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AnaHOTa U

MmuoxkectBo 'axoBa § mpesacrasisier co60il K1acC BCEX TOJTOMOP(MHBIX U JIOKAJTHHO OTHO-
JIUCTHBIX (QYHKIUN B €IUHUYHOM KPyre, MMeoInX He 0oJiee OMHOrO KOPHsS ypaBHeHns [a-
xoBa. [ls psima M3BECTHBIX MOMKIACCOB OTHOJIUCTHBIX (DYHKIIHA TP HAJIUYANA HYJIEBOTO KOP-
us ypasHenus [axosa mano 3ddexTuBHOE OMMCcaHme MHOXKECTBA TPAEKTOPHil BbIxoma n3 G
TaKOM BBIXOJ, OCYIIECTBIAeTCH IIPU 3HAYEHUHN IIapaMeTpa, KOTOPBIH OTBedaeT HeylydHiaeMon
IIOCTOSIHHON B COOTBETCTBYIOMIEM YC/JIOBUU €IMHCTBEHHOCTU KOPHII. ].—]:OKa3aHO7 9TO BBIXOI U3 g
MOYKET TPOUCXOATH 34 cueT oudypKanmii TOJIHKO ABYX THTIOB: 1) MAKCHUMYM B HYJIE TIEPEXOIAT
B JIBA MAKCHMYMa U CEJJI0; 2) BO3HUKAET HEHYJIEBOE MOLyCeI0, PACIAIAIONIEECT 3aTEM B CEITI0
U MaKCHMYM.

KuroueBrblie ciioBa: runepbonndeckas IPOU3BoaHAsA, KOHMOPMHBIN pammyc, oudypKrarmm
KPUTHYECKUX TOYEK, MHOXKECTBO ['axoBa, KJacC 3BE3M000pa3HbIX (DYHKITHH, YCIOBUS TIOIUN-
HEHHOCTH.

BBenenue

3BecTHAast SKBUBAJIEHTHOCTD

1
V{h(O =1 KRy =0 LE - % (1)
7O T 1P
obbennHsieT MpobiaeMaTuKy ABYyX Hampapjenuii: Bocxomsiei kK 1. Tomna, I. Cere [1]
n X. Xurn [2] 3amaun onpesiesieHnsi d4uciaa W XapakTepa SKCTPEMYMOB KOH(DOPMHBIX
paauycoB maockux obmacreit (cm. Takxke [3]) m magaroro @.J. Taxosbim B [4] mc-
CTeTOBAHNS PA3PENIMMOCTH BHEIHEH 00paTHOl KpaeBoil 3amadu MO mapaMerpy S ¢
HedukcupoBanubM nomocoM. Purypupyromas B nesoit wactu (1) dyuxnus hy mHa-
3piBaeTCs eunepboauyeckol npouseodnot ronomopduoit B D = {¢ € C : [(| < 1}
dbyukunu f [5, 6]; B kmaccuueckoit mocranoske ITonna— Cere —Xurn semuanna hy(C)
cosnazaer ¢ (Buyrpennum) koudopmubim paguycom obuactu f(D) B rouke f(¢) [2].

OkBuBanenTHocts (1) Gprna ussecra eme @.J1. TaxoBy (B repmmuax ¢ = f') [4]
u . [emwro [7], HO B CB#A3M ¢ IKCTPEMyMaMu IUNePOOIMYECKUX IPOU3BOIHBIX BIIEPBbIE
nosieJisieTcsi TOJILKO B padore [8]. Ocuopannas na (1) crarbs [9] (¢ omopoii Ha MHOrO-
cesi3ubI anasor [10]) nepeksounia MONCK yCIOBUiT €AMHCTBEHHOCTH C PENEHHH BHETI-
Hell 3a7a4K Ha KpUTHUIecKue TOUKkH dyukimu hy (cm. [11-13]). Ypasuenne u3 mpasoit
vyacru (1) naseiBaerca ypasnenuem [axosa.

IIycre H — xmacc Bcex ¢yukmmuit f, ronomopdubix B . Mbr Oymem paboTars ¢
ero mogkaccoM Hy, COCTOANNM U3 JIOKAJIBHO OJHOMUCTHBIX B D dbyukmuii f (10 ecTh
J1'(¢) # 0 upu ¢ €D) ¢ mopmuposkamu f(0) = f/(0) —1 = 0. Yepe3 M, obo3uaunm
MHOYKECTBO BCEX KPUTHIECKUX TOUeK byHKImu hy B D, depe3 ky — UX KOIUIECTBO. DJte-
MEHTEL ¢ € My HCCIeAyIOTCsS ¢ HOMONIBIO ABYX XaPAKTEPHCTHK — [AyCCOBOI KPHBU3HLI
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K;(¢) nosepxuoctu h = hy(¢) max D u umnnexca 7y(a) Bekropuoro nons Vhp(¢) —
1 MOT'YT OBITH TOJIBLKO TPEX THUIOB: JOKanbHbLil MakcumyM (¢ (a) = +1), cemno (v¢(a) =
= —1) u nomycenzo (vf(a) =0) [14].

Paccmorpum mnoorcecmeo Taxosa G = {f € Hy : ky <1} (cm. [15, 16]). Ucnoms3o-
Banue coorHomenust ky < 1 (aue ky = 1) 00yC/I0BIEHO TEM, YTO HEKOTOPBIE MOIKITACCH
Hy, B xoTopuix 3 My # & caenyet ky = 1, cogepxxart snemenTs! f ¢ ky = 0. IIpmvep —
knacc N qynkmmit f € H ¢ yenosuem Hexapn [17]

(1 - |<|2)2‘{fa<}‘ S 2; < S Da (2)

rme {f,¢} = (f"/f) () — (f"/f)*(¢)/2 — mBapuman; 10Ka3aTeILCTBO MMILTAKAIIAH
[ eN,f7(0) =0, f(D) # noaroca = ky = 1 conepxurcs B [18] (cm. rakxe [3, 13]).
Kak ussecrno [17], ycnosusa f € H u (2) obecreduBaror OIHOJIUCTHOCTL [, OTKy/a,
B wacruocru, N C Hy. Jlerko nposepurs, uro f({) =In(1/(1—()) e N u ky =0.

MmuoxkectBo laxoBa pacmamaercsd B AU3BIOHKTHOE OObEIUHEHWE MOIMHOXKECTB
gl:{fGHQZk/’fZL’yf(Mf):-i-l},goz{fGHoikuO}I/Igs:{fEHQ:
kr = 1,v;(My) # +1}. Ilocnennee u3 HUX COAEPIKUT, HAPHMEDP, PYHKINIO U3 IPH-
mepa 1 muxe, a takxe dbyukuuio f(¢) = ¢/(1 — ¢?). B oboux cayuasx My = {0},
TOMBKO B mepBoM Touka ( = () — MOIyCemsio, a BO BTOPOM — CEJJI0 TIOBEPXHOCTH h =
— hy(C).

OrrM 13 crtocobOB MCCIeI0BaHNST MHOYKecTBa ['axoBa sABJsieTcs morpyskenne (pyHK-
i f € Hy B cemeiicTBo ee «amumii yporusi» f,(C) = f(r{)/r ¢ nocaemyomnmm n3y-

qenneM aumHamukn MHOXKecTB My, 0 < r < 1 (My, := {0}). dna sroro BBoAaTCS
cmoerne Rs[0,1] = |J My, x {r} u dyuxnuonan
ref0,1]
Tr=sup {{€[0,1] :r € [0,§] = ky, =1} (3)

MEepBOTO BBIXOJA W3 MHOMKECTBA G BIONb «JaWHUIT ypowHsS» dynkmun f € Hy. Kop-
PEKTHOCTD ONpefesieHusl 7y ONHpaeTcs Ha aBa MoMmeHTa: 1) mpu r < 1 dbyukmus f,
npUHAIIEXKUT MajoMy Kiaccy Biaoxa By = {g € H : limC . op hy(Q) = 0}, Tax uro
k. >0, u 2) MmHOZXKeCcTBO B (3), TOIHOI BepXHEl IPAHBI0 KOTOPOLO SBJIAETCS T ¢, BCELIA
comepkutr orpe3ok [0,&s], Ha koTopoM ky, = 1; B KauecTBe &y MOXKHO B3ATb PAJIIYC
BBITTYKJIOCTH PYHKIN f.

JlokanpHOe crpoenne MHOKecTB Buaa R¢[0, 1] m3ydeno B paborax [3, 6]; wacTs mo-
JIy9E€HHBIX TaAM Pe3yIbTaTOB, HEOOXOIUMYIO /ISt JATBHEHIIEr0 N3I0KEeHIsT, 00beUHAET
cIemyomast

Jlemma 1. Ilyemw [ € Hy u o — usoauposanmnviii saemenm mmodcecmsa My
0<p<l. Eecru oo =0, mo 0 € My, dan aobozo v < 1; croenue Ryf[0,1] donyckaem
bugyprayuro 6 mouxe (0, p) mozda u moavko moezda, kozda p = /2/|{f,0}|. pu smom
a =0 - mouka makcumyma hy, , K02da v < p, U € POCINOM T B03MONCHbL MPU CUEHAPUA
budyprayuu <Hads> r = p: a) MAKCUMYM NEPETOIUM 6 Ce0N0 ¢ OMBEMBACHUEM 08YT
makcumymos (budyprayus muna V); 6) makcumym u 084 CE0AQ CAUBAIOMCH 8 CEOAO;
B) MAKCUMYM U CEOA0 MEHAIOMCA POAAMU, NEPETO0L HEPES NOAYCEINO.

Ecau p =T¢ u nepasencmso kg, > 1 npu r > p 664u3u p 6LINOAHAEMCA 30 Cuem
budyprayuu Rr[0,1] 6 moure (a, p), mo ama budyprayus — 0dnozo us deyx Munos:
U uau U. Iocaednut moscem umems Mecmo moavko 6 caywae o # 0 u osnawaem,
YMO O — NOAYCEDN0, PACTAJANULEECA HA MAKCUMYM U CEOAO € POCTIOM T .

B macrosmieii crathe MCCIeayercs HapylieHne eIWHCTBEHHOCTH HYAE6020 KOPHS
ypapnenus l'axosa, To ecTh Hac OyayT mnTepecosath dynxkuunm f € Hg c momomanu-
resibbiM yeaosuem f7(0) = 0. Jua X C Hy BBemem obozuadenne X = {f € X :

f"(0) = 0}; rakum obpazom, G = G1| |Gs.
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Bameuanme 1. Kax mokasano B [6], MHOKeCTBO Gy 3Be3000pA3HO MO <« THHASM
ypoBHSI»: ectu f € Gy, T0 fr € G1 st MOBOTO 1 € (0,1). Ecam xe f € G, To npn
r <1, 6omsknx x 1, nmeem ky, > 1. JleficTBUTebHO, PACCMOTPHM JBa CIydasd.

1) ycts v5(0) = —1. Torma ecn K¢(0) # 0, 1o mo memme 2 u3 [6] mas m060ro
r < 1 B6mu3u 1 Gymer vy, (0) = —1, a tak kax f, € By, T0, M0 mpemoxennio 2 u3 [6],
mHOXKecTBo My, , Kpome cenjia B ¢ = 0, collep:KUT TOUKy Makcumyma. Takoit e pe-
3yabratr nomydaercsa u npu K ;(0) = 0, TONbKO y2Ke MO0 JeMMe 1, Tak KaK B 9TOM CJIydae
umeer MecTo |{f,0}] = 2 (BbIpazkenue ns K¢(0) ¢ TOIHOCTBIO IO MOTOKUTETHLHOTO
comuokuTeNs copnamaer ¢ 4 — [{f,0}[?).

2) Ecau v4(0) = 0, To Kf(0) = 0 (cM., mampumep, [3]), # BHOBb IPHMEHSETCS
JemMma 1.

B kadecTBe miTIOCTpAIINM MPUBEIEM CJIETY IO

IIpumep 1. Cuoenne R;[0,1] mns dyuxnun f(¢ fC 2t )~2dt € G, cocro-
UT U3 JBYX KOMIOHEHT — oTpeska to = {0} x [0, 1] u KpI/IBOI/I v = {(:c 7"( )) sz €[0,1]},
rae r(x) = 2/(x + V4 —3x2). Uveem 7(0) = 7(1) = 1 u Ty = mingejoqr(z) =
= r(1/v/3) = V/3/2. D10 o3mauaer, uro mst r € [0,v/3/2) Gyner f. € G (M, = {0})
W BO3HWKaoMmee npu r = /3/2 momycenno ¢ = 1/v/3 pacmamaercs 3aTeMm Ha ceIo
Cs(r) = (1 — V4r2 —3)/(2r) m makcumym (G (r) = (1 4+ V4r2 —3)/(2r); npu r = 1

ceyio (s(r) causaerca ¢ makcumymom ¢ = 0 B nosycenno, a (G, (r) soixomur na OD.

Jlanee HaM MOHAIOOATCSA BA U3BECTHBIX MOJIKIACCA OJHOMUCTHBIX (DYHKITHAH: KIACC
S* dynxmmit f € H, f(0) = f'(0) — 1 =0, yI0BJIETBOPSIONINX YCIOBHIO 3BE31000pa3-
wocrn Re(f'(C)/f(¢) > 0, ¢ € D, a makxe kiacc Aznekcanmepa [19], cocrosmmnii n3
ronomopdubix dbynxmuit f(¢) = (+az(?+--- comenkoit Ref’(¢) >0, ¢ € D; nocen-
Huit knace Oymem obosuagars uepes A. Ecim f € S*, To u3 YCIIOBHUS 3B31000pa3HOCTH

cJIeIyeT, 4To
(O 1+9¢(Q)

C - 9 C S D7 4
O~ 1-40 W
rnel) p € Hu?2) |p() <1,¢e D,ams (4) u f(0) = 0 — pasnokenue Buga
3) p(¢) = a¢?+ - . Knacc bynkimuii ¢ co cpoiicteamu 1) — 3) obozHaunm uepes V.

Paccmorpum cienyromntyto moctanoBky. [lycts X —nonkiace Hy, Takoit uto X # &.
Beenem nBa 0oO0bekTa — BETUYUUHY

p(X) :=inf{F;: f e X}
U CBA3aHHOE C Heil 9KCTPEMAJIbLHOE MHOZKECTBO
B(X):={fe X Ty =p(X)}.

Bamaua cOCTONT B TOM, 9TOOBI, ONMPEIEINB 3HATCHNE p(f( ), narh 3hdekTUBHOE OmHca-
HUE MHOYKECTBA, E()?)

B pamkax mpesnmecTBYIONMEro ITAA WCCAENOBAHWA MO ypaBHEHHSM laxoBa (CM.,
nanpumep, [13, c. 36; 20]) Besuuuna p()?) paccmarpuBasiach Obl KaK TOYHAs (HEyJryd-
maeMast) TOCTOSTHHASA B YCJIOBAM €TUHCTBEHHOCTH

feX, r<pX)=kf =1

HYJIEBOTO KODH$ ypaBHenus LaxoBa myist f,., a MmHokecTBO F(X) — Kak Habop dbyHKIHi,
peaNM3yIoMuX HeylTydITaeMOCTh YKa3aHHoil TOCTOAHHON. DTO O3HaHYaeT, ¥To ecin f €
€ E(X), ro ycnosue r < p(X) He TOIBKO JOCTATOYHO, HO K HEOOXOANMO /I PABEHCTBA



34 A.B. KABAHIIEB

kg, = 1. IlocTpoenne ycnoBuil ¢IUHCTBEHHOCTH TPAIUIIOHHO IPEINIOJIATAN0 BLITHCIIE-
HUE HEYJTydIIAEMbIX MOCTOSHHBIX M M YKA3AHUE OTJEJbHBIX 3JIEMEHTOB SKCTPEMATbHBIX
muOkecTB. HoBusHa pasBmBaeMoro mojxoza COCTOMT B IIOJTHOM ONMCAHUM MHOXKECTBA
E(X).

B macrosieii pabore mocTaBieHHAs 3a]a9a PEIIAETCs B Ciydae, Korga X mpobe-
raer pag nogkaaccos S* u A. Ilpu 3ToM criemapnm BEIXOIA W3 MHOKeCTBA ['axoBa BIOIH
«JIMHAN yPOBHSI» JEMOHCTPUPYIOT HAMHYINE 00ENX BO3MOMKHOCTEH, OTKPBIBAEMBIX JIEM-
Moit 1, To ecTh cooTBeTcTByOmMUX Onudypkanusam kak tuna ¥, tak u U. Kpome toro, aisa
OJIHONIAPAMETPUYECKUX CeMEliCTB yCI0BUii IOJYUHEHHOCTH Bua (4) BBOMATCH AHAIOIU
«JIMHUi ypOBHsI» (C mapaMerpoMm ceMeiicTBa BMECTO 1), UTO MO3BOJISET UCIOJIb30BAThH
IPUBEIEHHYIO IOCTAHOBKY /LIS PACIIAPEHNs OMMCAHAS BBIXOJA H3 MHOKeCTBa G .

JlanHas cTaThs TMPOOIKAET MCCACIOBAHWSA ABTOPA MO MAPAMETPHYECKUM CeMeri-
crBaM KOHGMOPMHBIX PaanycoB B padorax [3, 5, 6, 16, 20-23] n HeKOTOPHIX Apyrux (Mo
LOBOZY JBYIAPaMETPUUIECKOro ciaydas cM. [24], a rakxke crarbio [25] u 6ubsuorpaduro
K Heii). B kKauecTBe OTHPAaBHON TOYKY [OCJIY 2KUJIM IIPUHA/IJIEIKAIIME ABTOPY PE3yIbTaThl
§ 2 u3 [11], B ocobennocTn . 1) n 2) Teopembr 4 u npumep 1.

1. VY-Brixong m3 MmHoXKecTBa I'axoBa mo «JMHUAM YpPOBHA» B S*

Byznem ucnons3oBaTh CIeAyIoONyio Bepcuio jeMMbl [IBapiia, KOHCTPYUPYeMyIo ode-
BUZIHBIM 00pa3oM Ha ocHOBe TeopeM 1 m 4 u3 [26, ra. 8, § 1].

Jdemma 2. Ecau o(¢) = v¢%> +--- € V, mo |y| < 1. Pasencmeo umeem mecmo
moavko 6 cayuae, xo2da p(C) =¢eC?, le| = 1.

Bameuanne 2. dna moboit f € Hy caoenne Rf[0,1] He uMeeT mpemenbHBIX TO-
ek Ha 0D x(0,1). HeficTBuTensHo, gomyckas Hatnane nociaenosareasuocta R(0,1] 5
(&n,y ) — (€0,70) € 0D x(0,1) n nepexonst K npeey nmpu n — oo B ypaBHenun [axosa

f”(rngn) _ o9¢
(1 - |§n|2)rnm = 2§n7

B CHJIy JIOKaJIbHOHN oguomucTHOCTH f momyunm (0 = 2€, — mporuBopedne. IToro dakra
HaM Oy/eT T0CTaTOYHO, HO MOXKHO JIOKA3aTh U OOJIbINee, a UMEHHO, CYNIeCTBOBAHNE BO3-

pacratormeii byukunn R : (0,1) — (0,1) rakoii, uro mus modoro r € (0,1) MHOXKeCTBO
My, conepxurcs B kpyre |(| < R(r).

BapmanT BbIixoma n3 MHOXKecTBa G1 yCTaHABINBAET

Teopema 1. ITycmoe F — cemeticmeo dynxyut us f € Hy ¢ ycaosuamu

10| A
7O =P

u 0 < A= supser[{f,0} < +oco0. Tozda p(F) = max{l,/2/A} u ewnornaromca
coomnowenua E(F)=F npu A<2, E(F)={feF:|{f 0} =A} npu A>2.

Ecau, kpome moezo, cywecmeyem uwsekyua ¢ : V — F : ¢ — [, sadasaeman
noduunennocmuro euda P(C; f(¢)) < F(¢), ¢ €D, max, wmo f"(¢)/f () = Ay + -
npu ©(¢) =¢34+, mo p(t(V)) = p(F). B smom cayuae E(1(V)) = (V) daa A <2
w EGOV) = {f-: ®(G f.) = F(:C?),C €D, |z = 1} dan A > 2.

¢ eD)\ {0}, (5)

HoxkasaresbcrBo. U3 (5) creayer ornenka

10| 4
FAO | T T=rlcE

¢ eD)\ {0}, (6)
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cripaBeinBas nipn Beex 7 € (0, 1], a TakKe yTBepKaeHne reopembl mpu A < 2: COOTHO-
menus p(F) =1 u E(F) = F 104t 09eBUIHBL B HACIELYIOTCS JTI00BIM HOICEMEHCTBOM
HCF.

IIycts A > 2. Torma u3 (6) scuo, uro ky, = 1 opu 0 < r < /2/A (manoMmHmM:
My, = {0} mna moboit f € Hy). Ilosromy 7p > /2/A, f e F.

[Moxazem, uro nHaiinercs g € F ¢ Ty = /2/A. Unrerpuposamuem (5) ybexmaemcs
B TOM, 4910 cemeiictBo JF — paBuHomepno orpanmdennoe Bayrpu D). Ilosromy k mocie-
noaresasHocTH (f,) co cmoiictBom |{f,,0}] — A, n — oo, usBnekaemoii 3 F mo
omnpesiesieHn0 A, TPUMEHNUM MPUHIAT crytnenus [26, c¢. 20]: u3 (f,,) Bbibepem noamocse-
JIOBATESHLHOCT (fr, ), PABHOMEDHO cxozsinytocs BHyTpn D K rosomopdHoit byHKInm g.
Ouesunno, g(0) = ¢’(0) — 1 =0, orkyaa g # const; JOKAJILHYIO OJIHOIUCTHOCTD (DYHK-
nus g Haciaeayer y (fn,) Ha ocHOBe Kiaccmaeckux TeopeM 1 u 2 Ha ¢. 17 n 19 u3 [26].
Takum 00pazom, KoppekTen mepexof B (5) K dyukmuu ¢; B urore g € F. Tak Kax
[{g,0}| = A, a mo nemme 1 B Toure (0,p), p = /2/|{g,0}|, cnoenne R,[0,1] umeer
OudypKanmio, TO ¢ y4eroM MOJIy9YeHHOrO BbIlie JaHHas Oudypkamus uMeer tun W
uT,=p=+/2/A.

Msr yeranosmn, uro p(F) =+/2/A, E(F) # @ nuaro ecmn f € F n |{f,0} = A4,
o f € E(F). Hycrs Teneps f € E(F), 10 ects Ty = 1/2/A. TIocKONBKY Mfm =
= {0} (cm. (6)), B cumy nemmsl 1 yenoBue ky, = 1 ¢ poCTOM r MOXKET HAPYIIATHCS
TonbKO 3a cuer U-6udypranun ciaoenus R0, 1] B Touke (0,7f) (37€ch CyliecTBeHHO,
aro Ty < 1 cormacao A > 2 u MR¢[0, 1] me umeer mpemensusrx Touek Ha 0D X (0,1) B
cuny (6); cM. Takxe 3amedanue 2). Ho Torna 7y = /2/|{f,0}| (BHOoBb DO semme 1)
orkyna [{f,0}| = A. Takum obpaszom, E(F)={f e F:|[{f,0} = A}.

YT0 Kacaercs MOCJIETHErO YTBEPIKIEHUST TeopeMbl, To pasmaoxenue f”/f' B 3aBn-
camoctn ot p(¢) = v¢% + -+ maer |{f,0}| = A|y|. Torma mo onpemenenmio f. mveem
[{fs,0}] = A, a tak kak f. € (V) C F, T0 COMIACHO TOJILKO 4YTO JOKAa3aHHOMY Oy/er
fe € E(F), 1o ects Ty, = /2/A, |e| = 1. Kax ycranossneno Beime, Ty > Ty 17
moboit byuknuu f € F, B uactroctu ms moboit f € o(V). Hoaromy p(t(V)) = /2/A,
fe € E((V)) n E(t(V)) C E(F).

B npeanonoxennn f € E(u(V)) nociegree BKIIOYEHHE TPUBOAUT K COOTHOIICHUIO
[{f,0}| = A. Ho mo nemme 2 (|]y| = 1) oHO BBIMOIHAETCH TOIBKO B CIydae, KOLJa

f(Q) = 1(e¢?) = £-(¢) nna mexoroporo ¢ ¢ |g| = 1. O

Y

CnencrBue 1. Hmeem mecmo pasencmeo p(g*) = 1/V/3. Mnooicecmeo sxcmpe-
marvunz dynkyuti B(S*) ucuepnusaemea cemetiemeom f-(¢) = /(1 —¢e¢?), |e| = 1.

HoxkazarenbcrBo. U3 (4), ¢ € V, oueBuaubiMEu IPeOOPA30BAHUAME I10J1y4AEM

F7Q) _ 2e(Q) L 20(0)
Q) 1=¢%(¢)  1-9(Q)

orkyzna caeayer (5) ¢ A = 6 corsmacuo [26, c. 323]. Hanee, f”(¢)/f'(¢) = 6y¢+ -,
[{f,0}] = 6]y| u paBencrso |y| =1 no nemme 2 npusogur k f = f., |e| =1, orkyna, B
qacTHOCTH, SUp 5. [{f, 0} = [{f-,0}] = 6. Takum oGpasom, Teopema 1 mpumennva B

¢ ¢eD (p(¢Q)=¢+-)

ciyuae F = S*; upu 31om ¢ — Gueknus, onpeesseMas IOA4MHEHHOCTbIO (4). O

3amewanue 3. Boraucienne 7; = 1/v/3 mna f(¢) = ¢/(1 —¢?), |e| = 1, 6buo
nposesieno B [21, c. 29]. B mannom ciyuae npu sio6om 7 € (1/4/3,1) muoxectso M, co-
JIEPYKUT TpH dsieMenTa: ceyio ¢ = 0 u apa Mmakcumyma (4 (r) (¢ IBHO BBIMTMCHIBAEMBIMHY
BBIpaYKeHUsIMN ), BeIxoasmmx Ha O npn r = 1.
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2. «JImann YPOBHA», onipeae/qdeMble YCJIOBUAMU IMIOAYNMHEHHOCTH

[Tycre qost mo6oro b € [0, 1] dbyukunsa F(w,b) = 142B(b)w+- - - romomopdHa 1o w
B kpyre D u ynosierBopsier B HeM HepaBeHcTBY ReF(w,b) > 0 (orkyma |B(b)] < 1).
ITycrs, mamee, ewmodasitores yeaopust F(0,w) = 1, F(w,1) = (1 +w)/(1 —w) n
F(w,b) < F(w,c) (B gacrrocru, |B(b)| < |B(c)|) mpu 0 <b<e<1.

Paccmorpum cemeiicTBo ycmoBuit MOIIMHEHHOCTH

f'(9)
f(Q)

KazK/10€ U3 KOTOPBIX OMPEIEIeT TMOIKIACC 51*; [b] B S*; oueBHHO, 51*; 0] ={f(¢) =}

¢ < F(¢b), ¢eD, bel0,1], fe Hy, (7)

u 51*;[1] = S*. [Mokaxkem, kak ¢ nomoubio (7) crposTcs cemefcTBa, UrPAOIUe POJib
«JINHWH ypoBHs» QyHKUui f € S*.

Jnst mpon3sombHoil byrkman f € S* mpencrasaenue (4), T0 ecTh Cf'/f=F(e, 1),
ofHO3HAUHO BRIUmcaser dynkimo ¢ € V. Torga npu mobom b € [0,1] n ganHoi ¢
dbyukua f, € g} [b] xoppekTHO ompesieniena Kak pererne auddepeHIaIbHoOro ypas-

HEHUA fé (C)
f(€)

Bosee toro, ams moboro b € [0, 1] kaxmpiit snement knacca Sh[b] mveer sug fy s

¢ = F(¢(¢),b), CeD. (8)

HeKoTOpoOit hyrknmn f € §*.

[ocTpoennoe cemeiictBO { fp}pe(o,1] OyeMm naspiBath F -cemeticmeom byukmmn f
9nMeMeHThl f, — ee F-«aunuamu yposhas, a GyHknmoo F ¢ IepednciIeHHBIMU BBIIIE
YCJIOBUSAMHE — Nopodicdarow,eti pyHKIuei.

B kauecrBe 6a30BBIX PACCMATPUBAIOTCH BEJIUIHHDI

by =sup{€ € [0,1]:b € [0,§] = kg, =1} u B(S*) =inf{ds: f €8},

a TakIKe OmpesesIseMoe uMu MHOXKecTBO B(S*) = {f € §* : by = 5(S*)}.

st Toro 9To0hl moayunTh F-anajor teopembl 1, HaM MOHAIOOSTCS COOTBETCTBY-
forue Bepcun jeMM 1 m 2. §*-Bepcusi OCTeaHel yCTaHOBIEHA B OOOCHOBAHWUN CJIE]I-
crBud 1:

Jemma 3. s arboti gymryuu f € S* cnpasedauso nepasencmeo [F7(O)/ (O] <
< 6|¢|/(1—=[¢]?), ¢ €D\{0}, a maxoice ouenxa |{f,0}| <6 c pasencmeom moavko npu
feESY).

Yro KacaeTcs aHAIora JeMMbI 1, TO [ HAIMEX HeJiei Oyaer JoCTaTOYHO TeopeMbl 1
u3 [22], Koropyio npuBesem B cieayiomeii dhopme.

JIemma 4. ITyemo dpynxyus G(C,b) = AD)C+ -+ 20a0mopdra no (C,b) 6 nexo-
mopom b6uxpyze us C? ¢ yenmpom 6 moure (0,3), 8>0, u

Re A'(8)/A(8) > 0. (9)

Ecau |A(B)] = 2, mo npu sewecmeennnr b muoscecmeo B pewenudl ypasHeHus
G(¢,b) —2/(1 = [¢]?) = 0 s6bausu mouxu (0,3) cocmoum us deyr nepecexarouyurca
6 neti C¥-kpuewr: unmepsara na ocu b u C¥-dyeu euda (1) b(1)), |7| < &,
c b(0) = 3. Ecau |A(B)| # 2, mo 6 B ocmaemcesa moavko nepeas kKpusa.

Boi6op 3maka “>” (a e “#£”) B (9) obycaosien npuaoxkenuem jgemmbl 4 Kk F-ce-
meiicrBam, xorma G(¢,b) = f7(¢)/f}({) m mpn b < [ HymeBoll KOpEHb ypaBHEHHS
laxoBa mns f, momken ObITh MakcuMyMmoM hy, , To ects [{fy, 0} < [{f3,0}] = 2.
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TMocsieiree HepaBeHCTBO obecriednBaeTcsi yciaoBueM Bospactanust dyukimn |A(b)| =
= |{f»,0}| BOm3M b = (3, a nas sroro mocrarodno (9).
Temeps chopmynupyem n J0KazKeM aHAJIOr TeopeMbl 1 ams [ -«muHuit ypoBHs».

Teopema 2. I[Iycmwv noposicdarowasn dynkyus F(w,b) = 14 2B(b)w + -+ 20-
aomopgna no (w,b) e buxpyze D2, npuuem a(b) = |B(b)| eospacmaem na [0,1] om
a(0) =0 do a(l) = 1. Hycmw, danee, das aoboti pynkyuu f € S* ee F-cemeticmso
{fo}vejo,1) ydosremsopsem ycaosuro

g’(c)\ _ Ga)l¢
RO 1=1¢P
a croenue Bl0,1] = < [0,1] My, x{b} ne umeem npedesvnoir movex na 0D x(0,1).
Tozda B(S*) =a~'(1/3) u B(S*) = E(5%).

¢ceD\{0}, be(0,1), (10)

HoxkaszareabcrBo. OGosnadnm [ :=a~'(1/3). U3 (10) crenyer, aro ky, = 1 npn
0 <b< 3, nosromy by > (3 nnsa Beex f € S*. Mycrs g — mobas GyHKIms 13 E(g*)
Torga |{g,0}| =6, u B cuny (8) umeem |{gs,0}| = 6a(b), b € [0,1]. Tax xax |{gg,0}| =
= 2, to mo nemme 4 (0,3) — rouxa 6udypramun croenus B = B,[0,1], a Tak Kak
kg, =1, 0 < b < 3, To nannaa budypramua — Tana ¥, 3HaYNT, Eg =7.

Urak, B(S*) = 8 u E(S*) C B(S*). Ocranocs 10Ka3aTh MPOTHEOMOIOKHOE BKIIIO-
wenme. Iycrs f € B(S*), 10 ectn by = 3. Hockombky ypasnenne axopa 1 fs me
nmveer kopHeit B D\{0}, a y cioenns B Her nmpezenbHbx Touek Ha 0D x(0,1), B cury
JIeMMBI 4 eTMHCTBEHHOCTH HYJTEBOrO KOPHSI ¢ POCTOM b MOYKET HADPYIIATHCS TOJBKO 3a
caer V-6udypkannn B B Touke (0,), npudem [{f3,0}] = 2. C apyroii cropoHsI, u3
(8) m $(C) = 4G + -+ creayer, w10 [{f3,0}] = 6]yla(3) = 217]. B wrore o] = 1, o
ects |{f,0}] =6, orkyna f € E(S*) no memme 3. O

[Ipororunamu fjs npeanpuaATOr0 F-paciiupenus UCXOIHONW 7' -[IOCTAHOBKHU MOCITY-
JKHJIU JIBA yTBEPIKIEHUs, 0JydeHHble apropom B [11]. A umenHo, cupaseminso

Ipeanoxenune 1. ITycms f € Hy . Baxmouenue fe G1 swnoanaemca npu A1000M
u3 08YT CALOYIOWUT YCA08UTl OAf 6CAK020 b u3 neyaywwaemozo ompesra [0,1/3]:

J'(€) _1+b¢
1) ¢ 70 < Fi(¢,b) = T ¢eDb,
uAu ,
f'(€) _(1+¢
2) ¢ 7O < I5(¢,b) = <ﬁ) , ¢eD.

MozkHO oKa3aTh, 910 GyHKIUA F) 5 — IOPOXKJAIONIEE U YIOBIETBOPSIOT YCIOBUIM
reopembl 2 ¢ a(b) =b.

3. Brixog u3z §; mo «JMHUAM YPOBHS»
3Be3/1000pa3HbIX (DYHKIUM MopaaKka o

®yukims f € H ¢ nopmuposkamu f(0) = f/(0)—1 = 0 nassiBaercst 38€31000pa3HoOi
nopsizgka « € [0,1), ecau
/(<)

f(©)

B OTJIMYWeE, HATIpUMep, oT [27], MbI He Tpebyem, 4ToOb TocTosiHHast « B (11) Gblta He-
yayumaemoit. Kiuace sBcex dynkuuit ¢ ycaosuem f”(0) = 0, 38e31006pa3ubix HOpsiaKa

Re( >a, (€D (11)



38 A.B. KABAHIIEB

a, Oymem o6o3HAYATH [Uepes3 g*(a), a € [0,1). Jdust Kaxkgoro sjeMenTta [ JaHHOTO
KJ1acca OyZeT BBIMOJHATHCS CIIEAYIONIee MPe/ICTABIEHNE C TOAXOAdIel ¢ € V:

(O 1+ (1 =2a)p(C)

= D.
O T T e CF "
Ipu p(¢) = ¢? auddepennnanbhoe ypasuenue (12) onpeenser byHKINIO
_ ¢
falQ) = A—cyia (13)

npu ¢(() = e(? — ee spamenus £f,(eC), |¢| = 1. Ussectno (cm., manpumep, [15,
c. 12]), uro nepexoq or (GbYHKINM K €e BPAIIEHNSM MOBOPAYNBAET KOPHU yDaBHEHMUS
TaxoBa ymmuoxkennem ma z. Crpykrypy ciaoenuit Ry, [0,1] mpu pasnmmumsix a € [0,1)
paccMaTpUBAET CHEYIOMINi

ITpumep 2. Ypasuenune ['axosa

2(1 — 2a)r2¢? 22— a)r?¢? 2l
1+ (1—2a)r2¢2 1—-72¢2  1-¢|]2

(14)

JUTs «JTHHUN YPOBHSA» fo , MMEET TOJBKO BellecTBeHHbIe KOpHU. [lomaras B (14) ¢ =
=z € (—1,1), orneaas x = 0 u OPOM3BOAA 3aMeHy U = 7T, B3AUMHO-OJHO3HAYHO
neperocsyo nceaegopanne n3 obsmactn {0 < r <1,—1 <z < 1} B obmacts A = {0 <
<r <1,—r < u < r}, NOJYyINM SIBHYIO 3aBUCHMOCTh 7 = r"(u), MapaMeTpU3yIOINLyIO
Henyesbie sneMenTrl My, . JlanHyio 3aBHCEMOCTD yI00HO MpeIcTaBuTh B (hopme r? =
= R, (u?), Tre

1-t)(14(1—-2a))
(1—a)(B3+4(1-2a)t)’

N3 (15) caenyer, uro rpaduk I' = {(u,r(u)) : =1 < u < 1} aexnr B A mpn 0 < o <
< 2/3 nenmkom, a ipn 2/3 < o < 1 — TosibKO Haz mosynHTepBagamMn +/7(a) < |u| < 1,
rae 7(a) = Ba —2)/(a(2a —1)).

Huddepennuposanuem (15) serko nokasarb, 410 3HaKk 1’ (1) coBHajaer co 3HAKOM
poipazenns —u(u?—ty (a))(u?—t_(a)), rae t_(«) me monmagaer & mpomerxyTok 0 < t <
< 1 uu npu kakom « € [0,1), a

Ralt) =t + 0<t<l. (15)

3—2\/(2—a)/a
2a — 1

ty(a) =

HOABJIAETCH B HEM TOMbKO, Korga 8/13 < a < 1 (mpum stom t_(«) > 1). Ioxcuer
BBIDayKenns Ana R, = mingejo 1) Ra(t) maer

R.(0) = ﬁa € [0,8/13],

B = Rt () = a9 @m0
A e T DB tat dya _a)

Benmunna R, HempepbiBHa Kak byHKIMA o « B cuiny ty (8/13) = 0 m KoHTpoin-
pyeT BBIXOJ «IHHUIT yPOBHSA» fo , n3 MHOKecTBa [axosa. Insg moboro « € [0,1) npu

r < /R, Gyner My, = {0}, kak u B ciiyaae 1 = /Ro, 0 < o < 8/13. Ecn xe

r=+vRom8/13<a<1,t0 My,  ={0,+/ty(a)/Ra}.
Ipu 0 < o < 8/13 croenme Ry, [0,1] umeer & Touxe (0, /R 61/1(bypKaumo THIA
W, onpesensonyio BCIO JanbHeiimyo auHamuky My, : npu r > \/ R, MHOXKeCTBO
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My, , cocrouT u3 cesja B Hyjle U JABYX MaKCHMyMOB, CTpeMAmuxca K ¢ = 1 ¢ poctom
r—1.
B cayusae 8/13 < a < 2/3 cnoenue Ry, [0,1] mmeer ase 6udypranunm tuma U,

KOTOPBIM OTBeHaloT mosyceana &4/t (a)/Ry B My 7o KAIKJIO@ 3 HEX jasee pac-

MaJAeTCsS HA MaKCUMYM U CEJIJIO TIPH 7 > \/E_a MaxrkcnMyMBI, KaK ¥ BBIIIE, CTPEMSATCS
K ( = £1 mpm r — 1, cemya caMBalOTCA C HYJIeBBIM MAKCUMYMOM B CeIJIO NMPH 77 =
=+/1/(3(1 —«a)) (=1, korna o = 2/3), obpasys oudypranuio Tuna 6) u3 geMmsl 1.
Ta ke kapruna umeer mecto u npu 2/3 < « < 1, ¢ T0il Jumb pasHuleid, 4To
rmoposkgaembie U-OrdypKannusMu cesiia He yCreBaoT JOCTUYh HYJIsT 1 OCTAHABIMBAIOTCS

B Toukax ¢ = £+/7(a) mpu r = 1.

JIemma 5. Ecau 0 < o < 1/2, mo das kascdot dynrkyuu | € g’*(a) BOIMOAHAEMCA
CMPo20e HEPAGEHCTNEO

‘f”(C) 6(1 —a)l¢]
f(<) L¢P

NPUNEM SUD ;5 () {f,0}|=6(1 —a). Ecau 1/2 < a < 1, mo cmpoeas ouenxa

210|200
EGIRNATSIE

umeem mecmo 0an 6cex f € S* (), wpome Pynruyuu (13) u ee spawenud.

‘ < ¢CeD)\{o}, (17)

¢ e D\ {0}, (18)

HokazarenbcrBo. W3 mpezncrapnenns (12) momydanm

f"(Q) 2(1 = a)¢e'(Q) 2(1 = (<)
PO T A 2mp 0 o) T 10
rae ¢ € V, m pacCMOTPUM JIBA Cydvas.

1) 0 < a < 1/2. Onernm (19) ¢ ncnonb3oBaHreM HHBAPHAHTHON (DOPMBI JTEMMBI
[Isapma [26, c. 323] u mepasencts |Re o(C)| < [o(C)] < [¢]?, Re (1 + (1 —2a)p(C)) <
<1+ (1=20)e(Q)| m Re(1—¢(C)) < |1—¢(¢)| (nx acbdberkTnBHOCTE GBITIA TPOIEMOH-
crpupoBana B [12]). B pe3syabrare nmeem

‘f”(() ¢I?
fOr - 1=1¢P

\ < HReg()), CeD. (20)

rmae

H(t) = <1 —21—(11—250)4)75 * 2(12—?)> =1

(cp. [25, 28]). JIerko mpoBepuTh, YTO
O0<|t|]<1=H(t)< H0)=6(1—«), (21)

nosromy (20) mpomoszKaercs 10 HepasencTsa (17), moka mecrpororo B D.
[pexanonoxum, aro mpu HekoropoMm a € D\ {0} nmeer mMecto paBeHCTBO

/() f'(@)] = 6(1 — a)lal/(1 — |a]*).

Torma mn3 (20) u (21) caeayer Rep(a) = 0, uro Bmecte ¢ |1 — ¢(a)] = 1 — Rey(a)
maer Imp(a) = 0, u, rakum obpasom, ¢(a) = 0. Ho Tak kak pasenctBo B (20) mo
nemme IBapna npusomut K dyukmmn o(¢) = e(? ¢ nekoTopbM ¢, |¢| = 1, To B WTOTE
nonygaem a =0 — nporusopeuue. Urak, nepasencrso (17) ycranossieno.
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2) 1/2 < a < 1. B srom caryuae KimoueBbIM Oymer HepaBencTso |1+ (1 —2a)p(¢)] >
> 1+ (1 —2a)[¢|?, ¢ €D. C ero nomompio obe dopmbr gemmbr [sapma (o6bramas
U WHBapHAHTHAs) M03BOJAIOT nepeiiti ot (19) Kk HecTporoii Bepcun (18), a 3arem orze-
nuth epuncrsennoe cemeiictso f(C) = £fa(C), || = 1, u3 S*(a), na koropom B (18)
JocTrraeTcst paBencTBo mpu ¢ # 0. O

Caenyer ormeruTb, 410 Kaaccsl Gyukumil ¢ ycaopusyu (11) npuy A=1u B=1—

—2a, a € ]0,1), BruaapiBatorcs B cemeiictBo Kiaaccos Auosckoro S*[A, B], A+ B > 0,
A, B < 1, onpenensemoe MOgIMHEHHOCTHIO

Q) 1+ B¢

o Sioac

¢eD.

Opnmako mccenoBanye BKIIOIEHN S*[A,B] C Gy [25, 28] cpasy mckmouaer u3 pac-
CMOTPEHUS KJIACCHI 8*( ), Tak Kak S*( )\91 # & npu Beex « € [0,1). Dro mocay-
JKUJIO JIOTIOJTHATEILHBIM CTUMYJIOM K W3YYeHWIO 3BE31000pasHbix (DYyHKIWHA MOpSIKa o
¢ MOMOIIBIO0 OJHOIAPAMETPUYECKNX ceMeicTs. [IpuBiedenne Takux ceMeicTB K Hcce-
JIOBAHUIO KJIACCOB ZIHOBCKOIO paccMarpuBasioch B jokiaaze [29].

OCHOBHOI1 Pe3yabTaT HACTOSAIIErO pa3jiesa — CIeayiomas

Teopema 3. Jlaa mobozo « € [0,1) umerom mecmo pasencmea p(8*(@)) = VRa
u B(S*(a)) = {EfaleC) : |e| = 1}, 2de R, onpedeaeno 6 (16), a fo — dynryusa (13).

HoxkazaresbcrBo. Ilpu 0 < o < 1/2 name yrBepzx/eHue ¢ MOMOIIBIO JIEMMbI 5
clielyeT u3 TeopeMbr 1.
IIycts 1/2 < o < 1. B cuny cooTHOIIeHHSs lgm (1= [KPOIfF1 )/ L)) = 0,
—1

0 < r < 1, cpaBeamBoro Mo jgemme 5 aisa moboi dyrkmun f € g*(oz) (B TOM
uucine ans f, u ee Bpamiennii), ciaoenne Rf[0,1] He nMeer OpemeIbHBIX TOUEK
ma 0D x(0,1).

C ucnombzosanmem (18) onennm |(f//f!|. Tlpubasnas u serautas 2[¢]?/(1 — [¢]?)
U3 TOJTyYAONIeics TPaBoil YacTH, MOCJIe TPOCTHIX MPeoOpa30BAHUN MOy IrM

[ (¢ ‘ 21¢1? ISl/r_ fa

S 1—|C)? T TR =2 (r|¢))(r* = Ra), C €D, (22)

npuueM HepaBeHCTBO — crporoe B D\{0}, eciin f orsnmuna or Bpamiennit bysxmmn f, .

HyCTb p=p(S*(a)). U3 (22) cenyet, uto p > /R, . Tak xak 7p, = \/ R, (ipu-
Mep 2), 10 p= /Ry 1 E( S*~ COJIEPZKUT CeMelCTBO Bcex Bparenuit GyHkmun f, .

5

[Mpeanonoxum, uro B E(S*(«)) naiigerca dyukuus f, He BXOJsdlIas B yKa3aHHOE
cemeiicteo. Cormacuo ycranosnernomy Boire (0, p) — eIMHCTBEHHAS TTPEJIETHHAS TOTKA
croenns R[0,1] B D x {p}. Tlo memme 1 310 ozmauaer, uto |{f,,0}] = 2, To ecTh
3(1—a)p?ly| =1, rme ¢(¢) =v¢% +--- €V coorserctByer f mo dbopmyne (12). Ecan
rerepph 1/2 < a < 8/13,10 p=1/4/3(1 — ) (cm. (16)), 3Hauur, |y| = 1, u mo remme 2
f ects Bpamenue f,. Ecim xe 8/13 < a < 1,10 R, < 1/(3(1 —a)) = p?|y| < p*. B
000MX CIydadx MOJy9aeTcsd IPOTHBOPEYre, KOTOPOE U 3aBepIIaeT JOKAa3aTelbCcTBo. [

3aMeTum, 94TO MpeesbHbIM ciiydaeM TeopemMbl 3 npu « = 0 saBjsercs caeacrsue 1.

4. O kijgaccax AJjiekcaHaepa

Kumaccom Anekcanzepa nopsigka « € [0, 1) 6yaem HasbiBaTh Kaace A(a) Beex dbyHK-
it f € Hy ¢ ycaosuem Re f/(¢) > a, ¢ €D. Kak u Bblllle, HAC WHTEPECYET BBIXOJ



O BBIXO/IE 13 MHOZKECTBA T'AXOBA 41

w3 MHOKecTBa axopa no «mamsM ypowrsi»> dynkmii w3 A(a) = A(e)N{f € Ho :
£(0) = 0}. Onpenensuomas Guekmms V — A(a) 3amaerca anamsormano (12); HTOrOBEI
pe3y/IbTaT — CIemyIomast

Teopema 4. Ecau 1/2 < a <1, mo A(a) C Gy. Ecau o = 1/2, mo A(a) codep-
orcumea 6 Gy , ucxmouaa spawenus dyrnxyuu f5(C) = (1/2)In((1+¢)/(1=C)) ¢ xonmu-
nyymom kopreti ypaenenua Fazosa. Ecau 0 < a < 1/2, mo p(A(a)) = 1//2(1 — a),
a E(A(q)) ucuepnmsaemea spawenuamu gynryuu go(C) = (20 — 1)¢ + (1 — a) f5(C).

JlokazareabCTBO OCHOBAHO Ha, OIIEHKE

2a(a)|(|
1—¢)?”

rae a(a) = max(1,2(1—a)), a € [0, 1). Januas onenka obecrednBaer IPUHA/TEKHOCT

CeD\{0}, feA),

70 <

f € Gy nupu 1/2 < @ < 1 (c orMeYeHHbIM HCKJIIOYEHHEM) U [03BOJIAET HPUMEHUTDH
teopemy 1 mpn 0 < v < 1/2.

Summary

A.V. Kazantsev. On the Exit out of the Gakhov Set Controlled by the Subordination
Conditions.

A Gakhov set G is the class of all holomorphic and locally univalent functions in the
unit disk, which have no more than one root of the Gakhov equation. For the series of the
well-known subclasses of univalent functions having the zero root of the Gakhov equation,
an effective desription is given for the set of all trajectories of the exit out of G; such an exit
takes place when the parameter value corresponds to the sharp constant in the appropriate
uniqueness condition of the root. It is shown that the exit out of G may occur due to the
bifurcations of the two following types only: 1) the maximum at zero splits into two maxima
and the saddle; 2) the non-zero semisaddle appears and then divides into the maximum and
the saddle.

Keywords: hyperbolic derivative, conformal (inner mapping) radius, bifurcations of
critical points, Gakhov set, class of starlike functions, subordination conditions.
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