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Abstract

In this report, the problem of construction of lower boundaries for the expected sample
size of statistical inference procedures has been considered. The general methodology for con-
struction of the lower bounds and the review of the main results for the classical statistical
problems have been presented along with the analysis of the new and earlier results on adop-
tion of the technique to the d-posterior approach. Namely, the hypothesis testing problem has
been considered.
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Introduction

In mathematical statistics, we have some inequalities determining lower boundaries
for various components of the risk functions of estimating and hypotheses distingui-
shing procedures. Rao—Cramér’s inequality is the most famous one. It determines
a lower boundary for the estimation variance constricted by a sample with the fixed size
when the distribution of an observed random variable satisfies certain regularity con-
ditions. Various generalizations and modifications of this inequality were developed by
A. Bhattachryya, L. Bolshev, E. Barankin, J. Chipman, H. Robbins, et al. J. Wolfowitz
generalized Rao—Cramer’s inequality for sequential sampling.

Another well-known inequality was introduced by A. Wald. He determined a lower
boundary for the expected sample size in any sequential procedure regarding the prob-
lem of distinguishing between two simple hypotheses with the given limits on the pro-
babilities of type-I and type-II errors. W. Hoeffding and G. Simons generalized this
inequality for the case of distinguishing between more than two hypotheses (see [1]).
Later, in the 1960s-1880s, I. Volodin [2-12], as well as some other authors, have estab-
lished several analogous inequalities for the expected total sample size in the problems
of hypothesis testing, classification, selection, etc. The essential similarity of all these
inequalities is that they are only simple implications of a single important property of
the Kullback-Leibler divergence: data contained in the statistic set do not exceed those
contained in the sample.

Several uses can be distinguished for such lower boundaries:

1) they can be used as a robust criterion of sample size insufficiency — if the expected
sample size is less than the lower boundary, then there is no appropriate procedure for
solving the statistical problem with the given limits on the risks;

2) they can be used to measure the efficiency of existing procedures by comparing
their needed sample size to some theoretical optimal one;

3) they can be used as some another measure of difficulty of a problem.
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This paper provides an overview of the obtained lower boundaries for the average
sample size with regard to many classical problems of mathematical statistics (section
1) and presents the new and earlier results on adaptation of the lower bounds construc-
tion methods for Bayesian problems, namely on hypothesis testing in the d-posterior
approach (in section 2).

1. Volodin’s lower bounds in the general form
and their applications for the classical statistical problems

In his earliest investigations, I.N. Volodin introduced a general method for the con-
struction of lower boundaries for the expected sample size of statistical inference proce-
dures [5]. The method allows to obtain the closed form of lower boundaries for a wide
range of statistical problems. Here, we provide Malyutov’s modification [10] of that
method, which gives more precise lower bounds in problems when several independent
populations are involved.

1.1. The lower bound in the general form (see [5, 10]). Let us denote the
Kullback—Leibler divergence by

KL(Fl,FQ) = /ln% dF1
for some distributions F; and F. When Fy = F(6), Fy = F(9) (i.e., they coincide up
to the value of parameter 6) we denote KL(6,9; F) = KL(F(9), F(49)).
Let us consider the general problem of statistical inference where we observe m
populations Xi,...,X,, independently. The lower boundary for the expected total
sample size v = vy + - - - + vy, is given by the inequality:

m

E(v|6) > inf sup KL(0, 9; 6¢)/Z7erL(9, 9; X;) V0eo, (1)
¥ 9€6 i—1
where §, is a random variable denoting the decision made by the procedure ¢ after
the experiment is over;  m;(0) = E(uf / Z uf) is the expected ratio of observations,
j=1
which ¢ takes from the i-th population.
When domé € {dp,d;} (a bivalued random variable), then
KL(0, 93 8,) = w(v(do |0), 1 = (do|9)),

where

w(z,y) =zln I ’

1—
—H(-n) =, $(d]0) =P, = d]0)

1.2. Multiple simple hypotheses testing (see [2]). Consider the problem of
distinguishing between m > 3 simple hypotheses

Hi:9:9i7 i:L...,m,

about the distribution of a population X ~ F'(6), § € © C R.
For this problem, the inequality (1) gives us

Ep,v > max Za”‘"‘ ln(aik/ajk)/KL(Gi, 0;; X), i=1,...,m,
J#i 1

where ||a;;] = || %(d; ] 6;) || is a matrix consisting of values of the operating characte-
ristic (the strength of the procedure ¢).
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1.3. Goodness-of-fit test (see [6]). Let F be a family of mutually absolutely
continuous distributions F' in the same measurable space. We consider the problem of
testing the null hypothesis (for some A > 0)

Hy: F=F, against Hy: sup|F(A)— Fy(A)| > A
AcA
about the distribution F' of a population X with the given limitation «g,a; on proba-
bilities of type-I and type-II errors. Here and elsewhere, the A is the algebra of the prob-
lem’s probabilistic space (X,.A).

For this problem, we obtained the lower boundaries on the expected sample size
when H; is true:

S w(ay, ap)

E(v|F € Hy)

— KL(F, Fy)
When Hj is true, the lower bound is:
w(ag, o) w(ap, o)
E(v|F € Hy) > =
WIF € Ho) 2 < TR, F) ~ —h(1/2=9A/3) —C A%
FeH;
where LA ) A
p —pP-
hip)=pn—+(1—-p)ln ——
») S
and A AS
102 8
< < —(14+—.
003645<+91>

1.4. Homogeneity test (see [6]). Let F be a family of mutually absolutely
continuous distributions F' on the same measurable space. Let X7 ~ F; and X5 ~ Fy
be the population which can be observed in an arbitrary way, so v = v;+v,. We consider
the problem of testing the null hypothesis (for some A > 0)

Hy: Fy =F, € Fy against Hy: sup|F1(4) — Fa(A)| > A
AcA

subject to the limitations «g, a; on probabilities of type-I and type-II errors.
For this problem, there is the following adaptation of the general lower boundary (1).
When Hj is true:
2w(ag, )
E(v| Hy) > ——— . 2
(V‘ 0)_—111(1—A) ()

When H; is true:
2w(aq, o)

E(v|Hy) > : (3)
In(1 — A?)+ Aln %

1.5. Test for invariance to a group of transformations (see [7]). Let G be
a group of transformations and consider two sets of distributions:

Fo={F:F(A)=F(gA) VA€ A, VgeG},

Fi={Fi3geG AMcA ju£|F(A)—F(gA)|ZA}, A > 0.
€Ao

The problem of invariance to a group of transformation consists in testing the null
hypothesis
Hy: FeFy against Hy: FelF
about the distribution F' of the population subject to the limits «g, a; on the risk.
Surprisingly, the adaptation of the general lower boundary (1) yields the same form
as of the lower boundaries for the homogeneity testing problem (2), (3).
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1.6. Selection problem (see [13-15]). Let us have m > 3 populations
X; ~ N(6;,0%), i = 1,...,m with the same known o%. The problem is to select
the population with the highest value of 6, i.e., to select one of the hypotheses

Hlelzej-i-A Vj#i, A>0,
subject to the limit o« on the wrong decision probability. The populations might be

observed in an arbitrary way, so the total sample size v = Z V.
i=1
The lower boundary for the least favorable case:
(Vm—-1+1)% ,

su% E(v|61,...,0,) > AT ° w(a, a).

1.7. Ranking problem (see [14, 16]). Let us have m > 3 populations
X; ~N(0;,0%), i =1,...,m with the same known o2. It is known that |6; — 6;] > A,
A > 0. The problem is to place the population in an ascending order of values 6;
subject to the limit « on the probability of wrong ordering. The populations can be

m

observed in an arbitrary way, so the total sample size v = Z V.
i=1
The lower bound for the least favorable case:
m—1
A2

sup E(w|0,...,0m) > o?w(a, a).

2. The lower bounds for hypotheses testing in the d-posterior approach

We consider the following Bayesing problem. Let X ~ F(), where J € © C R is
the unknown random parameter of interest; let ¢ ~ G. The problem is to distinguish
between the null hypotheses

Hy: 9 €0y, Hi:19eO

based on the observations from X, where Oy + ©; = 0. Let us put ©y = (—o0,0],
@1 = (0, OO)

Let domd, € {do,d;}, where dy denotes the selection of Hy by a procedure ¢
after an experiment, and d; is the selection of H;. In the d-posterior approach, type-I
(on the left) and type-II (on the right) d-risks are considered:

P <0/ d=dy), P@>05=d).

Type-I d-risk is a probability of that Hy is correct among all experiments for which
the procedure ¢ selected H; by the results of the experiment. On the contrary, type-11
d-risk is a probability of that H; is correct among all experiments for which Hy was
selected.

For the considered hypotheses, the testing problem we bring in the constraints — the
type-I and type-II d-risk must be less than the prescribed limits 5y and f:

P9 <0|6=d) < fo, PW>06=do)<p. (4)

We suggest the following lower boundary for the expected sample size when Hy is
true:

1 /Eede(e) >,
Go
[ASSH
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where 1 KL(, 9; )
L—inf / d4G(0) / GO g5 (5)
€00 Y€O0,
Gr = G(©y), and igf is taken subject to restrictions (4) on the d-risks for ¢. Note
that
) = @) = O L 1-v(6)

where 1(0) = P(6 = do|0). Namely, the lower bound depends on the procedure ¢ only
through its operative characteristic. Thus, we can consider inf by v rather than inf

by .

Lemma 1. The constrains on d-risks
P <00 =di)=po, P >0]d=do)=p.

are equivalent to the following constraints on the “Bayesian” risks:

/wmdmmzam /w@dam:ah (6)
[EH (S

where

(1 —p1)(Go — Bo) a :/31(00*50)
1—Bo—pB = ' 1=Bo—p

ag =

Proof. We put
= [0)dce), k=01
O

The equations on d-risks can be rewritten in terms of ¢ as

_Go—%o  _ 1
1 =10 — 1 o + 1

from which we easily obtain the statement of the lemma. O

= 1,

By swapping the order of inf and the integration, we obtain the basic estimate for
the lower boundary.

Theorem 1. Let us suppose that the inf in (5) is reached on the procedure with
the non-increasing operating characteristic ¥ (6). Then,

1 w(ho(8),1 — ha(9))
L o / dG(0) / AG() 1{ho(0) = ()
[ZSSH) V€O,
where
ho(0) = =0 ) = e
0 Go—G(o) ™ GW) — Gy’

and ag, a1 are as in (7):

(1—51)(Go — Bo) o — B1(Go — Bo)
1—Bo—5 " 1=Bo—-5

apg =
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Proof. Let us consider a set H of all non-increasing functions h(#), such that
h(—o0) =1, h(co) =0. Then,

>
Lz KL(0,9; X)

1
GoGy
0€0¢ V€O
For fixed § € ©g,9 € ©1, the minimum by h(#) of w(h(h),1 — h(¥)) subject to
the constrains (6) is reached on a step-function of form

1, x < 0,
Yo, 0<xz<0;
h(z) =
Y1, 0<ax <Y
0, Y < .
Now, minimizing the expression by yg,y1 gives the statement of the theorem. O
Conclusions

In this paper, the results of the studies on the problems of construction of lower
bounds for the expected sample size of statistical inference procedures are presented.
As the review shows, the problem of construction of lower bounds for the classical
statistical problems is sufficiently developed.

On the other hand, little has been done for the case of the Bayesian paradigm. In this
paper, we present some new basic results on adaptation of the technique of lower bounds
construction to the d-posterior approach. As the study shows, the construction of lower
boundaries in this setting can involve solving integral minimization. Apparently, one of
the best approaches is to apply calculus of the variations methods. Another one is to
provide some additional assumptions and simplifications.
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YK 519.226.3

HuxxkHue rpaHunbl aJjisi cpegHero oobémMa BBIGOPKU
JJIsT KJIACCUYIECKUX U d-alloCTEPUOPHBIX 3319

H.A. Kapees, U.H. Boaodun

Kasancxuti (IIpusoasicerudi) edepanvhoti ynusepcumem, 2. Kazanw, 420008, Poccus

AnaHoTan M

B pabore paccmorpena mpobJiemMa MOCTPOEHUsT HUXKHUX T'PAHUIL I CpeJHero oobéMa Ha-
OJIIOZIEHUIT JIJIsT TPOIEAYP CTATUCTUYECKOTO BBIBOAA. [IpuBeeHbl 061ast MeTOI0I0THsT TIOCTPO-
€HUsI HIPKHUX TPAHUI] U 00630p OCHOBHBIX PE3YJIBTATOB, TOJIYY€HHBIX JIJIsT KJIACCHIECKUX CTATH-
crudeckux 3aa4. [IpeicraBienbl HOBbIe PE3YJILTATHI IO aJIAITAIUN STOW METOIO0JIOIUH K 3318~
qaM, cOPMYINPOBAHHBIM COIVIACHO d-allOCTEPUOPHOMY Iojxoay. B gacrHOCTH, paccMorpeHa
3a/1a9a MOCTPOEHMSI IPOBEPKH CJIOXKHON THIOTE3hI B d-allOCTEPUOPHON (DOPMYTINPOBKE.

KuroueBsble cjioBa: cpejHuii 06 bEM BBIOOPKU, HUXKHIE IPAHUILI, 9PPEKTUBHOCTD, d-aIio-
CTEepUOPHBIHA 1oj1x01, BaitecoBckasi mapajurma, IpoBepKa I'UIoTe3
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