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We present a new method for calculation of permit-

tivities of dielectric materials using optical fiber’s

propagation constants measurements. Our numeri-

cal algorithm is based on approximate solution of a

nonlinear nonselfadjoint inverse eigenvalue problem

for a system of weakly singular integral equations.

We prove that it is enough to measure propagation

constants of fundamental eigenmode only at two fre-

quencies for reconstruction of dielectric constants of

core and cladding of a waveguide.

1 Introduction

Inverse eigenvalue problems [1] arise in a remark-
able variety of applications, including system and
control theory, geophysics, molecular spectroscopy,
particle physics, structure analysis, and so on. An
inverse eigenvalue problem concerns the reconstruc-
tion of a physical system from prescribed spectral
data. The involved spectral data may consist of the
complete or only partial information of eigenvalues
or eigenvectors. Particularly, permittivity determi-
nation problems from measurements of propagation
constants were investigated firstly for rectangular
waveguides by separation of variables method in [2].
For waveguides of arbitrary cross section such prob-
lems can be set up as inverse eigenvalue problems
of the theory of optical waveguides [3] on the base
of integral formulations.

Two mathematical models of optical waveguides
were investigated in details by integral equation
methods: step-index waveguides [4]–[6] and waveg-
uides without a sharp boundary [7]–[9]. A review of
modern results in this field is given in [10]. We use a
mathematical model of a weakly-guiding step-index
arbitrarily shaped optical fiber. We prove that it
is enough to measure propagation constants of fun-
damental eigenmode at two distinct frequencies for
the reconstruction of unknown dielectric constants
of core and cladding of the fiber. We also present
a new numerical algorithm for dielectric constants
calculation based on an approximate solution of a
nonlinear nonselfadjoint inverse eigenvalue problem
for a system of weakly singular integral equations.

2 Eigenmodes of dielectric waveguides

Let us consider an optical fiber as a regular cylin-
drical dielectric waveguide in a free space. The
cross section of the waveguide’s core is a bounded
domain Ωi with a twice continuously differentiable
boundary γ (see Fig. 1). The axis of the cylinder
is parallel to the x3-axis. Let Ωe = R2 \ Ωi be the
unbounded domain of the cladding. Let the per-
mittivity be prescribed as a positive piecewise con-
stant function ε which is equal to a constant ε∞ in
the domain Ωe and to a constant ε+ > ε∞ in the
domain Ωi.
Eigenvalue problems of the dielectric waveguide

theory [3] are formulated on the base of the set of
homogeneous Maxwell equations

rotE = −µ0
∂H
∂t

, rotH = ε0ε
∂E
∂t

. (1)

Nontrivial solutions of set (1) which have the form

[
E
H

]
(x, x3, t) = Re

([
E
H

]
(x)ei(βx3−ωt)

)
(2)

are called the eigenmodes of the waveguide. Here
positive ω is the radian frequency, β is the propa-
gation constant.
In forward eigenvalue problems the permittivity

is known and it is necessary to calculate longitu-
dinal wavenumbers k = ω

√
ε0µ0 and propagation

constants β such that there exist eigenmodes. The
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Figure 1: The cross-section of a cylindrical di-
electric waveguide in a free-space



DAYS on DIFFRACTION 2014 119

eigenmodes have to satisfy a transparency condi-
tion at the boundary γ and a condition at infinity.
In inverse eigenvalue problems it is necessary to

reconstruct the unknown permittivitie ε by some
information on natural eigenmodes which exist for
some eigenvalues k and β. The main question is
how many observations of natural eigenmodes are
enough for unique and stable reconstruction of the
permittivity.
The domain Ωe is unbounded. Therefore, it is

necessary to formulate a condition at infinity for
complex amplitudes E and H of eigenmodes. Let
us confine ourselves to the investigation of the sur-
face modes only. The propagation constants β of
surface modes are real and belong to the inter-
val G = (kε∞, kε+). The amplitudes of surface
modes satisfy the following condition:

[
E
H

]
= e−σrO

(
1√
r

)
, r = |x| → ∞. (3)

Here x = (x1, x2), σ =
√
β2 − k2ε∞ > 0 is the

transverse wavenumber in the cladding.
Denote by χ =

√
k2ε+ − β2 the transverse

wavenumber in the waveguide’s core. Under the
weakly guidance approximation the original prob-
lem is reduced as in [4] to the calculation of numbers
χ and σ such that there exist nontrivial solutions
of the Helmholtz equations

∆u+ χ2u = 0, x ∈ Ωi, (4)

∆u− σ2u = 0, x ∈ Ωe, (5)

which satisfy the transparency conditions

u+ = u−,
∂u+

∂ν
=

∂u−

∂ν
, x ∈ γ. (6)

Let us calculate nontrivial solutions u of problem
(4)–(6) in the space of continuous and continuously
differentiable in Ωi and Ωe and twice continuously
differentiable in Ωi and Ωe functions, satisfying to
condition (3). Denote this space of functions by U .

Definition 1. Let σ > 0 be a given number.
A nonzero function u ∈ U is called an eigenfunction
of problem (4)–(6) satisfying a real eigenvalue χ if
relationships (4)–(6) hold.

The next theorem follows from results of [4].

Theorem 1. For any σ > 0 the eigenvalues χ of
problem (4)–(6) can be only positive isolated num-
bers. Each number χ depends continuously on σ.
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Figure 2: The dispersion curves for sur-
face eigenmodes of a weakly guiding dielectric
waveguide of the circular cross-section calcu-
lated by the spline-collocation method. The
exact solution is plotted by solid lines. Our
numerical results are marked by circles.

For waveguides of circular cross-section the anal-
ogous results about the localization of the surface
modes spectrum and about the continuous depen-
dence between the transverse wavenumbers σ and χ
were obtained in [3]. The results of [3] were ob-
tained only for waveguides of circular cross-section
by the method of separation of variables. Theo-
rem 1 generalizes the results of [3] to the case of an
arbitrary smooth boundary. The next theorem fol-
lows from results of [9] (see an illustration in Fig. 2).

Theorem 2. The following statements hold:
1. For any σ > 0 there exist the denumerable set

of positive eigenvalues χi(σ), where i = 1, 2, ..., of
a finite multiplicity with only cumulative point at
infinity.
2. For any σ > 0 the smallest eigenvalue χ1(σ)

is positive and simple (its multiplicity is equal to
one), corresponding eigenfunction u1 can be chosen
as the positive function in the domain Ωi.
3. χ1(σ) → 0 as σ → 0.

For a given σ > 0 the smallest eigenvalue χ1(σ)
and corresponding eigenfunction u1 define the
eigenmode which is called the fundamental mode
(see the bottom curve plotted by the red solid line
in Fig. 2). Thus Theorem 2 states, particularly,
that for any σ > 0 there exists exactly one funda-
mental mode.



120 DAYS on DIFFRACTION 2014

3 The forward spectral problem

To compute eigenmodes we use the representation
of eigenfunctions of problem (4)–(6) in the form of
single-layer potentials [11]:

u(x) =

∫

γ

Φ(χ;x, y)f(y)dl(y), x ∈ Ωi, (7)

u(x) =

∫

γ

Ψ(σ;x, y)g(y)dl(y), x ∈ Ωe. (8)

Here

Φ (χ;x, y) =
i

4
H

(1)
0 (χ |x− y|) , (9)

Ψ (σ;x, y) =
1

2π
K0 (σ |x− y|) (10)

are the fundamental solutions of Helmholtz equa-
tions (4) and (5) correspondingly, unknown densi-
ties f and g belong to the Holder space C0,α(γ).
Then f and g satisfy the following system of equa-
tions:

A11(χ)f +A12(σ)g = 0, x ∈ γ, (11)

A21(χ)f +A22(σ)g = 0, x ∈ γ, (12)

where

(A11(χ)f) (x) =

∫

γ

Φ(χ;x, y)f(y)dl(y),

(A12(σ)g) (x) = −
∫

γ

Ψ(σ;x, y)g(y)dl(y),

(A21(χ)f) (x) =
1

2
f(x) +

∫

γ

∂Φ(χ;x, y)

∂ν(x)
f(y)dl(y),

(A22(σ)g) (x) =
1

2
g(x)−

∫

γ

∂Ψ(σ;x, y)

∂ν(x)
g(y)dl(y).

System (11), (12) is reduced as in [4] to a nonlinear
spectral problem for the integral operator-valued
function:

A(χ, σ)w = (I +B(χ, σ))w = 0, (13)

where B is a compact operator and I is the identi-
cal operator acting in an appropriate Banach space.
By analogy with [4] we prove that problem (4)–
(6) is spectrally equivalent to (13). On the base
of (13) we formulate the forward and the inverse
spectral problems for weakly guiding step-index
waveguides.
Let us formulate the forward spectral problem by

the following way. Suppose that the boundary γ of
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k2 = 3, β2 = 3.9652

Figure 3: The red solid line is the plot of func-
tion β2 = β2(k2) corresponding to the funda-
mental mode of the circular waveguide.

the waveguide’s cross-section and the number σ > 0
are given. It is necessary to calculate all character-
istic values χ of the operator-valued function A(χ)
in the given interval.

Clearly, if the numbers χ, σ, and the permit-
tivities ε+, ε∞ are known, then the longitudinal
wavenumber k and the propagation constant β are
calculated by the following explicit formulas:

k2 =
σ2 + χ2

ε+ − ε∞
, β2 =

ε+σ
2 + ε∞χ2

ε+ − ε∞
.

For each given ε+, ε∞, and i the function χi(σ)
generates a function β2 of the variable k2. As
an example in Fig. 3 we present the plot of func-
tion β2 = β2(k2) corresponding to the fundamen-
tal mode of the circular waveguide. Here ε+ = 2,
ε∞ = 1, and i = 1. Two points marked by circle
and by square we will use in the next section as test
points for inverse eigenvalue problems.

A spline-collocation method was proposed in [6]
for the numerical solution of problem (13). The
original problem (13) was reduced to a nonlinear
finite-dimensional eigenvalue problem.

We solved numerically the algebraic nonlinear
eigenvalue problem by the residual inverse itera-
tion method. The results of some numerical ex-
periments are presented in Fig. 2 for the dielectric
waveguide of the circular cross section.
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4 The inverse spectral problem

4.1 Core’s permittivity reconstructions

We solved three variants of the inverse spectral
problem. The first variant is the problem on the
reconstruction of the permittivity of the core. It is
formulated as follows. Suppose that the boundary γ
of the waveguide’s cross-section and the permittiv-
ity ε∞ of the cladding are given. Suppose that the
propagation constant β of the fundamental mode
is measured for a given wavenumber k. The mea-
suring can be done by experimental methods. It
is necessary to calculate the permittivity ε+ of the
waveguide’s core.
The mathematical analysis of existence of the so-

lution of the forward spectral problem is presented
in Theorems 1 and 2. An illustration of the theoret-
ical results is shown in Fig. 2. Analyzing Fig. 2 we
observe that the fundamental mode (red solid curve
in Fig. 2) exists for each wavenumber k > 0. The
fundamental mode is unique, its dispersion curve
does not intersect with any others curves and well
separated from them. Therefore, the inverse spec-
tral problem’s solution exists and unique for each
wavenumber k > 0, this solution depends contin-
uously on given data. In other words the inverse
spectral problem is well-posed by Hadamard.
An example of this continues dependence we can

see in Fig. 4. The red solid line is the plot of the
function ε+ of β2 for the fundamental mode.
If a numerical solution of the forward problem

was obtained, then the solution of the inverse
spectral problem is calculated by the following
way. First, we compute the number

σ =
√
β2 − k2ε∞,

which is calculated for given values of β, k,
and ε∞. Then the transverse wavenumber χ(σ) is
calculated by the spline-collocation method for the
obtained σ of the fundamental mode. This number
is calculated by an interpolation of the function
χ1(σ) with respect to the points obtained when
the forward problem was numerically solved (see
the bottom curve plotted by the red solid line in
Fig. 2). Finally, the permittivity of the waveguide’s
core is calculated by the following explicit formula:

ε+ =
(
χ2 + β2

)
/k2.

In our computations by analogy with [12] we have
introduced a random noise in the propagation
constant as

β̃ = β(1 + pα),

3 3.5 4 4.5 5
1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

ε
+

β2

 

 

k2 = 3, ε∞ = 1

Exact β2 = 3.9652

Random noised β̃

Figure 4: The red solid line is the plot of
function ε+ = ε+(β

2) for the fundamental
mode. The approximate solution obtained by
the spline-collocation method is marked by the
blue circle for the exact β and by black points
for the random noised β̃.

where β = 3.98518 is the exact measured prop-
agation constant, α ∈ (−1, 1) are randomly
distributed numbers, and p is the noise level. In
our computations we have used p = 0.05 and thus,
the noise level was 5%.

Some numerical results of reconstruction of ε+
are presented in Fig. 4. The approximated value
of ε+ for the noise-free data marked in Fig. 4 by
the blue circle. Approximated values of ε+ for ran-

domly distributed noise β̃ with the 5% noise level
marked at Fig. 4 by the black points. Using this
figure we observe that the approximate solutions
even for the randomly noised β̃ were stable.

We see that for the unique and stable reconstruc-
tion of the constant waveguide permittivity ε+ it is
enough to measure the propagation constant β of
the fundamental mode for only one wavenumber k.

4.2 Cladding’s permittivity reconstructions

The second variant of the problem is the reconstruc-
tion of the permittivity of the cladding. It is for-
mulated as follows. Suppose that the permittivity
of the core is given and that the propagation con-
stant β of the fundamental mode is measured for
a given wavenumber k. It is necessary to calculate
the permittivity ε∞ of the waveguide’s cladding.
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Figure 5: The red solid line is the plot of
function ε∞ = ε∞(β2) for the fundamental
mode. The approximate solution obtained by
the spline-collocation method is marked by the
blue circle for the exact β and by black points
for the random noised β̃.

The solution of this problem is calculated by the
following way. Firstly, we compute the number

χ =
√
k2ε+ − β2

which is calculated for given values of β, k and ε+.
Secondly, the transverse wavenumber σ is calcu-
lated by the spline-collocation method for the ob-
tained χ for the fundamental mode. Thirdly, the
permittivity of the waveguide’s cladding is calcu-
lated by the following explicit formula:

ε∞ =
(
β2 − σ2

)
/k2.

As in the previous figure, the red solid line is
the plot of continuous function ε∞ of squared β
for the fundamental mode. The approximate solu-
tion obtained by the spline-collocation method is
marked by the blue circle for the exact β and by
black points for the random noised β̃. Using this
figure we observe that the approximate solutions
for the randomly noised β̃ were stable in this case
too.

For the unique and stable reconstruction of the
constant permittivity ε∞ it is enough to measure
the propagation constant β of the fundamental
mode for only one wavenumber k.
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Figure 6: The solid lines are plots of function
ε+ = ε+(ε∞) for given pairs of k and β for the
fundamental mode. The approximate solution
obtained by the spline-collocation method is
marked by the red circle for the exact β and
by the red rhomb for the random noised β̃.

4.3 Full permittivity reconstructions

The full variant of our problem is the reconstruc-
tion of both permittivities of the core and of the
cladding. The solution for the fundamental mode
of the forward spectral problem gives us an im-
plicit function ε+ of the variable ε∞ for each fixed
wavenumber and propagation constant. For exam-
ple in Fig. 6 the blue and green solid lines are plots
of this function for given pairs of k and β.
The intersection of this lines is the unique exact

solution of our problem. Therefore the permittivi-
ties ε+ and ε∞ we calculate as the solution of the
following nonlinear system of two equations:

{
χ2(β2

1 − k21ε∞) = k21ε+ − β2
1 ,

χ2(β2
2 − k22ε∞) = k22ε+ − β2

2 .

Here k1 and k2 are some given longitudinal
wavenumbers, β1 and β2 are corresponding mea-
sured propagation constants. The approximate so-
lution obtained by the spline-collocation method is
marked at Fig. 6 by the red circle for the exact
propagation constant. As we described above we in-
troduced the random noise in the propagation con-
stant. The approximate solutions for the noised β̃
are intersections of dashed lines. We see that the
approximate solutions for the randomly noised β
belong to the red rhomb and are stable.
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5 Conclusion

In this work we showed that our inverse spectral
problem is well-posed. It is important to note that
any information on specific values of eigenfunctions
is not required. For solution of the inverse problem
it is enough to know that the fundamental mode is
excited, and then to measure its propagation con-
stant for one ore for two frequencies.
This approach satisfies the practice of physical

experiments because usually the fundamental mode
is excited for practical purposes. Moreover, the fun-
damental mode can be excited only for the enough
wide interval of frequencies.
For the approximate solution of the inverse prob-

lems we propose first to solve the forward spectral
problem in order to compute the dispersion curve
for the fundamental mode. These calculations are
done accurately by the spline-collocation method.
Next, we uniquely and stably reconstruct the per-
mittivities in our inverse algorithms.
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