
Ó×ÅÍÛÅ ÇÀÏÈÑÊÈ ÊÀÇÀÍÑÊÎ�Î �ÎÑÓÄÀ�ÑÒÂÅÍÍÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÒîì 148, êí. 2 Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè 2006
ÓÄÊ 517.518Î ÏÎ�ßÄÊÀÕ Ï�ÈÁËÈÆÅÍÈß ÊËÀÑÑÎÂ�ËÀÄÊÈÕ ÔÓÍÊÖÈÉ Â Ï�ÎÑÒ�ÀÍÑÒÂÀÕ ËÅÁÅ�ÀÑÎ ÑÌÅØÀÍÍÎÉ ÍÎ�ÌÎÉ�.À. ÀêèøåâÀííîòàöèÿÂ ñòàòüå èçó÷åí ïîðÿäîê ïðèáëèæåíèÿ êëàññîâ Áåñîâà òðèãîíîìåòðè÷åñêèìè ïîëèíî-ìàìè ñ ãàðìîíèêàìè èç ñòóïåí÷àòîãî ãèïåðáîëè÷åñêîãî ¾êðåñòà¿ â ïðîñòðàíñòâàõ Ëåáåãàñî ñìåøàííîé íîðìîé.Ïóñòü x̄ = (x1, ..., xm) ∈ Rm, Im = [0, 2π)m, m ∈ N . ×åðåç Lp̄(I

m) îáîçíà-÷èì ïðîñòðàíñòâî èçìåðèìûõ ïî Ëåáåãó, èìåþùèõ 2π -ïåðèîä ïî êàæäîé ïåðåìåí-íîé �óíêöèé f(x̄) , äëÿ êîòîðûõ
‖f‖p̄ =

[ 2π
∫

0

[

· · ·

[

2π
∫

0

|f(x̄)|p1dx1

]p2/p1

· · ·

]pm/pm−1

dxm

]1/pm

< +∞,ãäå p = (p1, . . . , pm) , 1 6 pj < +∞ , j = 1, . . . , m (ñì. [1, 2℄), ÷åðåç ◦

Lp (Im) �ìíîæåñòâî âñåõ �óíêöèé f ∈ Lp (Im) òàêèõ, ÷òî
2π
∫

0

f (x) dxj = 0, ∀j = 1, ..., m.Áóäåì ãîâîðèòü, ÷òî ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {an̄}n̄∈Zm ïðèíàäëåæèò lp̄ ,åñëè
‖{an̄}n̄∈Zm‖lp̄ =

{ ∞
∑

nm=−∞

[

...

{ ∞
∑

n1=−∞

|an̄|
p1

}p2/p1

. . .

]pm/pm−1
}1/pm

< +∞,ãäå p = (p1, . . . , pm) , 1 6 pj < +∞ , j = 1, . . . , m.Ïóñòü äàíû âåêòîðû r̄ = (r1, . . . , rn) , p = (p1, . . . , pm) , θ = (θ1, . . . , θm) , ïðè÷åì
1 6 θj , pj < +∞ , rj > 0 , j = 1, . . . , m. �àññìîòðèì êëàññ Î.Â. Áåñîâà

Br
p,θ

=

{

f ∈
◦

Lp (Im) : ‖f‖Br

p,θ

= ‖f‖p +

∥

∥

∥

∥

{

2〈s,r〉 ‖δs (f)‖p

}

s∈Zm
+

∥

∥

∥

∥

lθ

6 1

}

.Çäåñü è â äàëüíåéøåì
δs (f, x) =

∑

n∈ρ(s)

an (f) ei〈n,x〉,



6 �.À. ÀÊÈØÅÂãäå 〈ȳ, x̄〉 =
m
∑

j=1

yjxj , ρ(s̄) = {k̄ = (k1, . . . , km) ∈ Z
m : 2sj−1 6 |kj | < 2sj , j =

= 1, . . . , m}, an̄(f) � êîý��èöèåíòû Ôóðüå �óíêöèè f ∈ L1(I
m) ïî êðàòíîé òðè-ãîíîìåòðè÷åñêîé ñèñòåìå {ei〈n̄,x̄〉}n̄∈Zm .Ïóñòü äàí âåêòîð γ̄ = (γ1, . . . , γm) , γj > 0 , j = 1, . . . , m . Ïîëîæèì

Qγ̄
n =

⋃

〈s̄,γ̄〉<n

ρ(s̄), T (Qγ̄
n) =







t(x̄) =
∑

k̄∈Qγ̄
n

bk̄ei〈k̄,x̄〉







.Îáîçíà÷èì ÷åðåç E
(γ̄)
n (f)p̄ íàèëó÷øåå ïðèáëèæåíèå �óíêöèè f ∈ Lp̄(I

m) ïîëèíî-ìàìè èç ìíîæåñòâà T (Qγ̄
n) ; ïîëîæèì

Eγ
n

(

Br
p,θ

)

q
= sup

f∈Br

p,θ

Eγ
n (f)q .Â èññëåäîâàíèè ïîðÿäêà ïðèáëèæåíèÿ êëàññîâ �óíêöèé ìíîãèõ ïåðåìåííûõâàæíîå çíà÷åíèå èìååò ñïîñîá âûáîðà ãàðìîíèê ïðèáëèæàþùèõ ïîëèíîìîâ.Âïåðâûå ñïîñîá ïðèáëèæåíèÿ êëàññîâ �óíêöèé ìíîãèõ ïåðåìåííûõ òðèãîíî-ìåòðè÷åñêèìè ïîëèíîìàìè ñ ãàðìîíèêàìè èç ãèïåðáîëè÷åñêèõ ¾êðåñòîâ¿ ïðåä-ëîæèë Ê.È. Áàáåíêî [3℄. Âïîñëåäñòâèè ïðèáëèæåíèÿ ðàçëè÷íûõ êëàññîâ ãëàäêèõ�óíêöèé â ïðîñòðàíñòâàõ Ëåáåãà ñ èçîòðîïíîé íîðìîé ýòèì ìåòîäîì èññëåäîâàíûÑ.À. Òåëÿêîâñêèì [4℄, Á.Ñ. Ìèòÿãèíûì [5℄, ß.Ñ. Áóãðîâûì [6℄, Í.Ñ. Íèêîëüñêîé [7℄,Ý.Ì. �àëååâûì [8, 9℄, Â.Í. Òåìëÿêîâûì [10, 11℄, Á.C. Êàøèíûì, Â.Í. Òåìëÿêîâûì[12℄, Äèíü Çóíãîì [13℄, Í.Í. Ïóñòîâîéòîâûì [14℄, À.Ñ. �îìàíþêîì [15, 16℄.Öåëü íàñòîÿùåé ñòàòüè � èçó÷åíèå ïîðÿäêà ïðèáëèæåíèÿ êëàññîâ Áåñîâà â ïðî-ñòðàíñòâàõ Ëåáåãà ñî ñìåøàííîé íîðìîé.Ñíà÷àëà ïðèâåäåì íåêîòîðûå îáîçíà÷åíèÿ è âñïîìîãàòåëüíûå óòâåðæäåíèÿ. Ïî-ëîæèì

Y m(n, γ̄) = {s̄ = (s1, . . . , sm) ∈ Z
m
+ : 〈s̄, γ̄〉 > n},

Y m
1 (n, γ̄) = {s̄ = (s1, . . . , sm) ∈ Z

m
+ :

l
∑

j=1

sjγj > n −

m
∑

l+1

sjγj > 0},

Y m
2 (n, γ̄) = {s̄ = (s1, . . . , sm) ∈ Z

m
+ : s1, . . . , sl > 0,

m
∑

j=l+1

sjγj > n}.×åðåç C(p, q, r, y) îáîçíà÷èì ïîëîæèòåëüíûå âåëè÷èíû, çàâèñÿùèå îò óêàçàí-íûõ â ñêîáêàõ ïàðàìåòðîâ, âîîáùå ãîâîðÿ, ðàçëè÷íûå â ðàçíûõ �îðìóëàõ.Çàïèñü A (y) ≍ B (y) îçíà÷àåò, ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå C1, C2 òàêèå,÷òî C1 · A (y) 6 B (y) 6 C2 · A (y) .Ëåììà 1 (ñì. [17℄). Ïóñòü äàíû öåëîå íåîòðèöàòåëüíîå ÷èñëî l < ν 6 m èâåêòîð γ = (γl+1, . . . , γm) , 1 = γl+1 = · · · = γν < γν+1 6 · · · 6 γm ; ïóñòü, äàëåå,
α ∈ (0, +∞) , θj ∈ [1, +∞) , j = l +1, . . . , m , θ = (θl+1, . . . , θm) . Òîãäà èìååò ìåñòîñîîòíîøåíèå

∥

∥

∥

∥

{

2−α〈s,γ〉
}

s∈Y m−l(γ,n)

∥

∥

∥

∥

lθ

≍ 2−nαn

m
∑

j=l+2

1/θj

.Ëåììà 2 (ñì. [18℄). Ïóñòü äàíû öåëîå íåîòðèöàòåëüíîå ÷èñëî τ̄ = (τl+1, . . . ,
τm) , (1 6 τj < +∞) , j = l + 1, . . . , m , è χκ(n)(s̄) � õàðàêòåðèñòè÷åñêàÿ �óíêöèÿìíîæåñòâà κ(n) = {s̄ = (s1, . . . , sm) ∈ Z

m
+ : 〈s̄, γ̄〉 = n} . Òîãäà èìååò ìåñòîñîîòíîøåíèå

∥

∥

∥

{

χκ(n)(s̄)
}

s̄∈κ(n)

∥

∥

∥

lτ̄
≍ n

m
∑

j=l+2

1/τj

.



Î ÏÎ�ßÄÊÀÕ Ï�ÈÁËÈÆÅÍÈß ÊËÀÑÑÎÂ �ËÀÄÊÈÕ ÔÓÍÊÖÈÉ. . . 7Òåïåðü èçëîæèì îñíîâíûå ðåçóëüòàòû ñòàòüè.Òåîðåìà 1. Ïóñòü q̄ = (q1, . . . , qm) , 1 < qj < ∞, j = 1, . . . , m , β =
= min{q1, . . . , qm, 2} Òîãäà äëÿ ëþáîé �óíêöèè f ∈ Lq̄(I

m) èìååò ìåñòî íåðà-âåíñòâî
‖f‖q̄ 6 C(q, m)







∑

s̄∈Z
m
+

‖δs̄(f)‖β
q̄







1/β

.Äîêàçàòåëüñòâî. Åñëè 2 < qj < +∞, j = 1, . . . , m, òî β = 2. Â ýòîì ñëó÷àåòåîðåìà äîêàçàíà â [17℄.Äàëåå íåîäíîêðàòíî áóäåì ïîëüçîâàòüñÿ ñëåäóþùèì ðåçóëüòàòîì Î.Â. Áåñîâà[19℄ î òîì , ÷òî åñëè f ∈ Lq̄(I
m), 1 < qj < ∞, j = 1, . . . , m, òî

‖f‖q̄ ≍

∥

∥

∥

∥

∥

(

∑

s̄∈Z
m
+

|δs̄(f, ·)|2

)1/2∥
∥

∥

∥

∥

q̄

.Ïóñòü 1 < qj < 2, j = 1, . . . , m, . Òîãäà β = qj0 = min{q1, . . . , qm} . Òàê êàê
q1/2 < 1 è qj0/q1 6 1 , òî â ñèëó íåðàâåíñòâà Èåíñåíà (ñì. [1, ñ. 125℄) èìååì






2π
∫

0





∑

s̄∈Z
m
+

|δs̄(f, x̄)|2





q1/2

dx1







q2/q1

6





∑

s̄∈Z
m
+

2π
∫

0

|δs̄(f, x̄)|q1dx1





q2/q1

6

6







∑

s̄∈Z
m
+





2π
∫

0

|δs̄(f, x̄)|q1dx1





qj0
/q1







q2/qj0ïî÷òè äëÿ âñåõ x̄2 = (x2, . . . , xm). Â ñèëó ýòîãî íåðàâåíñòâà ïî ñâîéñòâó íîðìûèìååì
∥

∥

∥

∥

∥

(

∑

s̄∈Z
m
+

|δs̄(f, ·)|2

)1/2∥
∥

∥

∥

∥

q̄

6

∥

∥

∥

∥

∥

(

∑

s̄∈Z
m
+

‖δs̄(f, ·, x̄2)‖
qj0
q1

)1/qj0

∥

∥

∥

∥

∥

q̄2

, (1)ãäå q̄2 = (q2, . . . , qm) . Òàê êàê qj/qj0 > 1, j = 1, . . . , m , òî ïî ñâîéñòâó íîðìû èç (1)ïîëó÷èì
∥

∥

∥

∥

∥

(

∑

s̄∈Z
m
+

|δs̄(f, ·)|2

)1/2∥
∥

∥

∥

∥

q̄

6

{

∑

s̄∈Z
m
+

‖δs̄(f, ·)‖
qj0
q̄

}1/qj0

. (2)Ïóñòü òåïåðü β = min{q1, . . . , qm, 2} = qj0 6= 2, òî åñòü qj0 < 2 è íåêîòîðûå
qj > 2 .Åñëè q1 < 2, òî äâà ðàçà ïðèìåíÿÿ íåðàâåíñòâî Èåíñåíà, èìååì






2π
∫

0





∑

s̄∈Z
m
+

|δs̄(f, x̄)|2





q1/2

dx1







1/q1

6





∑

s̄∈Z
m
+

∫ 2π

0

|δs̄(f, x̄)|q1dx1





1/q1

6

6







∑

s̄∈Z
m
+





2π
∫

0

|δs̄(f, x̄)|q1dx1





qj0
/q1







1/qj0

.



8 �.À. ÀÊÈØÅÂÒîãäà ó÷èòûâàÿ òî, ÷òî qj0 6 q2, ïî ñâîéñòâó íîðìû èìååì








2π
∫

0







2π
∫

0







∑

s̄∈Z
m
+

|δs̄(f, x̄)|2







q1/2

dx1







q2/q1

dx2









1/q2

6

6







2π
∫

0





∑

s̄∈Z
m
+

‖δs̄(f, ·, x̄2)‖
qj0
q1





q2/qj0

dx2







1/q2

6







∑

s̄∈Z
m
+

‖δs̄(f, ·, x̄3)‖
qj0

(q1,q2)







1/qj0ïî÷òè äëÿ âñåõ x̄3 = (x3, . . . , xm). Äàëåå ïðîäîëæàÿ ýòîò ïðîöåññ, ïî ñâîéñòâóíîðìû èìååì (òàê êàê qj0 6 qj , j = 3, 4, . . . , m)
‖f‖q̄ 6

∥

∥

∥

∥

{

∑

s̄∈Z
m
+

|δs̄(f, ·)|2
}1/2∥

∥

∥

∥

q̄

6

{

∑

s̄∈Z
m
+

∥

∥

∥

∥

δs̄(f)

∥

∥

∥

∥

qj0

q̄

}1/qj0

. (3)Òàêèì îáðàçîì, òåîðåìà äîêàçàíà â ñëó÷àå q1 < 2, β < 2 .Ïóñòü β = qj0 < 2, íî q1 > 2 è k0 ∈ {1, . . . , j0} � ïåðâûé íîìåð, äëÿ êîòîðîãî
qk0

6 2 , òî åñòü qj > 2, äëÿ j = 1, 2, . . . , k0 − 1. Òîãäà ïî ñâîéñòâó íîðìû èìååì
∥

∥

∥

∥

{

∑

s̄∈Z
m
+

|δs̄(f, ·), x̄k0
|2
}1/2∥

∥

∥

∥

q̄0

6

{

∑

s̄∈Z
m
+

∥

∥

∥

∥

δs̄(f, ·, x̄k0
)

∥

∥

∥

∥

2

q̄0

}1/2

,ãäå x̄k0
= (xk0

, . . . , xm), q0 = (q1, . . . , qk0
−1). Èñïîëüçóÿ ýòî íåðàâåíñòâî è äâà ðàçàïðèìåíÿÿ íåðàâåíñòâî Èåíñåíà (ñì. [1, ñ. 125℄), ñ ó÷åòîì ñîîòíîøåíèé qk0

/2 < 1,
qj0/qk0

6 1 áóäåì èìåòü
∥

∥

∥

∥

{

∑

s̄∈Z
m
+

|δs̄(f, ·, x̄k0+1)|
2

}1/2∥
∥

∥

∥

(q̄0,qk0
)

6

{

∑

s̄∈Z
m
+

∥

∥

∥

∥

δs̄(f, ·, x̄k0+1)

∥

∥

∥

∥

qk0

(q̄0,qk0
)

}1/qk0

6

6

{

∑

s̄∈Z
m
+

∥

∥

∥

∥

δs̄(f, ·, x̄k0+1)

∥

∥

∥

∥

qj0

(q̄0,qk0
)

}1/qj0ïî÷òè äëÿ âñåõ x̄k0+1 = (xk0+1, . . . , xm). Îòñþäà ïî ñâîéñòâó íîðìû ïîëó÷èì (ò. ê.
qj0 6 qj , j = k0 + 1, . . . , m)
∥

∥

∥

∥

{

∑

s̄∈Z
m
+

|δs̄(f, ·)|2
}1/2∥

∥

∥

∥

q̄

6

∥

∥

∥

∥

{

∑

s̄∈Z
m
+

∥

∥

∥

∥

δs̄(f, ·, x̄k0+1)

∥

∥

∥

∥

qj0

(q̄0,qk0
)

}1/qj0
∥

∥

∥

∥

(qk0+1,...,qm)

6

6

{

∑

s̄∈Z
m
+

∥

∥

∥

∥

δs̄(f, ·)

∥

∥

∥

∥

qj0

q̄

}1/qj0 (4)â ñëó÷àå q1 > 2, β = qj0 < 2. Èç íåðàâåíñòâ (2)�(4) â ñèëó òåîðåìû Î.Â. Áåñîâà[18℄ ïîëó÷èì óòâåðæäåíèå òåîðåìû.Òåïåðü òåîðåìó 1 ïðèìåíèì äëÿ îöåíêè ïîðÿäêà ïðèáëèæåíèÿ �óíêöèîíàëüíûõêëàññîâ.



Î ÏÎ�ßÄÊÀÕ Ï�ÈÁËÈÆÅÍÈß ÊËÀÑÑÎÂ �ËÀÄÊÈÕ ÔÓÍÊÖÈÉ. . . 9Òåîðåìà 2. Ïóñòü q̄ = (q1, . . . , qm), 1 < qj < +∞, β = min{q1, . . . , qm, 2},
r̄ = (r1, . . . , rm), 0 < r1 = · · · = rν < rν+1 6 · · · 6 rm, γj = rj/r1, j = 1, . . . , m .Òîãäà èìåþò ìåñòî ñîîòíîøåíèÿ
1. Eγ

n(Br
q,θ

)q̄ ≍ 2−nr1 , åñëè 1 6 θj 6 β;

2. Eγ
n(Br

q,θ
)q̄ 6 C(q, θ, m, r) · 2−nr1 · n

m
∑

j=l+1

(1/β−1/θj)

, åñëè θj 6 β, j = 1, . . . , l,

θj > β, j = l + 1, . . . , m.Äîêàçàòåëüñòâî. Ïóñòü θj 6 β, j = 1, . . . , m. Ïðèìåíÿÿ òåîðåìó 1 ê �óíêöèè
f − Sγ

n(f) ∈ Lq̄(I
m) è èñïîëüçóÿ íåðàâåíñòâî Èåíñåíà, ïîëó÷èì

Eγ
n(f)q̄ 6

∥

∥f − Sγ
n (f)

∥

∥

q
6 C (q, m) ·







∑

〈s,γ〉>n

‖δs (f)‖β
q







1/β

6

6 C (q, m) ·







∑

〈s,γ〉>n

(

2〈s,γ〉 ‖δs (f)‖q

)β







1/β

6

6 C (q, m) · 2−nr1

∥

∥

∥

∥

{

2〈s,r〉 ‖δs (f)‖q

}

s∈Zm
+

∥

∥

∥

∥

lθ

.Ñëåäîâàòåëüíî,
Eγ

n(Br
q,θ

)q̄ 6 C(q, m) · 2−nr1 .Äëÿ îöåíêè ñíèçó âåëè÷èíû Eγ
n(Br

q,θ
)q̄ ðàññìîòðèì �óíêöèþ

f0(x̄) =

ν
∏

j=1

2−s0
j(rj+1−1/qj)

∑

k∈ρ(s0)

ei〈k,x〉 = δs0 (f, x) ,ãäå s0 = (s0
1, . . . , s

0
m), 〈s0, γ〉 = 0.Òàê êàê f0 íåïðåðûâíà, òî f0 ∈ Lq̄(I

m) . Ó÷èòûâàÿ ñîîòíîøåíèå
∥

∥

∥

∥

∥

2s−1
∑

k=2s−1

eikt

∥

∥

∥

∥

∥

p

≍ 2s(1−1/p), 1 < p < +∞, (5)ïîëó÷èì
∥

∥

∥

∥

{

2〈s,r〉
∥

∥δs

(

f(0)

)∥

∥

q

}

s∈Zm
+

∥

∥

∥

∥

q

= ‖δs0 (f0)‖q 2〈s
0,r〉

6 C(q, m),òî åñòü C0f0 ∈ Br
q,θ
. Òàê êàê 〈s0, γ〉 = n , òî Sγ

n (f0, x) = 0 . Ïîýòîìó, ó÷èòûâàÿ (5),áóäåì èìåòü
∥

∥f0 − Sγ̄
n(f0)

∥

∥

q̄
= ‖f0‖q̄ > C(q, m) · 2−nr1.Ñëåäîâàòåëüíî,

Eγ
n(Br

q,θ
)q̄ > C(q, m) · 2−nr1 .Ýòèì ïåðâûé ïóíêò äîêàçàí.



10 �.À. ÀÊÈØÅÂÏóñòü θj < β, j = 1, . . . , l è θj > β, j = l +1, . . . , m . Òîãäà, ïðèìåíÿÿ òåîðåìó 1ê �óíêöèè f − Sγ
n(f) ∈ Lq̄(I

m) , ïîëó÷èì
∥

∥f − Sγ
n (f)

∥

∥

q
6 C (q, m) ·













∑

s∈Y m
1

(γ,n)

‖δs (f)‖
β
q







1/β

+

+







∑

s∈Y m
2

(γ,n)

‖δs (f)‖
β
q







1/β





= C(q, m){J1(n) + J2(n)}. (6)Òàê êàê θj < β, j = 1, . . . , l è rj > 0 , òî ïðè �èêñèðîâàííûõ sl+1, . . . , sm

∑

sl∈Zl
+

‖δs̄(f)‖
β
q 6



















∞
∑

sl=1









· · ·







∞
∑

s1=1





l
∏

j=1

2sjrj ‖δs(f)‖q





θ1







θ2/θ1

· · ·









θl/θl−1



















β/θl

=

=

∥

∥

∥

∥

∥

∥

∥







l
∏

j=1

2sjrj ‖δs̄(f)‖q







sl∈Zl
+

∥

∥

∥

∥

∥

∥

∥

β

lθl

,ãäå sl = (s1, . . . , sl), θl = (θ1, . . . , θl) .Ïîýòîìó
J2(n) =







∑

s∈Y m
2

(γ,n)

‖δs (f)‖β
q







1/β

=







∑

sm−l∈Y m−l
3

(γ,n)

∑

sl∈Zl

‖δs (f)‖β
q







1/β

6

6















∑

sm−l∈Y m−l
3

(γ,n)

∥

∥

∥

∥

∥

∥

∥







l
∏

j=1

2sjrj ‖δs̄(f)‖q







sl∈Zl
+

∥

∥

∥

∥

∥

∥

∥

β

lθl















1/β

, (7)ãäå Y m−l
3 (γ, n) =

{

sm−l = (sl+1, . . . , sm) ∈ Zm−l
+ :

m
∑

j=l+1

sjγj > n

} .Òàê êàê β < θj , j = l + 1, . . . , m , òî, ïðèìåíÿÿ íåðàâåíñòâî �åëüäåðà ñ ïîêàçà-òåëÿìè τj = θj/β, τ
′

j = τj/(τj − 1), j = l + 1, . . . , m , ïîëó÷èì
∑

sm−l∈Y m−l
3

(γ,n)

∥

∥

∥

∥

∥

∥

∥







l
∏

j=1

2sjrj ‖δs̄(f)‖q







sl∈Zl
+

∥

∥

∥

∥

∥

∥

∥

β

lθl

6

6

∥

∥

∥

∥

∥

∥

∥







m
∏

j=l+1

2−sjrj







sm−l∈Y m−l
3

(γ,n)

∥

∥

∥

∥

∥

∥

∥

lεm−l

×

×

∥

∥

∥

∥

∥

∥

∥







m
∏

j=1

2sjrj ‖δs̄(f)‖q







s∈Zm
+

∥

∥

∥

∥

∥

∥

∥

lθ

, (8)



Î ÏÎ�ßÄÊÀÕ Ï�ÈÁËÈÆÅÍÈß ÊËÀÑÑÎÂ �ËÀÄÊÈÕ ÔÓÍÊÖÈÉ. . . 11ãäå ǫm−l = (ǫl+1, . . . , ǫm), ǫj = βτ
′

j , j = l + 1, . . . , m.Ïîëüçóÿñü ëåììîé 1 ñ α = r1, θj = ǫj , áóäåì èìåòü
∥

∥

∥

∥

∥

∥

∥







m
∏

j=l+1

2−sjrj







sm−l∈Y m−l
3

(γ,n)

∥

∥

∥

∥

∥

∥

∥

lεm−l

6 C(m, r, θ) · 2−nr1n

m
∑

j=l+2

1/ǫj

. (9)Èç íåðàâåíñòâ (7)�(9) ñëåäóåò, ÷òî
J2(n) 6 C(θ, q, m, r)2−nr1n

m
∑

j=l+2

(1/β−1/θj)

∥

∥

∥

∥

∥

∥

∥







m
∏

j=1

2sjrj ‖δs̄(f)‖q







s∈Zm
+

∥

∥

∥

∥

∥

∥

∥

lθ

, (10)ãäå
1

ǫj
=

1

β

(

1 −
β

θj

)

=
1

β
−

1

θj
.Òåïåðü îöåíèì J1(n) . Òàê êàê rj > 0 è θj < β, j = 1, . . . , l , òî â ñèëó íåðàâåí-ñòâà Èåíñåíà èìååì

J1(n) =







∑

s∈Y m
1

(γ,n)

‖δs (f)‖
β
q







1/β

=

=























∑

l
∑

j=1

sjγj<n

∑

m
∑

j=l+1

sjγj>n−
m
∑

j=l+1

sjγj





l
∏

j=1

2−sjrj





β 



l
∏

j=1

2sjrj ‖δs̄(f)‖q





β























1/β

6

6 2−nr1



















∑

m
∑

j=l+1

sjγj<n



2

m
∑

j=l+1

sjrj





β
∑

sl∈Zl
+





l
∏

j=1

2sjrj ‖δs̄(f)‖q





β



















1/β

6

6 2−nr1



















∑

m
∑

j=l+1

sjγj<n



2

m
∑

j=l+1

sjrj





β
∥

∥

∥

∥

∥

∥

∥







l
∏

j=1

2sjrj ‖δs̄(f)‖q







sl∈Zl
+

∥

∥

∥

∥

∥

∥

∥

β

lθl



















1/β

. (11)Òàê êàê β < θj , j = l + 1, . . . , m , òî, ïðèìåíÿÿ íåðàâåíñòâî �åëüäåðà ñ ïîêàçà-òåëÿìè τj = θj/β, τ
′

j = τj/(τj − 1), j = l + 1, . . . , m, èç (11) ïîëó÷èì
J1(n) 6 2−nr1

∥

∥

∥

∥

∥

∥

∥







m
∏

j=1

2sjrj ‖δs̄(f)‖q







s∈Zm
+

∥

∥

∥

∥

∥

∥

∥

lθ

×

×
∥

∥

∥{χσn
(sm−l)}sm−l∈Zm−l

+

∥

∥

∥

lǫm−l

, (12)ãäå σn =

{

sm−l = (sl+1, . . . , sm) ∈ Zm−l
+ :

m
∑

j=l+1

sjγj < n

}

, χσn
� õàðàêòåðèñòè÷å-ñêàÿ �óíêöèÿ ìíîæåñòâà σn , è ǫm−l = (ǫl+1, . . . , ǫm), ǫj = βτ

′

j , j = l + 1, . . . , m.



12 �.À. ÀÊÈØÅÂÂ ñèëó ëåììû 2
∥

∥

∥{χσn
(sm−l)}sm−l∈Zm−l

+

∥

∥

∥

lǫm−l

6 C(q, θ, m, l)n

m
∑

j=l+1

1/ǫj

=

= C(q, θ, m, l)n

m
∑

j=l+1

(1/β−1/θj)

.Ïîýòîìó èç íåðàâåíñòâà (12) ïîëó÷èì îöåíêó
J1(n) 6 C(q, θ, m, l)2−nr1n

m
∑

j=l+1

(1/β−1/θj)

∥

∥

∥

∥

∥

∥

∥







m
∏

j=1

2sjrj ‖δs̄(f)‖q







s∈Zm
+

∥

∥

∥

∥

∥

∥

∥

lθ

. (13)Òåïåðü èç íåðàâåíñòâ (6), (10), (13) áóäåì èìåòü
Eγ

n(f)q̄ 6
∥

∥f − Sγ
n(f)

∥

∥

q
6 C(q, θ, m, r) · 2−nr1 · n

m
∑

j=l+1

(1/β−1/θj)

,äëÿ ëþáîé �óíêöèè f ∈ Br
q,θ

, θj < β, j = 1, . . . , m, è θj > β, j = l + 1, . . . , m.Òàêèì îáðàçîì,
Eγ

n(Br
q,θ

)q̄ 6 C(q, θ, m, r) · 2−nr1 · n

m
∑

j=l+1

(1/β−1/θj)

,ãäå θj < β, j = 1, . . . , l, è θj > β, j = l + 1, . . . , m. Òåîðåìà äîêàçàíà.Òåîðåìà 3. Ïóñòü 1 < pj < qj < +∞, rj > 1/pj − 1/qj , 1 6 θj < ∞, r̄ =
= (r1, r2), γj = rj/r1, j = 1, 2 . Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

Eγ
n(Br

p,θ
)q̄ 6 C(p, q, θ, r)2−nαnβ ,ãäå α = min{r1 +

1

q1
−

1

p1
, r2 +

1

q2
−

1

p2
} è

β =



































































0, åñëè














θj 6 qj j = 1, 2;

qj < θj , j = 1, 2, r1 +
1

q1
−

1

p1
6= r2 +

1

q2
−

1

p2
;

θ1 6 q1, q2 < θ2 r1 +
1

q1
−

1

p1
6= r2 +

1

q2
−

1

p2
;

1

q2
−

1

θ2
, åñëè





r1 +
1

q1
−

1

p1
= r2 +

1

q2
−

1

p2
, θj > qj , j = 1, 2;

θ1 6 q1, θ2 > q2.Äîêàçàòåëüñòâî. Ì.Ê. Ïîòàïîâûì [20℄ äîêàçàíî, ÷òî åñëè f ∈ Lp̄(I
2), 1 <

< pj < qj < +∞, j = 1, 2, òî
‖f‖q 6 C(p, q)







∞
∑

s2=1

2s2q2(1/p2−1/q2)

[

∞
∑

s1=1

2s1q1(1/p1−1/q1) ‖δs (f)‖q1

p

]q2/q1







1/q2

.



Î ÏÎ�ßÄÊÀÕ Ï�ÈÁËÈÆÅÍÈß ÊËÀÑÑÎÂ �ËÀÄÊÈÕ ÔÓÍÊÖÈÉ. . . 13Òàê êàê rj > 1/pj − 1/qj, j = 1, 2 , òî èç ïðèâåäåííîãî óòâåðæäåíèÿ ñëåäóåò,÷òî Br
p,θ

⊂ Lq(I
2) . Ïóñòü f ∈ Br

p,θ
. Òîãäà, ïðèìåíÿÿ ê �óíêöèè f −Sγ

n(f) ∈ Lq̄(I
2)òåîðåìó Ì.Ê. Ïîòàïîâà, èìååì

∥

∥f − Sγ
n (f)

∥

∥

q
6 C(p, q)







∑

s26n

2s2q2(1/p2−1/q2) ×

×

[

∑

s1>n−s2

2s1q1(1/p1−1/q1) ‖δs (f)‖
q1

p

]q2/q1

+

+
∑

s2>n

2s2q2(1/p2−1/q2)

[

∑

s1>0

2s1q1(1/p1−1/q1) ‖δs (f)‖
q1

p

]q2/q1







1/q2

. (14)Åñëè θj 6 qj , j = 1, 2, òî ïðèìåíÿÿ íåðàâåíñòâî Èåíñåíà è ó÷èòûâàÿ òî, ÷òî rj >
> 1/pj − 1/qj, ïîëó÷èì

I1(n) =







∑

s26n

2s2q2(1/p2−1/q2)

[

∑

s1>n−s2

2s1q1(1/p1−1/q1) ‖δs (f)‖
q1

p

]q2/q1







1/q2

6

6







∑

s26n

2s2θ2(1/p2−1/q2)

[

∑

s1>n−s2

2s1θ1(1/p1−1/q1) ‖δs (f)‖
θ1

p

]θ2/θ1







1/θ2

6

6 2−n(r1+1/q1−1/p1)







∑

s26n

2s2r2θ2 · 2s2θ2(r1+1/q1−1/p1−r2+1/p2−1/q2) ×

×

[

∑

s1>n−s2

2s1r1θ1 ‖δs (f)‖θ1

p

]θ2/θ1







1/θ2

. (15)Åñëè r1 +
1

q1
−

1

p1
6 r2 +

1

q2
−

1

p2
, òî 2s2θ2(r1+1/q1−1/p1−r2+1/p2−1/q2) 6 1 . Åñ-ëè æå r1 +

1

q1
−

1

p1
> r2 +

1

q2
−

1

p2
, òî 2s2θ2(r1+1/q1−1/p1−r2+1/p2−1/q2) 6

6 2nθ2(r1+1/q1−1/p1−r2+1/p2−1/q2) äëÿ s2 6 n . Ïîýòîìó èç (15) ïîëó÷èì
I1(n) 6 2−nα, (16)ãäå α = min

{

r1 +
1

q1
−

1

p1
, r2 +

1

q2
−

1

p2

}

, θj 6 qj , j = 1, 2, . . . . Àíàëîãè÷íûìèðàññóæäåíèÿìè ìîæíî óáåäèòüñÿ â òîì, ÷òî
I2(n) =







∑

s2>n

2s2q2(1/p2−1/q2)

[

∑

s1>0

2s1q1(1/p1−1/q1) ‖δs (f)‖
q1

p

]q2/q1







1/q2

6

6 2−nα







∞
∑

s2=1

2s2r2θ2

[

∞
∑

s1=1

2s1r1θ1 ‖δs (f)‖
θ1

p

]θ2/θ1







1/θ2 (17)



14 �.À. ÀÊÈØÅÂäëÿ θj 6 qj , j = 1, 2. Òåïåðü èç íåðàâåíñòâ (14), (16) è (17) ïîëó÷èòñÿ îöåíêà
Eγ

n (f)q 6 C (p, q, r) · 2−nα (18)äëÿ �óíêöèè f ∈ Br
p,θ

â ñëó÷àå θj 6 qj , j = 1, 2 , ãäå α = min

{

r1 +
1

q1
−

1

p1
,

r2 +
1

q2
−

1

p2

} .Ïóñòü qj < θj , j = 1, 2 . Òîãäà, ïðèìåíÿÿ íåðàâåíñòâî �åëüäåðà τj = θj/qj ,

τ
′

j = τj/(τj − 1), ïîëó÷èì
I1 (n) 6

∥

∥

∥

∥

∥

∥

∥







2
∏

j=1

2sjrj ‖δs (f)‖p







s∈Z2
+

∥

∥

∥

∥

∥

∥

∥

lθ

×

×











∑

s26n

2s2(1/p2−1/q2−r2)q2τ ′

2 ·

[

∑

s1>n−s2

2s2(1/p1−1/q1−r1)q1τ ′

1

]q2τ
′

2/(q1τ ′

1)










1/(q2τ ′

2)

6

6 C(p, q, θ)

∥

∥

∥

∥

∥

∥

∥







2
∏

j=1

2sjrj ‖δs (f)‖p







s∈Z2
+

∥

∥

∥

∥

∥

∥

∥

lθ

×

×







∑

s26n

2s2(r1+1/q1−1/p1−r2−1/q2+1/p2)q2τ ′

2







1/(q2τ ′

2)

· 2−n(r1+1/q1−1/p1). (19)Åñëè r1 +
1

q1
−

1

p1
= r2 +

1

q2
−

1

p2
, òî

I3(n) 6







∑

s26n

2s2(r1+1/q1−1/p1−r2−1/q2+1/p2)q2τ
′

2







1/(q2τ ′

2)

6 C(p, q, r)n1/(q2τ ′

2). (20)Åñëè æå r1 +
1

q1
−

1

p1
6= r2 +

1

q2
−

1

p2
, òî

I3(n) 6 C(p, q, r)2−n(r1+1/q1−1/p1−r2−1/q2+1/p2)+ , (21)ãäå y+ = max{y, 0} . Èç íåðàâåíñòâ (19)�(21) ñëåäóåò, ÷òî
I1(n) 6 C(p, q, r, θ)2−nαnβ (22)â ñëó÷àå qj < θj , j = 1, 2, ãäå α = min

{

r1 +
1

q1
−

1

p1
, r2 +

1

q2
−

1

p2

} è
β =











1

q2
−

1

θ2
, åñëè r1 +

1

q1
−

1

p1
= r2 +

1

q2
−

1

p2
,

0, â ïðîòèâíîì ñëó÷àå.



Î ÏÎ�ßÄÊÀÕ Ï�ÈÁËÈÆÅÍÈß ÊËÀÑÑÎÂ �ËÀÄÊÈÕ ÔÓÍÊÖÈÉ. . . 15Äàëåå, ñíîâà ïðèìåíÿÿ íåðàâåíñòâî �åëüäåðà ñ ïîêàçàòåëÿìè τj = θj/qj , τ
′

j =
= τj/τj − 1, èìååì

I2(n) 6 C(p, q, r, θ)2−nα

∥

∥

∥

∥

∥

∥

∥







2
∏

j=1

2sjrj ‖δs (f)‖p







s∈Z2
+

∥

∥

∥

∥

∥

∥

∥

lθ

, (23)
α = min

{

r1 +
1

q1
−

1

p1
, r2 +

1

q2
−

1

p2

}

.Òåïåðü â ñèëó íåðàâåíñòâ (22), (23) èç (14) äëÿ �óíêöèè f ∈ Br
p,θ

ïîëó÷èì
Eγ

n(f)q 6 C(p, q, r, )2−nαnβâ ñëó÷àå qj < θj , j = 1, 2, ãäå α, β îïðåäåëåíû àíàëîãè÷íî, êàê è â íåðàâåíñòâå(22).Ïóñòü θ1 6 q1, θ2 > q2. Òîãäà, ïðèìåíÿÿ ê ñóììå ïî èíäåêñó s1 íåðàâåíñòâîÉåíñåíà, ïî s2 � íåðàâåíñòâî �åëüäåðà ñ θ2/q2 = τ2 > 1 è ó÷èòûâàÿ ñîîòíîøåíèå(20), áóäåì èìåòü
I1(n) 6 C(p, q, r, θ)

∥

∥

∥

∥

∥

∥

∥







2
∏

j=1

2sjrj ‖δs (f)‖p







s∈Z2
+

∥

∥

∥

∥

∥

∥

∥

lθ

2−nαnβ , (24)ãäå α, β îïðåäåëåíû òàê æå, êàê è â íåðàâåíñòâå (22). Äàëåå, ó÷èòûâàÿ íåðàâåíñòâà
rj >

1

pj
−

1

qj
, j = 1, 2, èìååì

I2 6 C(p, q, r, θ)

∥

∥

∥

∥

∥

∥

∥







2
∏

j=1

2sjrj ‖δs (f)‖p







s∈Z2
+

∥

∥

∥

∥

∥

∥

∥

lθ

2−nα, (25)ãäå α = min

{

r1 +
1

q1
−

1

p1
, r2 +

1

q2
−

1

p2

}

, θ1 6 q1, θ2 > q2. Â ñèëó íåðàâåíñòâ(24), (25) èç (14) ñëåäóåò
Eγ

n(f)q 6 C(p, q, r, )2−nαnβâ ñëó÷àå θ1 6 q1, θ2 > q2 äëÿ �óíêöèè f ∈ Br
p,θ

, ãäå ÷èñëà α, β îïðåäåëåíû â(22). Ýòèì òåîðåìà äîêàçàíà.Îòìåòèì, ÷òî â ñëó÷àå p1 = · · · = pm, θ1 = · · · = θm òî÷íûå ïîðÿäêè ïðèáëè-æåíèÿ êëàññà Áåñîâà óñòàíîâëåíû â ðàáîòàõ À.Ñ. �îìàíþêà [15, 16℄. Àíàëîãè÷íàÿçàäà÷à â ïðîñòðàíñòâàõ Ëîðåíöà ñ àíèçîòðîïíîé ìåòðèêîé ðàíåå èçó÷åíà â [17, 18℄.SummaryG.A. Akishev. On degree of approximation fun
tion 
lasses in the spa
e Lebesgue withanisotropi
 norm.There is the anisotropi
 spa
e Lebesgue of periodi
 fun
tion in the paper. In the paperis obtained the estimate degree of approximation O.V. Besov's 
lasses in anisotropi
 spa
eLebesgue by trigonometri
 polynomials with harmoni
s in hyperboli
 
rosses.
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