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ÓÄÊ 519.68ÑÌÅØÀÍÍÛÉ ÌÅÒÎÄ ÊÎÍÅ×ÍÛÕ ÝËÅÌÅÍÒÎÂÄËß ÊÂÀÇÈËÈÍÅÉÍÛÕ ÂÛ�ÎÆÄÀÞÙÈÕÑßÝËËÈÏÒÈ×ÅÑÊÈÕ Ó�ÀÂÍÅÍÈÉÌ.Ì. Êàð÷åâñêèé, À.Å. ÔåäîòîâÀííîòàöèÿ�àññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ êâàçèëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòî-ðîãî ïîðÿäêà, äîïóñêàþùåãî âûðîæäåíèå ïî íåëèíåéíîñòè. Ïðåäëàãàåòñÿ ñìåøàííàÿ ñõå-ìà ìåòîäà êîíå÷íûõ ýëåìåíòîâ. Èññëåäóåòñÿ ñõîäèìîñòü ê îáîáùåííîìó ðåøåíèþ â ñìå-øàííîé ïîñòàíîâêå çàäà÷è. Â ÷àñòíîñòè, óñòàíîâëåíà ñèëüíàÿ ñõîäèìîñòü ïîòîêîâ.Ïðåäëàãàåòñÿ è èññëåäóåòñÿ èòåðàöèîííûé ìåòîä ÷èñëåííîé ðåàëèçàöèè ñìåøàííûõñõåì êîíå÷íûõ ýëåìåíòîâ, àïïðîêñèìèðóþùèõ çàäà÷ó Äèðèõëå äëÿ êâàçèëèíåéíûõ ýë-ëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà. Ïðèâîäèòñÿ ïðèìåð ïðèìåíåíèÿ ïðåäëàãàåìîéìåòîäèêè ê ðåøåíèþ çàäà÷ íåëèíåéíîé òåîðèè �èëüòðàöèè.Ââåäåíèå�àáîòà ïîñâÿùåíà ïîñòðîåíèþ è èññëåäîâàíèþ ñìåøàííûõ ñõåì ìåòîäà êîíå÷-íûõ ýëåìåíòîâ äëÿ êâàçèëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà.Óñëîâèÿ, íàëàãàåìûå íà �óíêöèè, îáðàçóþùèå óðàâíåíèå, ÿâëÿþòñÿ âåñüìà îá-ùèìè è äîïóñêàþò âûðîæäåíèå óðàâíåíèÿ ïî ãðàäèåíòó íà íåêîòîðîé ïîäîáëàñòèîïðåäåëåíèÿ ðåøåíèÿ. Îïåðàòîð çàäà÷è ïðè ýòîì îêàçûâàåòñÿ ëèøü ìîíîòîííûì.Â òàêîé ñèòóàöèè â êà÷åñòâå âñïîìîãàòåëüíîé íåèçâåñòíîé ïðè ïîñòðîåíèè ñìå-øàííîãî ìåòîäà êîíå÷íûõ ýëåìåíòîâ ïðåäñòàâëÿåòñÿ åñòåñòâåííûì âûáèðàòü ãðà-äèåíò èñêîìîãî ðåøåíèÿ, à íå ¾ïîòîê¿, êàê ýòî äåëàëîñü ïðè ïîñòðîåíèè àïïðîê-ñèìàöèé óðàâíåíèé ñî ñòðîãî ìîíîòîííûìè îïåðàòîðàìè (ñì. [1�4℄).Ïðîâîäèòñÿ èññëåäîâàíèå ñóùåñòâîâàíèå ðåøåíèÿ âîçíèêàþùåé ïðè òàêîì ïîä-õîäå ñëàáîé �îðìóëèðîâêè çàäà÷è Äèðèõëå. Â ñëó÷àå, êîãäà âûïîëíåíî äîïîëíè-òåëüíîå óñëîâèå ïîä÷èíåíèÿ, óñòàíàâëèâàåòñÿ îäíîçíà÷íîñòü îïðåäåëåíèÿ ¾ïîòî-êà¿ ïî èñõîäíûì äàííûì.Äëÿ àïïðîêñèìàöèè ñìåøàííîé ïîñòàíîâêè èñïîëüçóþòñÿ ïîëèíîìèàëüíûå êî-íå÷íûå ýëåìåíòû �àâüÿðà �Òîìà. Äîêàçàíà ñëàáàÿ ñõîäèìîñòü íåêîòîðîé ïîñëå-äîâàòåëüíîñòè ïðèáëèæåííûõ ðåøåíèé ê îáîáùåííîìó ðåøåíèþ èñõîäíîé çàäà÷è.Â ñëó÷àå, êîãäà âûïîëíÿåòñÿ óñëîâèå ïîä÷èíåíèÿ, óñòàíàâëèâàåòñÿ òàêæå ñèëü-íàÿ (â ïðîñòðàíñòâå L2 ) ñõîäèìîñòü ¾ïîòîêîâ¿ (àíàëîãè÷íûé ðåçóëüòàò äëÿ ïðî-ñòåéøåé ðàçíîñòíîé àïïðîêñèìàöèè êâàçèëèíåéíîãî âûðîæäàþùåãîñÿ óðàâíåíèÿòåîðèè �èëüòðàöèè ïîëó÷åí â [5℄).Äëÿ ÷èñëåííîãî ðåøåíèÿ êîíå÷íîìåðíûõ ñèñòåì óðàâíåíèé, âîçíèêàþùèõ ïðèàïïðîêñèìàöèè íåëèíåéíîé çàäà÷è Äèðèõëå, â ðàáîòå ïðåäëàãàþòñÿ è èññëåäóþòñÿíà ñõîäèìîñòü äâà òèïà èòåðàöèîííûõ ìåòîäîâ. Ïåðâûé � îñíîâàí íà îáðàùåíèèíà êàæäîì øàãå èòåðàöèé ñåäëîâîé ìàòðèöû, ñîîòâåòñòâóþùåé àïïðîêñèìàöèèîïåðàòîðà Ëàïëàñà ïðè ïîìîùè ñìåøàííîãî ìåòîäà êîíå÷íûõ ýëåìåíòîâ. Âòîðîé �èñïîëüçóåò íà âåðõíåì ñëîå áîëåå ïðîñòóþ, ëåíòî÷íóþ, ìàòðèöó.Â çàêëþ÷åíèå äàåòñÿ ïðèìåíåíèå ïðåäëàãàåìûõ ìåòîäîâ ê ðåøåíèþ íåëèíåé-íûõ çàäà÷ �èëüòðàöèè ñ ïðåäåëüíûì ãðàäèåíòîì. Îñîáî ðàññìàòðèâàåòñÿ ñëó÷àé



128 Ì.Ì. ÊÀ�×ÅÂÑÊÈÉ, À.Å. ÔÅÄÎÒÎÂçàäà÷è î òî÷å÷íîì èñòî÷íèêå (ñêâàæèíû ñ çàäàííûì ðàñõîäîì). Ïðè àïïðîêñèìà-öèè ýòîé çàäà÷è èñïîëüçóåòñÿ ïðèåì àääèòèâíîãî âûäåëåíèÿ îñîáåííîñòè ðåøåíèÿ,ïðåäëîæåííûé è èññëåäîâàííûé â [6℄.�àáîòà íåïîñðåäñòâåííî ïðèìûêàåò ê ðàáîòå [7℄, â êîòîðîé ÷àñòè÷íî àíîíñèðî-âàíû èçëàãàåìûå çäåñü ðåçóëüòàòû.1. Ïîñòàíîâêà çàäà÷è�àññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ äâóìåðíîãî êâàçèëèíåéíîãî äèâåðãåíò-íîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà:
−div a(x, u,∇u) + a0(x, u,∇u) = f(x), x ∈ Ω ⊂ R2, (1)

u(x) = 0, x ∈ Γ. (2)Çäåñü a(x, p) = (a1(x, p), a2(x, p)), a0(x, p) � çàäàííûå �óíêöèè, íåïðåðûâíûå ïðè
x ∈ Ω, p = (p0, p1, p2) ∈ R3 , Γ � ãðàíèöà îáëàñòè Ω .Ïðåäïîëàãàþòñÿ âûïîëíåííûìè àëãåáðàè÷åñêèå óñëîâèÿ ìîíîòîííîñòè, êîýð-öèòèâíîñòè è îãðàíè÷åííîé íåëèíåéíîñòè:1

(a(x, p) − a(x, q)) · (p − q) ≥ 0 ∀x ∈ Ω, p, q ∈ R3, (3)
a(x, p) · p ≥ c1(p

2
1 + p2

2) − c2 ∀x ∈ Ω, p ∈ R3, (4)
|a(x, p)| ≤ c3(1 + |p|) ∀x ∈ Ω, p ∈ R3, (5)ãäå a(x, p) = (a0(x, p), a1(x, p), a2(x, p)) .Îáîáù¼ííûì ðåøåíèåì çàäà÷è (1), (2) íàçîâåì �óíêöèþ u ∈

◦

W
(1)
2 (Ω) , óäîâëå-òâîðÿþùóþ èíòåãðàëüíîìó òîæäåñòâó

L(u, v) ≡

∫

Ω

(a(x,∇u) · ∇v + a0(x, u)v) dx =

∫

Ω

fv dx ≡ (f, v) ∀v ∈
◦

W
(1)
2 (Ω), (6)ãäå ◦

W
(1)
2 (Ω) � ïðîñòðàíñòâî Ñîáîëåâà ñ íîðìîé

‖u‖1,2 = ‖u‖ ◦

W
(1)
2 (Ω)

=




∫

Ω

(
|u|2 + |∇u|2

)
dx




1/2

.Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (3)�(5). Òîãäà çàäà÷à (1), (2) èìååòõîòÿ áû îäíî îáîáùåííîå ðåøåíèå.Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðîâîäèòñÿ õîðîøî èçâåñòíûìè â òåîðèè ìîíî-òîííûõ îïåðàòîðîâ ìåòîäàìè (ñì., íàïðèìåð, [8, 9℄).Ñ�îðìóëèðóåì ñìåøàííóþ çàäà÷ó äëÿ çàäà÷è (1), (2). Äëÿ ýòîãî ââåäåì â ðàñ-ñìîòðåíèå ïðîñòðàíñòâî H(div, Ω) =
{

j ∈ (L2(Ω))
2

: div j ∈ L2(Ω)
} (ñì., íàïðè-ìåð, [10℄) ñ íîðìîé

‖j‖H(div, Ω) =




∫

Ω

(
|j|2 + | div j|2

)
dx




1/2

.

1Âñþäó â äàëüíåéøåì áóêâîé c , âîçìîæíî ñ èíäåêñàìè, îáîçíà÷àåì ïîëîæèòåëüíûå ïîñòîÿí-íûå, íå çàâèñÿùèå îò äðóãèõ âåëè÷èí, ó÷àñòâóþùèõ â íåðàâåíñòâàõ.



ÑÌÅØÀÍÍÛÉ ÌÅÒÎÄ ÊÎÍÅ×ÍÛÕ ÝËÅÌÅÍÒÎÂ . . . 129Íåòðóäíî âèäåòü, ÷òî åñëè u � îáîáùåííîå ðåøåíèå çàäà÷è (1), (2), j(u) = ∇u ,òî 



∫

Ω

a(x, u, j(u)) · j(v) + a0(x, u, j)v dx =

∫

Ω

fv dx ∀v ∈ L2(Ω),

∫

Ω

j(u) · q dx+

∫

Ω

u div q dx = 0 ∀ q ∈ H(div, Ω).

(7)Ñèñòåìó (7) ïîëîæèì â îñíîâó ðàñøèðåííîé ïîñòàíîâêè çàäà÷è (1), (2), à èìåí-íî, áóäåì ðàçûñêèâàòü ïàðó �óíêöèé (u, j) ∈ X = L2(Ω) × (L2(Ω))
2 , óäîâëåòâîðÿ-þùèõ èíòåãðàëüíûì òîæäåñòâàì (7). Â ñèëó òîãî ÷òî ëþáîå îáîáù¼ííîå ðåøåíèåçàäà÷è (1), (2) ïîðîæäàåò ðåøåíèå çàäà÷è (7), èìååò ìåñòîÒåîðåìà 2. Ïðè ëþáîé �óíêöèè f ∈ L2(Ω) ðåøåíèå çàäà÷è (7) ñóùåñòâóåò.Â ñëó÷àå íåîäíîðîäíûõ ãðàíè÷íûõ óñëîâèé, êîãäà u(x) = g(x), x ∈ Γ , ñìåøàí-íàÿ ïîñòàíîâêà èìååò âèä:





∫

Ω

a(x, u, j(u)) · j(v) + a0(x, u, j)v dx =

∫

Ω

fv dx ∀v ∈ L2(Ω),

∫

Ω

j(u) · q dx+

∫

Ω

u div q dx =

∫

Γ

uq · ν dx ∀q ∈ H(div, Ω),

(8)ãäå ν � âíåøíÿÿ íîðìàëü ê ãðàíèöå Γ .2. Äèñêðåòèçàöèÿ ñìåøàííîé çàäà÷èÇäåñü �îðìóëèðóåòñÿ äèñêðåòíàÿ ñìåøàííàÿ çàäà÷à, äëÿ êîòîðîé äîêàçàíà ñëà-áàÿ ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé ê íåêîòîðîìó òî÷íîìó ðåøåíèþ è ñèëüíàÿñõîäèìîñòü ïîòîêîâ.Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî îáëàñòü Ω � ìíîãîóãîëüíèê. ×åðåç Tháóäåì îáîçíà÷àòü ïðàâèëüíóþ ðåãóëÿðíóþ òðèàíãóëÿöèþ (ñì., íàïðèìåð, [11℄) îá-ëàñòè Ω . Ïðè ïîñòðîåíèè ñìåøàííîé ñõåìû êîíå÷íûõ ýëåìåíòîâ áóäåì èñïîëüçî-âàòü ïðîñòðàíñòâî Pk(K) ïîëèíîìîâ ñòåïåíè k ≥ 1 ïî ñîâîêóïíîñòè ïåðåìåííûõè ïðîñòðàíñòâî ïîëèíîìîâ �àâüÿðà �Òîìà (ñì., íàïðèìåð, [12℄)
RTk(K) = (Pk(K))2 ⊕ xPk(K), x = (x1, x2).Ïîÿñíèì, ÷òî ýëåìåíò v ∈ RTk(K) åñòü âåêòîð-�óíêöèÿ âèäà

v =

[
v1

v2

]
=

[
p1 + p3x1

p2 + p3x2

]
,ãäå pi ∈ Pk(K), i = 1, 2, 3 .Áóäåì èñïîëüçîâàòü òàêæå êîíå÷íîýëåìåíòíûå ïðîñòðàíñòâà (ñì., íàïðè-ìåð, [12℄)

Nh = {qh ∈ H(div, Ω); q|K ∈ RTk(K) ∀K ∈ Th} ,

Mh = {vh ∈ Lp(Ω); vh|K ∈ Pk(K) ∀K ∈ Th} ,

Xh = Mh × Nh.

(9)
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(uh, jh) ∈ Xh òàêèõ, ÷òî

∫

Ω

(a(x, uh, jh(uh)) · jh(vh) + a0(x, uh, jh(uh))vh) dx =

∫

Ω

fvh dx ∀vh ∈ Mh, (10)ãäå �óíêöèÿ jh(uh) ∈ Nh îïðåäåëÿåòñÿ ïî uh ∈ Mh êàê ðåøåíèå óðàâíåíèÿ
∫

Ω

jh(uh) · qh dx +

∫

Ω

uh div qh dx = 0 ∀qh ∈ Nh. (11)2.1. Èññëåäîâàíèå ïðèáëèæåííîãî ìåòîäà. Â äàëüíåéøåì áóäóò ñóùå-ñòâåííî èñïîëüçîâàíû ñëåäóþùèå ëåììû.Ëåììà 1 (Ñì., íàïðèìåð, [1, 2℄). Ñóùåñòâóåò íå çàâèñÿùàÿ îò h ïîëî-æèòåëüíàÿ ïîñòîÿííàÿ c òàêàÿ, ÷òî äëÿ ëþáîé �óíêöèè vh ∈ Mh

sup
qh∈Nh

∫

Ω

vh div qh dx

‖qh‖H(div,Ω)
≥ c‖vh‖L2(Ω). (12)Ëåììà 2. Ñóùåñòâóåò ïîëîæèòåëüíàÿ ïîñòîÿííàÿ c òàêàÿ, ÷òî

∫

Ω

u2
h dx ≤ c

∫

Ω

|jh(uh)|2 dx ∀uh ∈ Mh, (13)ãäå jh(uh) îïðåäåëÿåòñÿ êàê ðåøåíèå óðàâíåíèÿ (11).Äîêàçàòåëüñòâî ëåììû 2 íåïîñðåäñòâåííî âûòåêàåò èç îïðåäåëåíèÿ jh(uh) èëåììû 1.Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (3)�(5). Òîãäà çàäà÷à (10), (11) èìååòïî êðàéíåé ìåðå îäíî ðåøåíèå ïðè ëþáîé ïðàâîé ÷àñòè f ∈ L2(Ω). Äëÿ ëþáîãîðåøåíèÿ çàäà÷è (10), (11) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà
‖jh(uh)‖L2(Ω) ≤ c‖f‖L2(Ω) + c1, (14)ãäå c , c1 � ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿùèå îò h .Äîêàçàòåëüñòâî. Óðàâíåíèå (11) � óðàâíåíèå ñ ïîëîæèòåëüíî îïðåäåëåííîéìàòðèöåé (ìàòðèöåé ìàññ) îòíîñèòåëüíî jh(uh) ïðè çàäàííîì uh . Ïîýòîìó íà óðàâ-íåíèå (10) ìîæíî ñìîòðåòü êàê íà óðàâíåíèå îòíîñèòåëüíî uh . Ïîêàæåì, ÷òî äëÿñîîòâåòñòâóþùåãî åìó îïåðàòîðà âûïîëíåíû óñëîâèÿ òîïîëîãè÷åñêîé ëåììû Áðàó-ýðà (ñì., íàïðèìåð, [9℄). Äëÿ ýòîãî äîñòàòî÷íî óñòàíîâèòü, ÷òî

J(uh) =

∫

Ω

(a(x, uh, jh(uh)) · jh(uh) + a0(x, uh, jh(uh))uh) dx−

∫

Ω

fuh dx ≥ 0, (15)åñëè ‖uh‖L2(Ω) äîñòàòî÷íî âåëèêà. Âñëåäñòâèå óñëîâèÿ (4) è ëåììû 2 èìååì
J(uh) ≥ c1‖jh(uh)‖2

L2(Ω) − c2 meas(Ω) − ‖f‖L2(Ω)‖uh‖L2(Ω) ≥

≥ (c1/c)‖uh‖
2
L2(Ω) − c2 meas(Ω) − ‖f‖L2(Ω)‖uh‖L2(Ω) ≥ 0 (16)ïðè ‖uh‖L2(Ω) ≥ (‖f‖L2(Ω) + (‖f‖L2(Ω) + 4c1c2 meas(Ω)/c)1/2)/2c1, îòêóäà íà îñíî-âàíèè ëåììû Áðàóýðà âûòåêàåò ðàçðåøèìîñòü óðàâíåíèÿ (10) è àïðèîðíàÿ îöåí-êà (14).



ÑÌÅØÀÍÍÛÉ ÌÅÒÎÄ ÊÎÍÅ×ÍÛÕ ÝËÅÌÅÍÒÎÂ . . . 131Ïðè èññëåäîâàíèè ñõîäèìîñòè ìåòîäà áóäåì ñ÷èòàòü, ÷òî êàæäàÿ òðèàíãóëÿöèÿñ ìåíüøèì øàãîì ñòðîèòñÿ ïî èìåþùåéñÿ òðèàíãóëÿöèè ñ áîëüøèì øàãîì ïóò¼ìðàçáèåíèÿ å¼ òðåóãîëüíèêîâ.Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (3)�(5). Òîãäà ñóùåñòâóþò ïîñëåäî-âàòåëüíîñòè ðåøåíèé uh è jh(uh) è íåêîòîðûå �óíêöèè u∗ è j∗ òàêèå, ÷òî
uh ⇀ u∗ , jh(uh) ⇀ j∗ 2 â L2(Ω) , ïðè÷¼ì ïàðà �óíêöèé u∗ , j∗ ÿâëÿåòñÿ òî÷íûìðåøåíèåì çàäà÷è (7).Äîêàçàòåëüñòâî. Ìû èñïîëüçóåì çäåñü îáû÷íûå äëÿ ìåòîäà ìîíîòîííîñòè(ñì. [8, 9℄) ïðèåìû. Â ñèëó ñëàáîé êîìïàêòíîñòè îãðàíè÷åííîãî ìíîæåñòâà â L2(Ω)è îöåíîê (13), (14) ñóùåñòâóþò òàêèå �óíêöèè u∗ ∈ L2(Ω), j∗ ∈ (L2(Ω))2 è ïîäïî-ñëåäîâàòåëüíîñòü uhk

(x) ïîñëåäîâàòåëüíîñòè uh(x) , ÷òî uhk
⇀ u∗ , jhk

(uhk
) ⇀ j∗ .Ïîêàæåì, ÷òî

j∗ = j(u∗). (17)Èç ïðèíÿòîãî ïðåäïîëîæåíèÿ î ñïîñîáå èçìåëü÷åíèÿ òðèàíãóëÿöèé îáëàñòè Ω èçðàâåíñòâà (11) âûòåêàåò, ÷òî ïðè íåêîòîðîì �èêñèðîâàííîì h

∫

Ω

jhk
(uhk

) · qh dx+

∫

Ω

uhk
div qh dx = 0 ∀qh ∈ Nh, hk ≤ h.Óñòðåìëÿÿ â ýòîì ðàâåíñòâå hk ê íóëþ, ïîëó÷èì

∫

Ω

j∗ · qh dx +

∫

Ω

u∗ div qh dx = 0 ∀qh ∈ Nh, hk ≤ h,îòêóäà âñëåäñòâèå ïëîòíîñòè ⋃
Nh â H(div, Ω) âûòåêàåò, ÷òî

∫

Ω

j∗ · q dx+

∫

Ω

u∗ div q dx = 0 ∀q ∈ H(div, Ω), (18)ò. å. j∗ = j(u∗) . Ïîêàæåì òåïåðü, ÷òî ïàðà u∗ è j∗ � ðåøåíèå çàäà÷è (7). Èñïîëüçóÿóñëîâèå ìîíîòîííîñòè (3), ïîëó÷èì
∫

Ω

(a(x, uh, jh(uh)) − a(x, w, j(w))) · (jh(uh) − j(w)) dx +

+

∫

Ω

(a0(x, uh, jh(uh)) − a0(x, w, j(w)))(uh − w) dx ≥ 0 ∀h > 0, w ∈ L2(Ω),îòêóäà ñ ó÷¼òîì ðàâåíñòâà (10) âûòåêàåò, ÷òî
∫

Ω

(fuh − a(x, uh, jh(uh)) · j(w) − a0(x, uh, jh(uh))w−

− a(x, w, j(w)) · (jh(uh) − j(w)) − a0(x, w, j(w))(uh − w)) dx ≥ 0. (19)Â ñèëó àïðèîðíûõ îöåíîê (14), (13) è óñëîâèÿ (5) ñóùåñòâóåò ïîñòîÿííàÿ c òàêàÿ,÷òî
‖ai(x, uh, jh(uh))‖L2(Ω) ≤ c, i = 0, 1, 2,

2Êàê îáû÷íî, ñèìâîë ⇀ îçíà÷àåò ñëàáóþ ñõîäèìîñòü â ñîîòâåòñòâóþùåì ïðîñòðàíñòâå.
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, jhk

(uhk
)) ⇀ bi ïðè hk → 0 , i = 0, 1, 2 . Î÷åâèäíî, ìîæíîñ÷èòàòü, ÷òî uhk

⇀ u∗ , jhk
(uhk

) ⇀ j(u∗) äëÿ ýòîé æå ïîñëåäîâàòåëüíîñòè hk .Ïåðåõîäÿ ê ïðåäåëó â íåðàâåíñòâå (19) ïðè hk → 0 , ïîëó÷èì
∫

Ω

(fu∗ − b · j(w) − b0w − a(x, w, j(w)) · (j∗ − j(w))−

− a0(x, w, j(w))(u∗ − w)) dx ≥ 0. (20)Èñïîëüçóÿ òåïåðü òîæäåñòâî (10) è ðàññóæäàÿ òàê æå, êàê è ïðè ïîëó÷åíèè ðàâåí-ñòâà (17), íåòðóäíî óñòàíîâèòü, ÷òî
∫

Ω

fv dx =

∫

Ω

(b · j(v) + b0v) dx ∀v ∈ L2(Ω), (21)ñëåäîâàòåëüíî,
∫

Ω

((b − a(x, w, j(w))) · (j∗ − j(w)) + (b0 − a0(x, w, j(w)))(u∗ − w)) dx ≥ 0.Ïîëàãàÿ çäåñü w = u∗ − λv , ãäå v � ïðîèçâîëüíàÿ �óíêöèÿ èç L2(Ω) , λ > 0 , èïåðåõîäÿ çàòåì ê ïðåäåëó ïðè λ → 0 , ïîëó÷èì
∫

Ω

((b − a(x, u∗, j∗)) · j(v) + (b0 − a0(x, u∗, j∗))v) dx ≥ 0,îòêóäà âñëåäñòâèå ïðîèçâîëüíîñòè v âûòåêàåò, ÷òî
∫

Ω

((b − a(x, u∗, j∗)) · j(v) + (b0 − a0(x, u∗, j∗))v) dx = 0 ∀v ∈ L2(Ω).Âíîâü èñïîëüçóÿ (21), ïîëó÷èì îòñþäà, ÷òî
∫

Ω

((a(x, u∗, j∗)) · j(v) + a0(x, u∗, j∗)v) dx =

∫

Ω

fv dx ∀v ∈ L2(Ω). (22)Âûïîëíåíèå òîæäåñòâ (18), (22) îçíà÷àåò, ÷òî u∗, j∗ � ðåøåíèå çàäà÷è (7).Çàìåíèì òåïåðü óñëîâèå ìîíîòîííîñòè (3) áîëåå ñèëüíûì óñëîâèåì
|ā(x, p) − ā(x, q)| ≤ c((ā(x, p) − ā(x, q)) · (p − q))1/2 ∀p, q ∈ R3. (23)Óñëîâèå (23) íàçûâàþò, îáû÷íî, óñëîâèåì ïîä÷èíåíèÿ.Ëåììà 3. Ïóñòü âûïîëíåíî óñëîâèå (23). Òîãäà ¾ïîòîê¿ ā(x, u, j(u)) , ïî-ñòðîåííûé ïî ðåøåíèþ çàäà÷è (7), è åãî êîíå÷íîýëåìåíòíàÿ àïïðîêñèìàöèÿ

ā(x, uh, jh(uh)) , ïîñòðîåííàÿ ïî ðåøåíèþ çàäà÷è (10), (11), îïðåäåëÿþòñÿ èñõîä-íûìè äàííûìè çàäà÷è (1), (2) îäíîçíà÷íî.Äîêàçàòåëüñòâî. Ïóñòü u1 , u2 � äâà ðàçëè÷íûõ ðåøåíèÿ çàäà÷è (7),
ā(x, u1, j(u1)), ā(x, u2, j(u2)) � ñîîòâåòñòâóþùèå èì ¾ïîòîêè¿. Èñïîëüçóÿ íåðàâåí-ñòâî ïîä÷èíåíèÿ (23), ïîëó÷èì
‖ā(x, u1, j1(u1)) − ā(x, u2, j2(u2))‖

2
L2(Ω) ≤

≤ c

∫

Ω

[(a(x, u1, j(u1)) − a(x, u2, j(u2))) · (j(u1) − j(u2))+

+(a0(x, u1, j(u1)) − a0(x, u2, j(u2)))(u1 − u2)] dx,



ÑÌÅØÀÍÍÛÉ ÌÅÒÎÄ ÊÎÍÅ×ÍÛÕ ÝËÅÌÅÍÒÎÂ . . . 133íî ïî îïðåäåëåíèþ ðåøåíèé (u1, j(u1)) è (u2, j(u2)) èíòåãðàë â ïðàâîé ÷àñòè ïî-ñëåäíåãî íåðàâåíñòâà ðàâåí íóëþ. Åäèíñòâåííîñòü êîíå÷íîýëåìåíòíîé àïïðîêñè-ìàöèè ïîòîêà, ò. å. ā(x, uh, jh(uh)) , äîêàçûâàåòñÿ àíàëîãè÷íî.Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ (4), (5), (23). Òîãäà ñóùåñòâóåòïîñëåäîâàòåëüíîñòü h → 0 òàêàÿ, ÷òî èìååò ìåñòî ñèëüíàÿ ñõîäèìîñòü
a(x, uh, jh(uh)) → a(x, u, j(u)) â ïðîñòðàíñòâå L2(Ω) .Äîêàçàòåëüñòâî. Âñëåäñòâèå íåðàâåíñòâà (23) è îïðåäåëåíèÿ ïðèáëèæåííîãîðåøåíèÿ (uh, jh(uh) äëÿ ëþáîãî h èìååì
‖a(x, uh, jh(uh)) − a(x, u, j(u))‖2

L2(Ω) ≤

≤ c




∫

Ω

a(x, u, j(u)) · (j(u) − jh(uh)) dx +

∫

Ω

a0(x, u, j(u))(u − uh) dx−

−

∫

Ω

a(x, uh, jh(uh)) · j(u) dx −

∫

Ω

a0(x, uh, jh(uh))u dx +

∫

Ω

fuh dx


 ≡ cI.Âûáèðàÿ òåïåðü ïîñëåäîâàòåëüíîñòü h → 0 òàê, ÷òîáû uh ⇀ u , jh(uh) ⇀ j(u) ,

a(x, uh, jh(uh)) ⇀ a(x, u, j(u)) , ïîëó÷èì, ÷òî
I → −

∫

Ω

a(x, u, j(u)) · j(u) dx −

∫

Ω

a0(x, u, j(u))u dx + (f, u) = 0,ò. å. a(x, uh, jh(uh)) → a(x, u, j(u)) ïðè h → 0 .3. Èòåðàöèîííûé ìåòîä äëÿ çàäà÷è (10), (11)Ââåäåì â ðàññìîòðåíèå êîíå÷íîìåðíûå îïåðàòîðû Ah, Ch è âåêòîð fh , îïðå-äåëÿåìûå ñîîòíîøåíèÿìè1

Ahuh · vh =

∫

Ω

(a(x, uh, jh(uh)) · jh(vh) + a0(x, uh, jh(uh))vh) dx ∀uh, vh ∈ Mh,

Bhuh · vh =

∫

Ω

jh(uh)jh(vh) dx ∀uh, vh ∈ Mh, fh · vh =

∫

Ω

fvh dx ∀ vh ∈ Mh.Äëÿ ðåøåíèÿ çàäà÷è (10), (11) áóäåì èñïîëüçîâàòü èòåðàöèîííûé ìåòîä
Bh

uk+1
h − uk

h

τ
+ Ahuk

h = fh, k = 0, 1, 2, . . . . (24)�åàëèçàöèÿ èòåðàöèîííîãî ìåòîäà (24) ïîäðàçóìåâàåò âû÷èñëåíèå âåêòîðàíåâÿçêè rk
h = Ahuk

h − fh ïî èçâåñòíîìó uk
h ∈ Mh è ðåøåíèå óðàâíåíèÿ

Bhwh = −rk
h (25)îòíîñèòåëüíî ïîïðàâêè wh = (uk+1

h − uk
h)/τ .

1Êàê îáû÷íî èñïîëüçóåì îäèíàêîâûå îáîçíà÷åíèÿ äëÿ �óíêöèè èç ïðîñòðàíñòâà Mh è âåêòîðàåå óçëîâûõ ïàðàìåòðîâ.
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h = rk

h,1 + rk
h,2 , ãäå

rk,1
h · vh =

∫

Ω

(a0(x, uk
h, jh(uk

h)) − f)vh dx ∀ vh ∈ Mh,

rk
h,2 · vh =

∫

Ω

(a(x, uk
h, jh(uk

h)) · jh(vh) dx ∀ vh ∈ Mh.Âû÷èñëåíèå âåêòîðà rk
h,1 ïðè èçâåñòíûõ uk

h, jh(uk
h) ìîæåò áûòü âûïîëíåíî ïðèïîìîùè îáû÷íîãî àëãîðèòìà ñáîðêè. Äëÿ âû÷èñëåíèÿ âåêòîðà rk

h,2 ââåäåì â ðàñ-ñìîòðåíèå �óíêöèþ ak
h ∈ Nh , îïðåäåëÿåìóþ ñîîòíîøåíèåì

∫

Ω

ak
h · qh dx =

∫

Ω

a(x, uk
h, jh(uk

h)) · qh dx ∀qh ∈ Nh. (26)Ïðè èçâåñòíûõ uk
h, jh(uk

h) âû÷èñëåíèå ak
h òàê æå, êàê è âû÷èñëåíèå jh(uk

h)ïî uk
h , ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû óðàâíåíèé ñ ìàòðèöåé �ðàìà (ìàòðèöåé ìàññ),ñîîòâåòñòâóþùåé áàçèñó ïðîñòðàíñòâà Mh . Èñïîëüçóÿ îïðåäåëåíèå ak

h è jh(vh) ,ìîæíî íàïèñàòü
rk
h,2 · vh =

∫

Ω

ak
h · jh(vh) dx = −

∫

Ω

vh div ak
h dx ∀vh ∈ Mh.Òàêèì îáðàçîì, âû÷èñëåíèå âåêòîðà rk

h,2 ïðè èçâåñòíîì ak
h òàêæå ñâåäåíî ê àëãî-ðèòìó ñáîðêè.Êàæäûé øàã èòåðàöèîííîãî ìåòîäà (24) òðåáóåò ðåøåíèÿ äâóõ ñèñòåì ëèíåéíûõàëãåáðàè÷åñêèõ óðàâíåíèé ñ ìàòðèöåé ìàññ, ñîîòâåòñòâóþùåé áàçèñó ïðîñòðàí-ñòâó Nh , è îäíîé ñèñòåìû ñ ñèììåòðè÷íîé ïîëîæèòåëüíî îïðåäåë¼ííîé ìàòðèöåéîïåðàòîðà Bh .Óðàâíåíèå (25), êàê íåòðóäíî âèäåòü, ýêâèâàëåíòíî ñèñòåìå óðàâíåíèé ñ ñåäëî-âîé ìàòðèöåé:

Mhjh +Chwh = 0,

−CT
h jh = rk

h.
(27)Çäåñü Mh , Ch � ìàòðèöû, îïðåäåëåííûå ñîîòíîøåíèÿìè

Mhjh · qh =

∫

Ω

jh · qh dx ∀jh, qh ∈ Nn,

Chvh · qh =

∫

Ω

vh div qh dx ∀vh ∈ Mh, qh ∈ Nn.Ïðÿìûå è èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé ñ ñåäëî-âûìè ìàòðèöàìè äîñòàòî÷íî õîðîøî ðàçðàáîòàíû (ñì., íàïðèìåð, [13�17℄).Èç (27) âèäíî, ÷òî Bh = CT
h M−1

h Ch . Ïîêàæåì, ÷òî âûïîëíåíû íåðàâåíñòâà
c0h

2qh · qh ≤ Mhqh · qh ≤ c1h
2qh · qh äëÿ ëþáûõ qh ∈ Nh, c0, c1 = const > 0 . Äëÿýòîãî ðàññìîòðèì ïðîèçâîëüíûé êîíå÷íûé ýëåìåíò e ∈ Th è áàçèñ {ϕk} ⊂ Nh(e)íà ýòîì êîíå÷íîì ýëåìåíòå. Ïî îïðåäåëåíèþ

Mhqh · qh =

∫

Ω

q2
hdx =

∑

e∈Th

∫

e

q2
hdx = Meqh · qh, (28)
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{∫
e

ϕkϕjdx

}

k,j

� ëîêàëüíàÿ ìàòðèöà ìàññ íà ýëåìåíòå. Äëÿ ïîëó÷åíèÿèñêîìîé îöåíêè ñíèçó èñïîëüçóåì à��èííîå ïðåîáðàçîâàíèå x = F (x̂) = Bx̂ + bêîíå÷íîãî ýëåìåíòà e íà áàçèñíûé êîíå÷íûé ýëåìåíò ê . ßñíî, ÷òî äëÿ à��èííîãîïðåîáðàçîâàíèÿ F ñïðàâåäëèâî ðàâåíñòâî
Meqh · qh = | det(B)|

(
M̂êqh · qh

)
,èç êîòîðîãî, â ñèëó ðåãóëÿðíîñòè òðèàíãóëÿöèè è ñîãëàñíî [11, ñ. 122�126℄, âûòå-êàþò îöåíêè

ĉ0h
2
eqh · qh ≤ ĉh2

e

(
M̂êqh · qh

)
≤ Meqh · qh ≤ Ĉh2

e

(
M̂êqh · qh

)
≤ ĉ1h

2
eqh · qh.Äëÿ ïîëó÷åíèÿ èñêîìûõ îöåíîê Mhqh · qh îñòàëîñü âîñïîëüçîâàòüñÿ ïîñëåäíèìèíåðàâåíñòâàìè è ïðåäñòàâëåíèåì (28).Ïîëîæèì B̃h = h−2CT

h Ch . Ìàòðèöû Bh è B̃h ýíåðãåòè÷åñêè ýêâèâàëåíòíû:
c−1
1 B̃h ≤ Bh ≤ c−1

0 B̃h, (29)ïîýòîìó íàðÿäó ñ èòåðàöèîííûì ïðîöåññîì (24) åñòåñòâåííî ðàññìàòðèâàòü èòåðà-öèîííûé ïðîöåññ
B̃h

uk+1
h − uk

h

τ
+ Ahuk

h = fh, k = 0, 1, 2, . . . . (30)Ïîíÿòíî, ÷òî ðåàëèçàöèÿ èòåðàöèîííîãî ïðîöåññà (30) ñóùåñòâåííî ïðîùå, ÷åìðåàëèçàöèÿ èòåðàöèîííîãî ïðîöåññà (24), òàê êàê âìåñòî ðåøåíèÿ ñèñòåìû (27) ññåäëîâîé ìàòðèöåé çäåñü ïðèõîäèòñÿ ðåøàòü ñèñòåìó ñ ñèììåòðè÷íîé ïîëîæèòåëü-íî îïðåäåëåííîé ëåíòî÷íîé ìàòðèöåé B̃h ìåíüøåé ðàçìåðíîñòè.4. Èññëåäîâàíèå ñõîäèìîñòè èòåðàöèîííîãî ìåòîäàÒåîðåìà 6. Ïóñòü âûïîëíåíî óñëîâèå (4), (23). Òîãäà ñóùåñòâóåò ðåøåíèåçàäà÷è (10), (11), è ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè u0
h , 0 < τ < 2/c1 ïîñëå-äîâàòåëüíîñòü íåâÿçîê èòåðàöèîííîãî ìåòîäà, Ahuk

h − fh , ñòðåìèòñÿ ê íóëþ.Äîêàçàòåëüñòâî. Èç óñëîâèÿ (23) î÷åâèäíûì îáðàçîì âûòåêàþò óñëîâèå ìî-íîòîííîñòè (3) è óñëîâèå Ëèïøèöà
|ā(x, p) − ā(x, q)| ≤ c|p − q| ∀p, q ∈ R3, (31)÷òî îáåñïå÷èâàåò ðàçðåøèìîñòü çàäà÷è (10), (11). Èñïîëüçóÿ äàëåå óñëîâèå (23) èñâîéñòâà îïåðàòîðà Bh , ïîëó÷àåì

|(Ahuh − Ahvh) · wh| ≤ c ((Ahuh − Ahvh) · (uh − vh))
1/2

‖jh(wh)‖.Ïî îïðåäåëåíèþ îïåðàòîðà Bh èìååì ‖jh(wh)‖ = (Bhwh · wh)1/2 = ‖wh‖Bh
, ò. å.ñïðàâåäëèâî íåðàâåíñòâî

|(Ahuh − Ahvh) · wh| ≤ c ((Ahuh − Ahvh) · (uh − vh))
1/2

‖wh‖Bh
. (32)Îòñþäà âñëåäñòâèå òåîðåìû 1, ãë. 5 [18℄ âûòåêàåò, ÷òî

lim
k→∞

(Ahuk
h − Ahuh) · (uk

h − uh) = 0, lim
k→∞

‖Ahuk
h − fh‖Bh

= 0, (33)
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lim

k→∞
‖ā(x, uk

h, jh(uk
h)) − ā(x, uh, jh(uh))‖L2(Ω) = 0. (34)Çàìå÷àíèå 1. Âñëåäñòâèå íåðàâåíñòâ (29) âñå óòâåðæäåíèÿ îòíîñèòåëüíî ñõî-äèìîñòè èòåðàöèîííîãî ìåòîäà (24) ñîõðàíÿþòñÿ (ñ î÷åâèäíîé êîððåêòèðîâêîéóñëîâèé íà ïàðàìåòð τ ) è äëÿ èòåðàöèîííîãî ìåòîäà (30).Ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè uk

h óäàåòñÿ óñòàíîâèòü ïðè áîëåå ñèëüíûõîãðàíè÷åíèÿõ íà ā(x, p) .Òåîðåìà 7. Ïóñòü âûïîëíåíî óñëîâèå (31) è
(ā(x, p) − ā(x, q)) · (p − q) ≥ c0|p − q|2 ∀p, q ∈ R3, (35)ãäå c0 � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Òîãäà çàäà÷à (10), (11) èìååò åäèíñòâåí-íîå ðåøåíèå, uk

h → uh ïðè k → ∞ . Ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñêîðîñòèñõîäèìîñòè èòåðàöèîííîãî ìåòîäà (24):
‖uk+1

h − uh‖Bh
≤ ρ(τ)‖uk

h − uh‖Bh
, (36)ãäå ρ(τ) = (1 − 2τc0 + τ2c2

1)
1/2 < 1 ïðè 0 < τ < 2c0/c2

1 .Äîêàçàòåëüñòâî. Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì íåðàâåíñòâà (32) íåòðóäíîïîëó÷èòü, ÷òî ïðè âûïîëíåíèè óñëîâèé (31), (35) ñïðàâåäëèâû íåðàâåíñòâà Bh -ìîíîòîííîñòè è è Bh -ëèïøèö-íåïðåðûâíîñòè îïåðàòîðà Ah :
(Ahuh − Ahvh) · (uh − vh) ≥ c0‖uh − vh‖

2
Bh

∀uh, vh ∈ Mh, (37)
(Ahuh − Ahvh) · wh ≤ c1‖uh − vh‖Bh

‖wh‖Bh
∀uh, vh, wh ∈ Mh, (38)îòêóäà â ñèëó òåîðåìû 3 ãë. 5 [18℄ íåìåäëåííî âûòåêàåò äîêàçûâàåìîå óòâåðæäåíèå.5. ÏðèìåðÂ êà÷åñòâå ïðèìåðà ïðèìåíåíèÿ ïðåäëàãàåìîé ìåòîäèêè ðàññìîòðèì ïëîñêóþñòàöèîíàðíóþ çàäà÷ó �èëüòðàöèè íåñæèìàåìîé æèäêîñòè, ñëåäóþùåé íåëèíåéíî-ìó çàêîíó �èëüòðàöèè ñ ïðåäåëüíûì ãðàäèåíòîì (ñì. [6, 19℄)

v = −g(|∇u|)|∇u|−1∇u,ãäå v � ïîëå ñêîðîñòåé �èëüòðàöèè, u � ïîëå äàâëåíèé æèäêîñòè. Èçó÷àåòñÿ �èëü-òðàöèÿ â îáëàñòè Ω ⊂ R2 ñ ëèïøèö-íåïðåðûâíîé ãðàíèöåé Γ , íà êîòîðîé äàâëåíèåñ÷èòàåòñÿ ðàâíûì íóëþ, ïðè íàëè÷èè èñòî÷íèêîâ ïëîòíîñòè f(x) .Èíûìè ñëîâàìè, ðåøàåòñÿ êðàåâàÿ çàäà÷à
− div

(
g(|∇u|)

|∇u|
∇u

)
= f(x), x ∈ Ω, (39)

u(x) = 0, x ∈ Γ. (40)Ñ÷èòàåì, ÷òî �óíêöèÿ g , îïðåäåëÿþùàÿ çàêîí �èëüòðàöèè, ïðåäñòàâèìà â âèäå
g(s) =

{
0, s < s0,
g∗(s − s0), s ≥ s0,



ÑÌÅØÀÍÍÛÉ ÌÅÒÎÄ ÊÎÍÅ×ÍÛÕ ÝËÅÌÅÍÒÎÂ . . . 137ãäå s0 ≥ 0 � çàäàííîå ÷èñëî, íàçûâàåìîå ïðåäåëüíûì ãðàäèåíòîì ñäâèãà. Óðàâíå-íèå (39) âûðîæäàåòñÿ ïðè |∇u| ≤ s0 . Îáëàñòè, â êîòîðûõ âûïîëíåíî ýòî óñëîâèåíàçûâàþòñÿ çàñòîéíûìè çîíàìè. Ñêîðîñòü �èëüòðàöèè â ýòèõ çîíàõ îáðàùàåò-ñÿ â íóëü.Îòíîñèòåëüíî �óíêöèè g∗ : [0, +∞) → R1 ïðåäïîëàãàþòñÿ âûïîëíåííûìè óñëî-âèÿ
g∗(0) = 0, g∗(s) > g∗(t) ∀s > t ≥ 0, (41)

∃k > 0, s∗ ≥ 0 : g∗(s∗) ≥ ks∗, g∗(s) − g∗(t) ≥ k(s − t) ∀s ≥ t ≥ s∗, (42)
∃L > 0 : g∗(s) − g∗(t) ≤ L(s − t) ∀s ≥ t ≥ 0. (43)Êàê ïîêàçàíî â [19, 20℄, �óíêöèÿ a(x, p) = (g(|p|/|p|)p, p ∈ R2 , óäîâëåòâîðÿåòóñëîâèÿì (4), (5), (23).Èíòåðåñåí ñëó÷àé, êîãäà â êà÷åñòâå �óíêöèè ïëîòíîñòè èñòî÷íèêîâ f(x) ðàñ-ñìàòðèâàåòñÿ �óíêöèÿ qδ(x) , ãäå δ(x) åñòü δ -�óíêöèÿ, ñîñðåäîòî÷åííàÿ â íà÷à-ëå êîîðäèíàò. Ýòî ñîîòâåòñòâóåò çàäà÷å ñ òî÷å÷íûì èñòî÷íèêîì èíòåíñèâíîñòè q .Ïðåäïîëàãàåòñÿ, ÷òî íà÷àëî êîîðäèíàò ïðèíàäëåæèò Ω .Îïðåäåëèì ïî �óíêöèè g îïåðàòîð G : Rn → Rn :

Gy =

{
g(|y|)|y|−1y, y 6= 0;
0, y = 0.Ïîä îáîáù¼ííûì ðåøåíèåì çàäà÷è (39), (40), ñëåäóÿ [6℄, áóäåì ïîíèìàòü �óíê-öèþ v ∈

◦

W
(1)
1 (Ω) , óäîâëåòâîðÿþùóþ èíòåãðàëüíîìó òîæäåñòâó:

∫

Ω

(G(∇v(x)),∇η(x))dx = qδ(0) ∀η ∈ C∞
0 (Ω). (44)Ñóùåñòâîâàíèå ðåøåíèÿ ýòîé çàäà÷è äîêàçàíî â [6℄ íà îñíîâå ïðåäñòàâëåíèÿ åãî ââèäå v = vr + u , ãäå u � �óíêöèÿ èç W

(1)
2 (Ω) òàêàÿ, ÷òî

∫

Ω

(G(∇(vr + vΓ + u)) − G(∇vr),∇η) dx = 0 ∀η ∈ C∞
0 (Ω),

u(x) = −vr(x) ∀x ∈ Γ,ãäå vr � ðåøåíèå çàäà÷è (44) äëÿ êðóãà Br = {x ∈ Rn : |x| < r} ⊃ Ω . ßâíîåïðåäñòàâëåíèå �óíêöèè vr ñìîòðè, íàïðèìåð, â [21℄.Ñìåøàííàÿ ñõåìà êîíå÷íûõ ýëåìåíòîâ äëÿ çàäà÷è (44) ïðèíèìàåò âèä
Ah(uh) = 0, (45)ãäå îïåðàòîð Ah îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

Ahuh · vh =

∫

Ω

(
G(∇vr + j̃h(uh))) − G(∇vr), jh(vh)

)
dx ∀uh, vh ∈ Mh,

∫

Ω

j̃h(uh) · qh dx+

∫

Ω

uh div qh dx = −

∫

Γ

vrqh · νdx ∀qh ∈ Nh,ãäå ν � âíåøíÿÿ íîðìàëü ê Γ .
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�èñ. 1. �ðàíèöû çàñòîéíûõ çîíÍåòðóäíî ïðîâåðèòü, ÷òî äëÿ îïåðàòîðà Ah âûïîëíåíî óñëîâèå (32), ÷òî îáåñïå-÷èâàåò ñõîäèìîñòü ïîòîêà (ñêîðîñòè �èëüòðàöèè) ïðè ïðèìåíåíèè èòåðàöèîííûõìåòîäîâ (24), (30) äëÿ ðåøåíèÿ óðàâíåíèÿ (45).Âûïîëíåí ðÿä ÷èñëåííûõ ýêñïåðèìåíòîâ ïî îïðåäåëåíèþ ãðàíèö çàñòîéíûõ çîíïðè äåéñòâèè òî÷å÷íîãî èñòî÷íèêà, ðàñïîëîæåííîãî â öåíòðå êâàäðàòíîãî ïëàñòà,ïîäòâåðäèâøèõ ý��åêòèâíîñòü ïðåäëàãàåìûõ èòåðàöèîííûõ ìåòîäîâ. Íà ðèñ. 1 ïî-êàçàíû ãðàíèöû çàñòîéíûõ çîí, ïðèìûêàþùèõ ê óãëîâûì òî÷êàì îáëàñòè. Èí-òåíñèâíîñòü èñòî÷íèêà q = 1 , ïðåäåëüíûé ãðàäèåíò s0 = 1, 7 . Ñòîðîíà êâàäðàòàðàâíà åäèíèöå. Òðèàíãóëÿöèÿ îáëàñòè ñòðîèëàñü ïóòåì ðàçáèåíèÿ ÿ÷ååê ðàâíî-ìåðíîé êâàäðàòíîé ñåòêè øàãà h = 1/80 ïðÿìûìè, ïàðàëëåëüíûìè áèññåêòðèñåïåðâîãî êîîðäèíàòíîãî óãëà. Ïðèìåíÿëèñü ïðîñòåéøèå ýëåìåíòû �àâüÿðà �Òîìàïðè k = 1 . �ðàíèöû çàñòîéíûõ çîí ñòðîèëèñü êàê ëèíèè, îïðåäåëÿåìûå óðàâíåíè-åì |jh(uh)| = s0 .�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå ãðàíòà ÀÍ �Ò.
Summary

M.M. Karchevsky, A.E. Fedotov. Mixed finite element method for quasilinear degenerate

elliptic equations.

The Dirichlet problem for the quasilinear elliptic equations of the second order that admits

nonlinear degeneration is considered. A mixed scheme of the finite element method is pro-

posed. The convergence of the discrete mixed problem solution to the generalized solution is

investigated. In particular, the strong convergence of discrete flux is established. The iterative

methods of the numerical solution of the mixed finite element method schemes are proposed

and investigated. There is an example of the application of the proposed numerical methods

to the nonlinear seepage theory problem.Ëèòåðàòóðà1. Farhloul M. A mixed �nite element method for a nonlinear Diri
hlet problem // IMA. J.Num. Analysis. � 1998. � V. 18. � P. 121�132.2. Farhloul M., Manouzi H. On a mixed �nite elenent nethod for the p-Laplasian // Can.Appl. Math. Quathrly. � V. 8. � No 1. � Spring 2000. � P. 67�78.
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