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B.B. Yyezynosa

AnHoTanus

Paccmorpena peanu3zarus 6yneBbix GYHKINN cXeMaMu U3 HEHAIEKHBIX ()YHKITHOHATHHBIX
3JIEMEHTOB, TIOBEP’KEHHBIX WHBEPCHBIM HEHUCIIPABHOCTIM Ha BXOJaX C BEPOSTHOCTHIO ONTUOKHU
g, 0 <e < 1/2, ma kaxa0Mm Bx0ze DYHKIMOHATLHOTO d/IeMeHTa. [I0Ka3aH0, ITO €CIn K KawK-
JIOMY M3 HEIIPUBOIUMBIX ITOTHBIX 6a31COoB, comepKamux (GhyHKIUN, 3aBUCALIIIE He DOJiee YeM 0T
JIBYX TIEPEMEHHBIX, T00aBUThH (DYHKITHUIO TOJIOCOBAHMS, TO BO BCEX MOIYUYEHHBIX 0Aa3MCaX OIEHKA
HeHAIe’KHOCTH ACHMITOTHIECKH OTTHMATIBLHEIX 110 HAJIEKHOCTH cxeM paBHa 3¢ (mpm € — 0)
g Beex Oynespix Gyukumit f(z1,z2,...,%n), 38 nckmoaeanem kouctant 0, 1 u bynxmmii x; ,
Ti,roe t=1,...,n.

KuroueBrbie ciioBa: OysieBbl (DyHKIINHM, aCHMITOTHYECKN ONMTHUMAJIbHBIE 0 HAIEKHOCTU
CXEMBI.

BBenenue

IIycrn ]52 — MHOYKECTBO Bcex OyneBbIx ¢pyukimii. Paccmorpum peann3anuio Oy1eBbIX
GyHKIM cxemMamu 13 HEHAJIEKHBIX (DYHKIMOHAIBHBIX 9JIEMEHTOB B 0a3MCax, cojepKa-
mmx byHKIUH, 3apucaiime He 60/1ee 9eM OT IByX NePEMEHHBIX. Byiem caurars, 9To cxe-
Ma 13 DYHKIMOHAIBHBIX 3JIEMEHTOB peanusyer OyneBy OyHKIMIO f(T1,%2,...,%T,) =
= f(¥), ecm mpwm MOCTYNJIEHWH Ha BXOJABI cxeMbl Habopa a = (ai,das,...,a,) TpH
OTCYTCTBUM HEMCIIPABHOCTEH HA BBIXOJIE CXeMbI TIosiBisieTcst 3Havenne f(a). Uncmo Bxo-
0B (DYHKITMOHAIBHBIX 3JIEMEHTOB PABHO YHCJY CyIIECTBEHHBIX IEPEMEHHBIX (DYHKITHIA,
NPHUITUCAHHBIX 3TUM 3JEMEHTAM, TO €CTh KazK/bli (DyHKIIMOHAIBHBIH 3JIEMEHT UMEET HE
GoJiee IBYX BXOMOB. IIpeamoaraercsi, 9T0 KaxKIblii BXOJ 3JIEMEHTA CXEMbI HE3aBUCUMO
OT BCEX JIPYTUX BXOJOB JIEMEHTOB C BEPOSTHOCTHIO &, 0 < £ < 1/2, mosBep»KeH nHBepc-
HBIM HEMCIPABHOCTSAM. DTH HEUCITPABHOCTU XaPAKTEPU3YIOTCS TEM, YTO MOCTYIAIONIEe
Ha BX0J jemenTa 3uadenue a, a € {0,1}, ¢ BEPOATHOCTHIO € MOXKET IPEBPATUTHCS
B 3HAYEHMWE @ . 3AMETHM, UTO 3JEMEHTBHI, peanusytomue KoHctantbl 0 u 1, aBmsioTcs
abCOMMIOTHO HAJIE?KHBIME TIPA MHBEPCHBIX HEMCIPABHOCTSAX HA BXOJAX 3JIEMEHTOB.

Iycrs Py (S, @) — BepositHoCTh nosiBenns 3nadenns f(a) ma Bbrxoge cxembl S,
peanmsyrorneii OyneBy dbyukuuio f(Z) npu BxogHoM Habope a. Hewamesxxkunoctsh P(S)
cXeMbl S OIpeJedeTcs KaK MaKCHMAaIbHOE U3 YUCeJT Pf(a)(S, @) 1pU BCEBO3MOXKHbBIX
BXOAHBIX Habopax a. Hanexxknocrs cxembr S pasaa 1 — P(S).

O6oznaunm P.(f) = inf P(S), rne S — cxema U3 HEHAJEKHBIX JIEMEHTOB, peaiu-
sytomas OyseBy dbyukmuoo f. Cxemy A u3 HEHANEKHBIX JIEMEHTOB, PEATH3YIOIIYIO
OyneBy DYHKIHUIO [, HA30BEM aCHMITOTUYIECKU ONTUMAILHON (Hamaydiei) no Haaex-
noctH, ecnu P(A) ~ P.(f) mpu € — 0.
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O6o3HAYNM MHOKECTBO TIOTIAPHO HEKOHTPYIHTHBIX OYyIeBbIX (DYHKIN, 3aBUCAIIAX
(BO3MOKHO, (DUKTUBHO) OT JIByX [IEPEMEHHBIX 1, T2, Y€PE3

M(l‘l,l‘g) =

= {z1&xo, 21 V x2, 21|32, 1 | T2, 71 — T2, 1 A X2, T1 ~ To, 21 B T2, 21,71,0, 1},

Muoxkecrso B C M (x1,x2) HA30BEM HENPUBOIMMbIM HOJIHBIM 0A3UCOM B ?2, ecau
MHOKeCTBO B HO/IHO M HUKAaKOe ero cOOCTBEeHHOe MOJMHOKECTBO TIOTHBIM He ABIACTCA.

UsBectno, uro B Py cymecrsyer 17 (¢ TOYHOCTBIO [0 IEPEUMEHOBAHUS IIEPEMEHHbBIX )
HEMTPUBOAMMBIX MOJTHBIX DA3UCOB, COMEPKAIIMX (DYHKIINN, 3aBUCSIITE HE O0JIee YeM OT
JIBYX TlepeMeHHbIx: By — Bi7 (cm. Tabu. 1).

JIroboit apyroit 6asuc, oTauuHBIM OT 6a3ucoB By — Bi7, MOXKHO MOJYyYHUTh TMepe-
UMEHOBAHMEM MEPEMEHHBIX 0€3 OTOXKIECTBICHHsS, a TaKyKe T0DABICHUEM OJHOW WIn
HECKOJIbKMX HEKOHCTAHTHBIX, OTJIMYHBIX OT 21, DyHKUMiT u3 mHoxkectBa M (x1,x2) K
HeKOTOpOMY 6a3ucy u3 ykazaHHoro cnucka (Hanpumep, Big = {x1&xo, 21 V 22, T1}).

AcuvnTornueckne OIEHKM HEHAMEIKHOCTH CXeM W3 (DYHKIMOHAJBHBIX 3JIEMEHTOB
IIJIsT HEMPUBOAMMBIX TMOJIHBIX 0a3ucoB By — Bi7, a TakyXKe IJjis MPUBOLUMOTO TIOJTHO-
ro basmca Big m 6a3uca M, comepKariero Bce 0yaeBbl (pYHKINN, 3aBUCIIIHE HE OoJiee
4eM OT JBYX II€PEMEHHbIX, 1osy4enbl panee [1, 2] (n1oka3aubl reopembr 1 u 2).

IIycres Oasuc B — oanH W3 MEepedncaeHHbIX B IpeaplaymeM ad3ame 6a3ucos, Toraa
71 HETO CTIPaBEIJIMBHI TeOpeMbl 1 u 2.

Teopema 1. ITycmov koncmanmo, a, b, ¢, d (cm. maba. 1) coomeemcmeyrom 6a-
sucy B u e € (0,d]. Tozda awbyr bysresy dynkuyuro f(T) 6 basuce B moocho peanu-
306amb maroti cxemoti S, wmo P(S) < as + be?.

Teopema 2. IIycmv woncmaumo, a, E, d u wxaacc byaesoir Pynryuid K(n)
(cm. maba. 1) coomeemcmeyrom bazucy B. Tozda das aboii byaesoti ynkyuu f(T),
f ¢ K(n), u aboi cremo, S, pearusyrowed [ e basuce B, npu e € (O,g] eep-
Ho Hepasencmeo P(S) > ae + be?, npuuem a - maxas dce KOHCMANMA, WMO U 6
meopeme 1.

Ncnonbayembie B Tabauie oboznavenns: ¢ = 1,...,n, 6,4 € {0,1}, h(Z) — npouns-
BOJIbHAS OyneBa (DYHKINS OT MEPEMEHHBIX T'1, X2, .., Ty -

3 teopeMbl 2 cemyer, 4TO CXeMbl, IIOCTPOEHHbIE IPU J0KA3aTe/lbCTBE TEOPEMBI 1,
SABJISFOTCS ACUMITOTAYECKHU ONTUMAJJIbHBIMY 10 HAJIEXKHOCTH JIJIsL IOYTH BCeX (PYHKIIUM.

IIpu nokasaresnbcrBe TeopeM 1 M 2 Uit HOBBIMIEHUS HAJEXKHOCTH CXEM, PEAJIH3Y-
forux OyeBbl (DYHKIINN, B KAXKJIOM U3 0A3WCOB UCIOJIb30BAINCH CXEMbBI, TOCTPOEHHBIE
TOJILKO M3 HEHAJIEKHBIX OA3MCHBIX 3JIEMEHTOB. BO3HMKaeT BOMPOC: M3MEHATCS JIN Haii-
JIeHHBIE OIEHKM, €CIN K KaykJaoMy u3 6aszmcoB By — Big m 6a3ucy M m00aBuTH erre
OJIMH HEHAIE?KHBII 3JIEMEHT — 3JIEMEHT I'0JIOCOBAHUS, [I0/IBEPXKEHHBIA TaKKe HHBEPCHBIM
HEUCIPABHOCTIM Ha BXo#ax? MOoKHO Jid ¢ HOMOIIBLIO 3/IeMEeHTa FOJI0COBAHKS IIOBBICUTH
HAJIEKHOCTD TOCTPOEHHBIX cxeM? OTBETHI HA 3TH BOMPOCHI MOy YeHbI B HACTOSAIIEH CTa-
The.

Haiinem acumMnroTnyueckue OMEHKN ONTUMAJIBHBIX MO HAJIEKHOCTU CXEM, PEATN3yI0-
IMIAX MPOU3BOIbHBIE OyIeBbl QYHKIINN B KasKI0M M3 0A3MCOB, MOJTYIEHHBIX U3 0A3MCOB
B1 — Big m M nobasnenneM (GpyHKITUN TOJOCOBAHUSI.

IMycts B’ — ogun m3 6aszucos By — Big mam M, K KoTopomy no6asuan (byHKIAIO
ronocoBanus g(xy1,ra,x3) = x1x3 V x123 V ToZ3.

Haiinem BepxHHUe OIEHKH HEHAICKHOCTH CXeM B basuce B'.
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Bis = {z1 — 22,0}

Bis = {z1&22, 71}

Bir = {x1 Vx2,71}

Big = {$1&$2,$1 Vv mg,fl}

M = {$1|$2,$1 | xo, 21&x2, 21 V T2, T1,
T1 — T2,T1 /> XT2,xT1 ~ T2, T1 D T2, 0, 1}

59 [ 1/200 | —8 [ 1/11 | (

83 | 1/200 | —12 | 1/10 | (z%&h
83 [ 1/200 | —12 [ 1/10 | ( T
19 [ 1/150 | —2 | 1/6 | 4,70,
19 [ 1/100 | =2 | 1/6 | w4,7,0,

Tab. 1
B a| b d b d K(n)

B = {$1|$2} 2 19 1/100 —1 1/4 Ti, 1
B2 :{1'1 ifL’Q} 2 19 1/100 —1 1/4 l’i,o
BgI{$1—>$2,$’17L>.T2} 2 51 1/300 —1 1/4 mi,(),l
By ={z1 — x2,21 P x2} 2166 | 1/200 | —2 1/4 Zi, 1
B5 = {1'1 f—> T2,T1 ~ 1'2} 2 66 1/200 -2 1/4 l’i,o
Bg = {1'1 (&) 1'2,1'1&1'2, 1} 2 67 1/200 -2 1/4 z;,0,1
B7={$1~$2,$1 \/372,0} 2 67 1/200 —2 1/4 z;,0,1
Bg = {1'1 ~ Z’g,l’l&xg,l'l ) :L'g} 2 62 1/300 —2 1/4 l’i,o
BQZ{l’lN:L'Q,.I’l\/l'Q,JL'l @l’g} 2 62 1/300 -2 1/4 T4, 1
B10 = {371 ~ $2,$1&$2,0} 2 66 1/200 —2 1/4 xi,O
B :{1'1 @l’g,l’lvxg,l} 2 66 1/200 -2 1/4 T4, 1
Biz = {x1 /£ ©2,%1} 3141 [1/150 | =6 | 1/6 | 22&h(Z),1
Biz = {x1 — x2,7%1} 341 ]1/150 | —6 | 1/6 | 27V h(Z),0
Bis = {x1 /£ x2,1} 4159 ]1/200 | =8 [ 1/11 | (zf&h(Z))*

4

4

4

2

2

1. BerHI/Ie OII€HKHN HEeHaJe2KHOCTH CXeM

Paccmorpum BeioMorarebHy0 JeMMy, HeOOXOIUMYIO /Il TOMCKA BepXHE OIeHKN
HEHAJIE’KHOCTH cxeM B basuce B’.

JIemma 1. ITyemo € € (0,1/2], f(Z) - npouseoavhas Pynryus, S — crema, pea-
ausyrowas gynkyuro f(T) ¢ nenadesrcnocmoro P(S) 6 basuce B'. Tozda 6 basuce B’
mootcno nocmpoums cxemy ©(S), pearusyrowyro pynkuyuro f(T) ¢ nenadescrnocmvio
P(p(9)) < 3e2 +6sP(9) + 3P%(S).

HoxkazarenbcrBo. Ilycrs f(Z) — npoussosbhas Gynesa Gyukuus, a S — cxema,
peanmsytomas f(Z) B Gasuce B’. Tlo cxeme S mocrponm cxemy ¢(S) caemyrommm
00pa3oM: BO3bMEM TDPHU IK3EMILIAPA CXEMBI S U COEJIUHUM BBIXOJ KarxKJIOH cxembr S
C COOTBETCTBYIOIIMM BXOJOM 3JIeMeHTa TojocoBanusa G .

[Iycrs a — Bxoamoit nabop dyukuuu f(T). Boruucaum BepostHOCTH OMIUOOK HA
BBIXOJIE cxeMbl ¢(S).

1. IIpu mynesbix Bxoaubix Habopax a byukuuu f(T) (f(a) =0):

Pi(p(S),a) = (1 — P1(5,a))*(3e*(1 — &) +°)+
+3(1 — Py(S,@)*Pi(S,a)(2e(1 — )2 +&® +2(1 —¢))+
+3(1 — Pi(S,@)P2(S,a)((1 —e)®* + 2(1 —e)e? +e(1 —e)*)+
+ P3(S,a)((1 —e)® +3(1 —¢)%e) < 32 + 6P1(S,a)e +3P2(S,a) npu ¢ € (0,1/2].

Cnenosatenso, npu € € (0,1/2]

Py(p(S),a) < 3%+ 6P,(S,a)e + 3P2(S,a). (1)



O HAZIE?KHOCTU CXEM 13 ®VHKIIMOHAJIBHBIX 3/JIEMEHTOB 157

2. Ilpn ennHAYHBIX BXOAHBIX Habopax a dyukmmn f(z) (f(a) =1):

Po(¢(S),a) = (1 — Py(S,a))>(3e%(1 —¢) + %)+
+3(1 — Py(S,@)*Po(S,a)(2e(1 — &) + &3 + 2(1 — )+
+3(1 — Py(S,a))P2(S,a)((1 —e)® +2(1 —e)e? +e(1 —e)?)+
+ P3(S,a)((1 —&)® +3(1 —¢)%e) < 32 + 6Py(S,a)e +3P%(S,a) npu ¢ € (0,1/2].

Cnenosaresnsuo, npu ¢ € (0,1/2]
Po((S),a) < 3¢* + 6Py (S, a)e + 3P (S, a). (2)

[ycrs P(S) = max{P1(S,a), Py(S,a)}, rae Makcumym Gepercst Mo BCEM BXOJHBIM
Habopam @ cxembl S. YunrsiBas Hepasencrsa (1) n (2), nomyuanm:

P(p(8)) < 3¢2 4+ 6P(S)e +3P%(S) mpu € (0,1/2].
Jlemma nokaszana. O

Teopewma 3. ITpu € € (0,1/300] ar06yro byresy dynryuro f(x) 6 basuce B’ moocro
peaausosamv makoti cxemoti S, umo P(S) < 3e% + 193,

HoxkazaresnbcrBo. U3 teopemsl 1 cieayer, uro mobyio O6ynesy yukuuio f(T) B
6a3uce B MOXKHO peasin30BaTh Takoii cxemoil S, HeHajexkHocTh KoTopoit P(S) < 4e +
+83¢2 pu € € (0,1/300].

B Gazuce B’ malieHHYIO OIEHKY MOYKHO YAyYIHTH. IIpuMenss gemMy 1, mo cxe-
Me S mocrponM cxeMy ©(S) (mas 9TOrO BO3BMEM TpH SK3EMIIsSpa cXeMbl S U CO-
eIMHUM BBIXOJ KaXKJ0H M3 HUX C COOTBETCTBYIOIMMM BXOJOM 3JIEMEHTA TOJOCOBAHMUS ),
HenaekHOCTh KOTOopoit P(p(9)) < 3¢ + 6e(4e + 8322) + 3(4e + 83¢%)? < 85¢2 npu
e € (0,1/300]. Tlpumenss nemmy 1 emte pa3s, mo cxeme ¢(S) moctponm cxemy p2(9)
(11 3TOTO BO3BMEM TPH IK3EMTIAPA cxeMbl ¢(S) W COeMANM BBIXOJ, KAXKION W3 HIX
C COOTBETCTBYIONMM BXOJIOM 3JIeMeHTa rojiocosanus), aasa kotopoit P(p?(S)) < 3e2 +
+ 510e3 + 21675¢* < 52 mpm € € (0,1/300]. Ha weTsepToM TITare nTepanui MOCTPOUM
exemy ¢3(S), memamesknocts xotopoit P(p?(9)) < 32 + 31¢® mpum ¢ € (0,1/300].
ITo cxeme ¢3(S) moctpomM cxemy ¢*(S), peammsyiomyto f(Z), ¢ HeHAJEKHOCTHIO
P(g*(S)) < 3e2 4+ 1923 mpu e € (0,1/300]. Cxema ¢*(S) mckomas, o ectn S =
= ¢*(S). Teopema moKa3ana.

O

Paccvorpum mpumepsb.

IIpumep 1. Koncranty 1 B 6asnce {122V x123V X223, T1|T2} MOKHO pEasn30BaTh
Takoii cxemoit A, uro P(A) < &%+ 7¢3 npu ¢ € (0,1/300].

ITo Teopeme 3 B Gaszuce {x1x9 V x123 V Tox3, x1|r2} MOXKHO HOCTpOUTH CxeMy Si,
peanusytontyio Konctanty 0, ¢ HeHageskHocTeio: P(S1) < 362 +19¢3 mpm € € (0,1/300].

[TocTpoum cxemy Ss, peanusymomiyio Kouctauty 1. J[as 9T0ro BO3bMeM IBA SK3EM-
MJIApa CXeMbl S7 , BBIXOABI KOTOPBIX COCIWHNM C BXOZaMu (hyHKINOHAIBLHOTO 3JIEMEHTA,
peamm3ytorero ¢yukiuio mrpux [Mleddepa. BeposTHOCTh OMMOKN HA BBIXOIE CXEMbI
Sy yIOBIETBOPSIET HEPABEHCTBY

P(S3) < e24+(3e2419¢3)%(1-2¢)?+2e (32 +19¢%)(1—2¢) < £2+72% npm € € (0,1/300].

Cxema Sy aBjigeTca UCKOMO# cxemoi A.

IIpumep 2. Koucraury 1 B 6asnce {x122 V 2123 V ZoX3, T1 — X2, 21 /> T2} MOKHO
peanm3oBaTh Taxoil cxemoif A, ato P(A) < &2 + 7¢2 npu ¢ € (0,1/300].
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ITo Teopeme 3 B Gaszwce {x1x3 V x123 V X223, X1 — T2, L1 7> T2} MOKHO MOCTPOUTH
cxeMy S1, peannsyrontyio Kouctanty 1, ¢ memagexknoctsio P(S;) < 324 19¢3 npu ¢ €
€ (0,1/300] u cxemy S, peammusyiomyro KorctanTy 0, ¢ HenagexHOCTbIO P(S3) < 32+
+19¢3 npm € € (0,1/300].

[MocTponm cxemy S3, peann3ylomyto KOHCTanTy 1. I 3TOro BO3bMEM HMILINKATOP,
MEepBHIi BXOJ KOTOPOTO COEAWHUM C BBIXOJOM CXeMbI Sy, a BTOpoil — cxembl S1. BoI-
YHCIMM BEPOATHOCTD OIMUOKM Ha BBIXOJE MOCTPOEHHOM cxembl S3. OHa ynoBaeTBopsger
HEPABEHCTBY

P(S3) < €24 (3e2+19¢%)2(1—2¢)? +2¢(32+196%) (1—2¢) < e +7¢% mpm € € (0,1/300].

Cxema S3 gBjsSeTCS UCKOMOI cxeMoii A.

IIpumep 3. Koucraury 0 B 6asnce {x122 V 2123V ZoX3, T1 — X2, X1 /> T2} MOKHO
peanuzoBaTh Taxoit cxemoit A, uto P(A) < &2 + 7¢3 npu ¢ € (0,1/300].

Ucnonp3yem cxembr S7 u So w3 mpumepa 2 Ay HOCTPOEHHS CXeMbl Ss, peasiu-
gytoreit koucranty 0: BO3bMEM aHTHUMILIHKATOP, MEPBBIH BXO KOTOPOTO COETUHUM C
BBIXOZOM CXeMBbI S3, & BTOPOit — cxeMbl S1 . BuraucanM BepoaTHOCTD OMMUOKN Ha BBIXOIE
mocTpoenHoi cxembl S3. OHa yIOBIETBOPSIET HEPABEHCTRY

P(S3) < €24 (3c2419¢3)%(1—2¢)?+2e(32 +19¢%)(1—2¢) < £2+7¢® npu € € (0,1/300].

Cxema S3 aBjsgeTcs UCKOMOI cxeMoii A.

IIpumep 4. Koncranry 1 B 6asnce {x1xe V x123 V X223, 21 — T2, 21 B Lo} MOKHO
peanm3oBaTh Takoil cxemoi A, ato P(A) < &2 + 7¢3 npu ¢ € (0,1/300].
JloKazaTembLCTBO TaKoe JKe, KaK W B mpuMepe 2.

IIpumep 5. Koncraury 0 B 6azuce {z1x2 V 2123 V T2x3, 1 B T2, x1&22, 1} MOKHO
peanm3oBaTh Takoii cxemoit A, uto P(A) < &2 + 7% npm £ € (0,1/36].

ITo reopeme 3 B Gaszuce {x122 V x123 V Taws, 1 @ X2, £1&%2, 1} MOKHO MOCTPOUTH
cxemy S, peammsyromiyio Konctanty 0, ¢ menagexuocteio P(S1) < 3¢2 + 19¢% mpm
e € (0,1/300]

Bospmem aBa 3K3eMmmisgpa cxemMbl S7 W COEIMHMM WX BBIXOMBI C BXOJAMH KOHDb-
IOHKTOPA, MOJydnM cxemy Ss. HeHame:kHOCTh MOCTPOEHHON CXeMbI S yI0BIETBOPSET
HEPABEHCTBY

P(S2) < ?+(3e2+19¢%)%(1-2¢)2+2¢(3e?+19¢%) (1-2¢) < e2+7¢* mpu € € (0,1/300].

Cxema Sy gBIAETCA UCKOMOM cxeMoil A.

IIpumep 6. Koncraury 0 B 6azuce {x129 V 2123 V Tox3, x1 ~ T2, 11&x2,T1 D T2}
MOXKHO pean30BaTh Takoii cxemoii A, ato P(A) < &2 4 7¢3 npm ¢ € (0,1/300].
Jloka3aTenLCTBO IIPOBOJIUM, KaK B IIpuMepe 5.

IIpumep 7. Koucrauty 1 B 6asuce {x122 V x123 V X2X3,21 — Z2,T1} MOKHO
peanuzoBaTh Taxoit cxemoit A, uto P(A) < &2 + 7¢3 npu ¢ € (0,1/300].

Jloka3aTeaLCTBO TaKoe JKe, KaK U B IIpuMepe 2.

IIpumep 8. Koncraury 1 B 6asuce {x1x2 V 2123 V 223,21 — 2,0} MOXKHO pea-
nM30BaTh Takoi cxemoit A, uro P(A) < &%+ 7¢® mpu ¢ € (0,1/300].

JloKazaTembLCTBO TaKoe JKe, KaK W B mpuMepe 2.

IIpumep 9. Koucraury 1 B 6asnce {x122 V 2123 V X223, 21 V T2, T1} MOXKHO pea-
am3oBaTh Taxoil cxemoit A, aro P(A) < e? 4 7% mpn ¢ € (0,1/300].

ITo reopewne 3 B 6asnce {122V 123V Tars, 1V Ia, T1} MOKHO MOCTPOUTH CXeMy S,
peanusyrontyio Kouctanty 1, ¢ menagesknocteio P(S1) < 3¢2+19¢® npum € € (0,1/300].
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Bo3bmem 1Ba 3K3eMIIsipa CXeMbl S| U COEIMHUM UX BBIXOJBI C BXOJAMU U3 HIOHK-
Topa, noxydnm cxemy So. HenamekHOCTH MOCTPOEHHO CXeMbI Sy YIAOBIETBOPSET HEPA-
BEHCTBY

P(Ss) < 24 (362 +19¢%)2(1-2¢)% +2¢(32+196%) (1—2¢) < % +7¢% mpm € € (0,1/300].
Cxema Sy aBjigeTca UCKOMO# cxemoit A.

IIpumep 10. Koncraury 1 B 6azuce {x122 V123V xoxs, v1&xe, 21V T, T1} MOKHO
peanm3oBaTh Taxoif cxemoi A, ato P(A) < &2 + 7¢2 npm ¢ € (0,1/300].
Jloka3aTenbCTBO Takoe e, KaK W B nmpumepe 9.

IIpumep 11. Koncraury 0 B 6azuce {x122 V123V xoxs, v1&xe, 1 VT, T1} MOKHO
peanm3oBaTh Takoif cxemoi A, aro P(A) < &2 + 7¢3 npm ¢ € (0,1/300].

Jlis mokaszaTenbCTBa JAHHOTO yTBEPIKICHUS TOCTATOTHO 3aMEHUTh B PACCY JKICHUSAX
u3 npumepa 9 dyukuio V Ha &.

2. Hu>xxane OIl€eHKMN HeHa/Je>XKHOCTHu CXeM

[IpuBesem BcrmomoraTeabHYIO JIEMMY, HEOOXOAUMYIO IS MMOMCKA HUKHEH OIeHKH
HEHA/Ie?KHOCTHU CXEM.

JIemma 2 [3]. ITycmo f(ZT) — npoussoavhasn 6yresa Gynkyusm, OMAUNHAL OM KOH-
cmarmol, u S — 10664 CLEMA, €€ PEANUSYOULAA 6 NPOUSBOALHOM KOHEUHOM 0a3UCE
B. IIycms nodcxema C cremv S codepoicum 6wxod cremv, S u peasusyem bOyae-
6y dynxyuro f' ¢ nenadesicrnocmuvro P(C) < 1/2. Obosnauum uepes p' munumym
gepoammocmeti owubox na evxode cremvr C no makum 6TodHbM HAOOPAM C, 4MO
f'(©) = 0. Ananroeuuno, nycmv p° — munumym eepoammocmeti owubox Ha evzode
cremw, C' no makum 6xoduo.m nabopam ¢, wmo f'(¢) =1.

IIycrs a — BxopHoit Habop dyuKun f(Z), Toraa BepOSITHOCTH OMMUOOK Ha BHIXOJE
CXeMBI S YIOBIETBOPSIOT YCIOBHUSIM:

Pl(S,a)zpl, eciu f(a) =0,
p

Bameuanue 1 [3]. U3z nemmer 2 cienyer, uto P(S) > max{p°, p'}.

B cygae nHBepCcHBIX HEMCIIPABHOCTEH HA BXOIAX M3 JIEMMBI 2 U 3aMedannsa 1 MOXKHO
BBIBECTH DA CIAEICTBUI.

[Iycrs B semme 2 moncxema C cxembl S, peanusyomeit 6yneBy dbyukunio f(7),
COCTOUT W3 OAHOTO (DYHKIIMOHAIBLHOTO 3jeMenTa F, peamusyomero Gyakmuio [/, 3a-
BUCSIIYIO HE O0Jiee UeM OT JABYX MepeMeHHbIX. Toraa crmpaBesinBo

Caencrue 1. FEcau E — xowstonxmop, mo daa wezo npu € € (0,1/4] eepoammo-
cmu owubor na ewzode pasno: Pr(00) = g2, Py(11) = 2e—e2, P1(01) = P;(10) = e—¢&2
(npu ycaosuu, wmo cxema S peasusyem dynryuro, omauunyo om xoucmarwmor 0 ).
Ipumerum remmy 2 u noayuwum: p° = 2 —e?, pt = 2. Tozda cozracro 3amevwanuro 1
P(S) > 2e —£2.

B cayuae, xoeda cxema S peanusyem xoncmanmy 0, mo cozaacno semme 2 p° =0,
pl = &2, u moeda 6 cury sameuanua 1 daa nee P(S) > 2 npu e € (0,1/4].

CaencrBue 2. FEcau E — dussronkmop, mo on peasusyem dynryuto, d6oticmeen-
nyto dynxyuu us caedemeud 1, nosmomy oas nezo: P(S) > 2e—e? (npu ycaosuu, wmo
cxema S pearusyem dynryuro, omavunyro om xonemarnmo, 1). Coomeememeenno, 6

cayuae, ko2da cxema S peasuzyem xonemanmy 1, daa nee P(S) > &2 npu e € (0,1/4].
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Caencrsue 3. Ecau E - umnauxamop, mo dasn nezo npu ¢ € (0,1/4] sepoam-
nocmu owubox Ha ewxode pasuv: Po(00) = & — &2, Py(01) = 2, Pi(10) = 2¢ — &2
(npu yeaosuu, umo crema S peasusyem GyHEUUIO, OMAUNHYIO om Koncmanmb, 1).
IIpumenum aemmy 2 u noaywum: pt = 2e —e2, p¥ = 2. Tozda coeaacno samevaruro 1

P(S) > 2e —£2.

B cayuae, kozda cxema S peanusyem xoncmanmy 1, mo cozaacro aemme 2 pt =0,
p° = €2, u mozda uz samevanus 1 das smoii cxemw caedyem, wmo P(S) > €% npu
e € (0,1/4].

CaencrBue 4. Ecau E - anmuumniukamop, mo own peasudyem Gyuxyuio, 060t-
cmeennyto ynxyuu us caedemeua 3,, nosmomy oas nezo P(S) > 2e — % (npu yeao-
euu, wmo crema S peasusdyem Pyuryuro, omauuwnyto om xoncmanmu, 0). Coomeem-
cmeenno, 6 cayuae, Kozda cxema S pearusyem xoncmanmy 0, das nee P(S) > 2 npu
e € (0,1/4].

CaencrBue 5. Ecau E peasusyem sxsusarenyuro, mo das nezo npu € € (0,1/4]
sepoamuocmu owubox Ha ewrode pasuo: Py(00) = Py(11) = P1(01) = P(10) =
= 2¢ — 2¢%. ITpumenum aemmy 2 u noayuwum: pt = p° = 2 — 2e2. Tozda cozracro
samevanuro 1 P(S) > 2e — 22,

Caenctsue 6. Ecau E — cymmamopmop, mo o peasusyem @ynryuto, deoticmeen-
nyro dynryuu uz credemeud 5, nosmomy oas nezo P(S) > 2 — 2% npu e € (0,1/4].

CaencrBue 7. Ecau E — unsepmop, mo das nezo npu e € (0,1/4] eepoamnocmu
owubor na evwode pasuv: Po(0) = Pi(1) = . ITpumenum aemmy 2 u noaywum: pt =
=p° = ¢. Tozda coznacho samenanuo 1 P(S) >¢.

CaencrBue 8. Ecau E peasusyem wmpuz Hleddepa, mo das nezo npu € € (0,1/4]
sepoammocmu owubox na evwzode pasnn: Py(00) = 2, Py(11) = 2 — 2¢2, Py(01) =
= Py(10) = ¢ — &% (npu yeaosuu, wmo czema S pearusyem Gynxyuto, OMAUNHYIO OM
Koucmarmo, 1). Ilpumenum semmy 2 u nosywum: pt = 2e — 2%, p¥ = £2. Tozda
cozaacho samevanuro 1 P(S) > 2 — 22,

B cayuae, xo2da cxema S peasusyem xoncmanmy 1, mo coznacno semme 2 pt =0,
p° = &2, u moeda 6 cury samevanus 1 daa nee P(S) > e? npu e € (0,1/4].

CaencrBue 9. Ecau E peasusyem cmpeary ITupca, dymuxyuro, deoticmeentyro
Pynryuu us caedemeua 8, mo daa neeo P(S) > 2 — 2e? (npu yeaosuu, wmo crema
S peanusyem dynryuro, omauunyio om xoncmanwmos 0). Coomeemcmeenno, 6 cayuae,
xozda crema S pearusyem woncmanmy 0, mo daa nee P(S) > % npu e € (0,1/4].

CaencrBue 10. Ecau E — anemenm 2oaocosarus, mo daa nezo npu € € (0,1/4]
sepoammocmu owubox na ewzode pasuv: Pi(000) = Py(111) = 3e2 — 23, P(001) =
= P1(010) = Py(011) = P;(100) = Py(101) = Py(110) = 2¢ — 3e2 + 2¢3. Ilpumenum
nemmy 2 u noayuwum: pt = p® = 3e2—2¢3. Tozda (no samenanuro 1): P(S) > 3e2—2¢3.

JIemma 3. ITyemo € € (0,1/4], f(z) — byaesa pynxyua, f # 1, 2, i=1,...,n,
u S — wobas crema, pearusyrowasn f(T) 6 basuce {x1x9 V X123V xox3, T1|T2}. To2da
P(S) > 3e% — 2¢3.

CrpaeemiuBocTs JieMMbl 3 caepyer u3 caegcreuii 8, 10.

Ucnonways cnencreus 1-10, Haiigem B KaxK/I0M U3 PACCMATPUBAEMBIX 0A3MCOB HUK-
HIOIO OTIEHKY HEHAIEYKHOCTU CXEM.

Ouerngro, uTo GYHKINM 1, T2, ..., T, B 0asuce {rixs V x1x3 V Toxs,T1|T2}
MOYKHO Peajin30BaTh aOCOJIOTHO HAJIEYKHO, 8 KOHCTAHTY 1 — ¢ HEHAIEXKHOCTHIO HE MEHEE

g2 (cmencreme 8).
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JIemma 4. ITyemo € € (0,1/4], f(Z) - 6ysresa pynryua, f #0,1, z;, i=1,...,n,
u S — mobas cxema, pearusyrowan [(T) 6 basuce {x1x2 V x123V To2X3, T1 — To,T1 />
— 29} . To2da P(S) > 3e% — 23,

CupaBemyinBocTh JieMMbl 4 caemyer u3 ciaenactsuit 3, 4, 10.

OuerngHo, 9T0 DYHKINK X1, T2, ..., Tp B 0asuce {x1x2 V 2123 V Taws, 1 —
— T9,T1 /> To} MOXKHO Peanu30BarTb abCONIOTHO HA/eKHO, KOHCTaHTbl 0 u 1 — ¢ Hena-
TesKHOCTBIO He Meree £2 npu € < 1/4 (cmepcreus 3, 4).

JIemma 5. ITyemo € € (0,1/4], f(T) — byaesa pynxyua, f # 1, 2, i=1,...,n,
u S — amobas crema, pearusyrowan f(T) 6 basuce {r122Vr103VT203, 01 — T, x1DL2}.
Tozda P(S) > 3e% — 2¢3.

CrpapeiuBOCTh JIEeMMbI § crepyer u3 ciaegcreuit 3, 6, 10.

OuerngHo, 9T0 DYHKIMA X1, T2, ..., T, BOaszuce {x1xoVr123Vrows, 1 — T2, 11D
T2} MOYKHO peasm30BaTh abCONIOTHO HAJEYKHO, KOHCTAHTY 1 — ¢ HEHAJe’KHOCThIO He
menee €2 mpu € < 1/4 (crencreue 3).

JIemma 6. IIycmow € € (0,1/4], f(x) - 6yaesa gynwyus, [ #0, x;, i =1,...,n,
u S —ar0bas crema, peasusyrowas f(T) 6 basuce {x1xoVrix3Varoxs, 11Px2, r1&xe,1}.
Tozda P(S) > 3¢ — 2¢3.

CrnpasemyiuBocTs JieMMbl 6 caemyer u3 caegcreuii 1, 6, 10.

OueBuaHo, 40 QYHKIUUU L1, T2, ..., T U KOHCTaHTy 1 B Gasuce {xixo V x123 V
Xoxs, 1 D To, x1&xo, 1} MOXKHO peasuzoBarh abCONIOTHO HAJEXKHO, KOHCTAHTY (0 — C
HeHaIeXKHOCTIO He Menee 2 npu ¢ < 1/4 (crenctsue 1).

JIemma 7. ITyemv ¢ € (0,1/4], f(Z) — Oyaesa ¢dynxuyusa, f # 0,x;, i =
=1,...,n,u S —wobas cxema, pearusyrowas f(T) 6 basuce {x1x2Vr123V X223, L7 ~
~ T9, 21829, 11 ® 2} . Tozda P(S) > 3¢ — 23,

CnpaBeyIMBOCTE JIeMMbI 7 cjaemyer u3 ciaeiactsuit 1, 5, 6, 10.

Ouerngno, uro QyHKIWMKH 1, T3, ..., Tp B 0asuce {r122 V x1x3 V Taws,x1 ~
~ Lo, x1&T, T1 T2} MOKHO peasu3oBaTh abCOIIOTHO HAEKHO, KOHCTaHTy () — ¢ HeHa-
TesKHOCTHIO He Meree £2 npu € < 1/4 (cieacreue 1).

JIemma 8. ITyemv e € (0,1/4], f(z) — Oyaesa ¢dynxuyusa, f # 0,x;, i =
=1,...,n,u S — wmobas crema, pearusyrowasn f(T) 6 basuce {r112V T123V X223, 21 ~
~ z9,11&x2,0}. Toeda P(S) > 3% — 2¢3.

CrpapemiuBocTh JieMMbl 8 ciepyer u3 caegcreuii 1, 5, 10.
Ouerngro, uTo GYHKINN 21, X2, ..., T, W KOHCTaHTy 0 B Oaswce {w1x2 V 2123 V
ToX3, 1 ~ Lo, x1&T2,0} MOKHO peann3oBaTh abCOIIOTHO HAJIEIKHO.

JIemma 9. IIycmow € € (0,1/4], f(x) - 6yaesa gynwyus, [ # 1, x;, i=1,...,n,
u S — mobas cxema, pearusyrowas f(T) 6 basuce {x1x2 V x123 V X223, 21 — T2, T1}.
Tozda P(S) > 3e% — 2¢3.

CupaBemyinBoCTh JIeMMbI 9 caemyer u3 ciaenactsuit 3, 7, 10.

OuerngHo, 9YT0 GYHKINN 1, Xa, ..., T, B0a3UCe {T122Va123V T23, 21 — T2, T1}
MOKHO Peaim30BaTh abCOTIOTHO HAAEKHO, KOHCTAHTY 1 — ¢ HEHAJAEKHOCTHIO HE MEHee
e? mpu € < 1/4 (cmencreue 3).

JIemma 10. ITycmo ¢ € (0,1/4], f(Z) — 6yaesa dynxyua, f#1, 2, i=1,...,n,
u S — awobas cxema, pearusyrowasn f(T) 6 basuce {x1x2 V X123 V X223, 1 — X2,0}.
Tozda P(S) > 3e% — 2¢3.
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CupasemyimBocts jiemmbt 10 cienyer u3 caencrsuii 3, 10.
OueBuaHo, 40 QYHKIUUU T1, T2, ..., Ty ¥ KoHCTauTy 0 B 6asuce {xixo V x123 V

Toxg, 1 — 2,0} MOXKHO peanm30BaTh AGCOMIOTHO HAJEKHO, KOHCTAHTYy 1 — ¢ HeHa-
NeIKHOCTBIO He Menee €2 npu ¢ < 1/4 (crenactsue 3).

JIemma 11. ITycmw ¢ € (0,1/4], f(ZT) - 6yaesa pynxyus, f# 1, 2, i=1,...,n,
u S — aobas cxema, pearusyrowan f(T) 6 basuce {x1x2 V X123 V X223, 21 V T2, T1}.
Tozda P(S) > 3¢ — 2e3.

CnpasemyinBocTh jieMmMbt 11 crienyer u3 caencrsuii 2, 7, 10.

OueBuzHo, uro GyHKIMU T1, X2, ..., Ty B Oasuce {z1xe Vx123V Tows, 1V T2, T1}
MOXKHO Peaanm30BaTh aOCOJIOTHO HAMIEXKHO, KOHCTAHTY 1 — ¢ HEHAIEKHOCTHIO He MEHee
e? mpu € < 1/4 (cmencreue 2).

JIemma 12. ITycmov ¢ € (0,1/4], f(z) - 6yaesa dynwyus, f # 0,1, z;, i =
=1,...,n, u S — awbas crema, pearusyrwas f(T) 6 basuce {x1x2V 123V X223, 21 V
xo, 01& w2, 21} . Tozda P(S) > 3e? — 2e3.

CupasemyiuBocTh jieMMbl 12 cienyer u3 caencrsuii 1, 2, 7, 10.

Ouerngro, uro byHKINM 1, T, ..., T, B Oasnce {xixe V xix3 V Taws, 1 V
X9, x1&T2, T1} MOXKHO peann3oBaTh abCOJNIOTHO HANEKHO, KOHCTaHTbl 0 u 1 — ¢ Hena-
TesKHOCTBIO He Meree €2 npu € < 1/4 (cnencteume 1, 2).

JIemma 13. ITycmov ¢ € (0,1/4], f(z) - 6yaesa dynwyus, f # 0,1, z;, i =
=1,...,n,u S — mobaa crema, pearusyrowan f(T) 6 bazuce M | J{x1x2 Vo103V Ioms}.
Tozda P(S) > 3¢ — 2&3.

CupaBemymBocTh JieMMbl 13 crienyer u3 caencreuii 1-10.

OuerngHo, 90 QYHKIMN X1, T2, ..., T W KOHCTaHTHI 0 1 1 B Gasnce M (J{xi22 V
123 V TaT3} MOXKHO Peasn30BaTh abCOTIOTHO HAEIKHO.

[TocKoNbKY HEHANE:KHOCTH ABOWCTBEHHBIX CXEM IIPHA HHBEPCHBIX HEUCIPABHOCTIX HA,
BX0/IaX 3JIEMEHTOB PaBHbI [3], TO JOKa3aHHbIe yTBEPZXK eHus (JeMmbl 3—12) cupaseiuBbl
B 6azmcax, JBOWCTBEHHBIX PACCMOTPEHHBIM Ga3WcaM s TBOWCTBEHHBIX (DYHKITANA.

Takum 06pazoMm, MOJIyUIeH CAEAYIOMUI pe3yabTar.

IMycts B’ — ognn n3 6asncos By — Big, M, K KoTopomy mobasuan byHKINIO TOIO-
coBanus ¢(x1,x2,x3) = x122 V x123 V xox3. s Hero cupaseyiuBa reopema 4.

Teopema 4. ITycmv ¢ € (0,1/4], f(ZT) - byaesa Pynryus, omauswnas om @Gymk-
yuli x;, ¢ =1,...,n, u konecmanm 0, 1, a S - wmobas crema, pearusyrowas f(T) 6
6asuce B'. Tozda P(S) > 3e? — 2¢2.

3 reopemsl 4 ciemyer, 9TO CXeMbl, MOCTPOEHHBIE TIPH JOKA3ATENbCTBE TEOPEMBI 3,
u peanu3yionie oynesbt byukunn f(Z), f #0,1,2;, i =1,...,n, ABISIIOTCT ACAMIITO-
THYECKW ONMTAMAJILHBIMH TT0 HAJEKHOCTH U (DYHKIMOHUPYIOT ¢ HEHAEIKHOCTHIO, ACHMIT-
TOTHUeCKH paBHOH 3e2 mpu € — 0.

CpasnuBas 1osygeHsble B 310it pabore pe3ysibrarst (TeopeMbl 3 u 4) ¢ pesysibraramu
paborst [1, 2] (Teopembl 1 u 2), IPUXOAMM K BBIBOJLY, Y4TO IIPU UHBEPCHBIX HEUCIPABHO-
CTAX Ha BXOJAX 3JIEMEHTOB METOJ MOBBIIEHUST HAJIEKHOCTH CXEM € TIOMOMIBIO 3JIEMEHTA,
TOJIOCOBAHUS TIO3BOJISIET PEATN30BATH TOYTH BCe (DYHKIUW C OOIBIIEH HAIEKHOCTHIO
MO CPABHEHWIO C METOIOM MOBBINEHAS HAIEKHOCTH CXEM, PACCMOTPEHHBIM B paboTax
1, 2].
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Summary

V. V. Chugunova. About Circuit Reliability in Full Bases, Containing a Vote Function with
Input Inverse Failures.

The paper considers Boolean functions to be realized by circuits of reliable functional
elements being prone to input failures with fault probability £, 0 < € < 1/2, on any functional
element input. It is shown that if to each of non-reducible full bases containing functions
with at most two variables there will be added a vote function, then a reliability estimate of
asymptotically optimal reliable circuits is equal 3¢* (with ¢ — 0) for all Boolean functions
f(zi,22,...,2,) except for constants 0, 1 and functions x;, T;, where i =1,...,n.

Key words: Boolean functions, asymptotically optimal reliable circuits.
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