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AnaHOoTan s

Paccmorpeno nyukrupoBannoe mpocrpancrso Jlobadesckoro A B Mozesm Bembrpamu —
Kanetina. [lonyuena ssuas ¢popMmyna Aas TeHCTBUST MYJIbTUILTUKATUBHON TPYIINBl HEHY/TEBBIX
BENIECTBEHHBIX YUCEJI Ha TPOCTPAHCTBE A, aHAJIOTMYHOTO JEACTBUIO YKA3AHHON I'PYIIIHI TOMO-
TETUAMU HA IyHKTPOBAHHOM €BKJIUIOBOM IIPOCTPAHCTBE.

KuaroueBnlie citoBa: npoctpancTso Jlobadesckoro, momens Benprpavu — Kirefina, myabTu-
TNKATUBHAS TPYIITa HEHYIEBBIX BEIECTBEHHBIX UHCE.

BBenenue

[Iycts E — eBRIMIOBO MPOCTPAHCTBO Pa3MepHOCTH OOJIbINe 1 HAJ TOJIEM BEIECTBEH-
wpix aucen R, B(O,1) — orkpeiteiii map 8 E paguyca 1 ¢ 1nenTpoM B (DUKCUPOBAH-
uoit Touke O. Toukw BHYTpH MIapa W HA €ro rpaHuie OyIeM 3a7aBaTh UX PAJUYCAMU-
BeKTOpamu, Hanpumep, Touka O 3a1aercsa HyJIeBbIM paguycoMm-sekTopom 0. Paccmor-
pum mozenb Beabrpamu —Kueiina npocrpancrsa Jlo6agesckoro [1-3]. B sroit Mmoxenu
Ja-rouka ectb Touka B A = B(O,1), a-upamag ectb xopaa B A, a paccrogHue Mexy
JI-TOYKAMHU, 3QJAHHBIMH CBOMMH DaIuyCaMu-BeKTOpaMu T, Yy € A OTHOCHTENBHO
Touku O, BBIUUCIETCS 110 HOpMyJIe

p(x,y) = k Arch Ll CY) (1)

rae k — MOJOKWTENbHAS KOHCTAHTA, (T,Y) — CKATAPHOE MPOU3BEIECHUE DATAYCOB-BEK-
TOPOB T, y U 2° — CKaIAPHbIH KBaJpaT paJmyca-BekTopa z [3, c. 5.

IIycts A € R, p, * € A. Oupenmenum T0UKy Ap(r) € A ¢ DOMOIIBIO CIIELYIOMNX
Tpex ycaosuit [4-6].

L p(p, A\p(2)) = [A|p(p, z).

2. Ilpu = # p, A > 0 Touku x, A\p(z) mexar ma g-mpamoit P(p,z), mpoxozsimeit
4epes TOYKH P, T, MO OJHY CTOPOHY OT TOYKH P.

3. Ipu = # p, A < 0 Toukm x, \p(r) mexkar ma n-mpamoii P(p,x) mo pasHble
CTOPOHBI OT TOYKH P .

Orobpazkenne

L= )\p(x)v

rae A mpoberaer MHOXKECTBO BCEX HEHYEBBIX BEIECTBEHHDBIX UHCENI, ONPEaeIdeT aeii-
CTBUE MyJIbTHHJIHKaTHBHOfI TPYHOIIbI HEHYJIEBBIX BCHICCTBECHHBIX YNCEJI Ha IMTYHKTUPOBAH-
HOM npocTpancTse Jlobagesckoro (Touka p € A dukcuposana).
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Herpynuo nposeputs, 910 mpu A # 1 TOUKa A,(x) HEIHT OPHEHTHPOBAHHLIN JI-OT-
pe30K [p, x| ¢ HaYAIOM B TOYKE p M KOHIIOM B TOYKe ¥ B orTHomenun A: (1 —X) [5, 6].
OrMeTnM TakzKe CJIeIYIONHE JIeMEHTAPHBIE CBOHCTBA OTOOPAXKEHHA Ay .

A. Hnst Beex p, z, y € X, A, u € R umeror MecTo paBeHCTBA

Ae(y) = (L= A)y(@), pAp(x), pp()) = |X — plp(p, ).

B. Hua seex z, y € X, A € R\{—-1}, u € R umeer mecro paBeHcTBO

pa(y) = (1 + Ap —1))=(y),

2= (ﬁ) )

JICJIUT OPUEHTUPOBAHHBIA J-0TPe30K [x,y] B ornomenun A [5], [6, c. 79].

Hamomunwm, uto B Mojiesin Benbrpamu — KiieitHa mpou3BoibHOE JIBUYKEHUE €CTh OTpa-
HUYEHUE HA OTKPBITHIA Mmap A TPOEKTUBHOTO MpPeoOPA30BAHNS €BKJIUIOBA MPOCTPAH-
crBa, coxpangomero A [3, ¢. 7]. 910 aBuxkenue [ MOXKHO NIPEJCTABUTH B BUJIE

f:gaoUv

e TO4YKa

rae U — oproroHaabHOe Npeofpa3soBaHue eBKINI0BA MIPOCTPAHCTBA E ¢ (DUKCUPOBAHHOM
Toukoii O, cy:keHHOe Ha map A, a g, — napajjaeabHbIil Ieperoc B moaenu benprpamu —
Kneiira w3 Toukm O BIOAb HATPABIEHHOTO J-OTPE3KA, ONMPEAETEHHOTO BEKTOPOM
rakoro, 9to 0 < |a| <1 [3, c. 7].

TTapaJiiebHBIA TIEPEHOC g, MOYKHO MPEJICTABUThL B BUe [3, c. 23, 24]

((a,7) + a?®)a + (a*r — (a,x)a)V1 — a2
a?(1+ (a,z)) '

Ya : A— Aa ga(x) -

IMapannenbHbIi TEPEHOC UCMIOMB3YETCA, HAIPAMED, B CHENUAILHON T€OPHN OTHOCHTEIb-
HOCTH JIJI1 HHTEPIPETANH 3aKOHA IIPEOOPa30BaAHUA CKOPOCTH YACTUIBI MIH 3aKOHA CJIO-
JKenus ckopocreii [7], [8, ¢. 10-12]. D10 npeobpazoBanue MOXKHO [IPECTABUTL U B TAKO¥
dbopwme [4], [9, c. 44]

9a(2) = (=1)(3) (@ © (=Do(2).

2

XopoI1o U3BECTHO, YTO B €BKJIMIOBOM POCTPAHCTBE TPYIINA BCEX JIBUKEHUN sIBJISETCA
COOCTBEHHOH MOATPYIIIOH IPYIIIBI BCeX MOa00uil, a B mpocTpaHcTse JI06a4eBCKOro 3tu
IPYNIbI COBIAMAOT. Ho rpymmy Bcex ABUMKEHHUI MPOCTPAHCTBA JI0OATEBCKOTO MOXKHO
pacIMpuTh, 00pa30BaB KOHEYHBIe KOMMO3WINN JBWKEHWH € MPeoOpa3oBAHUAME N,
Korja Touka p npoberaer A u A > 0. [omyunrcs croxkHas W HEAOCTATOYHO W3y YeHHAA
rpymnna npeobpazopanuii. fIcHO, 9TO AT W3yYeHUsT ITON IPYNIBI XKETATETHHO UMETh
ABHOE TIPEJICTaBIeHNE TTPEOOPAZOBAHUT \p .

1. OcwHoBHoii pe3yabTar

flBHOE HpecTaBieHe IPeodpa30oBaHus \, yKa3aHo B jemMe 2 u3 [6, c. 84| B Gomee
obrmem cayuae reomerpun I'mibbepra [5]. Tam ke qokaszano [6, c. 84], 4ro 310 mpeod-
pazoBanmue ymenbinaer paccroguus npu 0 < A < 1 wu, ciaemoBaresbHO, YBEIUINBAET
paccroguuga npu A > 1. Ho npeobpasoBanme ), ympocTurb B ciaydae reomerpun Jlo-
6avIeBCKOTO JOCTATOYHO CJIOYKHO. EIte ofnH cmocod HAXOXKIeHns TPpeo0pa30BaAHTA A,
COCTOUT B UCIOIL30BAHUM HpencTasienus [9, c. 25]

)\p = gp0>\() Og,p
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€ Y4€TOM TOTO, UTO
Ao(x) = zcthbth(\D),

rie b = p(0,z)/k, x € A [5], [6, c. 86]. Takoii crocob NPUBOAUT K OUEHb DOJBITAM
BBIUNCJIEHUSIM U HETPUBHUAJbHBIM TpeodpaszoBanusiMm. B momenn Bembrpavu— Kieitna
HoJtee TPOCTOH €MTOCOO HAXOXKIEHUsT MPeoOPa30OBAHNSA ), peann30BaH HAMW B CJIEIyFO-
el TeopeMe.

Teopema. Ilycmv A € R, p, x € A. Tozda umeem mecmo caedyrwuwasn Gopmyra
M) = pchash((1 — A)e) + xchbsh(Ae)
PY chash((1 — A)c) + chbsh(Ae)
2de a = p(0,p)/k, b= p(0,3)/k, c= p(p,)/k.

HokasaresbcTBo. 113 onpenenenns TOUKE A, (%) CIEAYET, ITO €€ PALLyC-BEKTOD
MOX?KHO UCKaTh B BUJIe

Ap(z) = p+ p(z = p),
rae i € R. IloacraBum mpaBylo 9acTh 3TOTO PABEHCTBA B YCIOBHE 1 W MCTIOTL3YyeM
dopmyay (1) ans paccrosuus. Toraa noayduM Caeayomee ypaBHeHUe OTHOCUTEIHHO i

1—(p.p+ p(z—p))
V1=p2/1—(p+p(x —p))?

BosBemg obe wacTm B KBaJpaT M HCIOIB3YsS OCHOBHOE THIIEPOOTUTIECKOE TOXKIECTBO,
[OJTY THM

((p, x—p)*+ch®(Ae) (1—p?) (—p)?) > +20(1=p?) (p, z—p) sh® (Ac) — (1—p?)? sh*(Ac) = 0.

Haiinem KOpHM 3TOr0 KBaJIPATHOTO YpABHEHUS:

= ch(Xc).

—(1 = p?)(p,z — p)sh*(\e) £ VA
(p,x —p)2 + ch®*(A\e)(1 — p2)(z — p)?’

rae A = (1—-p2)2(p, 2—p)? sh*(\e)+((p, z—p)2+ch?(Ae) (1—p?) (z—p)?) (1—p?)? sh?(Ae).
Hcnonb3yst OCHOBHOE THMEPOOIMIECKOe TOXKIECTBO, YIIPOCTHM YHUCTATENh

(1 = p*)sh(|A|e)(—(p,z — p) sh(|Ale) £ ch(Ae)\/(p, z — p)? + (1 — p?)(z — p)?).

Temeps HETPYAHO YIPOCTATH POPMYIY st KOPHEH

H1,2 =

. (1= p)sh(e) )
’ (p,x — p)sh(|A|c) £ ch(Ae)\/(p, x — p)2 + (1 — p?)(z — p)?
B (1= p?)sh(Ao) )
(1—p* = (1= (p.2)))sh(|A|e) £ ch(Ae)y/(1 = (p,2))% + (1 — p?)(1 — 2?)
ch™2 ash(|\|c) _
(ch™?a —ch ™t ach™ bche)sh(|M|e) + ch(Ae) Veh2ach ?beh?c+ch 2ach 2b
B chbsh(|\|e) B
~ chbsh(]Ac) + cha(—chesh(|A|e) & ch(Ac)she)
chbsh(|Ac)
= chbsh([Me) + chash((£1 — [A))e)’

(2)
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Eciu A =1, 10 =1 u B 310M cinydae B (popmysie (2) H0KeH ObITh BEPXHUIl 3HAK.
Ecmm A= —-1up=0,10 p = -1, a =0, c =10 u s dopmyune (2) neobxoaumo
UCIOAB30BATh HUKHUI 3HaK. Tenepb HeTPYAHO HOHATH, 4TO B bopMmyse (2) BepxHuil
3HAK JOJI¥KeH ObITh pu A > 0, a HuxkaMii 31aK — npu A < 0. CremoBaTeabHO, Oy IUM
bopmyy

chbsh(\c)
~ chbsh(Ac) +chash((1— M)e)’

Takum obpazom, TeopemMa JT0Ka3aHa. O

o

W3 Teopembl ciemyer m3BecTHAsA QOPMYIIa I/ CEPEIUHBI T-OTPE3KA ¢ KOHIAMA P,
reA

(1) () pcha+achb  pV1—22 +2./1—p?

—_— xTr) = = 5

2/, cha+chb VI—a24+/1-p?

rae a = p(0,p)/k, b= p(0,2)/k [3, 5, 6]. D1y DopMyIy MOKHO IPUMEHUTD, HALIPUMED,
JT HAXOXKJICHUA PAJAYCAa-BEKTOPA T TOYKHU MEPECeUCHNs TPEX MEIMAH TPEyTOJbHUKA
4Yepes palnyChl-BEKTOPBI BEPIIUH TPEYroJbHUKA P, & u y [3, ¢. 13]

_ pch(p(0,p)/k) + ach (p(0,x)/k) +ych (p(0, y)/k)
ch (p(0,p)/k) + ch (p(0,z)/k) + ch (p(0,y)/k)
Ormvernm, 9ro orobpazkenne 2¢ : B(0O,1) — B(0,1) aBnserca u3oMeTpueil MOIEIN

[Iyankape B mape na momens Bensrpavu — Kieitna npocrpancrsa JIobadeBCckoro B Tom
ke mmape [3, c. 18].

Summary
E.N. Sosov. On the Action of the Multiplicative Group of Nonzero Real Numbers on the
Pointed Lobachevsky Space.

We consider the pointed Lobachevsky space A. In terms of the Beltrami—Klein model, we
obtain an explicit expression for the action of the multiplicative group of nonzero real numbers
on the space A. This action is analogous to that of this group on the pointed Euclidean space.

Key words: Lobachevsky space, Beltrami—Klein model, multiplicative group of nonzero
real numbers.
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