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ÓÄÊ 519.6Ñ�ÀÂÍÈÒÅËÜÍÛÉ ÀÍÀËÈÇ ÌÅÒÎÄÎÂ �ÅØÅÍÈßÎÄÍÎÉ ÇÀÄÀ×È ÎÏÒÈÌÀËÜÍÎ�Î ÓÏ�ÀÂËÅÍÈßÌ.�. ÕàñàíîâÀííîòàöèÿ�àññìàòðèâàþòñÿ êîíå÷íî-ðàçíîñòíûå àïïðîêñèìàöèè çàäà÷è îïòèìàëüíîãî óïðàâ-ëåíèÿ ïðàâîé ÷àñòüþ ëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ ïðè íàëè÷èè îãðàíè÷åíèéíà �óíêöèþ ñîñòîÿíèÿ ñèñòåìû. Ñòðîÿòñÿ èòåðàöèîííûå ìåòîäû äëÿ ðåøåíèÿ ñåòî÷íîéçàäà÷è. Ïðèâîäÿòñÿ òåîðåìû îá èõ ñõîäèìîñòè. Íà îñíîâå âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâïðîèçâîäèòñÿ îöåíêà ý��åêòèâíîñòè ýòèõ ìåòîäîâ.Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, ñåäëîâàÿ çàäà÷à ñ îãðàíè÷åíèÿìè, èòå-ðàöèîííûå ìåòîäû. ÂâåäåíèåÊîíå÷íî-ýëåìåíòíûå è êîíå÷íî-ðàçíîñòíûå àïïðîêñèìàöèè çàäà÷ îïòèìàëüíî-ãî óïðàâëåíèÿ â ïðàâîé ÷àñòè ëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ èëè ãðàíè÷-íîãî óñëîâèÿ ïðèâîäÿò ê êîíå÷íîìåðíûì ñåäëîâûì çàäà÷àì áîëüøîé ðàçìåðíîñòèñ îãðàíè÷åíèÿìè. Ýòè çàäà÷è âîçíèêàþò ïðè èñïîëüçîâàíèè �óíêöèè Ëàãðàíæà.Ïðè íàëè÷èè îãðàíè÷åíèé ëèøü íà âåêòîð ñîñòîÿíèÿ y ñåäëîâàÿ çàäà÷à ïðåîá-ðàçóåòñÿ ê âêëþ÷åíèþ ñ ìíîãîçíà÷íûì îïåðàòîðîì îòíîñèòåëüíî y èëè îòíîñè-òåëüíî λ . Äëÿ ðåøåíèÿ ýòèõ âêëþ÷åíèé ìîæíî èñïîëüçîâàòü ðàçëè÷íûå èòåðà-öèîííûå ìåòîäû. Ñõîäèìîñòü ðÿäà òàêèõ ìåòîäîâ îáîñíîâàíà â ðàáîòå [1℄. Îäíàêîòåîðåòè÷åñêèå îöåíêè ñêîðîñòè ñõîäèìîñòè ëèáî îòñóòñòâóþò, ëèáî íå äàþò òî÷íîéèí�îðìàöèè îá ý��åêòèâíîñòè ìåòîäà. Îñíîâíàÿ öåëü íàñòîÿùåé ñòàòüè � ýòî ïî-ñòðîåíèå è ñðàâíèòåëüíûé àíàëèç ý��åêòèâíîñòè èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿñåòî÷íîé àïïðîêñèìàöèè îäíîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ.�åøåíèþ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà.Ìåòîä ðåøåíèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ îãðàíè÷åíèÿìè íà óïðàâëåíèåñ ïðèìåíåíèåì ñòðàòåãèè àêòèâíîãî ìíîæåñòâà ïðÿìûõ è äâîéñòâåííûõ ïåðåìåí-íûõ áûë ðàññìîòðåí â ðàáîòå [2℄. Îòìåòèì, ÷òî â [3℄ ïðåäëîæåí ïðåäîáóñëîâëåí-íûé ìåòîä Óäçàâû, êîòîðûé ÿâëÿåòñÿ ý��åêòèâíûì äëÿ òàêèõ çàäà÷. Â ðàáîòå [4℄ïðåäëîæåí ìåòîä ðàñøèðåííîãî ëàãðàíæèàíà äëÿ ðåøåíèÿ çàäà÷ îïòèìàëüíîãîóïðàâëåíèÿ ñ îãðàíè÷åíèÿìè êàê íà ñîñòîÿíèå, òàê è íà óïðàâëåíèå. Èòåðàöèîí-íûå ìåòîäû äëÿ ðåøåíèÿ ñåäëîâûõ çàäà÷ ñ îãðàíè÷åíèÿìè áîëüøîé ðàçìåðíîñòèïðåäëîæåíû â [5℄.Â íàñòîÿùåé ðàáîòå ÷èñëåííî ðåøåíà ìîäåëüíàÿ ñåòî÷íàÿ çàäà÷à � êîíå÷íî-ðàçíîñòíàÿ àïïðîêñèìàöèÿ íà ðàâíîìåðíîé ïðÿìîóãîëüíîé ñåòêå çàäà÷è óïðàâ-ëåíèÿ â ïðàâîé ÷àñòè óðàâíåíèÿ Ïóàññîíà ñ ïðîñòûìè îãðàíè÷åíèÿìè íà âåêòîðñîñòîÿíèÿ. Ïîñòðîåíû èòåðàöèîííûå ìåòîäû äëÿ ñîîòâåòñòâóþùèõ âêëþ÷åíèé îò-íîñèòåëüíî âåêòîðîâ u , y è λ . Ïðèâåäåíû èçâåñòíûå ðåçóëüòàòû î ñõîäèìîñòèèòåðàöèîííûõ ìåòîäîâ è îöåíêè ñêîðîñòè ñõîäèìîñòè. Ïðåäëîæåí íîâûé èòåðàöè-îííûé ìåòîä � äâóõñòóïåí÷àòûé ìåòîä ðåøåíèÿ âêëþ÷åíèÿ îòíîñèòåëüíî y ñ ïðå-äîáóñëîâëèâàòåëåì L è íåïîëíûì îáðàùåíèåì îïåðàòîðà 1

τ
L + ∂θ , ãäå ∂θ � ñóá-äè��åðåíöèàë èíäèêàòîðíîé �óíêöèè îãðàíè÷åíèé íà y , τ � ïàðàìåòð ìåòîäà.



50 Ì.�. ÕÀÑÀÍÎÂÍà îñíîâå àíàëèçà ðåçóëüòàòîâ ÷èñëåííûõ ýêñïåðèìåíòîâ ïðîâåäåí ñðàâíèòåëüíûéàíàëèç ìåòîäîâ è ñäåëàí âûâîä î íàèáîëüøåé ý��åêòèâíîñòè äàííîãî ìåòîäà.1. Ïîñòàíîâêà è àïïðîêñèìàöèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿÏóñòü Ω ⊂ R
2 � îãðàíè÷åííàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé ∂Ω . �àñ-ñìîòðèì îäíîðîäíóþ çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà:

−∆y = f + u, x ∈ Ω, y(x) = 0, x ∈ ∂Ω, (1)ãäå f � çàäàííàÿ �óíêöèÿ, u � �óíêöèÿ óïðàâëåíèÿ. Îáîáùåííàÿ ïîñòàíîâêà ýòîéçàäà÷è îïðåäåëÿåòñÿ ñ ïîìîùüþ èíòåãðàëüíîãî òîæäåñòâà
y ∈ V :

∫

Ω

∇y · ∇z dx =

∫

Ω

(f + u)z dx ∀z ∈ V. (2)Çäåñü V = H1
0 (Ω) � ïðîñòðàíñòâî Ñîáîëåâà �óíêöèé, èìåþùèõ îáîáùåííûå ïåðâûåïðîèçâîäíûå èç L2(Ω) è ðàâíûõ íóëþ íà ãðàíèöå îáëàñòè, ñî ñêàëÿðíûì ïðîèç-âåäåíèåì (y, z) =

∫

Ω

∇y · ∇z dx è íîðìîé ‖y‖ = (y, y)1/2 . Çàäà÷à (2) îäíîçíà÷íîðàçðåøèìà ïðè ëþáîé ïðàâîé ÷àñòè f + u ∈ L2(Ω) è ñïðàâåäëèâî íåðàâåíñòâîóñòîé÷èâîñòè
‖y‖V ≤ k‖f + u‖L2(Ω), k = const. (3)Çàäàäèì ìíîæåñòâî îãðàíè÷åíèé
Yad = {y ∈ V : y(x) ≤ 0.5 ∀x ∈ Ω}è öåëåâîé �óíêöèîíàë

J(y, u) =
1

2

∫

Ω

(y − yd)
2 dx +

1

2

∫

Ω

u2 dx,ãäå yd ∈ L2(Ω) � çàäàííàÿ �óíêöèÿ.Òåîðåìà 1. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ
min

(y,u)∈K
J(y, u),

K = {(y, u) : y ∈ Yad, u ∈ L2(Ω) è âûïîëíåíî (2)}, (4)èìååò åäèíñòâåííîå ðåøåíèå.Äîêàçàòåëüñòâî. Ìíîæåñòâî K âûïóêëî è çàìêíóòî â H1
0 (Ω)×L2(Ω) â ñèëóâûïóêëîñòè è çàìêíóòîñòè Yad è ëèíåéíîñòè óðàâíåíèÿ ñîñòîÿíèÿ (2). Òàêèìîáðàçîì, K ñëàáî çàìêíóòî â H1

0 (Ω) × L2(Ω) . Ôóíêöèîíàë J(y, u) êîýðöèòèâåíïî u ðàâíîìåðíî ïî y : J(y, u) ≥
1

2

∫

Ω

u2 dx äëÿ êàæäîãî y ∈ H1
0 (Ω) , ïîýòîìó

lim
||u||→∞

J(y, u) → ∞ ðàâíîìåðíî îòíîñèòåëüíî y . Ïóñòü {yn, un} ∈ K � ìèíèìèçè-ðóþùàÿ ïîñëåäîâàòåëüíîñòü: J(yn, un) → J0 = inf
(y,u)∈K

J(y, u). Èç óñëîâèÿ êîýðöè-òèâíîñòè J(y, u) ñëåäóåò, ÷òî ‖un‖ 6 C äëÿ êàæäîãî n . Äàëåå, òàê êàê äëÿ ðåøåíèÿ
y óðàâíåíèÿ (2) ñïðàâåäëèâî (3), òî ‖yn‖ 6 C äëÿ êàæäîãî n . Èç îãðàíè÷åííîéïîñëåäîâàòåëüíîñòè {yn, un} ìîæíî âûáðàòü ñëàáî ñõîäÿùóþñÿ ê íåêîòîðîé ïàðå
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y, u ïîäïîñëåäîâàòåëüíîñòü, ñîõðàíèì çà íåé îáîçíà÷åíèå {yn, un} . Â ñèëó íåïðå-ðûâíîñòè èíòåãðàëüíûõ îïåðàòîðîâ â (2) ìíîæåñòâî K ñëàáî çàìêíóòî, ïîýòîìó
{y, u} ∈ K . Ôóíêöèîíàë J ñëàáî ïîëóíåïðåðûâåí ñíèçó íà H1

0 (Ω)×L2(Ω) , ïîýòîìó
J0 = lim inf

n→∞
J(yn, un) > J(y, u),à çíà÷èò, ïàðà (y, u) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ (4).�àññìîòðèì êîíå÷íî-ðàçíîñòíóþ àïïðîêñèìàöèþ çàäà÷è (2) â ñëó÷àå êâàäðàò-íîé îáëàñòè Ω = (0, 1) × (0, 1) . Àïïðîêñèìèðóåì êðàåâóþ çàäà÷ó (1) êîíå÷íî-ðàçíîñòíîé ñõåìîé íà ðàâíîìåðíîé ñåòêå ñ øàãîì h : ω = {xij = (ih, jh), 0 ≤ i ≤ n+

+1, 0 ≤ j ≤ n+1} . Ïðè àïïðîêñèìàöèè öåëåâîãî �óíêöèîíàëà áóäåì èñïîëüçîâàòüñîñòàâíóþ êâàäðàòóðíóþ �îðìóëó òðàïåöèé. Â ðåçóëüòàòå ïîëó÷èì êîíå÷íîìåð-íóþ çàäà÷ó:íàéòè ìèíèìóì �óíêöèè J(y, u) =
1

2
||y − yd||

2 +
1

2
||u||2ïðè îãðàíè÷åíèÿõ

1

h2
(−yi−1j − yi+1j + 4yij − yij+1 − yij−1) = fij + uij , i, j = 1, 2, . . . , n,

y0j = yj0 = yjn+1 = yn+1j = 0,

yij ≤ 0.5, i, j = 1, 2, . . . , n.Âûøå èñïîëüçîâàíû îáîçíà÷åíèÿ ‖v‖
2

= h2
n∑

i,j=1

v2
ij , L � ìàòðèöà ñåòî÷íîãî îïå-ðàòîðà Ëàïëàñà ñ ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå, E � åäèíè÷íàÿ ìàòðèöà, θ �èíäèêàòîðíàÿ �óíêöèÿ ìíîæåñòâà îãðàíè÷åíèé íà y :

θ(y) =

{
0, yij < 0.5,

+∞, yij ≥ 0.5.Òîãäà ñåòî÷íàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ïðèìåò ñëåäóþùèé âèä:
min

(y,u)∈Kh

J(y, u),

Kh = {(y, u) : yi ≤ 0.5, Ly = f + u}.
(5)Ôóíêöèÿ Ëàãðàíæà äëÿ (5) èìååò âèä

L(y, u, λ) =
1

2
‖y − yd‖

2
+ θ(y) +

1

2
‖u‖

2
+ (λ, Ly − u − f), (6)è åå ñåäëîâàÿ òî÷êà (y, u, λ) � ðåøåíèå ñëåäóþùåé ñåäëîâîé çàäà÷è, êîòîðàÿ ýêâè-âàëåíòíà êîíå÷íîìåðíîé çàäà÷å óïðàâëåíèÿ [1, ñ. 81�82℄:




E 0 L

0 E −E

L −E 0







y

u

λ


) +




∂θ(y)
0
0


 ∋




yd

0
f


 . (7)Çäåñü

∂θ(y) = {∂θ(y)i, i = 1 . . . n2} =

{
[0, +∞), yi = 0.5,

0, yi < 0.5,

∂θ � ñóáäè��åðåíöèàë �óíêöèè θ � ìíîãîçíà÷íûé ìîíîòîííûé îïåðàòîð. Íàïîì-íèì, ÷òî åãî ðåçîëüâåíòà (E+∂θ)−1� îäíîçíà÷íûé ëèïøèö-íåïðåðûâíûé îïåðàòîð.Çàäà÷à (7) èìååò åäèíñòâåííîå ðåøåíèå [3℄.



52 Ì.�. ÕÀÑÀÍÎÂÈñêëþ÷èâ âåêòîðû y è u èç ñèñòåìû (7), ïîëó÷èì óðàâíåíèå äëÿ λ :
−L(E + ∂θ)−1(−Lλ + yd) + λ = −f. (8)Åñëè òåïåðü èñêëþ÷èòü âåêòîðû λ è u èç ñèñòåìû (7), òî ìû ïðèäåì ê âêëþ÷åíèþîòíîñèòåëüíî y :

L2y + y + ∂θ(y) ∋ Lf + yd. (9)Çàìåíèâ íåäè��åðåíöèèðóåìóþ �óíêöèþ θ ðåãóëÿðèçèðîâàííîé äè��åðåíöèè-ðóåìîé �óíêöèåé
θε =

1

2ε

n∑

i=1

((yi − 0.5)+)2, (10)èñêëþ÷èì âåêòîðû λ è y èç (7) è ïîëó÷èì ñëåäóþùåå óðàâíåíèå äëÿ u :
L−1(E + ∇θε)(L

−1(f + u)) + u = L−1yd. (11)�åøèâ îäíó èç ïðèâåäåííûõ çàäà÷ (8), (9), (11) îòíîñèòåëüíî λ , y , u ñîîòâåò-ñòâåííî, ìû ìîæåì îïðåäåëèòü îñòàëüíûå âåêòîðû èç ñîîòâåòñòâóþùèõ óðàâíåíèéñèñòåìû (7).2. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ êîíå÷íîìåðíîé çàäà÷èîïòèìàëüíîãî óïðàâëåíèÿÂ äàííîì ðàçäåëå ðàññìîòðåíû èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñåäëîâîé çàäà-÷è (??) è åå ðåãóëÿðèçèðîâàííîãî âàðèàíòà. Ïðèâåäåíû �îðìóëèðîâêè ìåòîäîâ,ðåçóëüòàòû î ñõîäèìîñòè è ñêîðîñòè ñõîäèìîñòè (ïðè èõ íàëè÷èè), à òàêæå àë-ãîðèòìû èõ ðåàëèçàöèè. Íàðÿäó ñ èçâåñòíûìè è ðàíåå èñïîëüçóåìûìè èòåðàöè-îííûìè ìåòîäàìè ïðåäëîæåí íîâûé àëãîðèòì, îñíîâàííûé íà äâóõñòóïåí÷àòîéðåàëèçàöèè îäíîøàãîâîãî èòåðàöèîííîãî ìåòîäà äëÿ âàðèàöèîííîãî íåðàâåíñòâà ñìàòðèöåé L2 + E .2.1. Ïðåäîáóñëîâëåííûé ìåòîä Óäçàâû. Äëÿ ðåøåíèÿ (8) ðàññìîòðèìïðåäîáóñëîâëåííûé ìåòîä ïðîñòîé èòåðàöèè:
L2 λk+1 − λk

τ
− L(E + ∂θ)−1(−Lλk + yd) + λk = −f. (12)Îí ñîâïàäàåò ñ ïðåäîáóñëîâëåííûì ìåòîäîì Óäçàâû äëÿ îòûñêàíèÿ ñåäëîâîé òî÷êè�óíêöèè Ëàãðàíæà (6). �åàëèçàöèÿ ýòîãî ìåòîäà âêëþ÷àåò ñëåäóþùèå øàãè.1. Âû÷èñëÿåì f̃ = L−1f .2. Çàäàåì íà÷àëüíîå ïðèáëèæåíèå λ0 .Äëÿ k = 0, 1, 2, . . .3. Äëÿ èçâåñòíîãî âåêòîðà λk ïîëàãàåì uk = λk è íàõîäèì yk , ðåøèâ âêëþ÷å-íèÿ ñ äèàãîíàëüíûì ìàêñèìàëüíî ìîíîòîííûì îïåðàòîðîì(E + ∂θ)yk ∋ −Lλk .4. Âû÷èñëÿåì pk = L−1uk .5. �åøàåì îòíîñèòåëüíî v óðàâíåíèå

L
v

τ
= (−yk + pk + f̃).6. Ïåðåâû÷èñëÿåì λk+1 = λk + τv .Â [3℄ óñòàíîâëåíî, ÷òî èòåðàöèîííûé ìåòîä (12) ñõîäèòñÿ ïðè óñëîâèè

0 < τ <
2

k2
f + 1

, (13)



Ñ�ÀÂÍÈÒÅËÜÍÛÉ ÀÍÀËÈÇ ÌÅÒÎÄÎÂ. . . 53ãäå kf =
1

λmin(L)
, λmin(L) = 8

h2 sin2 πh
2 � ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî äâóìåð-íîãî ñåòî÷íîãî îïåðàòîðà Ëàïëàñà ñ óñëîâèÿìè Äèðèõëå íà ðàâíîìåðíîé ñåòêå.Êðîìå òîãî, åñëè �óíêöèþ θ çàìåíèòü íà ðåãóëÿðèçèðîâàííóþ �óíêöèþ θε èç (10),òî ìåòîä (12) ñõîäèòñÿ ïðè óñëîâèè (13), à ïðè îïòèìàëüíîì çíà÷åíèè

τ = τ0 =
1

k2
f + 1ñïðàâåäëèâà îöåíêà ñêîðîñòè ñõîäèìîñòè

‖λk+1 − λ‖B ≤ ρ1/2‖λk − λ‖B, ρ = 1 −
ε

(1 + ε)(k2
f + 1)

, B = L2. (14)Â ñëó÷àå îòñóòñòâèÿ îãðàíè÷åíèé íà ñîñòîÿíèå (θ = 0) îïòèìàëüíûé ïàðàìåòð τ0è ìíîæèòåëü ρ â îöåíêå ñêîðîñòè ñõîäèìîñòè (14) ðàâíû
τ0 =

1

k2
f + 1

, ρ =
k2

f

k2
f + 1

.2.2. �ðàäèåíòíûé ìåòîä îòûñêàíèÿ âåêòîðà óïðàâëåíèÿ. Ïóñòü èí-äèêàòîðíàÿ �óíêöèÿ θ(y) = IYad
(y) ìíîæåñòâà Yad àïïðîêñèìèðîâàíà äè��å-ðåíöèðóåìîé �óíêöèåé θε(y) ñ ãðàäèåíòîì ∇θε(y) =

1

ε
(y − 0.5)+ . Òîãäà ìîæíîèñêëþ÷èòü âåêòîðû y è λ èç ñèñòåìû (7) è ïîëó÷èòü óðàâíåíèå äëÿ âåêòîðà u :

Pεu = L−1yd,

Pεu = L−1 (E + ∇θε)(L
−1(u + f)) + u.

(15)Ïðèìåíèì äëÿ ðåøåíèÿ (15) äâóñëîéíûé èòåðàöèîííûé ìåòîä
uk+1 − uk

τ
+ Pεu

k = L−1yd. (16)Îí ñîñòîèò ñîñòîèò èç ñëåäóþùèõ øàãîâ.1. Çàäàåì íà÷àëüíîå ïðèáëèæåíèå u0 .Äëÿ k = 0, 1, 2, . . .2. Äëÿ èçâåñòíîãî âåêòîðà óïðàâëåíèÿ uk íàõîäèì yk � ðåøåíèå óðàâíåíèÿñîñòîÿíèÿ Lyk = uk + f.3. Íàõîäèì ñîïðÿæåííîå ñîñòîÿíèå λk : λk = −L−1(yk + ∇θε(y
k) − yd).4. �åøàåì îòíîñèòåëüíî v óðàâíåíèå

L
v

τ
= (−yk + pk + f̃).5. Ïåðåâû÷èñëÿåì

uk+1 = (1 + τ)uk + τλk. (17)Â [3℄ óñòàíîâëåíî, ÷òî çàäà÷à (15) èìååò åäèíñòâåííîå ðåøåíèå, èòåðàöèîííûéìåòîä (16) ñõîäèòñÿ ïðè
0 < τ <

2ε

k2
f (1 + ε) + ε

,ãäå kf � ïîñòîÿííàÿ èç íåðàâåíñòâà (13). Ïðè
τ = τ0 =

ε

k2
f (1 + ε) + ε
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‖uk+1 − u‖ ≤ ρ‖uk − u‖, ρ = 1 −

ε

k2
f (1 + ε) + ε

.Ïðè îòñóòñòâèè îãðàíè÷åíèé íà ñîñòîÿíèå â çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ(2) (θ = 0) îïòèìàëüíûé èòåðàöèîííûé ïàðàìåòð τ0 è ìíîæèòåëü ñîêðàùåíèÿïîãðåøíîñòè ρ ðàâíû
τ0 =

r

k2
f + 1

, ρ =
k2

f

k2
f + 1

.2.3. Ìåòîä ïîñëåäîâàòåëüíîé âåðõíåé ðåëàêñàöèè(SOR). Èç ïîñëåä-íåãî ñîîòíîøåíèÿ (7) èìååì y = L−1(f + λ) . Ïîäñòàâëÿÿ ïîëó÷åííîå âûðàæåíèåâ ïåðâîå ñîîòíîøåíèå (7), ìû ïîëó÷àåì çàäà÷ó:
L2y + y + ∂θ(y) ∋ Lf + yd.Òàêèì îáðàçîì, èìååì êîíå÷íîìåðíîå âêëþ÷åíèå ñ ïîëîæèòåëüíî îïðåäåëåííîéìàòðèöåé L2 + E , ïîýòîìó ìû ìîæåì ïðèìåíèòü ìåòîä ïîñëåäîâàòåëüíîé âåðõíåéðåëàêñàöèè SOR äëÿ åå ðåøåíèÿ [1, ñ. 34℄:

(
1

w
DL2+E + UT

L2+E

)
yk+1 + γk+1 =

(
1

w
− 1

)
DL2+Eyk − UL2+Eyk + Lf + yd,

γk+1 ∈ ∂θ(yk+1).Çäåñü UT
L2+E , UL2+E , DL2+E � íèæíÿÿ, âåðõíÿÿ òðåóãîëüíàÿ è äèàãîíàëüíàÿ ÷à-ñòè ñèììåòðè÷íîé ìàòðèöû L2 + E ñîîòâåòñòâåííî. Ïðè ðåàëèçàöèè ýòîãî ìåòîäàâûïîëíÿþòñÿ ñëåäóþùèå øàãè.1. Çàäàåì íà÷àëüíîå ïðèáëèæåíèå y0 .Äëÿ k = 0, 1, 2, . . .2. Âû÷èñëÿåì

b =

(
1

w
− 1

)
DL2+Eyk − UL2+Eyk + Lf + yd.3. �åøàåì îòíîñèòåëüíî yk+1 âêëþ÷åíèå ñ íèæíåé òðåóãîëüíîé ìàòðèöåé

(
1

w
DL2+E + UT

L2+E

)
yk+1 + γk+1 = b, γk+1 ∈ ∂θ(yk+1).Ïðèáëèæåííîå çíà÷åíèå óïðàâëåíèÿ åñòü uk = Lyk−f . Äàííûé ìåòîä ñõîäèòñÿïðè w ∈ (0, 2) [1, ñ. 34℄.2.4. Äâóõñòóïåí÷àòûé ìåòîä ñ ïðåäîáóñëîâëèâàòåëåì L . Â äàííîìïóíêòå ïðèâîäÿòñÿ îïèñàíèÿ äâóõñòóïåí÷àòîãî ìåòîäà ñ ïðåäîáóñëîâëèâàòåëåì Lè ïîëíûì îáðàùåíèåì 1

τ
L + ∂θ , à òàêæå ïðåäëàãàåìîãî íîâîãî äâóõñòóïåí÷àòîãîìåòîäà ñ ïðåäîáóñëîâëèâàòåëåì L è íåïîëíûì îáðàùåíèåì 1

τ
L + ∂θ . �àññìîòðèìïîñòàíîâêó (9). Â äâóõñòóïåí÷àòîì ìåòîäå ñ ïðåäîáóñëîâëèâàòåëåì L îñóùåñòâëÿ-åòñÿ òî÷íîå ëèáî ïðèáëèæåííîå ðåøåíèå âêëþ÷åíèÿ

L
yk+1 − yk

τ
+ ∂θ(yk+1) ∋ Lf + yd − L2yk − yk. (18)



Ñ�ÀÂÍÈÒÅËÜÍÛÉ ÀÍÀËÈÇ ÌÅÒÎÄÎÂ. . . 55Ïðè ðåàëèçàöèè ýòîãî ìåòîäà âûïîëíÿþòñÿ ñëåäóþùèå øàãè.1. Çàäàåì íà÷àëüíîå ïðèáëèæåíèå y0 .Äëÿ k = 0, 1, 2, . . .2. Âû÷èñëÿåì óïðàâëåíèå uk = Lyk − f .3. Òî÷íî èëè ïðèáëèæåííî ðåøàåì âêëþ÷åíèå îòíîñèòåëüíî yk+1

L
yk+1 − yk

τ
+ γk+1 = yd − yk − Luk, γk+1 ∈ ∂θ(yk+1) ñ ïîìîùüþ ìåòîäà SOR,êîòîðûé ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:3.1. Çàäàåì íà÷àëüíîå ïðèáëèæåíèå yk+1,0 = yk .Äëÿ s = 0, 1, . . .3.2. Âû÷èñëÿåì ps = −Luk + yd − yk+1,s .3.3. (

1

w
DL + UT

L

)
yk+1,s+1 + γk+1,s+1 =

(
1

w
− 1

)
DLyk+1,s − ULyk+1,s + ps,ãäå γk+1,s+1 ∈ ∂θ(yk+1,s+1), DL , UT

L , UL � äèàãîíàëüíàÿ, íèæíÿÿ è âåðõíÿÿ òðå-óãîëüíàÿ ÷àñòè ìàòðèöû L ñîîòâåòñòâåííî.�àññìîòðèì ñëó÷àé ïîëíîãî îáðàùåíèÿ (18). Â ÷èñëåííûõ ýêñïåðèìåíòàõ ïðî-èçâîäèòñÿ 1000 âíóòðåííèõ èòåðàöèé SOR (ï. 3.1�3.3), òàêîå êîëè÷åñòâî äîñòàòî÷íîäëÿ íàõîæäåíèÿ ðåøåíèÿ ñ î÷åíü áîëüøîé òî÷íîñòüþ. Èç òåîðåìû, ïðèâåäåííîéâ [1, ñ. 30℄, ñëåäóåò ñõîäèìîñòü äàííîãî ìåòîäà.Ïóñòü λ∗ è λ∗ � ìàêñèìàëüíûå è ìèíèìàëüíûå ñîáñòâåííûå ÷èñëà ìàòðèöû Lñîîòâåòñòâåííî. Ïîñêîëüêó 0 ≤ E ≤
1

λ∗
L è λ∗L ≤ L2 ≤ λ∗L , òî λ∗L ≤ L2 +

+ E ≤

(
1

λ∗
+ λ∗

)
L . Ïîýòîìó òåîðåòè÷åñêè îïòèìàëüíûé ïàðàìåòð τ0 è ìíîæè-òåëü ñîêðàùåíèÿ íîðìû ïîãðåøíîñòè ρ ðàâíû ñîîòâåòñòâåííî [1, ñ. 30℄:

τ0 =
2

λ∗ +
1

λ∗
+ λ∗

= O(h2), ρ =

1
λ∗

+ λ∗ − λ∗

1
λ∗

+ λ∗ + λ∗

= 1 − O(h2).Ïðåäëàãàåìûé íîâûé äâóõñòóïåí÷àòûé ìåòîä ñ ïðåäîáóñëîâëèâàòåëåì L èíåïîëíûì îáðàùåíèåì 1

τ
L+∂θ âêëþ÷àåò â ñåáÿ íåòî÷íîå ðåøåíèå (18). Ïîñêîëüêóäâóõñòóïåí÷àòûé ìåòîä ñ ïðåäîáóñëîâëèâàòåëåì L è ïîëíûì îáðàùåíèåì 1

τ
L+∂θñõîäèòñÿ ïðè τ ∈ (0; ch2) , òî ïðè ðåàëèçàöèè âàðèàíòà äàííîãî ìåòîäà ñ íåïîëíûìîáðàùåíèåì 1

τ
L + ∂θ íåîáõîäèìî çàäàòü ïàðàìåòð τ ∈ (0; τh) . Ïàðàìåòð τh çàâè-ñèò îò h è êîëè÷åñòâà âíóòðåííèõ èòåðàöèé SOR. Â ÷èñëåííûõ ýêñïåðèìåíòàõ, ãäå

h = 10−2 , ïðîèçâîäèòñÿ 10 âíóòðåííèõ èòåðàöèé SOR, τ = 1.2 · 10−5 . ×èñëåííûåýêñïåðèìåíòû, ïðèâåäåííûå â ï. 3, ïîêàçàëè, ÷òî íîâûé äâóõñòóïåí÷àòûé ìåòîä ñïðåäîáóñëîâëèâàòåëåì L è íåïîëíûì îáðàùåíèåì 1

τ
L + ∂θ äàë ïðèåìëåìîå ïðè-áëèæåíèå çà ìåíüøåå êîëè÷åñòâî àðè�ìåòè÷åñêèõ îïåðàöèé, ïîýòîìó îí ÿâëÿåòñÿíàèáîëåå ý��åêòèâíûì äëÿ ðåøåíèÿ çàäà÷è (5) ïðè n = 100 .2.5. Ìåòîä Äóãëàñà ��ýê�îðäà. Äëÿ ðåøåíèÿ ñèñòåìû (9) äàííûé ìåòîäñîñòîèò èç ñëåäóþùèõ øàãîâ.1. Çàäàåì íà÷àëüíîå ïðèáëèæåíèå y0 .Äëÿ k = 0, 1, 2, . . .2. �åøàåì âêëþ÷åíèå îòíîñèòåëüíî yk+1/2 :

yk+1/2 − yk

τ
+ L2yk + yk + ∂θ(yk+1/2) ∋ Lf.



56 Ì.�. ÕÀÑÀÍÎÂ3. �åøàåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî yk+1 :
yk+1 − yk+1/2

τ
+ (L2 + E)(yk+1 − yk) = 0. (19)Ìàòðèöà ñèñòåìû ëèíåéíûõ óðàâíåíèé â (19) åñòü L2 +

(
1 +

1

τ

)
E . Äëÿ îáðà-ùåíèÿ óêàçàííîé ìàòðèöû ïðèìåíÿëñÿ ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ ñ ïðåäîáó-ñëîâëèâàòåëåì L2 .Ìåòîä Äóãëàñà ��ýê�îðäà ñõîäèòñÿ ïðè ëþáîì ïàðàìåòðå τ > 0 , åãî îïòèìàëü-íûé ïàðàìåòð τopt =

m

M
, ãäå m è M � ñîîòâåòñòâåííî ìèíèìàëüíîå è ìàêñèìàëü-íîå ñîáñòâåííûå ÷èñëà ìàòðèöû L2 +

(
1 + 1

τ

)
E [1, ñ. 38℄.3. �åçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâÂ òàáëèöû âêëþ÷åíû ðåçóëüòàòû ðàñ÷åòîâ, ïðîâåäåííûõ ñ ïîìîùüþ îïèñàííûõâûøå ìåòîäîâ. Èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ: F =

1

2

∥∥yk
∥∥2

+
1

2

∥∥uk
∥∥2 , k �íîìåð èòåðàöèè, y , u � êîìïîíåíòû òî÷íîãî ðåøåíèÿ (7).×èñëåííûå ýêñïåðèìåíòû áûëè ïðîâåäåíû ïðè f = 20 , yd = 0 . Áûëî íàéäåíîòî÷íîå çíà÷åíèå y äâóõñòóïåí÷àòûì ìåòîäîì ïðè äîñòèæåíèè íîðìû íåâÿçêè,íå ïðåâîñõîäÿùåé 10−3 , ãäå íîðìà íåâÿçêè åñòü âåëè÷èíà ∥∥L2y + y + γ − Lf

∥∥ ,

γ ∈ ∂θ(y). Äëÿ âñåõ ìåòîäîâ ïðè ïðîâåäåíèè ÷èñëåííûõ ðàñ÷åòîâ êðèòåðèåìîêîí÷àíèÿ ÿâëÿëîñü âûïîëíåíèå íåðàâåíñòâà ||u − uk|| ≤ 0.01 . Äîïîëíèòåëüíûìîãðàíè÷åíèåì áûëî ìàêñèìàëüíîå ÷èñëî èòåðàöèé: 70000 äëÿ ìåòîäà SOR, 40000äëÿ îñòàëüíûõ ìåòîäîâ.Äëÿ ìåòîäîâ Äóãëàñ ��ýê�îðäà, ðåãóëÿðèçàöèè áûëî èñïîëüçîâàíî òåîðåòè÷å-ñêè îïòèìàëüíîå çíà÷åíèå ïàðàìåòðà τ , à äëÿ ìåòîäîâ SOR, Óäçàâû, äâóõñòó-ïåí÷àòîãî ìåòîäà ñ ïðåäîáóñëîâëèâàòåëåì L è íåïîëíûì îáðàùåíèåì 1

τ
L + θîïòèìàëüíûé ïàðàìåòð áûë íàéäåí íà îñíîâå ÷èñëåííûõ ýêñïåðèìåíòîâ. Äëÿ äâóõ-ñòóïåí÷àòîãî ìåòîäà ñ ïðåäîáóñëîâëèâàòåëåì L è ñ ïîëíûì îáðàùåíèåì 1

τ
L + θáûëî èñïîëüçîâàíî òî æå çíà÷åíèå ïàðàìåòðà τ , ÷òî è â åãî âàðèàíòå ñ íåïîëíûìîáðàùåíèåì 1

τ
L + θ .Òðóäîåìêîñòü îäíîé èòåðàöèè ïðåäîáóñëîâëåííîãî ìåòîäà Óäçàâû è ìåòîäà ðå-ãóëÿðèçàöèè íå ìåíüøå òðóäîåìêîñòè òðåõ âíóòðåííèõ èòåðàöèé äâóõñòóïåí÷àòîãîìåòîäà ñ ïðåäîáóñëîâëèâàòåëåì L è íåïîëíûì îáðàùåíèåì 1

τ
L + ∂θ â ñèëó òîãî,÷òî ïðåäîáóñëîâëåííûé ìåòîä Óäçàâû âêëþ÷àåò â ñåáÿ ðåøåíèå âêëþ÷åíèé è äâóõîáðàùåíèé ìàòðèöû L .Â ñëó÷àå èñïîëüçîâàíèè ìåòîäà SOR ìû ðåøàåì âàðèàöèîííîå íåðàâåíñòâîñ ìàòðèöåé L2 + E , ó êîòîðîé 11 äèàãîíàëåé. Ìàòðèöà âàðèàöèîííîãî íåðàâåí-ñòâà, êîòîðîå ðåøàåòñÿ íà êàæäîé âíóòðåííåé èòåðàöèè äâóõñòóïåí÷àòîãî ìåòîäàñ ïðåäîáóñëîâëèâàòåëåì L , ïÿòèäèàãîíàëüíàÿ, ïîýòîìó â ñðåäíåì òðóäîåìêîñòüîäíîé âíóòðåííåé èòåðàöèè ýòîãî ìåòîäà â 1.8 ðàçà ìåíüøå, ÷åì ìåòîäà SOR.Â ñëó÷àå äâóõñòóïåí÷àòîãî ìåòîäà  ïðåäîáóñëîâëèâàòåëåì L è ïîëíûì îáðà-ùåíèåì 1

τ
L + ∂θ êîëè÷åñòâî âíóòðåííèõ èòåðàöèé ðàâíî 2000, òî åñòü â 200 ðàçáîëüøå, ÷åì â âàðèàíòå äàííîãî ìåòîäà ñ íåïîëíûì îáðàùåíèåì. Ñ ïîìîùüþ ÷èñ-ëåííûõ ýêñïåðèìåíòîâ áûëî çàìå÷åíî, ÷òî èñïîëüçîâàííîå çíà÷åíèå ïàðàìåòðà τäëÿ âàðèàíòà äàííîãî ìåòîäà ñ ïîëíûì îáðàùåíèåì áûë áëèçîê ê îïòèìàëüíîìó.Èç ïðèâåäåííûõ âûøå ðàññóæäåíèé è â ñèëó ðåçóëüòàòîâ ÷èñëåííûõ ýêñïåðè-ìåíòîâ, ïðèâåäåííûõ â òàáë. 1�3, ïðèåìëåìîå ïðèáëèæåíèå âåêòîðà óïðàâëåíèÿ u
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f = 20 , h = 10−2 , F (y, u) = 44.1789Ìåòîä SOR, w = 1.97 Äâóõñòóïåí÷àòûé ìåòîä ñ ïðåäîáóñëîâ-ëèâàòåëåì L ñ íåïîëíûì îáðàùåíèåì

1

τ
L + ∂θ, w = 1.98

k F ||yk − y|| ||uk − u|| k F ||yk − y|| ||uk − u||1 195.98 0.36267 13.9456 1 195.98 0.36273 13.96792 194.0434 0.36251 13.8669 2 194.3562 0.36258 13.87933 192.9361 0.36238 13.8076 3 193.1083 0.36244 13.80364 192.1041 0.36226 13.7581 4 192.0452 0.36229 13.7365 191.4129 0.36215 13.7149 5 191.1005 0.36215 13.67436 190.8097 0.36205 13.676 6 190.2407 0.362 13.61717 190.2682 0.36196 13.6403 7 189.4462 0.36186 13.56368 189.7731 0.36186 13.6072 8 188.7041 0.36171 13.5139 189.3148 0.36177 13.5762 9 188.0056 0.36157 13.46510 188.8867 0.36169 13.547 10 187.344 0.36142 13.4193200 167.27 0.35288 11.9266 200 146.3481 0.33547 10.194552825 44.1789 0.00007 0.0099994 8457 44.1789 8.3173e-005 0.0099954Òàáë. 2
f = 20 , h = 10−2 , F (y, u) = 44.1789Ïðåäîáóñëîâëåííûé ìåòîä Óäçàâû, �ðàäèåíòíûé ìåòîä îòûñêàíèÿ âåêòîðà

τ = 1.8, λ0 = 0 óïðàâëåíèÿ, ε = 10−5, τ = 2 · 10−5

k F ||yk − y|| ||uk − u|| F ||yk − y|| ||uk − u||1 0 0.36287 9.3929 143.5489 0.38734 7.69282 0.10891 0.1552 9.319 143.5467 0.38733 7.69263 0.098385 0.10851 9.2813 143.5444 0.38733 7.69254 0.10924 0.12288 9.2428 143.5422 0.38732 7.69245 0.10903 0.098583 9.2049 143.5399 0.38731 7.69226 0.12149 0.11249 9.1667 143.5377 0.38731 7.69217 0.12668 0.097066 9.1291 143.5355 0.3873 7.6928 0.14047 0.1069 9.0913 143.5332 0.38729 7.69189 0.14996 0.097002 9.0539 143.531 0.38729 7.691710 0.16541 0.10343 9.0165 143.5288 0.38728 7.6916300 21.1177 0.056767 3.0148 142.8815 0.38534 7.6537500 31.2662 0.04254 1.7005 142.4368 0.38401 7.627740000 43.9695 0.0013957 0.35539 77.0018 0.15788 3.2674ìû ïîëó÷èëè ñ ïîìîùüþ ïðåäëîæåííîãî íàìè äâóõñòóïåí÷àòîãî ìåòîäà ñ ïðåäî-áóñëîâëèâàòåëåì L è íåïîëíûì îáðàùåíèåì 1

τ
L + ∂θ çàòðàòèâ íà ýòî ìåíüøååêîëè÷åñòâî àðè�ìåòè÷åñêèõ îïåðàöèé, ÷åì äðóãèìè ìåòîäàìè. Òàêèì îáðàçîì,ïðåäëîæåííûé â íàñòîÿùåé ñòàòüå èòåðàöèîííûé ìåòîä îêàçàëñÿ íàèáîëåå ý��åê-òèâíûì äëÿ ðåøåíèÿ ñåòî÷íîé çàäà÷è (5) íà ñåòêå ñ êîëè÷åñòâîì óçëîâ ïî îäíîìóíàïðàâëåíèþ ðàâíûì 100.Àâòîð áëàãîäàðåí ïðî�åññîðó À.Â. Ëàïèíó çà ïîëåçíûå çàìå÷àíèÿ ïðè ðàáîòåíàä ñòàòüåé.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêò � 10-01-00629).
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f = 20 , h = 10−2 , F (y, u) = 44, 1789Ìåòîä Äóãëàñà ��ýê�îðäà, τ = 1.6 · 10−4 Äâóõñòóïåí÷àòûé ìåòîä ñ ïðåäîáóñëîâ-ëèâàòåëåì L ñ ïîëíûì îáðàùåíèåì

1

τ
L + ∂θ, w = 1.98, τ = 1.2 · 10−5

k F ||yk − y|| ||uk − u|| k F ||yk − y|| ||uk − u||1 194.1018 0.36192 13.9522 1 195.98 0.36265 13.95832 193.0127 0.36268 13.8563 2 194.2113 0.36244 13.85833 191.2617 0.36255 13.7189 3 192.7949 0.36222 13.77344 189.1669 0.36162 13.5637 4 191.5971 0.36201 13.69885 186.8248 0.35998 13.3976 5 190.5467 0.36179 13.63166 184.2797 0.35767 13.2234 6 189.6024 0.36158 13.56997 181.5571 0.35473 13.0423 7 188.7386 0.36136 13.51278 178.6751 0.3512 12.855 8 187.9383 0.36115 13.45919 175.649 0.3471 12.6618 9 187.1899 0.36093 13.408410 172.4923 0.34248 12.4632 10 186.4845 0.36072 13.360440000 44.1799 0.00047667 0.051959 5729 44.1789 9 · 10−5 0.0099906SummaryM.G. Khasanov. Comparative Analysis of Methods for Solving an Optimal ControlProblem.Approximation of a state-onstrained optimal ontrol problem with the right-hand side ofa linear ellipti equation by the �nite di�erene method is onsidered. Iterative methods forsolving grid problems are built. Their onvergent onditions are given. Aording to numerialresults, analysis of their e�ieny is done.Key words: optimal ontrol, saddle problem with onstraints, iterative methods.Ëèòåðàòóðà1. Ëàïèí À.Â. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñåòî÷íûõ âàðàèöèîííûõ íåðàâåíñòâ. �Êàçàíü: Èçä-âî Êàçàí. óí-òà, 2008. � 132 ñ.2. Bergouniuox M., Ito K., Kunish K. Primal-dual strategy for onstrained optimal ontrolproblems // SIAM J. Contr. Optim. � 1999. � V. 37, No 4. � P. 1176�1194.3. Ëàïèí À.Â., Õàñàíîâ Ì.�. �åøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ïðàâîé ÷à-ñòüþ ýëëèïòè÷åñêîãî óðàâíåíèÿ ïðè íàëè÷èè îãðàíè÷åíèé íà ñîñòîÿíèå // Ó÷åí.çàï. Êàçàí. óí-òà. Ñåð. Ôèç.-ìàòåì. íàóêè. � 2010. � Ò. 152, êí. 4. � C. 40�56.4. Bergouniuox M., Kunish K. Augmented lagrangian tehniques for ellipti stateonstrained optimal ontrol problems // SIAM J. Contr. Optim. � 1997. � V. 35, No 5. �P. 1524�1543.5. Graer C., Kornhuber R. Nonsmooth Newton methods for set-valued saddle pointproblems // SIAM J. Numer. Anal. � 2009. � V. 47, No 2. � P. 1251�1273.Ïîñòóïèëà â ðåäàêöèþ23.06.11Õàñàíîâ Ìàðàò �óìÿðîâè÷ � àñïèðàíò ÍÈÈÌÌ èì. Í.�. ×åáîòàðåâà Êàçàíñêîãî(Ïðèâîëæñêîãî) �åäåðàëüíîãî óíèâåðñèòåòà.E-mail: maratkhasanov86�gmail.om


