:=(t1)->OscilatfAmplitudeCosheNonLin](t1,t,x,f,k,b,beta,ic):
SX:=seq(X(tt(i)),i=0..N):
Xmin:=min(SX):Xmax:=max(SX):x_max:=max([abs(Xmin),abs(Xmax)]):
UG:=plot(U(X),X=-1.1*x_max..1.1*x_max,
color=COLOR(RGB,0,1,1) filled=true):
V:=(t1)->Oscilat[VelocityCosheNonLin](t1,t,x,f,k,b,beta,ic):
E1l:=(t1)->V(t1)"2/2+u(tl):

EO:=ic[3]*2/2+U(ic[2]):

UU:=(i)->evalf(u(tt(i)),3):

G:=(i)->plots[display](#

plots[pointplot]([X(tt(i)),u(tt(i))],

title="Ea+4ied a Adaaeoaceliin ea [x(t),z(t)],
labels=[x,E],labelfont=[TIMES,BOLD,14],titlefont=[TIMES,ROMAN, 14],
style=point,symbol=solidcircle,symbolsize=14,color=c,
caption=convert([t=tt(i),z=UU(i)],string),
captionfont=[TIMES,ROMAN, 14]),
plots[pointplot]([ic[2],UU(0)],style=point,
symbol=solidcircle,symbolsize=12,color=red),UG):
plots[display](seq(G(i),i=0..N),insequence=true):

end proc:

i5eadaai ioeidsa enileiaiey énaia:

Oscilat[SpontanAnime](t,x,0,1,1,0.1,[0,0,1],[0,12*Pi],100,blue);

OscilatiDemonstrateSpontanAnime](t,x,0,1,1,0.1,[0,0,1],[0,12*Pi],100,blue);






banifiiodel caga+o 1 adesediee +anoeod al aideidi 6aiodasuil - ielidode-

+anéniimed U (r), 8aar Ajj. Caiégdai 66iédep Eaddaisea aey 0asié fnenoaia:

LA U, (7.0)

Ola4a il 64011 idadeea 4660addivediaaiey

@), du _d——" o r
) QU AE—@ x2Ay2Rz2mu’=—)r u AU’ (7.2)
@! dr r r
6daaiaiey Yéeaoa ideioo aea:
d?r of
m— A ijU"—. 7.3
dt2 "'y (7.3)
A&y &6 dagaiey idtadiaeil 1adaéoe a noade+anédp nenoaiod énsaeiao:
8
< X/ rcos' cosy;
y &£ rsin' cosy; ' 2[0,2%4; . (7.4)
Z/E rsinp n2[i Y42, Y42]
7.2 18eioeitauaé étaadeaioiinoe e fidaacaiea oaicioa
CE——
A& ecidoyaina eeanne+aneed oece+aneed adée+eil yagypony odiciaiaie
faudéoaie (eéfa+a até ao idaigiieedi eo Taiicia+ilé iadan+ao ec iaié
feénoaid 1on+aoa & a86aop), iyoiio ana odiaaiaioaguita 6daaiaiey, Tiend-
aapuea oece+anéea 1audéod, aieaeil eiaol 0aicioilé 6adacoad

0 yw- i%pmi% 12 n 0 Ty
XXX /Ef‘ (x=,x i 3 (i ﬁEﬂ]), (7.5)



7.2 15ei6ei 1audé éiaaseaioiinoe e 1iddadeadied oaicida

16n00 4a884:

) i ) i .
CI'(O,CE@_k; det(Cl) 6/ Clo/ @ — det(Cj) 6/
@ @k
1a0deol idyilal & 1adaoiial idaiadaciaaieé, naygaiita iioiteaiedi
(féacaou, 1+aio, yéiaeal, idatdiaeadiiinon):

ci’cl m . ci’ck e’ cilc s
k io j’ k jO jO ) .

Q

Kr A1

AA N7

ciaaiee éiioaeiao ( 7.5) 11 ¢aélio:

I
T'? Vo coilm 'C f“¢¢@ T'l o
kr,&l k0 11 krAl{ r} KrA1...kn

(nir)
) TS, ACT(Ci T
factaapony odigidaie dagaioiifioe n: r dag éiioddadcéaioidié é

élaaoeaioidie.

99

(7.6)

(7.7)

iaaa adee+ein Ty, fiélidaciacaie T ', | i681adacopueAniy ide idTada-
kn

(7.8)

(7.9)

njroac
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7.3 Efaaseaioild 46606adaivediaaied
cE—
Agy 4660284160106 0aiciditd 68 iadao éiaadeaio-

iq..dr iq..0r m...ir . i1 i1...m ar
riT £ @T AT 1 Acceh :
} T Ky Az kn @ KrA1..Kn krAl---an jm krAl---an jm

...Kp r r -

ana éliodaaseaioii eiadeni 1adaaaotaaony neiaieaie Eaenoiooaey
2-01aa fif ciaéli ¥+¢, afid élaadeaioiné eiaaena feiaieaie Eoenoiooaey it

6.

A 8ac6elinaca iseiaiaiey é o0aiciao TF, ir fiadaoée 814adeaioilal 4e60adai-
oedtaaiey ied+adony 0aicid aagaioiifioe ia 1 aieuga, r dac éliodoadaceaioiné
A ATAARANTATNAE r
éni r Aléjaaseaioing, Thi rAL
E&iia 1 é1aadeaioiii 1atataies
[6fioU A 14é70181é fefioaia éiidaeiao Xo 4&y éiidaeiac odicida AF] ir fiida-
adaeead rioiigaiey (ciaé éEééé dag e cia+ado, +of 4aii0a ftioiiga-
ey &iapo 1anol Atou & fnénoaia élisaeiao Xg)

Al rinede 7.11

KrA1.-Kn o KrAz..Kn ( )

EEE] TF” , altdasedied a yaii 0dicioiié 6ioia. Ofaaa fitioilgaied ( 7.11)
fiidaadaeear a épaié nenodia éiidaeiao

(|
Aafiepoiay idlecaiaiay adéoida néidinoe Odaaidiey aaeaediey eiapo
aea:

m a /AF, (7.12)
da8a a&eo01d onéiddiey, F Aadéoid feen. Addoid onéidaiey a 44éadoiaié
fiefioaia éidaeiao 1iddaaeyaony aoisié idiecaiaiié daaeona - aaéoida r. [&ta-
oiaell isdadeecl cia+aied yoiai 4déoida a idiecaieuiié nenoaia éidaeiao

SEEIR
d - i i ka

—v' (x2(t),....x"(t),t)° @ R 9@ 9 (7.13)

dt @ @k dt



éni oaig Uaé é1aadeaioiinoe aey -
Odaiaiey aaéoidiial 6adacéoada onéidaiey a isiecaiéuiié nenoaia éisaeiao
10 &féeeill caiaiéou +anoita isiécalaita a 61816ea ( 10.15) é1aaoéaioidie
idiecaiaitie a igiecaielité nenoaia éiidaeiao
' @' d?x' . dx) dxk
a' F—Ar v'vKT = A I(vJvk) a F— AL ——— (7.14)
@ dt I dt dt
Oaéei1adachl, aldasaied &y 61i08aadeaioial 6néeidaiey +afoesd Alaiaaado
i €daié ~anoup 6daaiaiey aalaace+anees éeigé, 1 +ai i0 Alaioeee a aieaa
daiied edéoeyo.

iié i8iecaiaiié a faisaaeaiee i ,CE%I
' du'
- iyk
o ﬁEdt A.Jku v (7.15)
7.5 Odaaiaiey aaeesediey a oaiodaedii - neiiaode+anéi ifea
o
Tadaoeiny é odaaidieyi Yéeada a8y ooiédee Eaddaiaea ( 7.1) a noade+anéié
fiefodia éiidaeiao. Eg ideioéia 1auaé élaadeaioiifioe éaadao, +of 4aéoid
fieel & idiecaieliié feroaia éiidaeiao iaiadiaeii caienaou a deaa
Fair'v g gdkqu (7.16)
A i6ade-anené fienodid eisaciac iaéadi ( r AxL uAEx2, Ax3), atientaadi
jaivedana éeniliaiod fneiaieia Edenoiodaey
ds? Adr?Ar2d- 2° dr?Ar?dp?Acos?pd' ); (7.17)
i 1,20/ i 22,1 A ;i 1,334 i 33,1 AT COS? 5 33,2 A i 23,3 AT 2COSUSINGL, « .
L L e oo 2002 g3 el 2 ec g3 e g Oaeeiia-
| 291113375 1T COS Mol 15 /Ti 13 7= 1 33 FCOSHSIMIL| 95 = 11GH-
dacll, 6daaiaiey adeaediey & ndaoe+anéié fenodaia éldaeiao ioéieiapo aea
(ileacaou, 828) :
1
ri ruzi r cos? T8 2 K iHU 0; (7.18)
o 2 ,
n2 A r—ruAZcosusmuu' /£ O; (7.19)
e 2
“A=r g 2tgup &£ 0 (7.20)
r
ladeea 144 ~anoe 6daaidiey ( 7.20)ia ' 64, ile6+ei écadnoilé iddané eioa-
A6ae é¢ oaidee aaladce+anéed ia i1aasoiinoys asaudiey (fféacaou, éae)

rzcoszp' AConst) ¥ AConst A£C. (7.21)



Ei0aa0ae adeaediey ( 7.21) €iddo nedadpueé dece+anéeé fiane: ii aldaeadd
caéli fifodaiaiey iliaioa élée+anoaa aaeeseaiey (aiéacaou naitnolyoaeuit;
faayiieou adéaié nitiia, itaaiité ia ad01a O@])):

M &Emr £ v EMo. (7.22)
T-aa84il, =01  jMoj /EC/ m. Afiéaanoasa 7.21) & (7.22) iied+8i:

(r @Mo) A0, (7.23)
il yoi &nol 1audé 6daaidied ieineinoe. Oaéel 1adach, AAeeedied a vaiosasi-
il 11ed 187endiaeo a Taié iginéinoe .

E&1i4 yoial iadaial eiodadasa fenodia 6daaiaieé ( 7.18) ( 7.20) &i4ao ava
& &i0aaaae eiié yiddaee, oaé éaé nioadonoadplay aeiaie+anéay nenoaia
éiifddaaceaia T1i0dioeac ia cadéneo 1o adaiaie. Al+eneyy a ndbade+anéié
fienoaia &iidaeiao aaasdao neisinoe  v?2 g V! vk, jaéasi yoio eioaddae:

m
?(rzArzuzArzcoszu‘ 2)AU(r) BEy (&Const). (7.24)



fiefoaia élioaeiad  p 0. Olaaa 6daaidiey aaeeediey Giditapony:

1
Fir 2E—=Uu? (7.25)
m
L
r2 EL (7.26)
m
a ei04adae yiddaee iseieiado aea
s
2
m 2 L
—(r2Ar2 HAU()EEy) £ =(Eoi U(r))i —2. (7.27)
2 m m?2r2
Dacadsyy iA0AIAI04 A 65aAIAIEE ( 7.27) & £i0AAOEBOY, [adaAl:
Z
dr
t/E f : (7.28)
2 . L5
m(Eoi U(r)i 22
Aa8Aa &c (7.26) iadadl
Lo Lo dt
d'" £A——=dt’ —d 7.29
mr 2 mr2dr (7.29)
liafioaaéyy a yoi iilioilgaied alidasedied a&y g—ﬁ ¢ (7.27) & einoaddeddy, iaéaai
A
, dr
Lo F A Const. (7.30)
L2
r2 2m(Eoj U(r))i -2
Oaiodiadeeiay yiadaey. Aldasaied sy iieié yiadase ( 7.24) lieefi caie-
Raol & & 40040 aéa&: Eo &mr 22 AUgx(r)
L5
Uest(r) AU (r)A , 7.31
eff(r) AU (r) o 2 (7.31)
A48 A01616 ~841 1ac0adRORy 0AIOSTAAIé ViAdaeAe . Eg (7.27) Ae&asdad, <ol
ioe
Uest(r) £Eg) t ADO, (7.32)
0.4., daseaéuiay NedInol 1adatadony a ioed. Iiyonio ( 7.32) 1iddaaeyao asaieod
aaesediey 1t dannoiyiep 10 6aioda e 0i+ée aioioa
18484, ~0f 46y AOUAROATAAISY A6aies aaeeaiey (ATAGIAIA, AT-IABANG,
108€06a0a&uiifiou fToaiveaeuilé yiadaee, a. ai-a0idnd, nouanoaiaaied aadcs
A4ananoaaiitns daeaieé 6daaiaiey ( 7.32)
l0de6aodeuii cia+-aieyi ioaiceaéuiié yiadaee iiioaaonoasdao ise-
oyeedied, a iiéleee0deuiti fooacéeaaiea.
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~AQ

Arge 1a8anou aaeeediey 1adaie+aia adsdo e fieco, 0.4., 6daaidied ( 7.32) eia-

a0 2 3agaiey, I'min € 'max, O 0824E018eYy ~anoeol edseeod aidode éieuda r 2
[rmin,rmax]. Ca adaly aaeaediey aidode yoeod 16aadéia 6dieé ' eclaiyaony ia
adee+eio ¢' (06aéoid 2 Miyaeyaory ca fi+ao 16oe ooaa e 1adaoii):
hax
, dr
¢ A2l f . (7.33)
L2
fmin 12 2m(Eoi U(r))i -3
A&y 0741, +07al 00a8€0idey atiga caiéiooie, idtadiaeit:
LR Osadeoisey ~anoesi a 6aiodasiii imea
m¢' A2Yn. (7.34)
1éachaadony yor aicileeil éegll & 4200 fé6+ayd caaéneiifioe U(r):U(r)»1ire

ur)» 1/r2.

EAfedataaied adeaediey a 0aiodasuil - neiiaode+aneéii iea:
Eaieadiaa cada+a
Ecanfie+anéla 40aaeoaoeliita iea ianfieailé +anoeon, éaé eseéiitaneia iea
cadyaediiié +anoesa, eiapo Moaiveae, 1adaoii isiidoeliasuiné r. Pa-
fiifodel fia+aea 1iéa ideoyaediey:
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A33® E 0. A6y A5aa00a081iial ey  ® AMmG, 35aM  iafifia 6aiddasuiial
0363,G 303ae0aceliiay MAolyiiay; 46y yeae0de+aneial iy ® /£ iQe, 333Q
e cadya isiaiié +afoesd,  QeCo.

0aiodaeininé casya,
A yoii fie6+aa e1044048 ( 8.21) id8IA0 84 (FAAGAAI CAIAI6 T /EL/»):
r
z dr 2ro d»
" MElg F 5 A F .
i ot L2 2mEg g 2m®. . 2
ro r2 2m EOAr_ i r_g 1/r LS A LS »i »
Alalay a0dasediea ia daaceéael ai 1ieiial éaaadaoa:
A Iy S —
2mEg , 2m® m® m® 2EoL
ZOA_Z»i »Z'i »i — Ab?; bﬁE—2 A 20.
L2 L2 L2 L2 m®
Adeay caidio:
Eoeand 2-af iiayaeall!
®m
»/E—Zi bcosz,
Lo
ed+ei 1éfi+aoaeuir:
M 1
' 1. ®m
A arccos p-i b A Const
) A Thecos (7.36)
r
L2 2EgL2
PAE 5% e£ 1ATZL (7.37)
Eaé ecaafnoil, 6daaiaied ( 7.36) yaéyaony 6daaiaieai eseaié 2-ai iloyaéa a
1

ieyoino éfidaeiaoad, lofipaa feaascao:
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EoCO ) OB3%e0108y y&ssin ; (7.38)
Eg/E0 ) 033360168y 1ada&iea | (7.39)
EoEO ) O8adeoioey aeiadaiea . (7.40)
Niioiigdied ( 7.38) écaanioii éaé 1-¢ ¢aéii Edicasa.
Ec ile6+4aii0o aled 618168 ileeil iTe6+e0l & 3-é caéli Ediedda aadii-
je+-anéeé caéi:
T2
— AEConst, (7.41)
a

[1] EA Eaiaao, A.l. Eedgeo. O8iddoe+aneay oeceea. Oi |. iadaieea.
I: labéa epaia ecaaied, ia+éfay i 1965 a.

[2] Eaiaouda P.A  Aédoddadioeacuiay aalacdey éseand -
a30606iiRi0aé a aacéeeaian 1dinodainoad. IV faianosd: éosn
gaeoeé aey nooadiola iacdiace+anéial  6aédeuoaoca.
http://libweb.ksu.ru/ebooks/05_120_000327.pdf.

[3] E&iaouda b.A. 1a0diaoe+&neid & éniipoadii
006i4ai&i0a81106 1audéota & yasdieé a nefodid enitipoadiié
jaodiaoeée Maple. Edéoee aey géied it 1addiaoe+aneno iiadee-
dtaaiep. Eacaiu: Eacaifiéeé 6iéadoneodo, 2014. - 298 fii. ISBN 978-5-
00019-150-7. http://libweb.ksu.ru/ebooks/05-IMM/05_120_000443.pdf

ifa ifadeediaaied

Caaa+a:

lifodieot aieiediaaiiop 11adeu aaeemediey odea a oalodasuil-
Siige S



Abaai i+@0aol, +07 & cada+a ideidieia itadel 1acddeasiiié oi+ée, of
daciadl Aaesedlddiny 04ea 1aéd 1 ndaaidiep i Adce+eiié 1adaiandieé
yoiai 0aea. Adgaedied 04ca a 6aiodaelll feliaode=ii iled fi
ao100i caéiili lupoiia:
d?r of
m-—— A ijuU—,
dt r
aaar A jj. Yoa nenodia 1a0éitadiind 426040aiveaéiind 6daaiaieé aoioi
iidyaéa n ia+aehidie oneiaeyie
dr—
r(to) Aro; ——— Avo
dt m,
fiifioadeyao iaodiaoe+anéop itaael aaéaediey 0aea a 6aiodaeuii-neiidode-an
TMe4.

Efifieaaiaaied 1a0aiaoe+anéié iiadee itasiait ecéiseait
MiTaI08 83c6E10A00n
"~ A foade+anelé nefoaia éiisaeiao ( r AxL uAx2," Ax3) 6daaidiey aaeaes-
ey i8eieiapo aea

"~ Aaecedied a 6aiodaéuiil 1ied 1diendiaeo a Tailé iéinéinoe, &ioiddp
anaaaa ileeii 4046200 4 éa+anoaa yéaaoideaguiié iéinéinoe
fidade+aneéié nefodia élioaeiad  p A0. Oidaa 6daaidiey aae
pony:

1
i rpzi r cos? T8 2 EEUO:

- 2
n2 A o uA2cosusinpp’ £ 0;
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1 11éy ianfnéaiié +~anoéoa é éoéiiia-
4daoii idiiiaoeiiagai r:

—> 9)1

A yoli ne6+aé dagdied ideieiado aea ( 7.36):

P
1Aecos' ’

S
2

L

asap £—L; e /E 1A

. m®

aee. R
i3 EoGO oéaééc‘)iéey yeeein, ide  Eq /0052360158y iadaaisa,idsé  EgE 0

2EqL2
0 EOAE (rZArz' 2)AU(r) eivaasag ieié yias-

1) Tiaéep+aied aéaeeiodé  plots, plottools :
restart

with (plots):

with (plottools):

Caaaiea ianfo oaea:

mu:=10/11:

Caaaiea oaiodaelii-neiiaode~ané
k:=3:

U:=-k/r:

Caaaiea ia+aeuind éidaeiao 0aea e éiiiaio neisinoe:

ro:=1:

phi0:=0:

dr0:=1:

dphi0:=1.3:

2) Al+eéfiedied 6aetalan inaioa nefoaia, neié yidoaee nenoaid, yooae-
024aiial ifodiveasa é iadeiaa 1adavdie

\S:

angMom:=mu*r0"2*dphi0;

E:=(1/2)*mu*dr0*2 + (1/2)*mu*(dphi0*r0)*2 + subs (r=r0,U);
Veff:=U + angMom”2/(2*mu*r*2);

period0:= evalf (2*Pi/dphiO);
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angMom :/1.181818182

E /& {1.777272728

Veff +/ ;3ri 1A0.7681818180 | 2
periodO :A4.833219466

AAQ A

lifoataied ia 1aili 404664 ieilé yiddaee & yooaéoeaiial imoaiveasa:

plot ([Veff,E],r=0..4,- abs (3*E).. abs (3*E),color=[black,grey],
thickness=3);

BLERTAST Adadee yooaeoeaiial ioaioeasa
Neea 43éf0aopuay ia 08er:
f:= subs (r=r(t),- diff  (U,n);

f A3 (1) 2

3) Neno&ia 4660383i66a60106 6daAiaIeé Aaeaediey A 6305 T84 ( 7.25),
(7.26):
sys:=
diff  (r(t),t$2)-r(t)* diff  (phi(t),t"2=(1/mu)*f,
diff  (phi(t),t$2)+2* diff  (r(t),ty/r(t)* diff (phi(9).H=0;
3
42 H T2 2 Lrt) LA

d 33 L, d2
r)ir(t) Al AEi— ()7 —5A1)A2

sys./E— )
YSE Gt dt 10 di2 ")
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4) xenediila ododied casa+e Eige & 4ai aécoacecasey:
sol:= dsolve (
{sys,r(0)=r0,phi(0)=phi0,D(r)(0)=dr0,D(phi)(0)=dphi0},
{r(®),phi(®},
type=numeric,
output=listprocedure

):

R:=subs (sol,r(t)):

Phi:= subs (sol,phi(t)):

plotl:= plot ([R(t)*cos(Phi(t)),R(t)*sin(Phi(t)),t=0..2*Pi],
color=red,thickness=1,numpoints=2000):

display ([plotl],axes=none,scaling=constrained);

BN Aecoasecasey adeeediey 0dea

lieiay yiadaey odea iailigd i0éy, a Acoelinad o4&t 4aéaedony a vaiodasduin
éa it yeeeino.

5) laitadaiaiiné anaia aieiacee aaesediey 11104804 & 40a0eé cadeneiinoe
yiddaee 10 dannonyiey ai 6aioda:

period:=2:

fps:=25:

seqPerUnit;=fps* trunc (Pi*period/2):

ball := (x,y) -> plots| pointplot  ]([[x,y]],color=blue,symbol=

solidcircle,symbolsize=40):
plot_ := Array (1 .. 2):
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plot_[1] =
display (

[ plot ([R(t)*cos(Phi(t)),R(t)*sin(Phi(t)),
t=-period/2*Pi..period/2*Pi],
color=red,
thickness=1,
scaling=constrained,
numpoints=2000),

display (
[ seq (ball(R(i/fps)*cos(Phi(i/fps)), R(i/fps)*sin(Phi(i/

fps))), i=-seqPerUnit..seqPerUnit)],

insequence = true)

]
):
plot_[2] :=
display (
[ plot ([Vveff, E],

r = 0.4,
-abs (3*E).. abs(3*E),
color=[black,grey],thickness=3),
display (
[ seq (ball(R(i/fps), E), i=-seqPerUnit..seqPerUnit)],
insequence = true)]
):
display (plot);

SENAL 164804 i eciadaacdiedi 0863, eciadasedied iMéiedied 046 ia 4020864 YO0a80eAI
ifoaioeaéa
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Nigaaied i5104a680 aeiaie+anéié aegoa-
éecadee adeadaiey 0déa a vaiodasuil iMeé

Am~O

6) Aey aiageca dagdiey casa+e fandaeiel ana i8dadaoued dan+aod a iaié

81684086 Orbit(k, index, mu, r0, phi0, dr0, dphi0, T) , iicaiéypucp iioadieo
aiéiaoep aaceeaiey 04ea a 6ai0daU - fiéliAode+aReN T8 i Aeaacpue
46714i0i 129218084 k,index 12828080 1&y (U A& jk/r (N9eX)y jamna, fa-

+38014 iT6TecAiea & ReISnoU 048a ( mu, r0, phiO, dr0, dphi0 ), 841y aaéeeaiey
0a8a (T):

ball := (x,y) -> plots| pointplot  ]([[x,y]],color=blue,symbol=
solidcircle,symbolsize=40):

Orbit:=  proc (k,index,mu,r0,phi0,dr0,dphiO,T)

local fps,segPerUnit,U,angMom,E,Veff f,sys,

sol,R,Phi,plot_:
fps:=25:
seqPerUnit;=fps* trunc (T):
U:=-k/rindex;
angMom:=mu*r0~2*dphioO;
E:=(1/2)*mu*dr0"2 + (1/2)*mu*(dphi0*r0)*2 + subs (r=r0,U);

Veff:=U + angMom”2/(2*mu*r2);
f:= subs (r=r(t),- diff  (U,n);
sys:=
diff  (r(t),t$2)-r(t)* diff  (phi(t),t)*2=(1/mu)*f,
diff  (phi(t),t$2)+2* diff  (r(t),0)/r(t)* diff  (phi(t),t)=0;
sol:= dsolve (
{sys,r(0)=r0,phi(0)=phi0,D(r)(0)=dr0,D(phi)(0)=dphi0},
{r®.phi()},
type=numeric,
output=listprocedure
):
R:=subs (sol,r(t)):
Phi:= subs (sol,phi(t)):

plot_ := Array (1 .. 2):
plot_[1] =
display (

[ plot ([R(t)*cos(Phi(t)),R(t)*sin(Phi(t)),
t=0.. trunc (T)],
color=red,
thickness=1,
scaling=constrained,
numpoints=2000),
display (
[ seq (ball(R(i/fps)*cos(Phi(i/fps)), R(i/fps)*sin(Phi(i/
fps))), i=0..seqPerUnit)],
insequence = true)
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]
):
plot_[2] =
display (
[ plot ([Vveff, E],

r = 0.4,
-abs (3*E).. abs(3*E),
color=[black,grey],thickness=3),
display (
[ seq (ball(R(i/fps), E), i=0..seqPerUnit)],
insequence = true)]
):

display (plot));

end proc :

1881480 adgiaa i8ioaa68a:

Orbit(10,1,3,1,0,0,1,3);

DSINAEE Ajeiaoey adesediey 0aéa & 6aiodaguil ea

Orbit(3,1,10/11,2,0,0,1,10);
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(|

|&6aa~i0a iTihoée Tatandiey eeannée+anéié iddaieée ia yedéodiiadieoita
acaéiiadénoaey. 1a0aniiosd ayaa éep+aans iélsedieé oaidee (A. [6aiéasda, O
E164i0, A. leiéfanéeéé, A. Yéigoaéi, 1904 1907 &a.)

1a81ié feidiroup il Adaaiaiep i Tad+itie iadaie+anéeie feisifoyie!
N&18ifiol 1aa0ca0iaial efiodaacoaey/edneacié 8aéaot  3M Y (1 &i/f) fifioaaeydo
anaai eegt 3¢10i © fgidifioe nadoa; neidinou aadeediey Caiee aiesoa Nieiva 30
éi/lc 101 4 A£1/10000 fiéisifioe fadoa.

A 1881 1987 4. 1a6&E&ET & 11dce idT1adee fAdep Yeiiadeiaion it eco+a-
iep caaefieiifioe féisifioe faaoa o iaidaasaiey (Iaéhadse, 6asa+aied yoesi)
Yéniadeiaion ileacace, +of dacieda neidinoaé ¢c /ECoi Cr C1/40 70 0&154-



3. Neéisifol faaoa a 4286614 yasyaony iaeneiasuiié Aeidinoup danisinoda-
iaiey acaeitadénoaeé
Caiepai 6fie1aes 52aaif0aa 62220202 NEBIHOE fadoa c2:
,, dr?, dx? _dy? . dz®> _,
— S A A Ak (8.3)
dt2 dt2  dt?  dt
) ds?” c2dt? dx?j dy2i dz? A0 (8.4)
Anee ideidieou & ( 8.3) iddiadaciaaiey Aasesdy r(t) Arqt)Avot, of ia ide-
a4 @ i5102a1da+ep, afee 1083464l MNOTYiR0aa Rediioe iadoa a7 afad eias-
0eaelins fienoaiad 1ofi+aoa. Oaéel 1adach,  aafiepoité 6adasoad adaidie
i51084184+20 18816816 MRoTyiR0aa REIdIioe Radda
Asaiy aieeeii ida1adaciataaduny ide idatadaciaaiee fAenodit jon+aoa,
A yol ¢ia+eo, 07 AianoT 3-6 181141 4a6641aa iBI0SAIM0AA E3 iaiasiaeil
daniiaodeaaoil 4-6 14814 181n0BaIf0AaT Tatoeé {x1,x2,x3,x%}, 5a& x* Aect
18i66a ( 8.4) iTaféachaadd, 6a&é 66iaAIAdAEIINE 6aaadA0S+Té B18ITE
(13088816) diéaeil 14624200 YOI I61AOBAIROAT:
ds? Ac?dt?| dx?i dy?j dz?” “dx'dxX; (i,k £L4,) (8.5)
Oaeel 14dach, i8IH0BaIR0AT atoeeé Yasyaony : +300845188101 173a4144-
geeaiadi i3nodainoaii Ej fi fieaiaossié (i ,i i A). 888" élaadeaio-
i0é 0AicTd IeisTaneiat:
0 1
il 0 00
0ijl1 00O
™ ikl A (8.6)
0 0 i1 0
0 0 01

“ diag(j 1,i 1,i 1,A1).
Eaé ecaanoii, ana iileedfio
Bacaeaadony ia 0de iaiadafaéapueany esaf
(a,a) E0 adaiaieilaiaiog;
|

Lo siAAA N A N

aaataséeesiai i8inodaifioaad
é.

Q rrmunsin L s

(a,a) CO idifodaifioaaiiiiaiaioa,
1
ik

sad(a,a)” ~alak freasysiia isiecadadied a Ej.
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Ecioafiité efion

Adyiiiel, eases 4688084104 i541a5acTaASY TH0AAEYPO S1aA08AIOITE 616-
16 ( 8.5). Eaé écaaniofi, a6acoeailie idatadaciaaieyie a adoeiii idinosai-
é .. \7s77A O —

fi0ad Ya&ypoiy a60eiind id&iadaciaaiey & oisuét iie. Eoae:
. . O . .
x' EC, X Ax{, i3e+al det(C|o64). 8.7)
Olaaa:
dx' AEC; dx* (8.8)

ltarioaaeyy ( 8.8) 4 aldasedied aéy eid0ddaaséa ( 8.5) & 08440y aal eiaadeaioiifou:
ds? /£ds?, (8.9)
neo=ei:

ds® & qedx’ dxk” & Clckodx ! axk’ (8.10)
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s - ~ N s A .

fedanoaead iacaaeneéiinoe e isiecaiéuiinoe 4€66adaiveasia éiidaeiao
10 s A ay s A8 S n A s aam A sAr A A AAL n
dx' (1éacaoi, éaé) aey adiieiaiey ( 8.10) idiadiaeii & ainoaoi=ii:

" 100 K CliClo (8.11)
Onetasy (8.11) yaeypony fefioailé  3n(n A1) 10 642552006 632ai4ieé ia
ély60e06e4aiol 1a0deol idatadaciaaieé C!,. Yoé 6daaiaiey ieiifioup aia-
é1ae+i0 (i 6+401i eaiaoodi iaodeéee) oneiaep 1ooidiiaéliifoe iaooeosd
idatadaciaaieé a aaéeeaian idinodainoaa CoCT /EEO ¢ ajagize+it aa-
B&eAIANI IBTHOBAINOAAI TIOAAAEYPO In(n A1) £10 - iadaiaose-4nech

30016 aaceedieé 18M0daIN0AA [8I61ANEIAT, 6101day jachiaadony Ad0i-

(]
panfifosel agy isifoio0 idatadaciaaiey Eidaioa-Ioaieasa a istiéifoe xtE
x,x* fEct}, i3e+a1 48y 6a1anoaa Meleedi:
o _1
_ ®
jiCyaii £@ A,
° %
pafiiefinaay 66aaidiey ( 8.11), ile6+ei:
8
< il £ [®A°Z
0 £ ® Ae°x; (8.12)
1 A& i 2A#2
Aey d3paiey fiefio&ia ( 8.12) ilsieesi:
° AEsh,‘i\) ®ﬁEelch,§
" AEshA) +/AEeochA,
dade; /E §1. llafoaiiaéa yoeo flioiigdieé at a0idia 60aaiaied Aefiodid ( 8.12)

-

daao:
0/ jerchAshA Ae;shAchA) sh(Aj eA) E0) A fEeA,
aade Eeqep /E 81 (Ta0yAieon, =416 1 &16ail)
Oaéei 1adacii, ied+adi 420140104 idatadaciaaiey Eiddioa - 16aiéada:

x Eex A XA x(l)) x /EerchA x®A eshA ctA xg (8.13)

0
. X .
x4 e xPAxPAxS) t AEshA = AezchA t°Ato. (8.14)

Oaéei 1adachi, a80iia iddladaciaaieé Eidadivoa-ioaiéasa ia ieinéinoe
{x,ct} i0aafioaagyao odadiadaidode+anéop adoiio idaiadaciaaieé (1adaoeou
aieiaied ia aiagiaep i aaeesedieyie ide caidia odediiliaode+~anéed 66ieveé

deiddaieé+aréeie).
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Adyfiiel 6ece-afeeé fiaRe AacdAciadiié 1asaiaiie Aa
(8.14). Agy yoiatl a0+efeel 460080866280 10 14366 +afidas yoe

ifadeei €6 4064 ia adoaa:

1516636 ( 8.13),
615166 &

dx /EelchAdon eshAcdt

- . 8.15
dt  shA9XAe,chAdtO (©19

i5aaiteleeel fia+asa, +of fefodia  KOieieony: xO/EConst. Oiaaa ileo-eil ec
(8.24), Tieagay Vv~ X & 6+e008ay eey” erere; ey

\i
] ) v ] < ] 1
V /EeicthA) thA/EelE) shA/Eelqciz,chAﬁEqiz. (8.16)
\Y .V
li =
C

A 5380136081 ciacia0a fielale e i0 46481 TI6RGAOH, 036 Baé Sci&iaied ciasa
4 61616820 Tieil 4T420URY cai&iié V1oV,
R 6+&01i ( 8.16) 6151660 idATadaciadiey Ei34i6a - [6ai8ada ( 8.13), (8.14)

ileeil caiefiaou a yail aéaa (Iadaoei aieiaied ia ciaé V).

xPA v 10 o Xi Vit
X/EqTAXQ, X /Eqi\/Z
1li = 1l =

C

0
t0A VX0

Ax3 (8.17)

S

adeea 1aa ~anoe fiioflgdiey ( 8.17) ia fifloadonoadplied +anoe flioiigaiey
(8.18) & aaiay Taicia+aiey  dx/dt &v, dxJdtOEvO(Reisiioe a nefodid K e

ed+-ei  daeyoeaenonéeé caéli nelaediey néisinoaé

vOAv 0 cAv |
) viAEc) vA C. (8.19)
v 1A Y
c? c?
fleaaay iii+A044i 4 61516646 E1564iva - 16aieada ( 8.13), (8.14) Aia00ey
faitasaiaiiie t A0 eée isiendiayueie a faiié oi+éa X AEXO, Teo+ei
caélit nédavaiey aeéf & idlidse60éia asaiaie (Raiinoiyoaeul) . la aadociai

defo6iéa - 1100040 daadeia ia aadaepaa, niyoté a adeseduaény fefoaia 1of+aoa.

ja ieeeidl denGIGa AddIdIaAGRY EOETITANETIAT 1Tey yeaeode+anélal cadyaa.
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[aéadi naycu idesedo éniniaioaie 4-0 140114l & 3-0 140i1al 4&4e015ia néidi-
fioe. AQieiyy oleea&noadiila idaiadaciaaied:
® dx® ; dx®dx? ; v® 4
u- A —u". (8.24)
ds cdt ds c
eo+ei éc Anoilgaiey idiesiage:
4 1 o Vv® 1
utEp——v; W E—p———. (8.25)
1i v2/c? C  1j v?c?
banfiiiodei ftioitediea iioiesiaée ( 8.22) eéé (8.23), aTaual feo+aa iieasay
’,kuiuk' (u,u) AConst. (8.26)
Ae060adaioeddy ( 8.26) 11 s, iled+ei
du’
“ik —uk" (g,u) A0 (8.27)
ds
oneiaea iootatiaeuiifoe +8000640130114T 4460162 6néisaiey  g' Adu'/ds
e fiélainioe u'.
8.5 Eili6éun-yiadaey & 6idioea Yéigoddéia
coEEE—
Oiileeea 436018 4-6 1adiié félainoe ia mc, 10 11ié6+&i 448018 4-éiidéuna
i [ mv © v ® ®
p' Amcu Ep———; —¢ 1) p Yamv . (8.28)
1j v¥/c2 ¢C
Aicieéado aniain, a éaéié niane eidao 4-y &fiiniaioa yoial eiiogina? Anee
i0 Giffaeél 44 ia RéIdINoU RAadoa, of ied+ei adee+eid daciddiiioe yiddaee:
mc?
4
E fcp” Ap——— (8.29)
1i v2/c?
Iliiiiodel, ai +of iadadiaes adee+eia ( 17.8) idé 1aéns néisifioyd vic! 0
Dacéeaday i8aadp +afol (17.8) & aya Oyéeida it iaginoe yoié aadee+eid, ieo+ei
25 Mv? 4
Evamc©A — Ao(vic)”. (8.30)

éeidoe+aneié yiaoaee i iioiyiiti neaaadiai. Eaé id ¢iadl, a éeannie+aneéié
iddaieéa é yiddaee ifeeil aidadéyou epadp adee-+eio, iyolio aey éeanfne+a-
fiélé iadaieée yoa aiaadéa id eddado ieéadié aiee, fia iaTaiaddeeedadony
feéaéeie nodanoaaie eeanne+anéeié iadaieée



58 5aailé i6ep AETBTRO 10 a6+l &g ( 17.8) gialaieosp 6181686 Yéi-
go&éia
Eg A£mc?. (8.31)
Adge-eia Eq faclaadony yiadaeas ey oasa
Aa8a4a, 00ABIASI0E 436018 dp®/ dt & eeanfie-Aneié 6ecesa VasyadnY Masan-
it 4016716 cadlio fupoiia 43607611 fieel . AMOAROAAITGI ~A008AGIASITI
T4TAUAIRAT YOTAT AAB0T0A YABYAORY AA8OTD
. dp!
£ mgl B (8.32)
S
Adyfiiel AiaRe 4-6 &fiiiaion yolat a4eoida
dp?, dE N
R T L — (8.33)
ds  cedt c2 1j v2/c2
EEE
N 298 Eme2d Th
d dt
fuiifou
8.6 Aaodaéoianfi é daniaa ~afnoeo
. |

Epaid 64614 0861, C, fiifoaasaiiia ec 10436ui06 +afo&é A & B Aayciaadony
eie j&éioisnie fidéaie ideoyeediey, Alldadonoacpueieé 10devaodéiilé
moaioeaeliié yiadaee acaeliadénoaey x4l diéligd cia+aiéa  yiadaee
fiayce it aafiiepoiié adee+eid, 0ai idi+iaa Aifioaalia oael

lyofio iiéfay yiddaey yoial 0aéa daaia foiia ileias yiddaeé aal +anodé
@ yiddaee acaeiiadénoaey:

Eag AEAAER AU, (UasGO))
. Uas
Mag EMAAMB| ¢Mag, ¢Mag/Ej— (8.34)

c2’
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A ¢ M/ M 46y 0443400 046 iidyaea 101 211 Oagiar
0o A ,

[1] E.A. Eaiaas, Al Eedpes. Oioaoe+aneay decesa. Ofi I1. OAIsey
iey. I: [acéa &paia ecaaied, ia+eiay i 1973 &
o A A 5 andodey. xafou Il Ab-

i
A & Aaeeeaian o a  1Ai-
4ed. Il naianod. IEEEOIT EOO, 2013, Eacaii, - 188 f.
http://lwww.kpfu.ru/docs/F1788036257/Aff_Evk13.pdf

[3] Ediaouda b.A. 1aoai
6613

o
2
c

©

. O
Qo
&

i
aey géied 1l iacdiace+ané

o ;
jaodiaoeée Maple. Edésee &teq il N0 i1adee-

dtaaiep. Eacaiu: Eacaifiéeé 6ieadoneodo, 2014. - 298 fi. ISBN 978-5-
00019-150-7. http://libweb.ksu.ru/ebooks/05-IMM/05_120_000443.pdf
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o & )=
daeyoeaenonéié 1adaieéa 1inolyiiti onéidaiedi ileedo ifieiaouny éegd 1i-
ROTyiiné eiaadeaio oneidaiey, 0.4., alaeday iaidaacaied 4aeoida 08a5188ié
neisinoe aaten ine  OxL:
.. 1,2 442

(9.9)"i (97)°A(g™)" AConst. (8.35)
Aey Tidda&eaiey ciada yolé iiiolyiiié 6+0a1 6feiaea idotaliaguiinoe neisi-
foe e 6né&idaiey ( 8.27)

(u,g) A£0) ulglﬁEu4g4. (8.36)
lifgletes anedanocaed v Cc andaaajuljC u?, of anedanoaed (8.36) aieeeii alol
igli Ejg?j. Oaeeiiasach, &iifidaidaa(  8.35) aléeeia 400U 108e6a036ITé:

12 R (2 2 wg
(9.9)"i (@)°A@H Eigy” = (8.37)
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+800830618811¢é fAgidifioe ( (u%)2j (ub)2 A1), iaéadi (. [ 20]):
1

du dx*4
1.4 1 4
AU — Ego—— ) U~ AQgoX
g do) g5 F90 53 ) gox™)
\% wot
p———Awopt) vAS——. (8.38)
1j v2/c? W2t2
1A%
c
Oaeei 1adach, ieo+ei ¢ ( 8.38) 4600AB&IBEAGIITA 63AAT&IEA & &AT 5A0AIeA:
03—2 1
dx wot c? wit2
T Es—2 ) xE—@ 1A-9 1A (8.39)
dt w2i2 w2 c?
1A -2

0aé +0of x(0) A0. 1851414 4841yt fiaiaaado n 4d4idiai idilaaeseilal iaaep-
42088y %A, lonoll A2° - daiifiolyied o Caiee ai a:

aiee af cadcan. Oiaaa
0s 1 s vV A———
2 2,2 —u 2°
c wit L Lw
CAE—@ 1A-00 1A) 1A LY 2A—2 1. (8.40)
Wo c Wo c

aadto adaly iledoa éifie+anéiai éidaaey ai iasdaeit ivoe, eciadaiiia i
+afal i&iladeeeiial [adepadddey %As. 166 t! Oied+ei fofipaa eeanfe+anesp
0181666 a&y 6aailadiT 6Reidaiilal aaeeediey:  Ewot?/2.
Niafioaaiiia adaly ¢, eciadaiiia il ~anai jadepadddey %B¢ anol  s/c, 0.4.:
dx¥dsAu?! dsAcdt/ud. Oaéeladach:
S Os 1
s s 2:2
dt v2 dt c wgt< 1ot
d(',/E—4) e 1 —zdt' ) z,/E—In@ 1A 02 A—OA
u C w2t2 Wo C Cc
0 1A-%

(8.41)

>restart:

r0
|

Q_J;
[0
Q:
Qo
al

>
<
0
c:
%&
Q:
O
N
-
TS
=1}
o
[
Qo

22
[o5)}
o
Qo
50

i ¢ ladepaacasy %B¢ e asaia
il 6+afnoéa odaaéoioee, 0.a., at+eneei
eioaadae (8.40):

tau:=(t,w0,c)->int(1/sqrt(1+(w0*t/c)"2*x"2),x=0..t):

tau(t,wO0,c);
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bacdagei ( 8.40) 10iiieoaciit  t(¢), IMRéeuéd éseoe+anéei agy é
Medoia yaeyaony aicaano eiaiil aéeciada B¢,
t1:=(tau0,w0,c)->simplify(solve(tau(t,w0,c)=tau0,t)):
t1(tau0,omega0,c);

c . w
t E—ssinh —20 , (8.42)
Wo
j0é0daioe ¢o ! 0i1ieo+el  t Yaeo.
Al+énéeei 0diddu dannotyiea, aifioeaadiia éifie+anéei éidaacai ca asaiy
¢o. A&y yoiai idtasiaeit ad+eneeol dannolyiea L(t), ainoedadiia ca asaly t i
+anai iadépaandey %A, a caodi efiielictaaou a iied+aiili aldazeadiee naycl
t(¢) (8.42):
>|:=(t,w0,c)->wO*int(x/sqrt(1+w0"2*x"2/c"2) ,x=0..1):
I(t,w0,c);
Os 1
2 242
c w 0-t
CE—@ 1A i 1A, (8.43)
Wo Cc
> :=(tau0,w0,c)->simplify(subs(t=t1(tau0,w0,c),l(t,w0,c)):
L(tau0,wO0,c);
A 8ac06eii0aoa Med+ei Nedadpudad aldaseaied
c2 @ , :
L(¢o,Wo,c) £5— cosh (“OC 9 1. (8.44)
[8e ¢o! OTié6+eiionpaa éeanne+anésdp 6181686 a&y daailiadii onéidaiiial
dageediey: © Awged/2
[67i0U 04Tad0 14034 iaié fofed 0aéay cada+a: 20-0e edoieé 4ééciao 4By, ii-
fdeadony ia émie+aneél é16aaéad i 6néidaieal, daaidi caiifio: wo Ago A&
980M1 ¢i&d 2, & afearai Aicada0LORY iacad &1 RAIAAT 70-6401841 aicdanoa. Nedai-
i, a i 1aeoun

y f
Y 50 &80, 0.48. ¢0 /12,5880 A3,16¢107 ide.
~an 8y A e -

(2643 1aéneiasuiop aa&uiinon Meaoa eifie+ T 818248y A 0aBeie 6fET

aeyie: Lmax £2L(¢0,90,C) ¥42,19¢101%7/i=23 fia.ataa. Nizeanii ( 8.42) ia Caiea
ca 50 880 seecie 46eciada ¥iB., 1816480 191466 630! Eaé ié A800iT, il 46eciada
Oaed 14 anodaoyony ia Caied. Eacas Adcaita Meaol ~aéfadéa aigiieeil

; o . " 4 .

yoié 18+00. E&iaoe+anes jaiaiiie & petotnoe ( 8.38)
daaia S
242
wt
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cEEE—

Yeaidioasiod +anoesd a eeanne-anéiée aaeyoeaenonéaié 6eceed i0aanoaa-
éypony iaoaiaoé+anéeie oi+éaie, fifadseaiitie idéioidtie ideciaiitie
Odidaidioaéuitie 6adaéoddenoeéaie, T1foiyiitie aéy yeaiaioadiasd +a-

fideo aaiital eeanfia. Oaéeie yeaiaioasitie ~anoesaie yaeypony, iaioeias,
yeaeoaii, 18iofia, idéodtit, 61oiil, iaéodeil (yeaeodiiita & ipiiita),

iplia, édacée, oéaantad aiclia é o.1.

A& ye&iaioasind ~anoesn adeyony, ai-iadans, ia 4aa aiélged esanna: 040-
iefic , eidpued iiescoadené fiiei (sA(2n A1)/2), & aiclia |, eidpued v&éné
fiéi s/Zn

Ediia o1&, +afioesn i1a60 eidod iaffio ety mo. Afiée iafifia ety daaia
i6ep, ~anoeol factaapony aacianiiadie .

xanoeol 0aéaed 11400 eiaol dacee+ia c¢adyal a éa+anoaa éiinoaio acae-
ifadénoaey i dacee+idie iieyie yéaéode+anéeé cadya el ioilgdiep é
yéaéodiiadieociiio acaeiiadénoaep, eaioliiné cadya *1i foiigaiep é
yeaéodainéadio acaeiiadénoaep,  fodaiiiiod - charm - adiiao i1 10ilga-
iep é fieeniti acaeiiadénoaeyi, 0aaoiaié cadya qiiioilgaiep é éaade-
aepiiiti agaeiiadénoaeyi

A eeanifie+aneéie odioee aacaediey cadyaa a yeaeoaiadieoii e eidiony
iada ifodiceagia yeaéodiiadieoiial iiey: néagysdite, ', @ adeoisité, A, 0aé
+of:

E/Eig—i grad' ; H ArotA, (9.1)

idpued a 44éadoials éiisaeiacad neaadpued atidasediey:
grad' Ar' ; divA &A(r ,A); rotA Ar A (9.2)
i ¢
oz 200 (9.3)
@ @ a
Ec 6181680 (  9.1) aeail, <01 ioaiveasga ' & Agéidpo 1aeiaéiadp dacias-
i e¢ yoed ioadiveagia +40006a061a0i0é aaéoiaiteé ioaioe-

AEGATT)) A EAT). (9.4)



Niaganii i0ei6eio aaaeoeaiiioe o6iesee Eaddaisea Noiiadiia adéfoaey aay
cadyeediiié +anoeol e yedéodiiadieoilal iey iddanoaaei a aeaa

SASp ASet ASy, (9.5)
daaSp aaénoaed aey faiaiaiié +afoeod (cadyaa), Ser adéfioaed acaeiiadé-
fioaey cadyaa i yeaéodiiaaieoia eal, S; aadénoaead aey yeaéeodiiaaieoial
iley. 1+4aeai, o adénoaed a&y naianaié +afioég iieedo alou ioiidoer-
faglit eégll 4a ~4006401adi110 ei0ddaag0, ds, 0aé éaé a06aidi eiaadeaioa,
faycaiiial il nafaiaité ~anoescaé, ido. Aey oiai, ~olal aaénoaed eiaél ida-
aeeuidp saciasiinou  [S] AE ¢t];, yoio éioddaae idtasiaeli difieeéol ia mc,
0aé éaé 4806314l ataida o ian iao.

Eoaé,
4
Sp £Ams ds. (9.6)

cadyaa
coE—
Aa8aa, 5affiiodel o6iedep 43éR0ALY cadyaa e al aideiadl  ysasodliadieo-
il 11ed. 1+-4aeail, +0of yoi 4dénoaea aiéeeil, i 1aité noidnia, Middaasyouny
cadyall e aeiaie+anéeéie 1adaiaiidie ~anoesa, i ad86aié fnoisiia, 11oai-
oeaen yeaeosiiaaieoiial iey. Aaeinoadiil aiciieeiay oasay énaeiacey
aey ooieoee Easdaisea aiiol Costteu' A; . [1adeday éifioaios ec iadasedieé
daciasiinoe, caiegai:
Z Z
e . e i
Set A= (u,A)ds” — Ajdx (9.7)
c c
Oaéei 1adacii, afee iléa ia 6+e00aaol aefaié+anéed nodiaidé naraiad
yeéaéodiiadieoiial ey , 0.4., N~€0aou aai cadaiiti/aidgiel, 66iéoep adé-
fi0aey aéy cadyaa a yéaéodiiadieoii iea ileell caiénaou a aéaa:
B o
. .
Sem /Sy ASes £ mcdsA-Ajdx' (9.8)
c
A

+anéeos
B B ¢
i Ky yi 2 k - k 1. m
+ ds/& gjxDsu“+x' ds, d84Dsu IS Aifuu (9.9)
A A
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9.3 0o ey aaeaeadiey cadyaa e 04aicid yeaéodiiadiediial il
cEE—
Al+enéei 04iadl aadeacep Ses:
Zg
e i i
+Sof - (A dx' A A xdx'). (9.10)
C A
Iééébaaeyy ai 0181l +eaia 1iadaoee aaduesiaaiey & aéd60adaivediaaiey e
ad+eneyy 1h +anoyi fiioadonoacpueé eivaadaé i 6+aoll daaaifnoaa ivep aasea-
0eé éiidaeiac a élivdans oi+ead A& B & 4600383i6eddy A, (x) éaé fielaeiop
06iéoep, 1deadaal aadeadep aaénoaey é aeao (iféacaol éaé yot naaeaou) :
B, B
e i ¢ i k- © ik
Se - QA i @A dx £x°7 —  Fju £x"ds, (9.112)
c c
A A
434 a4aaal aioeneiidose+ité oaicis yeaéodiiadieoiial ey = 0aici
laénadeea
kK @Aci QAi) Fyi ZEiFik. (9.12)
Neeaauaay 041800 Aadeasee 10 14ded ~anoaé aaéﬁéaéy( 9.9) & (9.11), ie6=+¢i, ia-
iyyianoaie faidd eidaénd ik 7aoidil ~eaia i 6+aoil aioenéiiaode+iinoe
04icida laénajeea:
B
i k. € kG i
+Sem &£ mcgjxDsu” EFikU x' ds (9.13)
A
9.4 Odaaidiey aaeaaiey cadyaa e 3+1-dacacaied
caEE——
I6e6aa|eaay aadeasep ivep, anedanoaead iiitaité eaiit aadseaceliiiar en-
+efigdiey imeo+ei odaaidiey Yéeada-Easdaizea:
mea: k. €k
OikDsu" j cF'ku AQ. (9.14)
Naiaa+eaay yoe 653aidiey i 1i0daa582idill 13088+anéel 0aiciai g'l, iai-
gcalay caidio  j ! i & 1adaiiny +eai i 0dician laéfadeea a idaadp ~aniol
e6+aiitd 6daaiaieé, Meod+ei iéti-aocaeuil éfaadeaioita 6aéy<‘)éééﬁ()-
fiéead 6daaidiey adeacdiey cadyaa a yeaéodiiaaieoii Mea
meDsu' ESF uk) A2 g i dxtdx £ Fu (9.15)
S5 ek ds2 'Kl 'ds ds ' mc2 '
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EEE
F'\ A9 Fij. (9.16)
lifefeias oaicls 1achaasea aideneiiaode-ai, oi-&ié it 68actaaal iicedep,
A &foiaié a06 Tiaiyo efagen .
Aey atyRiaiey Aayce liiiaio 0aicisa 1ashadeea fi 05a5IAGIIe A4801-
Baie iB1A4441 046 ACOAAAITE Y:3+1¢, BAcAGAISS, 044EYY iBIN0BAIN0AAIN &
ABAIAIT0A ETiTiaion. Oas iaéadl, ifeaaay ®,~ /EL 3
@A 1@ ,
Feqa E@Aw i @A4/Ec—®i @' ) EEAgrad' i E (9.17)
9.5 Oaicio laénadéea e aenéseieiaioité oaicio
(|

Fom E@A-| @Ap) F12 EQA2i @A1 " H3
) H® AEe® For, eg Aiew Aeg— (€123 40), (9.18)

I L (9.21)
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d »i(l) ,d »i(z), ...d »i(n) LEEET

i i
dVn A i, A C 0> 0y, (9.22)
A-00800e8, fi Mialp yoial odicida ifeeill fifioaaéol 43éoid
S A iiz...ind»'é)¢¢¢>>'(;), (9.23)
i1a6el 1018181 1164a4eyao0 1ettaau ni 1-iasdiié adaie d »(1) /0. lieacaoi
'|'6éi<f§160 fanaiia é iefuaaaé aey 1-3-6 1adi06 i6ifiodaifoa.
Oaéeéi tasacii, at+eneyy, iaéaai:
0 1
0 Hz iHx jE1
o iHz3 O Hi1 jE2
iFiii A& (9.24)
Hp jHi1 O jEs
E1 E> E3 0
ifaieiay eiagena fi infuip 0aicida ieieianéiar -1k g-eo0aay AT aeaal-
faéuitinou é 010 6aéo, +oi fildgaiina éniiaiod Fes 10€ 0aETN iTaiyoee
eiadénia 40a60 iaiyou ciaé ia isioeatiieiaeité, a i8inodainoaaiiaa éfi-

0 Hz3 jH2 E1

0
. iHz O Hi B2
iiF%i & (9.25)

Ho i Hip 0 E3

iEr iE2 iEz O

Qs A

Aadadi adaeuité 0aicid é 0aiciao 1agnadeea

o . 1 .
F ik > Kim g (9.26)
81001 A0+-efeaiedl iR0BGANT iTeacadl, +of yoid OAICTd iTe6+ai0Ry e daici-

da laenadeea (9.25) & (9.24) (14da0eo4 aieiaied ia iloy4ie!) ilafoailaéaie
Ee He (Aléazeod!):

1
0 Es iEzx jH1
e iEs O Ex iH2
IJFE A (9.27)
Eo iE1 0 jH3
H1q Ho Hs 0
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9.6 Eiaadeaiolyedéodiiaaieoiialitey
o
Alagide-itneo-+ei
0 1
0 Es i Eo H1p
iEs O E1 H2
i Fik il £ (9.28)
Eo iE1 0 Hs
iH1 iH2 iH3z O
Eae e aT éﬁyéTé c‘)éTa‘é yeaeoéla “léé elapo aleu;zua c;la— afre é efaaoe-

\\\\\\\\\

1 : 1 o . 1o o
a/EEFikFIk; b’CEZFik F Ik; CAEE Fik F ik

p)

O+-efieel, aideiad, eiaadeaio a:
a fEF; F'* E2(FoF P AFsF 18 A
F23F23A F14F 14 A F24F24A F34F34) ’
HZAHZAH3{ E?| E5j E3" H? E%
O+e00aay, +07 €iaadeaid  c ilaeil M86+e0l &¢ eiaadeaioa
E H,mneoé+ei c:

c/EEZi H2 ;i a.

Paffilodel isaiadaciaaiey Eisaioa:

xOAV 0 xOA ct?
x/Eqi y/Ey z Az ctﬁEéiv2
1| o2 1y =

Cc C

f01601 11043004030 1a0de0a idaladaciaaiey (i0 iieasaai

O o1 5o Ve 1
1;\62/c2 10 ¢ 110V2/c2
NI
JJCkcﬂJ/‘E% 0 o 1 0 §
Ve—L _ 0 0 p—L—

1j V2/c? 1i V2/c?

(9.29)

(9.32)

(9.33)

x4 /Ect):

(9.34)
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) det(jiCl dj) /1. Eag in Toia+ase 6aiad, 14020104 idATadaciadiey, a alAf0A f
ieie e 1adaoiay iaodeoa idaiadaciaaieé, 1Mied+apony ec yoed caiaiié V!

E 10 /EF 4010 C}, CXoFik ECCioFa1ACLCIF14
1 & iV 1 6
i — E;1.

ii
) E]_O/EE]_ ﬁ% i ﬁ% (9.35)
1i V4c C 1;V¥4c
Oasei 1adach, ife6+ei (a0+efieedU RAITONO&&UN)
v
E.o LH E30A —<Hoo
Ej0/EE1; Ep/pii & EgofEp—o—;
1j V4/c 1i V 2/ c2
%
H.0ALE H3O—E20
Hyo/EH1; HpoEpEet 3. Haoffp—=t——: (9.36)
1j V2/c2 1; V2/c2
[
I foifgdiep é 1aidioal ienodid éiidaeiao éliliaiot aenéseieiaio-
ifat odicioa ", i, € 't+'n a&&o0 fday éaé éilidion oaicioa. laiaét, anee
danniiodaou idaiadaciaaiey iodasediey oeia:

xtaxE oxP AP x" A, (9.37)

101801 ffoaaonoasdao iaodeoda idaiadaciaaiey
0 1
1 0 0 O
0100§
| | .
liCyd FE%O 0 ;1 oA) detiCydl) A&il. (9.38)
0 0 0 1
Oaéei 1adacii, it liddadeadiep éniliaiol aenedeieiaioiial odicioa ive
iddiadaciaaiee ( 9.37) ia écidiyony, oiaaa éaé riioadonoasdpueéa éfiitiaiot
enoeliial oaicida aieaeill atieeé a0 ecidieol ciaé. lyolio a4daaiita ia-
ie aefnédeieiaioilia ¥404aicidly, ia yaéypony enoéiitie odicidaie, a ééal
inaaaioaicidaie
Iiyoli6 & 1oee+ea 1o éfiiiaio odicida laénaaeea Fik , éfiiiaion adaéu-
a
iial 0digida Fj Oaéaed id yaeypoiy éiiitiaioaié enoeiiial 0dicida, a eéel
iNdaaiodicida. Anedanoaed yoial e eéiaadeaio yeaéodiiaaieoiiai ey
1 ik -

b /EZF,k F (EH) (9.39)
ia yaeyaony efioeiidi néaéydii, a ééal ifaaainéeasyaii i0e idatadaciaaiee
aeaa (9.37) oaéed adee+eit 1aiypo ciaé.

ladaceiny 0diddu é 08aoiasdilio idaanoaacaiep odicida laénaaeea. Niaean-
iT( 9.17) Ep AF4p TiT0ilgdiep é idaiadaciaaieyi 00adiadiial aaéeeaiaa
i6ifi0daifioda yoe aaee+eil 18aiadacopony éaé éfiiiaiol éfaadeaioiial
aaéoiva
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A&eo1s iaidyeaediiifiioe 1adieoital ey 1idaadeyacy i mitip 00a61ad-
sAmA N O 7 A Y ) ©
iiai oaicida  2®° (9.18)

He AEFg2®" ) H3AFiy, (9.40)
Oaéei 1adacii, ide 10dazediee 0d4B1AdIN0 &lidaeiao xi x,yli vzl z
éfiiiaiot 08a6iasiial adéoida E eciaiyo ciaé ia isioeatiieieeiteé, oiaaa
@aé éfiiiaion aaéoida H ia éciaiyo ciaé. Adéoida, aiagiae+ita, 4déoiso E,
factaapony ieyaitié 44éoisd , 2 4480180, aiagiae+itd H aéneaedidie
aaeoisaie (indaaiadéoisaie). liyolio néagysiia idiecaaadiea ieyasinai e
aéneaéuiial aaéoisia yaeyaony inaaainéaeysii. ¢,

M n AR AR AL A(A AN R T U . BT S
aiaél, adee+eil adaa  FicF ', eae e adee+ein Fy F 'K “ filaa yagypony

Na&oidi 6daaidiey aaeadiey cadyaa aye
TEEW an

e . .
mst(u,u)ﬁEEFij u'u! 0. (9.42)

c m
E Ag——Amc-u,; p Ag——— (9.43)

d i1
Pk EAZWH] ;
dt c

dE

a0 A e(vE). (9.44)
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[2] Ace. Neia. Tatay o&

[3] E&iaou
)

o
S
S
H
P
H
?
~Q
=
=
oS
2
=
s
d
ol

1aédo tensor ai al
Tagedilté iaaid éliaia agy aey ao+eneaieé i odicidaie ia éanaoaeuiii dar-
fefaiee iaa epadi iffan 404 eniéucia U |

4aiilé tensor_typed 4&4a 0aaeeos i aaadly neyie: éfiiiaioia e 6
efaaénia. [iea éfiiiaiota ianfea i daciadiiiolp, yéaeaaeaioiié daido
fatdéoa. lied 6adacoadenoee eiadénia caaadony nienén +enae 1 e -1. iae yoi
1iai-é iiceoée icia+ado, +oi fifloadonoadpueé eiadén éliodadadeaioiteé, a-1
+01 11 é1aadeaioidé. 1816aaoda tensor_typedicadatiado eéide+anéia cia+aiea
true, anée aa 1adalé adasiaio 6ataedoaisyaoc faiénoaai oaicisa, & false, anee i
yolio Nalénoas ia 6aiaeaoaisyao
[aé80 tensor ftaddaeeo éNaial aéy n0aiaadoitns agadadae+anees liadaseé

faa oaicidaie, a 0aéeed éliaial a6y élaadeaioiial 4e606adaivediaaiey, dan-

+80a édeaecil 1a00e+aneed i8iiodainoa, ad+eneaied odicida Yéigodéia
i61+-e4. banfiiodel Titaita énaiad iaédoa

restart
with (tensor):

2) Enaiaa create([a,b,.].eval(A)) ficaado odicid aagaioiinoe [a,b,...] écian-
AGAAA. ab,... = +1 46y 81i05AA3SAIOING eiadeRia (A4d6ied),  a)b,..=-1 &y
61225810106 efadefita (ieeeied). affea A caaadony efiaiaié  array(sparse,
1.n,1..n,...,1..n) , 33a&n @&aciadiinol 18inodaifoaa, ~enel macidaieé (daia
04aicida); 1adaiaod sparse 6€acliaaado ia of, +0of ana ia T16dadeaiind éniiiai-

o0 ianféaa yaeypony i6eaadie:

>
i

array (sparse, 1..3, 1..3):
A[1,1]:=15:
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A[1,2]:=
A[1,3]:=-9
A[2,1]:=-7
Al2,2]:=
A[2,3]:=24:
A[3,1]:=
A[3,3]:=-2
A_:=create ([-1,-1], eval (A));
0 2 3 1
15 5 {9
A _:/Atable %comptsﬁEg i7 0 24 Z,index_char Al 1, 1]]§
4 0 2

PUNTEN A ,o

3) get_compts(A) éfiaiaa ataiaa éiiiiiaio odicida (eéndiaité iannea):

get_compts (A);
2

15 5 {9
§i70 24
4 0 j2

4) get_char(A) éfliaiaa adaiaa aagaioiinoe oaigioa:
get char (A));
[i 1,i 1]

5) get rank(A) éfiaiaa a0aiaa daida odicida (+enéf eia
get rank (A);
2

6) laoae+anéeé 0aicid felidode+ai il na ei efaaénai.
de+iifioe 1anneaa (iadacopliaal 0aicis) i anai eiadénai iTaeT
1408l symmetric :

('D)
Q-
Q
Q-
o
c:
o
ox
D

g_compts := array (symmetric, sparse, 1.4, 1.4):
g_compts[1,1]:=-1

g_compts[2,2]:=-1

g_compts[3,3]:=-1

g_compts[4,4]:=

g:= create ([-1,-1], eval (g_compts));
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0 2 i 0 31
. 0 i1 0 O
g :Atable B[index_char Aj 1, 1],compts & 0 0 i1 0 ]
0 0 0 1

7) invert(g, 'detg’)  éfiaiaa ad+eneaiey éliodadadeaioiial idode+anéial
04aicida; a0161¢é 1adaiaod 181644680 'detg' (ifeeii 6éacaol e|yepa|e fiaiaiaié

Ta8aiaiié) yagyaony atoiaitl 1adaiaosii, a é10id0é fiddaiyaony cia+aiea
1164446046y 1a08e060 1a0de+anéial odicida:
g_inv := invert (g, 'detg);
0 2 31
il O 0
0 i1 o

g_inv :/table Blindex_char A[1, 1], compts /A -
|

= O O O

1asaiaod antisymmetri gliaiatl  array 6éac0aado, +ofiafinea aioeneiidose-
+ai 1T anal efadénai. Caaaied éliodadadeaioilal aioeneiiaode+iial oaicisa

a01oial dajaa Fik:

F ik := array (antisymmetric, sparse, 1..4, 1..4):
F_ik[1,2]:= HS3:
F_ik[1,3]:=-H2
F_ik[1,4]:=-E1:
F_ik[2,4]:=-E2:
F_ik[2,3]:=
F_ik[3,4]:=-E3:
F:= create ([1,1], eval (F_ik));
0 2

0 H3 jH2 jE1 31
iH3 0 H1 jE2

H2 H1 0 i E3

El E2 E3 0

F :/table Blindex_char A[1, 1], compts A

Levi_Civita(detg, dim, cov_LC, con_LC) &fiaiaa ad+eféaiey éiaadeaioiiai &
éliodasadeaioiial inaaaioaicisia E&ae-xeagod - ikIm (Ai. aeféoeieiaioitné
04aicid ( 9.20)). detg Tidaadeeo0ael laadeaioiial 1Aode+anéial odicisa, dim

daciadiiiou idifodaifivda, cov_LC a(diaiié 1adaiaod i816aaoda, a éioidné
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caiennaadony ad+eneaiiné élaaseaioilé indaaiodicid Eaae-xeaeod, con_LC
anoiaiié 1adaidod aéy caiene éliodasadeaioiial indaaiodicio Edae-xeaeol:
Levi_Civita  (detg, 4, cov_LC, con_LC);

Al+enedied 0dicida a40acuiial & aaiifio A Mitip aenédeieiaioiial odi-

¢ida (9.26), lg ik /E%' ikim F'm. dual(LC, T, index_list ) é&fiaiaa at+efneaiey
40aeilal 0dicida, LC iidaaiodicid Eaae-xeaeol (é1- eeal éliodaaadeaio-

ié), T endiaité oaicis, index_list fiefiié efadénia oaicida T 17 01001
i81aiaeony fiadaoey: :
F star ;== dual (cov_LC, F, [1,2]);

2 3
0 iE3 E2 H1

0
E3 0 i E1 H2
F_star :/table Blindex_char A[j 1,i 1], compts A& ]
iE2 E1 0 H3

iHL jH2 jH3 O
112016114 ideiaiaied adasuiial nidyaediey:
F_star_star := dual (con_LC, F_star, [1,2]);
0 2 31
0 jH3 H2 E1

. H3 0 jH1 E2
F_star_star :/table g[index_char A[1, 1], compts A& ]
iH2 Hi 0 E3

iEl {E2 {E3 O

Aeail, 01 ai+efieaiiié o0aicio daaai endiaiiio i oi+iifoup ai ciaéa:

T

F ik ek



10.1 [IiAoTyiiGa e Taifdtaina yeaéodiiadieoida ifey
caE——
nfolyiiti yeaéodiiadieoili ieai iactiaaaony 1ea, ia casenynaa 1o
a04iaié a iadéloioié éidoneasiiné Aenodia 1on+aoa:
Fix AFi (1)) EAE(r),H &H(r). (10.1)

101542 0AIBEAEN 118y Heeil 4048200 0A8aeA 14 cadehyeie 1o adaidie:

A EA () A/ (1); Ae EAs(r);) EAir ' ,H A Al (10.2)
2 idloeié 638088 i0 Teo+-eEe daEYOLASTONEOP RAYCl 18aeas 88ia0e+aMneTé
yiad3eae, eTio&URT & 00a5iadITé feiainoup:

u4/Eq72;u®/E—q72,
1i & i &
C C
mc? > 4 mv
Exin /Eﬁ:z AEmc-u ;p/Eq—z (10.3)
li & li &
C

dp Aze3EA 1[vH]" (10.4)
dt c ’ '
dEin . dp
—  v— (Ae(VE)). 10.5
T T: (#e(VE)) (10.5)
A Re6+aa MRGTYINAT ey ( 10.1) 81341 AReAaR0aea ( 10.2):
i @ dx®¢ d
VE)E| ——— i —. 10.6
(VE) £ @®at | dt (10.6)
Oasel 1adach, iieo=eiéc ( 17.9)
mc?
E /CEEkin Au /EQier' AEConst (107)

1j %
lcz
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caéii Ncdaidiey eiié yiadaee cadyaediiié +anoeod a iinoiyiii yeae-
odiiasieoiii ifea.
Taiioraion yeaéodiiasieoid

84, 0&ic1d 1aénadesa eio1onal i
ﬁ

ifeal iac0aa&ony yeaeosiiaaieoiia

fiofyiai a iaéloidié eiddoeasuiié nenoaia

)—)

jofi+-aoa (aléacaol Naiifioiyoaéui)
1
Fix AConst) EAEEg,H AHg) ' /EiEor,A/EE[Hr]. (10.8)
I|n0|y|n 0Aal 44601614 iaidyaediiifioe Taidiainan yeaeoéuaaleoﬁ L)

ficaiéyao atadaol niadeaeliop 4aéasoiad nenoaio éisaeiao fiidoaie, éie-
i jaai

ééiéaéiﬂley el faidyeeaiiinoyi, ~of (;|a €03aeuii 6181tado0 enneadaiaaied

adaesediey. banniiodel  aaeesediead a iinolyiill yedéode+anéii iiea Eo £
(Ep,0,0). Odaaidiey aaeeediey ( 10.4) daél éloaaéeéobon |a6é0é dac ( po £
Const, a&y i8ifioion a0aédaail enoaid 1of+aoa, a éioiaié poﬁEO):

q q
plmEeEot, p?/Ep3 p3ApS;) Exin A£c m2c2Ap2 £ EgA(ceEot)Z. (10.9)

10.2 Aaeéesedieéd ailnoiyiill 1aiidiaiil yedéode+anen iiea
caEE——
Agy iadieeadiey 08adéoidee +anoeod ieo+ei ec foilgaieé ( 10.4) ( 17.8)
c? dx?! c“eEpt
Ny —— Fq L (10.10)
Exin t EZA(cet)?
dx?2 c’p? dx3 c?p?d
- AEq __“Po S 7 __“Po (10.11)
t EZA (ceRt)? t EZA (cekpt)?
Iataiay yeaiaioadiia eiodasediaaied, iaéaai, iieasday r (0) ZQ (i6i0eioaase-
dfaaol naiifoiyoaeui)
< 2 A 2
xlﬁE—0 i —0; %/Epo Arcch EO
quo ek eBo Eo
[ cefpt A EZA (cefpt)?
In . (%AEL,2) (10.12)
ekp Eo

Eﬁéép ay t a(10.12) AiMiadp ( 10.12), jaéadl & YAl A48 63aAi&Iea 6da-

@oidee cadyaa a 1ailsiail yedéose+-ané iead 6daaiaied 6aiiié eeige:

S

3/4 3 1'2
eEyx
%/Epcl)zo Arcch 1A Eo

Eo

i 1. (10.13)
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10.3 Aaesediéad aiinoiyiiii 1aiiataiii iaaiéoin iea
CEEE——
Afofioonoaee yeaeode+aneian ey ileo+ei:
E
Exin AEo AConst) (10.3)) v AyjAvoAConst) p /Ec—gv. (10.14)
Agy iadieeadiey 0dadéoidee ~anoesa ied+ei e 6daaidieé ( 10.4)

dv _ec

— A—[VvHo]. (10.15)

dt  Ep
Oiiieeay neaeyoii 1aa +anoe ioiteaiey ( 10.15) ia H, ile6+ei fieaanoaey:

d(vHo) ,

rTEe AO0) (vHq)  voHpcos® A£Const) ® A®y AConst, (10.16)

636 13ceas 4380151 1aaieoIAT ifey & AETBIROUp ~afoesd ATBBAITAORY.
[aidaae] 438015 1aaieoial ey aaie 7
(10.15) i38i60 a84:

AzQ

fié OX, olaaa 6daaidiey aaesediey

dvl dvZ _ecH dv3 _ ecH
/EO; Ov3 = Ei——2y2 (10.17)
dt dt Eoq dt Eo
Aadadil daayoeaenonesp eadiidianéop +amnoioo
S
ecHy, eHg v2
I Y — 1 =. (10.18)
Eo mc c2
Oiaaa 6daaiaiey aaeaediey ( 10.17) 16160 aea:
dV1/E0' dv? y:SRVAS dVSAE-I & (10.19)
dt o ar R g TR HY '
28414 éc¢ yoes ddaaiaieé 4aao
v AEveAConst, (10.20)
ananoaaeyy cia+aied v2 &c 08400441 68aaiaiey af aoisia, 1ed+ei
d2v3 )
e Ar2v3E0) V3 v, sin(! it AAg), (10.21)
843A0 ia+asiiay6aca, v, AEConst idiecaisiiay iifolyifay. Oasel 1asach,
&c 0BAOUAAT 65aaiaieY ( 10.19) ile6-ei:
V2 Eivscos( ytA'), (10.22)

i8e+ai:

vA V3 VS, (10.23)
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Eidaa0eaoy il adaidie fnoiladiey ( 10.20) ( 10.22), iied+ei 1éli+acaeuit
08aaiaied odadéoioee cadyeaediiié ~anoeon a yeaéodsiiadieoii iea:
: Vo A Vo < ,
r EroA vt —sin(! HtAAg), i — cos(! HtAAp) . (10.24)
Y H " H

\\\\\\

|6aanoaaeyao fifaié oeeeiade+ éﬁéop ae|0|aop éeiep A Adp Ho
Da&edn oeeeiada daaar:

Vo
ry E—t. (10.25)
'H
10.4 Aaéeedied aiinolyiitd 1aiioiaito nésauaiias ieyod
c—

bafifiiosei 6daaiaiey aaéaediey (  10.4)

a iéééeyoeaenonen |6eaeeaea ee

é

faglins (nésaua |" 0) 1a ﬁélaluoe

IMAOTYii00 yéaéoode-+anéii e iadieo-
| Bae:

Eo /A(0,E,0); HoA(Hp,0,0)!

dv i 1 ¢
mEﬁEe EOAE[VHO]. (10.26)

[a0aéaai a ad6adp eiddoeastiop

fienodio fof+aoa:

EoH
v v Avy, 888vy ! ,220] (10.27)
0

0aé facCiaadiay adaédiaay néi-
oifiou .

ltafnoaagyy ( 10.27) a o0daaidiey
Aaeeediey (10.26), 16644441 €0 aead:

Aéaeogaéyaeame +afoéodd a

dVl fied éuéiiﬂc") yeadoaiiaaieoins imeyo
Vi g8 —[viHo] (10.28) y y
dt

{a0aeyoeaenonéed odaaiaieé aaeaea-

ey cadyaa a iaisiaiil iaaieoiil iMed. Aey oial, +otal fnéidinou noadaeanu

jadaeyoeaenonéié, idtasiaeit, ~ofad Vq ¢ C, 0.4., ilaganit ( 10.27):

Eo¢ Ho. (10.29)



vy £0,0,j c—2 . (10.30)

O+e00ay 0&IABU SAZAIEY 60AAIAIEY Aacaaiey & Taiidiaill 1adieorn iTea
(10.20), (10.21) & (10.22), ii66+&i

i p p E
V/Elvoi vo cos(! HtAA),vo sin(l HtAA); o (10.31)
0

Ei0830ed06y it adaidie yoi dagaied, iieo+ei ié
i v v . Eo ¢

ﬁE'vot,i I—?sin(! ntAA), l—?? cos(! HtAA)j ctH—0 (10.32)
''H I'H 0

-

10.5 Aaésedied aiinoiyiitd 1aiidiaito nédanaiitas ieyo
i 6+400i 0daiey
CEEE—
Naidi idifioi 6aifiaiieiae+anéeéi Ailfian 6+aoa aéfneiaoeaiis fee ya-
eyaony aadaaiey need odaiey, eéiaéiié il néiginoe:
5 .
dp 1
— Ae EA=[VH] i "p, (10.33)
t c
334 @iy0beoeadio eeiaéiial odaiey.
isiecaday imafoaiiaeé a(  10.33) vAv%e ! 15223481 653aidiey aadaediey
& 4846 (10.26) ofifeoasuil  vO iyolié ABACE ieeil faiefiaol dasaied yoes
68aaiaieé:
s .
vAEe ' vgivscos(! ytAA)vssin(l ytAA) c— (10.34)
ia fail 4864, iotaedia 6+40a ddaeuital odaiey a yeaéodiaeiaie+anéed
fiefiodiad aidacai néeeida yoié 1iadéuiié cada+e. Adél caéep+aadoriy a ofi, ~of
i8e onégidaiee cadyaeaiins ~anoeo aigieéado oidiiciia eced+aiea, finolyuaa
éc 0101ita, 6iiiyuesd i Alalé +anol yiddaee-elidéina cadyaeadiilo ~anoeo
01 018iiciia éceo+aied & yaeyaony daaeuidi 1adaieciii aenneiacee aey

Eo

ry A
H eHp
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i T'uey éée aiea iaigyeeaiiinioe

iadieoiiarn ey ioe ||ﬁ y il daaeona 19aeo0 16eaiaeo é aicdanoaiep

ArrnQ

048U yiddaee ia feicaiodiiita eceo+ a’éé +01 436240 idaiciieeili aaeu-

i26pa4 6M&idaiea. ise yiadaee 10 Oya ( 10%%yals10yda) & iaidyaediiiioe ifey
iidyaéa 100 an ied+ei  ry » 2081, Aliléieodeuité aieasdie yiadaee ied+a-

bef. 10.2

No&ia 6fieioeodey ia anodad+ino io+ead eieeaéadda

s 7

aony ca a0 daeyoeaenonéesd yodaeoia ﬁoaeeeaabueony yeaeaaea|0|06 i6+éia
yooaeoeaiay yidadaey a renoaia 6aioda ianf ileedo 400U 6adée+aia faiiiaed
noyaée.
Eeoadaodda é eaéoee
[1] E.A. Eaiaao, Al. Eedped. O&iddoe+aneay oeceéa. O Il. Oaidey
iley. I: ladéa &paia écaaied, ia+eéiay n 1973 &
[2] Eéia‘ Uda b.A  Ajageoe+dneay aanaodey. xanou Il.  Ab-

3]

giid &  Aaeeealan  ioinodaifioda.  O+daita  iidi-
aed. Il faianod. IEEEOIT EOO, 2013, Eacaii, - 188 .
http://lwww.kpfu.ru/docs/F1788036257/Aff_Evk13.pdf

O

Eaiaotda b.A. ladcdiaoe+anéia e éliiupoasdita itadeesiaaied

60|aé|a|oaeumo faudéoia e yagaieé a ienoaia |||uboa6||e
jaddiaoeée Maple. Edéoee a6y géiel il iaodiace+aneno iiaaee-

dlaaiep. Eacaiu: Eacaifiéeé 6ieadsneodo, 2014. - 298 fi. ISBN 978-5-
00019-150-7. http://libweb.ksu.ru/ebooks/05-IMM/05_120_000443.pdf
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Cada+a:

Iifodieol 1acdiace+anéadp e éfiiipoadiop iiadeu aaeaediey daeyoeaeno-
A A VR80T AAIOIT T

yeéaéodiiad

I}
S
0]
Qo

banfilodei 6daaidiey aaesediey daeyoeaenonéial cadyaa a yeaeodiiadieoiii

68 108 jase+ee eeiaéiné neen odaiey ( 10.33):
. .
dp 1 _
— /e EAZ[VH] | “p, A
T: C[ li p (A)
384~ eélydoeseaio eeidéiial odaiey, aaa p 3-236016 daeyoeaenonéial ei-

i6euna, E,H iaidyaediiiioe yeaéode+anéial & iadieoiial iiedé. lieo+eéi ia
fiifad yoeo 6daaiaieé caiéioodp fiefodié 6daaiaieé oiifieodéii 3-6 iadital
aaeoida féeisinoe +anoeou:

dr
v AE—, B
It (B)
i &lotdié i iMifutp éeiaoe+anéié yiadaee ( 10.3):
mc?2
Exin Ad—— (©)
1i %
(o3
faycai daeyoeaenonéeé eiideun p:
VEy; mv
p A—50 FEq—ro. (D)
c 1; ¥
| 2
A&y atataa caiéioond 6oaaiaieé 10iineoaeiin a4éoida néidinoe v(t) 6=-0ai
dfeeadnioal (17.8)
dEy; d
kin - V—p (E)
dt dt
Oaéeéi jaoachi, ao-eneyy, ned-+ei:
dp® e 1d VOE,. - Eyin dv® vev dp
dt ~c2dt K" T2 gt c2 dt
Marioaaeyy a yoi aldasedied cia+aied dp/dt éc 6daaidiey (A), ed+ei:
dp® Eip dv® . v® - _Vv®E,
p kin Ael v E; L kin (F)

dt c2 dt c c c2
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R 286416 FOTSI0, idedAAIRAAY YO A00AAIRE i3AATE +afi0e (A) & Gifieay 144
-afioe e6+&iNaT 63aai&ey A c2 Eyjp , T66+81 1eii+a0a8if:
s . s , )
dv® e 2_ 7 o vy e V2. v . g 2
— E— —E- % A— 1j =2+ —H v® 1 :
dt " m ' 2 ' T2 m 'c2® ¢ ! b2
(10.36)
d3d2g~ 0A4i¢id iddanoaiiaie.
Caiefu 68aaidieé aaeeeaiey 4 446ad01a00 éiidaeiaoad aey inoiyiins
fé8avaiits yeaeodsiiadieoins meaé
lieteeei 4a684:
E A(Eo,0,0);  H A(0,Ho,0) ©G)
Oaaa T+aaeait:
" v H AHov®,0,i Hov?). (H)
Odaaiaiey aaeesediey ideiéiapo aéa
s s , )
dleze 1 VZE 1 vy AS 1 VZH LA 1 v (10.37)
av= e . Vv° A WA TR A TP A I _
dt "2 0 T m 2 ¢! ' 2
S
dv? _ e v2_ovlyz P2
F/EI_ 1j 2E0 C2 i v©lj 02 ) (1038)
s
dV3ﬁE © 1 V2E vivi e 1 V2H vio- 331 v? (10.39)
el T A =T A AL S T U S _
dt 'm ' e2 %2 'm Ttz %! ' e2
1a046ia é 4acdaciaaiti 1aaaiaiiai
fleagay Ho6'0, 43444l & ATTOAAOR0AGA A ( 10.18) RGP eeanfie+anecp Ead-
iiotanéop +~anoioo:
eH E
I L/E—O; ZO/E—O 0
mc Ho
@ 1adaéaadl é 4Aacoaciasiié adaiaiité radaiaiité ¢ AEt! . Aadadi 4a8da
4acdaciaditia iadaiaiita aey aaéoisda néiainoe
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Aaaadl, 1aélido, adcdaciadité elyooesedio odaiey k £ /1 L. Oidaa fienodid
6daaidieé ( 10.37) ( 10.39) ifeeii ideaanioe é neadadpuaio dacdaciddiiio aead:
d»t 9 128 3 ol o2
y £ 1 »229(L (»))A 1 »®»°f k»(1j »°); (10.40)
¢

d»? _ 1.2, .2 2
DR L eb2 oA ) (10.41)
<

d»3 q q 5
—_— Ai 1j »220»1»3i 1 »2»1i k»3(1i » ) (10_42)

Odaaiaiey ( 10.40) ( 10.42) id&AR0AAEYPO fiefid
184105 A800ABAIDEABIIN0 6BAAIAIEE, SACBAZAIINE Toif
iSTECATAIN6, 0.4., YABYPORY IBIAGUIE fef0AITé TAlEITA
6EABIT05 60aATaIeé. Aey &6 GAgaiey iaTasiasil caaadl
RETSIN0E +afoesl A fa+asiiaeé 1Miaio Adaiaie, 2ideiad

Aacoaciasité aaeoid
, éo AEO:

»(0) A(0,0,»), »cl.

DAagAaie&l AeROAIN ( 10.40) ( 10.42) 46400 JAEYOURY 06i6bee » (¢). efi+aoasi-
14 5aAaiea asy &licaeiad +anoesd lieell adoe a aéaa:

X\ (t) /Eﬁ o ()de. (K)

12 65aai&ieé ( 10.40) ( 10.42) yaeyAadny AOUAROAAIT (Aceiae-

fiod
a

e
é, 4ey 44 6ag

fey iala6iaeln i6eiaieol 1a01a0 ~eneaiiial eiodasediaa-
[adaiaiina  xi_1(tau),xi_2(tau),xi_3(tau) ,i8e+al and  xi_i<l
€ Xi2(tau)=xi_172+xi_2/2+xi_3/2<1 . ladaidosaie casa+e (édNa ia+asi-
00 oneTaeé) yaeypory 2:  e0=EOQ/HO e k - ideaaaaiiié éiydooeceaio odaiey.
Eoaé, 42a4ai nenodié odaaiaieé

> Eqgs:=proc(X,t,e0,k) local x,y,z,T,x2:

x:=(T)->subs(t=T,X[1]):y:=(T)->

subs(t=T,X[2]):z:=(T)->subs(t=T,X[3]):

X2:=(T)->x(T)"2+y(T)"2+z(T)"2:

[diff(x(t),t)=

sqrt(1-x2(t))*e0*(1-x(t)"2)+

sqrt(1-x2(t))*z(t)-k*x(t)*(1-x2(t)),

diff(y(t),t)=

-sqrt(1-x2(t))*e0*x(t)*y(1)-k*y () *(1-x2(t)),

diff(z(t),t)=-sqrt(1-x2(t))*e0*x(t)*z(t)-

sqrt(1-x2(t))*x(t)-k*z(t)*(1-x2(t))]

end proc:



10.7 1acaiaoe+anéna e éliiipoasiia iladeesiaaied aaeeediey yeaéodse-ans9

caanu X- fienié iddaiaiias.
|5Tadoei 8adios isiadaiia:

> Eqgs([xil(tau),xi2(tau),xi3(tau)],tau,e0,k);

.d» ; q
Yo ' 11 w1021 w2021 #3(0)2%e0(Li »L(e)D)A

q

Li »1(¢)21 »2(e)%i »3(e)23(e)i km»l(e)(Li »1(e)?i »2(e)%i »3(e)D),

; q
d»2
d C(C) i 1 »l((',)2 i »2((',)2 i »3((',)280»1((,)»2((',) i

k»2(2)(Li »L(e)% 1 »2(e)21 »3(0)?),
d»3(¢)

"G L »1(e)20 »2()2i »3(¢)2e0»1(¢)»3(e) i
q i
1i »1(e)2i »2(e)%i »3(e)2»1(e)i k»3(&)(Li »1(e)%i »2(¢)i »3(¢)?)

Aadadi efiaias caaaiey ia+aeuins onetaeé:
IC:=proc(X,t,ic) local x,y,z,T,x0,y0,z0:
x0:=ic[1]:y0:=ic[2]:z0:=ic[3]:
x:=(T)->subs(t=T,X(t)[1]):
y:=(T)->subs(t=T,X(1)[2]):
z:=(T)->subs(t=T,X(1)[3]):
x(0)=x0,y(0)=y0,z(0)=z0:
end proc:

Tadael sadiod énaiad

IC([xi1,xi2,xi3],tau,[0,0.5,0]);
xi 1(0) ££0, xi 2(0) ££.5, xi 3(0) A0

Nicaaaei éliaias ~ensaiilar daegdiey casa+e Eige:

> CosheSolve:=proc(t1,X,t,e0,k,ic)
local T,GS,InC,GST,GSTt,
x,¥,2,x0,y0,z0,XX,XT:
x0:=ic[1]:y0:=ic[2]:z0:=ic[3]:
x:=(T)->subs(t=T,X(t)[1]):
y:=(T)->subs(t=T,X(t)[2]):
z:=(T)->subs(t=T,X(1)[3]):
x(0)=x0,y(0)=y0,z(0)=z0:
x0:=ic[1]:y0:=ic[2]:z0:=ic[3]:
InC:=x(0)=x0,y(0)=y0,z(0)=z0:
GS:=dsolve({op(Eqs([x(t),y(1),z(1)],t,e0,k)),InC},X(t),
type=numeric,output=listprocedure):
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XX:=eval(subs(GS,X(t))):
XT:=subs(t=T,XX):
XT(t1):

end proc:

V:=(tau)->CosheSolve(tau,[u,v,w],t,0.1,0.1,[0,0.5,0.5]);
iataaaei enieiaiea énai

> V(1);
[.372686516064843,.467895287346855,.327696818734380]

hodiel adadeé feisiioe +~anoeoa:

> plots[spacecurve](V(tau),tau=0..64*Pi,color=blue,
numpoints=10000);

L] Adadee félainoe cadyaediiié ~afoeod 4 Nedaaiins yeaeodaiiaai
Eli6eascdaseliiop 06adeoidep nenodid iadiael eiodadesiaaiedi ineo-

+aiiial dawaiey il 61di0éai (K). aal 101400k, +o7 &lioeacdaseliiay 0dade-
0idey cadyaa at+eneyaony aieled, +ai adadeeé néidinoe, iyoiio it enileltcoal
181644080 6idiuaiiial al+eneaiey eiodadagia iaoial 0daidoeé:
Integral:=proc(a,b,N,n,x,f) local x0,i,F:
x0:=a+(b-a)/N*(i-1/2):
F:=evalf(subs(x=x0,f),n):evalf((b-a)/N*sum(F,i=1..N),n):end:



10.7 1acaiaoe+anéna e éliiipoasiia iladeesiaaied aaeeediey yeaeose-and 1l

Caanilfas,b] ei04daac eiodasesiaaiey, N +enélidlidee00813, n =<efél
cia+aued 6e68, x iacaaeneiay iadaiaiiay, f iadiocdasaéuiay 66ieoey.
Oaéei 1asacii

Radius:=proc(t1,X,t,e0,k,ic) local VV,Ttau,XX,YY,ZZ:
VV:=(T)->CosheSolve(T,X,t,e0,k,ic):

XX:=(T)->Integral(0,T,100,3,tau,VV(tau)[1]):
YY:=(T)->Integral(0,T,100,3,tau,VV(tau)[2]):
Z7Z:=(T)->Integral(0,T,100,3,tau,VV(tau)[3]):

[XX(t1),YY(t1),ZZ(t1)]:

end proc:

i51aadaei saaiod enaiad:

R:=(tau)->Radius(tau,[u,v,w],t,0.1,0.1,[0,0.5,0.5]);

[0.200,0.496,0.447]

O AxA

Iifodiel 08adéoidep +afoeoa:

> plots[spacecurve](R(tau),tau=0..12*Pi,color=blue,
numpoints=500);

B Elioeascdacetiiay 00aaéoidey cadyaediiié +anoesn a iedandiinsd yeaeosiiadieoind

+anoeod i
adaiveaeui

aeée a0 faéoe 18yi0i eioddsediaa-
6daaiaieé, dafigedea iveaaaaiiop

a i
a6

d d d
et Y2 C2 g8 (M)
dt dt dt
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Y.6ciadanoe;, 1iadacid, iadaiinyueé naiénoaa oi+a+ilal cadyaa ia iéddeeapuda
aaiisinodainoa

Oaéay 66ievey-iiadanid adea eclasaodia I.A.l. Aedadi ioe iinodiaiee
& eaaioiaié yedeodaiagiaieée (ii. Aedae I. A. 1. Tiitad eaaiotaié 1ada-
jeee /140. i aiag. 1., 1932 (anol iiial idddecaaieé, a ol +enéd, aieiou al
ifiedaied eao, ¥iiitale a iddaalaas i1a6o atol caidiain ia vioeioeite)

CEE—
Nouanioasao iileednioal iddadediee ooieoee * - Aedaéa, éioioay ioiifieofy é
géannidialauaiins ooieoeé .laiéi éc iaeaiead aanisinodaiaiind yaeyaony
aa eiodadaeuiia ioaaaeaiea. 16nou f(x) caaaiiay ia anaé aaénoaeoaeuiié
e 66iévey (iaidastaiifiou aa ia 1aycaoaélia). Oidaa
&l
f(xo) & f(X)x(Xj Xg)dXx. (11.2)
il

A QN L AN AN A Q A~

Y0a 66ie6ey ilaedd atol 0aéeed Tiddadeaia 846 108446 NOGTAI+a0ié 66iésee
0, X- Xpi ¢/2;

YAX | X0,¢) . %, X0i ¢/2Cx- xoA ¢/2;
"0, xExpAtc/2.

+(x i x0) /Eéi'mol/z(xi X0,¢).

Adénoacodedii, ai+eneyy eiodasas aidaaié ~anoe ( 11.2) 1oiiieodeuii 66ié-
0eeé Axi Xo,¢), i8e1aiyy 0ai6aio T iddaial, aiiieuciaadaenu 0ai 1anoiy-
04&UMRo0Aal, +01 16luaau 114 Rodiaiuéié daaia 1, & 1A0adiay é 16aaaeo ¢! O,
mmeé+ei ( 11.2). Ediia 0aéial iadeyaiial noéuanoasao e iileeanoal 46630 iil-
fitata idadanoadeaiey = - 66ieoee Aedaéa. Ec ied iacaieaa diiodaaeodeuidi
yagyaony neaaopuad

p-al
ikx
+(x) E— €K dk (11.3)
2V,
il
A 3380idégai iai ifaatayony [aéioisna narénoaa + - 06iéveé Aedaéa
X +(xj X
(X
s () LX) (11.4)
e 0]
Aadx 15ie 60aaiaiey ' (x) 0. A ~afoiifoe, (Aieaseod):

+(j x)&(x)-+(ax)ﬁEi+(x)- +(x? az);Ei(+(x- a)At(xAa)). (11.5)
o Y g 2aj T S



154 x80004061a0i0é adéoid ieiof

SRR Ead ifeo+adafiyooieoey Aedasa

Aazeiil 0aéaed iaiénoal a4600adaioediaaiey  + - 66iévee Aédaéa
@ @
@i(Xi y)F(y) A£(x y)@f(y) (11.6)
4ai eaaét aiéacaou n MMituip Tidaadeaiey ( 1.2).
Adénoaeodelin, i51ae60adaioedoai 1aa +afnoe Afoileaiey ( 11.2):
&l
f(x)E£ f(2)x(zi x)dz) ff(x)ﬁE
il
Vil g vl )
f(z)—=x(zi xX)dz &£ f(z)—=(zj x)dz. 11.7
(Z)dx (zi x)dz AEj (Z)dz (zi x)dz (11.7)
il i1
Aicuidi eiodasae (- 11.7) i +anioyi:
0 —2/ERL e 0
e (x) £ if(2)x(zi x) £ A fA2)x(zj x)dz. (11.8)
Z/Ej
[
Oaé eaé+(81 ) A0, ied+ei 1eli+aoaeui:
&l
190 &  tA2)+(zi x)dz. (11.9)
il
Oaéei 1adacii, Aaeanii iodadeaiep ( 11.2) aliieiyaony feiaiee+anéia ida-
D sof s azr

acel 4000804&I0ed1AAIeyY  + - 66ie6ee ( 11.6). CAIA0e



12040824614, a +anoiinoe, 4 Aeéeiaace, iaddeeeony 1oe4éa a ciad idiecalaié
o10i6e0 ( 11.6).
Niaganii ( 11.2) 11adaoid aeboadaioesdiaaiey fi * - 06iéoee 1adaiineony
fa 4a 1eéd0aeadied i flioadonoadpuaé caiaité 1asaiaiins
11.3 lifanasdiay +- 66iéoey e éiaadeaioiay 66iéoey enoi+ieéa
cE——
Iian&siop + - 06ié6ep Aedaéa 4 436ad01a00 éiidaeiaoad n - 1adiial daéee-
alaa/indaaidaééesiaa isinodaifiocda  Vy lieeli 1iddadeéou aiagiae+i ( 11.2)
Z
f(r)& f(ro)x"(roi r)d"ro”
Y
k1 idl "
dxtece dx"+(xti xHeesxDi xMf(xd,....x0) (11.10)
s 0 ] 0 ] O, sy 0 .
i1 i1
0.4., 4 44646071200 &1daeiaoad daéeesiaa idinodainoaa inanasiay * - 66ié-
0ey daniaaadony ia idiécaaaaied 1ailiadias
aiaél, 4 edeaiceiaéins elivaeiaoad aaéeeaiaa iginodainoaa e a éeéiail-
ail i3Tnodaifioaa iiianasiop eiaadeaioiop + - [aT46iaell 1adaiidaaaeeod
(A1, [aieids, b.A. Ediaclida. Dagyoeaenonéay éeidoeéa iadaaitaaniad isi-
oaniia a a8aaéoaoneliias iieyo, 2010):
VA
f(X)E Vnx"(x;2)f(2)dVn(2), (11.112)
888" (x;2) eiaadgAiviay fisiaooeiay (" (xz) Ax" (2X)) 4A000HA+iaY £ -
661668y , dVn(z) £ gdzl...dz" eiaaseaioing yediaio 1ataia
laiaél, 10 & iieedi 18yi1 aliileuciaaolny eéiaadeaioiié 4-1aaiié +-
06ieé0eaé aey Mnodiaiey iaéioiaié ieloiinoe cadyaa a +ao(dadiasiil idi-
fodaifnoaa -adaiaie, 0aé éaé iaiaila lidaaaeaiea icia+aél aa, +of ~anoeda
Tidaadedia oi+&ié ia oleuét 4 0d8asiasdii idifiodaifioad, it e ar asaiaie, +oi,
éfia+ii, yagyaony aanosai. liyoiio aiasiaeii iseasdiaou eiaadeaioité
1a8a6ia 10 ~4008406148i1é + - 06iévee é 0dadiasiié
0aéié efaadeaioilié 1adadia ileedo a0ol TRoUAN0AaEaI i TiTulp eidaoe-
aioité 66ieveaé enoi+ieéa (P.A. Ediaouada. Dagyoeaenonéay éeiaceéa iadaail-
aanino i81oaniiia a 40aaeoaoetiitd ieyd, 2010)
. al
¢(X,%a) £ £"(x,xa(s))ds, (11.12)
il
d3aX,Z, élidaeiaod ia 064oiasié ae1asi1aasdiinoe, x4 (s) élidaeiaon
+anoeol ia odadéoidee ad aaeaeaiey, a eivaadediaaiea a (  12.22) istaiaeony



7

[iéazedi, éaé iielgiaaolny 0oievedé ¢ (X,Z5). A0A4dAI, iaioeias, 44eas-
0146 fenoadio éiidaeiao & Vi & 1a0aéaal 4 ei0dadacd ( 12.22) o iddaiaiité
giodasediaaiey s (fifanoadiiial adaidie +anoeod) é iedialié asaiaie t:

ds dx*

ds E—dx*" —

dx u?(s)

& i51eidaased0a T x*(s) AEct(s):
o 5 1 3
¢(X,Za) A——~=7(ri ra(t)), (11.13)
us(t)

3a8+3(r i ra(t)) - Ta0+iay 00461a81ay =+ - 66ie6eY 4 486a80141é fefdaia &ils-
aefao. A idiecaieliié fnenoaia ion+aoa, a éioidié iadepaaoasl aaesedony il
figiaifoip v' i&tadiaeit Nadeaou caidio a ciaidiaodea ( 11.13)u?! (u,v).

(|
Niaeanit Aidfea aa8aaiié eiaaseaioie ooiesee enoi+ieea ( 12.22) 43844
-~ 800545148106 436013 i&10iT0e 01éa
x B
JAE eac  ul(sa)x*(x,xa(s))dsa, (11.14)
a
il

A&l cadyaal ea, A &102A0EIAAIRE A4TEl
FOAAITA 4081y  a - Ofal cadyaa.

O+04] 42844 426030410884 OTee44M0AT, i

6ee f(x) efidaciao ~anocesd  x! (s):

s ARg

i6aadaéeaia aey epaié 6oié-

; df
u' Qf (x(s)” —. (11.15)
@! ds
Oia4a, at+eneyy +400040140i0p 4¢addaaioep adéoida isioiinoe oiéa ( 12.23),
jaéaai:
. P R
@l & eaC  Uh(sa)2+%(x,Xa(s))dsa
a il @
P
i3 eac  L4(x,xa(s))dsa
a il
P R, dlqe - i
£ eac  tH(X,Xa(s))gzdsa” 0) @J AO. (11.16)
a i]_
Niioiigdied (  11.16) iachiaadony odaaidiedl iaidadnaiinoe . A& nedanoaeai ya-
&yaofy caéli fodaidiey casyaa . Adénoaeoasiii, idieioaadedodi yor ifoiiaa-
ied 11 00a061a8iTio i610daif04aaiilio T1anaio V3, 1adaie+aiial iagioiaié

caiéiooié aeaaéié aaoiasiié ifaaosiifoup §, ideidiyy ¥a3+1¢ - dacaeaied
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& 0416416 TRoaTadaanélai-Addnna é 18inodaifoaaiité +anoe ielofifioe oféa

(%r,t)" J*c 0baciasiay ieioiifnou cadyaa):
z 4 Z i
@Jdvs’ Ty o%r,t)dVsA  JInd§ A0

V3 V3 8

|
d
) 9Q 4 Jnd§ /0 (11.17)

§

RIS ETE] Cagéli fiiodaidiey cadyaa

Onoaaiaiea yoié ieéoinénie+angié  igloiifoe otéa it anai béaaeméeyl
+anoeo 4adoiaésinéiie+aneop |eT0|Tﬁ0U oiea, J (x). Oaéei 1adacii, i 6+aofi
||6aaaea|ey( 12.23) 44éfo0aead acaeiiadénoaey (Eaéoey 9) ileedo atol caienail
4 4eaa:

Z Z
e 1 K
Sef £ (u,A)ds) Z ! A dVa. (11.18)
x Z L2 . 2*
SE mac dsaA=  FKAAVIA— FFKdv 11.19
a a aft 2 kUva 16Y, ik 4 ( )
Vs \
Aaeaa, iinéleneos o ieo+adi odaaiaiey ey, i+eoay aasueddaidie ii-
4404 1a484iaiina, il ia aéiaie+anéea 1asaiaiind gaéyaeéi 06 +afnoeo, of
i6e aaéeaoeyl dalal ~eafaa( 11.19) daaiaioep, aise aadeavee aoidial ~eaia
caaaiiti noadony adéond igioilfioe oléa. iyonio ieo+eéi:
Z Z
Y FKeAdVLA 2, Fik F'* dVy4 0. (11.20)
c? 16Y4

Va4 \Z



N 6+a0ii dacéetioaoa éaéoee Xl (Lectionll), iieo+ei 1&ii-aoaéuil, diiieeay ia
avg:
17 1%
k ik
= JFxAdV4A — dV4 @F'£A
2 KdVaA - 4@ k
V. V.
4 z LJ.41/4 T
A .
) dVarA, —XA@F'% Ao. (11.21)
C
V4
Oaséei Tadachi, ileo+ei 0aé factaadiop 40186p 886116 6daaidieé laenasesa
iMiaiyai eiadena ik &1483R0aadl &6 1anoaie a 04icida lasnadesa
. 4y, . 4y, -
@F* 23 yr (Fk EZZ] (11.22)
Ad+eneei 81aadeaioiop 46aadaaioep 10 14386 +anoaé 6daaidieeé iaéiasesa
(11.22). Afiedafioass aivenieiidode-(ifoe odicisa laghadesa e fielidose-ii-
foe Tiada01da 01806 i51ecalains @ F'K "~ 0, iyofio iled+ei 6daaidied

rJ A0 (11.23)
Oaéei14dach, cadli ilodaiaiey cadyaa yaeyaony fedanoacadi aoidié ad6iid
O0daaidieé laénaaeea.
A 343 a8 01342 146aay 400T1ia 6daaidieé laénadesa? léaciiaadony, 10 4a 6eed
eo+eee i failal ia+aea, 1164aaeyy 0aicid laénadeea
Fik £QAi @A (11.24)
Al+eéneyy +anoind/étaadeaioind idlecaraiod 10 oaicida laénadesa, i&odoail
1eo+eol aneaanoaead daadinoaa nideaiitd idiecaiaito oleedanoal k icia+aao
aé006adaivestaaied i Xk)
Fij k AFii j AFjki " Fj k) AO. (11.25)
Yoe ffldilgdiey ~anol & efielcopony a éa+anoad iadaié 40010 6daaidieé
laénadeéa
laiaét, yoei 6daaiaieyi ileell ideaaol & aieda nelidode+iop it idaala-
iep A ( 11.22) 61816 Aéy yoiaTl alfioadt=it RAA8I60U 65aaiaiey ( 11.25) fi aéfiede-
igfaioiai oaician Sk 5aeei 1aoacii ied+ei iABAaop 48016 6daaidieé
laénaaeea :

o] k
r F' AO. (11.26)
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Osazeal, +of fi AGUAROAGPO) Til0&e i38aA0H TABATE A06TIA
653a1aIe6 1a6RAREEa 61316, TTeiifioup feliAode+i6p 63aaiaieyi adiaié
A06110 63aaaiee 1ashageea ( 11.22). Agy yoial 4 i5aa6p +anol 63aaaieé ( 11.26)
a .
aalacoRy 12601506 aae015 ieidiiioe  iaaieofiat ofea i
o, 4Y/,=
r Bk £, (11.27)

a .
riJ' A0 (11.28)
11.5 Odaaiaiey laénadeea e initineu Aedaéa
(|
o]
il 01342 afleaedi NGUATOATAAON & 1A&10T806 B6iaaIAIdAGHINE cadya Q. lnéfei-
86 4626006 0AICId 1acnadesa iMe6+adony e¢ 1a0+i1A1 iadanoaiiasié E$ H,
O &0AROAAIT facaaoil 0a8Té cadya YAiadieoill cadyall . Aeiioaoe+aneed +a-
ROSGD, E10T804 1MAEe A0 TAéaAA00 0A8&T cadyal, IAciaapony VG
Aedagaii eidie 6+aial, 101606 153asieee &6 0410308+aneop iadei. faal
10140801, +01, i33aay +anou 6aé 6daaiaieé 1aenadesa ( 11.26), 038 63aaidieé
Aedaga (11.27) yasypony indaaiadeocisitie 1ataeoaie, iiyoiio & a idaaé
+afoe yoesd 6daaidieé aléaedi iasiacony iiaaaiadeoisiné 1anaeo. Aey 6daa-
iaiee 1a6Aa&e6a ( 11.26) yoi 14 16041480 & 6a8RI-624T ITHEAAN0ASYI, 0A6 626
18244y +anol yoeo 6daaiaieé daaia 0-a260186. A ieo+aa sl 653aidieé Aedasa
10 75e5Tae1 & a0A140, +01 1a4i20i0é 076 Aléaedi a00U 1i&A41a460181, A 1a5-
ieoi0é iiNiel TRAaaIneasydn. Aiaaael, +oi &1 fied 118 a yeriadeidioas
A yeaiaioasditie +afoeoaie a0ieed yiadasé iliinen Aedasa ia 1aiadoeedi.
Efifelicoy Tidda3edied 0dicida laénadesa ( 11.24) a1 40181é 486114 65aaia-
ieé 1adRadeea ( 11.22) & i&iyy noyaie aoid00 i6iecaiains, i9eadadi &6 é
4840
. . 1/, .
Pl A% Al /E%/“J' , (11.29)
azd A glkrir, & K @y A' 11802010 dAlamber'a.
(58 faslecdice caseadial-inal onetasy Eivaioa ri Al A0 65aaidied ( 11.29)
Ralaeony @ i&iaiaiaiio aieiano 68aaidiep :

Al Ej ?Ji . (11.30)
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caoyaa
(|
baniiiodel yeaéodiiadieoiia 1iea iaitaaeaeiial ul /&i4 oi+a+i7al cadyaa
e. Manoei aatl a ja+aed 446as01aié fenodain endaeiao x® /0;x* Act. Olaaa
436018 1&lofifioe oféa (| 12.23) 5aaai:
&l
J mEthec  +3(x,xa(9)dsa Ethect3(r). (11.31)
il
Otaaa éc aieiiaial 6oaaidiey (- 11.30) iedaddo:
AP0, A AYE(r). (11.32)

Abaai eneaol dagdied yoed 0dadidieé, 1adauapuddny a ioeu a 1ofoonoaee

cadyaa. Youio oneiaep oa|aeaoa|6yao aodaio Ap A0, i1 01542 aneaa

aiai+ital onetaey Eisaioa ri Al /50 @A? /0, daéei 1adacli, At EALAE (r).
Oaéei1adacii, 60aaidied ( 11.32) ideieiado aea:

Q:
=13
(@
»
D/
o
™
QD
D
[0}
oy

U 1
i4 ' @ZA%A@Z Y ave3(r). (11.33)
@ @ @
[E:ECED Ol iea of+a+ial gaéyaa aféeeil 4000 6aiodasdit - nelaose-

+aneéei,0.a., ' /& (r), aaar /En A nayce fi yoei |6alé6a<;oa| 0daaidied loanftia
(11.33) & foade+anéié nenoaia élisaeiao, eniielicoy 1auda a€06adaioeaeiiia

- 1 @ @ @ 1d 2d
4 A E — 4 ﬁE—— 11.34
ﬁ—g @® jgig o ) (r) Zar’ ar ( )
Oaéei 1adacii, 6daaidied ( 11.34) iinea Oiilecdiey 148€0 aal ~anoaé ia r2
i8eieiado aea:
d ,d 2,3
—r“— AedVx “+7(r). 11.35
dr dr ) ( )

'I'6Téi(‘)é€16é6()é‘| 148 +anoeé odaaiaiey ( 11.35) 1 r a idaadead [0,r], Measday
I|m0r (r) A0 & 6+e00aay 010 6480, +of adee+eia  4vr 2dr &fol Tatai padiatal
Aety:
z
4Y, rzi(r)dr AL,

O

d 22y Em S e £ S (11.36)
dr r? Y : 'r3 '



baffifodei 0aiadu iiea oi+a+ifal cadyaa, adeseduddiny it odaaéoioee

x' Ax'(s);) x®Ax®(t). (11.37)
Oaéel 14dach, 65aai&iey 1a6Mna&sea fi 6+301i Tid8aEaIeY 4880184 iéldiiTioe
olea (12.23) 46y 1aeii+iial cadyaa e ideidiapo aea:
A
Al Eiave  u'(s)*(x,x(s))ds. (11.38)
il
A&y Baaiey Yoed 6daaidies TAAEH0A0E! ia T4 &6 ~afioe  1iadaoian O06du&
AR (- (R <}
Fo KT () fk) & dx? dxt dx?  dx3e &KX ¢ (x), (11.39)
0 il il il
548 (a,b) " ajb¥, 6+e00aay F+aae4i0a filoiiodiey (88 dieacadisinoaa idiei-

0243830604 i +afioyi)
F(x,K)@f (x) £ jik;f(k), (11.40)

a 0aéeed Naténoaat - ooievee Aedaéa.
A dacoeuoaca ifed+ei ( A igia+ado, +of 10aédapofy eeal cia+aiey i x*> 0);

sy ®
A ) E—"ey  ul(s)eix*Ogsh. (11.41)
(k,k)
il
Niaddgei 0&iadi 14820118 O631A-ida1adaciaaies ( 11.41):
AR % K K A
Fi Yk, x)f(k)" f(x) E—— dka dk; dky dkgel ®Xfk),  (11.42)
2wyt
1A iy il il il
EEEEAY 0]

1oe an+eneaiee 1adaoiial O6diia-1adaca digieéapo eiddadacn aeaa
el i(x9 ()i xI

i (x9 ()i x))k;

1 4, € : I

W'l d W/Ezi((R,R)), (11.43)

an
Q:
Qo

Rl Ax%(s)j xI. (11.44)
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Oaéei 1adaci, ied+ei:
. Z .
A' (x) A£2e dsu'#((R,R)). (11.45)

1aadéaai o eiodasesiaaiey it iadaiaiiié S é éi0adoed
ii¢  Z A(R,R), 6+éo0aay naycu:

dz
— A2(u,R). (11.46)
ds

Oaéei 140ach, i0aadeddy i 6+aoll fiaiénoa * - 66iéoee, iaéaal 1éli~aoaeuit:

i E _ (11.47)
R, m
Odaaidied z A0 ei&do aaa éioiy
t% t £8R(tYc) t%8RtY A, t°Eo0. (11.48)

lelee@0A60iMN6 ciaéo a (- 11.48) All0adonoasdpo galagauaapuea dagaiey
108€6204&0iM6 fiadaaeapliéd . Pagaiey ( 11.47) iachaapony ilodiveacaie

Eeauaéa Aedasoa. Aey Mélpudainy casyaa u' ﬁEi'4 iiéé+adi fofipaa caéli
0éfia

E€0adaocoda é eaéoee

[1] E.A. Eaiaas, Al Eedees. O&idaoe-ansay oeceda. O Il. O&Isey

iley. I: [acéa épaid ecaaied, ia+eiay n 1973 4.

[2] Ase. Neia Tauay o&idey oiifieodsuiiioe. I [acéa &paia ecaa-
84, ia+efay fi 1963 &

[3] Aedael. A. 1.1

0 eéaajotaié iddaieee /1a8. i aias. 1., 1932
(eee I6eiveit eaaioiaié iadai

fita
€aaioia jeée) &paia écaaied.

[4] Y.x. O&o+iade. Adadied a 0&idep eivdadasia Oodua. 1.: ENiEieaa
2007. 480 .
[5] Ediaoida b.A. 1acdiace+anéia & éfiiupoadiia T &eedia

o

06iaaiaioaéuins 1anaéoia é yae a' &é a nenodia énitpod ||é
iaodiaoeée Maple E&éoee a8y @il 11 ia0diaoe+anéiio itadee-

dtaaiep. Eacaiu: Eacaifiéeé 6ieadoneodo, 2014. - 298 ii. ISBN 978-5-
00019-150-7. http://libweb.ksu.ru/ebooks/05-IMM/05_120_000443.pdf
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[6] E&iaouda b.A. baéyoeaenonéay éeidoeéa i&daaitaanins ialoanmia
a 4024004611106 116y iifadadey Eca-at v.0ieeaioe, Eacail,
2010; http://rgs.vniims.ru/books/kinetics.pdf

lainasiay  +-066ie6ey Aedaea an+eneyaony a NEI Maple f ilitgup éfiaiad

Dirac(x) . Bafiiiiodei i8eiada daaiod i yoié éiiaiaié.
1) Naiénoar +-066iédee ( 11.5): +(j x) A£+(x)
' Dirac (-x)' = Dirac (-X);

Dirac (j x) ADirac (x)

1
—+

Natéfioal +-66iésee ( 11.5): +(ax) &£
' Dirac (-5*x)'= Dirac (-5*x);

Dirac (j 5x) A1/5 Dirac (x)

&1
Niodadediep ( 11.2): f(xo) £  f(X)x(X| Xo)dx. A €2088a0084 yoi Tiddadea-
il
ied iagiaapo 0aéaed deeliodopuel naiénoai +-00iéoee:
Int (Dirac (X)*f(x),x=-infinity..infinity)= int (Dirac (x)*f(x),x
=-infinity..infinity);
Z,

Dirac (x) f (x)dx 4f (0)
[
156148 6e61086pLAAT aiénoaa a6y doievee elXP
Int (Dirac (x-x0)*exp(-I*x*p),x=-infinity..infinity)= int (Dirac (
x-X0)*exp(-1*x*p),x=-infinity..infinity);
21 . .
Dirac (x| x0)ei *P dx /el XOP
il

~ A,I\/~\

1561408 6e61086puAAT aiénoaa 6oieoee Aedasa +(x i 5) aey doiévee e
Int ( Dirac (x-5)*exp(x\symbol{94}2),x=-infinity..infinity)= int (
Dirac (x-5)*exp(x\symbol{94}2),x=-infinity..infinity);
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VA
1 2
Dirac (xj 5)e* dx A&e®®
il

AN o~ ARZ

Aléacaodeunioal iaténoaa aedoadaioesiaaiey  +-66ieoee Aedaéa (| 11.6):

Int (Diff (Dirac (x-y),x)*f(y),y=-infinity..infinity) = int ( diff
( Dirac (x-y),x)*f(y),y=-infinity..infinity);
Int (Dirac (x-y)* diff (f(y),y),y=-infinity..infinity) = int (
Dirac (x-y)* diff (f(y),y),y=-infinity..infinity);
fud Di ! ¢fi¢d /Edf
—Dirac xj —
zil@l xiy fydy&rfx)
! i ¢d _i¢ d
Dirac xj y —f y dy A—f
. D xlydyyde(X)
2) 16eidd dagaiey ae00adaioeasiilal 6daaidiey, Maddeeatiaal +-00iéoép
Aedaéa:
DE:=diff (y(t),t$2)+2* diff  (y(t),t)+2*y(t)= Dirac (t-Pi)- Dirac (t
-2*Pi);

SOL:=dsolve ({DE,y(0)=0,D(y)(0)=0\},y(1));
Y:=subs (SOL,y(t)):
plot (Y(t),t=0..15);

2

DE :ﬁE%y(t)/—\Zf—ty(t)AZy(t)ﬁEDirac (ti ¥3i Dirac (tj 2¥)
3

SOL:A&Ey (t) &£ jsin(t) e’ 'Heaviside(t | 2%)Ae” 'Heaviside(t | %)

0.3
0.2

0.1

-0.14

-0.2

-0.34

IR Adaoe-aneeé anaia daegdiey neiaceysital a666adaiveasuinal 6daaiaiey
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3) Eniaiaa Dirac 0aéeed iicaiéyao caaaou éliiadoil iilanasiop +-06iédep
Aedaéa:

Dirac ([x-1,y-2,z-3]);

expand (%);

¢
Dirac |[xi 1yi 2,zj 3]¢
Dirac (x j 1)Dirac Iyi 2 Dirac (zj 3)

Eivdasediaaied iitaiiadiie 66ieoee Aedaéa:

Int (Int (Int (Dirac ([Xy,z])*f(X,y,z),x=-infinity..infinity),y
=-infinity..infinity),z=-infinity..infinity)= int (int (int (
Dirac ([x,y,z])*f(x,y,z),x=-infinity..infinity),y=-infinity
..infinity),z=-infinity..infinity);

212121 ¢ci ¢
Dirac [x,y,z] f x,y,z dxdydz Zf (0,0,0)
il i1 1
Oosievey Odaenacaa
Ooievey Odaenaeaa an+eneyaony a NEI Maple fi ililglip éfiaiad Heaviside(x) .

\\\\\\\\

1) TNifiodi&ied adaoeeadoiesee Odaenaéaa  Heaviside(x) iaidlidee6oéd [-10,10]:
plot (Heaviside (x),x=-10..10);

0.8

0.6

0.4

0.2

BLEGEEST Tinodiaied ooievee Odaénaéaa a NEI Maple
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Heaviside (2);
Heaviside (-5);

1

0

plot (Heaviside (x-5) + Heaviside (x-10), x=-10..20);

plot ( Heaviside (x-5) - Heaviside (x-10), x=-10..20);

29 1
0.8

1.59
0.6

N
0.4

0.5
0.2

10 0 10 2‘0 10 0 10 20

\\\\\\\\

diff (Heaviside (x),x);

Dirac (x)

3) Aldasedied 66ievey ciaéa signum(x) +adac daciifiol 4468 6oieéveé Odaenaé-
aa (oen. 11.7):

plot (Heaviside (x)- Heaviside (-x),x=-10..10);

Agy noaaidiey ideadadi 40a0eé 66iévee ciaéa signum(x) (6ef. 11.8):

plot ('signum (x),x=-10..10);
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0.5
0.5

x 10 5 0 5
05
05
QR2CUERYY Eiaciacey fooiai+a0l0 ey rarERY Asa006 ciasiaié o6icoee
06iéveé
Osievey ifaoey
1) Ca&aied do6iévee ifadey a aeaa éoi+ii aéaaéié 66iévee
Md:=(x)-> piecewise (x<0,-x,x>=0,Xx);
plot (Md(x),x=-1..1,scaling=CONSTRAINED);
Md /Ex! piecewise(j x,xC0,x,0- x)
1,0,1
2) islecaiaiay 66iéoee iiadey 0o6iesey ciaéa signum(x) :

Md:=(x)-> piecewise (x<0,-x,x>=0,X);
Md(-1),Md(0),Md(1);
plot (Md(x),x=-1..1,scaling=CONSTRAINED);
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| filafeciiifou 6ie6eé q@(x')
a'® " @q® yasyaony i
iaaion aeaie-anees 1a641aii0s, iieiifoip 6a0a80adecopues fifiolyiea
id. Yoi i 0

’
AN A

iaé101o1é 1eda

LA s \,va

0T 66i60eTiaé aaénoaey aey oagié

N

1
S/ L(q(a),qﬁa))dv4, (12.1)
V4

fiead, 1i31ea6-

daal(g,q;) eiaadeaioiay 6 a
04daée agy fniodaiaiey idadeeliié daciddiiioe

bueé ifleeeodeu  cil
doiesee Eaadaizea.
2080y B0ietee Eaadaisea,

4 &fiedace
147 ad&iaie (a0-efsaiey

|
i6daieaday eégl aa ia caaényuaé yaii 1o iéaiaia
idlalayony aiagiae+ii 16aanaouei):
Zs3 .

Y= — +q@ A =—_1+q® gv,. (12.2)
C @ '

I5iecasasl oleeaanoadiing i64Tadaciaaiey iTaeioAadaE Al A0daaeaiey &
(12.1):

- )
(@ i (a) i @ @
@I @I @ @l,i @
. ,
) @()-a)+ (ia), _@| @()-a)+q(a) i +q(a)_@i @()-a) (12.3)
@’ @' @; @' @;
85206 +64i ( 12.3) 21440 yail 4823854i0i6p 61816, iiyoiio ide ifafnoaiiasa
(12.3) a ei0aadae (12.2) 1, 46a6+¢ idartadaciaai it 6181664 TnosIadaanieI5-
Aaodnna, aano ioéd.
A 83¢06ei10208 TT86+81 46y 428ea0ee 436M0asy (| 12.2) aldaseaiea:
Zs3 .
1
YR o @gv,. (12.4)

c @®' @ g® +d
V4 ,i
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isesaaieaay aaseasep ( 12.4) i6ep & idEIANY RiTAiop 82116 Aadeadeliiiar
efi+efigaiey, ie6+adl ANBAAR0AGE 06ieBETIaBUNé Acaaeneiinoe aeiaie-a-
Feed iadAIAIT05 fefidal 65aaaieé Yéeada-Eaadaiea 46y ileaé q@:

Q i —@ a /0, (a/L1N). (12.5)
@@ ' & g®
i
N 6+800 ofaF, +0f L cadefieo 10 efdaeiad eeel iiNd&AN0AT aciaie+Aafees
iie4a06 o6ieoeé  {q@®,q'®)}, caiesai:
Q. a Q
o @@’ Agmdi (12.0)
@
fafn0aa&yy a ( 12.6) a0daseaied 48y @/ @@ e¢ 6daaidieé Yésada ( 12.5) & 6+&-
00aaY 5aAAIf0AT 2015006 MAvAIE id1ecaiaind q'®) aq®), figs-ei:
L R P L R R
@ @ af
\ ,
—@k kL q@ @(la) /£0, ) —@le'( /0 (12.7)
@& ; &
EEEEEEREL
3 X
TRk @ @(la) (12.8)
a @l,k

janeiiaode+ité oaicio yiadaee-eiideuna.
adiasiay acaasaaioey yoiai oaicioa daaia ioep, é iaio

9~y O

(o] 06
i 2 20U Epaié 04igid, 641aea0aidypuee yoiio sed ofiéiaep. A +anoii-
fioe, & iaio ileel ajaadeou idiecaiéuité oaicio aéaa:

@a ikl : aééa ikl ICEIa ilk ) @la ikl 0, (129)

Aéfial OAIGTS.

i0eneliaode+i0é il 4aoi ifeaaiel eia
12.8) & Ti6844-

aaga 1K
Acaion @ Kl afaaaa ieell ieliA0deceaTaadl Adee+aia (
SAICT3 YiAdaRe - Slio&URAA :

80U Ae1A038+10é OAicH
(12.10)

Tik grki Q@T'* Ao.
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12.2 OA&icid yiddaee-eiideuna yedéodiiasieoilal itey
c—

Agy yedéodiiadieoilal ey ooieoey Eaddaisea daaia:

LE—L Fime (12.11)
7 '
a aciale+&fieeie iad&iaiinie q@  efiiiidion a&eolsiial fodiceasa A
Oaé éaé doievey Eaadaiaea yail id cadeneo 10 yoes &iiiniaio, a oleiél 1o ed
idTecalains, q(.a)! Axi &
Fm. @i ¢ i ik
Amii Alm At G sk (12.12)
@i,k @Ik m,l i Alm m|l |=m
eo+el, 6aaaeaay 8acoelnao:
1 i 1
&;E_(qu i Flk)/E Fkl )
@\ K 8% 4Y4
@ @ 1
q’(f‘)W ) Mg B (FK (12.13)
@ Ik
Oaéei 1adaci, ileo+ei Aaeanit 12.8) atidameadied a6y ianeiiaodeiiar oai-
cida yiasaee-eiiéeuna:
~ 1 1
TEE—A FK A ——+fF FIM, (12.14)
! 4y, 16Y, !

Al+eneel 46a453aioep 1o 0aigioa f.k (12.14):

1 1 K |
@T /E|4—1/A||kF |4—1/AI|kF A FImIFm)

A EG@A R (@A R A@(Ak,l)F'k_)'

1 1 —
@Ak @A)F " SF i FH)

1 1 kI m - 1 kI
@T A @FH IF i EAI IF A /4F|m i F i 4—1/A| IF (12.15)
Oaéei 1adaci, i 6+a01i 401616 a801I0 6oaaiaieé 1aénadééa (22), Eaéoey 11,
e6+el 1é1i+a0déuii a 10fioon0aea yeagode-aneed cadyaia ( J FEO):

O N R =k
QT Ei—AF k/E AiJ) QT AO. (12.16)
4y " :
Neiidodecaoey odigida ( 12. 14) fitaeani ( 14.14) ifeedd atou idiécadadia didaa-
gaiedi é iaio

1 1 @ 1 1 @ 1
— A FK — AR AR E——AFNA CA S (217)
4y, 41/@(I 4Y, & c
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PRS- BTPEN

Adénoaeoasaii, a10noonoaead yeaéode-anéed cadyaia iinedaieé +eai a ivaaié
PEPON SASTeah & maasag  AIKL L Al KL SA assasgsanxos fxans s
+afioe (12.17) daaai iéeép e, éaday A'™ Az, A F", 10 6aiagaocaidyai oneiaep

(14.14).
Ala2aeyy +8ai ( 12.17) & i&neiiaode+iio 0aicias TX (12.19)
el 1 1 1 1
TEETKA —A PN Ei=A  FK A=A FM A —KF M
! : 4, A4, 4, 16Y, !
iMeo+ei feliaode+iné 0aicid yiadaee-eiioeina yeaeoaliadieoial iey:
Tk g i gl F'm¢)
' ay, ' g kIm
O & Lie e alg m o Em
ik a1, 1K Gik FIm
ETNE

gik g’ " X /En(/E4),

A e

0 fieda oaicioa yidoaee-eiiveuna yeaeodiiaaieoiiar iiey dadai ioep

T Mgk e,

12.3 Qdicid yiddaee-eiioéina +anoes
cE——
A E&goee 12 (XIII) 0 ad4ee 2iaadeaioiop o6ieoep enoi+ieea, 6idiosa (12):
&l
C(%,%a) £ =" (x,xa(s)ds,
il
i Mtaap éloiaié idaaacese 1eedinéne-anééé aaeoid ieloiifnoe oiéa,
oidioEa (14):
1
X i . 4
JAE eac uh(sa)r”(X,Xa(s))dsa.
a
il

Ajagiae+it( 12.23)1id4adeel neildode+iné ieesinénie-anéeé 0aicid +anoeos

(particles)

&l
(p) ik X i k 4
T A maC Ug(Sa)ua(sa)x™(x,xa(s))dsa.
a
il

(12.18)

(12.19)

(12.20)

(12.21)

(12.22)

(12.23)

(12.24)
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i Olee&d-

Al+efieel 46a35a416ep oAt 0AIcIda fi 6401 460085&I6EABUE
fdaa (15) E&édee 12:
df
i 2 (x(s))” (12.25)
@' ds’

Oaéei 1adaci, ileo+ei:

. X .
@T®k* £ 7 m,c ug(sa)ug(sa)£i4(X,Xa(S))dSa

£ mac (X Xa(9))ug(sa)dsa
il >
m i

/A maC i4(x,xa(s)

(12.26)

ARrAL A Q

I|anoaae|a( 12.26) alidazeaiea aey iieilé isiecaiaié adeoida né 6ﬁoe'aﬁ0é—

o
=

00 duj/ds, é¢ 0daaidieé aaeaediey cadyaediiié +~anoeod a yeaeodiiaaieoii
ea, ( 9.15):
du' e
— E—F' uX 12.27
ds "~ mc2 -k ( )
a 1016806 ( 12.26) fi 6+a0ii fiaiéfoa +-odoiedee e Tidaadeaiey adéoidaieioiinoe
8a (12.23):
. 1 .
k k
QTP I Fi (x). (12.28)

Algd 10 ad+eneyee aeaddadioep odicida yiadaee-eiideina yeaeoahaa-
ieoiial iiey, ioadantaay +eaid i |6Tégééaéiéé‘| iéloiifioe oiéa ia Oé’ligTa
laénaaeea, '|'6éa'|Téa”ach‘)ﬁéOﬁana gaéyala Oalaéu‘lu nielal yc‘JTTééale alea

\\\\\\

AmA O

iadieoiiai ey ( 2 19) i 6+&017i 6daaiaieé Iaenaaeea 1-1é e 2-7é aooTia e
jadénia  k,lI! |,m aaiasai ~eaia:

- 10 1 ¢

il Flm IF FI Flm A F Flm |¢
4, i Im i
1i ¢ 1
Flm IAF'I mAFmI i F —Fl Flm
'8y, Im i g FmP)
i 1
r Tk £ iEF_'me. (12.29)
Oaéel 1adacii, iééaanaay yoio dacoelioad i ( 12.28), ieo+ei cadli odaiaiey
ieité yiadaee:
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rT'* 20, aaaT'k ATk ATE)IK (12.30)

fioiiadité oaicio yiadaee-eiidéeuna nenoail vayedéodiiadieoiia ifed +
+é\ﬁ(‘)ét’)0¢
Aadadil 0aiaol eidaadasiing adee+eit eiop yiddaep-eiioeun fienoain
cadyaediits +anoeo:

pi el Tikgs 12.31

Aaa eioaasesiaaied idiaiaeony it 08adiadiié 4&1aditaadsiinoe i fidiaéu-
i1 adeoiadi N :ndSAdSy.

Anedanoaed 6a“é’1'~oaa i6ep éiaaseaioiié aéaasaaioee oaicida yiddaee-

elioelna yoe adée+eil nodaiypony aéy caiéidoié fenoaid:

P! /EConst. (12.32)

E€04da00da é eaésee

O~ A

[1] E.A. Eaiaao, A.l. Eedpes. Odiddoe+aneay oeceéa. Oii Il. Oaiaey
iley. I: [acéa épaia ecaaied, ia+eiay n 1973 4.

[2] Aee. Néia. Tanay odidey ioiifieodguiinoe. I: [a6éa épaia écaa-
iea, fa~éfay i 1963 &.

s AQ

épaia écaaiea.

N7

[3] Aedael. A. 1.1iita0 eaaion
i ieée

A aié idoaieée /1a48. A ajae. 1., 1932
(eee Iaeivein éaaioiaié 1ad

Q

e)

[4] E&diaouda b.A. 1acdiace+aneéia e eniipoddita “aééé6|aa|'éé
06iaaiaioaéuins 1andéoia é yacaieé a nenoaia én
iaodiaoeée Maple E&éoee a8y @1l 11 1a0diaoe+anéno itadee-
dlaaiep. Eacaiu: Eacaifiéeé 6ieadoneodo, 2014. - 298 fi. ISBN 978-5-

00019-150-7. http://libweb.ksu.ru/ebooks/05-IMM/05_120 000443.pdf

816840682 iTfiodiaiey vy yeaeaenoa|0|uo yéaeiioaioeaeuins iaddsiinoaé e
A024€4i0i00 eieé é iéi a NEI Maple.

baifiiodei nicaaiea 181644680 '|Tﬁc‘>6ié’1iéy yéaeiioaioeaenito i

iifoaé & adaaeaioins eeieé a NEI Maple. Yéagiloaioeasdiiay iadddi

A A A O

y0| 11aadoiifiol, ia éioioie | ||oa|oean|ay 00|eoey ideieiado | ||n0|y é



cia+aied. Yeaeiodiveaguiay ifadosiinou a epaié oi+ea iadidiaeéseydia
Adaaeaioili eeieyi
1) 181644084 €iado +a000a 1aycacacuind asiails iadaiaoda & +400da ialay-
ca0aelitos. laycaodeuita 1adaiaodi

" variables fiefié adaoiaiota doieoee iiodiveasa (fiefie),

" potential 06ieoey iModiveaca (aédaddae+anéia alidaseadied),

" intervals fiefié eioadaasia eciaidiey adaoiaiota aey rinodiaiey

adadeeta (fiefie),

withLines Tadai
4€4ai0i00 eeigé (
fieo+adfalse - iao.

Surfaces  1adaiaod, Tidaadeypuéé oei ddade+anéial ioiadasediey ao-
A43 BACOBUINA0A (A6BAANEEE 1adAIA0D). A Fisd+adtrue  AGATAYORY YEASTTOAI-
0€aelita 11adadiinoe, aned+ad false Aalaiaeony fa+aiea 11aadddiinoaé
caaaiiié iethéinoup
" Plane i&iiéinou na+aiey (iienie), iadaeeacuiay 1aié éc éiiaaeiaoias

T6TREIR0aé.

Fasealé ialaycadasiiné iadaidod ide Tiddadediee a 1816aaoda aieeedi 400U

6éacai i 1i0aadeaiill cia+aiedl 1f oile+aiep. A fiéo+aa atciaa islvdaodn

aéc iaiaycaodeniial iadaiaoda, isivaacda ise éﬂ'lTeiéiéé eniiéucdao gla—a-

ied 1adaiaoda, caaaiia |T éiTe—‘i b. Agy iagaé doiévee Tidaadeel nea-

aodpuiéa cia+aiey 1 giie+aiep: withTitle:=false, withLines:=true,

Surfaces:=true, Plane: [x:O

—_

equipotential:= proc (
variables :: list,
potential :: algebraic,
intervals :: list,
SurfNum :. integer,
{withTitle :: boolean := false,
withLines :: boolean := true,
Surfaces :: boolean := true ,
Plane = list = [x=0]
)
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2) Tivdadeei 1eagiiind idddiaiios:

local R,X,)Y,Z,Ux1,x2y1y2,z1,z2,

dx,dy,dz,i,j,k,m,RR,UU,U_max,U_min,dU,Um,Sm,

gradU,ql,92,93,inits,interval_max,output_graph,

title_,t1,t2,T,T1,T2,t1_,t2_:

3) Aaeddiadarioaadeel adaoiaiot 6oiesee iiodiveasa ia R[1], R[2], R[3]

é fadéadl 1ianoailaés a endiaiop 66iécep i iMittup éfiaiad subs . Efiiléi-

coy cia+aiey fieféa eioadaagia ecididiey adaoiaiola e éieé+anoaa danfiao-

deaadils 11aaodiinoaé, dann+eoaadl dafinoiyied idaead 11addsdiinoyie. Caoal,

Tiddadeei gia+aiey 66ieoee iiodiceasa agy éasedié e¢ i1adddii

iéieiaeuiia é 1aéneiaediia eg yoeo gia+aieé:

U:=(R)-> subs ({variables[1]=R[1],variables[2]=R[2],variables
[3]=R][3]},potential):

x1:=intervals[1][1]:

x2:=intervals[1][2]:

yl:=intervals[2][1]:

y2:=intervals[2][2]:

z1:=intervals[3][1]:

z2:=intervals[3][2]:

dx:=(x2-x1)/SurfNum:

dy:=(y2-y1)/SurfNum:

dz:=(z2-z1)/SurfNum:

RR:=(i,j,k)->[x1+i*dx,y1+j*dy,z1+k*dz]:

UU:=(i,j,k)->U(RR(i+1/2,j+1/2 k+1/2)):

U_max:=max([ seq(seq(seq (UU(i,j,k),i=0..SurfNum-1),j=0..
SurfNum-1),k=0..SurfNum-1)]):

U_min:=min([ seq ( seq ( seq (UU(i,j,k),i=0..SurfNum-1),j=0..
SurfNum-1),k=0..SurfNum-1)]):

dU:=evalf ((U_max-U_min)/SurfNum):

Um:=(m)->U_min+dU*m:

~

04¢é, iaéadi

dazediey dacoeloaca é iicaaiey aiene:

output_graph:=[]:

title_:=""

4) A neo+ad inosidiey 11adoosilfioaé (iadaiaod Surfaces=true ):

if Surfaces then

i8164a08a adiieiyao nedadpued adénoaey: ide cia+aiee iadaiaoda Surfaces=true
018168640 fodiés ifaiene ddadééa; caaado 66ieévep, ataiayuop iesidicda+-

i6p 11addGiTfiou i TI0aadeaiitl ¢ia+aiedl iioaiceaéa 6aaoil, eioaifea-

iinol &101814aT cadeneo 1o cia+aiey ifodiveaea; 61diedoao fiefiié output_graph

fiiaddseatiéé 11adddiinoe, MNooTaiita it adTaili 1adaidodal id61vaaosa:

if withTitle then
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title_:=typeset("U(",variables[1],",",variables[2],",",

end if :
Sm:=(m)->plots[implicitplot3d](
U([X,Y,Z])=Um(m),
X=x1..x2,Y=yl..y2,7=71..22,
style= point
grid=[16,16,16],
thickness=0,
symbolsize=12,
numpoints=5000,
color=COLOR(RGB,m/SurfNum,0,1-m/SurfNum),
style = patchnogrid,
transparency=.8,
title=title_
):
output_graph:=[ op(output_graph), seq (Sm(m),m=0..SurfNum-1)];
5) Afige 120214080 withLines 1defafaii cia~aied  true , o7 id1644060a f iMii-
uup énaiaa DEplot3d fiodieo 45aaeaioita eeiee é i1addoiinoyi, iddaaade-
03elit al+eféed ia+aeuita cia+aiey fefoail 4666adaiveasnits 6daadiaieé:
if withLines then
gradU:=linalg[ grad J(U(X,Y,Z]).[X,Y,Z]);

gl:= diff (x(t),t)= subs ({X=x(1),Y=y(t),Z=2z(t)}, eval (graduU
[10);

g2:= diff (y(t),t)= subs ({X=x(t),Y=y(t),Z=z(t)}, eval (graduU
[21));

g3:= diff (z(t),t)= subs ({X=x(1),Y=y(t),Z=z(t)}, eval (graduU
[3D);

inits:=[ seq ( seq( seq ([0,x1+i*(x2-x1)/4,y1+j*(y2-y1)/4,z1+k
*(z2-21)/4],k=0..4),j=0..4),i=0..4)];
interval_max:= abs (max(x2-x1,y2-y1,z2-z1)/2):
interface  (warnlevel=0):
output_graph:=[ op (output_graph),DEtools[DEplot3d](
{a1,02,93},
{x®.y(®).z(®},
t=-interval_max*10..interval_max*10,x=x1..x2,y=y1..y2,z
=z1..22,
inits,
stepsize=.1,
linecolor=COLOR(RGB,.2,.2,.2),
thickness=1,
title=title_
):
interface  (warnlevel=3):
end if :
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sx e s PUES

iey yéaei

FA N A ~

ai6eaenins i1aadoiinoaé (iadaiaosd

~Q s
|

6) A fieo+adiinostaiey na+a

Surfaces=false ):

else

1816844082 1814a8ya0, +01 1elciaacacl 6éacae 1einéinol na+aiey a 083ao6aii
0idiaca ( x AConst eée y AConst, &éé z /Const), 41810€4aiil Ned+aa ataiaeony
fiifatiaied 1a 1gédéd:
if lhs (Plane[1])=x then
T:=X:
1=y T1.=Y:
12:=2:T2:=Z:
t1 [1]:=yl:t1 [2]:=y2:
t2_[1]:=z1:t2_[2]:=z2:
elif  lhs (Plane[l])=y then
T:=Y:
t1.=xT1:=X:
12:=2:T2:=2Z:
t1 [1]:=x1:t1_[2]:=x2:
t2_[1]:=z1:t2_[2]:=z2:
elif  Ihs (Plane[1])=z then
T:=Z:
t1:=x:T1:=X:
t2:=y:T2:=Y:
t1 [1]:=x1:t1_[2]:=x2:
t2_[1]:=yl:t2_[2]:=y2:
else
print("Wrong case");
end if ;

U
fi6ée) é caileiyaony nienié output_graph , iifaddsealieé na+aied yéa
0€aelins 11aadditnoaé:
if withTitle then
title_:=typeset("U(",variables[1],",",variables[2],",",

N QA "

variables[3],")=", potential,"\n fia+aiedaiéinéinoe

, Plane[1]):
end if
output_graph:=[ op (output_graph),plots[ implicitplot 1(
[ seq(subs (T=rhs (Plane[1]),U([X,Y,Z])=Um(m)),m=0..SurfNum
-1,

T1=t1_[1]..t1_[2],T2=t2_[1]..t2_[2],
scaling=constrained,
numpoints=2000,
title=title_

)I;
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8) Aiagiae+ii iaifiodainoadiiiio neo+ap nodiyony 40aaedioita eeiee, anee
adaoaianoey withLines=true
if withLines then
gradU:=linalg[ grad ]( subs (T=rhs (Plane[1]),U([X,Y,Z])),[T1,

T2]);

gl:= diff (t1(t),t)= subs ({T1=t1(t),T2=t2(1)}, eval (gradU[1])
)i

g2:= diff (t2(t),t)= subs ({T1=t1(t), T2=t2(t)}, eval (gradU[2])
);

inits:= seq (seq ([O,t1_[1]+i*(t1_[2]-t1_[1])/4,t2_[1]+j*(

t2_[2]-t2_[1])/4],j=0..4),i=0..4)];
interval_max:= abs (max(t1_[2]-t1_[1],t2_[2]-t2_[1])/2):
interface  (warnlevel=0):
output_graph:=[ op(output_graph),DEtools[ DEplot ](
{al,92},
{ti(n.t2(t},
t=-interval_max*10..interval_max*10,t1=t1_[1]..t1_[2],
t2=t2_[1]..t2_[2],

inits,
arrows = none,
stepsize=.1,
linecolor=COLOR(RGB,.2,.2,.2),
thickness=1,
title=title_

)I:

interface  (warnlevel=3):

end if :

9) Aaeda caéai+eaadony 1adaaioéa Tiveé idioaaoda:
end if :

e 1Me6+aii0a a0a0e+anéeéa 1anaéon ataiayony ia yédai:

plots[ display ](output_graph,scaling=CONSTRAINED):

end proc :

10) I8eadadi ideiadda efniléuciaaiey i8164a68a equipotential

Agy 1inodiaiey yeaenoaioeasuind maadssiinodé, 40aaeaioils eeieé e iia-

iefié denoiéa neaadcac atcaaou i316aaod0 it nedadpueie 1adaiaodaie:

equipotential([x,y,z],1/ sqrt  ((x+1)"2+y"2+z"2)+1/ sart ((x-1)"2+
y"2+z2"2),[[-5,5],[-5,5],[-6,6]],10,withTitle=true);

Aey iiodidiey na+aiey iodiveaeuiié ooieéoee einéinoup z A1 iaiagiaeit

¢aaaol 1adaiaodld Surfaces = false, Plane = [z=1]

equipotential([x,y,z],1/ sqrt  ((x+1)"2+y"2+z"2)+1/ sqart ((x-1)"2+
y"2+2z72),[[-5,5],[-5,5],[-6,6]],10,withTitle=true,Surfaces
=false,Plane=[z=1]);



180 OAicid yiddaee-eiiosina yeaeosniaaieoiial iley

PN

Den. 12.1 REEEEA NI

i1a4d0iifioe yeaéode+anél

Ll Na+aied yeaeiiodioeasnins iiadasiinodé yeaéodse-anaial ey 4260 ieiaeeodéii
cadyaia i eciadasediedl adaaedioilo eeieé

Agy iinodiaiey na+aiey aac 48a4e4ioind eeieé i

caaaol 1adaidod withLines = false

equipotential([x,y,z],1/ sqrt ((x+1)"2+y"2+z72)+1/ sqrt ((x-1)~2+
y~2+z272),[[-5,5],[-5,5],[-6,6]],10,withLines=false,
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Surfaces=false,Plane=[z=1]);
Bl Na+aied yeaeiiodioeasuins 11adodiifodé yeaeode+anénal ey 4200 ileieeodénins
cadyaia Aac 40a4e4i0100 eefeé
equipotential([x,y,z],1/ sqrt ((x+1)"2+y"2+z72)-1/ sqrt ((x-1)~2+

y"2+2"2),[[-2,2],[-2,2],[-2,2]],10);

T (32148 a0aTaa 181084080, alcaaiilé oiéd

fi Taycaoaéuidie 1adaiaodaie
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13.118eivei yeaeaaedioiifioe é 4aiiaode+anéeé 6ad0aeoad 40aae0aneilidn
r~:--‘)n s O A~ N 22N 200 AzA_ s Q073 0 NAmn AANO N AN Y A A~WAANOD N A A O N N\ srae AL
448/ cadni & adedataicia+aied oial, +011800eéa caieflaadony a fidveasuiié
fieéfoaia fon+aoa, a 1édanoiifioe aéioisié oi+ée . Aidiecaiedité nenoaia
0fi+80a ia0deéa +4008a06i1adi1a1 18ifiodaifioaa - Adaiaie ideiao Taueé aea:
ds® gy ()dx' dx*,  %(gi) AGiiA ) Ei2 (13.2)
Arieeé 10iaea&noadou i40deeéos ( 14.32) il yitodioeasaie,, a46aaeoaseliilal ey,
o1 1+a4eail, +0f vfieéas, a0aac atdaeseaouny +404¢ 1ada0a idlecaiaina 1doseée,
0.4, +&d4c fieiaien Edenioioodey it :
= I R W A E@g" @ki i @9k (13.3)
it daeinoaaiiay aiciieeiinodl 1MROBIEOU 1au&éiaadeaioild 6daaidiey aae-
aediey ~anoeol yoi acyol A éa+anoaa ed 6daaiaiey daladce+anéié eeiee (ise
m A0 aianot i6edaial éailie+anéial radaiaoda s efiféucodony iaiéeaaié
Tadaidod ¢ A£s/m)
d2x' . dx) dxK Du' _—
= Ail /O, —— /0, u' uk /. (13.4)
ds IK ds ds ds '
Eaé ide yoll 6a1ae&oaideoi ideioeio yéaeaasaioinioe? Afdaaa ileeil a0adaoi
fienoaio élidagiac oaéel 1adacti, ~0ial a18danoiifoe iaiddaa caaaiiié oi-ée
P oeiaifaa iginodainoaa V4 figiaien Edenoiooaey iadauaeeni a iveu (A.C
i26874):
) : d2X| :
it  A0) — A0) x' AxpAups (i8Y104 adeece P) (13.5)
Jkp ds?
P
Niaganii ideioeio Aoadonoaey ana caéliliadiifioe aieaa 1audé oaisee
aiéeeil 140a61a€00 & caéliliadiiioe odidee iecraal iMdyaéa a iddaacil
cia+aiée 1a8aidodia odisee. 1adall oaéel 1adaiandii saéyoeaenonéié oai-
dee adaaeoanee yagyaony néiainol nadoa. A éeanne+anéié oaisee adaaeoasee
cll I867adaal, éaé 10 adeaée a18aanaonal e6ana (110) 3.3+1¢, dacaeaiea
65aaiaieé ( 13.4) i 6201 ei0AABaEA A3TaAce-ARees (EAiadiaa)
, , Cdx®dx4, v®
ds? g (x)dx' dx¥) 1A&gu'u®; u® =—— - —y*
cdt ds c
3 ® ®,,
42 Vo oV 4, 1
) 1AUY gasA 2064 . Age 2 v /4m. (13.6)

Oik ¥ ik A%gik: %Ok ¢ 1. (13.7)



baceaaay 18inodaifoaaiind éniiaion 6daaidieé daiadce+anéesd i yoei
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3
d?x® u%dv® , | d?x' . dx) dxk
—_— —u i, ———
ds2 "~ cdt ¢ ds2 = ik ds ds
4 43,0 7 3 - v
U"d vV 43042 @30V g0V VY
—— —u® A i A2, —A;2 —— AO. 13.8
cdt c (U™ i 2 4¢ 7 e2 (13.8)
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|IyOIIO aéy iadleed o0daaidieé adadeoaceliiial ey 10 aiéaeil 1MOAT-

A~ FAO A0 ~A A

aaie
@0l é1aadeaioita aedoadaioeaenitd 11asaoion 2-ai ||6yaea joitfieoaenit
fé

ey

edda

Niii&io 1408e+anéal odicioa. it é1aaseaioiid islecaiaind 10 1a0de+a-
fioaaif

ﬁé“T &l 0dicida oleeadnoadiit daail i6ep. Aagaa, 1auaéod, iinoiyuead ec +anoitd

~AANA AAAO i

dlecaiaind 1a0de+anétal 0aicioa, neialet Edenoidooasy " ik ia yaeypory
éfiiiaioaieé oaigida. i5e éidaeiacits idaiadaciaaieyd yoe 1audeod ida-
T 2 AT .

dAcOpORY 1T cadlio (Al EAiacuda, diéacaoi Naiiolyoa&i)

i
i0 i @ O
i o0 i i AT APy Ko —— 5 @ko (13.12)
i8¢ yoii iieeil diéacaol feaadpudd 60addeeadied (M. E&iaouaa éeiaoeéa,
aléacaou naiinoiyoaéui) . 16A00 V, & V, 8eélaiiad 18iiodainoaa a 1auaé
éioaéiaoeée {x} ﬁ‘léoéeeéle gik & gk . Olaaa 1audéon
-k Bk ke /E|Jk| le (13.13)

yagypony éiiitiaioaie oaicisia aaeaioiiioe (3,0) & (2,1).
Neeil oaéaeél @acaol (. 14014, aléacaol failiolyoaéuir) , ~07 é¢ feiléi-

é1a E0enoiooaey & o6 1adand idlecaiaind iteeil inoaieol 04icid aaedioii-
fioé (3,1):

R 2@k 13; A2i i igm (13.14)

A 9 A -
1

aaaa[,k] ;(a,ki ayj) Tiddaoey aeuoddiediaaie yoalgléa ai
i,k. Oaicio Rijki faclaaaony oaiciol éseadeil eée odicial beiaia

Aaitfolyoaenin)

Rijki A& iRjik £AiRijik; (13.15)
Rijki A& Ruij (13.16)
3 1
Ri(jk1) Q(Rijkl ARk ARk ) 4O, (13.17)
8d0ag0ie fétaéaie faicia+aia iadasey neiidodecasee. EaNA ofal, 0aicid
beiaia 6aiaeaoaioyac iaeioioli aeooadaioeaeuii oleeaanoaai, éioiota
jachaapony oleeaanoaaie Acaiée  (fi. [40a1a):
[ i [ S
Rkl m A0) Ry ’m/-\RJmk J AR A (T ) (13.18)



Nadsoeié oaicida Deiaia it iadaii6 & 084004l eiadéal ileil ieo-
~&0ll felia0de+i0é 0&icid aasdidiifoe (2,0) 0RIcd De++e |, iNE&A0PUAE
fa&30676 81018141 66+l [easydiop edeaecio
Rik /ERJijk; R /g™ Ry (13.19)
= ¢ y0es 4300 Ta08801A & 18088+ AfETAT 04icdA Heeil 14dACIAA0N fieliaode+iteé
0AiCTd Aa84i0iTH0e (2,0). 140+ iachaadineé 0RICIAN Yéigoaéia , 6oy i
406 ecAANOAT 341140541 & 5aidd
1
Gik ARk i >0k R (13.20)
Afisaanoacs oleeadnioa Acaiee (13.18) 61aadeaioiay 4044544108y 0&icida Yéi-
pOAGIA OTeeaAM0AAIT 6AAIA 68D (7. 130814, Aléacaci Aailfioljoasi)
ryG< o (13.21)
kG; .
13.5 Odaaiaiey Yéigoaéia
(|
O+2004aay, ~01 6 faf e1340fy AeliA0de+i0¢é 1a045eAB0INE OAICHD A015I¢ a-
aioiinoe, 464358408y 81015141 dldeeia 400U daaia 68p 0AICTd yiddaee
-&liosina Ty, caiepdl 65aaiaiey Yéisoaéia, e6+4ii0a &i 4 1915 &1a6
Gik A{ Tix, { iaeeé aiyooeseaio isiiaoeiiasiiifios (13.22)
i3¢ aiaseca einileize-aneié iladee Yéipoadi idaaeiaee 41433800 & 63-
a0p +anol 6daai&ieeé ( 13.22) 036 iacladdine  eiflieias+afeeé +6&i |, &laade-
aioiay isiecaraiay 1o 61018741 aaotiaoe+aiee 3aaia i6&p, o gy, 4440 f1aay
6ieaddnasuiay iMAoyiiay, oae iaciaadiay aifiiiiae+aneay imnowyiiay
Gik A mgix A Tik- (13.23)
Eeoddaodda é edéocee
i 3 ol ifoe. |

[3] E&iaoiaa b.A. Aeddadaiveasiiay aaNaodey 68ea0d iladdsinoaé
a daéeeaial i0ifodaifioad: 6+aaila iiitaea. IV faianod: eoon ede-
oeé aey nosdaaioia iadcaiaoe+anéial 6aéoelodoa



[4] E&iaouaa b.A lacdiace+aneed iadee 0aidaoe-anéie oeceee. E4e-
o0&y IV. [8eioei iaeiditiodal adénoaey ia i6e1ada aaiadce+anéeo;
E&éoey 7. 6aiodaguii-neiiaode-+aneén imea.

1i ¢
i Kl /‘EE Qi A@oki i @k ;
i :<| gl Kljs

~ 0&icid Pe++e
’ J .
Rik AR,
* fieasydiop eeaecio
RAG KR ;

1
Gik ARk i 5 9ik R.

1) Caaddcéa aeaeeioaéetensor aiaiyou:
restart
with (tensor):

2) iaéadiidose+anees adee-eil aayidodeee iei

iadaaifaanias isioani
2010. 506 c.

faneidl. Caaaied idooeée:



190 aeioeit 6aeyoeaenonsié odidee adaaecacee

g_compts := array (symmetric, sparse, 1.4, 1.4):
g_compts[1,1]:=-1

g_compts[2,2]:=-1

g_compts[3,3]:=-1:

g_compts[4,4]:=

g:= create ([-1,-1], eval (g_compts));
0 2 31
il 0 0 O
_ 0 i1 0 O
g :Atable B[index_char Aj 1, 1],compts /& ]
0 j1 0
0 0 0 1
& al+eféaied éliodadadeaioiidl 1Aode+anéian odigida:
g_inv := invert (g, 'detg);
0 2 31
il 0 0 O
_ . 0 i1 0 O
g_inv :/AEtable B[index_char A[1, 1], compts A& o ]
i
0 0 0 1
3) Tiddadedied eidi elloaeiac e eo inoyaea:
coord:=[x,y,z,t];
coord :/E[X,Y,z,t]
4) dimetric (g, coord) é&fiaiaa a0+eneaiey 1adaicd +anoilo idiecaiails io
iaodeée g it éiidaeiaoai coord :
D1lg := dilmetric (g,coord);
5) Christoffel1l(D1g) éfiaiaa ad+enéaiey neiaieia Edenoioodey 1-ai ( iij k)

A iTiudp +afoito 16iecaiaiio Dig:

Cfl := Christoffell (D1g);

6) Christoffel2 (g_inv, Cfl)  éfiaiaa ao+efiediey feiaieia Edefioiodasy 2-
arofaa (i 'k) Toiifie0aeuit Aeiaieia Eaenoiooasy 1-af diaa Cf1 A imfudp
e||06aaa6ea|0||a| 1a08e+arnétal odicida g_inv:

Cf2 := Christoffel2 (g_inv, Cfl);

7) d2metric(D1g, coord)  éfliaida ad+engaiey 401600 +anoild idiecaiaitd
10 1408eéé 1 &lidaeiaoai coord fi efiiiélgiaaiedi 1ddals +anoitd idiecaia-
i06 D1g:

D2g := d2metric (D1g, coord);
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8) Riemann(g_inv, D2g, Cf1) éliéléé\ al-+eéneaiey odicida béiaia Rikim 1
miuap éliodadadeaioilal idode+an T‘al'gTéa g_inv, a0i600 +anoi(o iof-
@calaiio 10 1a0deée  D2g é fiéiaiéta Eaenoidooasy 1-af diaa Cfl:

RMN := Riemann (g_inv, D2g, Cfl);

9) Ricci(g_inv, RMN) é&fiaiaa at+enéaiey oalglaaE)e—— Rjk A énitélciaa-
iedl odicida beiaia RMN é éfiodaaadeaioiial iaode+anéiar odicida g_inv:
RCC := Ricci (g_inv, RMN);
0 2 31
0 00O
_ 0 00O
RICCI :Atable B[index_char A[j 1,;j 1],compts A& ]
0 00O
0 00O

10) Ricciscalar(g_inv, RMN) é&iiaiaa ad+eneaiey néaeysiié édeaecia (ﬁé
éyd bé++e) R fi efiiélciaaiedl odigida bé++e RCCe éiiodadadeaioiiai ido-
de-anéial odigida g_inv:

RS := Ricciscalar  (ginv, RCC):

i ¢
RS:/Atable I[index_char AH[], compts AQ]

11) Einstein(g, RCC, RS) é&fiaiaa ad+eneaiey odicida Yeigoaéia Gj aéy
caaaiiié 1a08eéeé ¢, idaaaadeodeuil ai+eneéaiins odicida be++e, RCC, é fiéa-
éyoiié eseaecit, RS
Estn := Einstein (g, RCC, RS);
0 2 31
0 0 0O
, 0000
Estn :/Atable g[index_char A 1,; 1],compts &£ ]
0 0 0O
0 0 0O

Fiaadeaioiay isiecataiay
12) cov_diff(A, coord, Cf2)  éfiaiaa al+eneaiey élaadeaioilo idiecaiaitd
0 08iciaa A 1oilfieodeuil neiaieta Eaenoiodasy 2-al 6iaa Cf2:

cov_diff (g, coord, Cf2);
Na&aoéa oaiciaia

13) Enaiaa prod(A,B,[i,k]) ald+enéyao naddoes odiciota A e Bileéiadénal  i(A)
¢ k(B). Eiadénin aiéeeil 400U & dacilo ilceseyo:



192 i8ei6ein saeyoeaenonéié oaisee adaaeoasee
prod (g, g_inv, [1,1]);
0 2 31

1 000
01 00

table B[index_char A 1,1],compts /& ]
0 010
0 001

Caaasa:
fleacaou, ~of a6y foAdE-Aance-AEIA00e+16 1A0066e STaadeaidiay 46aa5-

Faioey 04icioa Yeéigoaéia oieeadnioadiil daaia ivep.

1) Cadaied idade-+anéed élidaeiao e noade+anée-neiiaode+iiarliaode+anéial
oaicida:
coord := [r, theta, phi, t]:
g_compts := array (symmetric,sparse, 1.4, 1..4):
g_compts[1,1] := -exp(lambda(r,t)):
g_compts[2,2] = -r2:
g_compts[3,3] = -r2*sin(theta)"2:
g_compts[4,4] = exp(nu(r,t)):
g := create ( [-1,-1], eval (g_compts));
0 2 3 1
e o 0 0
0 ir? 0 0
g :/Etable B[compts /A& ,index_char A[j 1,i 1]]
0 0 jr(sin(u)? 0
0 0 0 ey

2) Ad+eneaied 14daoital iaode+anéiar oaicida:

ginvi= invert (g, 'detg’);

0 2 3 i1 3 1
i e®D 0 0 0
0 jri? 0 0
ginv :Atable B[compts A 1 ,index_char A[1,1]]
° ° 1 e
3 '.
0 0 0 e

3) Ad+ensdied feiaieta Eaenoiooaey 1-ai e 2-1a 81aa, 0aiciaia beiaia e
be++e, Néagyosiié edeaécit é 0aicida Yéigoaéia:

D1lg := dilmetric (g, coord):

Cfl = Christoffell (D19g):

Cf2 := Christoffel2 (ginv, Cfl):
D2g := d2metric (D1g, coord):

RMN := Riemann (ginv, D2g, Cfl):
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RCC := Ricci (ginv, RMN):
RS := Ricciscalar  (ginv, RCC):
G = Einstein (g, RCC, RS):
4) Al+enedied nideaiind enifiaio oaicida Yeéigoaéia
aao éfiimiaio:
G_comb := prod (G, ginv, [2,2]):
G11 := expand (get_compts (G_comb)[1,1]);
G22 = expand (get_compts (G_comb)[2,2]);
G33 = expand (get_compts (G_comb)[3,3]);
G14 = expand (get_compts (G_comb)[1,4]);
G44 = expand ( get_compts (G_comb)[4,4]);
) 1
r @ L i 2
G1L:A- . r ,A o w2 3 ,
e’ Lan&ey 20y &y
gy @ ‘e ") @ e
6223./E,1/4 —ED AR1/4 e i G
2
1/4 gy 2%’ (r't)A %U(m)- 6 Y a1 i
MO T e ) ! rg () " re ()
@(rt)2 L (r,t) Qo 1) £ (rt) Qo t)
e @Y @‘\V)ae " @ Ve &
G333./E|1/4 —STD A1/4 =00 i N
2
Lo B _12% 0, Gory @ 0, 8wy
N ) e D) ! ) re (o
&
Gl4:/A£ ii?eo 0
RG] 1
@ s
G44:fE | il 2 S0

AL A~

5) Al+eneaied 61aa6eaioi0o idiecaiails 10 odicida Yéisoaéia,

CDG:=cov_diff (G_comb,coord,Cf2):

6) Elaadeaioiay 46a30aaioey 0aicida Yeéigoaéia, riG
0aicida it 2 & 3 eiadénai:

DivG:= get_compts (contract(CDG,[2,3])):

expand (DivG[1]);

expand (DivG[2)]);

expand (DivG[3]);

expand (DivG[4]);

0
0
0
0

Aeail, o1 éniiniaion aeadoaaioee oleeadnoaaiil daaid ioep.
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CoEE——
ia idlpelé edevee in noidiveediaase ideioei fifloaaonoaey e dafilo-
daee iadsaeyoeaenonéeé 18aaae 1auaé oaidee oiifiecaeiinioe. Oaiddi ia ia
40441 1agadaol 6neiaca 1aginoe néisinoaé +anoeo, a el 6néTaead iaginoe
4022802011100 1eaé
[6i0U fal cadail 4aa 18inodaifioaa a 1auaé ésaeiacee {x'} indaaiaa-
ééedial ioifooainoal EZ & éléaguil indaalaaeeeaial seiaial isinodainoal
V4 fi eAIa06516 180888 ds? e ds2 (i ,i i ,A) (V4 4 4280146041 46y 852080
4daal factaaou Tnaaaiseiaitadi )
ds? /g dx'dx;  ds? Egdx'dxK.) hix” Gk i gik; (14.1)
ik <k ik . ik . ik . ik
CTAGTI g, hijgt A£idgij° i hij° (14.2)
[Tiedaida niioiigaied nayciaado acddadae-anée éliodaadeaioita aicioua-
jeyiaooeée i élaaseaioidie
la i8T@élé eaéoee 10 iéacaée, +0i daciiioe feiaiéia Eaenoiooasy
[ i
Tk ik Tk (14.3)
yagypory éfiiiiaioaié oaicisia.
lasaientaay 6daaiaiey aaladce~anéeda Vi
0 -
— ¥ A0 (14.4)
*S
a 040ieiad i8inodainoaa EZ, ed+el yéaeaaedioiia 6oaaidied iesiaie ee-
ieée, arddana 1eo+aiilio a 1968 a A.C. [aoaiati a caaa+a itadéediaaiey
A5a280208111aT 6y (fil. oaéeed b.A EAia0U44, 1976):
+u! K. i i
: ik i i Iyl i _ ik
s urku/EJkuu|u jkjuiutu iuup) jruTu (14.5)

oU ( 14.5) ieeit €i0481640e814a00 €26 fieed, i8oiaiiacliop 4déoisd
o1yoaeuin)

Abadi danniacseaacl feaand a6aaeoaseliiind ey . AC44d4i feniodio io-
fi+ao0a, a &10187é 1a00eéa ifdaaidaéeesiaa idinodaifoda E, fiaiaaado i idode-
éié 1eiéfanéian, a aiciouaiey iaoseée hix yaéypony iaéuaié

ik &£ i~ Diag(j 1,i 1,i 1L,AL), hjx ¢ 1. (14.6)
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Oia4a & 16iecaienins ensaeiacad ileo+ei Aldileaiey:

o i Ll
ik Vi hik: - iy 1/459' (hirj Ahjiki hiji), (14.7)
aaa efadéna iaieiapony e Tionéapony i Miiulp iacdeée Qi , T0iTiie0déuit
8101316 Tid&AAEAI0 & 6122882I0I04 TBTecATAINE hik,j ' jhik
[80d064it iféacaod, +of daciifiou 0aicidia beiaia & be++eé 4260 ~TT(‘)é_1éc‘Jﬁ()é'-
pued i8in0daifioa oaéaed 1eiiioup aldaseadony i Mittip - Ijk & &0 1846400
&12208ai0i06 1d1ecaiaind (fil. b.A. Ediaci&a, 1976). Oaé, iaioeias,
§.R_fI.EIAI.ImAIm 14.8
ik T Bk ! 2('i|,k kDT mk AT i me (14.8)
A fed+aa, é1aaa 1ail ec i8ifodaifioa yaeyaony isinodainoai Ieiélanéiai,
Rik 4E0. A +afoiifoe, a indaaiadeasoiaié nenoaia endaeiao - 'jk i }k:
— 1
. o | oy oom .
Rik ~ Rik £@i . i E(@l HA@i )T i A (14.9)
o, L A .
i ik /45 (@hgj A@hij i @hik). (14.10)
Ad+eneyy, iagadi:
1
| [ I ol .
r- ik /EE(I’”hkAI’ klhi i hik)a gml'|m, (14.11)
EXhy S AL yAESrch, heogi'h, 2
“l 2I’| ) 2(' il k -kI,i) 2r|k ) g jl - (14-1 )

Oaéei 1adach, a eeidéini i h; T6eadeezediee |
0=

Te6-81 A8y 0AICIBa De++e

(14.9) A0BaceAied (A0-eRceol AATTAOTYOAENT
1 | . .
Rik /4§(f ith Arghiir chi hig)
T T
E(f i AAT AL A EAgik)), (14.13)

a4 434aain fata oaicioina 1adaiaiita

~ 1 L. 1.
Aik * hiki Ehgik- hik ~ Ajk i 5AGik- (14.14)

Oaéei 1adacii, iaéadi, naivsa+eaay:

=

Rvarl'A; AZ A; (14.15)

N

1 ~ ~ . ~
Gik 1/4§(f iIALAr WAL gikr JIAj| i Aik) (14.16)
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14.2 DPagéleedied odicidayiasaee - eiidélna
c—

Odaaidiey Yéipodéia anedanoacd 46606454iveaeuits oieeadnioa Agaiée ilgai-
&ypo iaeieeedl 4 aliieiéoacuita ainoaoi-ii idiécaieuita gaceasiai+ioa
ofetaey . Alaadai eo a nedaopuai 6aiaiii aead, aiaeiae+ii eaceadiaga

Eidaioa a&y yeaéodiiadieoilal iey:

Ak 40, h* i ih, &0 (14.17)
ik r ik b ST c .
Oaéeil 1a0acTl, 4 easeadiaed ( 14.17) aldasedied 4y 0aicida Yéigodéia
(14.16) AGLARGAAITT 6iBTUARORAY:
1 .
Gik Ya i 5 Aik /CE{ Tik' (14.18)
Pafifiiiodel 04iadi aldazedied & idaalé ~anoe 6daaiaieé Yéigoaéia, a éa+a-
fi0aa &10181AT 46441 efiléliciaact 0aicid yiddaee - eliceuna (OYE) eadaguiié
seeaeinioe
Tik ZC" AP)ujuyi Pgik, (u,u)/El, (14.19)

548 BABYB0" (x) & P(x) T610Nfol yiddaee & 4aa64ie eclodtiiié eadasuiie
seeadinoe. Naasoea yoial 0aicida aadd T A" 3P. Oaéel 1adachi, 65aaiaiey

Yéigoaéia a8y eadasiiié seeadinoe ideieiapo aea:

1 .

i 5 Ak A{ [("AP)ujuk i Pgikl. (14.20)
Eae Toia-asihii 6ai4a, fieaanoaeal 65aaiaiee Yéigoaéia yaeybofy caelia fii-
ooaiaiey OYE:

r TX 4. (14.21)

Yoo aea fiflofigaiey fi 6-801 ( 14.17) 88487 66800 & &c I5easeaeaiiis 65aa-
iaieé Yéiooaéia ( 14.33).

Oagel 1adach, Mes=eieg ( 14.21) A 6+&0M ( 14.19):

(" AP)xuMui A" AP)(uj cukAujuX)i P; AO. (14.22)
Ec 6fetaey daeie-eiifioe adeoida fedinoe iaoadee,  u', (u,u) Eliie6+ei:
ri(u,u) A0) uyjuk o. (14.23)

\\\\\\ N a

18a+eaay ( 14.22)fu', ileo+ei % cadli iodaidiey yiasaee é



14.3 Odaaidiey seidéilé oaioee a5aagoaee e ed dagdiey 197

"kukACAPUK E0, uk@" A p_l—_g@(p Tgui)( AP) A&o. (14.24)
! |

iia Aifoiioaiea ( 14.24) & (14.22) & iaidiay eiadei i,

o)
46 Eaadaisedaa 0daaidiey aaeeediey i iefofiioup

; . : i : :
("AP)uikuki P,k(g'ki u'u®) o, ("AP)I?L—USEP,k(g'ki u'u®). (14.25)

LA N N N e N N N N A N e

14.3 Odaaiaiey eeiaéité oaioee adaaeoanee é o dagaiey

\ALrN AN '~

bafifiiodsei & éa+-anoaa efoi+ieéa adadeoaseliiial ey fefiodid +afioeo f iaf-

fité ma,, a2eseoledny il Adaidieiiaiaitl iesian: eeieyi x' /ExL(s). ia
Eaéoee 1210 aaiaeee OYE fefiodit +anoesa:
&L
(p) ik X 2 [ k 4
TP E mac uh (Sa)ug(Sa)x™ (X, Xa(s))dsa. (14.26)
a il
pafifiiosel eeidadecesiaaiina 6daaidiey Yéigodéia ( 14.18) fi yoei OYE:
X &
1o 2 K\ 4
i 5 A A mac Ug(sa)uz(sa)t™(x,Xa(s))dsa. (14.27)
a
il

E26 684680 ¢ BACOBI0A0IA ERE6REL2 (51BI0EA ( 12.26)), 81AABRAIDIAY 48A35-
aaioey yoial odicida daaia
1 .
®) ik =X 2 & 4 Dug
r TP mae +%(X,Xa(9)) dsa (14.28)

u
s
a 1 a

& daaia 0laeaanoadiil i6ep, anée anad ~anoeol aaesedony it daiadce+anéel, ¢

anée a ied ia adénoascp adoaea ey, ediia a0aaeoasetiiial, iyolio a660a-
daioeasuita nedanoaey 6daaiaieé Yéigoadéia oleeaanoaaiit adieiypony a
yoii fied+ad. Aiagiae+ii ileeil 64daeouny e a ofi, ~of aey fefodil ¢adyaeaiitsd

+anoeo caélit fiddaidiey yiadaee - elidelna oleeadnoaaiil adieiypory ide
adiieiaieée 6daaiaieé laénaaeea e iifoaaonoacpued 6daaidieé aaésediey
cadyseaiits +anoeo.

istecaiay +40004612511& 06514 - iBaTadaciaaied 65aaiaieé ( 14.27) a8y
Taeii-1é 1affa & 14520114 & 1316, (acadl aiasiae+iT Easoee 12110868360
yEeAiada - Ae6ad0A: 48y A5aAc0ABRTITAT iTey (10 6+&e fAdiioaied { &

8vG/ chy:
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- A c2mulukz | 4mG u'ukz
Aik 1= TR T2 wR (14.29)
! 7/ ! Z/A
548 60i60ey Z TiBAAAEYAOMY 46008402601 68AAIAISAI:
dz . . .
== /2u,R); R &%) x'; (14.30)
S
oi=eé M(x') e MAxY) oi-ee iaaspaacdey & ~afoesa, Aioadonoadiil o
A +anoiinoe, aey 1aeii+ié Meyuaény a ia+asa e1daeiad +anoeo ( u' s,
s/AEX*; Z fEr) iaéadi éc ( 14.29):
~ amG ~
Aik Eititg——) A AEAy. (14.31)
cer
Oaéei 1adaci, ifeo+ei has £ 2mG/c?r; hg- /E j+e-2mG/c?r:
P omG * o omG
gik ¥%c?dt? 1) —— i (dx®Ady?Adz?) 1A—— . (14.32)
cer cer
14.4 Adaaeoaceiiita aieid
[ |
Dafifiiodel sasaied eeidadecediaaiins 6daaidieé Yéigodéia ( 14.18) ai6-
AOTOA:
Ay AO. (14.33)
A 4562801416 ReM0Ai& &Tid4e1a0 yoe 6daaidiey Aaiaaapo i 6daaidiedl AAsaiaasa
101Reo&EIT 0&ICTBING eMiiaio Ak
1
"1 8 @& @
S—i —5i —5i —5 Ajx A0 (14.34)
cc@ @ @ @
xafioiid daeaiey yoial iafidiaial ae064daibeasuilal 6oaaiaiey i iifofyi-
iie 8lydoeseaioaie A0431 eRéAOU A 4843 Aix AAD € tAKT fiarioaasyy yoe
dApaiey a603aidiey ( 14.34), 66+l 6fiE1aea &6 iA00eAcaENITE BAcOaBSITNe:
3I 2 -
—i k? A} /0) | AEkc. (14.35)
c
Oagel 1adach, 1aUaa 63paied 6eiaadecesiadiind 6daaidiee Yéisodéia a
i67i0104 & 4362801206 11daeia0ad Tsell caieRadl 4 464
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Mk, | :
Rig B AA (k) (AR RRT (1)el i ketAkT) g3y (14.36)

338AS8 (k) aiieeooal Tiadaseaplied & caiacataapled ¥iloaioeasta,, 46a-
1

488013 RETBIR0e 1a48paAdasY ( (v,v) E
A 40 A

sead1aT+i1al AMoiteaiey ( 14.37)
i

=~

AJ ) A Skiki A8 (viki Akivici 7k (K, u)). (14.40)

Nifoilgdiey ( 14.40) &idp
a040a0u iaaapuop & 4624
é 7 .

D~

Ag(kK) £ kek-A°SpS-A+(keS- A Sek—) A ¥utg—, (14.42)
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i5e+4] ANGAAN0ASE GABLADTAN+ 14T ORETASY ( 14.37)
Reg-(K)k A0) %A k?j +5°)
AS_(k) A 5 (K)(kek— i k*tgm)A
°§SpS Azg (koS ASek—i SPte). (14.43)

Nioadonioaaiil yoiio daceieediep 48aa80a6e1iita ey 6netait 4deyony ia
3 0éia: 167alelita (feaeyditd), adéoidita e 1Mada+i0a, lientaaal aa
0101l 1iéyoecasee S. lifiedaieé oei 45aae0a6etiitd iieaé iaciaadony ao
aeoaoeétiinie aiéiaiée . Yoeé aiei0 aileia aiagiae+ia yeaeosiaaieoidi
aieial. 181aieind sed 40aa€0a0€1ii04 1iey aiagiae+in yedéose+aneei (&6-

éfitanééi) réyi.

E€04da00da é eaéoee

[1] E.A.‘Egiaao, Al Eedges. Odivdoe+aneay oeceea. O Il. Odidey
ifey. I: labéa épaia ecaaiéd, ia+eiay il 1973 &

[2] Aee. Neia. Tauay oaioey Toiifieodédiinoe. I: iacéa épata ecaa-

ied, ia+efay i 1963 a.

[3] Ediaouda b.A. Aeooddadiveaeiiay a&naocdey é

iiN0dé a adaeéeediail 1dinodainoaa: 6+aaiia i

anood: 860N eaéoeé agy noovaaioia iaoadiaoe+an

http://libweb.ksu.ru/ebooks/05_120_000327.pdf

[4] Ediaouda P.A lacdiace+anéed iiadée 08i040e+anéié oece-
@e. E&éoey 13. Iaeioein daeyoeaenongié odidee adaascoacee
(Lection14.pdf) -  http://kpfu.ru/main?p_id=28384

[5] Eaiaouda p.A O&idey algioudieé adaaeoaseliial ey // Asaae-
da6eY & 0&TdeY Toiifiedasniiioe. Adi. 10-11, Bacaii:EAO. 1976.
A.195 201.
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Caaasa:
fleacaoi, +of 4&114008y fioade-
i58aN0AAEYPUAAT FTATE BAG
yAByAONY 411400646 PAAd0EEUAA (O



(@}

14.6 liadeesiaaied iaed

oMol 1a0de+anéeé 0aicd idifiodainoaa-adaiie Qi Yaeyaony noiité ieinéié
idodeée gjk, caienaiiié a nodde+anées éiidaeiacad, e 1aélo aigiouaieé
hik ¢ 1(14.1):
2 3 2
i1 0 0 0 Al(r,t) 0 0O 0
0 jr? 0 0 0 00 0
2ain2 A '

0 0 jrésin“p O 0 0 0 0

0 0 0 1 0 0 0 Bi(r,t)
434 A1(r,t), B1(r,t) idiécalenina iaena 6oievee

I68ad4al eeiaéité yediaio é aéao, iientaaplaio aaliaodey daasogeei-
aa:
M T
2m .
ds? & 1i — dt2. —m rzdpzi rzsmzpd' 2,
r_
Efiflcaaiaaied 1aodiaoe-aneié ilaaee

[a1a6i4eil iagoe yainé aea doieveé Al(r,t) & B1(r,t). Oiileeéi &6 ia 61d-
1aéuiné 1aené 1adaiaod 2 +0f aano aicilaelifiol dafiéeaataacl iaode+anéea
adeée+ein 1M iaginoe 2 Oia4a & eeidéil ioeaceaeaiee il 1aélio iadaiaodsd
04icid Yéigoaéia iainodainoaa-adaiaie ileeil idaanoaaeou a 4éaa naéiid:
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restart
with (tensor):

2) & cadaol aey aaeliaéeed at+encaieé noade-aneed éiisaeiaod:
coord := [r, theta, phi, t]:

3) l&odeea oiia i€inéla i8ifiodainoai-adaiy a noade-aneed &1isaeianas:

g_back compts:= array (symmetric,sparse, 1.4, 1..4):

g_back compts[1,1] = -1:
g_back_compts[2,2] = -r2:
g_back _compts[3,3] := -r*2*sin(theta)"2:
g_back _compts[4,4] = 1:
g_back := create ( [-1,-1], eval (g_back compts));
0 201 o0 0 031
0 jr? 0 0
g_back :Atable Blindex_char A[j 1,i 1],compts ]
0 0 jrisin)? o
0 o 0 1
4) Aa&adi o1oiagiin iagné iadaiaod 2 @ gadasel 0aicid 1aé0o aigiouaieé:
g_pert compts:= array (symmetric,sparse, 1.4, 1..4):
g_pert_compts[1,1] := Al(r,t)*epsilon:
g_pert_compts[2,2] := O:
g_pert_compts[3,3] := O:
g_pert_compts[4,4] := B1(r,t)*epsilon:
g_pert := create ( [-1,-1], eval (g_pert_compts)):
0 2 a101)2 0 0 o 31
0 0 0 0
g_pert :/Atable %index_char Al 1,i 1],compts %]E
0 0 0 0
0 0 0 BL(t)?

5) Ofaaa, 1a0de+aneeé 04icid foiid oiia & 1aéao aigioudieé ideido aea:

!

g = lin_com (g_back,g_pert);
0 2 a1rt)2i1 0 0 o
0 ir2 0 0
g :Atable Blindex_char A[j 1,i 1],compts
0 0 i r2(sin(u))2 0
0 o 0 B1(r,t)2A1
6) Nimittip foaiaadoins éliaia aéaeeiodée tensor diecadaai 181ideed-
01+i0& al+efneaiey & iaéadi 0dicid Yeéigoagia:
ginv := invert (g,'detg):
D1g := dlmetric (g, coord):
Cfl := Christoffell (D1g):

Cf2 := Christoffel2 (ginv, Cfl):



D2g
RMN
RCC
RS
Estn

7 A
Tadai
GO :
for

= d2metric (D1g, coord):

iemann (ginv, D2g, Cfl):

cci (ginv, RMN):

: cciscalar  (ginv, RCC):

= Einstein (g, RCC, RS):

O+efiéei 0aicid Yeéigoaéia a ioeaal iioyasa
4086 2:

=R
= Ri
= Ri

= array (sparse, 1..4, 1..4):
i from 1 to 4 do
for j from 1 to 4 do
GO[i,j:= expand (mtaylor(tensor| get_compts ](Estn)[i,j],
epsilon,1)):
end do:

end do:

eval

(GO);
2

0
0
0
0

0

o o
o O o o

0

ARMA AN N XN SN AN

o

O4icid oleeaanioadiit dadai ioep, eaé & dieaeii 4000 48y i6THETal 1610dAIR0AA-

asaiaie.
8) iaéadi 0&iddu 1aoané ayaie aiciouaieé oaicida Yéigodéia i iaéno
128aia0d0:
Gl := array (sparse, 1.4, 1..4):
for i from 1 to 4 do
for j from 1 to 4 do
GOJi,j:= expand (mtaylor(tensor| get_compts ](Estn)]i,j],
epsilon,1)):
G1Ji,j]:= expand ( diff (mtaylor(tensor| get_compts ](Estn)[i
Jl,epsilon,2),epsilon));
end do:
end do:
eval (Gl);
A ! A ! m 1 m 1 #
0,i 1/2 %Bl(r,t) r2i 112 gAl(r,t) r2i 12 gAl(r,t) ri 12 gBl(r,t) ,f),o
u T ! 1 A ! A !

@

0,0,j 1/2 @Al(r,t) ri 12 @Bl(r,t) r A1/2 (cos(p))? %Bl(j,t) r2A1/2 (cos(p))z~ %Al(r,t) r2A

H 1 u 1 A ! A ! #
1/2 gAl(r,t) (cos(w)?r A1/2 (cos(p)? gBl(r,t) ri 12 %Bl(r,t) r2i 112 %Al(r,t) r2,0

" it
Sp(t)  Qai(it) Ay
00— A—=75
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9) A eeidéii iveacesediee imiaedi
aedi 140a0a0URY & i6el. E¢ yoial ofélaey iagadi

Bi(r,t).

bagaied aedoadaiveasuiial 6daaiaiey agy éniliaiod G1[1,4]:

dsolve (G1[1,4]=0,A1(rt));

Al(r,t) £ F1(r)

¢ iManoaitaéa iaéaaiiial ddeaiey a 0aicid Yéigodéia:
Gl:=eval (G1,{A1(r,t)=AL1(n});

&B1(r,1)  AL(r)

Gl:/E | — 5—.0,0,0
: r r
1 #
. @ . Hy 1 . H @ 1
0,j 1/2 @Bl(r,t) rei 12 d—rAl(r) ri 1/2 6Bl(r,~t) ,0,0
Hy 1 H@ 1 2A@ ! 5 Hy f 5
0,0,i 112 aAl(r) ri 12 @B}(r,t) r A1/2 (cos(u)) @Bl(r,t) reA12 EAl(r) (cos(w)“rA
A ! #
Fa 1

1/2 (cos(u)) @Bl(r,t) ri 1/2 %Bl(r,t) r2,0

d A1(r) o
LALr) o AL
o,o,o,d’iA#
r r

10) Aagda, dawea 4600adaiveasiila 6daaidied aey éniiaiod G1[4,4], iaé-
aai 66ieédcep  Al(r) i oi+iifioup &f éfificaiod:
dsolve (G1[4,4]=0,AL(r));

Al _:= subs (%,A1(r)):
Al := subs (_Cl=alpha,%);

C1
A1(r)ﬁE—r—
®
Al /-
r
11) Aiagiae+ii andacei 66ievep B1(r,t), éfiledciaaa éiiidiod G1[1,1]):
dsolve (subs (Al(r)=Al_,G1[1,1])=0,B1(rt));
Bl := subs (%,B1(r,t));

Bl(r,t)/E(rEA_Fl(t)

Bl :/E?A_Fl(t)



én:
gas LA 2A FLABA(r 1),
58 A m N KA A A A K AL KA AL 8 AN
daaA A& r m iaffia Adadeoedopuadi 1auaéoa,
jaéadi alidazeadiey agy 66iéoeé Al,B1:
F1(t) A0, ®A&j2m,

2m
) Bl(r)/Ejr—.

B1 .= subs ({_F1(t)=0,alpha=-2*m},B1 );
Al_:=B1_;
m
Bl A& ,'2r—
m
Al A& izr_

i5Taddel iaéadiind dagaied manoail
Yéigoaéia it iaéfio iadaidoos

eval (G1,{A1(N=A1_,B1(r,t)=B1_});

agié aiaoaia ioeaceaedied oaicioa
2

20 0o o?
0 0 0 O
0 0 0 O
0 0 0 O
13) ENGiay e 1adaiaodia iladee, ooievee Al(r,t), B1(r,t) yaéypony iaéa-

18, 0aaa fidaakaseal feaachued mioflodiey a8y eNiliaio 1200e+aReTaT
daicida:

2m
Gag LI —, (14.44)
2m H 2mﬂ H 2mﬂil
g11 E 1A AL(rt) £ilj r—/E; 1Ar— i 1j - (14.45)

E éei&éité yeaiaio iaiaaado i aiasiae+ini aéy idooeée gaasogesiaa:
1
) Hoom 2 )
ds“ &£ 1) — dt5j
r

S rzduzi rzsinzud' 2 (14.46)
P



Noase+anée - neiidode+iaa
ddaaeoaoeiiita ey

XA N N N N N A N

CEE—
Afiyéay oece+aneay o&idey 0afii fiaycaia i Aelidodeyie 1dinodaifioaa & ada-
iaie. O&i aleda, yoi 10iifeony & oaldee adadeoanee, idediaa 610161é Tida-
adeyaony naténoaaie isifodainoaa - adaiaie. bannitosel aanénia+ii iaéia
(eibeieoaceiaéuiia) ivaiadaciaaied deiaiiaa 1d8inodainoaa, nMoaaonoadp-
Uaa niauaiep aai oi+aé aaieu adéoida »

X0 Ex! A»' £t (15.1)

X/ @ (15.2)

idatadaciaaiey ( 15.1) 1adacopo iaiiiadaiaode+aneop aso6iioé idaiadaci-
aaieé G (fii. E.I. Yécaioaao), 1iadacis X iachaadony dai&sacisn adoiid
r Tadaiaode+anéié aooiin ivatadaciaaieé G, filioadonoasaor iacaaeneiad

A41a0a0181a 800110 Xg, 16e+ai:

[Xa, Xp] £CY X4, (a,b,d L), (15.3)
iMhoTyiina  CY, fachaapony foaceoesitie efifivaioaie assiid Gr.
oMol - g:())(x) 146101306 1a0860. [51ecad4al fiaaea oi+4é iIfodaifioaa i

CAeti6 ( 15.1) & AG-efigei daciifion  +- E:j)(x) y: 2 EL))(xO)i - gj)(x), &ioiday faca-
4280MYAC00404/08AEN E& fataeoa - g())(x), aadse-eia - E:())(x)/it - iieg-
aiéEe  eiaiciasagony L- ).
Toffeoasii oaiciaial faiaeoa -

7428€ai01006 181ecalaitd é fanedasdo 0aicidind naiénoaal

>

L—LﬁE»jrj—:(i—Ij(rj»i/l\—ijrk»j. (15.4)
»

Aiagiae+ii 1adaaaotaapony & 486544 eiadéna
Aree islecaiaiay Ee 10 i4&i0181a1 1anaéoa daaia ioep, yoi icia+ado idec-

iaiiifion fiaiéfioa 1auaéoa aaieu 0dadéoioee adoiia:

. dxi .
L- A0) - (x'(t)) &ZConst, aaéW;E»'. (15.5)



Aiaiayo, ~oi  delailal idifiodainoal aiionéado adoiié
r, Gr, anee idiecaiaita Ee 10 140de+anéia

Li ‘jk /EO; L Rijki #0; LGk A0 ) LTk AO.

a a a a

1., ai5eids, E.I. Yécaisaso.
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15.3 Noade+arneay ieiiaodey, asadadas+anéay nodoeooda odicida Yerddéia

Den. 15.1 WL
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Aee. Neia, E.A. Eaiaac):

ds? Ec?dt e’ i dr2e i r2d- 2, (15.10)
3480 (r,t),, (r,t) idiecalenind 6oiesee, d- 2 Adp2Asin?ud’ 2 1a08eéa 2-
143116 MOAB0 daeie+iial daaeona. Aileazeéod, +011a08eéa ( 15.10) & a880id0

(15.9) 641a880413ypd 65aATAIeYI Eesseiaa.
15.4 Al0+efedied idode-aneed adee+ef afieo+aa nodoe-&imae feil
(|

Ad+ensyy 1aode+aneed adee+eid foiiieodsui 15.10), iaéaadi (ao-en-
11T fi

éeol naitiolyodeni) . ildodeaeaelind éniniaiod fieiaieia Eaenoioodey 2-ai
diaa (fieliaode+ina il ieaeiel eiadénal neiatel Esenoiooaey 10 Tionéaai):
1 10 1l .
i 1145, i 14465, ippAEire ]
1 e cin2iei .- <1 1A%, 00 2 3 el
i 33/Eirsinpe’ - i, A8 ' i 12 7B 13 &
, ; (15.11)
i 53 FECtgY; i 53 /E i sinpcosy,;
.4 1..i0° .4 100 .4 1o
i Aze i 14 3% i 44 3%

aady " @y; y* @y.

(. |
Ad+eieyy &Miliaion 0&icida Yéigoaéia (a0+efseol AAINOIYOAEET & Maple,
& caataay 1 ciagd) | ieé+el (Al E.A. Eaiaac) 4 1205eaeasuind 6daaiaiey

s N O L 2 3\.
Yéigoaéia ( G5 AG3):

s ,
Ci. 99z 1 1 8YG+1. . 4 8vG 1.
|e" ?Al’_z Ar_Z’CE 4T1,,|e"r3/E T4,

c ct
cLlai, 0022 A°% % 00 e TRLZ. L0 p8YGT2.
|2e3 %\,2 A ) Aze ’A2| 5 AEC4 T2, (1512)

I 1. %31 8464
|e" r—2|TAr—2/EC—4T4.

Ad+eneyy iaadeaioiop 46aadaaioep 04icida Yéigoaéia r K GK A0, 10 TTe6-
+81 A 6+800 ( 15.11) & (15.12):

r Gy £Z@GIA@GTA; X G}i i|,Gf @GIA@GTA
i §G1AI 4G i 11161 i 15,631 i$563 /0)

2 , 2
r—G% ;Er-eg £@GIA@GTA; X GIA; 4, GTi i1,G. (15.13)
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AN ANY ALXA NS ZXNATQ N Ny Lr N O zra 2 AAD XSO s NN e rANA
Oaéei iadacii, 6daaiaiey Yéigoaéia 5€3 yaeybony 4e060adaioeasu- itié
fiedanoasyie 6saaidiee 1.7.7. Aeoiad o e1aai eeol 3 idcaaeneins oaaéié’u'éy

Yéigodéia %j .4 122 06iebee 1408e+aneed |, ,° & &iiliaiod 3 filioadonoadp-
uea éfiiniaioa OYE.
iaTecadadi isaladaciaaiey a eaaié ~anoe +a0aasoial 6daaiaiey ( Gf{) fiefioaia
(15.12):
. N 8Y5
roGa /e - (1ir,9i1 rel-jr ¢0/E —Tar?. (15.14)
4 s o4
A04ad4ai enoaio eMdaeiac eaacedaseeddas a 6aiodd, 0.4., +01al 180deéa atéa
ifaaajaaéeeaiaié a ia+aea é1ioaeiao:

. (0,t) /0; °(0,t) AO. (15.15)

Otaag, ei08ades6y (15.14) fi 6Reiasyie ( 15.15), fadaai:

i a1, d
e [l C_4r_ T4r r. (1516)
0
lleaaay iaéaaiiné ooiesep , (r,t), éi0aa0eaoy 1adaia 6daaidied ec fenoa-

i0( 15.12) foitieoaenit  ° ﬁé+é<‘3|lone|aee( 15.15), iaéaai:

AW ¢ osue g
° - el Tlre dr. (15.17)
ct

0

Aey 4a60iiaépadl eindadesiaaiey 0dadiaieé iatadiaeil 1iddadeeou &ii-
ifiaiod  T; leTd oalgléa yiadaee - elideuna iacaoee. ia elieddoeceddy ie

iaéééééemop 8340, caiaoel, ~of 6 ian eiadony aua fai aeooa6a|oeaeuua
fiédanoaed 6daaidieé Yéigoaéia ( 15.12):

0
2
r TS AE0) @TLA@T) : 1A—TjA ’—(Tji T1) AO. (15.18)

Q ~ A

Oaeoe+aneée (15.18) |6aanoaaeyao caéii niodaiaiey yiasaee-eiioeuna.
Darifiiodel 0diadl 4 éa+afoaa 1aoddee eadacliop aeaéinou:

T, £ (CAPW'ugi £ P; u' Au,0,0u%); (u,u)AEL (15.19)

) ut & eio/2p 1Reu2 (U’ ub).
TL & iPie - u?"Ap); Ti/Eue"’zp 1Ae u2(" AP); (15.20)
T, £ "(1Au?e )i Pu?e . (15.21)
T4f0AAEYY &NiMi&ioa ( 15.19) & caéli fitodaraiey yiasaee ( 15.18) ide caaai-
ili odaaiaiee P EP(") i0 1ie6+ei 6daaiaied ia 66ieécee " @ u. Ec aoisi-

a1 6oaaidiey nenodin ( 15.12) iacadi fieldinou  u(r,t). Oaéeiiasach, ( 15.18))
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AnQ Y A~ sA . N AR

fi0aiao caiéidéoni 4666adaiveaéuitl 6daaiaieal a +anoins i8iecaiaitd
foilfieoaedit igloiiioe yiddaee “(r,t).

banfiiodei noaoce+anéeé ned+aé ° /Eo(r) /E, (r). Oiaaa éc 4016141 6daaia-
ey Nefocaid ( 15.12) Ndaco iied+ei T /0) u /0. Oidaa ¢ (15.19) iled+ei
T AP, T} A" 8086401 6484800MY, +m caéii fiedaiaiey yiadsaee ( 15.18)
Oiaeaéﬁoaam 6aiaedoaisyaony.
Aaiay a (15.16) 66ievep  ieiié ianfi gada daaeona r:
z
M (r) &A% "(r)r?dr, (15.22)
0

ie6+e1 48y ( 15.16):

2GM(r
el () g, 2GMO) (15.23)
rc4
Oo6ievey M (r) 1iddadeyaony fi Miulp eiodasasga 1o 1eioitfioe yiddaee
"(r). A&y iadiceadiey iefoitfioe yiadaee iteell efileiciaadl iedanoaes 6daa-

jaieé Yéigoaéia r kT /0, 8701814 4y noace+anéial ned+ay ideieiado aea
(a0~+efieéol nannmyoaeuu)

1 z dP 1

ZoQr Ap(") AP%A0) A A Const. (15.24)

2 “AP
i8¢ caaaiili 6oaaiaiee nnoiyiey P EP(") 68aaidied ( 15.24) aidaaa eiodade-
B6AORY.

15.6 Dagadiea Jdaadogeeluaa

CEE—

Dbanfiiodei dagaied 6daaiaieé a1i6noiod aid gada  dadednaRr e ieiié ianna
M(R)’ Mo,e|0|6|a||ae||||eo eouegéaﬂme ( 15.23),1éadaay M AEM(r),r - R
e M(r) AMo,r ER(0.4.," /0,r ER):

) 2r .
el - M) 1 r—g (r ER); (15.25)

., MoG
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Otaaa fi 640l T1(r) £0,r E R iie6+&l aey Sagdiey ( 15.17)°

2 1
o(r)A£° (R)A i — dr
(A R) 1 2rg i
o 1 2rg
e E———1) e Alj —. (15.27)
1| i r
r
Oaéei 140acii, a 1610104 ife6+aai dawéaied Pdaadogesiaa
H 2
2r dr
ds? /Ec2dt? 1 r—g | —5—irid-2 (15.28)
1] —

aéi 6aeaaou, +otioe rg/r! 00asaied Paaddgeélaa idoadiaeo a ieo-
4 0aiad dagaied eeidéitd 6oaaidieé Yéigodéia.

[1] A.C. 140a7a. iTa0a 14otad a 1andé o
jacéa 1966. 496 fi.

[2] E.I. Yéc&idano. aioasnaina asoiid isaiadaciaaieé. I: Aaeor-
deae OPNN. 2010. 360 .

[3] E.A.‘Eaiaao, A.l. Eeoges. Odiddoe+aneay oeceéa. O Il. Oaidey
iiey. I: labéa épaia ecaaied, ia+éiay i 1973 &

[4] Aee. Neia. Tanay odidey ioilfieodeuiinoe. I: [acéa épaila écaa-
ied, ia+eéfay i 1963 &.

[5] Ediaoida b.A. Aédoddaiveasuiay &af
1anod: 800 a80eé a8y f0oaaioia iacdiace+an
http://libweb.ksu.ru/ebooks/05_120_000327.pdf

[6] Ediaoida b.A. lacdiace+aneed iiadee 0alodoe+anélé oeceéee. Eaé-
0ey XV. (Lection14.pdf) -  http://kpfu.ru/main?p_id=28384

[7] E&iaouda b.A. lacdiace+anéed ifadee 0aiddoe+aneéié oeceee. E&é-
6ey XVI. (Lection15.pdf) -  http://kpfu.ru/main?p_id=28384

Siinetenes | eual 5agaied a i6foioa, &i0aaoas ( 15.17) a0+eénéyai ai5dadéad [R,r].
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¢ +afoeol a1400eéd Paadgeéuaa.

lacdiaoe+anéay iiadeu

NN AN

3
1 .
i 12 dp2A(sin (0)2dA2 Adt? 1 2?— .

laddiaoe+aneay iiadel aadeediey ianneailé ~anoeon a idooeéd Paadeesiaa
fAtNoTeo &g 46006adai6eaeuins 6daaidieé adladce+anéié céiee é ia+aéuind
oneiaeé agy +~anoeoa:
r(to) Aro; ——— AVo
tAo

DO
-
D
D:
-
=

1) Taéep+ad
restart

with (tensor):

with (linalg):

Caaaai éfidaeiaol  x:
coord:=[r,theta,phi,t]:

2) Caaadl élaadeaioité iaode+anéeé 0aicio ey gaadogeeuaa:

3 . 3 ’

3
1 )
ds? £ idr? 1j ern— Y2 dp? A (sin ()2dA? Adt? 1 ern—
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g_compts:= array (symmetric,sparse,l1..4,1..4):
g_compts[1,1]:=-1/(1-2*m/r):
g_compts[2,2]:=-r"2:
g_compts[3,3]:=-r"2*sin(theta)"2:
g_compts[4,4]:=1-2*m/r:

g:= create ([-1,-1], eval (g_compts));

0 2 ¢ 3 1
i I11 ZTf il 0 0
0 ir2 0 0
g :/Etable B[compts A& ,index_char A 1,i 1]]
0 0 jr2(sin()? 0
0 0 0 1; 2%
Al+éfiedied 1adand +anoins idlecaiaitd iaode+aneéial oél'(;Téa

dg:= dlmetric (g,coord):

ginv:i= invert (g,'detg’);

0 2 3 1
irA2m g 0 0
0 jri2 0 0
ginv :/Etable B[compts A 1 ,index_char AJ1,1]]
0 r2(sin(u)?
. r
0 0 0 i TrAZm

Al+efieaied neiaieia Eaeno
Cfl:= Christoffell (dg):
Cf2:= Christoffel2 (ginv,Cf1):

3) Aeyiieo+aiey 6daaidieé adladce+anees eeieé iaeil enielciaaoi éfiai-

46 "geodesic_eqnd&aceioaée " tensor”. Caani iatasiaeii iieou, +of 6daaiaiey
aalaace+anéed 40400 alaait a idiecaieniii  1idyaéa (a ia fiioadonoaaiii ii-
14dai &1iaaeian). lyoiio ide 1adaudiee é yoei 6daaiaieyi ide éaseda
Tadacaionéa iaiasaiin idtasiaeil 1onédaeeaaod Mayaie yoesd 6daaiaieé é
fiataasaiaiii aiineol é1604e08ad a iinedacpuea f iéie Tiasacee. ia, 1a-

faél, ieo+ei 0dadiaiey aatadce+anéed: naiiiolyodédi, 1l 1aoiaeéd 1816.
E&iaouaaa, +otal eidol aiéliged aiciieiifioe 1aieioeyoee i iie.

Ca&a&el 146404 e 401804 1dTecalaita o éiidaeiao it iaoddaéuiiioé 1ada-
12086 s:

X:=[r(s),theta(s),phi(s), t(s)];

U:=diff (X,s);

du:=diff (U,s);
X E[r (), 1(9),A(s),t(9)]
d . d d . d
u -/‘E[d—sr (S),d—sll(s),d—SA(S)=d—St (s)]

d2 2 2 2
du :ﬁE[@r (s),@u(s),@A(s),@t(s)]
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Caaaaei éliosaadeaioité adéoid neéiainoe +anoesa ul
u:= create ([1], array (1..4,U));
du:= create ([1], array (1..4,dU));

3 h

[
u :/table [compts £ disr (s) disp(s) disA(s) dist (s) .index_char A[1]]
3 , .

i
du :Atable [compts A& %r(s) %p(s) %A(s) c?—Szzt(s) ,index_char A1]]

N imifaap éfiaiad prod(A,B,[i,K]) Ai6084iiaal idiecadadiey oaiciaia it i-1é

e k-0ié éfivaeiaoal iaéadi naasoéo:

dCﬁEijkiujuk

dc:= prod ( prod (Cf2,u,[2,1]),u,[2,1]):
dC:=lin_com (1,du,1,dc):

GeoMat:= get_compts (dC):
Geo[1]:=GeoMat[1]=0:
Geo[2]:=GeoMat[2]=0:
Geo[3]:=GeoMat[3]=0:
Geo[4]:=GeoMat[4]=0:
Geo:=[Ge0[1],Geo[2],Geo[3],Geo[4]]:

Ajaeeoe+afnéead ad+eneaiey e ioaiadaciaaiey
4) Aaémdied a yeaaoiseaediieé ieinéinoe . O+04i, +of, 8aé ecaanoil, +anoesa
aaeae00iiy a vaiodaguiii iléa andaaa aiaiié i€inéinoe, 16idiaytaé +adac 6aiod
efoi+ieéa 1ey. Oaéel 1adacii, i6e iadedseaudl ataioa fenoaid élidaeiao,
+afideda 464ao adeaaouny a ieifiéifioe yéaaoida p A£¥42 . Niioadonoaaiit yoiio

ss:=[theta(s)=Pi/2,theta=Pi/2,r=r(s),r(s)=r(s)];
SSIAE[U(S) A2, W A2, v AEr (S),r (S) A& (S)]

Geol:=collect (expand (simplify (eval (subs (ss,Ge0)))),[ diff  (r(s)
.S, s),( diff (phi(s), s))"2,( diff  (t(s), s))"2]);
Geol:/E H2 m_._ e ﬂi
eol /E] ir9A2m' ir(9A2m ds?
H 2 2 T
4 m : r(sym A (r (s)) i As)
ir(s)Azam ir(s)Aam jr(s)A2m ds

r(s)A
")
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H m3 m? m L
|

4(r ()3 (i r(S)/3~2r11)A4(r (s)?(i r(S)/3~2m,)i r(s)(i r (s)A2m)

H o m Lr(s) ? dA@i) dr(s) 42
99 A ds £0,0/£0,2- 2 85 2 9% 519
ds , T ()G r (s)AZn;) j r(s) ds?

m d"%st(s) ;Lsr(s)_ éj—:zt(s) m r(s)%t ()
(r(s)i 2m)r (s) : r(s)i 2m r(s)i 2m

/0]

simplify — (2*m/(-r(s)+2*m)-r(s)/(-r(s)+2*m))* diff (r(s), s, 9);
d2
@V(S)

simplify — (-4*m~3/(r(s)"3*(-r(s)+2*m))+4*m"2/(r(s)"2*(-r(s)+2*m
))-m/(r(s)*(-r(s)+2*m)))*( diff - (t(s), s))"2;
(9 2m)m Lt(s)

(r (s))°

simplify — ((4*m”2/(-r(s)+2*m)-4*r(s)*m/(-r(s)+2*m)+r(s)"2/(-r(s
yr2rm))*( diff  (phi(s), s))"2;
H d . 1o
(i r(9)Azm) —A(s)

- 18& yoii 1ail ec 6daaiaieé, a0idia, 1adaceoiy a oieedanoal.
5) Eiddaoaé aaiaace+anéeed
Tait e¢ yoed 6daaidieé (0640ud) eiddo ecaanoileé a neo+aa inaaié neiidosee
1a8a0é eioaadaé , L=const, daladce+anées:
In:= int (expand (lhs (Geol[3])/ diff (phi(s),s)),s);
I_1:=L= simplify  (exp(In));
M

d .
In :E2In(r (s))Aln d—SA(s)

5

d .
. 2
|_LAEL AE(r (9)° -A(9)

Oaéei 1adacii, iaéadi:
SS:=diff  (phi(s),s)= solve (I_1, diff (phi(s),s));

ss-/EiA(s) £t
"~ ds (r (9))?
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Geodesicl:= S|mpI|fy (eval (subs (SS Geol)));
! A

dz : 2 Hy T
GeodesicL /[ d—r(s) (r(s)°A2 d—r(s) (r(s)*mAm —r(s) (r (9))°
H d T H d T H d ﬂz
i (r(s)® PG mA4(r (s)? G m? ar () d—t(s) m3AL2(r (s) .4L2r (s)mA4L2 2
2m i@ 4 t A 2t
() 2m) (r (9)%) 1 /0,040,060, 35 © 6591 2 5zt rOmA Gzt €O fE0]
(r (S)l 2m)r (s)
6) i5eadadied 6oaaiadieé adiadce+anees é iisiacuino aéad
Dacdagei odaaiaiea
GEO[1]:= diff (r(s),s,s)= solve (Geodesicl[1], diff  (r(s),s,s));
42 M d 1 H 1 ll T
GEOL /E r(s)/Em —r(s) (r (s)) i (r (s)) —t (s) mAa(r (s)) —t(s) m2|
U T2 3 g

4r (s) d—St(s) m3AL2(r ()% 4L%r (sym A4L?m? (r (s)i 2m)(r (s))*

GEOJ[2]:= diff (t(s),s,8)= golve (Geodesic1[4], diff  (t(s),s,9));
d d
d2 . m d_St (S) d—Sr (S)
GEO ﬁEd st(s)Ei2 e 2mr e

AN O/

7) Agy oisitiaiey 6daaidiey GEO[1] efiiléucdai fifoiigdied iidiediage:

g_compts[1,1]*  diff (r(s),s)"2+ g_compts[3,3]* diff  (phi(s),s)"2+
g_compts[4,4]*  diff (t(s),s)"2=1;

Norm_0:= eval (subs (ss,g_compts[1,1]* diff  (r(s),s)"2+ g_compts

[3,3]* diff (phi(s),s)*2+g_compts[4,4]* diff  (t(s),s)"2=1));
Mg o Tos i1 Mg, s g T

i £r(s) 1j Zr— ir (sm(u)) d—A(s) A 1j 27 %t(s) AL

N 0:/E d '”2“1- 2 M Ak "d A ﬂzAul m ﬂudt ﬂz/El
orm_0 A j £r(s) 259 i ()% —A(9 i @ 3 (s)

Norm_1:= eval (subs (SS,Norm_0));

My T2 m W1 2 M m Ty T2
Norm 1:/E i —r(s) 1j2 i ZA 1i 2— —t(s) A&l
ds r(s) (r(s) r(ss ds
dagay &10181a foiifiecaenit (T (S))z, jaéaai:

T02:= diff (t(s),s)"2= solve (Norm__ 1 diff  (t(s),s)"2);

3

Ky T @9)® &Lr(s ALzr (s)i 2L2mA(r (s))3I 2m (r (s))?
TO2:/E —t(s)
ds r(s) (r (s)2i 4r (sm A4m2

lanoaaeyy 0diaddu iagadiiia cia+aiea (T ())? éc TO2(s) & 633aidied GEO[1],

164tadacoai aai é aeao
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EE:=simplify  ( subs (T02,GEO[1]));

2 2 . 20 2
EE:ﬁEd—zr(s)ﬁELr(S)lsL mi m(r(s))
ds (r (s))*

PAgaied casa+e Eig

8) i4é101004 e¢ |a—aeui06 éﬁeTééenaeugaaaou idlecaielit, 10 ed ¢ia+a-
|’

A Q Ann

ea éiioaeiao (;aaa—e yoe ia+aeuita éﬁelaeylu
adaai iiodaiyol i |ae<;|a||U| 0 cada+e é cada+a. Caanu id fori+eotaaai cia-
+aiead 6aeiaié 1adaiaiiié 1o 0agié oi+ée 13aeol, a éioisié d—r (s) A0, 0.4., 10
s

iaéneidia (ainaay) eee ieieidia (iadeaay) :
Init_0:=phi(0)=0,t(0)=0,D(r)(0)=0;
Init _0 :/EA (0) A0, t (0) £0, D(r)(0) A0

A .. 0

Aagaddianiio 6aiodaelilal 0aca oadaed ileeil cagaou idiecaiedii, 10 44 Tiddadeéa-
i0aeiaod r. lyonio ia ifel
foTaita odaaiaiey:

|ey [[s]3[e]) gaaeneo iafigbaa oaaeaédliié
4a daaiié daeieoa e iflanoaael yoi ¢ia+aied

én 0 iéfeeel
38
m_0:=m=1:
GEODZ1:=subs (m_0,EE):
ia+aeuina onetaey caaa+e 1ivdaaeypony, al-iadand,
a, 41-401600, cagdaiedi ¢ia+aiey ifidioa, L, oI
6éaéaéuﬁ‘|()'|'aaéiép +afioeod.

Oaéei 1adachi, 4 éasedié caaa+a ial 4inoac

ot
ia0da L e daaeaeuité 1adaiaiiié, iifoadonoaopu
(o]l

ja+aieai daaeaeuiié ,
fa+aied L A0 fili0adofnoasao

(‘D

+ii cadadaou gia+aiea 1ada-
aé 1664aiio cia+aiep 6aea.

fi r(s) Aro EConst. Oldaa &c
l’].

lleaaay R(s) &0, ileo+ei é864i1a0a 184ec

ArQ s ~ ANz 7

6daaiadiey GEOD1[5], iaéadi daaeon 0aéi
r0:= solve (rhs (GEOD1)=0,r(s));

3 e 3 4

P
r0:/E LI2A1/2 L2512 L, L/2; /2 L2;12L

Ioeoafbaeau +01 é80aiata 184eo0 fdtanoadpo eeul ide onetaee Lo- L,a3a
LO:/E 123.464101616

L[O]:= sart (12);

p—
Lo /E2 3

L<=evalf (%);
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L- 3.464101616

AN YA O s

I8¢ 0&&7ail iTi&ioa L, 64iaeaoaidypudio yoiio 6neiaep, aiciieeit 43a
dawgaiey, floadonoasdpued ésdaiadi idaeoai:

r_min:=(1/2*L-1/2*(L"2-12)(1/2))*L;
r_max:=(1/2*L+1/2*(L"2-12)(1/2))*L;
plot ([r_min,r_max],L= sgrt (12)..6,thickness=[1,2], labels=["L"
,"r0"],legend=["r_min","r_max"],color=[black,grey],view
=[0..6,0..30]);
3

b -
rmin £ L2 1/2 L2;12L
. .

p____
rmax &£ LI2A12 L2 12 L

307
201
10
101
—
0 ‘
O 1 2 3 4 5 6
L
r min I max

LRI Cadeneliiol 1dseas iadaiacdhe

Afiger_min - r,r - r_max, of +afidesa 6fiéidyaony a iaidaasaiee, isioeaieice-

FAN 7N\ e N A O A NN~~~ O dR N e b . b I '~ O
il iaidaaéaiep é ianna: 0- o aidér - r_min eée r_max - r dadeaédiia
s
ks R
ofnéioaiea iaiyao ciaé: — - 0.
Enac S
9) Eféé b aied iacodaédiial iadaidoda

Efiélcodl eiodadas

drs:= subs (diff (r(s),s)= diff  (r(phi),phi)* subs (r(s)=r(phi), rhs (
SS)));
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3

g 16
d m‘f A L
drs ./E—r (S) £
' VTR
d2rs:= diff (r(s),s,s)= diff (rhs (drs),phi)* subs (r(s)=r(phi), rhs (
SS))
03 -’¢' 3 L2 1
2 L AL LA LE
d2rs :E—r (S) Ei—— %—,Wi 2
s? ﬁxﬁi@ |r lA lr IA

EQUATION:=expand (r(phi)*4/L"2* rhs (d2rs))= expand (r(phi)*4/L 2*
subs (r(s)=r(phi), rhs (EE)));

3

¢2

d i» . .'¢
EQUATION Az—dz iA¢ zﬂ_ﬁ_;ﬁ‘/f 3 —IrIA %m
iy us | Cam

dAaz’ ! rA P T2

PH1:=dsolve (EQUATION,r(phi));

Z 1 (A) L

PH1 :A£E p
L2 C1 a%i L2 a2A2L2 am A2 a3m

d aj Aj C240,

21 (A) L ,
i P daj Aj C2A0
L2 C1 a%*; L2 a2A2L2 am A2 a3m

PH2:=subs ([r(phi)=r,_C1=(1-E)/L"2,_C2=0,_a=a],PH1[1]);
PH3(r):= solve (PH2,phi);
Z, L
PH2:E£ p daj A0
a*(1j E)j L2a?2A2maL2A2a%m
Z, L
PH3(r):£ p da
a* (1i E)j L2a2A2malL2A2a3m

diff  (phi(r),r= diff  (PH3(r).r);

d . L
—A(r) Ap
dr i Er4A2L2mr j L2r2A2mr3Ar4
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Neo+aé i+oe eadaiaié 10aeod

YOoi0 fig6+aé filioadonoacaos cia+aieyi L, aieugél Lo

Sol:= dsolve ({ subs (L=-4,EQUATION), r(0)=11,D(r)(0)=0},r(phi),
numeric):;

plots| odeplot ](Sol,[r(phi)*cos(phi),r(phi)*sin(phi)], phi
=0..4*Pi,color=black,numpoints=500, axes=NORMAL,labels=["X
" "Y"],scaling=CONSTRAINED);

d . L
—A(r) £Ap
dr i Er4A2L2mr j L2r2A2mr3Ar4

A yoii fie6+ad 10 iadépaddi 6aé iaciaaditd fiataiea iaoeaacey +anoesa.
Ayon fiedé+ad L - Lo:

Soll:= dsolve ({ subs (L=-3,EQUATION), r(0)=10,D(r)(0)=0}r(phi),
numeric):;

P1l:= plot ([2*cos(ph),2*sin(ph),ph=0..2*3.14]):

P2:=plots[ odeplot ](Soll,[r(phi)*cos(phi),r(phi)*sin(phi)],
phi=0..12*Pi,color=black,numpoints=500, axes=NORMAL ,labels
=["X","Y"], scaling=CONSTRAINED);;

plots[ display ](P1,P2);

d . L
—A(r) Ap
dr i Er4A2L2mr j L2r2A2mr3Ar4

Ayoii fie6+adide A /E6,7944...(0.4., AidHoy 4aa i dalelgel 141810a) idTendi-
&eo0 ¢adaao +~anoeol +aadiié aiaié, 1+ai fifauaas Maple.

pral
:
O
QJ
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n
ox
Q-
»
(1]
o
Q-
O:
Q
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SR ii-0e 656413y 104204 o
caoaaoa
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B Alfinoaiiagdiiay éasoa (1aifdaia) aiegiodiiee 04&e801aial egeo+aiey
a aiéai fioi+ié u
[k

(@]
XY
=13
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o
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ia caaenyo
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400116 adauaieé e odaifieyoeé ide iaidioad e 1adaiavaieyd idodeéa 3-6
148i7a1 i8ifodaifioaa aiéaeia 1adadiaeol naia & fnday. Yoiio oneiaep iioado-
fida6po 0840614di0a 161f0daifioaa iifolyiiié édeaecia

(|
A e667i& Ae603dai0eaBIE a&TI&0d8e ( EAia0044) 4081 TBACA, +0f  114880-
iifioe ifotyiiie edeaecia a 00&01A8IT Aa6EETAT IBTNOAAIT0A] 11860
4000 0T8UET 034D O8ITA (A caaefelifioe 1o IROTiié k)
ds? &£ dso (16.1)
s E——5, 16.1
(1LAk¥2
aaddsy 1800064 AaeEeaTaNé iEIETN0e  Ep, k iMROTiTay 63eaecia i1a8d5-
fifioe: k A0 11a486iM0U i66441é edeascil (iET&inol); kEO 1a8daiifiou
RoTiiié ileleeeoasiiié edeaech k A1/ a2 (10453), a daaeon i6ad0; k CO
1a&361R0U TTR0Tiiié 10de6a0asuié edeaech k £ j1/a2 (ifiaaaiioada),
a  Gpaeon indaainoasn; Y2 6aaadad 4eeil 5aaeona-a4eoiva ia ieinéfoe
YA dsp.
Aiagiae+it fieeil caiefaol & 1508886 3-6 ROl

e3eaeci 4 0101a ( 16.1), 444ds] 6ed

i3ii0daifoaa Ez, Y2 r? éaaadao aeeid
81164812026 .|, , (z A&r sin W) 02681 TadacT,
ds?  dr2Ar2(cos?ud’ 2Adp?)

2
ds E(lA kr 2)2 (1Akr2)2




, (k £1/a2), (16.3)

reo+ei 1éfi-
i0 & nvdde~+an
(d- AEcos?ud

8 ) -
< a’(dA%Asin?Ad- ?), k &1/a?;
ds? £ a?(dA2AA2d- 2, k /EO; (16.4)
a?(dA2Ash?Ad- 2), kA& jl/a2

N

sinA, k /El/a?;
ds? Fa’(dA?A%(A)d- %), %A £ A k /EO; (16.5)
" shA, k/&Ejl/a?.
i, +0118088éa (  16.2) yaeyaonyéiioisiii ie
16.5) 4660adaiveae ageil adcae ide niavd é

Const) & aaiéu ' (A £Ag EConst, u £Const Epg A£0) 3aaid, Aoado
dsi ZFadA, ds Fa%A)d' . liyoli6 ioiiedied aéeil 1edoeeiifioe C
6ROR & Yol 1804 8aal:  C/ R AE2vi%Ag)/ Ag  BaaNT i68p a8y ié

jailgd 2Y.&éy 18inodai

fidda
0daifidda Mieleeeodélilé édeaécia (. E&iaou4a, Aedoadaioeasiiay aanao-

.Iddaiieleeei, +01 cadc-
fiolp Y¥%/EConst,
y dN AEvAYs 2dr cadca. i6fol
acall ia daffolyiee  r fa Caied 46440
|

-_—
o
=



226 Oaiaey Odediaia eclodiiiié 1ailaiaiié Anasaiineé

ds? Adt?i a’(t)(dA?A%(A)d- 2), (16.6)

810180 10 & 46441 & 4260i4éAai 1actaAo 18088616 Odesiaia Eae
8caaMoN, 6 TASAN AN&aAa 1Al 61208646, TTYOTI6, ANOAT0AAIT, & Gaiesee
deAiaia Yaneidl;, atee 414228410 eiifodaiiis caiesee E4i&oda (1927), Di-
43080fiiia - Oleeada (1935). A aiasiyca+iié 6608520084 1808886 Odediaia 1a0+-
il fac0aapo eidiaie Diagdoniia & Giéeasa
[Biecaiay caidio ad3i4iié iadaiaiie
z Z 4
tE a() $ & , (16.7)
a(t)
YO0 12088806 Tieeil 0a8eed caieniaoi a  &iioiaiil - fioaceiiadii 4843
ds? £Fa’( )(d 2 dA?j %B(A)d- ?). (16.8)

1A 1922 5. Acaeiaias Odeaial livaceeiaae o3
iélee@0dcuiié édeaecit, a 4 1924 aey |6| ‘6a'ﬁ
fidaco 6-eo0aaee éifileiae+anéeé +&ai, e ate iéa
¢ 44-Neoodda.

paied 6daaidieé Yéigoaéia aey isifiodaifioaa
‘ééAc‘Jéeoaoaeuue adeaecia, ide+ai dagaiey
acal

peren QN \Q st

i 1084860106 1804014 é dawdieyi Yéigodéia



16.3 Nigaaoaei odidee dangedypudény Andsaiiié Asdénaiad Acaenaiaadia

16.3 Nicaaodeéu 0aidee dangedyps
A )
(|

Agdenaiad Aedenaiasiae+ Odeaiai (4 (16) epiy 1888, Naieo-ia0&45466a 16 fidi-

oyady 1925, Eaieiadaa) ataapueény dififieéneeé é fiadonéeé iaodiaoee, oe-

ceé ¢ adibeceed, ficaaodel oaivee iafioaceliadité Andeaiité. A 1922 &1a0 Tiva-

£e61a26 024100 ¥4 ed6eaecid iainodaifiodas, http://www.astronet.ru/db/msg/1187035/ ,
éiolday ileleeeea ia+asl 0&1daoe+anéneé eifiiieiace. Yeéigodéi ia ia+asiins

yoaiad Taaddaas e0e0eéd dacoéiioaon daaion Odeaiaia, Taiaél ailiedanoaed
44ciataisi=it iveiye &s.

ieda Odediaia  (aléacaou naiinolyodsnil) . Naou yoed ddiadce+anéeed, iiedtaa-

buied aafiu 1ed Odediaia, 83aeecoao feiddiiiop iendaio 1on+&o0a, A0adonoas-

E&&éT iéacaou, +of iediata éeiee r Aro /E%Eonst yaeypony aaiaace+anéeie
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JYRIRY

buop iaaspaaoaeyi. Oiaaa a epaié iNaio Reiealiial adaiaie aaa 0aeed
- alale ac

fa48paa0asy a 1200864 ( 16.4) &14ho TIRONYIi04 61i00AIT0AAIINA ETIdasiA-
00 Ag,Ho," 08 AgAA oAy, oAt . Eaaasad neisaiiiat (anadaiaiian)
3affolyiey iaeead yodie iaaspaadasyie a iliaio adaiaie t Saaft:

+ 2 Ea(t)(£A% A 9B (A)£- 2). (16.9)
AfioTyied ideedd iaaspaacasyie a ieda Odeaiaia eciaijaony.
101iie0&ETOP RETBIFON 4200 1aaspaa0Asae Te6+e] 48003daibesIaaied

(16.9) it ad&i4ie, 6+e00aay, +of v Ad /dt:

Anée a 6/ 6a

+ - - a
28" = A2aa(dA2A % (A)d- %) 2—' 2

TV AEH()E . H(@) g , (16.10)

Fa4H (t) oaéiachaadiay Tinoiyiiay Oaaaea
A&coaciasine eiaaseaio

. da
- = (16.11)
a

iaciiaadony éifiieiae-anéei oneisaieai

Oaéeitadacli, H E 0 iiioadonoascdo sangedaiep Afdediité, H A0 fcaoe-
Tiasié Aragaiiie, H CO faeaoep Andeaiiié. Yaaei Oaaae, 1929 - yéniade-
1ai0aeia naoaddeeadied. Niasaiaiia cia+aiey H /67,808 0,77 (&i/f)/lie
eée (2,1978 0,025)¢101 8ci 1=1 1.14¢1010 e30 (t » Hi 1).

Av-eéneel 1a08e-anaed agee-ein asy 1dooeee Odeaiaia CEVAEIEEE

(16.8) a0-efiéeol AANOITOAET)  108e+i0&10 68y  neiaten E0eo10046Y
2-a1 51aa  aey idiiodaiioaa Odeaiaia ( 16.8, idéiéiay af aiiaiea 6151680
46y dacee+106 efadenia edeascia ( 16.5):

1 o2 3 8. 1o 1 e 2.
3 B - N
i %5 /Ei 13 ﬁEl—/z, i 25 AECOSHSINY; | 55 4 jtg;
i1, /aa;  j3,/Aaa¥s; | 33 Eaay# cos® L. (16.12)
Oi+éié Taicia+ain igiecaiaita il é1i6isiitio asaiaie ©, @00eol 101-
ecalainaim A
loee+i04 10 i6ey éNiniaion oaicisa Yéigoaéia : [8e yoii faal eidou
aaéad neaaodpuead Meacita ffoiigaiéy:
1i 2 mv?, A% 2, (16.13)
a3a2 /1 a ned+aa ieleeeodéuiié édeaeci, 2 /0 A fieéd+ad i6eadaié edeaecia
e 2 /£ jlaned+-aadiodeoacaeuiié édeaecit  (aiéacaol naitnoiyoaéuil) . Oaéel
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Tadach, Meo+ei aey 10ee+io 10 68y fidwaiils &iiitiaio 0aicioa Yéi-
podéia 2:
153 2adj a’A2a? 2a2Aa? 2ah &
Gy A£GS AG; £ ; A3 R |6 (16.14)
1 2 3 4 4 4 2
a a a
16.5 Odaaiaiey Yéigoaéia e caélit nodaiaiey
G
Aneaanoaea eciodfiiiiioe & 1aildiaiifioe 08a61adital 18ifiodaifioad 0d&d1ad-
fay +anou oaicida yiddaee - elidééuna oaéeed dléaeia iifdcadeyou 08401adi0é
faiidiainé e eciodiiité oaicis, 0.4., i aieaedi atol éidadeaiodi foiife-
03eliT adataieé e 1adaiifia 0dasiadiial iginodaifioda. Yol ideaiaeo é ofiod,
+0T 4 fili6ofoadpuaé fefnoaia fofi+aoa
i Ko
T ,u™ A u (16.15)
04aicio yiadaee - éiiéeuna aieaedi eiaou aea:
0 . 1
i P(") 0 0 0
g 0 iP() 0 © i i i
T'/E% , T, £ AP i P+ 16.1
K 0 0 iP() 0) = U Uy K (16.16)
0 0 0o "()
0.4., 04icid yiddaee - eiidelna egiodiifial 1aiiaiaiial ieda aieaedi ftara-
&aou Noaiciali yiadaee - eiidelna eadaeliié aeeaéinoe
Aaeie+i0é asaiaienatainé manoaaiiné a4eoid iaodesi T|I<' u', i0aa+ap-
ueé iéleee0deliiio cia-aiep ffanoaaiiial ~enea " E 0, iac0aadony aeia-
ie+aneéié néiainoup iaoasee , & Mélaee0aeita ftanoaaiita ~enel " iélo-
iTAoup yiadaee 1acadee; fianoaaiita +enés P, 104a+apued i8inodaifoaai-
ififatai0i Atanoaaiitl adéoidai ((\é)' , facOaapony aaaeaieyie aaiel inaé
V.
(‘®) o o o o o o o
¢ fidaaiaiéy ( 17.5) é (16.16) fieaadao, +oi eiaaony anadl éegl 2 iacadeneilo
6daaiaiey Yéigoaéia ia 3 idecaadnoita ooieoee: a("),"(),P(). liyoiio aey
caiiéaiéy nenodil 6daaiaieé idiadiaeil iaéleeedl auia Tait 6daaiaies,
fayclaapudd Pe" &daaidiead iifoiyiey
P AP("). (16.17)
Yol 6daaidiea Tiadadeyaony aidodaiiel oece+anéei fnolyiedl iacaoee e
fi6UAR0AAIT cadeneo 1o 4 iladee.
2[5e ai+¢ &iaeit i m



iaffifiad ( 17.5) & (16.16) A6ISI66E3641 AER0AI6 AcaaeReins 65aaiaies
( A

Yéigodéia ( aieaiélanélé nemoaia daeies ~ /G Ac AL
1 2adi a’Aza®
of £ T Eisp(), (16.18)
4 2a’ha?
ci E 3= AEw. (16.19)

[aiitad yoed 6daaidieé ileeii ie6+eou 0 460048ai6eaiTa Nedanoasa:

d a 2
—,Gi" 6;0 2a°Aadj 2a?); Gﬁi Gi/‘Eiy(i 232 2a%Aad);

d
dG7 = a d" . a
) —2A3=(G}i G} A0 )y —A3Z(¢AP(") A0 (16.20)
d a d a
Ccaeli odaiaiey yiadaee. Yoio sed cadii el ile6+eou & idyiai iaom,
a0-efieyy 81aadeaidind idiecaiaiod r (T A0 (a0+efigeodu Aaiiolyoasin
Caéii iicdaiaiey yiasaee ( 16.20)ileil Acyol AiAN0T 44T ¢ idcaaeneins
653aidieé Yéipdaéia. 15 casaiil 6daaidiee mnoliey 6daaidied ( 16.20)
2i0&A0EA6A0MY A BAAABA00DAD:
z "
3lnaZ£ij —————AConst, 16.21
bOYAPCY ( )

iyonio oidiagiil 6daaidiey Yéigodéia a&y Anasaiile Odeaiaia anaaaa

fialayofy e 1aifio i0aa0T - 4660a0ai6easiifio 6daaiaiep ( 16.19).
16.6 Dagaiey Odeaiaia

A d3gyoeaenonélé aeasiaciaieed aieéaciaadony, +of iloileaied

dP _v2
— £ (16.22)
d c

1158886y40 feIBIA0U cA68a Vs & &ciodTiiié 1aoddee. 18 yoii iaal ifiieod,

+of " ARou T610iTAOU yiddaee 1a0a0ee fi 6+Aaol &4 1afnn iéely. iTAelen-

86 fi&181HoU cadéa aiéaeia 400U 14iligd &8I0 7ad0a, &1440fY 1adaie+aied

drP/d" - 1.

xAfoT & A&ET00 efEAATAAISYE SRIMEUCOPO 0A6 AcHAAITE aadioafie-
+8i614 6daaiaiea Aifolyiey
P AK" (16.23)
858 48COACIABINE &1Y00eseai0 k- 1iac0aadony &lyo0eseaion aadiodi-

i .



" A +afioiiioe, k £0) P! 0 iilloadonioadao iadaeyoeaenonéiio 68aaia-
iep iRolyiey |, ayoli fie6+ad " Ave? (% 1&diiiol aauaM0ad);

"k 13 068U00a0aeyoeaenionélio odaaidiep fifiolyiey (yoi 60aaia-
ied fifiolyiey ieéo+adofy a oii fiéo+aa, anee iafifa iély fifidadéypued
iadddep +anoeo é oece+anéed iedé nodaieony é i6ep);

" kAl i64adélit - sednoélio 6daaiaiep fifioiyiey

" Ajanolyuda asaiy a eiiileiaee saniiaodeaapony itadee i i0deoacdeu-
i0i éfyooesedion 4asiosiit, a +afoiifioe, i 1CkCi 13 éaeioyf-
faioey ;

" kil aaédoiiia 6oaaiaied iifoiyiey ,

"~ kCil oaiofifay yiddaey (odiiay yiadaey)

Odeaiai ileo+ee dagaiey a8y 1aiioaiié eniieiae+anéie iradee f i-

éleee0deuiié edeaeciié i 6+401 éifileiae+anéial ~eaia a fied+ad iddaeyoe-
aefonéial 6oaaidiey Aifolyiey P A0, " A%?, 81aaa 66aai&ied ( 16.24) éaé
€i0480e006a0fy e 4a4o caéli fidoaidiey iafifia:
Z g
3lnaki —AcConst) " a® /Const, %3 AConst AYp. (16.24)

0 caann danfiiodel neo+ae isiecaienii
.y N

aiftar 2 fiioe o A0
6+aéo 6/8 danniiodaou Naitnoyoaé

a
ffaca dagaiey ( 16.24) &

e i . lanoa
683ai4ie8 ( 16.25) i9eaT40 431 & 48406 (0 iTéleeese a(’ o) &1, Y o) Avp):
3(2a?A a?) AsVipa. (16.25)
Nia&seei iaigoaaiia isalasaciaaied
8Y4
al a—¥, (16.26)
0843 6834i4ied Yéigoaéia ideiao eMiacoiné ada
2a% A a® a. (16.27)
10858880y 441, 186+81 5a0aied & 64330206530
z
da
p—F A Const. (16.28)

6.28) faal al+eneyou aey éasedial ¢ia+aiey 2 (at+en-

1
eeol falifiolyodenin) . A d8coélioaca ieo+ei:

a()E. 32 2 fFO; (16.29)

NI NI
~
(9]
>
H
_\/
N
=
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3¢ ile6+aiee 018168 ( 16.29) 0 6+6e iIecAleiiinoU A041da AdAIAI-
iié '|'éééiéiﬁé 0.4., & ’é deaioiifol 1aodeéee Odeaiaia joilifieodeuit Aaaesa
“ 1 7 AConst, itaiadaa ifiolyiiop oaéé‘l |a6ag|| +ofad ne|aoey6||noe

idodeée a/EO filioa, ON0ATAAET i6eaala cia+aiead adaiaiité iadaiaiiié /0.

Q mAs

1408614y & 6ece+anéiio asaiaie t '|| oidi6ea ( 16.7), Mied+ei ¥iaycu adaiaie :

1¢isin), 2EA;
= 2 /EQ; (16.30)
2 /1,

8
3
t &
2

NI ol NI
—~
(2]
> -
N
~

Oaééitasach,ideé ! 0t! “3/6, & 6+400 ( 16.24) [adadi:

H, T3

3 2/3 16
a(t)' - t VLoE—. 16.31
(t) 2 ) Y o2 ( )

é |ea éﬁAeﬁ aaeieéoad.
aino éuiT daciadaou dagaiea i éifiletae+anéei ~eaiii.

Eé0adaooda é edéoee

[1] E.A. Eajaao, A.l. Eeoges. Oaiddoe+aneay oeceéa. Oii Il. Oaidey

iley. I: [acéa épaid ecaaied, ia+eiay n 1973 4,

[2] Aee. Néia. Tatay odidey joiifieodguiinoe. I: [aéa épaila écaa-
ied, ia+efay il 1963 a.

[3] Ediaouda P.A lacdiace+aneed iiadee 0481040e+anélé oece-

ée. Eaéoey 13. Iseioein daeyoeaenonéié c‘>°T6éé adcaaeoaoee

O~ A FAO MmN AN NN

(Lect|on14 pdf) ; E&éoey 15. Noade+anée - neiidode+ind ad0aaeoa-
6e1ii0a iiey (Lection16.pdf) http://kpfu.r /ma|n?p_|d—28384

[4] E&iaouda p.A Aéé@éééioeééﬂiay aanaosey éoe-
ano Taa806iinoaé a jaéeeaial 161108044,

http://libweb.ksu.ru/ebooks/05_120_000327.pdf
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1) Aéy dagaiey casa+e iaiadiaeii imaeep+eou 46aceinaés tensor :
restart

with (tensor):

2) TidAaaeaied iaoseee Odeaiaia a oidia ( 16.9):

coord := [chi, theta, phi, eta]:

g := array (symmetric, sparse, 1.4, 1..4):
g[1,1] = -(a(eta))"2:
0[2,2] = -(a(eta)*rho(chi))*2:
g[3,3] := -(a(eta)*rho(chi)*cos(theta))"2:
g44] = 1.
g := create ([-1,-1], eval (9));
0 2 e 31
i a 0 0 0
0 MR IVIN 0 0
g :Atable Blindex_char A[j 1,i 1],compts A eGi i ¢G ]
0 0 %A “(cos(u)? 0
0 0 0 1
3) Ad+ensaied éliodadadeaioiiar idode+anéial oaicioa
g_inv:i= invert (g,'detg’);
0 2§ 6¢, 31
i a ! 0 0 0
A 0 0
g_inv :Atable Blindex_char A1, 1], compts (@C)*eAR)” N ]
0 0 L GO CAR) Ecos)?
0 0 0 1
3) Ad+engaied feiaieia Eoenoidoaey 2-ai aiaa:
D1g := dlmetric (g, coord):
Cfl := Christoffell (D19g):
Cf2 := Christoffel2 (g_inv, Cfl);

Cf2 :/Etable '[index_char &[L,i 1,i 1],compts EARRAY'cf2,[1...4,1...4,1...4],[{1, 1, 1)0, {1, 1,2} &0, {1, 1, 3} O,

i,
4da

- itd ¢
W14 e {1,2,1)/0,{1,2,21E % A TR 'A"{1,2,3}40,{1,2,4} A0, {1,3, 1} /O,
a

ga' ¢
(1,3, 2}&0.{1,3, 3} & % A (cos(p)) % d jia® {1,3,4} /0, {1,4, 1};Eﬁ4ﬁ {1,4,2) /0, {1, 4, 3} /O,

¢ ¢
{1,4,4}40,{2,1,1}40,{2,1, Z}Eﬁ:{zy 1,3}40,{2,1,4}40,{2,2, 1}/‘E—1/i—AP 1{2,2,2}40,{2,2, 3} A0,
2 2

i ¢
—a

2,2, 4};5% {2,3,1}/£0,{2, 3,2} /0, {2, 3, 3} Acos (W) sin (1), {2, 3, 4} &0, {2, 4, 1} A0,

¢ ¢
ll d1/2A

{2,4,2}E=—-6-{2,4,3}/60,{2,4,4}/E0,{3,1, 1}/60,{3,1,2}/60,{3, 1, 3};5%—/&

¢
sin (1) R A sin (1)
{3,1,4}/E0,{3,2,1}/EO,{3,2,2}/EO,{3,2,3}/EiC o)’ {3,2,4}/0,{3,3, 1}/Eﬁ+ {3,3,2}& | o5’

CJ_‘D_

D_
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d I ¢ d i, ¢
{3,3,3}/£0,{3,3, 4}A£ﬂ+ (3,4, 1}/E0, {3, 4,2} /0, {3,4, 3}/Eﬁ+ (3,4, 4} A0, {4,1,1}/Ea
i, ¢i i.¢% d

{4,1,2}A0,{4,1,3}A0,{4,1,4}/0,{4,2,1}A0,{4, 2, 2}/Ea A ' ’ ,{4,2,3}/E0,{4,2,4}ﬁE0,

(4,3, 1} &0, {4, 3, 2} A0, {4,3, 3} a ¢i 15"

{4,4,3}A0,{4,4,4} AQ])])

[aioeaand y yea|a|ou fitaiaaapo f ideadaaiitie a ( 16.12).
3) Ad-efiedied odicioa Yéigodéia:

D2g := d2metric (D1g, coord):

RMN Riemann (g_inv, D2g, Cfl):

RCC := Ricci (g_inv, RMN):

RS := Ricciscalar  (g_inv, RCC):

Einstein (g, RCC, RS);
0

i 2a( (AR L %a()i a() (v<A)>2A dA%A) %1
: (%(A))2
i .06

i €2i i.¢¢

(cos(u)) : ¢, {4,3,4}/0,{4,4,1}A0,{4,4, 2} AOQ,

,0,0,0

- 1 i ¢ d2 d 12842 ,,i¢
table Blindex_char A 1,; 1],compts 0,2a v A —2a A 72 LA i %A —Azl/zA ,0,0 4]

3

i34 a() (Vz(A))ZA dAl/z(A) A21/:(A)d YA 1
(a())2(A4A))?

0,0,0,

C_T)
(0l
N
(0]
®
o
C
OX
QJo
<
@
@
Q
(¢4
0
2
a
(@]
=
@
>
e
:
&
C_D
vO
C_D\
OX
Qo
D:
<:
(o4
(04
»
@
=14
@

\\\\\\

PN o~

Agy ga‘léié()Té An&aaiiié iadaiaod 2 [F1. [364&y0eAaenonéta 4auanoa
decoaony i6edali aaseaieadl P AO e igioiinoup yiddaee " AL ("), &a
igloitAol adtanoaa. N 6+401i yoes onelaeé 6daaidied Yeéisodéia (

caéli ifddaiaiey yiaddee ( 16.20) ideieiapo aea:

addediaaied caéiia niddaiaiey aaao ifoiigaied 193 AEConst,
TTROT QEGE RG]l E e EEN

)

[N

Q:

Qe

S

:5

o O
ox

4

31

Q)) = =

2Y P
vV AE a3sin?Asin pd Adpd A A2v2a3
000

0adaéoa-

aadr AM/V

16.19) e

(16.32)

(16.33)

éioioia
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o~

Oigaa iéiay ianna aauanoaa:

M A2yt a3,
iateioda0ediaaa fi 6+aol yoial 6daaidied Yéigodéia ( 16.32), iie6+aai:
i ¢ 4% 4
afag 1j cos ao/Egla .
Efiélicoy 46604daioeasiina Afloilgaied dt /Fad’, iaéaai 1éli+aodédit:

t AEag(” j sin”).
Oaéei 1adacii, caiéivoay Anadeaiiay, caiieidiiay iadaeyoeaenonéei aana-
fioall, dangedyaony ai iaéneiasuiial ¢ia+aiey daaedna a/AB2apide t AYap e
fiifaa fee€iadony a oi+édide t A2Yag.

Ao+éneaiey a NEl Maple

1) Paffiiodei 66aaidied Yéigoaéia ( 16.19) & caéii iicdaidiey yiadaee (  16.20):
egFried1:=3*(  diff (a(eta),eta)*2+epsilon*a(eta)"2)/a(eta)4=8*
Pi*E(eta);
egFried2:= diff (E(eta),eta)+3* diff (a(eta)eta)/a(eta)*(E(eta)+
k*E(eta))=0;

3 .
. ¢2 . . ¢
di,al' Az'a K ¢
eqFriedl :/E3 it AEBYVE
a
P ¢i ¢ jce
4 ¢ Za 'EVAKE"
eqFried2 :£—E ~ A3 i ¢ /0
d a
2) Tivdadeei 6oiesee ianoaitaee 1adaiaodia iadee ( e Tadaldod édeaec-
i011adeeé, Eps igioiliol yiasaee iaodsee, K élyo6e6eaio aasiosiia) a
460040ai6eaéuita 6daaiaiey:
egFried1l_cond:=(e,Eps)-> eval (subs ({E(eta)=e,epsilon=Eps},

eqFriedl)):
egFried2_cond:=(e,K)-> eval (subs ({E(eta)=e,k=K},eqFried2)):
3) Niagadii onetaep casa+e Andeaiiay caiéiooay (2 A1), aigloiifioe yiddaee
& 8ly00e6eaio 4adiodiit 46y iAdaeyoeacnonéié 1aoddee: () A& (), k AO.
llafioaaei yoe cia+aiey iadaidodia a 4666adaioeaeiita 6daaiaiey:
eql_l:=eqFried1l_cond(mu(eta),l);
eql_2:=eqFried2_cond(mu(eta),0);
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d i ¢
eql2 /E—'  A3—+¢— /A0
d a
4) Pagdied A0 cagélia filodaidiey yiddaee 10iineodsi 66iesee LC):
dsolve (eql_2,mu(eta));
L b ¢ C1
AT tg

a

AN A - Qs Aro

& anoaitaea iaéadiinai daeaiey 4 6daaidied Yéigodéia:

subs (%,eql_1);

5 .
d i,¢2_ i i ¢¢
a @ Aa Y, Cl
3 |a|,¢¢1 ’CESIaI,(t%

rQ s N N A ZIA

5) Dagaiedl 6daaidiey Yéigoaéia yasyaony o6ievey
i ¢
a/anlli cos’ ,

2 AYa 3 s g Ay s xR R A8 ik A AR A AT
agdaagp /Egl a’. i51a40ei yoi dagaiea itafioaiiaéié:

subs (a(eta)=(2*M/(3*Pi))*(1-cos(eta)),(3*(( diff (a(eta), eta))
A2+a(eta)2))/a(eta)4 = 8*Pi*(M/(2*Pir2))/a(eta)3);
A u i i oo ST Y . . N
23 70 M 1i oo Aajg M° L1 08 yimi 41 cos” T4 e & ,
16 @ Ya 7 2 M21j cos”
simplify ~ (%);
a v? e i ,
2 M2 |cos"u%i 3'cos"¢%A3(:os"q’i 1 '2 M2 Icosl'q'%' 3'cosl'¢%A3cos"ui 1

A A A4 KA A A Ay LA A AR A A A A i B
Oaééi 14oacti, 66iévey iafigoaaital 6aédioa a/fag 1i cos” Yyaéyaofiy daga-

\\\\\\\\

aenonéei aauanoaii.



A~ IAAALA A

17.1 Tditafiiéleeieé odtoace+an
« O III
G

Adidaeé Aioliiae+ Aaiia (Azeidase); 20 64488y (4 1a60a) 1904, 1adnfa, Biffey;

19 aaAo6Mnoa 1968, Aibeadd, N@A) donneeé, iadoneeé decee - 04idaoee, anoai-
oecee, iitafieieeiee odivee yaiepoee cadca (1934 1946), iicadodsl &ioy+aé
iiadee Andediite |, éifiieiae+aneial e anodioece-anéial fiejodca yeaidiota

80Ta14 ece6+aied (1946 1956). A 1954 & Aailailfioadee idlasa-
|

idaanéacae daceé

16 3aid0e+aneial élaa  : iafiedanoaaiiay eioisiacey dicéeeia 400U cageddiaaia
a1ineaaraandeuiinoe ec +ao0dYv40 aiciieeils ivéeaiogaia, adiayued a fiifoaa
11ededen AIE. 17 ae 140401, 807 idaaiieleede éladsiaaied aieiieensioits

f0a0éTa odeiedaoaie ivéeaioeaia.

Niadoniéeé deceé-0aidaoed Eaa Eaidas 0aé i16adacoddeciaae &ar (1932):  Yi&ras-
4@l ecadaou Azelie Aaitaa aéaadieénl. Adal i 4anfinoiT 86+oeé 0aidaoee

NNND¢,

17.2 Eféaeuita odditaeiaie+anéia saaitaanead
(|
A&didiny é caélio nddaiaiey yiddaee ( 16.20) (d/dt "~ d/daa):
i"AE(" AP(")) A0) L"A?;("AP)/EO. (17.1)
da a dina
id&aiietzeel, +of Andsaiiay cailéidia aach +anoes f ianfieé ety m, iadi-
ayuainy a oadiiaeiaie+anéi daaitaaneée i 0aiiadaoodié T (t). Daaiiaaniia
eciodiiita danivdadedied 1aénadesa - Aleuoiaia +anoes aaca &nol
. Pa . P m2Ap2
fo(t,p) £A(t)e! TO EA(t)el —TO (17.2)
aadA(t) iaeloioay iisiediaiiay 66iecey.
IM&io0 doiésee yoié daniddadediey eidpo nedaopudd ciasaied:
z z
i d3p i d3p
n(t)£ —p folt,p), T (YA —p pkfolt,p). (17.3)
P4 P4
P P
Anie&anoasa egiodiiee 00451401141 idIfi0daIf04A & +4000451451T i6TA0BAIT0AS-
adaiaie Odeaiaia eidaony el 1ail A0aa64iia iaidaassied u' A, &laei

Lio a0aesadi 6ieadsnastiop Aefoaio daeies: G /A~ fEc /K /E1, k TTfolyiiay Aleusiaia.
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DAY Asisaeé Aiolilae+ Aaila 48ieasUine d6Aneeé 6+4i0é, iiafieieies 08
afodioeceae, alay+aé itadee Andsaiilé, 0aidee aiiiieiae-aneial ieiddca yaaidion
Aelidode+ite odicls  gj (+}). fiyone iniaiod ( 17.3) 11460 81800 éegii fiea-
A0pUGh a8584d28+AMBGP NOBOBO6S6

n'&Au'n; T Fau'ug Abt! (17.4)
y K k k!
OAigls T/ eiado AoB6E0686 0Aicida yiddaee - eiiceiria eadasiilé seeadiioe
iiyoli6 e¢ NAAiaiey &6 iadadi a/E' AP, b &£ iP. 0aeei 14dac, iaéad
"ETS TOE %P, PAELBTS. (17.5)

17.3 Eféaéliia oadiiaeiaie+afnéia daaitadfed
iaéaiféeiie+anéed neaeyol
(|
Aey at-eneaiey yoes fieasydia iadacaai & ioade-anéié nefoaia esaeiac a
if03Aif0A4 Sii6EMia, & caodl aaeadl iTanoaitaes: p Zm shx. A 84¢06i0a04



17.3 Eiéaeuiia oddiiaeiaie+anéia daaitadnea: iaéainéne+anéed neasydit9

ieo+ei ( p®peEip?):

z 2
ds .
n(t) & —fp4fo(t,p)/E41/aA(t)m3 sh?x ¢ch x ¢el + €M Xgx, (17.6)
P 0
z 2
17 d3 4y, .
P(1) A5 —Pp%ho(t,p) E—AM*  shtxel - M Xdx, (17.7)
p 3 0
Z 43 2
"WE —P(pYfolt,p) AVAGM®  shixach?xeel - M Xdx,  (17.8)
p
0

aad, (t) £m/T(t).
Paffiodel eivaaoacn aeaa (1.1 Edadasa. Nidoeasu
eleediey // I-E: AEOIE. 1963. 359 fi.:

i0& 66ievee e éd ide-

4
z" .
Kn(z) E—— el ZMXgh2nyqx 17.9
n(2) 2ni Dl (17.9)
0
‘f)éié('jéé Aannaey ieital ada0idioa (66ievee lagaiiaguaa).
Oaéei 1adachi, ndaco iaéaal a3a364iea
4Ka(,)
P(t) E4VA)m* =252 (17.10)

B

2 O Aan

Asy ag-eneaiey ieoiiioe +enéa +anoeo n(t) efifélcoai oieeadnioal

4 4
. d ) d K
sh®x echx ¢ei » M Xdx " ; T sh?x el » M Xgx 7 . 16 ), (17.12)

0 0

N PN s

a 0aéaed 4200404i6eaEIA fToiTraied 18seas 66ieveyie lagaliaciaa:

;—Zzi "Kn(z) £iz' "Kna(2). (17.12)
Oaéei 1adaci, ifeo+ei:

n(t) A4YA(t)m skel.). (17.13)
jagiiao, aey  ieiofiioe yiadaee  (17.8), efiilélicoy oleeadnioal ch?x ™ sh®xA1eé

Qs O

1584864164 ( 17.9), (aéaAi:

X .

K K K
"(t) EAYA()M? 3 2(5 JAKL) - 5p A gyayma L)
Ridaaieaay (17.13) & (17.10), iieo+&i AOpAea 1Aseas aaa641841 & T610f1-
Aoip ~&fiea ~afoes:

(17.14)
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P(t) /&n (t)T (t). (17.15)
R imiuap yoiat ifioieaiey A0dasedied a8y iéidilfoe Viadaes ( 17.14)
flseil AB&IRAAOU & O101A5;
X ,
K
v an mil) aar - p i Kib) as . (17.16)
Ka(,) Ka(,)

Oigaa aiéaedi atieiyouny casi:
d d
——,a3n AEQ) —adn /E0) n(a)a3 /Econst. (A7.17)
asd da
Id4aiteiaeei, +01 da¢ yasyaony iadaeyoeaenonéei, 0.4.:
mc?A kT) , A 1. (17.18)

5 afelioed cia+aieys adaciaioa doieoee 1asaiiasias eiapd Reaacpuch
aneiioinees (Ea4aaaa):

r
Vs i . 4n?j1 ¢
Kn(z)¥s —el 2 1A Aoz ?, z11 . 17.19
n@% — & (z'9) ( )
Ad+eneyy iatadtaeina iai 10iigaied Ki(, YK 2(, ), Tie6+&i a eeiaéin ise-
asemaiee:
3
K(, JK 2(, ) Yalj > (17.20)
Oaéei 1adach, ifed+ei &c ( 17.16) & 140636y0eaefioNET 1834464
3
"Yunm A EnT, (17.21)

0.4., BEARRE-ARBGP 61BI6E6, AAGITUG
yiasaee aaca.

fafoaasyy yol a0daseaied asy isioiifoe yiasaee a caell floaraiey yias-
aée (17.1) & 6-200aay ide yoii Al ATodaiaiey ~efiea ~afoes ( 17.17), ile6+ei

\\\\\\\

1dT ., T To
——A—/E0) T AE—. (17.22)
2da a a?



c—
Oaéel 1adachl, a 181géll, Andeaiiay eidea aiedd annieop 0aiiddaoods, a a
aifilieiae-aneié ieiaceysiiioe  a(0)! 0 0Aliada06da Aleseia TAGALAOURY &
aanéiia+inoa.
IT 01542 fAoaitaeony iaideaiaili iAdaeyoeaenonéia ideaceaedied, & iatasi-
4ei1 ana ad+eneaiey idialaeol a 46640l ésaéiai neo+aa .1 0. Ayoli ieé+ad
odiéoee laéaiiaeuaa eidpo neaaopudp aneiioioeéo
1

(i 1t2'n

Kn@¥—0—= =, z! 0. (17.23)
A yoii fig6+aa éc ( 17.16) iaéaai:

"1,3nT (17.24)
Oiaaa caéli Abdaidiey yiadaee ( 17.1) i 6+400 caélia Aiddaidiey +anoes ide-
alaeo é neaaopudio caéiié yaiepoee 0aiiadaoddd

a To
TA-TA0) TA— (17.25)
a

0]
c
o
O
o
D
o
D
D
3
Qo
D
.
P
=

»
QO Qo N
ot D
Qo
>3
o
»
Q.
o
H E -
o
Q.
it
QD
=1}
=5 C_D; (94
> (D
®
O D
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: -
SAEEnAL1)/2 &gy oasieiita . Aicliaié yaeypory, iaioeiad, Oeaanian aici-
i0 H,aoaéaedW,Z (SAO); aéplic g 6idfin  ° (SAL); 40aaedlitn g (SA2) & &4d.
O&diéliaié yaeypony, iaideiad, ye&eosiia & iiceosiit SA1/2; isionin &
460010 fi €0 aioe+anoesaie  p,n (SAL/2); i&éodeii & aioeidéodei °6,%mu
(S=1/2); aii- & a0i- eaadée dacee+io cadyaia e vadota  q (sA£1/2)
O&aielin & aiciit ila+eiypony foaoenoeed Oasie é Aicd, Alioadonoadiil.

A +afioiifioe, aaitaafnind dafiddadeaiey ~anoes fiefitaapony ia esanne-anéel
dafiddadediedl lagnadesa-Aleusiaia(  17.2), a daiiodadsdieyie O&die e Alca:

fo(p) 2SA1 ! (17.26)

o(p B ;
(2v4~)3 i tAc’ m2c2Ap2
T §1

3841 Oeie+anéeé ilvaiveas , Ciaé ¥-¢ A0AAON0A0A0 alclial, Yate, 0&die-
fiai
i6fol & daaitadniné ieacia idloaéapo ddaésee i 6+anoeadl yéaidioadind +a-
fioed a,b,c,d

aAb cAd. (17.27)
Oia4a oeie+anéed 1Modiveash yoes ~afioed 6aiaedoaidypd  6féiasyi oeie+a-
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