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UDK 514.76 ON THE GEOMETRY OF B -MANIFOLDSA.A. Salimov, M. IsanAbstratThe main purpose of the present paper is to study almost B -strutures (Norden stru-tures) on 8-dimensional Walker manifolds. We disuss the problem of integrability, K�ahler(holomorphi) and Einstein onditions for these strutures.Key words: Walker 8-manifold, Norden metri, holomorphi metri, Einstein metri.1. IntrodutionLet M2n be a Riemannian manifold with neutral metri, i. e., with pseudo-Riemannian metri g of signature (n, n) . We denote by ℑp

q(M2n) the set of all tensor�elds of type (p, q) on M2n . Manifolds, tensor �elds and onnetions are always assumedto be di�erentiable and of lass C∞ .Let (M2n, ϕ) be an almost omplex manifold with almost omplex struture ϕ . Suha struture is said to be integrable if the matrix ϕ = (ϕi
j) is redued to onstant formin a ertain holonomi natural frame in a neighborhood Ux of every point x ∈ M2n .In order that an almost omplex struture ϕ be integrable, it is neessary and su�ientthat it be possible to introdue a torsion-free a�ne onnetion∇ with respet to whihthe struture tensor ϕ is ovariantly onstant, i. e., ∇ϕ = 0 . It is also known that theintegrability of ϕ is equivalent to the vanishing of the Nijenhuis tensor Nϕ ∈ ℑ1

2(M2n) .If ϕ is integrable, then ϕ is a omplex struture and, moreover, M2n is a C-holomorphimanifold Xn(C) whose transition funtions are holomorphi mappings.1.1. Norden metris. A metri g is a Norden metri [1℄ if
g(ϕX, ϕY ) = −g(X, Y )or equivalently
g(ϕX, Y ) = g(X, ϕY )for any X, Y ∈ ℑ1

0(M2n) . Metris of this type have also been studied under the names:B-metris, pure metris and anti-Hermitian metris [2�7℄). If (M2n, ϕ) is an almostomplex manifold with Norden metri g , we say that (M2n, ϕ, g) is an almost Nordenmanifold. If ϕ is integrable, we say that (M2n, ϕ, g) is a Norden manifold.1.2. Holomorphi (almost holomorphi) tensor �elds. Let ∗

t be a omplextensor �eld on Xn(C) . The real model of suh a tensor �eld is a tensor �eld t on
M2n of the same order suh that the ation of the struture a�nor ϕ on t does notdepend on whih vetor or ovetor argument of t ϕ ats. Suh tensor �elds are saidto be pure with respet to ϕ . They were studied by many authors (see, e. g., [4, 6�11℄).In partiular, being applied to a (0, q)-tensor �eld ω , the purity means that for any
X1, . . . , Xq ∈ ℑ1

0(M2n) , the following onditions should hold:
ω(ϕX1, X2, . . . , Xq) = ω(X1, ϕX2, . . . , Xq) = · · · = ω(X1, X2, . . . , ϕXq).



232 A.A. SALIMOV, M. ISCANWe de�ne an operator
Φϕ : ℑ0

q(M2n) → ℑ0
q+1(M2n)applied to a pure tensor �eld ω by (see [11℄)

(Φϕω)(X, Y1, Y2, . . . , Yq) = (ϕX)(ω(Y1, Y2, . . . , Yq)) − X(ω(ϕY1, Y2, . . . , Yq))+

+ ω((LY1
ϕ)X, Y2, . . . , Yq) + · · · + ω(Y1, Y2, . . . , (LYq

ϕ)X),where LY denotes the Lie di�erentiation with respet to Y .When ϕ is a omplex struture on M2n and the tensor �eld Φϕω vanishes, theomplex tensor �eld ∗

ω on Xn(C) is said to be holomorphi (see [4, 6, 11℄). Thus,a holomorphi tensor �eld ∗

ω on Xn(C) is realized on M2n in the form of a pure tensor�eld ω , suh that
(Φϕω)(X, Y1, Y2, . . . , Yq) = 0for any X, Y1, . . . , Yq ∈ ℑ1

0(M2n) . Suh a tensor �eld ω on M2n is also alled a holo-morphi tensor �eld. When ϕ is an almost omplex struture on M2n , a tensor �eld ωsatisfying Φϕω = 0 is said to be almost holomorphi.1.3. Holomorphi Norden (K�ahler �Norden) metris. On a Norden mani-fold, a Norden metri g is alled holomorphi if
(Φϕg)(X, Y, Z) = 0 (1)for any X, Y, Z ∈ ℑ1

0(M2n) .By setting X = ∂k, Y = ∂i, Z = ∂j in equation (1), we see that the omponents
(Φϕg)kij of Φϕg with respet to a loal oordinate system x1, . . . , xn an be expressedas follows:

(Φϕg)kij = ϕm
k ∂mgij − ϕm

i ∂kgmj + gmj(∂iϕ
m
k − ∂kϕm

i ) + gim∂jϕ
m
k .If (M2n, ϕ, g) is a Norden manifold with holomorphi Norden metri, we say that

(M2n, ϕ, g) is a holomorphi Norden manifold.In some aspets, holomorphi Norden manifolds are similar to K�ahler manifolds.The following theorem is an analogue to the next known result: an almost Hermitianmanifold is K�ahler if and only if the almost omplex struture is parallel with respetto the Levi �Civita onnetion.Theorem 1 [12℄ (For a paraomplex version see [13℄). For an almost omplexmanifold with Norden metri g , the ondition Φϕg = 0 is equivalent to ∇ϕ = 0 , where
∇ is the Levi � Civita onnetion of g .A K�ahler �Norden manifold an be de�ned as a triple (M2n, ϕ, g) whih onsists ofa manifold M2n endowed with an almost omplex struture ϕ and a pseudo-Riemannianmetri g suh that ∇ϕ = 0 , where ∇ is the Levi �Civita onnetion of g and the metri
g is assumed to be a Norden one. Therefore, there exists a one-to-one orrespondenebetween K�ahler �Norden manifolds and Norden manifolds with holomorphi metri.Reall that the Riemannian urvature tensor of suh a manifold is pure and holomorphi,and the salar urvature is a loally holomorphi funtion (see [5, 12℄).Remark 1. We know that the integrability of an almost omplex struture ϕis equivalent to the existene of a torsion-free a�ne onnetion with respet to whihthe equation ∇ϕ = 0 holds. Sine the Levi �Civita onnetion ∇ of g is a torsion-freea�ne onnetion, we have: if Φϕg = 0 , then ϕ is integrable. Thus, almost Norden mani-folds with onditions Φϕg = 0 and Nϕ 6= 0 , i. e., almost holomorphi Norden manifolds(analogues of almost K�ahler manifolds with losed K�ahler form) do not exist.



ON THE GEOMETRY OF B -MANIFOLDS 233In the present paper, we shall fous our attention on Norden manifolds of dimensioneight. Using a Walker metri, we onstrut new Norden �Walker metris together withalmost omplex strutures. Note that inde�nite K�ahler �Einstein metris on an eight-dimensional Walker manifolds have reently been investigated in [14℄.2. Norden �Walker metris2.1. Walker metri g . A neutral metri g on an 8-manifold M8 is said to bea Walker metri if there exists a 4-dimensional null distribution D on M8 whih isparallel with respet to g . By Walker's theorem [15℄, there is a system of oordinates
(x1, . . . , x8) with respet to whih g takes the following loal anonial form

g = (gij) =

(

0 I4

I4 B

)

, (2)where I4 is the unit 4× 4 matrix and B is a 4× 4 symmetri matrix whose entries arefuntions of the oordinates (x1, . . . , x8) . Note that g is of neutral signature (+ + + +
− − −−) , and that the parallel null 4-plane D is spanned loally by {∂1, ∂2, ∂3, ∂4} ,where ∂i =

∂

∂xi
, i = 1, . . . , 8 .In this paper, we onsider spei� Walker metris on M8 with B of the form

B =









a 0 0 0
0 0 0 0
0 0 b 0
0 0 0 0









, (3)where a, b are smooth funtions of the oordinates (x1, . . . , x8) .2.2. Almost Norden �Walker manifolds. We an onstrut various g -ortho-gonal almost omplex strutures ϕ on a Walker 8-manifold M8 with metris g as in (2),(3) so that (M8, ϕ, g) is a (neutral) almost Norden manifold. The struture ϕ de�nedby
ϕ∂1 = ∂3, ϕ∂2 = ∂4, ϕ∂3 = −∂1, ϕ∂4 = −∂2,

ϕ∂5 =
1

2
(a + b)∂3 − ∂7, ϕ∂6 = −∂8,

ϕ∂7 = −
1

2
(a + b)∂1 + ∂5, ϕ∂8 = ∂6.is one of the simplest examples of suh an almost omplex struture.Following the terminology of [14, 16�18℄, we all ϕ a proper almost omplex stru-ture. A proper almost omplex struture ϕ has loal omponents

ϕ = (ϕi
j) =

























0 0 −1 0 0 0 −(a + b)/2 0
0 0 0 −1 0 0 0 0
1 0 0 0 (a + b)/2 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 −1 0 0 0
0 0 0 0 0 −1 0 0

























(4)
with respet to the natural frame {∂i} , i = 1, . . . , 8 .Remark 2. From (4) we see that, in the ase a = −b , ϕ is integrable.



234 A.A. SALIMOV, M. ISCAN2.3. Integrability of ϕ. We onsider the general ase.The almost omplex struture ϕ of an almost Norden �Walker manifold is integrableif and only if
(Nϕ)i

jk = ϕm
j ∂mϕi

k − ϕm
k ∂mϕi

j − ϕi
m∂jϕ

m
k + ϕi

m∂kϕm
j = 0. (5)Sine N i

jk = −N i
kj , we need only onsider N i

jk (j < k) . By expliit alulations, thenonzero omponents of the Nijenhuis tensor are as follows:
N1

15 = N1
37 = N3

17 = −N3
35 =

1

2
(a1 + b1),

N3
57 =

1

4
(a + b)(a1 + b1),

N1
25 = N1

47 = N3
27 = −N3

45 =
1

2
(a2 + b2),

N1
17 = −N1

35 = −N3
15 = −N3

37 = −
1

2
(a3 + b3),

N1
57 = −

1

4
(a + b)(a3 + b3),

N1
27 = N1

45 = N3
25 = N3

47 =
1

2
(a4 + b4),

N1
56 = −N1

78 = N3
58 = −N3

67 = −
1

2
(a6 + b6),

N1
58 = −N1

67 = −N3
56 = N3

78 = −
1

2
(a8 + b8).

(6)
From (6), we haveTheorem 2. The almost omplex struture ϕ of an almost Norden �Walker mani-fold is integrable if and only if the following PDEs hold:

a1 + b1 = 0, a2 + b2 = 0, a3 + b3 = 0,

a4 + b4 = 0, a6 + b6 = 0, a8 + b8 = 0.
(7)Corollary 1. The almost omplex struture ϕ of an almost Norden �Walker mani-folds is integrable if and only if

a = −b + ξ, (8)where ξ is a funtion of x5 and x7 only.Corollary 2. A metri (2) with matrix
B =









−b(x1, . . . , x8) + ξ(x5, x7) 0 0 0
0 0 0 0
0 0 b(x1, . . . , x8) 0
0 0 0 0







is always Norden �Walker.3. Norden �Walker �Einstein metrisWe now turn our attention to the Einstein onditions for a Walker metri (2), (3)with a and b given by (8). For a and b in (8), we put f =
1

2
(a−b) = a−

1

2
ξ = −b+

1

2
ξ .
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1

2
ξ and b = −f +

1

2
ξ , it follows that B in (2) is as follows:

B =













f(x1, . . . , x8) +
1

2
ξ(x5, x7) 0 0 0

0 0 0 0

0 0 −f(x1, . . . , x8) +
1

2
ξ(x5, x7) 0

0 0 0 0













(9)Let Rij and S denote,respetively, the Rii tensor and the salar urvature ofmetri (2) with B given as in (9). The Einstein tensor is de�ned by Gij = Rij −
1

8
Sgijand has the following nonzero omponents:

G25 =
1

2
f12, G17 = −G35 = −

1

2
f13, G45 =

1

2
f14, G56 =

1

2
f16,

G58 =
1

2
f18, G27 = −

1

2
f23, G47 = −

1

2
f34, G67 = −

1

2
f36,

G78 = −
1

2
f38, G15 =

1

8
(3f11 + f33), G26 = G48 = −

1

8
(f11 − f33),

G37 = −
1

8
(f11 + 3f33), G57 =

1

2
(f17 + f1f3 − f35),

G55 = −f26 − f37 − f48 +
3

8
f(f11 − f33) +

1

8
ξ(3f11 + 5f33) −

1

2
f2
3 ,

G77 = f15 + f26 + f48 −
3

8
f(f11 − f33) +

1

8
ξ(5f11 + 3f33) −

1

2
f2
1 .

(10)
A metri g with B as in (9) is Norden �Walker �Einstein if all the above omponents

Gij = 0 .Theorem 3. A Norden �Walker metri g is a Norden �Walker �Einstein one if thefollowing PDEs hold:
a1 − b1 = 0, a2 − b2 = 0, a3 − b3 = 0, a4 − b4 = 0.Proof. The assertion follows from (10) and the relation f =

1

2
(a − b) .From Theorem 2 and Theorem 3, we haveCorollary 3. A Norden �Walker metri g is a Norden �Walker �Einstein one ifthe following PDEs hold:

a1 = a2 = a3 = a4 = b1 = b2 = b3 = b4 = 0, a6 + b6 = 0, a8 + b8 = 0.4. Holomorphi Norden �Walker (K�ahler �Norden �Walker) metrisLet (M8, ϕ, g) be an almost Norden �Walker manifold. If
(Φϕg)kij = ϕm

k ∂mgij − ϕm
i ∂kgmj + gmj(∂iϕ

m
k − ∂kϕm

i ) + gim∂jϕ
m
k = 0, (11)then, by virtue of Theorem 1, ϕ is integrable and the triple (M8, ϕ, g) is alled a holo-morphi Norden �Walker or a K�ahler �Norden �Walker manifold. Taking into aountRemark 1, we see that an almost K�ahler �Norden �Walker manifold with onditions

Φϕg = 0 and Nϕ 6= 0 does not exist.



236 A.A. SALIMOV, M. ISCANSubstitute (2) and (3) into (11). Sine (Φϕg)ijk = (Φϕg)ikj , we need only onsider
(Φϕg)ijk (j ≤ k) . By expliit alulations, the nonzero omponents of the tensor Φϕgare as follows:

(Φϕg)155 = a3, (Φϕg)157 =
1

2
(b1 − a1), (Φϕg)177 = b3,

(Φϕg)255 = a4, (Φϕg)257 =
1

2
(b2 − a2), (Φϕg)277 = b4,

(Φϕg)355 = −a1, (Φϕg)357 =
1

2
(b3 − a3), (Φϕg)377 = −b1,

(Φϕg)455 = −a2, (Φϕg)457 =
1

2
(b4 − a4), (Φϕg)477 = −b2,

(Φϕg)517 = −(Φϕg)715 =
1

2
(a1 + b1), (Φϕg)527 = −(Φϕg)725 =

1

2
(a2 + b2),

(Φϕg)537 = −(Φϕg)735 =
1

2
(a3 + b3), (Φϕg)547 = −(Φϕg)745 =

1

2
(a4 + b4),

(Φϕg)555 =
1

2
(a + b)a3 − a7, (Φϕg)557 = −b5,

(Φϕg)567 = −(Φϕg)756 =
1

2
(a6 + b6), (Φϕg)577 =

1

2
(a + b)b3 + a7,

(Φϕg)578 = −(Φϕg)758 =
1

2
(a8 + b8), (Φϕg)655 = −a8,

(Φϕg)657 =
1

2
(b6 − a6), (Φϕg)677 = −b8, (Φϕg)755 = −

1

2
(a + b)a1 − b5,

(Φϕg)757 = −a7, (Φϕg)777 = −
1

2
(a + b)b1 + b5,

(Φϕg)855 = a6, (Φϕg)857 =
1

2
(b8 − a8), (Φϕg)877 = b6.From the above equations, we haveTheorem 4. A triple (M8, ϕ, g) is a K�ahler �Norden �Walker manifold if and onlyif the following PDEs hold:

a1 = a2 = a3 = a4 = a6 = a7 = a8 = 0,

b1 = b2 = b3 = b4 = b5 = b6 = b8 = 0.
(12)Corollary 4. A manifold (M8, ϕ, g) is K�ahler �Norden �Walker if and only if thematrix B in (2) is as follows:

B =









a(x5) 0 0 0
0 0 0 0
0 0 b(x7) 0
0 0 0 0









(13)5. K�ahler �Norden �Walker �Einstein metrisWe now turn our attention to the Einstein onditions for a Walker metri (2), (3)with a and b given by (12). In this ase, as a = a(x5) and b = b(x7) , B in (3) is ofthe form (13).



ON THE GEOMETRY OF B -MANIFOLDS 237Let Rij and S denote, respetively, the Rii tensor and the salar urvature ofmetri (2) with B given as in (13). We see that all the omponents of the Einsteintensor de�ned by Gij = Rij −
1

8
Sgij are zero.Thus, we haveTheorem 5. A metri g with B as in (13) is always K�ahler �Norden �Walker �Einstein.6. On a relation between the Goldberg onjeture of almostNorden �Walker and K�ahler �Norden �Walker manifoldsLet (M2n, ϕ, g) be an almost Norden manifold, and hoose a ϕ-ompatible 2-form

Ωϕ on M2n , where Ωϕ(X, Y ) = h(ϕX, Y ) , h(X, Y ) = g(X, Y ) + g(ϕX, ϕY ) . Thenwe an propose an almost Norden version of the Goldberg onjeture as follows [19℄:if (G1) M2n is ompat, (G2) g is Einstein, and (G3) the ϕ-ompatible 2-form islosed, then ϕ must be integrable.We now de�ne two subfamilles in the set of all ompat Norden �Walker 8-manifolds:
KNW = {(M8, ϕ, g) : Φϕg = 0} ,

GNW = {(M8, ϕ, g) : M8 with conditions (G2), (G3)} .Theorem 6. Let M8 ∈ KNW . Then M8 is of type GNW , i. e., M8 ∈ GNW .Proof. Suppose that M8 ∈ KNW . Then, from Theorem 5, we see that g is Ein-stein. By virtue of Theorem 1 (∇ϕ = 0) , for Ωϕ we have
(∇Ωϕ)(Z; X, Y ) = (∇Z g)(ϕX, Y ) − (∇Z g)(X, ϕY )+

+ g((∇Z ϕ)X, Y ) − g(X, (∇Z ϕ)Y ) = 0,where ∇ is the Levi �Civita onnetion of g . On the other hand, using the relation [20,p. 149℄,
dΩϕ = A(∇Ωϕ),where ∇Ωϕ is the ovariant di�erential of Ωϕ and A is the alternation, we have

dΩϕ = 0,i. e., Ωϕ is losed. Thus, the proof is ompleted.This paper was supported by The Sienti� and Tehnologial Researh Counil ofTurkey, with number TBAG (108T590).�åçþìåÀ.À. Ñàëèìîâ, Ì. Èñ÷àí. Î ãåîìåòðèè B -ìíîãîîáðàçèé.Èçó÷àþòñÿ ïî÷òè B -ñòðóêòóðû (ñòðóêòóðû Íîðäåíà) íà 8-ìåðíûõ ìíîãîîáðàçèÿõÓîêåðà. Äëÿ óêàçàííûõ ñòðóêòóð èññëåäóþòñÿ âîïðîñû èíòåãðèðóåìîñòè, óñëîâèÿ êåëå-ðîâîñòè è ýéíøòåéíîâîñòè.Êëþ÷åâûå ñëîâà: 8-ìåðíîå ìíîãîîáðàçèå Óîêåðà, ìåòðèêà Íîðäåíà, ãîëîìîð�íàÿìåòðèêà, ìåòðèêà Ýéíøòåéíà.
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