
Ó×ÅÍÛÅ ÇÀÏÈÑÊÈ ÊÀÇÀÍÑÊÎ�Î �ÎÑÓÄÀ�ÑÒÂÅÍÍÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÒîì 147, êí. 1 Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè 2005
ÓÄÊ 514.16Î ÑÒ�ÓÊÒÓ�Å ÊÎËÜÖÀ ÊÂÀÍÒÎÂÛÕÊÎ�ÎÌÎËÎ�ÈÉ ÄÅ �ÀÌÀ ÏÓÀÑÑÎÍÎÂÛÕÌÍÎ�ÎÎÁ�ÀÇÈÉÂ.Â. Øóðûãèí (ìë.)ÀííîòàöèÿÂ ðàáîòå [4℄ àâòîðîì áûëî ïîêàçàíî, ÷òî êâàíòîâûå êîãîìîëîãèè äå �àìà ïóàññîíîâûõìíîãîîáðàçèé, ââåäåííûå â [1℄, ïîëó÷àþòñÿ äå�îðìàöèîííûì êâàíòîâàíèåì êîãîìîëîãèéäå �àìà. Â íàñòîÿùåé ðàáîòå ìû ïîêàçûâàåì, ÷òî ñòðóêòóðà êîëüöà êâàíòîâûõ êîãî-ìîëîãèé äå �àìà òàêæå ïîëó÷àåòñÿ äå�îðìàöèîííûì êâàíòîâàíèåì ñòðóêòóðû êîëüöàêîãîìîëîãèé äå �àìà.Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå.Ñêîáêîé Ïóàññîíà íà M íàçûâàåòñÿ áèëèíåéíîå êîñîñèììåòðè÷íîå îòîáðàæå-íèå { , } : C∞(M) × C∞(M) → C∞(M) , ãäå C∞(M) � àëãåáðà ãëàäêèõ �óíêöèéíà M , óäîâëåòâîðÿþùåå ïðàâèëó Ëåéáíèöà

{f, gh} = {f, g}h + g{f, h}è òîæäåñòâó ßêîáè
{{f, g}, h}+ {{g, h}, f}+ {{h, f}, g} = 0.Ìíîãîîáðàçèå, íàäåëåííîå ñêîáêîé Ïóàññîíà, íàçûâàåòñÿ ïóàññîíîâûì ìíîãî-îáðàçèåì.Îáîçíà÷èì ïðîñòðàíñòâî êîñîñèììåòðè÷åñêèõ êîíòðàâàðèàíòíûõ òåíçîðíûõïîëåé íà M ÷åðåç V∗(M) , à êîëüöî äè��åðåíöèàëüíûõ �îðì íà M ÷åðåç Ω∗(M) .Ñòåïåíü âíåøíåé �îðìû α áóäåì îáîçíà÷àòü ñèìâîëîì |α| , ò. å. |α| = m , åñëè

α ∈ Ωm(M) .Ñêîáêà Ïóàññîíà íà ãëàäêîì ìíîãîîáðàçèè M îäíîçíà÷íî îïðåäåëÿåò òåíçîð
w ∈ V2(M), òàêîé, ÷òî

{f, g} = wpq ∂f

∂xp

∂f

∂xq
(1)äëÿ âñåõ f, g ∈ C∞(M) . Èçâåñòíî, ÷òî ñêîáêà (1) íà C∞(M) , ïîñòðîåííàÿ ïî òàêî-ìó òåíçîðó, óäîâëåòâîðÿåò òîæäåñòâó ßêîáè òîãäà è òîëüêî òîãäà, êîãäà [w, w] = 0 ,ãäå [· , ·] � ñêîáêà Ñõîóòåíà �Íåéåíõåéñà íà V∗(M) (ñì., íàïðèìåð, [3℄). Â ëîêàëü-íûõ êîîðäèíàòàõ ýòî óñëîâèå çàïèñûâàåòñÿ êàê

wps ∂wqr

∂xs
+ wqs ∂wrp

∂xs
+ wrs ∂wpq

∂xs
= 0.Â äàëüíåéøåì áóäåì îáîçíà÷àòü ïóàññîíîâî ìíîãîîáðàçèå (M, w) .



ÑÒ�ÓÊÒÓ�À ÊÎËÜÖÀ ÊÂÀÍÒÎÂÛÕ ÊÎ�ÎÌÎËÎ�ÈÉ 193Îáîçíà÷èì ÷åðåç i(w) : Ωm(M) → Ωm−2(M) îïåðàöèþ âíóòðåííåãî óìíîæåíèÿíàw ; â ëîêàëüíûõ êîîðäèíàòàõ (i(w)α)i1 ...im−2
= wjkαjki1...im−2

. Koszul â [2℄ ââåëêîäè��åðåíöèàë δ : Ωm(M) → Ωm−1(M) , îïðåäåëåííûé �îðìóëîé
δ = [i(w), d] = i(w) ◦ d − d ◦ i(w),ãäå d : Ωm(M) → Ωm+1(M) � âíåøíèé äè��åðåíöèàë. Îí òàêæå ïîêàçàë, ÷òî
δ ◦ δ = 0 è d ◦ δ + δ ◦ d = 0. (2)H.-D. Cao è J. Zhou èñïîëüçîâàëè îïåðàòîð δ äëÿ ïîñòðîåíèÿ êîëüöà êâàíòîâûõêîãîìîëîãèé äå �àìà ïóàññîíîâà ìíîãîîáðàçèÿ (M, w) [1℄.�àññìîòðèì êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî V íàä R ñ áàçèñîì

{e1, . . . , en} . Îáîçíà÷èì ñèìâîëîì T ∗(V ) àëãåáðó êîâàðèàíòíûõ òåíçîðîâ íà V .Äëÿ α ∈ T k(V ) îáîçíà÷èì
(α ⊣ v)(v1, . . . , vk−1) := α(v1, . . . , vk−1, v),

(v ⊢ α)(v1, . . . , vk−1) := α(v, v1, . . . , vk−1),ãäå v , v1, . . . , vk−1 ∈ V . Îáîçíà÷èì âíåøíþþ àëãåáðó ïðîñòðàíñòâà V ÷åðåç Λ∗(V ) ,à àëãåáðó ïîëèíîìîâ îò h ñ êîý��èöèåíòàìè â Λ∗(V ) ÷åðåç Λ∗(V )[h] . Âûáåðåìïðîèçâîëüíûé êîñîñèììåòðè÷åñêèé òåíçîð w = wpqep ∧ eq ∈ Λ2(V ) . Îïðåäåëèìêâàíòîâîå âíåøíåå óìíîæåíèå ∧h : Λ∗(V ) ⊗ Λ∗(V ) → Λ∗(V )[h] ñëåäóþùèì îáðà-çîì:
α ∧h β =

∑

k≥0

hk

k!
wp1q1 . . . wpkqk(α ⊣ ep1

⊣ · · · ⊣ epk
) ∧ (eqk

⊢ · · · ⊢ eq1
⊢ β),ãäå α, β ∈ Λ∗(V ) . Â [1℄ ïîêàçàíî, ÷òî ýòî îïðåäåëåíèå íå çàâèñèò îò âûáîðà áàçèñà

{e1, . . . , en} , à òàêæå (òåîðåìà 1.1), ÷òî êâàíòîâîå âíåøíåå óìíîæåíèå ñóïåðêîì-ìóòàòèâíî è àññîöèàòèâíî.Ïóñòü (M, w) � ïóàññîíîâî ìíîãîîáðàçèå. Îïåðàöèÿ êâàíòîâîãî âíåøíåãîóìíîæåíèÿ åñòåñòâåííûì îáðàçîì (ëèíåéíî ïî h) ðàñïðîñòðàíÿåòñÿ íà àëãåáðó
Ω∗(M)[h] ïîëèíîìîâ îò h ñ êîý��èöèåíòàìè â Ω∗(M) .Â [1℄ áûë ââåäåí îïåðàòîð

dh := d − hδ : Ω∗(M)[h] → Ω∗(M)[h].Òàì æå (òåîðåìà 2.2) áûëî ïîêàçàíî, ÷òî êâàäðàò ýòîãî îïåðàòîðà ðàâåí íóëþ
dh ◦ dh = 0 è ÷òî îí óäîâëåòâîðÿåò ïðàâèëó Ëåéáíèöà îòíîñèòåëüíî êâàíòîâîãîâíåøíåãî óìíîæåíèÿ:

dh(α ∧h β) = (dhα) ∧h β + (−1)|α|α ∧h (dhβ),ãäå α, β ∈ Ω∗(M)[h] .Â [1℄ áûëè îïðåäåëåíû êâàíòîâûå êîãîìîëîãèè äå �àìà QhH∗
dR(M) ïóàññîíîâàìíîãîîáðàçèÿ (M, w) êàê êîãîìîëîãèè äè��åðåíöèàëüíîé ãðóïïû (Ω∗(M)[h], dh) :

QhH∗
dR(M) := kerdh/ imdh.Ââåäåì òàêæå â ðàññìîòðåíèå ¾ñîïðÿæåííûé¿ îïåðàòîð

d′h := d + hδ : Ω∗(M)[h] → Ω∗(M)[h].



194 Â.Â. ØÓ�Û�ÈÍ (ÌË.)Ïðîâåðêà òîãî, ÷òî d′h ◦ d′h = 0 è d′h(α ∧h β) = (d′hα) ∧h β + (−1)|α|α ∧h (d′hβ) ,îñóùåñòâëÿåòñÿ òàê æå, êàê è â [1℄.Îïåðàòîðû dh è d′h ìîæíî ðàñïðîñòðàíèòü òàêæå íà àëãåáðó Ω∗(M)[h, h−1]ìíîãî÷ëåíîâ îò h è h−1 è íà àëãåáðû Ω∗(M)[[h]] è Ω∗(M)[[h, h−1]] ðÿäîâ Òåéëîðàè Ëîðàíà îò h ñîîòâåòñòâåííî. Ñîîòâåòñòâóþùèå êîãîìîëîãèè îïåðàòîðà d′h áóäåìîáîçíà÷àòü ñëåäóþùèì îáðàçîì:
Q′

hH∗
dR(M) := H(Ω∗(M)[h], d′h), Q′

h,h−1H∗
dR(M) := H(Ω∗(M)[h, h−1], d′h),

TQ′
hH∗

dR(M) := H(Ω∗(M)[[h]], d′h), LQ′
h,h−1H∗

dR(M) := H(Ω∗(M)[[h, h−1]], d′h).Â äàëüíåéøåì áóäåì îáîçíà÷àòü i(w) ÷åðåç i . �àññìîòðèì ãîìîìîð�èçì ϕh :
(Ω∗(M)[h], d) → (Ω∗(M)[h], dh) , îïðåäåëåííûé �îðìóëîé

ϕh(α) =
∑

k≥0

(−1)k

k!
hkikα = α − hiα +

1

2
h2i2α −

1

6
h3i3α + . . .Â ( [4℄, òåîðåìà 4.2) áûëî äîêàçàíî, ÷òî äëÿ ëþáîãî ïóàññîíîâà ìíîãîîáðàçèÿ (M, w)ãîìîìîð�èçì ϕh ÿâëÿåòñÿ èçîìîð�èçìîì äè��åðåíöèàëüíûõ ãðóïï, ò. å. ÷òî ϕh �ýïèìîð�èçì è ìîíîìîð�èçì è ϕh ◦d = dh ◦ϕh . Ñëåäîâàòåëüíî, êâàíòîâûå êîãîìî-ëîãèè äå �àìà H∗

dR(M, w) ïîëó÷àþòñÿ äå�îðìàöèîííûì êâàíòîâàíèåì ¾îáû÷íûõ¿êîãîìîëîãèé äå �àìà H∗
dR(M) :

QhH∗
dR(M) ∼= H(Ω∗(M), d) = H∗

dR(M)[h].Àíàëîãè÷íî ìîæíî ââåñòè ¾ñîïðÿæåííûé¿ ãîìîìîð�èçì
ϕ′

h : (Ω∗(M)[h], d) → (Ω∗(M)[h], d′h)�îðìóëîé
ϕ′

h(α) =
∑

k≥0

1

k!
hkikα = α + hiα +

1

2
h2i2α +

1

6
h3i3α + . . .Ïðîâåðêà òîãî, ÷òî ϕ′

h � èçîìîð�èçì äè��åðåíöèàëüíûõ ãðóïï, îñóùåñòâëÿ-åòñÿ òàê æå, êàê â [4℄.Òåîðåìà. Äëÿ ëþáîãî ïóàññîíîâà ìíîãîîáðàçèÿ (M, w) èçîìîð�èçì ϕ′
h ÿâëÿ-åòñÿ èçîìîð�èçìîì êîëåö:

ϕ′
h(α ∧ β) = (ϕ′

hα) ∧h (ϕ′
hβ). (3)Äîêàçàòåëüñòâî. Ïóñòü dimM = n . Â ëîêàëüíûõ êîîðäèíàòàõ (x1, . . . , xn)íà M áóäåì îáîçíà÷àòü ñòàíäàðòíûé áàçèñ â T ∗

xM ÷åðåç {dx1, . . . , dxn} , à ñîïðÿ-æåííûé åìó áàçèñ â êàñàòåëüíîì ïðîñòðàíñòâå TxM ÷åðåç { ∂
∂x1 , . . . , ∂

∂xn } . Ïóñòü
w â ýòèõ ëîêàëüíûõ êîîðäèíàòàõ èìååò âèä w = wpq ∂

∂xp ∧ ∂
∂xq .Äîêàçàòåëüñòâî òåîðåìû ïðîâåäåì èíäóêöèåé ïî |α| .Ïóñòü |α| = 1 , òîãäà ëîêàëüíî èìååò ìåñòî ðàçëîæåíèå α = αpdxp . Ëåãêî ïðî-âåðèòü, ÷òî â ýòîì ñëó÷àå i(α ∧ β) = α ∧ iβ + wpqαp(

∂
∂xq ⊢ β) . Îòñþäà èíäóêöèåéïî k ñëåäóåò, ÷òî

ik(α ∧ β) = α ∧ ikβ + k wpqαp

(

∂
∂xq ⊢ ik−1β

)

.
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ϕ′

h(α ∧ β) =
∑

k≥0

hk

k!
ik(α ∧ β) =

=
∑

k≥0

(

α ∧ ikβ + k wpqαp

( ∂

∂xq
⊢ ik−1β

)

)

=

=
∑

k≥0

hk

k!

(

α ∧ ikβ + h wpqαp

(

∂
∂xq ⊢ ikβ

)

)

=

=
∑

k≥0

hk

k!
α ∧h ikβ = α ∧h

∑

k≥0

hk

k!
ikβ = (ϕ′

hα) ∧h (ϕ′
hβ).Ïðåäïîëîæèì òåïåðü, ÷òî �îðìóëà (3) äîêàçàíà äëÿ âñåõ α , òàêèõ, ÷òî |α| ≤ m .Ïóñòü |α| = m +1 , òîãäà ëîêàëüíî α ïðåäñòàâëÿåòñÿ â âèäå ëèíåéíîé êîìáèíàöèè�îðì âèäà ξ ∧ η , ãäå |ξ| = 1 , |η| = m , ïîýòîìó ïåðåõîä èíäóêöèè äîñòàòî÷íîäîêàçàòü äëÿ �îðì òàêîãî âèäà. Èìååì

ϕ′
h((ξ ∧ η) ∧ β) = ϕ′

h(ξ ∧ (η ∧ β)) = (ϕ′
hξ) ∧h ϕ′

h(η ∧ β) =

= (ϕ′
hξ) ∧h (ϕ′

hη) ∧h (ϕ′
hβ) = ϕ′

h(ξ ∧ η) ∧h (ϕ′
hβ).Òàêèì îáðàçîì, ϕ′

h � èçîìîð�èçì êîëåö.Ñëåäñòâèå. Èìåþò ìåñòî èçîìîð�èçìû êîëåö êîãîìîëîãèé:
(Q′

hH∗
dR(M),∧h) ∼= (H∗

dR(M)[h],∧), (Q′
h,h−1H∗

dR(M),∧h) ∼= (H∗
dR(M)[h, h−1],∧),

(TQ′
hH∗

dR(M),∧h) ∼= (H∗
dR(M)[[h]],∧), (LQ′

h.h−1H∗
dR(M),∧h) ∼= (H∗

dR(M)[[h, h−1]],∧).Çàìå÷àíèå 1. Èçîìîð�èçì ϕh íå ÿâëÿåòñÿ èçîìîð�èçìîì êîëåö (çà èñêëþ-÷åíèåì òðèâèàëüíîãî ñëó÷àÿ w = 0), òàê êàê, íàïðèìåð, ïðè |α| = |β| = 1 èìååì
ϕh(α ∧ β) = α ∧ β − hwpqαpβq , à (ϕhα) ∧h (ϕhβ) = α ∧ β + hwpqαpβq .Çàìå÷àíèå 2. Ôîðìóëà äëÿ êâàíòîâîãî âíåøíåãî óìíîæåíèÿ ïîäñêàçûâàåòââåñòè äðóãîå óìíîæåíèå íà Ω∗(M) :

α ∧w β :=
∑

k≥0

1

k!
wp1q1 . . . wpkqk

(

α ⊣ ∂
∂xp1

⊣ · · · ⊣ ∂
∂xpk

)

∧
(

∂
∂xqk

⊢ · · · ⊢ ∂
∂xq1

⊢ β
)

.Íàçîâåì åãî w -âíåøíèì óìíîæåíèåì. Ýòî óìíîæåíèå îêàçûâàåòñÿ ñóïåðêîììó-òàòèâíûì è àññîöèàòèâíûì. Äåéñòâèòåëüíî, äëÿ äîêàçàòåëüñòâà ýòîãî äîñòàòî÷íîïîäñòàâèòü â �îðìóëó äëÿ êâàíòîâîãî âíåøíåãî óìíîæåíèÿ h = 1 .�àññìîòðèì îïåðàòîð D := d+δ : Ω∗(M) → Ω∗(M) . Èç �îðìóë (2) ëåãêî ñëåäó-åò, ÷òî D ◦ D = 0 . �àññìîòðèì ãîìîìîð�èçì ϕ : Ω∗(M) → Ω∗(M) , îïðåäåëåííûéñëåäóþùèì îáðàçîì:
ϕ(α) :=

∑

k≥0

1

k!
ikα = α + iα +

1

2
i2α +

1

6
i3α + . . .Â ðàáîòå [4℄ ïîêàçàíî (ïðåäëîæåíèå 2.2), ÷òî ϕ : (Ω∗(M), d) → (Ω∗(M), D) ÿâ-ëÿåòñÿ èçîìîð�èçìîì äè��åðåíöèàëüíûõ ãðóïï. Èç òåîðåìû 1 ñëåäóåò, ÷òî åñëèäè��åðåíöèàëüíóþ ãðóïïó (Ω∗(M), d) ñíàáäèòü îáû÷íûì âíåøíèì óìíîæåíèåì, àäè��åðåíöèàëüíóþ ãðóïïó (Ω∗(M), D) � w -âíåøíèì óìíîæåíèåì, òî èçîìîð�èçì

ϕ îêàæåòñÿ òàêæå èçîìîð�èçìîì êîëåö.
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