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AnaHOoTan s

B pasBurme mosmyueHHBIX paHee Pe3yJIbTATOB MMOCTPOEHA YTOYHEHHAs IBYMEDHAsS MaTe-
MaTUYecKas MOJIEIb JUHAMUYIECKOTO Ae(OpMUPOBAHUS MHOTOCJIOWHBIX TIIACTUH U 000T0YEK
C TPAHCBEPCAJIHHO-MATKAMH 3AITOJTHUTEISIMH, OCHOBAHHAS HA WCIOJb30BAHUN KJIACCUIECKOMN
vomenn Kupxroda —JIgasa q1a Hecymux €10€B U TUIOTE3BI O TIOT00NN 3aKOHOB M3MEHEHUs T1e-
peMeIeHuii o TOIIIIHE 3aM0THUTE/TeH KaK TP CTATUIECKUX, TAK U JUHAMIIECKUX TTPOITECCAX
Harpyxenns. Vcxoms u3 370l TUIOTE3BI, A1 TPAHCBEPCATHHO-MATKOTO 3AIIOJTHUTEIS COCTAB-
JIEHBI YIIPOIIEHHBIE KBA3NCTATHIECKUE YPABHEHUS TEOPUN YIIPYTOCTH, OMYCKAIOIINE NHTETPHU-
pOBaHUWe IO TMOTEPEedHOH KoopanHaTe. [Ipy uX WHTErpupoBaHUM [/l OTIUCAHUST HAPSIKEHHO-
nedbopmuposarnoro cocroauua (HIC) BBemennl B paccMOTpEHME, KaK W B CTATHIECKUX 3a-
[avax, /IB€ IBYMepPHBbIE HEM3BeCTHbIe (MYHKITHN, MPEACTABILIONINE COOON MOMepevHble Kaca-
TeJIbHBIE HANPSI)KeHWsI, MOCTOSTHHBIE 10 Tosmuae. Ha ocHoBe 0GOOIIEHHOTO BAapUAIMOHHOTO
npunnuna Ocrporpazckoro — 'aMuabToHA 718 ONKUCAHUS TUHAMUYECKUX TIPOIECCOB aedopmu-
poBanusd ¢ GosbiuMu nokasarenamu uaMensemoctu mapamerpos HIC mocTpoens! 1By MepHbIe
YPpaBHEHUSsT NBUKEHUs 0OIIEro BUIA, B KOTOPBIX HHEPITHOHHBIE COCTABISIONTHE UMEIOT OTHHAKO-
BYIO CTeMeHb TOYHOCTHU B CpaBHEHWH C ApyTruMu. [IpoBeseHo ypoIienme mOCTPOEHHBIX ypaBHe-
Huil g caydas Masoii usmengemoctu napamerpos HJIC. Pacecmorpena 3aa4da 0 Masbix CBO-
60IHBIX KOIe6aHUAX IPSIMOYTOJIBHON MHOTOCIOWHOM MJTACTUHBI, XapaKTePHU3Y IONIUXCS HYJIeBOM
M3MEHAEMOCTHI0 (DYHKITHA B TAHT€HITHAJIHHBIX HAPABICHUIX U PEATUIYIONINXCHA B IIACTUHE
0e3 medopMaruii HECYIUX CJIOEB.

Kunro4deBble cjioBa: OPTOTPONHAS [JIACTUHA, YTOYHEHHAs TEOPUsi, TPUTOHOMETPUYECKUE
dyukInn, cBoboaHbIe KOIeOAHNS, TPOIOJIBHO-TIONEpedHast (popMa, IacTOThl KOaeGaHmii.

BBenenue

B obmactu MexaHWUKE MHOTOCJIONHBIX TIJIACTHH U 000JI0YEK K HACTOSIIIEMY BDEMEHU
OMyOJIUKOBAHO DOJIBIIOE KOJUIECTBO PAOOT, TOCBSIIEHHBIX KAK TEOPETUYECKUM, TaK U
9KCIIEPUMEHTAJIbHBIM HCCIEIOBaHNAM. B yKa3zaHHON 00/1acTh 337841, CBA3aHHBIE C BbI-
apienueM u kiaccudukanueil Bo3MoxkHbIX (opmM norepu ycrodivupocru (PITY) u ko-
snebannii, a TaKyKe MOCTPOEHUEM [IJIsl UX ONMUCAHNSA COOTBETCTBYIOIINX MATEMATHIECKUAX
MOjIesiell U Pa3peInaInX yPaBHEHN, COCTABISIOT OTHO U3 HATIPABJIEHWI HAYYHBIX WC-
CJIeJIOBAHUM.

Obmiee coCTOsSIHUE KCCAEIOBAHUI B MEXaHWKe CJIIOUCTLIX IJIACTUH U ODOJIOYEK B
1996 r. 6buio ocsemeno B 0630pHOIA crarbe [1], a cocrosHue Teopuu yCTORUUBOCTH
TPEXCJIOHHBIX ILIACTUH U ODOJIOYEK C AHAJIU30M ITAIOB €€ PA3BUTUS W HAPABJIECHUI
JAJIBHERTINX WCCaeoBaHnii ObLIO OTPpaykeHo B cTaThsX [2, 3]. B coorBeTcTBHM € paspa-
6orannoit Tam knaccudukanueit @®ITY B TpexcioiiHbix miacTuHaX U 000JI0YKAX B 3aBU-
CUMOCTH OT BHJIA JOKPUTUIECKOrO HANPsAKeHHO-1edhopMuposanuoro cocrosuus (HIIC)
B HECYIIIUX CJIOAX W 3ATMOJHUTEJE CIEIYyeT PABIUIATH:

167



168 B.H. HAUMVYIINH, T.B. [IOJIAKOBA

1) xococummerpuunyio (cundaszuyio) DIV, apasionlyocs u3rubHO-CABUTOBOI, U
cummerpuunyio (antudasznyio) PIIY, ceasannyio ¢ anrudasubiM u3ruboM HECYIIUX
CJI0EB W DPEasn3yOIIyOCd B IJIACTHHAX [PHU OJMHAKOBBIX 3HAYEHUSX JOKPUTHICCKUX
YCUJIW B HECYIIUX CJIOSX U HYJIEBBIX 3HAUEHUSIX JOKPUTHIECKUX IMOTEPEUHBIX KaCa-
TEJIbHBIX HANPSIKEHUH B 3AM0THUTE]IE;

2) cMemanuyo u3rubHo-casurosyio @ITY, peaausyionlyiocs B IIACTUHAX 1 060104-
KaX [MPY HEPABHBIX 3HAYCHUAX JIOKPUTUYECKUX YCUJIH B HECYIITUX CIIOAX U KAK HYJIEBBIX,
TaK W HEHYJIEBBIX JOKPUTHYECKUX MMONEPETHBIX KACATEIbHBIX HANPIKEHUAX B 3AMOTHI-
TeJIe;

3) uucro capurosyio ®ITY, npu peanuzanuu KOTOpoii B 3anonnurese hOpMUPYETCs
YHUCTO CABUTOBOE BO3MYIIEHHOE HAPSIKEHHO-1e(DOPMUPOBAHHOE COCTOSIHUE;

4) casurosyio ®ITY B TaHreHIMAJIBHBIX HANPABICHUAX, DEAJU3YIONIYIOCS DU Ma-
JIBIX 3HAYEHUAX MOIYJd CABUTA MATEPHUAIa HECYIIUX CJIOEB B TAHTE€HIIMATIBHOMN IIJIOCKO-
cru;

5) npoussoabayio ®ITY, npencraBasionlyo coboii KOMOUHAIMIO YKA3AHHBIX (GOpM
npu gokputudeckom HJ/IC mpou3BoasHOrO BUIA.

Nzyuenne onmcamubix Boime PIIY morpeboBaio MOCTPOEHHS COOTBETCTBYIOIIUX
YTOYHEHHBIX YPABHEHUII TEOPUHM YCTONYUBOCTH, KOTOPBIE OTJIMYAIOTCH OT U3BECTHBIX
B JINTEPATYPE YIETOM Ds/a HE IPUHUMABIIUXCA BO BHUMAHWE MPUHIUNUAAIBHBIX (DaK-
TOPOB.

3amadr TPOYHOCTHOTO AHAIN3A KOHCTPYKIUN BKJIIOYAIT B Ce0sT KAK COCTABHYIO
YacTh W 33aJa4Yd JUHAMWYECKOTO aHaan3a. K HUM, B 9aCTHOCTH, OTHOCSTCS 3aIa4d
0 CBOOOIHBIX KOJEOAHNAX HEHATDYKEHHBIX KOHCTPYKITUN U 3378491 O COOCTBEHHBIX KO-
snebaHngX KOHCTPYKITUH, HAXOMAININXCH B YCJIOBHUAX IMPEIBAPUTEIHHOIO CTATUIECKOTO
Harpyzxenud. 13 3Tux 33a7a4 B MEXaHUKE MHOTOCJIOWHBIX KOHCTPYKIni Hambosee mc-
CJIeZIOBAHHON sBJISETCs 3a/1a9a 0 cBOOOMHBIX Kojebanmsx. Tak e, KaK W B 33a9aX
YCTOMYHUBOCTH 3JIEMEHTOB KOHCTDYKIIMU, HAXOMAINXCS B OE3MOMEHTHOM COCTOSTHUW,
B MHOTOCJIONHBIX 3JIEMEHTAX CHMMETPUYHOTO CTPOEHUs HADJIOMAIOTCS JIBe KIACCHIe-
ckue dbopmbl cBoGoAHbIX Kosebanuil (cundaznag u anrudasznas), 3a0a49u Jjis KOTOPbIX
paszensiorca. Ipu aToMm gacToTa Komebanuit mo curada3ubiM GOpPMaM B PEATHHBIX JJ1e-
MEHTAaX KOHCTPYKIMI HAMHOIO OOJIBINE YACTOT, OTBEYAONNX AHTU(MAZHBIM (hOpMaM.
Tak Kak HAMOOJBINHMI TPAKTUYECKUIT HHTEPEC TPEICTABJISIOT HU3IINHE YACTOThI KOJe0a-
HUIl, TO JJIs UX YTOYHEHHOIO OMpEIeeHNs MOCTATOYHO yUeTa TOMEPEUYHBIX CIBUTOB B
3anonuuTesne. B cBaA3u € 3TUM mMCCII€I0BATEM TPHUIILIA K BBIBOAY O HEIEJIeCO000Pa3Ho-
CTH y4eTa MOMePevHOr0 00KaTHs 3AMOJHUTE s TP TIOCTAHOBKE U MCCIEIOBAHNY 33139
YKA3aHHBIX BBIIIE KJIACCOB.

WNuas curyaruss vMeeT MeCTO B ITHX 3a0a9axX MPU HAJUIUHU TPEIBAPUTETHLHOTO
CTATUYECKOTO HATPYIKEHUs KOHCTPYKIWHu. Ecim Takoe HArpy»KeHUe BBI3BIBAET B HEl
6esmomentroe HIIC (paBHbie B HECYIIUX CJI0dX HAYAIbHBIE TAHEHIIUAIbHBIE YCUIIWS ),
TO 331892 00 UX COOCTBEHHBIX KOJIEOAHUAX TPUHITNITHAILHO HE OTJINYAETC OT 331a491 O
cBoboaubix Konebanugax. Eciu xKe HavaibHOE COCTOsIHNE — MOMEHTHOE (KaK U B 33/1a9aX
CTATUYECKOH YCTOWYMBOCTH), TO OT BuJa U ypoBHa ykaszanuoro H/IC npuHmunuaibLHo
OymyT 3aBuceTb U (POPMbI COOCTBEHHBIX KOJIEOAHMIT, COOTBETCTBYONIUX HUBIIUM 9aCTO-
TaM.

K nacrosmemy BpeMeHu 9TU BOIPOCH B HEKOTOPOI CTENEHN PACCMATPUBAJINCH B Me-
XaHUKe TPEXCAOWHBIX KOHCTPYKIAM, a /1T MHOTOCTONHBIX KOHCTPYKITHH OOIIEro BUIA
OCTaBAJINCh MPAKTHYIECKN Hem3ydeHHbIMU. Camo coboil pasymeercs:, Ipyu HAJUIUN JIU-
HAMHUYecKo# coctapasomeii HadasbHoro HJIC KOHCTPYKIMY, SIBASIOMIENHCS MOMEHT-
HO¥, COOTBETCTBYOIINE 33a1 O TAPAMETPUIECKUX KOJIeOAHUIX TPEOYIOT TPUBJIEIEHU ST
YPaBHEHUI COOTBETCTBYIOMIEH CTeenn TOYHOCTH. K HACTOAIEMY BPEMEHU 13 MEXAHUKHU
CJIOUCTBHIX HJEMEHTOB KOHCTPYKIIHi U3BECTHBI JIUIIb POCTEHIITHIE, TOCTPOEHHBIE Oe3 yde-
Ta MOMEPEeYHbIX 00KATHI 3aMOJHUTEST ¢ OHOBPEMeHHbIM yaeroM Momentaoctu HJIC.
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1. YTo4YHeHHbIe yPABHEHUS TEOPUU MJIACTUH
¢ yderom nedopmarnuii HonepedHbIX CABUTOB U 00XKaTHHA

Paccmarpupaercss MEHOTOCIONWHAS 0D0I0UKA ¢ YEPEYIONUMHUCS KECTKUMU CJIOSIMHU,
KOTOPBIE B JATbLHEHTIIEM UMEHYIOTCS HECYIITUMU, U MAJTOYKECTKUMU CJOIMU, HA3BIBAEMbI-

mu 3anoaaureagvu. O603HAYUM TeKYIIHi HOMep HecyIero ciog depe3 k= 1,2,... N,
HHJEKC, YKA3bIBAIOMINN HOMED, 3aKII0YNM B KPYIJIble CKOOKH. AHAJIOTHYHO MPOHYMe-
pyeM pacIoJoKeHHbIE MEXKIy HHUMH CJIOM 3amonnaunresneii wepes k = 1,2,..., N — 1,

a UX HOMepa DOyJIeM 3aKJIYaTh B KBAJIPATHBIE CKOOKM. 3a 0a3y mapaMeTpu3ailui Mpu-
MeM CPEJIMHHYI0 MOBEPXHOCTH MEPBOTO CJIOs 3AIOTHUTEISL 0[y) = 0, CIUTas e 3aJIaHHOH

ypasrerneM r = r(z!,2%) = r(2') u oTHeca MPOCTPAHCTBO 3TOTO CA0A K MOTYOPTOTO-

HaIBHOH CHCTeMe KOOPAMHAT ', 7z, HOPMATbHO CBA3AHHON C HOBEPXHOCTBIO 0; Uepes
r; = Or/dx" w m 0603HAYMM OCHOBHbBIE HA3UCHBIE BEKTOPBI HA 0 M BEKTOP €IMHUTHOLN
HOPMAaJIA COOTBETCTBEHHO. B manbHeiimem OymgeM CYUTATH, YTO W3MEHEHHEM METPUKHU
B HAIMPABJIEHUU OCH Z MOYKHO MPEHEOPEYh, OTOXKIECTBISAS TeM CAMBIM OA3UCHBIE BEK-

(k)

TOPBI g KaxKIOr0 HECyIIero Ciod r; = 5‘r(k)/5‘:ci A KaXkJOTO CJ0s 3aIlOJTHHUTEJIS

[

rik] = orlfl /02" ¢ Gasucnpivu BexTOpaMu T; Ha 0 = o) - Kpome toro, Beesiem o6osna-
YEHUA: Z(k), Z[k] — KOODIMHATBI 110 HOPMAIHM IM K CPEJIUHHBIM MOBEPXHOCTAM O (k) U
Ok KaXKJOTO HECYIIEro CJIOA M 3AMOMHUTEN; gy, Mg — COOTBETCTBYIOIIUE TOJIIHHbI
CJI0eB, TTpu4eM —h(k)/Q < 2(k) < h(k)/Q, k= 1,2,...,N, " —h[k]/Q < Z[k] < h[k]/Q,
k=12,...,N—1; a;; =r;rj, bj = —r; m — KoBapHaHTHbIE KOMIOHEHTHI MEPBOTO
U BTOPOTO METPUYECKUX TEH30POB HA 0, KOTOPBIE B CUJIY BBEIEHHOIO BBIIIIE TIPEIIIOII0-
JKEHUs ABJIAIOTCH HEM3MEHHBIMU IIPU MEPEXOJIe OT CII0dA K CJIOIO0.

[Ipeanonaraem, 9To 000I0OYKA SBAAETCA TOHKOH W HEMOJIOTOMH, €6 TPAHUIHBIN cpe3
mpejicTaBisieT coboit MMHEHYATYIO TOBEPXHOCTH, 00PA30BAHHYIO JBUKEHHEM BEKTOpa m
BJOJH HEKOTOpOil rmamkoil kpusoit C € o, a 4epe3 n U 7T 0003HAYUM €IUHHUIHLIE
BEKTODBI HOPMAJIU U KacaTeabHoi K C', COCTABJISIONINE ¢ BEKTOPOM I MPAaBOCTOPOHHUH
TPU3P B KaXKI0# Touke kKpuBoii C'.

N3BecTHbIe B TuTEpaType BAPUAHTHI TEOPUU MHOTOCJIONHBIX TIJIACTHH U 000IOYEK OT-
JINYAIOTCSA APYT OT JPYTa TJIABHBIM 00PA30M MPUHSTHIMU B HUX MOJIEJISIMU 3aTIOTHATEIS.
K macrosiimemy BpemeHu meTasibHBIN WX aHAJAN3 ObLT MPOBEIEH MHOTHMU ABTOPAMU, B
wgacraocta X.M. Mymrapu [4, 5] u B.B. Bororuusm ([6] u ap.). B s1ux padorax Gbu1o
[MOKA33aHO, 9TO HECYIIUE CJIOU, KAK MPABUJIIO, YIOBIETBOPUTEIHHO ONMUCHIBAIOTCS KJIAC-
cuyeckoit monensio Kupxroda —JIgasa, u B aux g gedopMaruii monepedHbix CABUTOB

Z(k) Z(k)
2 €i3 141 HOHepe‘{HOFO 06}KaTI/IH 533 NMEIT MECTO OILIEHKH

2e;" ~ 8 e ~nPE (1.1)

~ 2 ~
31ech € — xapakTepHast TaHTeHIInaIbHas Jedopmarys, To ecThb Ei][-k] ~ £, a3a IapamMerp
7) B COOTBETCTBUU C [6] MOXKHO B34Th YUCJIO 1), YAOBJIETBOPSIOIIEE HEPABEHCTBAM

(1.2)

e A — OIWH M3 XapPaKTEPHBIX MeOMETPHUIECKUX PA3ZMEpPOB OOOJOYKHU WM MAacCIITab

msmenenus HIC B nanpasienuax x' u 2%; H — Tommuna 060109KH, OIpeaeIseMast

mo dpopmyie
N N—1
H = Zh(k) + Z h[k.].
k=1 k=1
(k]

XapakTepHble MOTYIN YIIPYTOCTH E™ npu nedopmanmy B nanpasaennn z* By —
B HAIIPABJICHUH 2 U HONEPEYHOro capura (i) B 3aNOJTHUTENAX ¢ XaPAKTEPHBIM MOJIyJIeM
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VOPYTOCTH HECYITETO Cj10s1 [ CcBsAXKeM 3aBUCHMOCTAMUI

En=vm B EM =M E, Gy =yuE,

LJae Qg cpgk], Y[r) — HEKOTOpbBIe MapaMeTpbl. Eciu 3T mapameTpsl yI0BJIETBOPAIOT

ycnoBuam [6] (3aech u nanee ungekc [k| omyckaercs, € — HEKOTOPas BEJIMYMHA, [IPEHE-
OpeRuMO Masast o CPABHEHWUIO C eTUHUIIEH ):

2
80<€) % 21) - 217 (13)

TO 3aIOJHUTENN HA3bIBAIOTCA TPAHCBEPCAJIBHO-MATKUMH, B HUX IJIOTHOCTH IOTEHIIH-
anbHOl sueprun gedopmaruu Ul BerAucasgercs mo hopmyie

U = (208237 + ot =i) /2 (1.4)

9TO PABHOCWJILHO TMPUHATHIO JIOMYIITEHUS afi] ~ 0. B cuny satux momyrenuil s 3a-
TTOJIHUTE el ypaBHEHUS IBUKEHNS MOXKHO 3aIlUCaTh B BUJE

60.13 aQUi
[k] _ Bl 483 [k]
Oz s ot = P o2’
1.5
8053 82U[§€] o
i3
Oz Vil = P o2’

riae dyepes V,; 0003HAYEH CHMBOJI KOBAPUAHTHOTO Au(hepeHIINPOBAHUST 110 METPUKE
Qi =TTk} U[ik], U[?;c] — TAHTEHIIUABHBIE TEPEMEITIEHNsT U MPOTrUObI; Plk] — MIOTHOCTH
k-ro c/iost 3amoTHUTENIS; ¢ — BpeMs.

Eciu B coorsercrBun ¢ [6] npunars

0 1 0
2" Vi T

(1.6)

TO B CUTy cooTHOmenus §: — Hb! ~ §° neproe ypasnenue B (1.5) j0myckaeT ynporieH-
HYIO 3aIuCh
i3 2770
do o Uy
GZ[k] [k] ot?

(1.7)

Kpome Toro, st TpaHCBEpCATBLHO-MATKUX 3allOJHUTENel 1o aHajornu ¢ [6] MoxkHO
YCTaHOBUTH OTIEHKH

13
0oy Gy (v

[K] 173
H . do33  EYU
U[k] +_Uﬁ€]), (k] ~ 3
8Z[k] H? A

(k]
—_— 1.
aZ[k] H? ’ ( 8)

a pu cBOOOTHBIX KOIEOAHMIX C TACTOTON w — OIEHKH

02U, _ 02U, ,
PlK] atQ[ L Plk] W’ U[Zk]v Plk] atg[ L Plk] w? Uﬁg]- (1.9)

N3 (1.8) u (1.9) cneayer, 9ro mpu dacrtorax Komebanmii

(k]

G[k] 2 Ej
< , w'K 1.10
Py H? p H? (1.10)
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ypasuenus (1.7) u Bropoe ypasuenue B (1.5) JOIyCKAIOT yIPOIIEHHOE TPEICTABICHUE

anB 80'33
[] K] i3
—= =0, —= 4+ Vo =0, 1.11
aZ[k] ’ GZ[k] + U[k] ( )
UHTErpaJjbl KOTOPBIX IPUBOIATCA K BUILY

af;?] = qfk] (xl,xQ,t), (1.12)
aaf,f +Viqh =0 (1.13)
aZ[k] [ 1= '

B cuny npungareix ouenok (1.6) u3z ypasuenus (1.13) caemyer, uro

G H
)

[k] + =0. (1.14)

Taxk KaK B 3aHOJHATEIIX 0[3,;9] ~ a[‘% TO B 3aBHCHMOCTH OT BEIHYHHBI A\ BO3MOMKHO
paccMoTpeHnue cienyommx ocHOBHBIX Buaos HJIC.

1. Cry4ait MaJIol H3MEHACMOCTH KACATEIbHBIX HAIPAMKEHHI BIOIb KOOPIWHAT ',
MMEIOITHI MeCTO TIPH HI3KOYACTOTHBIX (POpPMaxX KoeOaHuit HECYIIHX CI0eB ¢ 0O6pa3oBa-
HUEM JJIMHHBIX BOJIH, Koraa A ~ L (L — xapakTepHblii pazMep 000J09KN) U

H/L~e< 1. (1.15)

IMTpu Bumonuenun (1.15) B ypasuenun (1.13) MOXKHO npeHeOpEUb BTOPHIM CIATAEMbIM,
7 MO3TOMY

ac . 5

af,f] = q‘fk] (xl,x ,t). (1.16)
BamerumM, 9TO MPU BBHITOJIHEHUH (1.15) BO3MOKHO U 60JIee CHIIbHOE ynpomeHI/Ie 3a/1a4u,
Tak Kak npu 3ToM corsacko (1.14) o [k] + Ea[k} ~ 0, OTKYZIA CeAyer a[k] = 0. ITpuns-

THE TAKOTO JONYIIECHUA C YIETOM MCXOTHBIX JIOMYIICHUN a[ K = = 0 OpuBOIUT K MOJEIN
MSATKHUX 3amnojaanTenei [6].

2. Cay4aif cpefHeii H3MeHAeMOCTH KacaTeIbHBIX HAIPAKeHni BAOIb 2, KOraa AIH-
HA [TOJIYBOJIH U TOJIIUAHA 000JI0YKN HAXOAATCHA B COOTHOIEHUN

H?/L? ~e < 1. (1.17)

IMpu peanmuzanuu B 3anonaurene HIC ¢ macurrabom usmenenus (1.17) B ypasHeHnun
(1.13) oba caaraemMbix ¢ To9HOCTBIO O(g) SIBISFOTCS PABHO3HAUHBIMM, 3TO yDABHEHWE
He jionyckaer ynpomenus suaa (1.16).

3. Cayuait 60IBITON H3MEHIEMOCTH KaCaTelbHbIX HAIPAKEeHHi BIOMb OCH ', mMe-
IOIIUI MECTO TIPU BBICOKOYACTOTHBIX (opMax KomeGaHmil, KOrma JJInHA TOTYBOJTHBL A
COM3MEpPUMA C TOJIIUHON 000T0UKN

H/L ~1. (1.18)

B sTOM ciay4ae m/1a onucaHus AMHAMHYECKHAX IIPOLECCcoB aedOpMUPOBAHU B 3aII0IHU-
Tenax Tpefyercs HCMONb30BATh HEYNPOIIEHHYIO cucTeMy ypapsreruii (1.5).

Eciu 171 onncanns MexaHHKH JepOPMHIPOBAHEA HECYIINX CJIOEB UCIOIb30BATDL TH-
noTesnl Kaaccudeckoil Teopun Kupxroda —JIgsa, To mpu c1aboM U CpegHeM U3rudax
000JIOYKH BEKTOPHI MIepeMelennii 1 KOMIOHEHTHI TeH30POB TaHTEeHINAIBHBIX JTedopMa-
Uil B HECYIIUX CJIOSX OyIyT onpesensiThest o dbopmynam [7]

U = 0+ w®m — 250®r’, w® = v + P, (1.19)
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;P = (k) + z(k)x( ) (1.20)

@ ij

k .
rje s(j), ng) KOBAPUAHTHBIE KOMIIOHEHTHI TEH30POB TAHTEHITNAJIBHBIX TedOopMaIiuii

U UCKPUBJIEHUH TOBEPXHOCTEH O (1), [71s1 KOTOPBIX UMEIOT MECTO COOTHOIIEHU

B = o 1 o) 4 S0 8 g )09

U

QX(-- = —V¢w§ ) _ ijz(k).

)

(1.21)

JL1st IpUHATON CTENMEeHN TOYHOCTH O'E]]c] ~ 0 n § — zb] = ] coorHOmenus ynpy-

TOCTH OJ14 HaHpH}KeHHﬁ O"st] B JIMHEHHOM HpHGHH}KeHHH MOZKHO 3alluCaTb B BUIE

(K]
33 [k] Z[k k] OUs ™~
oy = Es = Es . 1.22
IMocne ux noncranosku B ypasuenus (1.13) u unrerpupoBanus 1o Z[k] HAXOINM
UM = w4z wilH - [’“[]] Vit (1.23)
2F

3

k k
rie Wl[ ], WQ[ - (OYHKINN WHTETPUPOBAHUS, 3aBUCAIINE OT KOOPAWHAT 2’ , 2 U Bpe-

mvenu t. Qupesesnssa ux, HCXOd U3 KHHEMATHIECKUX YCIOBUN COMPSIKEHNsl ¢ HECY IUMU
CJIOAMA

k k
U;E ](Z[k] = —h[k]/Z) = w(k)7 U;£ ](Z[k] _ h[k]/2) _ ,w(lc-s-l)7

Boipazkenus (1.23) mig nporubOB B 3ALOJIHUTENAX IPUBOIUM K BUILY

(F) 4 qp(k+D) W+ _ (k)
piH _ W _
3 5 + 2] I
Vi qi h?
e (zﬁk]f%), k=1,2,... . N—1. (1.24)
o

s BbIABJIEHWS B 3AIOJHUTENHAX 3AKOHA W3MEHEHUs TAHTE€HIIMATbHBIX KOMIIOHEHT

“ i3
NepeMenieHuii mo 2[;] 0OpaTHMCs K COOTHONICHHSIM yHPYTOCTH JIIst Ol > KOTOpDBIC B
JITHEHHOM TIPUOJIMZKEHUU B PAMKAX MPUHSATOM CTENEHN TOYHOCTH MOYKHO MTPEICTABUTH B
caepyomeil npubiuzkentoii popme ( EZ] — IBYXBaJIEHTHBII TEH30D C/IBUTOBBIX YIIPYTUX

KOHCTAHT):

+ V. U}

(%]
s W] , (1.25)

W3 i is _R[k] __ 18
Ol = diy = 2 Ames = Al [ o
CIIpaBeINBOI KaK Mpu c1aboM, Tak u mpu cpeaneMm mu3rudax. [locsie moacTanoBKY CO-
oruorenuit (1.24) B coornomenus (1.25) nonyunm auddepenimanbaoe ypaBHeHue

ouM ] wi? WD ZIHL (D) ) 4zfy — My s
e ) (" =) + LV, (126
[K] (k] EY

. k
B KOTOPOM C TIPHHSITOI CTermeHbi0 TouHOCTH BhipaskeHnst V;w*) 3amenmensr ma wz( ),
k .
a uepe3 di[s] 0003HAYeH JIBYXBAJEHTHDBIH TEH30D MONATINBOCTH 3ATIOJHUTENST HA TIOTIe-
peunbiii casur. Mnrerpupys (1.26) mo Z[k] ; TTOJTYTIM
k k+1
W) §

U = ) 1 2qgd® gy - g _

22 Vv qs 4
=Wy 0y T (s
2h[k( Wi )+ 8E£[gk] (3 Z[k] h[k]z[k]), (1.27)
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(%]

rae u; — HEeM3BeCTHBIE JAByMepHBIe byHKIun. g UX ompeaerseHud TOTydeHHBIE CO-
ornorerus (1.27) HeOOXOAUMO HOAYMHUTH YCJIOBUSAM CONPSIYKEHUS [0 TAHICHIMAIbHBIM
epeMeneHnsaM

7 [

h h
(k) _PR) (k) _ pp(e)( _ MEL 1 2
u; 5 w U, ( T, at)a

2
(1.28)
h h
k) | Ry ke _ e (e 1 o
u; + > w, U, ( 5 LT, T ,t),
nu3 KOTOprX Cﬂeﬂy}OT 3aBUCUMOCTH
hy +h
k k k k k k
pf) = u® o) 0 R
hiern) + o kg W My :
- wi by dig gy — ViViql (1.29)
B [k]%is 9[k] 12E£k] J[K]
(k) (k+1)
K U+ ug hry Iy k hayry Dy 1
2 BT (M e (R M) e )

Vpasnenus cmamuueckozo pasnosecus. B paMKax paccMaTpuBaeMOl MOJENN 3a-
MoTHUTE e OyAeM CUATATh HATPYYKEHHBIMHU BHEITHUMY CHJIAME JIWIIb HECYIIHEe CJION
MHOTOCJIOMHOIN 000/I0YKHU, BBEIS B PACCMOTPEHUE BEKTOPHI 33IAHHBIX YCUIUN U MOMEH-
TOB

&F =0Wn4+ oM r+dFm, LW =LWn4 07 p=12 . N.

HPHUIOKEHHBIX K IPaHudHbIM MuHUAM C()) CPEIMHHBIX NOBEPXHOCTEH BHEIIHUX CJIOCH
O(k) ; & TAKZKE BEKTOPHI BHEIHUX IOBEPXHOCTHBIX YCUJIUNA U MOMEHTOB

X = Xg‘k) r; + X(3k)m, M, = M(ik)ri,

IPHUIOZKEHHBIX B TOYKAX MOBEpPXHOCTeil o). Bapuamus paborbl 3THX cuil HA COOTBET-
CTBYIOIINX TIEPEMEIIEHnIX OyIeT paBHa

N
A=Y { / (2950 + 2E5u®) + @Wsuw® + LE s
k=1 C
— L%k)éwgk)}ds + // [X(ik)éuz(-k) + X?k)éw(k) — M(ik)éwz(k)}da}, (1.31)

a BapuaIys MOTEHIMAIbHON dHepruu maedopManuu 000J0UKE OYIeT BBIYUCASATHCS IO
dopmyie

N-1 hik) /2
oU = / (20{%552’“] + af,f] 55§§])d0 dzpy +
=1 e
N hy /2 N
U §etk j k ij k
=1 —hy/2 k=175
N-1
+ Z // {cg’zqum&qfk] + C[3k] (w(k-H) - w(k))5(w(k+1) _ w(k)) n
k=1
kit - ElM
+ BV g, Vidgly o, el = mgalll, o = ?1] (1.32)
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MOJIy 9€HHOM ¢ TIOMOIIBIO MPeobpa30BaHMit

k] s i k] 2kl ¢ 2k
20730e,4" :di[s]q[k]éq[k]’ o 0ess = Bl oesy

¢ ucnosb3oBanneM coorHomennii (1.22), (1.24) n o6osnavennii

(k) _ w(k)nz w7(_k) _ Wz(k)Ti7 USL) (k) nt, ugk) _ ugk)Ti’
by /2 hky /2
1 = [ olydag M= [ ol e,
—h(k)/Q —h(k)/Q

rae n' = nr', 7° = 7r' — KOHTpaBapUAHTHLIE KOMIIOHEHTHI BEKTOPOB N, T OTHOCH-
TeJIbHO HGA3UCHBIX BEKTOPOB I'; ds — 3JeMeHT AJHHBI KOHTYpHON muaun C .

Ecmu nonydenubie kunemarndeckue coornomenuns (1.19), (1.27) we mogduHens!
YCJIOBUSIM CONPSIZKEHUsl HECYIIUX CJI0EB ¢ 3anoaauresnsayu (1.28), To mig BeIBOgA HEOO-
XOIMMOTO KOMITJIEKCA, OCHOBHBIX YDPaBHEHHUH, OMUCHIBAKIIMX CTATUYIECKOE DABHOBECHE
o6os0uKM, B cooTBeTCTBUN ¢ padoramu [8-10] u Ap. JONKHO OBITH COCTABIEHO 0606~

[IIeHHOE BapUallMOHHOE YPaBHEHHUE BUIA
0I =61, +0A —-0U =0, (1.33)

rae

o w® g, LD
3l = 5 (k) (k+1) (k)% (R %
> /] 2 o

+ U (=g = by /2) = U1 (g = iy /2) [do. (1.39)

k]

Bxonamas B (1.34) pasuocts mjis UZ-[ onpezensaercs myTem uarerpuposanus (1.26) no

Z[k] OT —h[k]/Q 0 h[k]/2:
UM (24 = hpg/2) = UM (20 = —hp/2) =
h h3
k] s k k+1 k k s

Brecst ¢ yuerom (1.35) seipaxkenus (1.31), (1.32), (1.34) B (1.33) u mpoeeas Tpajiu-
[IMOHHBIE TPEOOPA30BAHNS, TTOJYINM yPABHEHWE

N N
01y == (LY —M,(L’;))(Sw(k)‘ _ / {Z [(cpggc) — T sul +
k=1 ¢ C k=1
dLy M
(k) _ (k) 5, (F) (k) _ Fhnt g T s ®)
+ (8 — T,\%) oul! +<<I>m s Sy ni + s )5w
N—-1 h[k]
(LB = MY se®] - ST g s Lds—
(Ln M, )&un ] kz: 12Eg€] [k]nzvs 5q[k]}ds
N
//{Z[ Tily = Stgbl + X(oy)ous” + (Vi) + Tihybig+
k=1
N—-1

+ X3 5w(k)} + 3 uloqy }do() (1.36)
k=1
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31ech BBeIEHBI 0003HAUEHUS

k k iJ
T =T nng, T =T}

nr (k)nﬂ'j, M (k) — M(ZIJC)TLZ nj, M = 7M(Z]]€)Tli7'j,

Xy = Xxy + ) — @)

=3 ;B k) . (k=1) EL[s] (k+1) _ . (k) (1.37)
Xoy =X, — (w —w' ) + — (w w ),
R hiy
) hogy +h_1 . hay +h .
i ij (k) k—1] (k) (k] i
Sty = ViMgy + Tihywy™ + My + 5 G-yt =5 s
rne k=1,2,...,N, hg = qfO] =hin = qu] = 0. B cuy npou3BOILHOCTH BapUamuii

. k L
nepeMerieHmit 6uz(. ), dw'®) i momepeuHBIX KacaTeIbHBIX HAIPSIIKEHTH 6qfk] "3 Bapua-

muonHOro ypasuenus (1.36) cienyior 3N muddepeHnuaabHbIX ypaBHEHUI PABHOBECHS
HeCyIIUX CJIOeB

Fiwy = ViTgy = Shobi + X(y =0, fiyy = ViSiyy + Tilbyy + Xy =0 (1.38)

u 2(N — 1) quddepenHuuanbiblx ypaBHeHUN BUIa

p =0, k=12 N-1, (1.39)

MPEJICTABISIONTUX CODOH yCIOBUS KHHEMATHIECKOTO COTIPSIKEHUST HECYIIIUX CJIOEB C 3a-
MOJTHUTEAMHI 0 TAHTEHINATBHBIM TIepeMerennsamM. s moayaeHHbIX ypaBHEeHUH Ha
koHTYpe C GOPMYyJIUPYIOTCS TPAHUYIHBIE YCIOBUST

7% =" ppu sul® £0, TH =aF) upu su*) £0,

MP =L wpu sl #0,

(1.40)
: any dLt®
(k)T — A <I>£n) s pr Sw® #0, k=1,2,...,N,
Glyni =0 mpn 6Veqiy #0, k=1,2,...,N 1. (1.41)

2. VYpaBHeHUd ABUNKEHUHA

s BBIBOIA yDABHEHH BUKEHHSA B PAMKAX MPUHATON MOJIEH 3aI0JTHATEN A HEOO-
XOZIMMO MCTIONB30BATD BAPHAIMOHHOE yPaBHEHHE OBOOIEHHOTO BAPUAIMOHHOTO TIPHH-
muna Famunsrona — Ocrporpasckoro (em. [11-13] u ap.)

t
oL = / (6K —0U 4+ 6A +61,)dt, (2.1)

to

e 0K — Bapuarys KMHETUYECKON 9HEPIUH, BbIYUCIsAeMast 10 hopMyIe

h(k)/2 N-1 h[k]/Q
Z// / 5U(k)dadz Z // / p[k]U[‘;‘c](SUg“]dadz[k}, (2.2)
o —h/2 k=170" _hpyy/2

TJIe P(k); P[k] — NIOTHOCTH MATEPUAJIOB HECYNIUX CJIOEB U 3ANOJHUTENEH, & TOYKA HAT
dpyHKIEH 03HAYAET TPOU3BOSHYIO IO BPEMEHH T .
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Kak BumHO w3 peipaxkennii (1.24) w (1.27), BXOJsAIINEe B HUX cJaraeMble BHOCST
Pa3HBIH BK/IA/ B KHHETHIECKYIO YHEPIUI0 060M09KHA. [I1a uX ynpOIIeHust BBEIEM TIPE/I-

IIOJIOZKEHHE O TOM, YTO MMEIOT MECTO OICHKH

_ h
pN%N\/Ea _N%a E<<1a
P) A

(2.3)

rae h — XapakTepHAs TOJIIMHA HECYIIEro C10a uin 3anonnurend. Kax ycranosaeno B
pabote [14], npn BbImONHEHNH ONEHOK (2.3) A Bbrauciaenns 0K Boipakenua (1.24),

(1.27) nomycTrMO HCIONB30BaTh B YIIPOIIEHHOM BH/IE

(F) 4 p(k+D) wE+D —
gl _ W
3 5 T2k s v
L) D g2
k is i + Wi Z[k] k+1 k
o =l sy g e g

ITpu ux ucnonbzoBanuu Boipazkenue (2.2) npeobpasyercs K BULY

N
o . X T
- // [(sz) 5uz(- )+ Qf’k)(Sw(k) + G(’k)&ui )) + Z,ug ]5‘1[]1@]} do.
o k=1

31ech BBEIEHBI CAeAYOIIe 0003HAYEHNUS /11l MHEPIMOHHBIX CUJI ¥ MOMEHTOB

oy Plk—1] Pk—1] .. (k— Plk—110k—1] + Pk Pk ..
Qfyy = =LA 1]4[ i 1)+(P(k)h<k>+ . 2 H H)U(ik)Jr

PRI k1) Ple=11P k1) ~ Bhpg—q)y k-1
T 8 (h - 6 )“’i +

Chp 13hy,_ h 13h
N [ch 118 B (g — gc ) - P[k]g (s - 6%})}&5@4
h 13h
+P[k18 9 () — G[k) D)

)

) Jh
Qfly = paohqis® + HEEEL -0

+P[k—1]h[k—1] + P ik O P k) w1
3 6
oy Pl—11Pk—1] Rik—11\ .. (k—1) [k 1]
Gty = HGE (g + =)l o [ (i + ) -

3
} i _ [k]gh[k] ( h Nk )u<k+1> n

h(k) + m) (h(k_l) + h[kil]) +

. h[2k_1] (h(k) N 9h[1k6_1] )} J)(ik—l) +

hi, h h h
Qo) [k—1] [k—1] =1\
{p““) 12 P ”{ 16 (h<’“>+ 3 )(h<’“>+ 2 )

(2.5)

(2.6)

(2.7)
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2

e+ 252 5 o+ 55 0+ ) -

B+ B o] o+ ) e+ )

h? 9h h{ :
n ﬂ(h(k) i [k])} oF+D) — P Z(B) qilk] g k=1,2,...,N,

12 16 ¢ 24 %
B KOTOPBIX HEOOXOIUMO MOJOKUTE plo) = hjo) = pin) = vy =0, a
B3 g w(k) e (k+1)
[k] K9 (k) s Wi H Wy _
K5 —P[k]T(dSHq[k]—f), k=1,2,...,N—1. (2.8)

YuaursiBas Beipakenud (1.31), (1.32), (1.34), (2.5) u nposeaennsie B (1.36) mpeobpazo-
BaHus, u3 (2.1) moayvyaem ypaBHEHHUs [TBVKEHUsT HECYIIUX CJIOER

Tl = Iy = Qi = Vi T = ]85 + Xy = Qfry = 0,
~ ) _ 3 ~ ) (2.9)
Fiey = Fiy = Qliy = ViS(ey + T big + X3y — Q) =0,
F’IIe ~ . . e .
S(Zk) - S(Zk) + G(Zk), (210)
a TaKyKe ypaBHEHUA
=l =, (2.11)

ormgaonipecd o1 yeaosuit (1.29) KHHEMATHYECKOTO CONMPSKEHHs CJIOEB IO TAHTEHIIN-
AJIbHBIM TIEPEMEIeHNsIM, UMEIONIUX MeCTO MPH CTATHYIECKOM HAIDYKEHWH O0OJIOYKH.
Hannune B ypapHeHusix (2.11) BTOPBIX caraeMbIX 00bsICHSIETCS TEM, YTO BBIPASKEHHUSI
(1.24) u (1.27), nonydennusie Ha ocHoBe ypasrenuii (1.12), (1.13), He yA0BIETBOPSAIOT
ypasuenugm apuxkenus (1.7) u nocnennum ypasuenuam (1.5). Tem ne menee, kak noka-
3anu uccaenoBanng [15-17], mcnonbzosanue ypasuennii (2.11) Bmecro ypasuennii (1.29)
siBJisteTcst 60JIee KOPPEKTHBIM ¥ TIPUBO/IAT K BHISIBJIEHNUIO TAKUX BBICOKOYACTOTHBIX (hOpPM
KOJIe0AHWH, KOTOPBIE MOJTYyYAIOTCs TAKYKE W HA OCHOBE DEIlleHHsl HEeYTPOIIEHHBIX YDaB-
HEHWil TeOpUM yIIPYTOCTH.

Ha wxourype C mng ypasmenuii (2.9), (2.11) rpanuunbie yciaoBus (HopMuUpyoTcs
B ToM ke Buze (1.40), (1.41), uro u mna ypasuennit (1.38), (1.39).

3. MauJpble cBob6ogHBIE KOJIeOaHNd MHOIOCJIOMMHON IIJIACTHHBI
C HyJIeBOIl M3MEeHAeMOCThIO (PYHKIINHA B TAHT€HIINAJIbBHBIX
HampaBJieHuaXx u 6e3 medopMariuii HeCyIIiux cJIOEB

B MHOTOCTONHBIX TIACTHHAX B CHIY TMOJATIANBOCTH 3AMIOMHATENEH HA medopMaimn
MOIEPETHBIX CABUTOB U 00XKATHE BO3MOXKHA PeATn3aIinsa TaKuX popM CBODOIHBIX KOJIE-
OaHmil, KOTOPBIE XapPaKTEPU3YIOTCs MIOCKOMAPATICTLHBIM IBUKECHUEM HECYIIINX CITOEB
OTHOCHTEJIBHO JAPYT ApyTra 6e3 medopManuil 1 NCKPUBJIECHHUH B HANDABICHHAX T, x2.
Takwe dopmbl KOEDAHUI B TPEXCIOUHBIX TIJIACTUHAX OBLITH UCCJIETIOBAHBI, B 9aCTHOCTH,
B paborax [15-18], B KOTOPBIX YCTAHOBJIEHO, YTO COOTBETCTBYIOIIHE UM YACTOTHI SIBJISI-
[0TCS HAMHMU3MINMHU U3 9aCTOT aHTHGA3HBIX (POPM KOJIeOaHNi, CBA3AHHBIX € M3THOOM
HECYIINX CJIOEB.

Ecan wecymume ciom w 3amoHUTENN WMEIOT OJWHAKOBBIE TOJIIIMHBI h(k) = hy
u hp = h, p/pi) = 0, TO ypaBHEHWs, OTMCHIBAIONINE HEKOTODHIE M3 YKA3ZAHHBIX
dopM kosebanuii, MOryT ObITH BBIBEIEHBI U3 TIOJIYIYEHHBIX HAME BBIMIE, €CJIM B HUX OT-
OpPOCHUTDH BCE CIaraeMble, COAEPrKAIne MPOU3BOTHBIE BCEX MOPSIKOB IO KOOPIMHATAM
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' or dynKImit ugk)

k]

, w® ou q[ig]. Ecam KoopAMHATEL 2! ABIIOTCA OPTOTOHAILHLIME

n qepe3 (3, EZ[ = E3 0003HAYNTH MOIY/IN TIOTIEPEYHBIX CABUTOB U MOMEPEIHOrO 00-
JKATUS 3aTOJIHUTEJENH, TPUYIeM B PACCMATPUBAEMOM CJIyYae cli[i]c e /Gis, dl[g] =0,
TO IPU p() = p yKaszauubie opMbl CBOOOAHLIX KosebaHuil, COBEPINAIONIMXCA B Ha-
npaBjieHnu x', B IPEJNONOXKeHun g ~ 0 OyIyT OMUCHIBATHCA CHCTEMaMU ypPaBHEHUIT

BHIA

q[ﬁ] = thbu(i1)a q[l)g] - q[z}cfu = thbﬂ(iky k=2,3...,N—1,

. » , h (3.1)
q[szl] = pbth;(lN), U;(Zk) U’(k+1) + = G [k] = 0 k= 1,2 .. .,N — 17
E. ..
73 (w(2) _ w(l)) = pphpo™
E.
73 (WD — 20" DY = phip® | k=23, N -1, (3.2)
E .
73 (w(N) _ w(N—l)) - thbw(N
IIpecTaBUB HEM3BECTHBIE u(ik) ,wh  k=1,2,....N, ¢ [k] k=1,2,...,N—1, B BUge
u(ik) = ﬂl(k) sin w;t, qfk] = Ejfk] sinwit, w* =a® sinw,t, (3.3)

pemas ypasuenus (3.1), (3.2), mig onpegenenns KBaJIpaToB KPYTOBBIX 9aCcTOT KoJieha-
HUI W;, Wy MOYKHO MOJYyIATH (POPMYIIBI:

npu N = 2:
G; E
2 i3 . 2 3
w; =2 , =12y w;; =2 ; 3.4
’ pohy b ! pohyh (84)
npu N = 3:
G E
2 2 i3 . 2 2 3
A > =3 =1.2: =0 3.5
Wil ) Wia pbhbh ) ? ) 4y Wy ) Wy thbh ( )
npu N = 4:
Gi3 Gi3
=(2-V2 , wh=2 , (2+V2) 3.6
wi = ) pohuh ? pvhoh i thbh (3.6)

Vcranosiennbie HGOPMBI OTHOCATCH K KJyaccy hopm CBOOOIHBIX KOsaebanmii, coBep-
maromuxcs 6e3 gedopmanuii n HCKpUBIEHNH Hecynmx CJI0EB TIPY MaJIOf M3MEHIeMOCTH

byuxunii q[k] B HaHpaBﬂeHI/IHX KOOPAMHAT o = ', y = x?, KOrjga J/Id BBHIYHCICHHSA

33
HaIPAYKEHUN q[ K = o[k], 0} JIOMYCTHMO HCTO/Ib30BATD BBIPAKEHHUA

_ dis haoy+h h +h
is K] _ h[k] { (Sk+1) _u(sk)Jr (k)2 [¥] w(sk)_’_ (k+1) (K] wgchl)}’

(K] 2 ’
(3.7)
33 o _ B (k1) _ (k)
i = By 5= (w ), k=12,...,N-1
[K]
IIpu mx mcnoab30BaHUN yPaBHEHUs IBU2KEHUs OOOJOYKN B MPEAIOIOKEHUN €i; =0

YCTaHABJINBAIOTCA Ha OCHOBE BaPUAIMOHHOI'O YPaBHEHUA

1) /2

h
/5K //Z / 2qiy 0¢8] + oifoel]) do dzgg | at = o. (3.8)

h[;‘]/2



YTOYHEHHBIE YPABHEHU A JIBU>KEHU . . . 179

(k)

ITpeacraBum mepeMernienns u; w®) B BUmE cooTHOMIEHMIT

U(1) u®) — u( ) (k>7

+y<,0

(k) _ (k) — U(ok) — 2

) u')
(3.9)
w®) *w(()k)erG +yp® . —a/2<z<a/2, —b/2<y<b/2,
B COOTBETCTBUH C KOTOPBIMHW IJId MHOTOCJIOMHON IIJTACTUHBI PEryadapHOTO CTPOCHUA
HMEIOT MEeCTO PaBeHCTBa

5]

2¢f) = el + e =0, W =M /jor = 0®, W =p® D=0, (3.10)

hy +h
25[@3 _ {u(olwrl) _ u(ok) + y(sa(kJrl) - cp(k)) + b2 (9(k+1) + 9(1@))}7

==

2¢l

Ko

==

[ o) — (4D — 09 4 hH;;h O R) FCREY

l\?
w

KoL (k1 k
M = = {w(o Dy (00D — ) y(gh(b+D) — w(k))}.

IIpn ucnonp3oBanum cocTaBieHHbIX coorHomenuit (3.9)—(3.11) u yuere coorTHOIIE-
auit (3.7) U3 BapmarMoOHHOro ypashenns (3.8) B mpubmuzxennn ppr) = 0 cAeIyIoT ypas-
HEHWsl JIBUKEHNs BUJIA

G hy, + h
e [ P2 +0®) | + i) =0,
G hy +h _
% [_u(ok 1) +2u(0k) _u(OkJrl) + bT (e(k 1) _9(k+1))} n
(3.12)
+ poh, it =0, k=2,3... N -2,
Gi: hy + h .
Tw [U(ON) — u(ON Dy b2 (9( D4 G(N))} + thbU(ON) =0,
Gi3 (hb + h) (2) (1) hy + h 9
T[UO +2= (9<>+9<>)}7
E3a pbhba2 .
92 _ p(1) POTT () —
12k ( )+ 12 0,
Gis(hy +h _ hy + h
Gus(ho + 1) [ —u{ED g D M+ h (00D — 20 4 9<k+1>)} n
2h 2
(3.13)
Esa®  -1) gt _ gy o POR0O% sy o
ﬁ<_9 +20%) —¢ )+T9 =0, k=23...,N—2,

Gis(hy + h o ha+h
13(ho + 1) [ — oM B v gy ]
2 2
BEsa® vy pveny L, ol sy o T o o
12h (6 o )+T9 =0, L2 wv, 0,9,



180 B.H. HAUMVYIINH, T.B. [IOJIAKOBA

E-
4,7§(u§@ W) + pohyis® = 0,
E B
_f(—wf]’+mﬁﬁ—w§“5+pwwﬁﬁza k=23....N—2  (3.14)
E B
73 (WY —w§ ) + phyi) =0,

— T4 (P = oD + pyhy(a® +82)3 = 0,
Iy (=" 4200 — o) 4 iy (a® +0%)g™ =0, k=2,3...,N -2, (3.15)

To (™) — o) 4 prhy(a® 4+ 6%) ™) =0,

roe J, = Glng + G23a2.

[Monyyennas cucrema ypasHenuii (3.14) MOJTHOCTHIO IKBUBAJIEHTHA CUCTEME YDaB-
wenuii (3.2), W myTeM ee pelIeHHs YCTAHABIMBAIOTCA compepxkammecs B (3.4)— (3.6)
dbopmyiibl 1u1s onpenenenus w2 . AnanoruunsiM 06pa3oM perieHuem ypasaenuii (3.15)
YCTAHABIUBAIOTCH (DOPMYJIBL:

npu N = 2:
12 9
w2 _ 2Jg _ 2(G13b +G23a )7 (316)
@ pbhbh(aQ + b2) pbhbh(aQ + b2)
npu N = 3:
3(G13b2 -+ G23a2)
2 2
pu— = -].
w(pl 0’ w(pl pbhbh(a2+b2) ’ (3 7)
npu N = 4:
J, 2J
2 = (2 — 2 g 2 — g
Wor = v2) pvhoh(a? +02)’ Vo2 pvhoh(a? +b2)’
(3.18)
wi:g =(2+ \/_

pbhbh(a2 -+ b2)

ITo stum opmyam BEIUUCTSIOTCS 9aCTOTHI KPYTUIBHBIX (hOPM CBOOOIHBIX KOJIEOAHNUIA,
COBEPINAIOIIUXCST BPAIIEHUEM BOKPYT OCH 2z HECYIIUX CJI0€B OTHOCUTEJIBHO JIPYT JIPYyTra
pu 0o*) £ 0. B cayqae Gz = Ga3 = G oHE cBOAATCS K (DOPMYIIAM JI7IsT OTIPETeIeHIsT
qacToT w?, comepmamuxca B (3.4)—(3.6), u yIOBIETBOPAIOT PABEHCTBY W2 = wi.

Paccmorpunm cucremy ypasuenuii (3.12), koropag ans ciaydaa N = 2 (Tpexcioiinas
[JIACTUHA) IIPEJICTABUMA B BUJIE

G hy +h
;3 [“(02 u(ol) + —b;_ (9(1) + 9(2))} + pbhwaU(Ol) =0,

(3.19)
hy + h
% {u(OQ) —ul b;r (6 + 9(2))} — pohpw?ul?) =0,
Gis(ho +h) [ (9 NONE Ry PP
____EZT____[UO + = (0" +6 )} —
E3a 2 thba w20
(6 — W) + o =0,
12h 12
G13 (h/b + h) (2) (1) hb + h 9(1) 9(2) (320)
TG ) BT 0040 |
_ Eg, a2

2
mh(mm_gm)+ﬂ%?ﬂymm:0
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U3 cucremsr ypasrennii (3.20) mpu yemosmn 02 — (1) £ 0 caenyer sropas dbopumyma
B (3.4) u 3aBUCHMOCTH

(2) (1) pbhbh(l2 hb + h 9(1) 9(2)
— D = - + @), 3.21
to o (12G13 (hb + h)w2 2 ( ) ( )

a m3 cucreMbl ypapHenwit (3.19) — 3aBucuMocTb

h 2G;
0+ = 4< hyw? — “) @ Wi, 3.22
i G13(hb+h) P h (ug” —uy) ( )

Ecan BrecTn 3apucumocts (3.22) B (3.21), To yciaosue u(OQ) - u(ol) # 0 mMeeT MeCTO mpu

BBIIIOJTHEHHUM PAaBEHCTB

2
2G hy +h —  —
win =0, wp=—" (ho + 1) i 1,25 ab
phyh a? —

Orciozna caemyer, 9To 9ucTo capurosbie popmbl kostebanuii ¢ yacroramu (3.4), coBepiua-
IOIIUXCA 3a CYET IJI0CKONapaJlaebHbIX JIBUKEHHUI HeCYIIIUX CJIOEB B HAIIPABJIEHUAX Oceil

2, 2
T W Y, UMEIOT MECTO JIHIIb ¢ TOYHOCTHIO [0 BBITOJTHEHUs] PABEHCTB 3(hb + h) Ja® +
+1~1, 3(hb + h)2/b2 +1~1, 6% ~ 0, ) ~ 0. Itu paseHcTBa B peasbHBIX
KOHCTPYKIIASIX C TOYHOCTBIO 1 + € & 1 BBIMOJIHSAIOTCS JaXKe Tpu (hb + h) Ja ~ /.

Pa6ora Bbinosnena npu dbunancosoii noguepxke PODU (npoekror Ne 13-08-90435,
13-08-97076).

Summary

V.N. Paimushin, T.V. Polyakova. Refined Equations of Motion of Multilayered Shells with
Transversely Soft Fillers under a Medium Bending.

As a development of the earlier results, we constructed a refined two-dimensional mathe-
matical model of the dynamic deformation of multilayered plates and shells with transversely
soft fillers, based on the classic Kirchhoff-Love model for supporting layers and the hypothesis
on similarity of the laws of variation of movements along the thickness of fillers under both
static and dynamic loading process. On the ground of this hypothesis, for a transversely
soft filler, we derived simplified quasi-static equations of the theory of elasticity, which allow
transverse integrating. When integrating the equations to describe the stress-strain state (SSS),
we introduced (as in the static problems) two-dimensional unknown functions representing
transverse tangent stresses, constant in thickness. Based on the generalized variational
Ostrogradskii-Hamilton principle for describing the dynamic processes of deformation with
high variability of SSS parameters, we obtained two-dimensional motion equations of general
form, where the inertial components have the same degree of accuracy in comparison with
the other ones. We simplified the obtained equations for the case of low variability of SSS
parameters and considered the problem of free oscillations of a small rectangular multilayered
plate, which are characterized by a zero variability of the functions in the tangential directions
and are realized in the plate without deformation of the supporting layers.

Keywords: orthotropic plate, refined theory, trigonometric functions, free oscillations,
longitudinal-transverse form, oscillation frequencies.
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