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K BOIIPOCY O JOKABATEJIbCTBE CXOAMNMOCTN
MHOTOCETOYHBIX METO/10B

C.U. Mapmurenko

AnaHoTausa

B cratbe paccMOTpeH psa BOIIPOCOB, CBI3AHHBIX C JTOKA3ATETHCTBOM CXOAMMOCTH MHOTO-
ceTouHbIX MeTo10B. Ocob0e BHUMAHME YIeIs€TCs YHUBEPCATBHON MHOTOCETOTHOM TeXHOJIOTUN
KaK BAPUAHTY TEOMETPUIECKUX MHOTOCETOYHBIX METOMOB C MPOOIEMHO-HE3ABUCUMBIMU OTIEPaA-
Topamu mepexonos. Llomydensl BUI MATPHUITBI MHOTOCETOIHBIX UTEPATIMI U OIEHKA €€ HOPMBI.
Ilokazana HE3aBUCUMOCTH KOJTMYIECTBA MHOTOCETOYUHBIX UTEPAITAN OT MIara CEeTKU U BBHITTOJTHEHO
CpaBHEHHE C KJITaCCHIeCKNMI MHOTOCETOYHBIMA MeTOJaMH.

KiroueBbie ciioBa: TEeOMETPUIECKNE MHOTOCETOYHBIE METO/bl, YHUBEPCAJIbHAAd MHOTOCE-
TOYHAd TE€XHOJJI0THUA, CXOAUMOCTbD.

BBenenue

B orsimyame ot npocTeifinmuX UTepParMOHHbIX METOIOB PEIEeHUT CHCTEM JTUHEHHBIX aJ-
rebpandeckux ypasaenuii (CJIAY), MHOroceToYHbIE METOIBI XaPAKTEPUZYIOTCS JOCTA-
TOYHO CJIO?KHON CTPYKTYPOW MaTPHUIBI UTEPAIUid, TO3TOMY ITOKA3ATEIbCTBO UX CXOIU-
MOCTH BechbMa TPYIOEMKO. IIpemamonoRnM, 9T0 MHOTOCETOYHBIH METOT IPUMEHEH s
YUCJEHHOTO PelIeHUud HEKOTOPOH KPaeBOW 3aJa4d U PACCMOTPUM IPOCTEHIIne JIBYX-
ypoBHEBBIE anropuTMbl. [Ipemnonokum Takke, 9T0 1718 YUCIEHHOTO PEIeHN NCXOTHON
KDPaeBoil 3a/a4u UCIIOJIb3YIOTCA JIBa yPOBHs CETOK: HYJIEBON (MeJiKad CeTKa) W IepBbIil
(rpyGast cerka (Mam ceTKH) ¢ OOJBIIAM INArOM, YeM y MeJKo# ceTkn). PasHOCTHBII
aHaJIOr UCXOOHON KpaeBo# 3a/1a4n NMeeT BHT,

Apug = by, (1)
nasee nuykaue wHekcbl 0,1,. .., OyayT o3HaYATh TPUHAJJIEKHOCTH K HYJEBOMY, Tep-
BOMY, ..., [-My CETOYHBIM YPOBHSIM COOTBETCTBEHHO. HOMEp YPOBHS C CAMBIMU TPYOBIMEU
ceTkamu obo3uauen kKak L.

CIJIAKUBAHUEC

caMas MCJIKasa CCTKa camMasi MEJIKasa CCTKa

rpyOble CETKH I1EPBOI0 YPOBHs rpyOble CETKHU [1€PBOr0 YPOBHs

Puc. 1. IByxypoBHEBbIE MHOTOCETOYHBIE AJITOPUTMBI

CriakuBarore uTeparnu MOryT ObITh BBITOJHEHBI TIEPe]] KOPPEKIHel MmonpaBKu
Ha rpy6oil ceTke (OpeABAPUTEILHOE CTIAXKUBAHUE), IMOCIE KOPPEKIUU (MOCIeyIOnee
CTJIaYKUBAHWUE) WM, KaK Jallle BCero ObIBAET, U JI0, W MOCJe KOppeKimu. Bo Bcex Tpéx
clIydasgx MaTpUIA MHOTOCETOYHBIX UTEPAInii mMeeT Pa3HbIA BU/I, YTO 3aTPYy/IHAET aHa-

JIN3 CXOAUMOCTHU MHOT'OCETOYHBIX METOHJ0B.
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PaceMoTpuM IBa IBYXYPOBHEBBIX MHOTOCETOUHBIX ajroput™a (L1 = 1), koropeie
CXeMaTUYHO MOKa3aHbl Ha puc. 1. B neppom u3 mux (puc. 1, cieBa) mMuorocerodnas
nTepanusg HauYnHaeTCs CO CIVIa’KUBAaHUA Ha MEJIKOH ceTKe, a 3HAYMUT, UCIIOJIb3YEeT TOJIBKO
IpeIBAPUTENIHLHOE CTJIaYKUBAHUE TTPU OTCYTCTBUM TOCTeayonero. B kadecTse crimazkm-
BaIOITIE TTPOIETyPhl BOCTIOJIB3YeMCS UTEPAIIMOHHBIM METOIOM

WO(“(()VH) - u(()u)) =bo— AO“(()V)

nin

wg Y = (1= W5 Ao) ui” + Wy by, (2)

[Ipenmnonaraercs, 94TO CriaKWBAMOIINE UTEPAIUH CXOAATCH, TO €CTh HOPMAa MATPHUIIHI
CIVIAYKUBAIOIIUX UTEPANuil Sy yIOBIETBOPAET HEPABEHCTBY

[[Soll = ||[T — Wy ' Ao wo < 1, (3)

rie wo, KaK MPABUI0, 3ABUCUT OT BEJIUYUHBI IATA CeTKU. KC/in TOYHOE pertenne ug =

= Aglbo CJIAY (1) aBnserca (GpUKCUPOBAHHOI TOYKOH WTEpamumii, TO CIPABEIITUBO
COOTHOIIIEHNE o) ©
v _ av 0

uy” — wo =55 (ug — wo), (4)

(0)

rIe w,’ ecTh HavaabHOE MPUOJIIKeHMe.
Obo3HaunM uUTEpanuu MPeIBAPUTEILHOTO CIJIAYXKUBAHUS KAK U/, MOCJEIYIONIEro —
kak V. [lomydennoe mocjie CriiaskKuBaHUsT HA MEJTKOH ceTke TpubINKEHNe K DEIEHI0

U
’LL(() ) YAOBJIETBOPAET COOTHOIIEHMNIO

A()“(()ﬁ) =bo+r,

6 6 ()
rfe T ecTh HeBA3Ka. JJoOaBMM K IPUOMMKEHUIO U

YHUYTOXKUTHL HEBA3KY T, TO €CTh

HEKOTOPYIO MOMPABKY C(, YTOOBI

Apco = by — Ao’u(()l;)~ (5)

IMonyuenuyio CJIAY unorma HasbiBaoT 3anuchio ucxonuoit CJIAY (1) B repMunax «1o-
MIPABKa — HEBSI3KA ».

Pemenue CJIAY (5) norpebGyer rex ke BbIYUCIUTENbHBIX YCHJIUiL, YTO U DEIleHUe
ucxonuoii CJIAY (1). Ilosromy s yMeHbIIEHUS BBIYUCIUTENbHON PAGOTHI BOCIIOIB3Y-
eMcsa Beriomorarensnoit CJTAY Buna

Ajer =Ro-1(bo —Aou8”>), (6)

KOTOpas 10Jly4eHa B pesyibrare npoenuposanus (5) Ha rpybyio cerky (cerku) nepBoro
yporHsa. Oneparop cykennss Ro_.1, MTPOCIMPYIOMAIA HEBA3KY ¢ MEJKOH CeTKH Ha, Tpy-
Oble CEeTKHU MEPBOTO YPOBHsI, U MATpUI KO3 uimenTos A; MOryT ObITH MOCTPOEHBI
pasueivu ciocobamu [1].

[Ipeanosnoxum, uro na rpy6oii cerke (cerkax) CJIAY (6) pernena To4HO, TO eCThb €€
pEIeHne UMeeT BHL

C1 = A;lno_,l(bo — Agugﬁ)).

ITony4denmyio moNpaBKy CIPOEIHPYEM C IIEPBOTO YPOBHS HA HYIEBO
—1 Y,
co=Pioc1 = 7714)141 Ro—1 (bo - A()U(()V))a

rae Pi_o — ONeparop NpoJoJzKeHus (IPOJOHTAINK), TPOCIHUPYIOMIUE TIONPABKY € TPY-
BbIX CETOK MEPBOrO yPOBH: HA MEJKYIO CeTKy (HyJeBOl ypOBEHb).
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1
Coruacuo puc. 1 (ciaesa) HOBOe npubJIUKEHUE K DEIIEHUTO u(() ) ectn npubianKenue

()

TocJle BBITIOTHEHNS UTepannii ¥ MpeIBapuTebHOTO CIIAKABAHNA Uy =~ TJIIOC CTIPOJIOH-
TUpOBaHHAs MOMpaBKa Pi_gcC1:

uf) = Piger + ug’ = Pr-oAT "Ro—1(bo - Ao’uéﬁ)) +ul’.
Bripaxkasi ugﬁ) u3 (4)

ug” = Sguf? + (1= 8§ uo = Sfuf” + (1 - 5) 45 bo

1 1 .
U mosarag, 4To ué) = uéq+ ) ecTh HOBOE 3HAMEHHE MOCTE MHOTOCETOMHOMN urepa-
0
", a u(() ) = uéq) — HpeAbIAyIiee 3HAYEHUE, MOMYIaeM CAeAyouyo hopMy 3amucu

MHOT'OCETOYHOT'O MeTOo1a:
1 5 _
wl™ = Mul? + (I - dyAySY) Ay bo, (7)
r7e MaTPHUIA MHOTOCETOUHBIX uTepannit M mMeer Bug,

M = dygApSY,

do = Ag' — P1oAT "Ro_1. (8)

[ycrs B cayyae, Korga KoaudecTBo rpybbix ceTok Gosiee oguoro (I > 1), A; ecrb
marpuiia koabduiuenTos Ha ceTke (cerkax) ypoBHd [, S; — MATPHUIA CrJIAKUBAIOIIAX
ureparunii, v; — KOJUIeCTBO CIUIaKUBAIONINX UTeparuii, R;_,j41 — ONeparop CyKeHus,
OpOeNUpYIOmuil HeBsA3Ky ¢ Gosiee MeKoil cerku (cerok) yposHs | Ha Gosee rpybyio
cerky (cerku) yposHsa [ + 1, Pjiq1_; — omepaTop mpomoJzKeHus (IpOJOHIAIUN), TPO-
enupytomii nonpasky ¢ 6osiee rpy6oii cerku (cerok) yposH# [+ 1 Ha Gosiee MENKyIO
cerky (cerku) yposug . Knaccuueckuii moaxon K JOKa3aTebCTBY CXOAUMOCTA MHOT'O-
CETOYHBIX METOJOB UCIOJIB3YEeT CIACAYIONHe CBOWCTBA.

1. Csoticmso ceaascusanua: cywecmeyem dynxuyua n(v;) : Ry — Ry maxas, wmo
n(v) — 0 npu v, — 0o u

[AST | < n(v) | Ad- (9)

2. Csoticmeo annpoxcumavyuu: cywecmeyem xoucmanma Cy > 0 maxas, 4mo
A7 = Proa—i A Rimill < CallAl 7 (10)

CroiicTBa CraskMBaHUsT W ANMPOKCHMAITMH HEOOXOAMMO JOKA3BIBATH JJIst KayKI0TO
uTepannorHoro MetToa (SIkobu, 3eitnesnst U T. 11.), a CBOACTBO ANMTPOKCUMAIIHN — JIJIST M€~
TO/IA KOHEUHBIX DA3HOCTEH W KOHEYHBIX 3JIEMEHTOB, TPUYEM JIJIsT JTIOKA3ATEIbCTBA CBOM-
CTBa alPOKCUMAIMU BayKHa reomerpusd obsiacru (moxpobuee cum. [1]).

Ecnm cBoiicTBa CrilazkuBaHus U alIPOKCUMAIAHN BBIOJTHAIOTCS, TO MHOTOCETOTHBIH
MeTo (7) CXOAUTCs, MPUYEM HE3ABUCHMO OT BEJMUMHBI I1ara CeTKH

1M = lldoAoSE Il < lidol| - [|40Sg | < Can(¥).

Heckonmbko mHaYe 3ammUCchIBACTCS MHOTOCETOYHON METOJI, CXeMAaTHIHO TTOKA3aHHbIN
ua puc. 1 (cupasa). B 310oM ciiydae OTCYTCTBYET PEIBAPUTEIHLHOE CTJIAKUBAHUE U BbI-
MOTHAIOTCS TOJBKO MUTEPAINK ¥ MOCIEAYIONIEro CIUIayKuBaHusd. B 9TOM ciydae MHOTO-
CceToYHble UTepPaIUi UMEIOT BUJ,

Wl = Mulf + A7 (1 - 40S}d) bo, -
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riie X
M = Sgdo Ao,

rae marpuna do onpezessercd corsacHo (8). O4YeBUIHO, YTO B JAHHOM CJIy4ae Heb3sd
HEMOCPEJICTBEHHO IMOKa3aTh HE3aBUCHUMOCTb CKOPOCTH CXOJIMMOCTH JIAHHOTO MHOTIOCE-
To9HOTO MeToia (11) OT BeJIMYMHbBL Mmara CeTKU MpH MOMOIIY CBONCTB CIJIasKUBAHUS U
AMMTPOKCUMAITIH.

B obmem caydae mpu HaIWYuM MPEIBAPUTENIBHOIO U MOCJIEIYIONIETO CTIAXKUBAHWI
MHOTOCETOYHbIE UTEPAIINH JIBYXYPOBHEBOIO METO/IA 3AIUCHIBAIOTCSA B BUJIE

ui ™ = SYdA.STul? + (I - SYdAxSY) Ay bo. (12)

Takum 0Opa3oM, aHAJN3 CXONMMOCTH MHOTOCETOYHBIX METO/OB, OCHOBAHHBIA HA
cBoiictBax craaxkusanua (9) u annpokcuManuu (10), MOKET HEIOCPEICTBEHHO MPUMe-
HATHCA JUIb B ciaydae U # 0 u U = 0 (TONbKO NPEIBAPUTENHLHOE CTJIAKUBAHUE).
Iasnee OymeT MoKa3aHO, KAK IPUMEHUTH CBOMCTBA CIJIAYKUBAHUSA W AMMPOKCUMAIINN J1J151
OCTAJIBHBIX CTYJaEB.

1. BcnoomorarenpHbie yTBep2KaeHnud

Jia mokazaTeqbCTBa CXOAMMOCTH MHOroceTouHoro Meroga (11) Bocmosnb3yemcs
senomorarenbuoit CJIAY Buna

Agvg = Ay by, rie wvo = Ay uo. (13)

CJIAY (13) nonagobuTcsa UCKIOUUTENBHO Mg JI0KA3ATEeIbCTBA, CXOAUMOCTH.
[peanonoxum, aro ans pernenus Bernomorarenbuoil CJIAY (13) ucnosb3oBan ure-
panmonnbiiit meron (2). Toraa

v = (1 - Wit Ag) v + W Ag b
WK C yYETOM TOrO, YTO V(o = Agluo,
wl T = Ay (T =Wy A0) Ayt ul”) + AgWy t Ag b, (14)
Marputia criaazkKuBalonux UTeparnuii B TaHHOM CJIyvae UMeeT BU,
So=Ao (I —Wy'40) Ayt = ApSoAy " =1 — AWy, (15)

riae Sy — mMarpuia urepanuii Merona (2).
Herpyano Busersb, 9ro u3 cxomumoctu MeTona (2) cieayer cxomuMocTb Meroza (14),
u Haobopor. B camom mese uz (15) caenyer, aro

S§ = (AoSoAg )" = AoSE A"
Torna CIIpAaBEIJIUBA CJAEAYIOIIad OLlEHKa
1S5 1 = 114058 Ag I < 1 Aol - 1A - 1Soll” < [ Aol - 145 wi -

IMockonbky w < 1, o [|S§]| — 0 mpu v — 00. AHAJOTHYHO JOKA3BIBAETCS OOPATHOE
yTBep:xkaenue. [losTomy B masbHeiineM DyaeM moaarath, 9TO HOPMa MATPUIIBI CTIIAYK-
Batomux urepanuii Mmeroga (14) yaoBaeTBOpsieT OrpaHuYEHUIO

150l = ||I_A0VV071H <wo < 1. (16)

B obmiem cayuae u3 Toro, uto Sy # So ciaemyer ugﬁ) *u 8")

orara CeTKH.

U Wo 3aBUCUT OT BEJIUYNHBI
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B nanwHeiimem moHamoOUTCs ClIeIyOIIAsT

Teopema 1. IIpednonsosicum, 4mo 6 HEKOMOPOUT HOPME GHINONHEHO HEPABEHCTNEO
11— 24,7 <1, (17)

mozda cnpasediuso ceotcmeo C2AaNCUBAHUSA, NPULEM

2
l/l < .
1SS Cooy [l (18)

HoxkazaTeabcrBo. COMTacHO ONMPEEeHUI0 MATPUIIBI CIIAKUBAIONIAX UTEPATTHiL
-1 17 -1 -1 Vi -1 —1\“
St = (I_ W, Al) = [Al (I_AlWl )Al] =4 (I_ AW, ) Al

OTKyaa
AS) = (I - AW " A,L (19)

O6osnaunm B =1 — 2A1Wfl; TOrIA

I—-B=2AW," u I+B=21I-AW"),

CJIe0BATEIILHO,
” 1 - y
A = o WA (T = B)(I+ B) Ay
Orcrona nmeeMm
vV, 1 — v,
14| < Sz Wi 4, HE- NI = BYT + B)™ || - [ Adll- (20)

Hopwmy [|[W;A; || mMozmO omernTs cieayommym o6pasom:
Sy =T—-W; A = T=W(I-S)A; " =W A AT - S)A; .

ITockoabky B
Al(I - Sl)Afl =1- AZSIA;I =1-215

(mocnesree paseHcTBo caeayer u3 (15)), To
WlAfl = (I - Sl)_l.
Orciona B cuiy (16) caenyer HeoO6xoauMas OLEHKA

R S
=S 1 —mlaxu?l S

WA I =11 = S~ <

rjae C,, ecTh HEKOTOpast KOHCTAHTA.
Hasi onenkn ||(I — B)(I + B)"'|| Bocnosb3yemest caeyronieii JeMMoii.

JIemma 1 [2]. Tycmo das mampuyn, B € R™*™ gwnoaneno nepasencmso || Bl < 1
6 Hexomopoti onepamoptoti nopme. Tozda 6 moti srce Hopme

2
(I — B)(I + B)"|| <2+t p v =1,2,3,... (22)

C yuérom (21) u (22) onenka (20) npurumaer ug (18). O
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3amernm, uro u3z (19) ciemyer

2
ASPATY = (1 AY = laseart < OV 170 )
17 l/l:O.

Tenepb mokaxkeM, Kak cBoiicTa crazkupanug (18) n annpokcumanuu (10) B coyera-
HHH C OIEHKOiT (23) MOryT ObITH HCIIOTB30BAHBI /I AHAJIN3a MHOTOCETOYHBIX AJITOPUT-
MOB TIPH DA3JMYHBIX KOMOMHAIMAX MPEIBAPUTETBHBIX U MOCTEAYIONAX CrIaKUBAHUAI.
ITpumensisi MHOTOCeTOUHBIH MeTon (12) k pemennto CJTAY (13), nomyunm

wlY = AgSEdgAgSy AT ul) + (I — AgSEdoAgSE AT ) Ay bo -

Orciona ¢ yuérom (10), (18) u (23) HETPYAHO MOJYUYUTH CAEAYIONIYIO OIEHKY HOPMBI
MATPHIbI MHOTOCETOUHBIX MTEPAIIHii:

<

M| = || Ao S§doAoSE A (| < [1A0SH - lldoll - [ A0SE Ag

[ 2
CACU) ) DZOHV/>15
TV
2

||]\4-||< CACw 5 D)lHV/:O,

nin

vrz1lmnv>l.

Herpyauo BugeTh, 9T0 BO BCEX ClydasX (KOrJA MPOBOIATCH TOJBKO MPEIBAPUTEIHHOE
crnaxkuBaune ¥ = 0 m ¥ > 1, TONBKO MOCAEAyoIiee criazkuBanne v > 1 n v =0 un
[pPEeABAPUTESILHOE U MOC/IEAYIONIee cryaykupanue ¥ > 1 u ¥ > 1) cKopocTh CXOAUMOCTH
JIIBYXYPOBHEBOI'O METOJa HE 3aBUCUT OT BEJMYMHbBI I1ara CETKH.

Hasnee seriomorarensrast CJIAY (13) u onenku (18) m (23) GyayT MCIOTB30BAHBI
JUUIST aHAJIM3a MHOTOCETOUHBIX MTEPAIMH YHUBEPCAJIHLHON MHOTOCETOYHONH TEXHOJIOTMH
[PU OTCYTCTBUY MPEJIBAPUTEIHLHOTO CTIIaKUBAHUS.

2. Marpuiia MHOTOCETOYHBIX UTepanuii

Knaccudeckne MHOTOCETOYHBIE METOIBI COCTOAT U3 MPOOIEMHO-3aBUCHMBIX KOMIIO-
HEHT, ONTUMAJIbHAS aJANTAINS KOTOPBIX K PEIIaeMOil 3a/1a9e U ONPEeIesIsieT OMTUMAIb-
HYIO (HEeyIydIIaeMyt0) CKOPOCTh CXOAMMOCTH. AJanTaius KOMIIOHEHT SABJISETCs J0CTa-
TOYHO CJIOXKHOMN 3ajaueil, moaTomy B [3—-6] ObUT NPEJIOKEH BAPUAHT IeOMETPUIECKOTO
MHOIOCETOYHOr0 MeTOJa C IPO0JIeMHO-HE3aBUCHMbIMU OllepaTopamMu mnepexosa (cyzxe-
HHs W IPOJOJIKEHNs). YHuBepcanbhasa MHorocerodnas rexnonorns (YMT) comep:kur
CryIazKuBaHue Ha 0coDOl nepapxuu CeToK (Tak HA3BIBAEMONH MHOIOCETOYHON CTPYKTYDE).
Kawxprit cetounstii yposens | coctont s 3% cerok (d = 2,3; | = 0,1,2,..., L),
OpU 3TOM caMasi MejKas ceTka obpasyer Hysesoil yposenb (I = 0), a cambie rpybbie
ceTku — yposenb LT . Bce ceTku 0lHOTO ypOBHs He MMeIT OOIIUX y3JI0B M TpaHeil
KOHTPOJIbHBIX 00bEMOB, 0/THAKO O0bEIMHEHNE BCEX CETOK KAYKIOTO YPOBHS JAAET CaAMYTO
Mesikyio cerky. Ilosromy oneparop nposonranmmu B ¥ MT #He 3aBucur or permaemoit 3a-
naun. KorTpombublii 06H8M Ha ceTkax yposHs [ cocTont m3 3% KOHTPOTBLHBIX 00HEMOB
Ha caMoil MeJKOH CeTKe, MO3TOMY MpPHUMEHEHWe WHTerDO-WHTEPIOJISIIIHOHHOIO METO/Ia
JIJTST ANTTPOKCUMAIINH KPAEBBIX 3a/1a HA MHOTOCETOUHBIX CTPYKTYPAX TO3BOJISIET TIOJTY-
9UTh MPOOJIEMHO-HE3ABUCUMBIH oneparop cykenus. OCHOBHOM MHOIOCETOYHBIN TMKJI
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YMT He comepKUT MpeaBapUTENBLHOTO CTIAKWBAHNS, TO €CTh MHOTOCETOUHAST MTEPa-
Ius HAaYMHAETCA Ha yposHe LT, cocTosimeM W3 caMbIX TPYOLIX CETOK, M 3aBepIIaeTCs
HA HYJIEBOM ypOBHE (camas MeJIKas Cerka).

Panee cxomumocts YMT yike Obina mokasaHa B [7], ONHAKO MOIyIeHHLIE OLEHKH
OKA3AJINCh JTOCTATOYHO TPYOBI ¥ He TIO3BOJISIIN CYANTH O CKOPOCTH CXOIUMOCTH.

B YMT na kaxaom cerounoM yposue pemaemvas CJTAY umeer Buj

Arer = Ro—i(bo— Apul®), 1=0,1,2,..., L7 (24)

rae marpuna KosdunuenTop A; umeer 6J10YHYIO CTPYKTYPY, IPHIEM KOIUYECTBO OJ10-

KOB DAaBHO KOJHYECTBY CETOK, 00pa3ylomuX JaHHLI yposenb (To ecth 3%); Ro_; —

pOOIEMHO-HE3ABUCUMBII OMEPATOD CYXKEHUs, TPOSNUPYONNil HeBA3Ky by — Aouéq) c

caMo#l MeJKO# CeTH Ha CeTKW YPOBHA [, n u((;I)
@q-¥i MHOTOCETOYHOI UTEPaIUN.

OrMernMm ciieayromnime CBOMCTBA OllepaTopa Cy KeHus:

ecTh NMPubINKEHNEe K PEIeHNI0 MOCTe

Ro—1 =Ri—1—1... Ri—2Ro—1 1 Ro-o =1.

[Tpomonkenue (nposouramnus) Hess3ku ¢ yposaa | + 1 va yposennb | B YMT 3anu-
CBIBAETCSA B BUJIE
¢ =Prrimiciq,

rae Py — NpobIeMHO-HE3ABUCUMBII ONepaTop NPOIOKEeHUs (IPOJIOHTAINH), KO-
TOPOMY COOTBETCTBYET MATPWIIA, OCYIIECTBJISIONIAsT TEPECTAHOBKY KOMITOHEHT BEKTODA
MOTIPABKH.

IIycrs Ha ceTkax ypoBHS [ BBINOJHEHO ) CLIaXKABAoONmX nrepammii. Torma Boipa-
:kenue (4) npuHUMAET BUJL

e~ e = 57 (e1 - "), (25)
rje ¢; ecTh TOYHOE perenue (24):

c1=A"Ro—i(bo — A()Uéq)); (26)

0
cl( ) = Pry1—1 cl(:_lfl) — HauaJbHOe npubiuzKenue (TO eCTh MONPABKA, CIPOCIUPOBAHHAS

C IpeabIAyIero yposHs [+ 1 ¢ Gomee rpy6bivu cerkamu) u S, — MATPHUIA CrIaKHBA-
roux urepanuii. IIpeobpasyem npasyioo yacrb ypaBuenus (25), nobapiisdsg U BbIYUTAsL
cnaraeMoe PryiCitr:

0 v v
c— C§ )= ¢ - 7’1+1chl(+l1+1) = ¢+ Pryr—i(ciy1 — Cl(#fl)) —Pryisicipr. (27)

C yuérom (26) moayunm

e — Pry1—icipr = A "Ro—i (b — Ao'u,(()‘l)) _ Pl+1HlAl__~_11R0Hz+1 (b — Ao'u,((;I)) _
- [A;IR(HI B Pl“HlAlis-ﬁRoalH] (bo — Aouéq)) =
= [A]" = Pyt AL R ] Ro—i(bo — Aougq)).
[Tocnenee paBeHCTBO CIPABEIUBO B Uiy Ro—i+1 = Ri—i41Ro—i. OG03HATNM

di = A7 = P AL R, (28)
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Bamerum, uTo ¢ yuérom (28) CBOHCTBO aNMPOKCHMAIMU MOYKHO MEPENUCATH B BUJE
ldi|| < CallAi|| 7. Toraa

¢1— Pryi—iciy1 = diRo—i(bo — Aouéq))7

u Bblpaxkenue (27) IPHHUMAET BH]T

Cc; — CZ(O) = Pl+1~>l(cl+1 — cl(:_l;rl)) + leOHl(bo - Ao’u,(()Q)),

TMomyaerHOE COOTHOMIEHRE IO3BOMSIET MEepPennucaTh (25) B PEKYPPEHTHOM BHIE
c|— Cl(yl) =S Prr1—i(cip1 — Cl(j:fl)) + 5/'diRo—i(bo — Aou(()Q))~ (29)

Jlasee paccMOTpUM M3MeHEHMe TIOMPABKU B XOJe MHOTOCETOYHON WTeparuu, HadW-
Has ¢ YPOBHSI C caMbIMU TPyObIMU ceTkamu LT 1 3akaHumBas caMoil MeJKoOil ceTKoil
(Hys1€BOH ypOBeEHb):

1. Yposenv LT . IlpenmnonoxuM, 9T0O Ha JAHHOM YPOBHE CETOYHLIC ypPABHEHUS pe-

II€HbI TOYHO:

cr+ = c%’j”. (30)

2. Yposen» LT — 1. Boipaxkenue (29) ¢ yuérom (30) npuHnMaeT B
(Vs 1) _
Cre1— et =S Re 1 (bo — Agul?). (31)
3. Yposenv LT — 2. Boipaxkenue (29) ¢ yuétom (31) npuanMaer Bus

(Vp+_2) Vp+—2 (vp+_1)
Cr+—2 = Cry o = SL+72 Pr+_1—p+—2 (CL+—1 —Cri )+

+ ST e R ps o (bo — Agul?) =
— SZitézlpLﬁ-—l—»Lﬁ-—QSZitEI dr+ 1 Rop+—1(bo — Aou(()q))Jr
+ S5 de 9 Rt —a(bo — Aoug‘?)) = Qp+_o(bo — Aoug”),
rie

_ Q¥VLt -2 Vr+-1 Vr+_2
Qr+—2=51_ 5 Pr+1-p+25 5 7 de+ 1 Roop+—1+S1 5 do+ 2Rop+ 2

HpO,HOJI}KaEI BBITINCHIBATH PA3HOCTH ME2KJIY TOYHBIM U HpI/I6JII/I)KéHHbIM 3HAYEHUAMHU I10-
TIPpaBOK Ha MOCJACAYIOMNX YPOBHAX, TMOJYYUM CJICAYIOIEee COOTHOICHUE!:

c)— cl(ul) = Ql(bo - Aougq)), (32)

rae MaTpuma (); mMeeT BHU

Slyl diRo—1 + Pry1-1Qi+1), 1= 0,1,2,...,LT =2,
Q= ( ) (33)
SlylleOHl; l:LJr*l

Ha camoii menkoii cerke (I = 0) ypasuenue (32) ¢ yuérom (26) u paseHCTBa
Ro—o = I Moxker OBITH MEPENUCAHO B CJIEAYIONIEH dhopMe:

cguo) = co— QO(bO _ Aouéq)) _ (Aal _ QO)(bO — Aouéq)).
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Torna, npubaBisad K TPEAbLIYIIEMY 3HAYCHUIO uéQ) [IONIPABKY c(()y"), [IOJIY9UM HOBOE

npubInKeHne K PEIIeHnI0 MOCIe BBIMOTHEHHONR MHOTOCETOYHON UTepPAInn
u(()q+1) _ ué‘” + céy[)) _ u(()q) + (Aal 7@0) (boonugD) _ Q()Aou(()q)Jr (Agl 7@0) bo,

rae marpuna Qo 3amana coriacHo (33). HerpyaHo BUAETH, 4TO MATPHUIA MHOTOCETOY-
ubix urepanuit YMT umeer sug QoA .

Yro6bl UCIOTB30BATH CBOMCTBA CIUIAYKUBAHUS W AIMMPOKCUMAIUH JIJIsT TOKA3ATE b~
CTBa CXOAMMOCTH MHOTOCETOYHBIX wureparuii, npumeanm Y MT k permennto Bcriomora-
TebHOI 3ama4an (13)

'U(()(Hl) = Q()Ao’véq) + (45" — Qo) bo.
Torma ¢ yu€ToM 3aMeHBI TepeMeHHBIX ,qu) = Aalu? Oy aHM
uéqul) — AOQOugq) + (I— AOQO)AEI bo.

11 moce Ay I0Iero aHain3a MaTPUILy MHOIOCeTOYHBIX urepamuit M = AgQy ymob-
Hee [EePEeIUCaTh B HEPEKYPPEHTHOM BUIE

Lt—11-1
M = AgQo = AoSp°do + Z H ApSF Pra1—nAy Ly - AuS diRo_1, (34)
=1 k=0

rae marpuna d; 3azana coruacuo (28).
CupasemiuBa cienyomiast Teopema o cxomumoctu Y MT.

Teopema 2. IIpednoaooicum, wmo ewnoanenss ceoticmea ceaancusanus (18) u an-
npoxcumayuy (10), u ||Ro—i|| < Cr. Tozda YMT cxodumea, npusém 0ai HOPMbL M-
puybL MHozocemounbix umepauut (34) cnpasedausa ouenka

5 Lt-1 -1 5 5
M g w - w w ! - - -
M| < CaC ,/WO +C4CWCr ; (CCy) IEO,/M,/M (35)

HokazaresberBo. 13 (34) BeiTekaer, uro

LT—11-1
IMII< [ AoS5edoll + > T 1ARSEPrra—rAitsll - 1AS] dill - [|Ro—ll. - (36)
=1 k=0

Ucnons3ys coiictBo crmazkupanud (18) u coiicro annpokcumarmu (10), 3amucantoe
¢ yaérom (28) B Bune ||d| < CallA)]|™!, nomyanm

[ 2
HAlSlyldl” < ||AlSlylH ||dl|| < CaCy 7T_V’ l:0a172a"'aL+71' (37)
l

Hasnee, npunumMas Bo BuuManue (23), HETPYJHO LOJLYYUTH OLEHKY

v _ e A 2
HAkSkktpk-H—’kAkilH < C[|ARSpH A, 1” < ch\/ . (38)

Torma onenka (36) ¢ yaérom (37) u (38) npuanmaer Buz (35). O
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HamomuanM, 9T0 BCe OIEHKU TOJYYEHBI B TMPEIIIOJI0KEHUN, IYTO HA YPOBHE, COCTOS-
MeM U3 CAMBIX TPYOLIX ceToK | = L1, ceTounnle ypaBHeHns perneHsl TOYHO. Bomonngs
JIOCTATOYHOE KOJMYECTBO CIJIAYKUBAIOIINX UTEPAIUi Ha KaxK/IO0M YPOBHE, MOKHO O-
GUTHCS CXOMMOCTH MHOTOCETOYHBIX nrepanuii (||M| — 0 mpu v, — 00), npuuém
KOJIMYECTBO MHOTOCETOYHBIX MTEPAIAN HE 3aBUCHAT OT BEJUYUHBI AT CAMOU MeKOH
CEeTKH.

BakabIM 9acTHBIM CIyYaeM FBJISETCS BBITOJIHEHUE OJUHAKOBOTO KOJTMYECTBA, CTJIa-
JKMBAIONINX UTepanuii Ha KaxkaoM yposre: vy = v, | =0,1,2,..., LT —1. Torna onenka
(35) mpuHEMaeT BuJ

Lt—1 I+1

2 2
M < w - w w ! -
1Ml < CaCup| =+ CaCuCr Y (CCw)' (4] —

=1

ITockoabKyY mpH IOCTATOYHO OOJBIMUX ¥

+1 1— ch -
2 2 U
Y (o) /=] =CC,— <

% T 2
=1 1—CCyy| —

in%
< ch%% = CCw\( %ﬁ7
v T —
1—ccu,,/—y w w
i

ouenka (35) B cayuae v, = v = const BBINIGAUT CJEAYIOMIUM 00pa3oM:

[[M|| < CaCly

2 2 )
(1 CC,Cr ) (39)

R Jr R
sz V2 — CCly

OTKyJa HETPYAHO BUIETH, 9TO CKOPOCTH cxomumocTu ¥ MT mHe 3aBUCHT OT BETHMIWHDI
mara CeTKH.

Caneayer 3amMeruTh, 4TO U3 OHEHKHU (35) MOXKHO 1OJy4uTh GOsiee rpyGyIO OLEHKY
Buza (39) B IPEANONOKEHUH, YTO V] = U = mlin V.

3. BroruucauTEIbLHBIN IKCIIEPUMEHT

B kadecTre nmoctpanuu BeinosiHeHO cpapHenue Y MT u V-1ukia Ha mpumepe pe-
NIeHWs MEPBOA KPaeBoil 3aJa4u /sl AByXMEpPHOro ypapHenus Ilyaccoma Au = —f
¢ rounbM pemenneM Q(z) Q(y), rae Q(€) = 10(e* + (1 —e)¢ — 1), £ = (z,y). na
Pa3HOCTHOTrO MPEICTABIEHNs OnepaTopa Jlamrmaca nCnoap30BaHa CTAaHAAPTHAS TIATHTO-
YeuHast anmpoOKCHMAanus. Pe3yapTaThl BBIYHCIATEILHOTO 3KCIIEPAMEHTA TTOKA3AHBI HA
puc. 2, rae R = |[Au(? — b||,, — HOpMa BeKTOpa HEBAZKM Ha CaMOil MEJKOil ceTKe |

E@ = max |u§?) — Q(z;) Q(y;)| — IOTPEIIHOCTD UCICHHOTO PEIIeHHs.
ij

PesynbraTsl BBIYUCINTENHHOTO 3KCIEpuMeHTa MnokasdwBaioT, uro ¥ MT obaamaer
IJIaBHBIM CBOIICTBOM MHOTOCETOYHBIX METOJO0B, & MMEHHO HE3aBUCHUMOCTBIO KOJHUYIe-
CTBA MHOTOCETOYHBIX WUTEPAINi OT BEIWYMHBI IIara camoil Mesakoi cerku. M3 pmc. 2
BUJIHO, UTO HET 3aMETHON DPa3HUIILI MEXKIY CXOAUMOCTHIO mrepanuit V-tmkaa u Y MT.
IIpu wmcnonb3oBaruy V-1IMKJIa BBITOTHEHO TPU CIVIAYKUBAIONINE WTEPAIUN TIPU TIPE/I-
BapHUTEILHOM W TIOCTEAYIONIEM CTJIayKUBAHWHU, a NMpu wucrnonab3opanuu YMT — mecth
CIJIAZKUBAIOIIAX UTEPAIIUIA.
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10*2

»‘01»1
—o— V-nuki, 128x128

—e—— V-nuki, 1024x1024
—o— VYMT, 128x128
—=— VMT, 1024x1024

—o— V-mukr, 128x128
—e— V-, 1024x1024
—o— VYMT, 128x128

VYMT, 1024x1024

10"

HOpMa BEKTOpa HEBA3KHU 12(qJ
TOrPENIHOCTE YUCIICHHOTO PEIICHUA E<q'

107" \ \ \ \ \ 1077 \ \ \ \ \
0 2 4 6 8 10 0 2 4 6 8 10
HOMEp MHOTOCETOTHOH iTeparnn (g ) HOMEP MHOTOCETOMHOI HTeparnn (¢ )

Puc. 2. Cxogumocts V-tiukna u ¥YMT npu pemenun ypasuenus Ilyaccona

O1HaKO, HECMOTPS HA CXOJICTBO B XapaKTepe CXOAUMOCTH MHOIOCETOYHBIX UTePaLnii
V-mukna u YMT, ectb pasuuma B 00bEMe BBIUUCIUTENBHOM paboThl. [lycTs BhITHCIN-
TembHas cetka cocrout m3 (28 4+ 1) yznos, rae d = 2,3. Torma, He mpuHEMas BO
BHUMAHWE BBLIYUCJICHUST, HEOOXOIUMBIE JIJIs PEAJIUBAIINN ONEPATOPOB MEPEXOIOB, TOJIY-
YUM, YTO yBeJMYEHNE BPEMEHHU CUYETa COCTABUT

Mg +1)] 24 -1
- Ig 3 24 +1

24 1
[063 Tt

rie KBaIpATHBIE CKOOKM O3HAYAIOT MEIYI YacTh. B UACTHOCTH, TPU PEIeHUN JINHET -
HBIX JIBYyXMEPHBIX KpaeBblx 3a1ad (d = 2) na cerke 10252 (k = 10) un TpéxmMepHbIX
sanau (d = 3) na cerke 129% (k = 7) MOMKHO 0XKMJATH, YTO BPEMsl CUETA YBEJIUUUT-
ca B 3.6 u 3.1 pa3a COOTBETCTBEHHO. YBEIWYEHHUE BHIYUCIAUTETbHBIX ycumauit B Y MT
MO CPABHEHMIO ¢ KIACCHIECKMMU MHOTOCETOYHBIMU METOMAaMU BBI3BAHO MPUMEHEHHEM
MPOOIeMHO-HE3ABUCUMBIX OMEpaTopoB mepexonoB. Iloacuér obbema BBIYUCIUTETHLHON
pabOTHI MOKA3BIBAET, UTO BBHIUUCIUTETHHAS CTOMMOCTH MHOTOCETOUHON nreparun ¥ MT
coctaButr alN lg N apudmerndecknux omeparnii, e N — 9HCIO HEM3BECTHBIX, & ( —
HEKOTOpAasi KOHCTAHTA.

3akJiloueHne

BrimoHeHHbIN aHATN3 CXOIMMOCTH YHUBEPCATHHON MHOTOCETOTHON TEXHOIOTHH TTO-
KazaJl, 9TO KOJUIECTBO MHOTOCETOUHBIX UTEpAIIUi He 3aBUCUT OT BEJIMYUHBI 1I1ara caMom
Mesikoii cerku. OaHaKO 00bEM BBIYMCIMTENBHON PabOThI, HEOOXOAMMOMN JJisi BBIIIOJIHE-
HASA KayKI0H MHOTOCETOYHOH MTepAIlnu, BHINIE aHAJOTMIHOTO 00DbEMA B KITACCUIECKUX
MHOTOCETOYHBIX METOJAX W3-3a HAJIUIHUA MPOOJIEMHO-HE3ABUCHMBIX OITEPATOPOB MTEPEX0-
JIOB.

Ananus cxogumoctu YMT He aBJIAETCS TOJHBIM, TTOCKOJIBKY He JTOKA3aHO CBOHCTBO
ANMPOKCUMAIINY W3-3a 00Jiee CJIOXKHOMN, M0 CPABHEHHUIO C KJIACCUYECKUMY MHOTOCETOY-
HBIMH METOJAMH, IMOCTAHOBKY IPAHNUYHBIX YCJIOBHUI HA TPYOBIX CETKAX.

Amrop BBIpakaer mpusHATETHHOCTH Tpodeccopy M.II. Tananuny (MucTHTYT MpU-
kaannoit maremaruku uM. M.B. Kennpima PAH) 3a noagep:xkKy ucciaeoBanuii u Kpu-
TUYECKOe 0DCYK/IEHUE MOy YeHHBIX PE3YIbTATOB.

Pa6ora Bbinosnnena npu dbunancosoii noguepxkke POOIU (upoexr Ne 12-01-00109).
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Summary

S.I. Martynenko. On the Proving of Convergence of Multigrid Methods.

The paper deals with some problems concerning the proving of convergence of multigrid

methods. Special attention is paid to the robust multigrid technique as a variant of geometric
multigrid methods with problem-independent transfer operators. The matrix of multigrid
iterations is obtained; its norm is estimated. A mesh-independent convergence rate is proved,
and a comparison with the classical multigrid methods is performed.

Key words: geometric multigrid method, robust multigrid technique, convergence.
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