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ÓÄÊ 515.124.4Î ÄÅÉÑÒÂÈÈ ÌÓËÜÒÈÏËÈÊÀÒÈÂÍÎÉ��ÓÏÏÛ ÍÅÍÓËÅÂÛÕ ÂÅÙÅÑÒÂÅÍÍÛÕ ×ÈÑÅËÍÀ ÏÓÍÊÒÈ�ÎÂÀÍÍÎÌ Ï�ÎÑÒ�ÀÍÑÒÂÅËÎÁÀ×ÅÂÑÊÎ�ÎÅ.Í. ÑîñîâÀííîòàöèÿ�àññìîòðåíî ïóíêòèðîâàííîå ïðîñòðàíñòâî Ëîáà÷åâñêîãî Λ â ìîäåëè Áåëüòðàìè �Êëåéíà. Ïîëó÷åíà ÿâíàÿ �îðìóëà äëÿ äåéñòâèÿ ìóëüòèïëèêàòèâíîé ãðóïïû íåíóëåâûõâåùåñòâåííûõ ÷èñåë íà ïðîñòðàíñòâå Λ , àíàëîãè÷íîãî äåéñòâèþ óêàçàííîé ãðóïïû ãîìî-òåòèÿìè íà ïóíêòðîâàííîì åâêëèäîâîì ïðîñòðàíñòâå.Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâî Ëîáà÷åâñêîãî, ìîäåëü Áåëüòðàìè�Êëåéíà, ìóëüòè-ïëèêàòèâíàÿ ãðóïïà íåíóëåâûõ âåùåñòâåííûõ ÷èñåë.ÂâåäåíèåÏóñòü E � åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè áîëüøå 1 íàä ïîëåì âåùåñòâåí-íûõ ÷èñåë R , B(O, 1) � îòêðûòûé øàð â E ðàäèóñà 1 ñ öåíòðîì â �èêñèðîâàí-íîé òî÷êå O . Òî÷êè âíóòðè øàðà è íà åãî ãðàíèöå áóäåì çàäàâàòü èõ ðàäèóñàìè-âåêòîðàìè, íàïðèìåð, òî÷êà O çàäàåòñÿ íóëåâûì ðàäèóñîì-âåêòîðîì 0 . �àññìîò-ðèì ìîäåëü Áåëüòðàìè �Êëåéíà ïðîñòðàíñòâà Ëîáà÷åâñêîãî [1�3℄. Â ýòîé ìîäåëèë-òî÷êà åñòü òî÷êà â Λ = B(O, 1) , ë-ïðÿìàÿ åñòü õîðäà â Λ , à ðàññòîÿíèå ìåæäóë-òî÷êàìè, çàäàííûìè ñâîèìè ðàäèóñàìè-âåêòîðàìè x , y ∈ Λ îòíîñèòåëüíîòî÷êè O , âû÷èñëÿåòñÿ ïî �îðìóëå

ρ(x, y) = k Arch
1 − (x, y)√

1 − x2
√

1 − y2
, (1)ãäå k � ïîëîæèòåëüíàÿ êîíñòàíòà, (x, y) � ñêàëÿðíîå ïðîèçâåäåíèå ðàäèóñîâ-âåê-òîðîâ x , y è x2 � ñêàëÿðíûé êâàäðàò ðàäèóñà-âåêòîðà x [3, . 5℄.Ïóñòü λ ∈ R , p , x ∈ Λ . Îïðåäåëèì òî÷êó λp(x) ∈ Λ ñ ïîìîùüþ ñëåäóþùèõòðåõ óñëîâèé [4�6℄.

1. ρ(p, λp(x)) = |λ|ρ(p, x) .
2. Ïðè x 6= p , λ > 0 òî÷êè x , λp(x) ëåæàò íà ë-ïðÿìîé P (p, x) , ïðîõîäÿùåé÷åðåç òî÷êè p , x , ïî îäíó ñòîðîíó îò òî÷êè p .
3. Ïðè x 6= p , λ < 0 òî÷êè x , λp(x) ëåæàò íà ë-ïðÿìîé P (p, x) ïî ðàçíûåñòîðîíû îò òî÷êè p .Îòîáðàæåíèå

x 7→ λp(x),ãäå λ ïðîáåãàåò ìíîæåñòâî âñåõ íåíóëåâûõ âåùåñòâåííûõ ÷èñåë, îïðåäåëÿåò äåé-ñòâèå ìóëüòèïëèêàòèâíîé ãðóïïû íåíóëåâûõ âåùåñòâåííûõ ÷èñåë íà ïóíêòèðîâàí-íîì ïðîñòðàíñòâå Ëîáà÷åâñêîãî (òî÷êà p ∈ Λ �èêñèðîâàíà).



Î ÄÅÉÑÒÂÈÈ ÌÓËÜÒÈÏËÈÊÀÒÈÂÍÎÉ ��ÓÏÏÛ. . . 157Íåòðóäíî ïðîâåðèòü, ÷òî ïðè λ 6= 1 òî÷êà λp(x) äåëèò îðèåíòèðîâàííûé ë-îò-ðåçîê [p, x] ñ íà÷àëîì â òî÷êå p è êîíöîì â òî÷êå x â îòíîøåíèè λ : (1− λ) [5, 6℄.Îòìåòèì òàêæå ñëåäóþùèå ýëåìåíòàðíûå ñâîéñòâà îòîáðàæåíèÿ λp .
A. Äëÿ âñåõ p , x , y ∈ X , λ , µ ∈ R èìåþò ìåñòî ðàâåíñòâà

λx(y) = (1 − λ)y(x), ρ(λp(x), µp(x)) = |λ − µ|ρ(p, x).

B. Äëÿ âñåõ x , y ∈ X , λ ∈ R\{−1} , µ ∈ R èìååò ìåñòî ðàâåíñòâî
µx(y) = (µ + λ(µ − 1))z(y),ãäå òî÷êà

z =

(

λ

λ + 1

)

x

(y)äåëèò îðèåíòèðîâàííûé ë-îòðåçîê [x, y] â îòíîøåíèè λ [5℄, [6, . 79℄.Íàïîìíèì, ÷òî â ìîäåëè Áåëüòðàìè �Êëåéíà ïðîèçâîëüíîå äâèæåíèå åñòü îãðà-íè÷åíèå íà îòêðûòûé øàð Λ ïðîåêòèâíîãî ïðåîáðàçîâàíèÿ åâêëèäîâà ïðîñòðàí-ñòâà, ñîõðàíÿþùåãî Λ [3, . 7℄. Ýòî äâèæåíèå f ìîæíî ïðåäñòàâèòü â âèäå
f = ga ◦ U,ãäå U � îðòîãîíàëüíîå ïðåîáðàçîâàíèå åâêëèäîâà ïðîñòðàíñòâà E ñ �èêñèðîâàííîéòî÷êîé O , ñóæåííîå íà øàð Λ , à ga � ïàðàëëåëüíûé ïåðåíîñ â ìîäåëè Áåëüòðàìè �Êëåéíà èç òî÷êè O âäîëü íàïðàâëåííîãî ë-îòðåçêà, îïðåäåëåííîãî âåêòîðîì a ,òàêîãî, ÷òî 0 ≤ |a| < 1 [3, . 7℄.Ïàðàëëåëüíûé ïåðåíîñ ga ìîæíî ïðåäñòàâèòü â âèäå [3, . 23, 24℄

ga : Λ → Λ, ga(x) =
((a, x) + a2)a + (a2x − (a, x)a)

√
1 − a2

a2(1 + (a, x))
.Ïàðàëëåëüíûé ïåðåíîñ èñïîëüçóåòñÿ, íàïðèìåð, â ñïåöèàëüíîé òåîðèè îòíîñèòåëü-íîñòè äëÿ èíòåðïðåòàöèè çàêîíà ïðåîáðàçîâàíèÿ ñêîðîñòè ÷àñòèöû èëè çàêîíà ñëî-æåíèÿ ñêîðîñòåé [7℄, [8, . 10�12℄. Ýòî ïðåîáðàçîâàíèå ìîæíî ïðåäñòàâèòü è â òàêîé�îðìå [4℄, [9, . 44℄

ga(x) = (−1)( 1

2 )0
(a) ◦ (−1)0(x).Õîðîøî èçâåñòíî, ÷òî â åâêëèäîâîì ïðîñòðàíñòâå ãðóïïà âñåõ äâèæåíèé ÿâëÿåòñÿñîáñòâåííîé ïîäãðóïïîé ãðóïïû âñåõ ïîäîáèé, à â ïðîñòðàíñòâå Ëîáà÷åâñêîãî ýòèãðóïïû ñîâïàäàþò. Íî ãðóïïó âñåõ äâèæåíèé ïðîñòðàíñòâà Ëîáà÷åâñêîãî ìîæíîðàñøèðèòü, îáðàçîâàâ êîíå÷íûå êîìïîçèöèè äâèæåíèé ñ ïðåîáðàçîâàíèÿìè λp ,êîãäà òî÷êà p ïðîáåãàåò Λ è λ > 0 . Ïîëó÷èòñÿ ñëîæíàÿ è íåäîñòàòî÷íî èçó÷åííàÿãðóïïà ïðåîáðàçîâàíèé. ßñíî, ÷òî äëÿ èçó÷åíèÿ ýòîé ãðóïïû æåëàòåëüíî èìåòüÿâíîå ïðåäñòàâëåíèå ïðåîáðàçîâàíèÿ λp .1. Îñíîâíîé ðåçóëüòàòßâíîå ïðåäñòàâëåíèå ïðåîáðàçîâàíèÿ λp óêàçàíî â ëåììå 2 èç [6, . 84℄ â áîëååîáùåì ñëó÷àå ãåîìåòðèè �èëüáåðòà [5℄. Òàì æå äîêàçàíî [6, . 84℄, ÷òî ýòî ïðåîá-ðàçîâàíèå óìåíüøàåò ðàññòîÿíèÿ ïðè 0 < λ < 1 è, ñëåäîâàòåëüíî, óâåëè÷èâàåòðàññòîÿíèÿ ïðè λ > 1 . Íî ïðåîáðàçîâàíèå λp óïðîñòèòü â ñëó÷àå ãåîìåòðèè Ëî-áà÷åâñêîãî äîñòàòî÷íî ñëîæíî. Åùå îäèí ñïîñîá íàõîæäåíèÿ ïðåîáðàçîâàíèÿ λpñîñòîèò â èñïîëüçîâàíèè ïðåäñòàâëåíèÿ [9, . 25℄

λp = gp ◦ λ0 ◦ g
−p
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λ0(x) = x cth b th(λb),ãäå b = ρ(0, x)/k , x ∈ Λ [5℄, [6, . 86℄. Òàêîé ñïîñîá ïðèâîäèò ê î÷åíü áîëüøèìâû÷èñëåíèÿì è íåòðèâèàëüíûì ïðåîáðàçîâàíèÿì. Â ìîäåëè Áåëüòðàìè �Êëåéíàáîëåå ïðîñòîé ñïîñîá íàõîæäåíèÿ ïðåîáðàçîâàíèÿ λp ðåàëèçîâàí íàìè â ñëåäóþ-ùåé òåîðåìå.Òåîðåìà. Ïóñòü λ ∈ R , p , x ∈ Λ . Òîãäà èìååò ìåñòî ñëåäóþùàÿ �îðìóëà

λp(x) =
p ch a sh((1 − λ)c) + x ch b sh(λc)

cha sh((1 − λ)c) + ch b sh(λc)
,ãäå a = ρ(0, p)/k , b = ρ(0, x)/k , c = ρ(p, x)/k .Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ òî÷êè λp(x) ñëåäóåò, ÷òî åå ðàäèóñ-âåêòîðìîæíî èñêàòü â âèäå

λp(x) = p + µ(x − p),ãäå µ ∈ R . Ïîäñòàâèì ïðàâóþ ÷àñòü ýòîãî ðàâåíñòâà â óñëîâèå 1 è èñïîëüçóåì�îðìóëó (1) äëÿ ðàññòîÿíèÿ. Òîãäà ïîëó÷èì ñëåäóþùåå óðàâíåíèå îòíîñèòåëüíî µ :
1 − (p, p + µ(x − p))

√

1 − p2
√

1 − (p + µ(x − p))2
= ch(λc).Âîçâåäÿ îáå ÷àñòè â êâàäðàò è èñïîëüçóÿ îñíîâíîå ãèïåðáîëè÷åñêîå òîæäåñòâî,ïîëó÷èì

((p, x−p)2+ch2(λc)(1−p2)(x−p)2)µ2+2µ(1−p2)(p, x−p) sh2(λc)−(1−p2)2 sh2(λc) = 0.Íàéäåì êîðíè ýòîãî êâàäðàòíîãî óðàâíåíèÿ:
µ1,2 =

−(1 − p2)(p, x − p) sh2(λc) ±
√

∆

(p, x − p)2 + ch2(λc)(1 − p2)(x − p)2
,ãäå ∆ = (1−p2)2(p, x−p)2 sh4(λc)+((p, x−p)2+ch2(λc)(1−p2)(x−p)2)(1−p2)2 sh2(λc) .Èñïîëüçóÿ îñíîâíîå ãèïåðáîëè÷åñêîå òîæäåñòâî, óïðîñòèì ÷èñëèòåëü

(1 − p2) sh(|λ|c)(−(p, x − p) sh(|λ|c) ± ch(λc)
√

(p, x − p)2 + (1 − p2)(x − p)2).Òåïåðü íåòðóäíî óïðîñòèòü �îðìóëó äëÿ êîðíåé
µ1,2 =

(1 − p2) sh(|λ|c)
(p, x − p) sh(|λ|c) ± ch(λc)

√

(p, x − p)2 + (1 − p2)(x − p)2
=

=
(1 − p2) sh(|λ|c)

(1 − p2 − (1 − (p, x))) sh(|λ|c) ± ch(λc)
√

(1 − (p, x))2 + (1 − p2)(1 − x2)
=

=
ch−2 a sh(|λ|c)

(ch−2 a − ch−1 a ch−1 b ch c) sh(|λ|c) ± ch(λc)
√

ch−2 a ch−2 b ch2 c + ch−2 a ch−2 b
=

=
ch b sh(|λ|c)

ch b sh(|λ|c) + cha(− ch c sh(|λ|c) ± ch(λc) sh c)
=

=
ch b sh(|λ|c)

ch b sh(|λ|c) + cha sh((±1 − |λ|)c) . (2)



Î ÄÅÉÑÒÂÈÈ ÌÓËÜÒÈÏËÈÊÀÒÈÂÍÎÉ ��ÓÏÏÛ. . . 159Åñëè λ = 1 , òî µ = 1 è â ýòîì ñëó÷àå â �îðìóëå (2) äîëæåí áûòü âåðõíèé çíàê.Åñëè λ = −1 è p = 0 , òî µ = −1 , a = 0 , c = b è â �îðìóëå (2) íåîáõîäèìîèñïîëüçîâàòü íèæíèé çíàê. Òåïåðü íåòðóäíî ïîíÿòü, ÷òî â �îðìóëå (2) âåðõíèéçíàê äîëæåí áûòü ïðè λ > 0 , à íèæíèé çíàê � ïðè λ < 0 . Ñëåäîâàòåëüíî, ïîëó÷èì�îðìóëó
µ =

ch b sh(λc)

ch b sh(λc) + cha sh((1 − λ)c)
.Òàêèì îáðàçîì, òåîðåìà äîêàçàíà.Èç òåîðåìû ñëåäóåò èçâåñòíàÿ �îðìóëà äëÿ ñåðåäèíû ë-îòðåçêà  êîíöàìè p ,

x ∈ Λ
(

1

2

)

p

(x) =
p cha + x ch b

ch a + ch b
=

p
√

1 − x2 + x
√

1 − p2

√
1 − x2 +

√

1 − p2
,ãäå a = ρ(0, p)/k , b = ρ(0, x)/k [3, 5, 6℄. Ýòó �îðìóëó ìîæíî ïðèìåíèòü, íàïðèìåð,äëÿ íàõîæäåíèÿ ðàäèóñà-âåêòîðà r òî÷êè ïåðåñå÷åíèÿ òðåõ ìåäèàí òðåóãîëüíèêà÷åðåç ðàäèóñû-âåêòîðû âåðøèí òðåóãîëüíèêà p , x è y [3, . 13℄

r =
p ch (ρ(0, p)/k) + x ch (ρ(0, x)/k) + y ch (ρ(0, y)/k)

ch (ρ(0, p)/k) + ch (ρ(0, x)/k) + ch (ρ(0, y)/k)
.Îòìåòèì, ÷òî îòîáðàæåíèå 20 : B(O, 1) → B(O, 1) ÿâëÿåòñÿ èçîìåòðèåé ìîäåëèÏóàíêàðå â øàðå íà ìîäåëü Áåëüòðàìè �Êëåéíà ïðîñòðàíñòâà Ëîáà÷åâñêîãî â òîìæå øàðå [3, . 18℄. SummaryE.N. Sosov. On the Ation of the Multipliative Group of Nonzero Real Numbers on thePointed Lobahevsky Spae.We onsider the pointed Lobahevsky spae Λ . In terms of the Beltrami�Klein model, weobtain an expliit expression for the ation of the multipliative group of nonzero real numberson the spae Λ . This ation is analogous to that of this group on the pointed Eulidean spae.Key words: Lobahevsky spae, Beltrami�Klein model, multipliative group of nonzeroreal numbers. Ëèòåðàòóðà1. Øèðîêîâ Ï.À. Êðàòêèé î÷åðê îñíîâ ãåîìåòðèè Ëîáà÷åâñêîãî. � Ì.: Íàóêà, 1983. �80 ñ.2. Íóò Þ.Þ. �åîìåòðèÿ Ëîáà÷åâñêîãî â àíàëèòè÷åñêîì èçëîæåíèè. � Ì.: Èçä-âî ÀÍÑÑÑ�, 1961. � 311 ñ.3. Ñîñîâ Å.Í. �åîìåòðèÿ Ëîáà÷åâñêîãî è å¼ ïðèìåíåíèå â ñïåöèàëüíîé òåîðèè îòíîñè-òåëüíîñòè. ×àñòü 1. �åîìåòðèÿ Ëîáà÷åâñêîãî. � Êàçàíü: Êàçàí. óí-ò, 2012. � 38 ñ.4. Ñàáèíèí Ë.Â. Îäóëè êàê íîâûé ïîäõîä ê ãåîìåòðèè ñî ñâÿçíîñòüþ // Äîêë. ÀÍÑÑÑ�. � 1977. � Ò. 233, � 5. � C. 800�803.5. Ñîñîâ Å.Í. Îá îäíîì îäóëå â ãåîìåòðèè �èëüáåðòà // Èçâ. âóçîâ. Ìàòåì. � 1995. �� 5. � C. 78�82.6. Sosov E.N. Geometries of onvex and �nite sets of geodesi spaes. � arXiv:1011.6191v1[math.MG℄. � 2010. � 256 p.7. Ñàáèíèí Ë.Â., Ìèõååâ Ï.Î. Î çàêîíå ñëîæåíèÿ ñêîðîñòåé â ñïåöèàëüíîé òåîðèèîòíîñèòåëüíîñòè // Óñï. ìàòåì. íàóê. � 1993. � Ò. 48, � 5(293). � C. 183�184.
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