
Ó×ÅÍÛÅ ÇÀÏÈÑÊÈ ÊÀÇÀÍÑÊÎ�Î �ÎÑÓÄÀ�ÑÒÂÅÍÍÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÒîì 148, êí. 2 Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè 2006
ÓÄÊ 519.21ÖÅÍÒ�ÀËÜÍÀß Ï�ÅÄÅËÜÍÀß ÒÅÎ�ÅÌÀÄËß ÝÍÄÎÌÎ�ÔÈÇÌÎÂ ÅÂÊËÈÄÎÂÀÏ�ÎÑÒ�ÀÍÑÒÂÀÂ.Ò. ÄóáðîâèíÀííîòàöèÿÏóñòü W � íåâûðîæäåííàÿ öåëî÷èñëåííàÿ ìàòðèöà òàêàÿ, ÷òî |det W | > 1 , f(t) =
= f(t1, . . . , td) � âåùåñòâåííîçíà÷íàÿ, ïåðèîäè÷åñêàÿ ïî êàæäîìó t1, . . . , td �óíêöèÿ, óäî-âëåòâîðÿþùàÿ óñëîâèþ: |f(t) − f(t′)| ≤ A‖t − t′‖ , ãäå A = const , t, t′ ∈ Ωd = {t : 0 ≤ ti ≤
≤ 1, i = 1, . . . , d} . Äëÿ ïîñëåäîâàòåëüíîñòè (f(tW n)) äîêàçàíà öåíòðàëüíàÿ ïðåäåëüíàÿòåîðåìà ñ îñòàòî÷íûì ÷ëåíîì âèäà O

(

1/n1/2−ε
) , ãäå ε � ñêîëü óãîäíî ìàëîå ïîëîæè-òåëüíîå ÷èñëî.�àññìîòðèì ïðåîáðàçîâàíèå T t = {tW} , çàäàâàåìîå ñ ïîìîùüþ íåâûðîæ-äåííîé öåëî÷èñëåííîé ìàòðèöû W , ãäå t ∈ Ωd � d-ìåðíîìó òîðó, {·} �îáîçíà÷åíèå äðîáíîé äîëè. Ïóñòü mes(·) � èíâàðèàíòíàÿ ìåðà íà Ωd , êîòî-ðóþ ìîæíî îòîæäåñòâèòü ñ ìåðîé Ëåáåãà, îïðåäåëåííîé íà ãèïåðêóáå Ωd =

= {t = (t1, . . . , td) : 0 ≤ ti ≤ 1, i = 1, . . . , d} . Óêàçàííîå ïðåîáðàçîâàíèå ÿâëÿåòñÿýíîäîìîð�èçìîì, ñîõðàíÿþùèì ìåðó, è îíî ýðãîäè÷íî òîãäà è òîëüêî òîãäà, êîãäàñðåäè êîðíåé õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà ìàòðèöû W íåò êîðíåé èç åäèíèöû(ñì. [1, 2℄). Â ðàáîòå [1℄ äîêàçàíà ñõîäèìîñòü �óíêöèè ðàñïðåäåëåíèÿ
Fn(x) = mes
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t : t ∈ Ωd,
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√
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dt ; f(t) � âåùåñòâåííîçíà÷íàÿ, ïåðèîäè÷å-ñêàÿ ïî êàæäîìó t1, . . . , td �óíêöèÿ, çàäàííàÿ íà Ωd .Ïåðâîå ïðîäâèæåíèå â íàïðàâëåíèè èññëåäîâàíèÿ ñêîðîñòè ñõîäèìîñòè Fn(x)ê Φ(x) áûëî ñäåëàíî â ðàáîòå [3℄, â êîòîðîé äîêàçàíî, ÷òî åñëè ñóùåñòâóåò ïðåäåë
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∞
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.



ÖÅÍÒ�ÀËÜÍÀß Ï�ÅÄÅËÜÍÀß ÒÅÎ�ÅÌÀ. . . 55Çäåñü è íèæå ε � ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî. Ïðè ýòîì ïðåäïîëàãà-ëîñü, ÷òî T è f(t) óäîâëåòâîðÿþò óñëîâèÿì:1. Äëÿ íåêîòîðîé ïîñòîÿííîé A

|f(t) − f(t′)| ≤ A · ‖t − t′‖, t, t′ ∈ Ωd,ãäå ‖t‖ =

√

d
∑

i=1

t2i .2. Ìàòðèöà W òàêîâà, ÷òî
sup
‖t‖<1

∥

∥tW−1
∥

∥ < 1, | detW | > 1.3. f(t) èíòåãðèðóåìà ïî Ëåáåãó íà Ωd è ∫

Ωd

f(t) dt = 0 .Îñòàâëÿÿ íåèçìåííûìè óñëîâèÿ 1�3, íàêëàäûâàåìûå íà T è f(t) , è ïðèìåíÿÿìåòîä ¾ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé¿ èç ðàáîòû [4℄, ìîæíî ïîëó÷èòü ïðàêòè÷å-ñêè îïòèìàëüíóþ îöåíêó ñêîðîñòè ñõîäèìîñòè â öåíòðàëüíîé ïðåäåëüíîé òåîðåìå.Òåîðåìà. Åñëè â óñëîâèÿõ 1�3 ñóùåñòâóåò ïðåäåë
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n→∞

∞
∫

−∞

x2dFn(x) = σ2,è åñëè 0 < σ2 < ∞ , òî ðàâíîìåðíî îòíîñèòåëüíî x ïðè n → ∞

Fn(x) = Φ(x) + O

(

1

n1/2−ε

)

.Äîêàçàòåëüñòâî. Ïðåæäå âñåãî, äîêàæåì îöåíêè, êîòîðûå ïîíàäîáÿòñÿ â õî-äå äîêàçàòåëüñòâà òåîðåìû.Ïóñòü k = (k1, . . . , kν) � ìóëüòèèíäåêñ; x
k = xk1
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∣

∣

∣
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z=0

.Ëåììà 1. Ïðè �èêñèðîâàííîì ν , 2 ≤ ν < ω (çäåñü è â äàëüíåéøåì ω �äîñòàòî÷íî áîëüøîå âåùåñòâåííîå ÷èñëî) ñïðàâåäëèâà îöåíêà
χν(n) = O(n).Äîêàçàòåëüñòâî. Èçâåñòíî (ñì. [1℄, (1.4)), ÷òî

χν(n) =

n
∑

l=1
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S(ν)(l) =
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∂α
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)
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∣

∣

∣

∣
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, l = (l1, . . . , lν).Îöåíèì S(ν)(l) . Íàáîð (l1, . . . , lν) , 1 ≤ lj ≤ n , íàòóðàëüíûõ ÷èñåë íàçîâåì d-íàáîðîì, åñëè â çàïèñè åãî ÷ëåíîâ â âèäå âàðèàöèîííîãî ðÿäà l∗1 ≤ l∗2 ≤ . . . ≤ l∗νâåðíî íåðàâåíñòâî
2d < max

1≤k≤ν−1

(

l∗k+1 − l∗k
)

≤ 2(d + 1).Ïóñòü ÷èñëà l1, . . . , lν , l1 ≤ l2 ≤ . . . ≤ lν , îáðàçóþò d-íàáîð, è ïóñòü lm+1−
−lm > 2d . �àññìîòðèì àíàëèòè÷åñêóþ â îêðåñòíîñòè U = {α : |α1| , . . . , |αν | ≤ ε0}(çäåñü ε0 � äîñòàòî÷íî ìàëî) �óíêöèþ

ϕ(α) =

∫
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(

ν
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)

dt,êîòîðóþ ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì
ϕ(α) =

∞
∑
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α
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∫

Ωd

ν
∏
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(

tW li
)

dt. (1)×èñëà l1, . . . , lν îáðàçóþò d-íàáîð, ïîýòîìó èç ëåììû 2 ðàáîòû [3℄ ñëåäóåò
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∣
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1 θd,ãäå 0 < θ < 1 , C1 � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ (îáîçíà÷åíèå Ci äëÿïîëîæèòåëüíûõ ïîñòîÿííûõ áóäåì èñïîëüçîâàòü è â äàëüíåéøåì).Äàëåå, ïîâòîðÿÿ äîêàçàòåëüñòâî ëåììû 1 èç [4℄, ïîëó÷èì, ÷òî ïðè ëþáîì d-íàáîðå l
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∣
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1 θd. (2)Î÷åâèäíî, ÷òî ðàçëè÷íûõ d-íàáîðîâ � íå áîëåå ν!n(2(d + 1))ν−1 . Ó÷èòûâàÿ ýòîè ðàçáèâàÿ â ðàâåíñòâå χν(n) =
n
∑

l=1

S(ν)(l) ñóììèðîâàíèå ïî d-íàáîðàì, ïîëó÷èì ñïîìîùüþ (2) îöåíêó
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)

= O(n).Ëåììà 2. Ïðè �èêñèðîâàííîì ν , 1 ≤ ν < ω , ñïðàâåäëèâà îöåíêà
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.



ÖÅÍÒ�ÀËÜÍÀß Ï�ÅÄÅËÜÍÀß ÒÅÎ�ÅÌÀ. . . 57Äîêàçàòåëüñòâî. Ïîâòîðÿÿ äîêàçàòåëüñòâî ëåììû 2 èç ðàáîòû [5℄ è ïðèìå-íÿÿ ïðè ýòîì ðåçóëüòàò ëåììû 2 èç [3℄, ïîëó÷èì îöåíêó
∫

Ωd

(

m
∑

k=1

f
(

tW k
)

)2ν

dt ≤ K2νν!(M + 1)ν
(

1 + θK(M + 1)ν
)

, (3)ãäå 0 < θ < 1 , M = [m/K] , K � ëþáîå öåëîå ÷èñëî èç èíòåðâàëà (1, m/3) . Çäåñüè â äàëüíåéøåì [a] � îáîçíà÷åíèå öåëîé ÷àñòè ÷èñëà a .Äîïóñòèì, ÷òî K =
[

mν/ω
]

+ 1 . Òîãäà θK(M + 1)ν ≤ const , è èç (3) âûòåêàåòóòâåðæäåíèå ëåììû.Ïðèñòóïèì íåïîñðåäñòâåííî ê äîêàçàòåëüñòâó òåîðåìû. Ïóñòü Q è N - ðàñòó-ùèå âìåñòå ñ n íàòóðàëüíûå ÷èñëà, êîòîðûå ìû âûáåðåì ïîçäíåå, p = [n/(Q+N)] ,
ηk =

1√
Q

kQ+(k−1)N
∑

r=(k−1)(Q+N)+1

f (tW r) , 1 ≤ k ≤ p,
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1√
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∑
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∑
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∑
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∑
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r , ζ̂p =

p
∑

r=1

η̂r,ãäå η̂1, . . . , η̂p � âåëè÷èíû, óäîâëåòâîðÿþùèå ñëåäóþùèì ñâîéñòâàì:A. mes
{

t : t ∈ Ωd, η̂k < x
}
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} .B. ∫
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∏
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∣

∣

∣

∣
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∫
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√
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∫
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√
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√
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58 Â.Ò. ÄÓÁ�ÎÂÈÍÈç ëåììû 3 ðàáîòû [3℄ ñëåäóåò
∣

∣

∣
f (1)

p (l) − f (2)
p (l)

∣

∣

∣
≤ C2

√

p

Q
e−C3N . (4)Äàëåå, ïîëîæèì

Pk(−W ) =

k
∑

q=1

(−1)k+2q

q!

∑ λk1
· · ·λkq

k1! · · ·kq!
W k+2q , (5)ãäå âíóòðåííåå ñóììèðîâàíèå âåäåòñÿ ïî k1, . . . , kq ≥ 3 , k1 + · · · + kq = k + 2q ;

λr = χr/σ2(Q) ; χr � r -é ñåìèèíâàðèàíò η1 , òî åñòü
χr =

dr

dzr
ln

∫

Ωd

exp (zη1) dt

∣

∣

∣

∣

∣

∣

∣

z=0

,è ââåäåì �óíêöèþ
Gνp(x) = Φ(x) +

ν
∑

k=1

Pk(−Φ)

pk/2
,ãäå Pk(−Φ) âû÷èñëÿþòñÿ ïî �îðìóëå (5) ñ çàìåíîé W r íà

Φ(r)(x) =
(−1)r−1

√
2π

Hr−1(x)e−x2/2,

Hr(x) � ïîëèíîì ×åáûøåâà �Ýðìèòà, ÷èñëî ν áóäåò îïðåäåëåíî ïîçäíåå.Ïðåîáðàçîâàíèå Ôóðüå �Ñòèëüòüåñà �óíêöèè Gνp(x) èìååò âèä
gνp(l) = e−l2/2

(

1 +

ν
∑

k=1

Pk(il)p−k/2

)

.Òåîðåìà 1 (ï. à) èç � 41 [6℄ äàåò îöåíêó
∣

∣

∣
f (2)

p (l) − gνp(l)
∣

∣

∣
≤ C(ν)

T ν+1
νp

(

|l|ν+3 + |l|3(ν+1)
)

e−t2/4, (6)åñëè
|l| ≤ Tνp =

√
pσ3(Q)

8(ν + 3)ρ
3/(ν+3)
ν+3 (Q)

.Çäåñü C(ν) çàâèñèò òîëüêî îò ν .Ïî òåîðåìå 1 è � 39 [6℄ èìååì
∣

∣

∣
F (1)

p (x) − Gνp(x)
∣

∣

∣
≤ 24

π
· H

T
+

1

π

T
∫

−T

∣

∣

∣

∣

∣

f
(1)
p (l) − gνp(l)

l

∣

∣

∣

∣

∣

dl, (7)ãäå H > 0 � ïîñòîÿííàÿ.Âûáåðåì
T = ε0Q

1
4
−εTνp,



ÖÅÍÒ�ÀËÜÍÀß Ï�ÅÄÅËÜÍÀß ÒÅÎ�ÅÌÀ. . . 59ãäå ε0 > 0 . Îöåíèì èíòåãðàë èç ïðàâîé ÷àñòè (7). Î÷åâèäíî, ÷òî T ≥ Tνp , ïîýòîìó
T
∫

−T

∣

∣

∣

∣

∣

f
(1)
p (l) − gνp(l)

l

∣

∣

∣

∣

∣

dl =

Tνp
∫

−T

+

Tνp
∫

−Tνp

+

T
∫

Tνp

= I1 + I2 + I3.Îöåíèì I2 :
I2 ≤

Tνp
∫

−Tνp

∣

∣

∣

∣

∣

f
(1)
p (l) − f

(2)
p (l)

l

∣

∣

∣

∣

∣

dl +

Tνp
∫

−Tνp

∣

∣

∣

∣

∣

f
(2)
p (l) − gνp(l)

l

∣

∣

∣

∣

∣

dl.Äëÿ îöåíêè ïåðâîãî èíòåãðàëà ïðàâîé ÷àñòè ïðè |l| ≤ n−ω1 , ω1 = w3/4 , èñïîëü-çóåì î÷åâèäíóþ îöåíêó
∣

∣

∣
f (1)

p (l) − f (2)
p (l)

∣

∣

∣
≤ C4l

2,à ïðè n−ω1 < |l| ≤ Tνp � îöåíêó (4), ïðåîáðàçîâàííóþ ñëåäóþùèì îáðàçîì. Ïîëî-æèì â (4) N = n1/ω2 (çäåñü ω2 = ω1/4 ). Ïîñëå ÷åãî îöåíêà (4) ïðèìåò âèä
∣

∣

∣
f (1)

p (l) − f (2)
p (l)

∣

∣

∣
≤ C5

√

p

Q
· 1

nω1
.Òàêèì îáðàçîì,

Tνp
∫

−Tνp

∣

∣

∣

∣

∣

f
(1)
p (l) − f

(2)
p (l)

l

∣

∣

∣

∣

∣

dl = C4

n−ω1
∫

−n−ω1

l dl +

Tνp
∫

n−ω1

C5
√

p
√

Q
ω1|l|

dl+

+

−n−ω1
∫

−Tνp

C5
√

p√
Qnω1 |l| dl = O

(√
plnTνp√
Qnω1

)

. (8)Äëÿ îöåíêè èíòåãðàëà
Tνp
∫

−Tνp

∣

∣

∣

∣

∣

f
(2)
p (l) − gνp(l)

l

∣

∣

∣

∣

∣

dlïðèìåíèì îöåíêó (6):
Tνp
∫

−Tνp

∣

∣

∣

∣

∣

f
(2)
p (l) − gνp(l)

l

∣

∣

∣

∣

∣

dl ≤ C(ν)

T ν+1
νp

∞
∫

−∞

(

|l|ν+2 + |l|3ν+2
)

e−l2/4dl = O

(

1

T ν+1
νp

)

. (9)Èç(8) è (9) ñëåäóåò
I2 = O

(

1

T ν+1
νp

+

√
plnTνp√
Qnω1

)

.Ïåðåéäåì ê îöåíêå èíòåãðàëà I3 .
I3 ≤

T
∫

Tνp

∣

∣

∣

∣

∣

f
(1)
p (l) − f

(2)
p (l)

l

∣

∣

∣

∣

∣

dl +

T
∫

Tνp

∣

∣

∣

∣

∣

f
(2)
p (l)

l

∣

∣

∣

∣

∣

dl +

T
∫

Tνp

∣

∣

∣

∣

gνp(l)

l

∣

∣

∣

∣

dl.



60 Â.Ò. ÄÓÁ�ÎÂÈÍÄåéñòâóÿ òàê æå, êàê è ïðè îöåíêå (8), îöåíèì èíòåãðàë
T
∫

Tνp

∣

∣

∣

∣

∣

f
(1)
p (l) − f

(2)
p (l)

l

∣

∣

∣

∣

∣

dl = O

( √
p√
Q

lnQ

nω1

)

. (10)Äëÿ îöåíêè èíòåãðàëà
T
∫

Tνp

∣

∣

∣

∣

∣

f
(2)
p (l)

l

∣

∣

∣

∣

∣

dlïîíàäîáèòñÿ óòâåðæäåíèå î òîì, ÷òî |fQ(l)| ìåíüøå åäèíèöû ïðè |l| > 0 . Çäåñü
fQ(l) =

∫

Ωd

exp (ilη1) dl.Äîêàæåì ýòî óòâåðæäåíèå. Â [3℄ äîêàçàíî àñèìïòîòè÷åñêîå ñîîòíîøåíèå
Fn(x) = mes

{

t : t ∈ Ωd,
1

σ
√

n

n
∑

k=1

f
(

tW k
)

< x

}

=

= Φ(x) + O

(

1

1 + |x|2 · 1

n1/4−ε

)

. (11)Îáîçíà÷èì
Rn(x) = Fn(x) − Φ(x).Òîãäà

fn(l) =

∞
∫

−∞

eilxdΦ(x/σ) +

∞
∫

−∞

eilxdRn(x/σ),ãäå
fn(l) =

∫

Ωd

exp

(

il√
n

n
∑

k=1

f
(

tW k
)

)

dt.Îòñþäà, ó÷èòûâàÿ òî, ÷òî
Rn(x) = O

(

1

1 + x2
· 1

n1/4−ε

)

,ïîëó÷èì
|fn(l)| ≤ e−l2σ2/2 +

C5|l|
n1/4−ε

∞
∫

−∞

dx

1 + x2
.Ïóñòü σ > 0 . Òîãäà ñóùåñòâóþò ÷èñëà ∆, γ > 0 òàêèå, ÷òî ïðè n >

(

δ

γ

)1/(1/4−ε)áóäåò âåðíà îöåíêà
max

δ≤|l|≤γn1/4−ε
|fn(l)| ≤ 1 − ∆.Òåïåðü äîñòàòî÷íî âçÿòü n = Q , è ïîëó÷èì íóæíóþ íàì îöåíêó äëÿ |fQ(l)| . Ïî-ëó÷åííàÿ îöåíêà ïîçâîëÿåò îöåíèòü èíòåãðàë

T
∫

Tνp

∣

∣

∣

∣

∣

f
(2)
p (l)

l

∣

∣

∣

∣

∣

dl =

T/σ(Q)
√

p
∫

Tνp/σ(Q)
√

p

|fQ(l)|p dl

l
≤ e−C7p ln

(

T

Tνp

)

= O

(

1

p(ν+1)/2

)

. (12)
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∫

Tνp

∣

∣

∣

gνp(l)
l

∣

∣

∣
dl :

T
∫

Tνp

∣

∣

∣

∣

gνp(l)

l

∣

∣

∣

∣

dl ≤
∫ T

Tνp

∣

∣

∣

∣

∣

e−l2/2

(

1 +

ν
∑

k=1

Pk(il)p−k/2

)
∣

∣

∣

∣

∣

dl

l
. (13)Ïðèìåíÿÿ îöåíêó ëåììû 1, íåòðóäíî ïîêàçàòü, ÷òî

Pk(il) = O
(

(C8)
ke3kQ−k/2

)

.Èñïîëüçóÿ ýòó îöåíêó è (13), ïîëó÷èì
T
∫

−Tνp

∣

∣

∣

gνp

l

∣

∣

∣
dl = O

(

1

p(ν+1)/2

)

. (14)Èç (10), (12), (14) ïîëó÷àåòñÿ îêîí÷àòåëüíàÿ îöåíêà äëÿ I3 :
I3 =

T
∫

Tνp

∣

∣

∣

∣

∣

f
(1)
p (l) − gνp(l)

l

∣

∣

∣

∣

∣

dl = O

(

1

p(ν+1)/2

)

.Èíòåãðàë I1 îöåíèâàåòñÿ àíàëîãè÷íî èíòåãðàëó I3 :
I1 =

−Tνp
∫

−T

∣

∣

∣

∣

∣

f
(1)
p (l) − gνp(l)

l

∣

∣

∣

∣

∣

dl = O

(

1

p(ν+1)/2

)

.Ïðîèçâåäÿ îöåíêó èíòåãðàëîâ I1, I2, I3 , ïîëó÷èì
T
∫

−T

∣

∣

∣

∣

∣

f
(1)
p (l) − gνp(l)

l

∣

∣

∣

∣

∣

dl = O

(

1

T ν+1
νp

+

√
p lnTνp√
Qnω1

+
1

p(ν+1)/2

)

.Èç ýòîé îöåíêè è (7) íàõîäèì:
F (1)

p (x) − Gνp(x) = O

(

1

T ν+1
νp

+

√
p lnTνp√
Qnω1

+
1

Q1/4−εTνp
+

1

pν+1/2

)

. (15)Çàìåíèì â (15) F
(1)
p (x) íà �óíêöèþ ðàñïðåäåëåíèÿ

mes

{

t : t ∈ Ωd,
1

σ(Q)
√

pQ

n
∑

k=1

f
(

tW k
)

< x

}

,à âîçíèêàþùóþ ïðè ýòîì ïîãðåøíîñòü îöåíèì òàê æå, êàê â [4℄, èñïîëüçóÿ ïðè ýòîìíåðàâåíñòâî Ìàðêîâà è îöåíêó èç ëåììû 2. �åçóëüòàòîì áóäåò àñèìïòîòè÷åñêîåñîîòíîøåíèå
mes

{

t : t ∈ Ωd,
1

σ(Q)
√

pQ

n
∑

k=1

f
(

tW k
)

< x

}

=

= Gνp(x) + O

(

1

T ν+1
νp

+
1

p(ν+1)/2
+

√
p lnTνp√
Qnω1

+
1

Q1/4−εTνp
+

+
N + 1√

Q
+

(p(N + 1))ν2/ω

(N + 1)ν

)

. (16)



62 Â.Ò. ÄÓÁ�ÎÂÈÍÏîëèíîìû Pk(−Φ) , âõîäÿùèå â Gνp(x) , îöåíèì ñ ïîìîùüþ ëåììû 1:
Pk(−Φ) = O

(

(C9)
k
e−x2/2x3kQ−k/2

)

.Îòñþäà ñëåäóåò
Gνp(x) = Φ(x) + O

(

ν
∑

k=1

(C9)
k
e−x2/2x3kQ−k/2

)

. (17)Äàëåå, âûáåðåì ν =
[

ω1/3
] , p =

[

n(1/2+2ε)/(3/2+2ε)
] , à Q � èç óñëîâèÿ |n−p(Q+

+N)| ≤ p (çàìåòèì, ÷òî ðàíåå ìû âûáðàëè N = n1/ω2 , ãäå ω2 = ω1/4 ).Îöåíèì σ2(Q) . Èç òåîðåìû 18.2.1 [7℄ ñëåäóåò
σ2(Q) =

∫

Ωd

(

1√
Q

Q
∑

k=1

f
(

tW k
)

)2

dt =

= σ2 +
2

Q

Q
∑

k=1

(Q − k)

∫

Ωd

f(t)f
(

tW k
)

dt = σ2 + O

(

1

Q

)

,òàê êàê
Q
∑

k=1

(Q − k)

∫

Ωd

f(t)f
(

tW k
)

dt ≤ const,÷òî âûòåêàåò èç ëåììû 2 [3℄. Òàêèì îáðàçîì, σ2(Q) = σ2+O

(

1

Q

) . Çàìåòèì òàêæå,÷òî (pQ

n

)1/2

= 1 + O

(

N

Q

) .Ó÷èòûâàÿ âñå ñêàçàííîå, ïîëó÷èì èç (16) è (17):
mes

{

t : t ∈ Ωd,
1

σ
√

n

n
∑

k=1

f
(

tW k
)

< x

}

= Φ(x) + O
(

n− 1
3+4ε + 1

ω2

)

.Èç ïîëó÷åííîãî ñîîòíîøåíèÿ ñëåäóåò îöåíêà
mes

{

t : t ∈ Ωd,
1

σ
√

n

n
∑

k=1

f
(

tW k
)

< x

}

= Φ(x) + O

(

1

1 + |x|ω2
· 1

n
1

3+4ε− 2
ω2

)

. (18)Äîêàçàòåëüñòâî ýòîãî ïåðåõîäà àíàëîãè÷íî äîêàçàòåëüñòâó �îðìóëû (24) èç [4℄,ïîýòîìó ìû åãî îïóñêàåì.Òàêèì îáðàçîì, ïîëó÷èëè àíàëîã �îðìóëû (11), íî ñ ïîêàçàòåëåì ñòåïåíè ó náîëüøèì, ÷åì â (11).Äàëåå, ìû ìîæåì ïîâòîðèòü âñå ðàññóæäåíèÿ, ïðîäåëàííûå äî ýòîãî, íî èñïîëü-çóÿ óæå ïðè ýòîì âíîâü ïîëó÷åííóþ �îðìóëó (18). Èòîãîì ýòîãî áóäåò óëó÷øåíèåîñòàòî÷íîãî ÷ëåíà â (18) (ïîêàçàòåëü ñòåïåíè ó n âîçðàñò¼ò).Äîêàæåì, ÷òî ðåçóëüòàòîì òàêèõ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé áóäåò óòâåð-æäåíèå íàøåé òåîðåìû, òî åñòü àñèìïòîòè÷åñêîå ñîîòíîøåíèå
mes

{

t : t ∈ Ωd,
1

σ
√

n

n
∑

k=1

f
(

tW k
)

< x

}

= Φ(x) + O

(

1

n1/2−ε

)

.



ÖÅÍÒ�ÀËÜÍÀß Ï�ÅÄÅËÜÍÀß ÒÅÎ�ÅÌÀ. . . 63Îáîçíà÷èì ïîêàçàòåëü ñòåïåíè ó n â �îðìóëå (11) ÷åðåç β1 , òî åñòü β1 =
1

4
−ε .Òîãäà �îðìóëó (18) ìîæíî ïåðåïèñàòü ñëåäóþùèì îáðàçîì

mes

{

t : t ∈ Ωd,
1

σ
√

n

n
∑

k=1

f
(

tW k
)

< x

}

= Φ(x) + O

(

1

1 + |x|ω2
· 1

n(4(1−β1))−1−2ω−1

2

)è, ñëåäîâàòåëüíî,
β2 = (4 (1 − β1))

−1 − 2ω−1
2 .Ïðîäîëæàÿ ýòîò èòåðàöèîííûé ïðîöåññ, ïîëó÷èì ðåêóððåíòíóþ �îðìóëó

βk+1 = (4 (1 − βk))
−1 − 2ω−1

2 , β1 =
1

4
− ε,ãäå βk � ïîêàçàòåëü ñòåïåíè ó n â �îðìóëå (18) íà k -ì øàãå. Íåòðóäíî ïîêàçàòü(ñì. [4℄), ÷òî íàéäåòñÿ íîìåð k = k0 òàêîé, ÷òî βk0

>
1

2
− 2√

ω2
, ÷òî ïðèâîäèò íàñê îêîí÷àòåëüíîìó ðåçóëüòàòó:

mes

{

t : t ∈ Ωd,
1

σ
√

n

n
∑

k=1

f
(

tW k
)

< x

}

= Φ(x) + O

(

1

n1/2−ε

)

.Òåîðåìà äîêàçàíà. SummaryV.T. Dubrovin. Central limit theorem for endomorphisms of the Eulidean spae.Let W be a non-degenerated integer-valued matrix suh that |det W | > 1 , f(t) =
= f(t1, . . . , td) be a real funtion periodi with respet to any argument, f satisfy the ondition
|f(t)− f(t′)| ≤ A‖t− t′‖ where A � const , t, t′ ∈ Ωd = {t : 0 ≤ ti ≤ 1, i = 1, . . . , d} . A entrallimit theorem for the sequene (f(tW n)) with the rest O

(

1/n1/2−ε
) is established where εis an arbitrarily small positive number.Ëèòåðàòóðà1. Ëåîíîâ Â.Ï. Íåêîòîðûå ïðèëîæåíèÿ ñòàðøèõ ñåìèèíâàðèàíòîâ ê òåîðèè ñëó÷àéíûõïðîöåññîâ. � Ì.: Íàóêà, 1964. � 68 ñ.2. Ïîñòíèêîâ À.�.Ýðãîäè÷åñêèå âîïðîñû òåîðèè ñðàâíåíèé è òåîðèè äèî�àíòîâûõ ïðè-áëèæåíèé // Òð. Ìàòåì. èí-òà èì. Â.À. Ñòåêëîâà. � Ì.: Íàóêà, 1966. � Ò. 82. � 112 ñ.3. Äóáðîâèí Â.Ò., Ìîñêâèí Ä.À. Î ðàñïðåäåëåíèè äðîáíûõ äîëåé îäíîãî êëàññà ïðå-îáðàçîâàíèé åâêëèäîâûõ ïðîñòðàíñòâ // Âåðîÿòí. ìåòîäû è êèáåðíåòèêà. � Êàçàíü:Èçä-âî Êàçàí. óí-òà, 1971. � Âûï. 9. � Ñ. 45�56.4. Äóáðîâèí Â.Ò., Ìîñêâèí Ä.À. Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ñóìì �óíêöèéîò ïîñëåäîâàòåëüíîñòåé ñ ïåðåèìåíîâàíèåì // Òåîðèÿ âåðîÿòí. è å¼ ïðèìåíåíèå. �1979. � Ò. XXIV, � 3. � Ñ. 553�563.5. Äóáðîâèí Â.Ò. Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ñóìì �óíêöèé îò ñëàáîçàâèñè-ìûõ ñëó÷àéíûõ âåëè÷èí // Âåðîÿòí. ìåòîäû è êèáåðíåòèêà. � Êàçàíü: Èçä-âî Êàçàí.óí-òà, 1971. � Âûï. 9. � Ñ. 21�33.6. �íåäåíêî Á.Â., Êîëìîãîðîâ À.Í. Ïðåäåëüíûå ðàñïðåäåëåíèÿ äëÿ ñóìì íåçàâèñèìûõñëó÷àéíûõ âåëè÷èí. � Ì.-Ë.: �ÈÒÒË, 1949. � 264 ñ.
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