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UDK 512.81+514.823PETROV CATEGORY OF NONCOMMUTATIVEEINSTEIN SPACESS.S. MoskaliukAbstratWe give a de�nition of Petrov ategory Petrov-NC-Einst of nonommutative Einsteinspaes NC-Einst, whih is used for onstrution of nonommutative topologial quantum �eldtheory (NC TQFT). We suggest extensions of these ideas, whih may be useful for furtherdevelopment of NC TQFT, and apply them to higher dimensions.Key words: nonommutative Einstein spaes, Petrov ategory, nonommutative topolog-ial quantum �eld theory. IntrodutionThe subjets of the nonommutative Einstein spaes, double ategory and TQFThave been studied in [1�10℄. In [3, 11℄ some nonommutative geometri aspets of twisteddeformations were desribed, and it was shown that the universal enveloping algebra ofvetor �elds an be deformed in two di�erent ways:

• UΞ⋆This is a Hopf algebra [11℄ de�ned by deforming the struture funtions of UΞ :
u ⋆ v = f

α
(u)fα(v),

∆⋆(u) = u ⊗ 1 + R
α
⊗ Rα(u),

ǫ⋆(u) = ǫ(u) = 0,

S⋆(u) = −R
α
(u)Rα,where R

α
(u) is the usual Lie derivative of u along the vetor �eld R

α .There is a natural ation of Ξ⋆ on the algebra of funtions A⋆ given in terms of theusual undeformed Lie derivative,
L⋆

u(h) := f
α
(u)(fα(h)),whih an be extended to UΞ⋆ .The ⋆ -Lie algebra of vetor �elds Ξ⋆ is generating the Hopf algebra UΞ⋆ .

• UΞFWe have the following struture maps:
u ·F v = u · v,

SF(u) = S(u),

ǫF(u) = ǫ(u),

∆F(u) = F∆(u)F−1.



236 S.S. MOSKALIUKHowever, UΞ⋆ and UΞF turn out to be isomorphi Hopf algebras.The star-onnetion ∇⋆ is de�ned to satisfy the following axioms:
∇∗

u+vz = ∇∗

uz + ∇∗

vz,

∇h⋆uv = h ⋆ ∇∗

uv,

∇∗

u(h ⋆ v) = L∗

u(h) ⋆ v + R
α
(h) ⋆ ∇∗

Rα(u)
v,

(1)where u, v and z are vetor �elds. Next, we de�ne onnetion oe�ients by
∇⋆

µ∂̂ν := Γσ
µν ⋆ ∂̂σ,using the basis {∂̂µ} . The ation of the ovariant derivative on a one-form an beobtained employing the star-dual pairing of a vetor �eld v with a one-form ω ,

∇∗

u < v, w >⋆= L∗

u〈v, w〉⋆ = 〈∇∗

uv, w〉⋆ + 〈R
α
(v),∇∗

Rα(u)
w〉⋆,whih equivalently an be written as

〈v,∇∗

uw〉⋆ = LR
α
(u)〈Rα(v), w〉⋆ − 〈∇∗

R
α
(u)

(Rα(v)), w〉⋆ . (2)For a given metri
g = gµν ⋆ dx̂µ ⊗⋆ dx̂ν ,the onnetion that leaves it invariant is alled a Levi �Civita onnetion:

∇⋆
µg = 0.For general twist F−1 = f

α
⊗ fα , torsion and urvature tensors are given by [3℄

T (u, v) = ∇∗

uv −∇∗

R
α
(v)

Rα(u) − [u, v]∗,

R(u, v, z) ≡ R(u, v)z = ∇∗

u∇
∗

vz −∇∗

R
α
(v)

∇∗

Rα(u)
z −∇∗

[u,v]∗
z .It is enough to alulate the tensor on a basis ∂̂µ , beause of the tensorial property, i.e.

T (u, v) = uν ⋆ T (∂̂ν , ∂̂µ) ⋆ vµ.In this frame, the star-onnetion is given by
∇∗

zu = L∗

z(u
ν) ∗ ∂̂ν + R

α
(uν) ∗ Rα(z)µ ∗ Γσ

µν ∗ ∂̂σ. (3)We will need to ompute the omponents of the urvature tensor in this base. They anbe expressed in the following way:
Rijk

l = 〈R(∂̂i, ∂̂j , ∂̂k), dx̂k〉∗.Consequently, we have for the deformed Rii tensor
Rij = Rijk

i.Classial Einstein spaes have a Rii tensor proportional to the metri. In thenonommutative ase, we are looking for spaes satisfying the same property:
Rij = cgij ,where c is some onstant.



PETROV CATEGORY OF NONCOMMUTATIVE EINSTEIN SPACES 2371. Nonommutative Einstein spaes1.1. Weyl �Moyal plane R
4
θ . The metri is the usual Minkowski or Eulideanone; the twist is Abelian [11℄:

F = exp

(
−

i

2
θµν ∂µ ⊗ ∂ν

)
,where θµν = −θνµ ∈ R . The ovariant derivative is given by

∇∗

zu = zµ ⋆ ∂µ(uν) ⋆ ∂ν + zµ ⋆ uν ⋆ Γσ
µν ⋆ ∂σ . (4)In a �rst step, let us show that the hoie Γσ

µν = 0 is a good hoie and renders thea�ne onnetion to be a Levi �Civita onnetion. Thus, the expression for the ovariantderivative (4) beomes
∇∗

zu = zµ ⋆ ∂µ(uν) ⋆ ∂ν .Let us show that the axioms (1) are satis�ed:
∇∗

u+vz = (u + v)µ ⋆ ∂µ(zν) ⋆ ∂ν = ∇∗

uz + ∇∗

vz, (5)
∇h⋆uv = (h ⋆ uµ) ⋆ ∂µ(vν) ⋆ ∂ν = h ⋆ (uµ ⋆ ∂µvν ⋆ ∂ν) = h ⋆ ∇∗

uv, (6)
∇∗

u(h ⋆ v) = uµ ⋆ ∂µ(h ⋆ vν) ⋆ ∂ν = L∗

u(h) ⋆ v + uµ ⋆ h ⋆ (∂µvν) ⋆ ∂ν =

= L∗

u(h) ⋆ v + R
α
(h) ⋆ Rα(uµ) ⋆ (∂µvν) ⋆ ∂ν =

= L∗

u(h) ⋆ v + R
α
(h) ⋆ ∇∗

Rα(u)
v. (7)In a next step, we show that the urvature and torsion vanish. The torsion is given by

T (∂µ, ∂ν) = ∇∗

µ∂ν −∇∗

ν∂µ − [∂µ, ∂ν ]∗ = 0,sine the Christo�el symbols are all zero and the derivatives ommute. Similarly, we seethat the urvature tensor also vanishes:
R(∂ν , ∂β, ∂µ) = ∇∗

ν∇
∗

β∂µ −∇∗

R
α
(∂β)

∇∗

Rα(∂ν)
∂µ −∇∗

[∂ν ,∂β ]∗
z = 0.At last, we onsider the ovariant derivative of the metri:

∇∗

µg = ∇∗

µ(gαβ dxα ⊗∗ dxβ) =

= ∂µ(gαβ) dxα ⊗∗ dxβ − gαβΓα
µσ dxσ ⊗∗ dxβ − gαβ dxα ⊗∗ Γβ

µσdxσ = 0sine we get from the star-dual pairing (2)
∇∗

µdxα = −Γα
µσ ⋆ dxσ = 0.Among these metris those that are lassially Einstein metris are also shown tobe nonommutative Einstein metris.



238 S.S. MOSKALIUK1.2. R
5
q . The algebra is generated by the oordinates x̂1, . . . , x̂5 satisfying therelations [11℄

x̂1 x̂2 = q x̂2 x̂1, x̂1 x̂4 = q−1x̂4 x̂1,

x̂1 x̂5 = x̂5 x̂1, x̂2 x̂4 = x̂4 x̂2,

x̂2 x̂5 = q x̂5 x̂2, x̂4 x̂5 = q−1x̂5 x̂4.

(8)The oordinate x̂3 is entral. Conjugation is given by
x̂1∗ = x̂5, x̂2∗ = x̂4, x̂3∗ = x̂3.Hene, the twist (for symmetrial ordering) reads

F = exp

(
ih

2
(χ1 ⊗ χ2 − χ2 ⊗ χ1)

)
, (9)where χ1 and χ2 are the following ommuting vetor �elds:

χ1 = x2∂2 − x4∂4, χ2 = x1∂1 − x5∂5.Thus, we have for the inverse R matrix
R−1 = R

α
⊗ Rα = fαfβ ⊗ fαf

β
=

=
∑

(−1)m+k−l

(
h

2

)n+k

(
n

m

)(
k

l

)

n!k!
χn−m+l

1 χm+k−l
2 ⊗ χm+k−l

1 χn−m+l
2 .1.3. Twisted sphere. The twisted sphere is de�ned by the relations (8) and theadditional ondition [12℄

r2 = 2(x̂1 x̂5 + x̂2 x̂4) + (x̂3)2.Using stereographi oordinates yi , i = 1, 2, 4, 5 , the metri is given by
g∗ =

4r2

(r2 + κ2)2
⋆ Cijdyi ⊗∗ dyj ,where

(Cij) =





1
1

1
1



 .In order to simplify the notation, we introdue the following de�nitions. For the vetor�elds, let us de�ne
ti := yi ∂

∂yi
= yi∂i;note that here no summation over the index i is implied. Hene, we write for the twist

F = exp

(
−

ih

2
ϕijti ⊗ tj

)
,with

ϕij = −ϕji = −ϕij′ ,

ϕ12 = 1, ϕii = ϕii′ = 0,



PETROV CATEGORY OF NONCOMMUTATIVE EINSTEIN SPACES 239and i′ = 6 − i . Furthermore, let us introdue Pij and its square,
Pij = exp

(
ih

2
ϕij

)
, qij = P 2

ij .Using these de�nitions, we an write for the metri
g∗ =

∑

ij

gijdyi ⊗∗ dyj =
4r2

(r2 + κ2)2

∑

i,j

CijPij dyi ⊗ dyj . (10)The Levi �Civita onnetion an be obtained by demanding vanishing torsion and van-ishing ovariant derivative of the metri. The former ondition reads
Γ∗

ij
k = qijΓ

∗

ji
k.The latter ondition then leads to

Γ∗

ij
k =

1

2
glk (qij∂jgil + ∂iglj − ∂lgji) . (11)As a result, the universal onnetion is the same as in the undeformed ase:

∇∗ = ∇. (12)The onverse is also true: assuming (12), we obtain (11) for the onnetion oe�ients.Similarily, we obtain for the Riemann urvature:
R∗ = R,and in terms of omponents

R∗ = R∗

ikl
mdyi ⊗∗ dyj ⊗∗ dyk ⊗∗ ∂m,

R∗

ijkl =
1

r2
(gligjk − qik gljgik) .Now let us onsider a possible transformation between 5d theta-deformed plane (seeSubsetion 1.1.) and a 5d q-deformed one (see Subsetion 1.2.). The theta-deformedspae is hosen in the following way: [xi, xj ] = iθij with the oordinate x3 ommutingwith all other oordinates and

θij =





0 h −h 0
−h 0 0 h
h 0 0 −h
0 −h h 0



 .Then with the map yi = exp(xi) we obtain the orret ommutation relations (8).But unfortunately this map does not respet the omplex struture, and the induedmetri seems not to be the proper metri for the q -deformed plane. But another pos-sible map is from the q -deformed sphere to a plane, via stereographi projetion.Starting with the q -deformed sphere: ommutation relations (8) and the onstraint
r2 = 2(x1x5 + x2x4) + (x3)2 , one de�nes a map to the plane in the usual way by
y3 = x3, yi = (xir)/(r − x3), i = 1, 2, 4, 5. The indued metri is then given by (10).



240 S.S. MOSKALIUK2. Petrov ategoryDe�nition 1. A ategory is a quadruple (Obj,Mor, id, ◦) onsisting of:(C1) a lass Obj of objets;(C2) a set Mor(A, B) of morphisms for eah ordered pair (A, B) of objets;(C3) a morphism idA ∈ Mor(A, A) for eah objet A : the identity of A ;(C4) a omposition law assoiating to eah pair of morphisms f ∈ Mor(A, B) and
g ∈ Mor(B, C) : a morphism g ◦ f ∈ Mor(A, C) ;whih is suh that:(M1) h ◦ (g ◦ f) = (h ◦ g) ◦ f for all f ∈ Mor(A, B) , g ∈ Mor(B, C) and
h ∈ Mor(C, D) ;(M2) idB ◦f = f ◦ idA = f for all f ∈ Mor(A, B) ;(M3) the sets Mor(A, B) are pairwise disjoint.De�nition 2. The ategory Petrov-NC-Einst. Objets of the ategory Petrov-NC-Einst are nonommutative Einstein spaes NC Einst de�ned in Subsetion 1.1.�1.3. by the indued metri (10). For morphisms s , t (NC Einst → NC Einst

′ ) we de�nea map to the plane in the usual way by y3 = x3, yi = (xir)/(r − x3), i = 1, 2, 4, 5.A produt of suh morphisms of the ategory Petrov-NC-Einst is again a morphismof the ategoryPetrov-NC-Einst. So, the ategory Petrov-NC-Einst is well de�ned.The author is espeially grateful to the Russian Aademy of Sienes whih, in theframework of the ollaboration with the National Aademy of Sienes of Ukraine,o-�naned this researh by the Joint Grant for Basi Researh No 2010.�åçþìåÑ.Ñ. Ìîñêàëþê. Êàòåãîðèÿ À.Ç. Ïåòðîâà íåêîììóòàòèâíûõ ïðîñòðàíñòâ Ýéíøòåéíà.Â ñòàòüå ïîñòðîåíû íåêîììóòàòèâíûå ïðîñòðàíñòâà Ýéíøòåéíà, êîòîðûå ÿâëÿþòñÿîáúåêòàìè â îïðåäåëåíèè êàòåãîðèè À.Ç. Ïåòðîâà. Êîíöåïöèÿ êàòåãîðèè À.Ç. Ïåòðî-âà ïîçâîëÿåò ïîëó÷èòü íåêîììóòàòèâíûå òîïîëîãè÷åñêèå òåîðèè ïîëÿ è èõ ðàñøèðåíèÿâ ìíîãîìåðíûõ ïðîñòðàíñòâàõ.Êëþ÷åâûå ñëîâà: íåêîììóòàòèâíûå ïðîñòðàíñòâà Ýéíøòåéíà, êàòåãîðèÿ À.Ç. Ïåò-ðîâà, íåêîììóòàòèâíàÿ òîïîëîãè÷åñêàÿ êâàíòîâàÿ òåîðèÿ ïîëÿ.
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