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Abstract
According to the manifold hypothesis, high-dimensional data can be viewed and meaning-

fully represented as a lower-dimensional manifold embedded in a higher dimensional feature
space. Manifold learning is a part of machine learning where an intrinsic data representation
is uncovered based on the manifold hypothesis.

Many manifold learning algorithms were developed. The one called Grassmann&Stiefel
eigenmaps (GSE) has been considered in the paper. One of the GSE subproblems is tangent
space alignment. The original solution to this problem has been formulated as a generalized
eigenvalue problem. In this formulation, it is plagued with numerical instability, resulting in
suboptimal solutions to the subproblem and manifold reconstruction problem in general.

We have proposed an iterative algorithm to directly solve the tangent spaces alignment
problem. As a result, we have obtained a significant gain in algorithm efficiency and time
complexity. We have compared the performance of our method on various model data sets to
show that our solution is on par with the approach to vector fields alignment formulated as
an optimization on the Stiefel group.

Keywords: manifold learning, dimensionality reduction, numerical optimization, vector
field estimation

Introduction

In the last few decades, advances in computational power and data acquisition tech-
niques have led to the data explosion. Notably, not only the amount of data increased,
but also the dimensionality of these data [1].

Nowadays, one should be able to analyze data coming from areas of computer vi-
sion, 3D-sensing, medical image analysis, videos, sound, speech, sensor networks, user
preferences in recommendation systems, DNA microarrays to name a few.

Generalization of machine learning algorithms in high-dimensional spaces is hard
because of the curse of dimensionality [2]. One way to overcome it is the manifold as-
sumption that data in high-dimensional spaces lie on or near a low-dimensional manifold
due to correlation and sparsity.

Indeed, most high-dimensional data are non-Euclidean, manifold-valued:
• shape data [3], especially in biomedical imaging [4];
• human poses and hand gestures [5, 6];
• images of an object under different lighting conditions, rigid bodies, under rotation

and affine transformations [7];
• observation and action spaces in robotics [8, 9] and reinforcement learning prob-

lems [10].
Ideally, machine learning algorithms should take into account an implicit manifold

nature of such data into account instead of naively viewing and representing complex
data as points in the Euclidean space.
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1. Overview

1.1. Manifold learning. Manifold learning [7] is a comparatively new approach
to dimensionality reduction dating back to the early 2000s. It takes into account the geo-
metrical properties of data and can explain why neural networks work – they intrinsically
learn data manifold [11].

1.2. Manifold learning problem. Given Xn = {x1, x2, . . . , xn} ∼ M ⊂ RD .
let us find a mapping f : RD → Rd , where d ¿ D and M is a manifold embedded
in RD .

A large number of manifold learning algorithms exists, including Laplacian eigen-
maps (LE) [12], locally linear embedding (LLE) [13], and locally tangent space alignment
(LTSA) [14]. These algorithms differ in a sense of which geometric properties of the un-
derlying manifold they aim to preserve.

1.3. Grassmann&Stiefel eigenmaps. An amplification of manifold learning
has been proposed recently [15] and the Grassmann&Stiefel eigenmaps (GSE) algo-
rithm to solve its problem has been introduced. This novel approach called tangent
bundle manifold learning (TBML) requires proximity not only between the data mani-
fold and the reconstructed manifold, but also between their tangent spaces. The authors
theoretically justify that this improves the generalization ability and better preserves
local structure of a manifold [15]. Within the method, these results of treatment of
the tangent bundle as Grassmann manifold GD,d and in manifold approximation of
Stiefel manifold SD,d naturally arise in solving the (generalized) eigenvalue problem.
Some details of the GSE solution are considered in [16, 17], and partial statistical
analysis is provided in [18, 19].

The Grassmann&Stiefel eigenmaps algorithm includes the following steps [20].
1. Local estimation of tangent spaces
For each point xi ∈ Xn of dimension D , let us construct a neighborhood set U(xi) ,

whether by choosing points within the ε-neighborhood based on Euclidean distance
U(xi) = {x′ ∈ Xn : ‖x′ − xi‖2 < ε} or by identifying the k -nearest neighbors. In this
work, the method of k -nearest neighbors is considered.

Let us estimate a tangent space of dimension d to each point xi by apply-
ing the principal component analysis to find a set of basis vectors QPCA(xi) =
{q1(xi), . . . ,qd(xi)}T corresponding to d largest eigenvalues of the correlation ma-
trix.

2. Tangent spaces alignment
Let us find a new set of bases, smoothly changing from point to point, such that

the span of the new basis at each point is in the span of the basis estimated with PCA:
n∑

i,j=1

K(xi,xj) · ‖H(xi)−H(xj)‖2F → min
{H(xi)}n

i=1

,

s.t. Span(H(xi)) = Span(QPCA(xi)),

where Span(A) is a linear hull of q columns a1, . . . , aq of the matrix A = (a1, . . . ,aq).
The authors of the GSE algorithm showed [15] that this problem can be formulated

and solved in terms of linear algebra as a generalized eigenvalue problem.
Let V(xi) = QPCA(xi)T H(xi) , then

ΦV = λAV.

Despite being mathematically beautiful, numerical solution of this problem is un-
stable. As we need to estimate a set of change of basis matrices, a small relative average
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error for the whole set V̂ does not imply a small relative error for all V̂i . Small
norms have large relative errors and vice versa. Another problem is the computational
complexity of matrix inverse requiring O(n3) time.

Tangent spaces alignment is the key problem of the GSE algorithm. Solving this
problem efficiently is crucial for construction of a point embedding in the next step.

3. Construction of embedding and reconstruction mappings
At this stage, embedding and reconstruction mappings based on the aligned tangent

spaces are constructed. This stage is out of the scope of this work and , therefore, we
will not describe it in detail.

2. Tangent spaces alignment problem

2.1. Problem statement. Instead of solving the eigenvalue problem, we return
to the original problem and solve it directly, enforcing the norm of tangent spaces bases
with the additional orthonormality constraint

n∑

i,j=1

K(xi,xj) · ‖H(xi)−H(xj)‖2F → min
{H(xi)}n

i=1

, (1)

s.t. Span(H(xi)) = Span(QPCA(xi)),

H(xi)T H(xi) = Id.

2.2. Solution. The proposed optimization scheme is iterative, the bases depend
on the ones computed in the previous iteration:

H(m+1)
i = f(H(m)

1 , . . . ,H(m)
n ).

The scheme consists of three steps, performed on each iteration
1) update Hi via the Nadaraya–Watson nonparametric regression [21] for each point

xi ∈ Xn ;
2) projecting updated basis vectors back to tangent space of a point;
3) normalization of a set of basis vectors.

Let us describe steps in more detail.
The Nadaraya–Watson nonparametric regression depends on kernel selection, which

defines the measure of similarity between points within the neighborhood of the point
xi . Numerous different kernels exist. We use the k -nearest neighbors kernel with
the number of neighbors k equal to the number of neighbors used to construct a neigh-
borhood set U(x) and at first denote:

H(m+1)
i =

∑

j

K(xi,xj) ·H(m)
j

∑

j

K(xi,xj)
.

After averaging a set of basis vectors within the neighborhood, we obtained set
H(k+1)

i /∈ TxiM . So, we do a projection back to the tangent space using the projection
d× d matrix π(xi) :

π(xi) = QPCA(xi) ·QPCA(xi)T .

The second step is

H(m+1)
i = QiQT

i ·

∑

j

K(xi,xj) ·H(m)
j

∑

j

K(xi,xj)
.
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Fig. 1. Cylinder data set

After the projection to tangent space Txi
M , the norm of the set of basis vectors

changes. So, we must perform a correction, considering strict orthonormality

HT
i Hi = VT

i QT
i QiVi = Id.

We ensure it by carrying out SVD-decomposition [22] and replacing Σ with Id at
the last step of each iteration

H(m+1)
i = QiQT

i ·

∑

j

K(xi,xj) ·H(m)
j

∑

j

K(xi,xj)
,

UΣVT = H(m+1)
i ,

H(m+1)
i := UIdVT .

The computational complexity of the proposed solution for the tangent spaces align-
ment problem was improved:

• full matrix: O(n2) instead of O(n3) for solving the generalized eigenvalue problem;
• sparse matrix: O(nk) instead of O(n2k) , where k is a sparsity parameter

(the number of neighbors).

3. Experiments

The half of two-dimensional sphere S2
x1>0 ⊂ R3 and the cylinder S1 × [0, 1]) are

considered as manifold M . All samples are iid uniformly distributed.
The algorithm code and experiment scripts were made in Python. The transformed

and scaled version of functional (1)

∆̃ = − 2
ndk

n∑

ij

Kij · Tr
(
VT

i (QT
i Qj)Vj

) → min
{Vi}n

i=1

. (2)

and the computation time were calculated for different sample sizes and number of
neighbors k (used to construct kernel K(xi,xj)). For two close points xi, xj function
1
q
Tr

(
HT

i Hj

) → 1 , therefore functional ∆̃ should be close to −2 . The value of functional
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Fig. 2. Sphere data set

a) Cylinder data set b) Sphere data set

Fig. 3. Aligned tangent spaces

∆̃ as a function of sample size and its calculation time were estimated for sample sizes
n = 100 ·2l, l = 0, . . . , 4 for cylinder and two-dimensional sphere. For each sample size,
10 samples were calculated.

The results of the proposed algorithm and the first-order optimization algorithm
from [23] were compared. Also, the initialization from [23] was used to get the same
neighborhoods of points and initial PCA-estimation of tangent spaces orientation to
measure the algorithms performance under the same conditions. In Figs. 1 and 2,
the means of functional ∆̃ and computation time +/– their standard deviations are
depicted.

Version (2) for the proposed approach is comparable with that in [23] (better or equal
for small samples and tends to be a bit worse for larger ones), while the computation
time grows slower with the sample size increase.

Visually, the optimization results for both algorithms look similar and smooth. So,
only the optimized vector fields obtained by the contraction mapping method are shown
in Fig. 3.

Conclusions

An iterative optimization scheme for vector fields alignment on manifolds was propo-
sed and implemented. A computational experiment with artificial data was performed.
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Its results prove the computational quality and efficiency of the approach. The vector
field alignment problem is a part of the Grassmann&Stiefel eigenmaps manifold learn-
ing algorithm, and the findings of this paper can be used to improve its computational
efficiency.
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Выравнивание векторных полей на многообразиях
методом сжимающих отображений

О.Н. Качан1 , Ю.А. Янович1,3,2 , Е.Н. Абрамов3

1Сколковский институт науки и технологий, г. Москва, 143026, Россия
2Институт проблем передачи информации Харкевича РАН, г. Москва, 127051, Россия

3Национальный исследовательский университет «Высшая школа экономики»,
г. Москва, 101000, Россия

Аннотация

Многие задачи анализа данных связаны с высокоразмерными данными, и феномен
«проклятия размерности» является препятствием для использования целого ряда ме-
тодов, чтобы их решить. Часто в приложениях многомерные данные занимают лишь
очень малую часть высокоразмерного пространства наблюдений, имеющую существенно
меньшую размерность по сравнению с размерностью этого пространства. Модель мно-
гообразия для таких данных, в соответствии с которой данные лежат на (или вблизи)
неизвестного низкоразмерного многообразия данных, вложенного в охватывающее вы-
сокоразмерное пространство, является популярной моделью для таких данных. Задачи
анализа данных, решаемых в рамках этой модели, принято называть задачами модели-
рования многообразий, общая цель которых состоит в выявлении низкоразмерной струк-
туры в лежащих на многообразии данных по имеющейся конечной выборке. Если точки
выборки извлечены из многообразия в соответствии с неизвестной вероятностной мерой
на многообразии данных, мы имеем дело со статистическими задачами на многообразии
данных. Статья содержит обзор таких статистических задач и методов их решения.

Ключевые слова: анализ данных, математическая статистика, моделирование мно-
гообразий, оценка плотности на многообразиях, регрессия на многообразиях
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