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ÓÄÊ 514.16Î �ËÀÂÍÛÕ ÍÀÏ�ÀÂËÅÍÈßÕ �ÈÏÅ�ÊÂÀÄ�ÈÊÈÂ �ÈËÜÁÅ�ÒÎÂÎÌ Ï�ÎÑÒ�ÀÍÑÒÂÅÂ.Å. ÔîìèíÀííîòàöèÿÂ êîíå÷íîìåðíîì ñëó÷àå ó ãèïåðïîâåðõíîñòè (n+1) -ìåðíîãî åâêëèäîâà ïðîñòðàíñòâàâ êàæäîé òî÷êå ñóùåñòâóþò n ãëàâíûõ íàïðàâëåíèé � ñîáñòâåííûõ âåêòîðîâ òåíçîðàÂåéíãàðòåíà â äàííîé òî÷êå ãèïåðïîâåðõíîñòè. Ó ãèïåðïîâåðõíîñòåé áåñêîíå÷íîìåðíî-ãî ãèëüáåðòîâà ïðîñòðàíñòâà îïåðàòîð Âåéíãàðòåíà ìîæåò âîîáùå íå èìåòü ñîáñòâåííûõâåêòîðîâ. Â äàííîé ðàáîòå äîêàçûâàåòñÿ, ÷òî ó ãèïåðêâàäðèê ãèëüáåðòîâà ïðîñòðàíñòâà,çàäàâàåìûõ ïîëîæèòåëüíî îïðåäåëåííîé êâàäðàòè÷íîé �îðìîé ñ íåêîòîðûìè äîïîëíè-òåëüíûìè îãðàíè÷åíèÿìè, ãëàâíûå íàïðàâëåíèÿ ñóùåñòâóþò, ïðèâîäèòñÿ ÿâíîå âûðàæå-íèå òî÷êè ãèïåðêâàäðèêè, äëÿ êîòîðîé äàííîå íàïðàâëåíèå.Ïóñòü (H, 〈·, ·〉) � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî, F : H → R � �óíê-öèÿ êëàññà Cr , (r ≥ 3) , Σ = {x ∈ H |F (x) = 0} � ïîäìíîæåñòâî â H , ïðè÷åì
∀x ∈ Σ , DFx 6= 0 ∈ L(H ; R) = H∗ , òî åñòü ∀x ∈ Σ � ðåãóëÿðíàÿ òî÷êà (èëè ïî-äðóãîìó: 0 ∈ R � ðåãóëÿðíîå çíà÷åíèå îòîáðàæåíèÿ F ). Òîãäà Σ � ïîäìíîãîîáðà-çèå (ðåãóëÿðíàÿ ãèïåðïîâåðõíîñòü) â H (ñì. [1℄). Âñÿêàÿ êàðòà c = (x−1(U), x−1, E)íà Σ îïðåäåëÿåò ëîêàëüíóþ ïàðàìåòðèçàöèþ x = x(u) , u ∈ U ãèïåðïîâåðõíî-ñòè, ãäå U � îòêðûòîå ìíîæåñòâî â íåêîòîðîì ìîäåëüíîì ãèëüáåðòîâîì ïðîñòðàí-ñòâå E .I êâàäðàòè÷íàÿ �îðìà ïîâåðõíîñòè Σ (â ïàðàìåòðèçàöèè, îïðåäåëÿåìîé äàííîéêàðòîé) � ýòî áèëèíåéíàÿ �îðìà (òåíçîð âàëåíòíîñòè (0,2))

gu(v, w) = 〈Dxu(v), Dxu(w)〉. (1)Çäåñü è âñþäó íèæå Dfu � ïðîèçâîäíàÿ Ôðåøå â òî÷êå u îòîáðàæåíèÿ f áàíàõî-âûõ ïðîñòðàíñòâ [1℄.Íàéäåì II êâàäðàòè÷íóþ �îðìó è îïåðàòîð Âåéíãàðòåíà ïîâåðõíîñòè Σ . Äëÿ
∀u ∈ U èìååì F (x(u)) ≡ 0 . Ïðîäè��åðåíöèðîâàâ ýòî òîæäåñòâî, ïîëó÷èì: ∀u ∈ U ,
∀v ∈ E

DFx(u)(Dxu(v)) = 0. (2)Çäåñü Dxu(v) � âåêòîð, êàñàòåëüíûé ê Σ â òî÷êå x(u) . Äëÿ ëþáîãî x ∈ H îáî-çíà÷èì Nx ∈ H � âåêòîð, ñîîòâåòñòâóþùèé �óíêöèîíàëó DFx , ò. å. ∀Z ∈ H
DFx(Z) ≡ 〈Nx, Z〉 . Òàêîé âåêòîð ïî òåîðåìå �èññà [2℄ ñóùåñòâóåò è åäèíñòâåíåí.Äëÿ x ∈ Σ Nx 6= 0 . Ïóñòü nx � îðò âåêòîðà Nx , ò. å. Nx = ‖Nx‖ · nx . Òîãäàòîæäåñòâî (2) ïðèìåò âèä: ∀u ∈ U , ∀v ∈ E

〈nx(u), Dxu(v)〉 ≡ 0, (3)ò. å. nx(u) � îðò íîðìàëè ïîâåðõíîñòè Σ â òî÷êå x(u) . Ïðîäè��åðåíöèðîâàâ òîæ-äåñòâî (3) åùå ðàç, ïîëó÷èì: ∀u ∈ U , ∀v, w ∈ E

〈Dnx(u)(Dxu(w)), Dxu(v)〉 + 〈nx(u), D2xu(w; v)〉 ≡ 0. (4)



174 Â.Å. ÔÎÌÈÍII êâàäðàòè÷íàÿ �îðìà ãèïåðïîâåðõíîñòè (â äàííîé ïàðàìåòðèçàöèè) � ýòî áè-ëèíåéíàÿ �îðìà (òåíçîð âàëåíòíîñòè (0,2)):
hu(v, w) = 〈nx(u), D2xu(v; w)〉 = −〈Dnx(u)(Dxu(w)), Dxu(v)〉. (5)Îïåðàòîð Âåéíãàðòåíà (òåíçîð âàëåíòíîñòè (1,1)) â äàííîé ïàðàìåòðèçàöèè �ýòî ðåøåíèå óðàâíåíèÿ

gu(v, Au(w)) = hu(v, w) (6)èëè, êàê ñëåäóåò èç (1), (5):
Dxu(Au(w)) = −Dnx(u)(Dxu(w)). (7)Åñëè ó÷åñòü, ÷òî òåíçîð òèïà (1,1) íà Σ â òî÷êå x � ýòî ëèíåéíûé íåïðåðûâíûé îïå-ðàòîð Ax : TxΣ → TxΣ , à åãî ëîêàëüíîå ïðåäñòàâëåíèå â äàííîé ïàðàìåòðèçàöèè� ýòî Au = (Dxu)−1 ◦ Ax(u) ◦ Dxu , òî èç (7) ñëåäóåò, ÷òî ∀x ∈ Σ , ∀Z ∈ TxΣ

Ax(u)(Z) = −Dnx(u)(Z). (8)Âîîáùå ãîâîðÿ, �îðìóëà (8) îïðåäåëÿåò ïîëå îïåðàòîðîâ Ax ∈ L(H, H) , ∀x ∈
H, íà âñåì ïðîñòðàíñòâå H , à íå òîëüêî â òî÷êàõ x ∈ Σ , ïîñêîëüêó nx � îðòêîíòðàâàðèàíòíîãî ãðàäèåíòà �óíêöèè F : H → R îïðåäåëåí äëÿ ∀x ∈ H . Íî äëÿ
x ∈ Σ Ax(TxΣ) ⊂ TxΣ , ÷òî ñëåäóåò èç öåïî÷êè òîæäåñòâ:

∀x ∈ H 〈nx, nx〉 ≡ 1 =⇒ ∀x, Z ∈ H 〈Dnx(Z), nx〉 ≡ 0 =⇒

=⇒ Dnx(Z) ⊥ nx =⇒ Ax(H) = −Dnx(H) ⊂ TxΣ.Òåíçîð (8) è ÿâëÿåòñÿ ïî îïðåäåëåíèþ îïåðàòîðîì Âåéíãàðòåíà ãèïåðïîâåðõíîñòè
Σ . Íàïîìíèì [3℄, ÷òî ñîáñòâåííûå âåêòîðû îïåðàòîðà Ax íàçûâàþòñÿ ãëàâíûìèíàïðàâëåíèÿìè ïîâåðõíîñòè â òî÷êå x , à êðèâàÿ êëàññà C1 íà Σ íàçûâàåòñÿ ëè-íèåé êðèâèçíû, åñëè åå êàñàòåëüíûå âåêòîðû â êàæäîé åå òî÷êå èìåþò ãëàâíîåíàïðàâëåíèå.Çàìå÷àíèå 1. Ìû ãîâîðèì, ÷òî ëèíåéíûé íåïðåðûâíûé îïåðàòîð S , äåéñòâó-þùèé íà âåùåñòâåííîì ãèëüáåðòîâîì ïðîñòðàíñòâå H , íå èìååò ñîáñòâåííûõâåêòîðîâ, åñëè êîìïëåêñè�èêàöèÿ ýòîãî îïåðàòîðà, äåéñòâóþùàÿ íà êîìïëåêñíîìðàñøèðåíèè ãèëüáåðòîâà ïðîñòðàíñòâà, íå èìååò ñîáñòâåííûõ âåêòîðîâ. Åñëè S �ñàìîñîïðÿæåííûé îïåðàòîð, òî åãî ñîáñòâåííûå çíà÷åíèÿ, åñëè îíè ñóùåñòâóþò,âåùåñòâåííû.Ïóñòü Σ � ãèïåðêâàäðèêà ñ óðàâíåíèåì

〈x, S(x)〉 − 1 = 0, (9)ãäå S ∈ L(H ; H) � ñàìîñîïðÿæåííûé ëèíåéíûé íåïðåðûâíûé îïåðàòîð. Òîãäà
F (x) = 〈x, S(x)〉 − 1, DFx(Z) = 2〈Z, S(x)〉 =⇒

=⇒ Nx = 2S(x), nx =
S(x)

‖S(x)‖
=⇒

=⇒ Dnx(Z) =
S(Z)

‖S(x)‖
− S(x) ·

〈S(Z), S(x)〉

‖S(x)‖3
.Îòñþäà

Ax(Z) =
1

‖S(x)‖3
·
[

S(x) · 〈S(x), S(Z)〉 − S(Z) · ‖S(x)‖2
]

. (10)



Î �ËÀÂÍÛÕ ÍÀÏ�ÀÂËÅÍÈßÕ �ÈÏÅ�ÊÂÀÄ�ÈÊÈ 175Åñëè x ∈ Σ , à Z ∈ TxΣ , òî Z ⊥ Nx = 2S(x) è
〈S(x), Z〉 = 0. (11)Ïîñêîëüêó Ax ñàìîñîïðÿæåí îòíîñèòåëüíî ìåòðè÷åñêîãî òåíçîðà gx ïîâåðõíî-ñòè Σ , òî ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû îïåðàòîðà Ax , åñëè îíèñóùåñòâóþò, âåùåñòâåííû [4℄.Â êà÷åñòâå ãèëüáåðòîâà ïðîñòðàíñòâà H ðàññìîòðèì ïðîñòðàíñòâî H = l2 × l2 ,ãäå l2 � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé, ñóììèðóå-ìûõ ñ êâàäðàòîì. Íàì áóäåò óäîáíî âåêòîðû ïðîñòðàíñòâà H çàïèñûâàòü â âèäå

x = (xi)+∞

i=−∞
. Ñêàëÿðíîå ïðîèçâåäåíèå â H îïðåäåëÿåòñÿ òàê:

〈x, y〉 =

+∞
∑

i=−∞

xiyi. (12)Â ïðîñòðàíñòâå H ðàññìîòðèì ãèïåðêâàäðèêó Σ ñ óðàâíåíèåì
〈x, S(x)〉 = 2〈x, T (x)〉 = 1, (13)ãäå

S = T + T−1, (14)

T : x = (xi)+∞

i=−∞
∈ H → y = T (x) = (yi = xi−1)+∞

i=−∞
∈ H (15)åñòü îïåðàòîð ñäâèãà, êîòîðûé ÿâëÿåòñÿ ëèíåéíûì íåïðåðûâíûì îðòîãîíàëüíûìîïåðàòîðîì.Ïðåäëîæåíèå 1. Îïåðàòîðû T è S íå èìåþò ñîáñòâåííûõ âåêòîðîâ.Äîêàçàòåëüñòâî. Îïåðàòîð T (òî÷íåå, åãî êîìïëåêñè�èêàöèÿ, ñì. Çàìå÷à-íèå âûøå) íå èìååò ñîáñòâåííûõ âåêòîðîâ, òàê êàê â ïðîòèâíîì ñëó÷àå, åñëè x 6= 0è T (x) = λ · x , òî ‖x‖ = ‖T (x)‖ = |λ| · ‖x‖ è |λ| = 1 . Òîãäà

(T (x))i = λxi ⇒ xi−1 = λxi ⇒ ∀i ∈ Z |xi−1| = |xi|,÷òî ïðîòèâîðå÷èò òîìó, ÷òî ∑

i∈Z
|xi|2 < ∞ . Ó îïåðàòîðà T íåò êîíå÷íîìåðíûõ èí-âàðèàíòíûõ âåêòîðíûõ ïîäïðîñòðàíñòâ, òàê êàê â ïðîòèâíîì ñëó÷àå îãðàíè÷åíèå Tíà òàêîå ïîäïðîñòðàíñòâî (òî÷íåå, åãî êîìïëåêñè�èêàöèþ) èìåëî áû ñîáñòâåííûå(êîìïëåêñíûå) âåêòîðû.Ïóñòü òåïåðü x � ñîáñòâåííûé âåêòîð îïåðàòîðà S , ñîîòâåòñòâóþùèé ñîáñòâåí-íîìó çíà÷åíèþ λ . Â ñèëó ñàìîñîïðÿæåííîñòè S x è λ âåùåñòâåííû. Òîãäà

T (x) + T−1(x) = λ · x.Íî ýòî ðàâåíñòâî îçíà÷àåò, ÷òî âåêòîðû {T (x), T−1(x), x} ëèíåéíî çàâèñèìû, à êî-íå÷íîìåðíîå ïîäïðîñòðàíñòâî, íàòÿíóòîå íà íèõ, èíâàðèàíòíî îòíîñèòåëüíî äåé-ñòâèÿ îïåðàòîðà T , ÷òî íåâîçìîæíî.Ïðåäëîæåíèå 2. Ìíîæåñòâî çíà÷åíèé ImS = S(H) îïåðàòîðà S ïëîòíîâ H .Äîêàçàòåëüñòâî. Òàê êàê îïåðàòîð S ñàìîñîïðÿæåí, òî ∀h ∈ H ðàâåíñòâî
〈y, S(h)〉 = 0 âëå÷åò 〈S(y), h〉 = 0 è S(y) = 0 . Íî ïî ïðåäëîæåíèþ 1 îïåðàòîð
S èíúåêòèâåí, ïîýòîìó y = 0 , òî åñòü S(H)⊥ = {0} . Òîãäà è S(H)

⊥

= {0} , è,ñëåäîâàòåëüíî, S(H) = H .



176 Â.Å. ÔÎÌÈÍÅñëè òåïåðü îïåðàòîð Âåéíãàðòåíà (10) ãèïåðêâàäðèêè Σ (13) â òî÷êå x ∈ Σèìååò ñîáñòâåííûé âåêòîð Z0 ∈ TxΣ , òî
λ0 · Z0 =

1

‖S(x)‖3
·
[

S(x) · 〈S(x), S(Z0)〉 − S(Z0) · ‖S(x)‖2
]

. (16)Íàéòè èç ðàâåíñòâà (16) äëÿ êàæäîé òî÷êè x ∈ Σ ãëàâíîå íàïðàâëåíèå Z0 èëè,íàîáîðîò, äîêàçàòü îòñóòñòâèå ãëàâíûõ íàïðàâëåíèé, ïðåäñòàâëÿåòñÿ ñëîæíîé çà-äà÷åé. Áóäåì äåéñòâîâàòü èíà÷å: íå èñêàòü äëÿ çàäàííîé òî÷êè x ïîâåðõíîñòè Σñîáñòâåííûé âåêòîð Z ∈ TxΣ îïåðàòîðà Âåéíãàðòåíà Ax , à íàîáîðîò, äëÿ çàäàííî-ãî âåêòîðà Y ∈ H èñêàòü òàêóþ òî÷êó x ïîâåðõíîñòè Σ , äëÿ êîòîðîé ýòîò âåêòîð
Y (èëè íåêîòîðûé âåêòîð, çàâèñÿùèé îò Y ) ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì îïå-ðàòîðà Âåéíãàðòåíà Ax .Òåîðåìà 1. Ïóñòü Σ � ãèïåðïîâåðõíîñòü âåùåñòâåííîãî ãèëüáåðòîâà ïðî-ñòðàíñòâà (H, 〈., .〉) , çàäàííàÿ íåÿâíûì óðàâíåíèåì

〈S(x), x〉 = 1, (17)ãäå S � ñàìîñîïðÿæåííûé (S∗ = S) ëèíåéíûé íåïðåðûâíûé îïåðàòîð â H , íåèìåþùèé ñîáñòâåííûõ âåêòîðîâ (äèñêðåòíûé ñïåêòð îïåðàòîðà ïóñò). Òîãäà åñ-ëè âåêòîð Y ∈ TxΣ ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì îïåðàòîðà Âåéíãàðòåíàïîâåðõíîñòè Σ â òî÷êå x , òî Y = S(Z) , ãäå âåêòîð Z ∈ H óäîâëåòâîðÿåòíåðàâåíñòâó
〈S2(Z), S(Z)〉

[

〈S2(Z), S(Z)〉〈S(Z), Z〉 − ‖S(Z)‖4
]

> 0, (18)ïðè÷åì x è Z ñâÿçàíû ìåæäó ñîáîé ðàâåíñòâîì
x = ±

[

‖S(Z)‖2 · S(Z) − 〈S2(Z), S(Z)〉 · Z
]

·
[

〈S2(Z), S(Z)〉 ·
(

〈S2(Z), S(Z)〉〈Z, S(Z)〉 − ‖S(Z)‖4
)]−1/2

.
(19)Âåðíî è îáðàòíîå: äëÿ ëþáîãî âåêòîðà Z ∈ H , óäîâëåòâîðÿþùåãî íåðàâåí-ñòâó (18), ñóùåñòâóåò òî÷êà x ∈ Σ , ñâÿçàííàÿ ñ Z ðàâåíñòâîì (19), òàêàÿ,÷òî âåêòîð S(Z) ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì îïåðàòîðà Âåéíãàðòåíà ïî-âåðõíîñòè Σ â òî÷êå x . Åñëè îïåðàòîð S ê òîìó æå åùå è ïîëîæèòåëåí

(∀X 6= 0 〈S(X), X〉 > 0) , òî (18) âûïîëíÿåòñÿ äëÿ ëþáîãî âåêòîðà Z 6= 0 .Äîêàçàòåëüñòâî. Îïåðàòîð Âåéíãàðòåíà ãèïåðêâàäðèêè Σ â òî÷êå x ∈ Σèìååò âèä (10): ∀Y ∈ TxΣ ⊂ H

Ax(Y ) =
1

‖S(x)‖3
·
[

S(x) · 〈S(x), S(Y )〉 − S(Y ) · ‖S(x)‖2
]

, (20)ïðè ýòîì ñîãëàñíî (11)
〈Y, S(x)〉 = 0. (21)Ïðåäïîëîæèì, ÷òî â òî÷êå x ∈ Σ ó îïåðàòîðà Ax ñóùåñòâóåò ãëàâíîå íàïðàâëåíèå,òî åñòü ñóùåñòâóåò âåêòîð Y ∈ TxΣ , Y 6= 0 : Ax(Y ) = λx · Y . Ïðè ýòîì ñîáñòâåí-íîå çíà÷åíèå λx 6= 0 , òàê êàê â ïðîòèâíîì ñëó÷àå èç (20) â ñèëó èíúåêòèâíîñòèîïåðàòîðà S ñëåäîâàëî áû

x · 〈S(x), S(Y )〉 − Y · ‖S(x)‖2 = 0,îòêóäà
Y =

〈S(x), S(Y )〉

‖S(x)‖2
· x = ν · x.



Î �ËÀÂÍÛÕ ÍÀÏ�ÀÂËÅÍÈßÕ �ÈÏÅ�ÊÂÀÄ�ÈÊÈ 177Ïîäñòàâèâ ýòî âûðàæåíèå â (21), ïîëó÷èì 0 = ν〈x, Sx〉 = ν , òî åñòü Y = 0 �ïðîòèâîðå÷èå.Èç (20) âèäíî, ÷òî ImAx = ImS , òî åñòü ñîáñòâåííûé âåêòîð Y ∈ ImS è ïî-ýòîìó èìååò âèä Y = S(Z) , Z ∈ H . Èç (20) ñëåäóåò, ÷òî âåêòîðû {S(x), S(Y ), Y }îáðàçóþò ëèíåéíî çàâèñèìóþ ñèñòåìó, òî åñòü S2(Z) = αS(Z) + βS(x) , îòêóäà
α = 〈Y, S(Y )〉/‖Y ‖2 è

βS(x) = S2(Z) −
〈S2(Z), S(Z)〉

‖S(Z)‖2
· S(Z). (22)Òàê êàê îïåðàòîð S èíúåêòèâåí, òî (22) âëå÷åò

βx = S(Z) −
〈S2(Z), S(Z)〉

‖S(Z)‖2
· Z. (23)Ïîäñòàâèâ (22) è (23) â óðàâíåíèå ïîâåðõíîñòè (17), ïîëó÷èì

β2 =
〈S2(Z), S(Z)〉

‖S(Z)‖4
·
[

〈S2(Z), S(Z)〉〈Z, S(Z)〉 − ‖S(Z)‖4
]

. (24)Òàêèì îáðàçîì,
〈S2(Z), S(Z)〉 ·

[

〈S2(Z), S(Z)〉〈Z, S(Z)〉 − ‖S(Z)‖4
]

> 0 (25)� íåîáõîäèìîå óñëîâèå òîãî, ÷òî âåêòîð Y = S(Z) ÿâëÿåòñÿ ãëàâíûì íàïðàâëåíèåìïîâåðõíîñòè Σ â òî÷êå x , êîòîðàÿ, êàê ñëåäóåò èç (23), (25), âûðàæàåòñÿ ÷åðåç ýòîòâåêòîð Z :
x = ±

[

‖S(Z)‖2 · S(Z) − 〈S2(Z), S(Z)〉 · Z
]

·
[

〈S2(Z), S(Z)〉 ·
(

〈S2(Z), S(Z)〉〈Z, S(Z)〉 − ‖S(Z)‖4
)]−1/2 (26)(òàêèõ òî÷åê, ñèììåòðè÷íûõ îòíîñèòåëüíî 0 , äâå).Óñëîâèÿ (25) è äîñòàòî÷íî äëÿ òîãî, ÷òîáû ïðîèçâîëüíûé âåêòîð Y = S(Z) 6= 0áûë ñîáñòâåííûì âåêòîðîì ïîâåðõíîñòè Σ , ïî êðàéíåé ìåðå, â äâóõ åå òî÷êàõ âèäà(26). Äåéñòâèòåëüíî, êàê ëåãêî ïðîâåðèòü, ïðè ëþáîì âåêòîðå Z 6= 0 òî÷êà (26)ëåæèò íà ïîâåðõíîñòè Σ (17), à âåêòîð Y = S(Z) ∈ TxΣ , òàê êàê S(Z) ⊥ S(x) .Êðîìå òîãî, âåêòîð Y = S(Z) � ñîáñòâåííûé âåêòîð îïåðàòîðà Âåéíãàðòåíà (20)â òî÷êå (26), òî åñòü

S(x) · 〈S(x), S(Y )〉 − S(Y ) · ‖S(x)‖2 ‖ Yèëè
x · 〈S(x), S2(Z)〉 − S(Z) · ‖S(x)‖2 ‖ Z. (27)Äîêàæåì (27). Îáîçíà÷èâ äëÿ êðàòêîñòè

[

〈S2(Z), S(Z)〉 ·
(

〈S2(Z), S(Z)〉〈Z, S(Z)〉 − ‖S(Z)‖4
)]−1/2

= B, (28)ïîëó÷èì äëÿ âûðàæåíèé, âõîäÿùèõ â ëåâóþ ÷àñòü ðàâåíñòâà (27):
〈S(x), S2(Z)〉 = 〈x, S3(Z)〉 = ±B ·

[

‖S(Z)‖2 · ‖S2(Z)‖2 − 〈S2(Z), S(Z)〉2
]

,

‖S(x)‖2 = B2 ·
[

‖S(Z)‖2 · S2(Z) − 〈S2(Z), S(Z)〉 · S(Z)
]2

=

= B2 ·
[

‖S(Z)‖2 · ‖S2(Z)‖2 − 〈S2(Z), S(Z)〉2
]

· ‖S(Z)‖2.
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−B2 ·

[

‖S(Z)‖2 · ‖S2(Z)‖2 − 〈S2(Z), S(Z)〉2
]

· 〈S2(Z), S(Z)〉 · Z ‖ Z.Ïóñòü òåïåðü îïåðàòîð S ïîëîæèòåëåí, òî åñòü ∀x 6= 0 〈S(x), x〉 > 0 . Òîãäàñóùåñòâóåò ñàìîñîïðÿæåííûé ëèíåéíûé íåïðåðûâíûé îïåðàòîð P : P 2 = S [4℄,êîòîðûé òàêæå íå èìååò ñîáñòâåííûõ âåêòîðîâ è ïîýòîìó èíúåêòèâåí. Ïðîâåðèìóñëîâèå (25) äëÿ îïåðàòîðà S : ∀Z 6= 0 òàêæå è S(Z) 6= 0 , ïîýòîìó
〈S2(Z), S(Z)〉 > 0. (29)Êðîìå òîãî,

〈S2(Z), S(Z)〉〈Z, S(Z)〉 − ‖S(Z)‖4 =

= ‖P 3(Z)‖2 · ‖P (Z)‖2 − 〈P 2(Z), P 2(Z)〉2 =

= ‖P 3(Z)‖2 · ‖P (Z)‖2 − 〈P 3(Z), P (Z)〉2 > 0.

(30)Íåðàâåíñòâî â (30) ñòðîãîå, òàê êàê åãî îáðàùåíèå â ðàâåíñòâî âîçìîæíî ëèøüïðè P 3(Z) ‖ P (Z) , òî åñòü S(P (Z)) ‖ P (Z) , ÷òî íåâîçìîæíî ââèäó îòñóòñòâèÿó îïåðàòîðà S ñîáñòâåííûõ âåêòîðîâ; (29) è (30) âëåêóò (25), ÷òî è çàâåðøàåòäîêàçàòåëüñòâî òåîðåìû.Çàìå÷àíèå 2. Îñòàþòñÿ îòêðûòûìè âîïðîñû: êàêîå ïîäìíîæåñòâî òî÷åê ïî-âåðõíîñòè îïèñûâàåò óðàâíåíèå (19) ïðè âûïîëíåíèè óñëîâèÿ (18)? Áóäåò ëè ýòîìíîæåñòâî íà Σ îòêðûòûì èëè çàìêíóòûì, ìîæåò ëè îíî ñîâïàäàòü ñî âñåé ïî-âåðõíîñòüþ èëè áûòü ïóñòûì?Â êà÷åñòâå ïðèìåðîâ ãèïåðêâàäðèêè (17) ñ ïîëîæèòåëüíûì ñàìîñîïðÿæåííûìîïåðàòîðîì S , íå èìåþùèì ñîáñòâåííûõ âåêòîðîâ, ðàññìîòðèì ñëåäóþùèå (ïðàâ-äà, ýòè ïðèìåðû íå äàþò îòâåòû íà âîïðîñû, ïîñòàâëåííûå âûøå â çàìå÷àíèè).1. H = L2([0, 1]) � ãèëüáåðòîâî ïðîñòðàíñòâî ñóììèðóåìûõ ñ êâàäðàòîì ïîËåáåãó âåùåñòâåííûõ �óíêöèé, çàäàííûõ íà îòðåçêå [0, 1] ⊂ R , ∀x ∈ H

S(x) = f · x, (31)ãäå f ∈ H è f ïîëîæèòåëüíà, òî åñòü f(t) > 0 íà [0, 1] ïî÷òè âñþäó, è ∀c > 0
µ{t ∈ [0, 1] | f(t) = c} = 0 (µ � ëåáåãîâà ìåðà íà [0, 1]).2. H = l2× l2 , ãäå l2 � ãèëüáåðòîâî ïðîñòðàíñòâî âåùåñòâåííûõ ïîñëåäîâàòåëü-íîñòåé, ñóììèðóåìûõ ñ êâàäðàòîì: ∀x = (xi)i∈Z , y = (yi)i∈Z 〈x, y〉 =

∑

i∈Z
xiyi ,

T : x = (xi) → y = T (x) = (yi = xi−1) , T � îðòîãîíàëüíûé îïåðàòîð (T ∗ = T−1 ,
‖T ‖ = 1),

S =
k

2
(T + T−1) + idH , |k| ≤ 1. (32)Òîãäà ∀Z 6= 0 〈S(Z), Z〉 = k〈T (Z), Z〉+ 〈Z, Z〉 ≥ ‖Z‖2 − |k| · |〈T (Z), z〉| > ‖Z‖2 −

|k| · ‖T (Z)‖ · ‖Z‖ = ‖Z‖2(1 − |k|) > 0 (âòîðîå íåðàâåíñòâî â ýòîé öåïî÷êå ñòðîãîå,òàê êàê åñëè áû áûëî |〈T (Z), Z〉| = ‖T (Z)‖ · ‖Z‖ , òî T (Z) ‖ Z , íî îïåðàòîð ñäâèãà
T íå èìååò ñîáñòâåííûõ âåêòîðîâ).Îïåðàòîð S íå èìååò ñîáñòâåííûõ âåêòîðîâ, òàê êàê òàêèì ñâîéñòâîì îáëàäàåòîïåðàòîð T + T−1 (ñì. âûøå ïðåäëîæåíèå 1).3. H è T , êàê â ïðèìåðå 2,

S =
∞
∑

i=0

1

2i
T i +

∞
∑

i=0

1

2i
T−i. (33)
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〈S(x), x〉 = 2‖x‖2 + 2
∞
∑

i=1

1

2i
〈T i(x), x〉 > 2‖x‖2 − 2

∞
∑

i=1

1

2i
‖x‖2 = 0(íåðàâåíñòâî â ýòîé öåïî÷êå ñòðîãîå, òàê êàê îïåðàòîð ñäâèãà T i , i = 1,∞ , íåèìååò ñîáñòâåííûõ âåêòîðîâ).Ïîêàæåì òåïåðü, ÷òî îïåðàòîð S íå èìååò ñîáñòâåííûõ âåêòîðîâ. Òàê êàê Sñàìîñîïðÿæåí, òî åãî ñîáñòâåííûå çíà÷åíèÿ âåùåñòâåííû. Åñëè Z � ñîáñòâåííûéâåêòîð îïåðàòîðà S , òî

∞
∑

i=0

1

2i
T i(Z) +

∞
∑

i=0

1

2i
T−i(Z) = λ · Z, (34)è, êàê ñëåäñòâèå,

∞
∑

i=0

1

2i+1
T i+1(Z) +

∞
∑

i=0

1

2i+1
T 1−i(Z) =

1

2
λ · TZ. (35)Âû÷èòàÿ (35) èç (34), ïîëó÷èì

∞
∑

i=0

1

2i
T i(Z) =

4

3
(λ − 1)(Z −

1

2
T (Z)). (36)Òàê êàê

∞
∑

i=0

1

2i
T i = (E −

1

2
T )−1,

∞
∑

i=0

1

2i
T−i = (E −

1

2
T−1)−1 = 2T (2T − E)−1 (37)(çäåñü E = idH ), òî (34) è (36) ìîæíî çàïèñàòü òàê:

(E −
1

2
T )−1(Z) + 2T (2T − E)−1(Z) = λ · Z, (38)

2T (2T − E)−1(Z) =
4

3
(λ − 1)(E −

1

2
T )(Z). (39)Ïîäñòàâèâ (39) â (38), ïîëó÷èì

(E −
1

2
T )−1(Z) +

4

3
(λ − 1)(E −

1

2
T )(Z) = λ · Z,à îòñþäà, êàê ñëåäñòâèå,

(

4

3
(λ − 1)(E −

1

2
T )2 − λ(E −

1

2
T ) + E

)

(Z) = 0. (40)Îáîçíà÷èì
E −

1

2
T = Q. (41)Òàê êàê îïåðàòîð T íå èìååò ñîáñòâåííûõ âåêòîðîâ, òî è Q èõ íå èìååò. Òîãäà(40) ïðèìåò âèä

(

4

3
(λ − 1)Q2 − λQ + E

)

(Z) = 0. (42)Íî ðàâåíñòâî (42) îçíà÷àåò, ÷òî âåêòîðû {Z, Q(Z), Q2(Z)} ëèíåéíî çàâèñèìû, èïîäïðîñòðàíñòâî (äâóìåðíîå ïðè λ 6= 1 èëè îäíîìåðíîå ïðè λ = 1), íàòÿíóòîå íàíèõ (òî÷íåå, êîìïëåêñè�èêàöèÿ ýòîãî ïðîñòðàíñòâà), èíâàðèàíòíî îòíîñèòåëüíîäåéñòâèÿ îïåðàòîðà Q , ÷òî íåâîçìîæíî, òàê êàê Q íå èìååò ñîáñòâåííûõ âåêòîðîâ.
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