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Vacuum polarization of a quantized scalar field in the thermal state
in a long throat
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Vacuum polarization of scalar fields in the background of a long throat is investigated. The field is
assumed to be both massive or massless, with arbitrary coupling to the scalar curvature, and in a thermal
state at an arbitrary temperature. Analytical approximation for hφ2 iren is obtained.
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I. INTRODUCTION
The study of vacuum polarization effects in strong
gravitational fields is a pertinent issue since such effects
may play a role in the cosmological scenario and in the
construction of a self-consistent model of black hole
evaporation. These effects may be taken into account by
solving the semiclassical backreaction equations,
Gμν ¼ 8πhT μν iren ;

ð1Þ

where hT μν iren is the expectation value of the stress-energy
tensor operator for the quantized fields. Possible vacuum
fluctuations of quantized fields can create wormholes
[1–4].
The main difficulty in the theory of semiclassical gravity
is that the effects of the quantized gravitational field are
ignored. The popular solution to this problem is to justify
ignoring the gravitational contribution by working in the
limit of a large number of fields, in which the gravitational
contribution is negligible. Another problem is that the
vacuum polarization effects are determined by the topological and geometrical properties of spacetime as a whole
or by the choice of quantum state in which the expectation
values are taken. It means that calculation of the functional
dependence of hT μν iren on the metric tensor in an arbitrary
spacetime presents formidable difficulty. Only in some
spacetimes with high degrees of symmetry for the conformally invariant fields hT μν iren can be computed and
Eqs. (1) can be solved exactly [5–9].
Numerical computations of hT μν iren are usually extremely
intensive [10–17]. In some cases hT μν iren is determined by
the local properties of a spacetime, and it is possible to
calculate the functional dependence of the renormalized
expression for the vacuum expectation value of the stressenergy tensor operator of the quantized fields on the metric
tensor approximately (too long). One of the most widely
known examples of such a situation is the case of a very
massive field. In this case hT μν iren can be expanded in terms
of powers of the small parameter
*
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ð2Þ

where m is the mass of the quantized field and l is the
characteristic scale of the spacetime curvature [18–24].
Approximate calculations for conformally coupled massless fields have also been made. For hT μν i in static Einstein
spacetimes (Rμν ¼ Λgμν ) these include the approximations
of Page, Brown, and Ottewill [25–27]. These results have
been generalized to arbitrary static spacetimes by Zannias
[28]. A different approach to the derivation of approximate
expressions for hφ2 i and hT μν i for conformally coupled
massless fields in static spacetimes has been proposed by
Frolov and Zel’nikov [29]. Their calculations were based
primarily on geometric arguments and the common properties of the stress-energy tensor rather than on a field theory.
Using the methods of quantum field theory the expressions
for hφ2 i and hT μν i of a scalar field in static spherically
symmetric asymptotically flat spacetimes have been
obtained by Anderson, Hiscock, and Samuel [10]. They
assumed that the field is massive or massless with an
arbitrary coupling ξ to the scalar curvature and in a zero
temperature quantum state or a nonzero temperature
thermal state. The result was presented as a sum of two
parts, numerical and analytical:
hT μν iren ¼ hT μν inumeric þ hT μν ianalytic :

ð3Þ

The analytical part of their expression is conserved. This
has a trace equal to the trace anomaly for the conformally
invariant field. For these reasons they proposed to use
hT μν ianalytic directly as an approximation for hT μν iren. An
analogous result has been obtained by Groves, Anderson,
and Carlson [30] in the case of a massless spin 12 field in a
general static spherically symmetric spacetime.
Let us stress that the single parameter of length dimensionality in problem (1) is the Planck length lPl . This
implies that the characteristic scale l of the spacetime
curvature [which corresponds to the solution of Eqs. (1)]
can differ from lPl only if there is a large dimensionless
parameter. As an example of such a parameter one can
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The constant mDS is equal to the mass m of the field for a massive scalar field. For a massless field mDS is an arbitrary
parameter due to the infrared cutoff in hφ2 iDS . A particular choice of the value of mDS corresponds to a finite
renormalization of the coefficients of terms in the gravitational Lagrangian and must be fixed by experiment or observation,
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The procedure described above gives a renormalized expression for hφ2 iren in the framework of the second-order WKB
approximation:
ð0Þ

ð2Þ

4π 2 hφ2 iren ¼ 4π 2 ðhφ2 iren þ hφ2 iren Þ
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The terms of a fourth WKB order are given in Appendix B. Note that limT→0 Jða=μÞ ¼ 0.

ð38Þ

IV. CONCLUSION
We have obtained an analytical approximation for hφ2 iren of quantized scalar fields in the background of a long throat
(15)–(17). The field is assumed to be both massive or massless, with arbitrary coupling to the scalar curvature, and in a
thermal state at an arbitrary temperature.
As an example, we consider spacetime with metric
ds2 ¼ −fðrÞdt2 þ

dr2
þ r2 ðdθ2 þ sin2 θdφ2 Þ;
fðrÞ

ð39Þ

where fðrÞ is
ðr þ 3rþ Þ
ðr − rþ Þ3 :
ð40Þ
6rþ 2 r2
It was shown in [35] the WKB approximation (15)–(17) remains valid near the ultraextremal horizon r ¼ rþ . It means that
we can obtain an explicit expression for hφ2 iren near the ultraextremal horizon r ¼ rþ ,
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