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UDK 519.63ON DEFORMED MINISUPERSPACE VARIABLESIN QUANTUM COSMOLOGYE. Mena, O. Obreg�on, M. Sabido, E. Cano, C. Yee-RomeroAbstratWe present several examples in nonommutative quantum osmology, using the WKB-type approximation with a deformation on the minisuperspae variables. This proedure givesa straightforward algorithm to inorporate nonommutativity to osmology and in�ation.Key words: nonommutative osmology, quantum osmology, quasilassial approxima-tion. IntrodutionThere is a renewed interest in nonommutative theories to explain the appropri-ate modi�ation of lassial General Relativity and, hene, of spaetime symmetriesat short-distane sales, that implies modi�ations at large sales. General quantummehanis arguments indiate that it is impossible to measure a lassial bakgroundspaetime at the Plank sale due to the e�ets of gravitational bakreation [1℄. It istherefore tempting to inorporate the dynamial features of spaetime at deeper kine-matial level using the standard tehniques of nonommutative lassial �eld theorybased on the so alled Moyal produt in whih for all alulation purposes (di�erentia-tion, integration, et.) the spae time oordinates are treated as ordinary (ommutative)variables and nonommutativity enters into play in the way in whih �elds are multi-plied [2℄. Using a modi�ed sympleti struture on the spae variables in the Hamiltonapproah, we assume that the minisuperspae variables do not ommute, and for thispurpose we will modify the Poisson struture. This approah does not modify the Hamil-tonian struture in the nonommutative �elds. Aording to the approah used here,the momenta in both spaes are the same, Pqµ

nc
= Pqµ ; that is, they ommute in bothspaes.Another way to extrat useful dynamial information is through the WKB semilas-sial approximation to the quantumWheeler �DeWitt equation using the wave funtion

Ψ = eiS(qµ) . In this approah, we onsider the usual approximation to the derivativesand the orresponding relation between the Einstein �Hamilton � Jaobi (EHJ) equa-tion. It was possible to obtain lassial solutions at the master equation found by thisproedures. The lassial �eld equations were heked for all solutions using the RE-DUCE 3.8 algebrai pakages.The main idea in this paper is to �nd lassial ommutative and nonommutativequantum solutions.1. Quantum osmology and the WKB approximationOur goal is to present a WKB-type method for nonommutative quantum osmology.We start by reviewing the quantum osmologial models we are interested in here,and �nd the lassial evolution through a WKB-type approximation. The following



DEFORMED MINISUPERSPACE VARIABLES IN QUANTUM COSMOLOGY 229models are presented: Kantowski � Sahs osmology, FRW osmology with osmologialonstant oupled to a salar �eld, and a osmologial model within the framework ofstring theory.1.1. Kantowski � Sahs osmology. The �rst example we are interested in isthe Kantowski � Sahs universe. This is one of the simplest anisotropi osmologialmodels. We are also interested in a wide set of analytial solutions it admits. TheKantowski � Sahs line element is [3℄
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, (4)where ν is the separation onstant and Kiv are the modi�ed Bessel funtions.We now proeed to apply the WKB-type method. For this we propose the wavefuntion
Ψ(β,Ω) ≈ exp [i(S1(β) + S2(Ω))] . (5)The WKB approximation is reahed in the limit
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(8)where β0 and Pβ0
are the initial onditions. These solutions are the same as we get bysolving the �eld equations of general relativity.



230 E. MENA ET AL.2. Stringy quantum osmologyOur �nal example is related to the graeful exit of pre-big bang osmology [4℄. Thismodel is based on the gravi-dilaton e�etive ation in 1+3 dimensions
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(13)Here m = 0 and m = 4 ; the solutions were obtained in [4℄ and are used in onnetionwith the graeful exit from pre-big bang osmology in quantum string osmology.3. Nonommutative quantum osmologyand the WKB-type approximationIn this setion we onstrut nonommutative quantum osmology for the examplespresented in the previous setion and alulate the lassial evolution via a WKB-typeapproximation. To get the lassial osmologial solutions would be a very di�ult taskin any model of nonommutative gravity [5�7℄ due to the highly nonlinear nature ofthe �eld equation. We will follow the original proposals of nonommutative quantumosmology that was developed in [3℄. This will allow us to get the desired lassialsolutions. The �rst nonommutative example that we present is the nonommutativeKS, and �nally stringy nonommutative quantum osmology. We start by presenting,in quite a general form, the onstrution of nonommutative quantum osmology andthe WKB-type method to alulate the lassial evolution.Let us start with a generi form for the ommutative WDW equation. This is de-�ned in the minisuperspae variables x, y . As mentioned in [3℄ a nonommutativedeformation of the minisuperspae variables is assumed

[x, y] = iθ. (14)
1The prime denotes di�erentiation in respet to τ .



DEFORMED MINISUPERSPACE VARIABLES IN QUANTUM COSMOLOGY 231This nonommutativity2 an be formulated in terms of nonommutative minisuperspaefuntions with the Moyal produt of funtions
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Ψ(x, y) = 0. (18)This is the Nonommutative WDW equation (NCWDW) and its solutions give thequantum desription of the nonommutative Universe. We an use the NCWDW to �ndthe temporal evolution of our nonommutative osmology by a WKB-type proedure.For this we propose that the nonommutative wave funtion has the form ΨNC(β,Ω) ≈
≈ exp [i(SNC1(β) + SNC2(Ω))] , whih in the limit
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232 E. MENA ET AL.Usually the next step is to onstrut a �Gaussian� wave paket and do the physis withthe new wave funtion. This is not needed for our purposes, as we are interested in thelassial solutions by applying the WKB-type method outlined in the previous setion.Using Eqs. (5), and (6) we �nd the solutions for S1(β) and S2(Ω) whih have the form
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(22)Then the deformation of the momenta provide us with the nonommutative lassialsolutions
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(23)These solutions have already been obtained in [8℄, where the authors deform thesympleti struture at a lassial level hanging the Poisson brakets.5. Stringy nonommutative quantum osmologyAs in the previous examples, we introdue the nonommutative relation [φ̄, β] = iθ ,and from the lassial Hamiltonian we �nd the NCWDW equation
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(26)The lassial evolution for string osmology an be alulated for m = 0 and m = 4 .An interesting issue onerns the B �eld that is turned o� in the string osmologymodel [4℄ and does not ontribute to the e�etive ation. In open string theory, however,nonommutativity arises preisely in the low-energy limit of string theory in the preseneof a onstant B -�eld. The θ parameter that we have introdued in the minisuperspaeould then be understood as a kind of B-�eld related with the Neveu � Shwarz B-�eld.



DEFORMED MINISUPERSPACE VARIABLES IN QUANTUM COSMOLOGY 2336. ConlusionsIn this work we have presented the NCWKB-type method for nonommutative quan-tum osmology and with this proedure found the nonommutative quantum solutionsfor two nonommutative quantum osmologial models.By means of the WKB approximation of the orresponding NCWDW equation, onegets the nonommutative generalized Einstein �Hamilton � Jaobi equation (NCEHJ),from whih the lassial evolution of the nonommutative model is obtained. The exam-ples we have studied here were the Kantowski � Sahs osmologial model and a stringquantum osmologial model. In the ommutative senario, the lassial solutions foundfrom the WKB-type method are solutions to the orresponding Einsteins �eld equations.In this approah the e�ets of nonommutativity are enoded in the potential throughthe Moyal produt of funtions. We only need the NCWDW equation and the approxi-mations (6) to get the NCEHJ and, from it, the nonommutative lassial behavior aneasily be onstruted. As already mentioned, in [11, 12℄ the e�ets of nonommutativitywere studied in onnetion with in�ation, but the nonommutative deformation wasonly done in the matter setor negleting the gravity setor. The proedure developedhere has the advantage that we an implement nonommutativity in both setors ina straightforward way and �nd the lassial solutions (i.e., in�ationary models). Theseideas are being explored and will be reported elsewhere.We would like to thank M.P. Ryan for enlightening disussions on quantum osmol-ogy. This work was partially supported by PROMEP grants 103.5/08/2919.�åçþìåÝ. Ìåíà, Î. Îáðåãîí, Ì. Ñàáèäî, Ý. Êàíî, Ê. Éè-�îìåðî. Î äå�îðìèðîâàííûõ ìèíè-ñóïåðïðîñòðàíñòâåííûõ ïåðåìåííûõ â êâàíòîâîé êîñìîëîãèè.�àññìîòðåíî íåñêîëüêî ïðèìåðîâ èç íåêîììóòàòèâíîé êâàíòîâîé êîñìîëîãèè ñ ïðè-ìåíåíèåì ìåòîäà êâàçèêëàññè÷åñêîãî ïðèáëèæåíèÿ ñ äå�îðìàöèåé ìèíèñóïåðïðîñòðàí-ñòâåííûõ ïåðåìåííûõ. Äàííàÿ ìåòîäèêà ïðåäñòàâëÿåò ñîáîé ïðÿìîé àëãîðèòì äëÿ âêëþ-÷åíèÿ íåêîììóòàòèâíîñòè â êîñìîëîãèþ è òåîðèþ ðàñøèðåíèÿ Âñåëåííîé.Êëþ÷åâûå ñëîâà: íåêîììóòàòèâíàÿ êîñìîëîãèÿ, êâàíòîâàÿ êîñìîëîãèÿ, êâàçèêëàñ-ñè÷åñêîå ïðèáëèæåíèå.
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