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h-Ï�ÎÑÒ�ÀÍÑÒÂÀ ÒÈÏÀ {2 2 1}ÏÎÑÒÎßÍÍÎÉ Ê�ÈÂÈÇÍÛÀ.Í. ÊàðóçèíÀííîòàöèÿÄëÿ íàõîæäåíèÿ èí�èíèòåçèìàëüíûõ ïðîåêòèâíûõ ïðåîáðàçîâàíèé ïñåâäîðèìàíîâàìíîãîîáðàçèÿ (M, G) ïðèìåíåí ìåòîä êîñîíîðìàëüíîãî ðåïåðà À.Â. Àìèíîâîé [1℄, ñ ïîìî-ùüþ êîòîðîãî ìîæíî ñâåñòè ðåøåíèå äàííîé çàäà÷è ê ðåøåíèþ óðàâíåíèé Ýéçåíõàðòà èîáîáùåííûõ óðàâíåíèé Êèëëèíãà. Â äàííîé ðàáîòå èíòåãðèðóþòñÿ óðàâíåíèÿ Ýéçåíõàðòàäëÿ 5-ìåðíûõ ïðîñòðàíñòâ, îïðåäåëÿåìûõ òåíçîðîì hAB òèïà {2, 1, 1} .Âåêòîðíîå ïîëå X íà 5-ìåðíîì ðèìàíîâîì ìíîãîîáðàçèè (M, G) ñ ìåòðèêîé
G è ñâÿçíîñòüþ Ëåâè-×èâèòà íàçûâàåòñÿ èí�èíèòåçèìàëüíûì ïðîåêòèâíûì ïðå-îáðàçîâàíèåì èëè ïðîåêòèâíûì äâèæåíèåì, åñëè ëîêàëüíàÿ 1-ïàðàìåòðè÷åñêàÿãðóïïà ëîêàëüíûõ ïðåîáðàçîâàíèé, ïîðîæäåííàÿ âåêòîðíûì ïîëåì X â îêðåñò-íîñòè êàæäîé òî÷êè p ∈ M , ñîõðàíÿåò ãåîäåçè÷åñêèå. Íåîáõîäèìîå è äîñòàòî÷íîåóñëîâèå ýòîãî ñîñòîèò â âûïîëíåíèè ñëåäóþùåãî ðàâåíñòâà:

(LXGAB);C = 2GABϕ;C + GACϕ;B + GBCϕ;A, (1)ãäå LXGAB � ïðîèçâîäíàÿ Ëè ìåòðèêè GAB â íàïðàâëåíèè ïðîåêòèâíîãî äâèæå-íèÿ X, ϕ � íåêîòîðàÿ �óíêöèÿ êîîðäèíàò x1, . . . , x5 , à òî÷êà ñ çàïÿòîé îçíà÷àåòêîâàðèàíòíîå äè��åðåíöèðîâàíèå îòíîñèòåëüíî GAB (çäåñü è äàëåå âñå èíäåêñû,îáîçíà÷åííûå çàãëàâíûìè ëàòèíñêèìè áóêâàìè, ïðèíèìàþò çíà÷åíèÿ îò 1 äî 5).Èíòåãðèðîâàíèå äàííûõ óðàâíåíèé â îáùåì âèäå âðÿä ëè âîçìîæíî, ïîýòîìóâîñïîëüçóåìñÿ ìåòîäîì êîñîíîðìàëüíîãî ðåïåðà Àìèíîâîé (ñì., íàïðèìåð, ìîíî-ãðà�èþ [1℄).Ñîãëàñíî ýòîìó ìåòîäó çàäà÷à èíòåãðèðîâàíèÿ óðàâíåíèé (1) ðàçáèâàåòñÿ íàðÿä ñëó÷àåâ. Ïðèçíàêîì ðàçáèåíèÿ ñëóæèò òèï (õàðàêòåðèñòèêà Ñåãðå) òåíçîðà
LXGAB . Ïðè ýòîì óðàâíåíèÿ (1) ðàçáèâàþòñÿ íà äâå ãðóïïû: óðàâíåíèÿ Ýéçåí-õàðòà

hAB;C = 2GABϕ;C + GACϕ;B + GBCϕ;A (2)è îáîáùåííûå óðàâíåíèÿ Êèëëèíãà
LXGAB = hAB. (3)Çàäàâ òèï òåíçîðà hAB , ìîæíî íàéòè îáùèå ðåøåíèÿ óðàâíåíèé (2) è (3). Ìåò-ðèêè, äîïóñêàþùèå íåòðèâèàëüíûå ðåøåíèÿ hAB 6= cGAB óðàâíåíèé Ýéçåíõàðòà,íàçûâàþòñÿ h-ìåòðèêàìè, à îïðåäåëÿåìûå èìè ïðîñòðàíñòâà � h-ïðîñòðàíñòâàìè.Â äàííîé ðàáîòå èíòåãðèðóþòñÿ óðàâíåíèÿ Ýéçåíõàðòà (2) äëÿ ïðîñòðàíñòâ,îïðåäåëÿåìûõ òåíçîðîì hAB òèïà {2 2 1}, äëÿ êàæäîãî ïðîñòðàíñòâà íàõîäÿò-ñÿ ñîîòâåòñòâóþùèå h-ìåòðèêè è �îðìóëèðóþòñÿ óñëîâèÿ ïîñòîÿíñòâà êðèâèçíûíàéäåííûõ h-ïðîñòðàíñòâ.
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hAB = aAB + 2ϕGAB (4)óðàâíåíèÿ (2) ïðèíèìàþò âèä

aAB;C = GACϕ;B + GBCϕ;A. (5)Çàïèøåì ýòè óðàâíåíèÿ â èíâàðèàíòíîé �îðìå [1℄:
XRāPQ +

5
∑

H=1

eH(āHQγH̃PR + āPHγH̃QR) = ḠPRXQϕ + ḠQRXP ϕ. (6)Çäåñü A

ξ
P
� êîìïîíåíòû âåêòîðîâ êàíîíè÷åñêîãî êîñîíîðìàëüíîãî ðåïåðà,

γPQR = −γQPR = ξ
P

A;B

A

ξ
Q

B

ξ
R
, XP ϕ =

A

ξ
P

ϕ,A;

1̃ = 2, 2̃ = 1, 3̃ = 4, 4̃ = 3, 5̃ = 5;

e1 = e2 = e = ±1, e3 = e4 = ẽ = ±1, e5 = ê = ±1,êàíîíè÷åñêèå �îðìû ḠAB è āAB îïðåäåëÿþòñÿ �îðìóëàìè
(ḠAB) =













0 e 0 0 0
e 0 0 0 0
0 0 0 ẽ 0
0 0 ẽ 0 0
0 0 0 0 ê













, (āAB) =













0 eλ1 0 0 0
eλ1 e 0 0 0
0 0 0 ẽλ2 0
0 0 ẽλ2 ẽ 0
0 0 0 0 êλ3













,ãäå λ1, λ2, λ3 � ïðîèçâîëüíûå �óíêöèè êîîðäèíàò x1, . . . , x5 .Ïîäñòàâèâ â (6) âìåñòî ḠPQ è āAB ñîîòâåòñòâóþùèå êàíîíè÷åñêèå çíà÷åíèÿ,ïîëó÷èì ñëåäóþùèå ðàâåíñòâà:
X1ϕ = 0, X3ϕ = 0, XRλ1 = δ2

RX2ϕ, XRλ2 = δ4
RX4ϕ, XRλ3 = 2δ5

RX5ϕ, (7)
γ11R = 0, γ22R = 0, γ33R = 0, γ44R = 0, γ55R = 0, γ13R = 0,

γ12R = eδ1
RX2ϕ, γ14R =

e

λ1 − λ2

δ2
RX4ϕ, γ15R =

e

λ1 − λ3

δ2
RX5ϕ,

γ23R =
ẽ

λ1 − λ2

δ4
RX2ϕ, γ34R = ẽδ3

RX4ϕ, γ35R =
ẽ

λ2 − λ3

δ4
RX5ϕ,

γ24R = e

(

−
1

(λ1 − λ2)2
δ2
R +

1

λ1 − λ2

δ1
R

)

X4ϕ + (8)
+ẽ

(

1

(λ1 − λ2)2
δ4
R +

1

λ1 − λ2

δ3
R

)

X2ϕ,

γ25R = e

(

−
1

(λ1 − λ3)2
δ2
R +

1

λ1 − λ3

δ1
R

)

X5ϕ + ê
1

λ1 − λ3

δ5
RX2ϕ,

γ45R = ẽ

(

−
1

(λ2 − λ3)2
δ4
R +

1

λ2 − λ3

δ3
R

)

X5ϕ + ê
1

λ2 − λ3

δ5
RX4ϕ,çäåñü δ

Q
R � ñèìâîëû Êðîíåêåðà.Äëÿ òîãî ÷òîáû ñèñòåìà óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè

Xsθ =
A

ξ
s

∂Aθ = 0

(

s = 1, . . . , p; A = 1, . . . , 5;
∂

∂XA
= ∂A

)

,
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ξ
s
� êîìïîíåíòû âåêòîðîâ ââåäåííîãî âûøå ðåïåðà, áûëà âïîëíå èíòåãðèðóå-ìîé, òî åñòü äëÿ òîãî, ÷òîáû îíà äîïóñêàëà n − p = 5 − p íåçàâèñèìûõ ðåøåíèé,íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âñå êîììóòàòîðû îïåðàòîðîâ ñèñòåìû

(Xs, XR) ≡ XsXR − XRXs =

5
∑

Q=1

eQ(γQsR − γQRs)XQ̃ (9)ëèíåéíî âûðàæàëèñü ÷åðåç îïåðàòîðû Xs [1℄.Èñïîëüçîâàâ �îðìóëû (8), ñîñòàâèì âñåâîçìîæíûå ñêîáêè Ëè âåêòîðíûõ ïîëåé
Xs =

A

ξ
s

∂

∂XA
:

(X1, X2) = −X2ϕX2, (X1, X3) = 0, (X1, X4) = −
1

λ1 − λ2

X4ϕX1,

(X1, X5) = −
1

λ1 − λ3

X5ϕX1, (X2, X3) = −
1

λ1 − λ2

X2ϕX3,

(X2, X4) = −
1

λ1 − λ2

X4ϕX2 +
1

(λ1 − λ2)2
X4ϕX1−

−
1

λ1 − λ2

X2ϕX4 −
1

(λ1 − λ2)2
X2ϕX3, (10)

(X2, X5) = −
1

λ1 − λ3

X5ϕX2 +
1

(λ1 − λ3)2
X5ϕX1 −

1

λ1 − λ3

X2ϕX5,

(X3, X4) = −X4ϕX4, (X3, X5) = −
1

λ2 − λ3

X5ϕX3,

(X4, X5) = −
1

λ2 − λ3

X5ϕX4 +
1

(λ2 − λ3)2
X5ϕX3 −

1

λ2 − λ3

X4ϕX5.Âûáðàâ èç ñèñòåìû óðàâíåíèé Xsθ = 0, s = 1, . . . , 5 , âïîëíå èíòåãðèðóåìûå ïîä-ñèñòåìû (íàïðèìåð, X1θ = X2θ = X3θ = X4θ = 0 è ò. ä.), îáîçíà÷èì èõ ðåøåíèÿ
θA è ñäåëàåì ïðåîáðàçîâàíèÿ êîîðäèíàò xA′ = θA(x) . Â íîâîé ñèñòåìå êîîðäèíàò,îïóñòèâ øòðèõè, ïîëó÷èì

2

ξ
1

=
3

ξ
1

=
4

ξ
1

=
5

ξ
1

= 0,
3

ξ
2

=
4

ξ
2

=
5

ξ
2

= 0,
1

ξ
3

=
2

ξ
3

=
4

ξ
3

=
5

ξ
3

= 0, (11)
1

ξ
4

=
2

ξ
4

=
3

ξ
4

=
5

ξ
4

= 0,
1

ξ
5

=
2

ξ
5

=
3

ξ
5

=
4

ξ
5

= 0.Ïðîèíòåãðèðîâàâ ñ ýòèìè óñëîâèÿìè óðàâíåíèÿ (7), íàéäåì
ϕ = λ1 + λ2 +

1

2
λ3 + 
onst, (12)ãäå λ1 = λ1(x

2) ,λ2 = λ2(x
4) , λ3 = λ3(x

5) � ïðîèçâîëüíûå �óíêöèè óêàçàííûõïåðåìåííûõ.Ïðèðàâíÿâ êîîðäèíàòû âåêòîðíûõ ïîëåé â ëåâûõ è ïðàâûõ ÷àñòÿõ ðàâåíñòâ(10), ñ ó÷åòîì �îðìóë (11) è (12) ïðèäåì ê ñèñòåìå íåëèíåéíûõ äè��åðåíöèàëüíûõóðàâíåíèé ïåðâîãî ïîðÿäêà ñ ÷àñòíûìè ïðîèçâîäíûìè äëÿ êîìïîíåíò âåêòîðíûõïîëåé Xs . Ïðîèíòåãðèðîâàâ ýòó ñèñòåìó è âûïîëíèâ ïîäõîäÿùèå ïðåîáðàçîâàíèÿ



68 À.Í. ÊÀ�ÓÇÈÍêîîðäèíàò, íàéäåì êîíòðàâàðèàíòíûå êîìïîíåíòû âåêòîðîâ êàíîíè÷åñêîãî êîñî-íîðìàëüíîãî ðåïåðà:
1

ξ
1

=
1

(εx2 − ε̃x4)(εx2 − ε̂x5)1/2
,

1

ξ
2

= −
1

(εx2 − ε̃x4)(εx2 − ε̂x5)1/2

(

1

(εx2 − ε̃x4)
+

1

2

1

(εx2 − ε̂x5)

)

,

2

ξ
2

=
1

(εx2 − ε̃x4)(εx2 − ε̂x5)1/2(εx1 + σ(x2))
,

3

ξ
3

=
1

(εx2 − ε̃x4)(ε̃x4 − ε̂x5)1/2
, (13)

3

ξ
4

=
1

(εx2 − ε̃x4)(ε̃x4 − ε̂x5)1/2

(

1

(εx2 − ε̃x4)
−

1

2

1

(ε̃x4 − ε̂x5)

)

,

4

ξ
4

=
1

(εx2 − ε̃x4)(ε̃x4 − ε̂x5)1/2(ε̃x3 + τ(x4))
,

5

ξ
5

=
1

(εx2 − ε̂x5)(ε̃x4 − ε̂x5)
.ãäå σ , τ � ïðîèçâîëüíûå �óíêöèè óêàçàííûõ ïåðåìåííûõ, à ε , ε̃ , ε̂ ïðèíèìàþòçíà÷åíèÿ 0 èëè 1.Ïî �îðìóëàì

GAB =
5

∑

H=1

eH

A

ξ
H

B

ξ
H̃

(14)âû÷èñëèì ñíà÷àëà êîíòðàâàðèàíòíûå, à çàòåì íàéäåì êîâàðèàíòíûå êîìïîíåíòûìåòðè÷åñêîãî òåíçîðà:
GABdxAdxB = e(εx2 − ε̃x4)(εx1 + σ(x2))(2(εx2 − ε̃x4)(εx2 − ε̂x5)×

× dx1dx2 + (εx1 + σ(x2))(3εx2 − ε̃x4 − 2ε̂x5)(dx2)2) + ẽ(εx2 − ε̃x4)×

× (ε̃x3 + τ(x4))(2(εx2 − ε̃x4)(ε̃x4 − ε̂x5)dx3dx4 + (ε̃x3 + τ(x4))×

× (εx2 − 3ε̃x4 + 2ε̂x5)(dx4)2) + ê(εx2 − ε̂x5)2(ε̃x4 − ε̂x5)2(dx5)2, (15)Èñïîëüçîâàâ (15), ïî �îðìóëàì ξ
c

A = GAB

B

ξ
c
îïðåäåëèì êîâàðèàíòíûå êîìïîíåí-òû âåêòîðîâ êàíîíè÷åñêîãî êîñîíîðìàëüíîãî ðåïåðà, çàòåì ïî �îðìóëå aAB =

=
5
∑

P,Q=1

eP eQāPQ ξ
P̃

A ξ
Q̃

B âû÷èñëèì êîìïîíåíòû òåíçîðà aAB è, íàêîíåö, ñ ó÷åòîìðàâåíñòâà (4), íàéäåì êîìïîíåíòû òåíçîðà hAB :
hABdxAdxB = (3εx2 + 2ε̃x4 + ε̂x5)(2G12dx1dx2 + G22(dx2)2)+

+ ((2εx2 + 3ε̃x4 + ε̂x5)(2G34dx3dx4 + G44(dx4)2)+

+ (εx1 + σ(x2))G12(dx2)2 + (ε̃x3 + τ(x4))G34(dx4)2+

+ 2(εx2 + ε̃x4 + ε̂x5)G55(dx5)2. (16)Íåïîñðåäñòâåííîé ïîäñòàíîâêîé ìîæíî óáåäèòüñÿ â òîì, ÷òî òåíçîðû hAB , GAB è�óíêöèÿ ϕ , îïðåäåëåííûå (12), (15) è (16), óäîâëåòâîðÿþò óðàâíåíèÿì (2).Òàêèì îáðàçîì, ñïðàâåäëèâàÒåîðåìà 1. Äëÿ òîãî ÷òîáû ïñåâäîðèìàíîâî ìíîãîîáðàçèå M, G áûëî h-ïðîñòðàíñòâîì òèïà {2 2 1} , íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû â íåêîòîðîé



h-Ï�ÎÑÒ�ÀÍÑÒÂÀ ÒÈÏÀ {2 2 1} ÏÎÑÒÎßÍÍÎÉ Ê�ÈÂÈÇÍÛ 69ãîëîíîìíîé ñèñòåìå êîîðäèíàò åãî ìåòðèêà îïðåäåëÿëàñü �îðìóëàìè (12), (15) è(16), ïðè ýòîì êàíîíè÷åñêèé êîñîíîðìàëüíûé ðåïåð èìåë âèä (13).Äåòåðìèíàíò ìåòðè÷åñêîãî òåíçîðà (15) èìååò âèä
ê(εx2 − ε̃x4)8(εx2 − ε̂x5)4(ε̃x4 − ε̂x5)4(εx1 + σ(x2))2(ε̃x3 + τ(x4))2, (17)äëÿ åãî íåâûðîæäåííîñòè íåîáõîäèìî âûïîëíåíèå óñëîâèé

(εx2 − ε̃x4) 6= 0, (εx2 − ε̂x5) 6= 0, (ε̃x4 − ε̂x5) 6= 0,

(εx1 + σ(x2)) 6= 0, (ε̃x3 + τ(x4)) 6= 0.
(18)Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ êîìïîíåíòû òåíçîðà êðèâèçíû ìåòðèêè GAB (15).Íåíóëåâûå êîìïîíåíòû òåíçîðà �èìàíà h-ïðîñòðàíñòâà òèïà {2 2 1} èìåþò âèä:

R1
112 = −R2

212 =
ε
d σ(x2)

d x2

(εx1 + σ(x2))2
−

eêε̂(εx1 + σ(x2))(εx2 − ε̃x4)2

4(εx2 − ε̂x5)3(ε̃x4 − ε̂x5)2
,

R1
212 =

(3εx2 − 2ε̂x5 − ε̃x4)

(εx2 − ε̂x5)
×

×







ε
d σ(x2)

d x2

(εx2 − ε̃x4)(εx1 + σ(x2))
−

eêε̂(εx1 + σ(x2))2(εx2 − ε̃x4)

4(εx2 − ε̂x5)3(ε̃x4 − ε̂x5)2






,

R1
314 = R1

413 = R2
324 = R2

423 = −
ẽêε̂(ε̃x3 + τ(x4))(εx2 − ε̃x4)2

4(εx2 − ε̂x5)3(ε̃x4 − ε̂x5)2
,

R1
324 = R1

423 =
ẽêε̂(εx1 + σ(x2))(ε̃x3 + τ(x4))(εx2 − ε̃x4)2

4(εx2 − ε̂x5)4(ε̃x4 − ε̂x5)2
+

+
eẽε(ε̃x4 − ε̂x5)(ε̃x3 + τ(x4))

d σ(x2)

d x2

(εx2 − ε̃x4)(εx2 − ε̂x5)(εx1 + σ(x2))2
,

R1
414 = R2

424 = −
ε̃
d τ(x4)

d x4

(εx2 − ε̃x4)(ε̃x3 + τ(x4))
+

ẽêε̂(ε̃x3 + τ(x4))2(εx2 − ε̃x4)

2(εx2 − ε̂x5)3(ε̃x4 − ε̂x5)2
,

R1
424 =

ε̃
d τ(x4)

d x4
(εx1 + σ(x2))

(εx2 − ε̃x4)2(ε̃x3 + τ(x4))
+

eẽε
d σ(x2)

d x2
(εx2 − 2ε̃x4 + ε̂x5)

(εx2 − ε̃x4)2(εx2 − ε̂x5)
×

×
(ε̃x3 + τ(x4))2

(εx1 + σ(x2))2
−

ẽêε̂(ε̃x3 + τ(x4))2(εx1 + σ(x2))(εx2 − ε̃x4)

2(εx2 − ε̂x5)4(ε̃x4 − ε̂x5)2
,

R1
515 = R2

525 =
ε̂(2εx2 + 3ε̃x4 − 5ε̂x5)

4(εx2 − ε̂x5)2(ε̃x4 − ε̂x5)
,

R1
525 = −

ε̂(εx1 + σ(x2))((εx2 − ε̃x4)2 − 2(ε̃x4 − ε̂x5)2)

2(ε̃x4 − ε̂x5)(εx2 − ε̂x5)3(εx2 − ε̃x4)
+

+
eêε

d σ(x2)

d x2
(ε̃x4 − ε̂x5)2

(εx2 − ε̃x4)2(εx1 + σ(x2))2
,

R3
123 = R3

213 = R4
124 = R4

214 =
eêε̂(εx1 + σ(x2))(εx2 − ε̃x4)2

4(ε̃x4 − ε̂x5)3(εx2 − ε̂x5)2
,
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R3

124 = R3
214 = −

eêε̂(ε̃x3 + τ(x4))(εx1 + σ(x2))(εx2 − ε̃x4)2

4(ε̃x4 − ε̂x5)4(εx2 − ε̂x5)2
+

+
eẽε̃

d τ(x4)

d x4
(εx2 − ε̂x5)(εx1 + σ(x2))

(εx2 − ε̃x4)(ε̃x4 − ε̂x5)(ε̃x3 + τ(x4))2
, (19)

R3
223 = R4

224 = −
eẽ(εx2 − ε̂x5)

d σ(x2)

d x2

(ε̃x4 − ε̂x5)(ε̃x3 + τ(x4))
+

eêε̂(εx2 − ε̃x4)(εx1 + σ(x2))2

2(εx2 − ε̂x5)2(ε̃x4 − ε̂x5)3
,

R3
224 = −

ε
d σ(x2)

d x2
(ε̃x3 + τ(x4))

(εx2 − ε̃x4)2(εx1 + σ(x2))
+

eẽε̃(2εx2 − ε̃x4 − ε̂x5)

(εx2 − ε̃x4)2(ε̃x4 − ε̂x5)
×

×
(εx1 + σ(x2))2

(ε̃x3 + τ(x4))2
−

eêε̂(ε̃x3 + τ(x4))(εx1 + σ(x2))2(εx2 − ε̃x4)

2(εx2 − ε̂x5)2(ε̃x4 − ε̂x5)4
,

R3
334 = −R4

434 =
ε̃
d τ(x4)

d x4

(ε̃x3 + τ(x4))2
−

ẽêε̂(ε̃x3 + τ(x4))(εx2 − ε̃x4)2

4(ε̃x4 − ε̂x5)3(εx2 − ε̂x5)2
,

R3
434 =

(3ε̃x4 − 2ε̂x5 − εx2)

(ε̃x4 − ε̂x5)
×

×






−

ε̃
d τ(x4)

d x4

(ε̃x3 + τ(x4))(εx2 − ε̃x4)
+

ẽêε̂(εx2 − ε̃x4)(ε̃x3 + τ(x4))2

4(ε̃x4 − ε̂x5)3(εx2 − ε̂x5)2






,

R3
535 = R4

545 =
3ε̂(3εx2 + 2ε̃x4 − 5ε̂x5)

4(ε̃x4 − ε̂x5)2(εx2 − ε̂x5)
,

R3
545 =

ẽêε̃
d τ(x4)

d x4
(εx2 − ε̂x5)2

(εx2 − ε̃x4)2(ε̃x3 + τ(x4))2
−

ε̃(ε̃x3 + τ(x4))(2εx2 + ε̃x4 − 3ε̂x5)

2(εx2 − ε̂x5)(ε̃x4 − ε̂x5)3
,

R5
125 = R5

215 = −
eêε̂(2εx2 + 3ε̃x4 − 5ε̂x5)(εx2 − ε̃x4)2(εx1 + σ(x2))

4(ε̃x4 − ε̂x5)3(εx2 − ε̂x5)3
,

R5
225 = −

ε
d σ(x2)

d x2

(εx2 − ε̂x5)(εx1 + σ(x2))
−

+
eêε̂(εx1 + σ(x2))2(4εx2 + ε̃x4 − 5ε̂x5)(εx2 + ε̃x4 − 2ε̂x5)

4(εx2 − ε̂x5)4(ε̃x4 − ε̂x5)3
,

R5
345 = R5

435 = −
3ẽêε̂(ε̃x3 + τ(x4))(εx2 − ε̃x4)2(3εx2 + 2ε̃x4 − 5ε̂x5)

4(ε̃x4 − ε̂x5)3(εx2 − ε̂x5)3
,

R5
445 = −

ε̃
d τ(x4)

d x4

(ε̃x4 − ε̂x5)(ε̃x3 + τ(x4))
+

+
ẽêε̂(εx2 + ε̃x4 − 2ε̂x5)(εx2 + 4ε̃x4 − 5ε̂x5)(εx2 − ε̃x4)(ε̃x3 + τ(x4))2

4(εx2 − ε̂x5)3(ε̃x4 − ε̂x5)4
.Ñ�îðìóëèðóåì îñíîâíîå óòâåðæäåíèå íàøåé ðàáîòû.Òåîðåìà 2. Åñëè h-ïðîñòðàíñòâî òèïà {2 2 1} èìååò ïîñòîÿííóþ êðèâèçíó,òî ýòà êðèâèçíà ðàâíà íóëþ. Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ òîãî, ÷òî
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h-ïðîñòðàíñòâî òèïà {2 2 1} ÿâëÿåòñÿ ïðîñòðàíñòâîì ïîñòîÿííîé êðèâèçíû,èìåþò âèä

d σ(x2)

d x2
= 0,

d τ(x4)

d x4
= 0, ε̂ = 0. (20)Äîêàçàòåëüñòâî. Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ïîñòîÿíñòâà êðèâèçíûïñåâäîðèìàíîâà ïðîñòðàíñòâà âûðàæàåòñÿ ðàâåíñòâîì

RA
BCD = K(δA

CGBD − δA
DGBC), (21)ãäå K � ïîñòîÿííàÿ. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò

R1
324 = 0 è R1

324 = 0.Ó÷èòûâàÿ (18), èç ïåðâîãî ðàâåíñòâà ïîëó÷èì ε̂ = 0 è d σ(x2)

d x2
= 0 , ïîñëå ýòîãîèç âòîðîãî ðàâåíñòâà íàéäåì d τ(x4)

d x4
= 0 . Ëåãêî óáåäèòüñÿ â òîì, ÷òî ïðè ýòèõóñëîâèÿõ âñå êîìïîíåíòû òåíçîðà êðèâèçíû (19) îáðàùàþòñÿ â íóëü è, â ñèëó (21),

K = 0 .Íàîáîðîò, ïîäñòàâèâ óñëîâèÿ (20) â �îðìóëû (19), ïîëó÷èì, ÷òî âñå êîìïîíåíòûòåíçîðà êðèâèçíû ðàññìîòðåííîãî h-ïðîñòðàíñòâà ðàâíû íóëþ, ÷òî äîêàçûâàåòòåîðåìó.�åøåíèþ äàëüíåéøåé çàäà÷è � èíòåãðèðîâàíèþ îáîáùåííûõ óðàâíåíèé Êèë-ëèíãà è îïðåäåëåíèþ 1-ïàðàìåòðè÷åñêèõ ãðóïï Ëè ïðîåêòèâíûõ äâèæåíèé ðàñ-ñìîòðåííûõ h-ïðîñòðàíñòâ � áóäóò ïîñâÿùåíû ñëåäóþùèå ðàáîòû àâòîðà.Àâòîð áëàãîäàðèò ïðî�åññîðà À.Â. Àìèíîâó çà ïîñòàíîâêó çàäà÷è, ïîëåçíûåîáñóæäåíèÿ è ïîñòîÿííóþ ïîääåðæêó.�àáîòà âûïîëíåíà ïðè ÷àñòè÷íîé �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà�óíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 02-01-00996).SummaryA.N. Karuzin. h-spa
es of type {2, 2, 1} having 
onstant 
urvature.In order to �nd proje
tive transformations of a pseudo-Riemannian manifold one 
an useA.V. Aminov's method of skew-orthogonal frame [1℄. This method makes it possible to redu
ethe problem to solving Eisenhart equations and generalized Killing equations. In the presentpaper we integrate the Eisenhart equations for 5-dimensional h-spa
es of type {2, 1, 1} .Ëèòåðàòóðà1. Àìèíîâà À.Â. Ïðîåêòèâíûå ïðåîáðàçîâàíèÿ ïñåâäîðèìàíîâûõ ìíîãîîáðàçèé. � Ì.:ßíóñ-Ê, 2003. � 619 ñ.2. Ñîëîäîâíèêîâ À.Ñ. Ïðîåêòèâíûå ïðåîáðàçîâàíèÿ ðèìàíîâûõ ïðîñòðàíñòâ // ÓÌÍ.� 1956. � Âûï. 11. � Ñ. 45�116.3. Ýéçåíõàðò Ë.Ï. �èìàíîâà ãåîìåòðèÿ. � Ì.: Èíîñòð. ëèò-ðà, 1948.Ïîñòóïèëà â ðåäàêöèþ09.12.04Êàðóçèí Àíäðåé Íèêîëàåâè÷ � àñïèðàíò êà�åäðû òåîðèè îòíîñèòåëüíîñòè è ãðà-âèòàöèè Êàçàíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.E-mail: Andrey.Karuzin�ksu.ru


