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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî âêëþ-
÷åíèÿ äðîáíîãî ïîðÿäêà ñ îáùèì íà÷àëüíûì óñëîâèåì, âûðàæåííûì â âèäå îïåðàòîðíîãî
âêëþ÷åíèÿ, â áàíàõîâîì ïðîñòðàíñòâå. Â íà÷àëå ñòàòüè ïðèâîäèòñÿ ââåäåíèå, â êîòîðîì îáîñ-
íîâûâàåòñÿ àêòóàëüíîñòü èññëåäîâàíèÿ, çàòåì ïðèâîäÿòñÿ ïðåäâàðèòåëüíûå ñâåäåíèÿ èç äðîá-
íîãî àíàëèçà, òåîðèè ìåð íåêîìïàêòíîñòè è óïëîòíÿþùèõ îòîáðàæåíèé, à òàê æå íåêîòîðûå
ñâåäåíèÿ èç ìíîãîçíà÷íîãî àíàëèçà. Âî âòîðîì ïóíêòå ïðèâîäèòñÿ ïîñòàíîâêà çàäà÷è è åå
ðåøåíèå íà îñíîâå òåîðèè óïëîòíÿþùèõ ìíîãîçíà÷íûõ îòîáðàæåíèé. Â ïîñëåäíåì ïóíêòå
ïðèâîäèòñÿ ïðèìåð ÷àñòíîãî ñëó÷àÿ ðåøåííîé çàäà÷è â ñëó÷àå àíòèïåðèîäè÷åñêîãî êðàåâîãî
óñëîâèÿ.
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1. Ââåäåíèå

Òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé äðîáíîãî ïîðÿäêà áåðåò ñâîå íà÷àëî îò èäåé Ëåéá-
íèöà è Ýéëåðà, íî ëèøü â ïîñëåäíåå âðåìÿ èíòåðåñ ê ýòîé òåìàòèêå çíà÷èòåëüíî óñèëèëñÿ
áëàãîäàðÿ ïðèëîæåíèÿì â ðàçëè÷íûõ ðàçäåëàõ ïðèêëàäíîé ìàòåìàòèêè, ôèçèêè, èíæåíå-
ðèè, áèîëîãèè, ýêîíîìèêè è äð. (íàïðèìåð, [1]�[11] è äð.).
Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåì ïîëóëèíåéíûå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå

âêëþ÷åíèÿ äðîáíîãî ïîðÿäêà ñ îáùèì íà÷àëüíûì óñëîâèåì â áàíàõîâîì ïðîñòðàíñòâå. Ïðè-
ìåíÿÿ òåîðèþ òîïîëîãè÷åñêîé ñòåïåíè óïëîòíÿþùèõ ìíîãîçíà÷íûõ îòîáðàæåíèé [12], äî-
êàçûâàåì (òåîðåìà 2.1) ñóùåñòâîâàíèå ðåøåíèÿ è êîìïàêòíîñòü ìíîæåñòâà ðåøåíèé êðàå-
âîé çàäà÷è äëÿ ïîëóëèíåéíûõ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ âêëþ÷åíèé óêàçàííîãî
êëàññà.

Ïîñòóïèëà â ðåäàêöèþ 02.08.2018, ïîñëå äîðàáîòêè 02.08.2018. Ïðèíÿòà ê ïóáëèêàöèè 19.12.2018

Ðàáîòà âòîðîãî àâòîðà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè
Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ ïðîåêòíîé ÷àñòè ãîñóäàðñòâåííîé êâîòû, ïðîåêò �1.3464.2017/4.6,
è ÐÔÔÈ â ðàìêàõ ïðîåêòîâ �19-31-60011 è �17-51-52022 ÌÍÒ_à.

Ðàáîòà ïåðâîãî àâòîðà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè
Ðîññèéñêîé Ôåäåðàöèè, ïðîåêò 14.Z50.31.0037.
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1.1. Äðîáíûé èíòåãðàë è äðîáíàÿ ïðîèçâîäíàÿ.

Îïðåäåëåíèå 1.1 (íàïðèìåð [5], [6]). Äðîáíûì èíòåãðàëîì ïîðÿäêà α ∈ (0, 1) îò ôóíêöèè
g ∈ L1([0, T ];E) íàçûâàåòñÿ ôóíêöèÿ

Iα0 g(t) =
1

Γ(α)

∫ t

0
(t− s)α−1g(s) ds,

ãäå Γ � ãàììà-ôóíêöèÿ Ýéëåðà,

Γ(α) =

∫ ∞
0

xα−1e−xdx.

Îïðåäåëåíèå 1.2. Äðîáíîé ïðîèçâîäíîé Êàïóòî ïîðÿäêà α ∈ (N − 1, N ] îò ôóíêöèè
g ∈ CN ([0, T ];E) íàçûâàåòñÿ ôóíêöèÿ

Dα
0 g(t) =

1

Γ(N − α)

∫ t

0
(t− s)N−α−1g(N)(s) ds.

1.2.Ìíîãîçíà÷íûå îòîáðàæåíèÿ. Ïóñòü E � áàíàõîâî ïðîñòðàíñòâî. Ââåäåì ñëåäóþùèå
îáîçíà÷åíèÿ:
P (E) = {A ⊆ E : A 6= ∅} � ìíîæåñòâî âñåõ íåïóñòûõ ïîäìíîæåñòâ E ,
Pv(E) = {A ∈ P (E) : A âûïóêëî},
K(E) = {A ∈ P (E) : A êîìïàêòíî},
Kv(E) = {Pv(E) ∩K(E)} � ìíîæåñòâî âñåõ íåïóñòûõ êîìïàêòíûõ è âûïóêëûõ ïîäìíî-

æåñòâ E .

Îïðåäåëåíèå 1.3 (íàïðèìåð [13]). Ïóñòü Pb(E) � ñîâîêóïíîñòü âñåõ íåïóñòûõ çàìêíóòûõ
îãðàíè÷åííûõ ïîäìíîæåñòâ E . Äëÿ A,B ∈ Pb(E) ôóíêöèÿ H : Pb(E)× Pb(E)→ R ∪ {∞},

H(A,B) = inf {ε |A ⊂ Uε(B), B ⊂ Uε(A)} ,
ãäå Uε � ε-îêðåñòíîñòü ìíîæåñòâà, íàçûâàåòñÿ ìåòðèêîé Õàóñäîðôà.

Îïðåäåëåíèå 1.4 (íàïðèìåð, [12], [14]). Ïóñòü (A,≥) � íåêîòîðîå ÷àñòè÷íî óïîðÿäî÷åííîå
ìíîæåñòâî. Ôóíêöèÿ β : P (E)→ A íàçûâàåòñÿ ìåðîé íåêîìïàêòíîñòè (ÌÍÊ) â E , åñëè äëÿ
ëþáîãî Ω ∈ P (E) âûïîëíÿåòñÿ

β(co Ω) = β(Ω),

ãäå co Ω îáîçíà÷àåò çàìûêàíèå âûïóêëîé îáîëî÷êè Ω.

Ìåðà íåêîìïàêòíîñòè β íàçûâàåòñÿ
1) ìîíîòîííîé, åñëè äëÿ ëþáûõ Ω0,Ω1 ∈ P (E), Ω0 ⊆ Ω1 ñëåäóåò, ÷òî β(Ω0) ≤ β(Ω1);
2) íåñèíãóëÿðíîé, åñëè äëÿ ëþáîãî a ∈ E è ëþáîãî Ω ∈ P (E) âûïîëíåíî β({a}∪Ω) = β(Ω).
Åñëè A � êîíóñ â áàíàõîâîì ïðîñòðàíñòâå, òî β íàçûâàåòñÿ
3) ïðàâèëüíîé, åñëè äëÿ ëþáîãî îòíîñèòåëüíî êîìïàêòíîãî ìíîæåñòâà Ω∈P (E) β(Ω)=0;
4) âåùåñòâåííîé, åñëè A � ìíîæåñòâî âåùåñòâåííûõ ÷èñåë R ñ åñòåñòâåííûì óïîðÿäî-

÷åíèåì.
Ïðèìåðîì âåùåñòâåííîé ìåðû íåêîìïàêòíîñòè, îáëàäàþùåé âñåìè âûøå ïåðå÷èñëåííû-

ìè ñâîéñòâàìè, ÿâëÿåòñÿ ìåðà íåêîìïàêòíîñòè Õàóñäîðôà

χ(Ω) = inf{ε > 0, ïðè êîòîðûõ Ω èìååò êîíå÷íóþ ε-ñåòü â E}.

Îïðåäåëåíèå 1.5 (íàïðèìåð, [12], [13]). Ïóñòü X � ìåòðè÷åñêîå ïðîñòðàíñòâî. Ìíîãî-
çíà÷íîå îòîáðàæåíèå (ìóëüòèîòîáðàæåíèå) F : X → P (E) íàçûâàåòñÿ
(i) ïîëóíåïðåðûâíûì ñâåðõó, åñëè F−1(V ) = {x ∈ X : F(x) ⊂ V } � îòêðûòîå ïîäìíîæå-

ñòâî X äëÿ ëþáîãî îòêðûòîãî ìíîæåñòâà V ⊂ E ,
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(ii) çàìêíóòûì, åñëè ãðàôèê ΓF = {(x, y) : y ∈ F(x)} � çàìêíóòîå ïîäìíîæåñòâî X ×E ,
(iii) êîìïàêòíûì, åñëè F(X) � îòíîñèòåëüíî êîìïàêòíî â E ,
(iv) êâàçèêîìïàêòíûì, åñëè ñóæåíèå íà ëþáîå êîìïàêòíîå ïîäìíîæåñòâî A ⊂ X êîì-

ïàêòíî.

Â äàëüíåéøåì íàì ïîíàäîáèòñÿ

Ëåììà 1.1 ([12]). Ïóñòü X è Y � ìåòðè÷åñêèå ïðîñòðàíñòâà è F : X → K(Y ) � çà-

ìêíóòîå êâàçèêîìïàêòíîå ìóëüòèîòîáðàæåíèå, òîãäà F ïîëóíåïðåðûâíî ñâåðõó.

Îïðåäåëåíèå 1.6 (íàïðèìåð, [12], [14]). Ìóëüòèîòîáðàæåíèå F : X ⊆ E → K(E) íàçûâàåò-
ñÿ óïëîòíÿþùèì îòíîñèòåëüíî ÌÍÊ β (β-óïëîòíÿþùèì), åñëè äëÿ ëþáîãî îãðàíè÷åííîãî
ìíîæåñòâà Ω ⊆ X, íå ÿâëÿþùåãîñÿ îòíîñèòåëüíî êîìïàêòíûì, âûïîëíåíî

β(F (Ω)) 6≥ β(Ω).

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû î íåïîäâèæíîé òî÷êå äëÿ óïëîòíÿþùèõ ìóëüòèîòîá-
ðàæåíèé (íàïðèìåð, [12], [15], [16]).

Tåîðåìà 1.1. Ïóñòü M � âûïóêëîå çàìêíóòîå ïîäìíîæåñòâî E è F : M → Kv(M)
� β-óïëîòíÿþùåå ìóëüòèîòîáðàæåíèå, ãäå β � íåñèíãóëÿðíàÿ ìåðà íåêîìïàêòíîñòè

â E. Òîãäà ìíîæåñòâî íåïîäâèæíûõ òî÷åê F : FixF := {x : x ∈ F(x)} � íåïóñòîå

ìíîæåñòâî.

Tåîðåìà 1.2. Ïóñòü X � çàìêíóòîå ïîäìíîæåñòâî áàíàõîâà ïðîñòðàíñòâà E, β � ìî-

íîòîííàÿ ìåðà íåêîìïàêòíîñòè â E è F : X → K(E) � çàìêíóòûé ìóëüòèîïåðàòîð,

êîòîðûé ÿâëÿåòñÿ β-óïëîòíÿþùèì íà êàæäîì îãðàíè÷åííîì ìíîæåñòâå. Åñëè ìíîæå-

ñòâî íåïîäâèæíûõ òî÷åê F : FixF := {x : x ∈ F(x)} îãðàíè÷åíî, òî îíî êîìïàêòíî.

1.3. Èçìåðèìûå ìóëüòèôóíêöèè. Íàïîìíèì íåêîòîðûå ïîíÿòèÿ (íàïðèìåð, [12], [13]).
Ïóñòü E � áàíàõîâî ïðîñòðàíñòâî.

Îïðåäåëåíèå 1.7. Ìóëüòèôóíêöèÿ G : [0, T ]→ K(E) äëÿ p ≥ 1 íàçûâàåòñÿ
◦Lp-èíòåãðèðóåìîé, åñëè îíà äîïóñêàåò Lp-èíòåãðèðóåìîå ñå÷åíèå ïî Áîõíåðó, ò. å. ñó-

ùåñòâóåò ôóíêöèÿ g ∈ Lp ([0, T ];E) òàêàÿ, ÷òî g(t) ∈ G(t) äëÿ ï. â. t ∈ [0, T ];
◦Lp-èíòåãðàëüíî îãðàíè÷åíîé, åñëè ñóùåñòâóåò ôóíêöèÿ ξ ∈ Lp([0, T ]) òàêàÿ, ÷òî

‖G(t)‖ := sup {‖g‖E : g(t) ∈ G(t)} ≤ ξ(t)

äëÿ ï. â. t ∈ [0, T ].

Ìíîæåñòâî âñåõ Lp-èíòåãðèðóåìûõ ñå÷åíèé ìóëüòèôóíêöèè G : [0, T ]→ K(E) îáîçíà÷à-
åòñÿ SpG.

Îïðåäåëåíèå 1.8. Ìóëüòèôóíêöèÿ G íàçûâàåòñÿ èçìåðèìîé, åñëè G−1(V ) èçìåðèìî (îò-
íîñèòåëüíî ìåðû Ëåáåãà íà îòðåçêå [0, T ]) äëÿ ëþáîãî îòêðûòîãî ïîäìíîæåñòâà V ⊂ E.
Ìóëüòèôóíêöèÿ G íàçûâàåòñÿ ñèëüíî èçìåðèìîé, åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ñòó-
ïåí÷àòûõ ìóëüòèôóíêöèé Gn : [0, T ]→ K(E) òàêàÿ, ÷òî

lim
n→∞

H(Gn(t), G(t)) = 0

äëÿ ï. â. t ∈ [0, T ], ãäå H � õàóñäîðôîâà ìåòðèêà â K(E).

Îòìåòèì, ÷òî â ñëó÷àå ñåïàðàáåëüíîãî ïðîñòðàíñòâà E ïîíÿòèÿ èçìåðèìîé è ñèëüíî èçìå-
ðèìîé ìóëüòèôóíêöèè ñîâïàäàþò. Åñëè G ñèëüíî èçìåðèìà è Lp-èíòåãðàëüíî îãðàíè÷åíà,
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òî îíà Lp-èíòåãðèðóåìà. Äëÿ Lp-èíòåãðèðóåìîé ìóëüòèôóíêöèèG îïðåäåëåí ìíîãîçíà÷íûé
èíòåãðàë ∫ t

0
G(s)ds :=

{∫ t

0
g(s)ds : g ∈ SpG

}
äëÿ ëþáîãî t ∈ [0, T ].

Ëåììà 1.2 ([12], òåîðåìà 4.2.3). Ïóñòü E � ñåïàðàáåëüíîå áàíàõîâî ïðîñòðàíñòâî. Ïóñòü

G : [0, T ] → P (E) � Lp-èíòåãðèðóåìàÿ è Lp-èíòåãðàëüíî îãðàíè÷åííàÿ ìóëüòèôóíêöèÿ

òàêàÿ, ÷òî χ(G(t)) ≤ q(t) äëÿ ï. â. t ∈ [0, T ], ãäå q ∈ Lp+([0, T ]). Òîãäà

χ

(∫ t

0
G(s)ds

)
≤
∫ t

0
q(s)ds

äëÿ âñåõ t ∈ [0, T ]. Â ÷àñòíîñòè, åñëè ìóëüòèôóíêöèÿ G : [0, T ] → K(E) èçìåðèìà è

Lp-èíòåãðàëüíî îãðàíè÷åíà, òî ôóíêöèÿ χ(G(·)) èíòåãðèðóåìà, ïðè÷åì

χ

(∫ t

0
G(s)ds

)
≤
∫ t

0
χ(G(s))ds

äëÿ âñåõ t ∈ [0, T ].

Ëåììà 1.3 ([12], òåîðåìà 4.2.1). Ïóñòü ïîñëåäîâàòåëüíîñòü ôóíêöèé {ξn} ⊂ L1([0, a];E)
äëÿ âñåõ n = 1, 2, . . . è ï. â. t ∈ [0, T ] ÿâëÿåòñÿ L1-èíòåãðàëüíî îãðàíè÷åííîé. Ïðåäïîëî-

æèì, ÷òî

χ({ξn(t)}) ≤ α(t)

äëÿ ï. â. t ∈ [0, a], ãäå α ∈ L1
+([0, a]). Òîãäà äëÿ ëþáîãî δ > 0 ñóùåñòâóåò êîìïàêòíîå ìíî-

æåñòâî Kδ ⊂ E è ìíîæåñòâî mδ ⊂ [0, a] ñ ëåáåãîâîé ìåðîé mδ < δ, à òàêæå ìíîæåñòâî

ôóíêöèé Gδ ⊂ L1([0, a];E) ñî çíà÷åíèÿìè â Kδ òàêèå, ÷òî äëÿ êàæäîãî n ≥ 1 ñóùåñòâóåò
ôóíêöèÿ bn ∈ Gδ, äëÿ êîòîðîé

‖ξn(t)− bn(t)‖E ≤ 2α(t) + δ, t ∈ [0, a] \mδ.

Áîëåå òîãî, ïîñëåäîâàòåëüíîñòü {bn} ìîæåò áûòü âûáðàíà òàê, ÷òî bn ≡ 0 íà mδ è ýòà

ïîñëåäîâàòåëüíîñòü ñëàáî êîìïàêòíà.

2. Òåîðåìà ñóùåñòâîâàíèÿ

Ïóñòü E � ñåïàðàáåëüíîå áàíàõîâî ïðîñòðàíñòâî. Äëÿ a, h > 0 îáîçíà÷èì

D = C([−h, a];E), C = C([−h, 0];E).

Äëÿ x ∈ D îïðåäåëåíà ôóíêöèÿ xt ∈ C, xt(θ) = x(t+ θ), θ ∈ [−h, 0].
Ðàññìîòðèì îáùóþ êðàåâóþ çàäà÷ó äëÿ ïîëóëèíåéíîãî ôóíêöèîíàëüíî-äèôôåðåíöèàëü-

íîãî âêëþ÷åíèÿ äðîáíîãî ïîðÿäêà

Dqx(t) ∈ Ax(t) + F (t, xt), t ∈ [0, a], (1)

Qx ∈ Sx, (2)

ãäå q ∈ (0, 1) ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ:
(A) A : D(A) ⊂ E → E � ëèíåéíûé çàìêíóòûé îïåðàòîð â E, ïîðîæäàþùèé îãðàíè÷åí-

íóþ C0 ïîëóãðóïïó {T (t)}t≥0, îáîçíà÷èì M = sup ‖{T (t)}‖ , t ≥ 0.

Äëÿ ìóëüòèîïåðàòîðà F : [0, a]× C → Kv(E) áóäåì ïðåäïîëàãàòü ñëåäóþùèå óñëîâèÿ:
(F1) äëÿ âñåõ x ∈ C ìóëüòèôóíêöèÿ F (·, x) : [0, a] −→ Kv (E) äîïóñêàåò ñèëüíî èçìåðèìîå

ñå÷åíèå;
(F2) äëÿ ï. â. t ∈ [0, a] ìóëüòèîòîáðàæåíèå F (t, ·) : C −→ Kv (E) ïîëóíåïðåðûâíî ñâåðõó;
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(F3) íàéäåòñÿ ôóíêöèÿ α ∈ L∞([0, a]) òàêàÿ, ÷òî

‖F (t, x)‖ ≤ α(t)(1 + ‖x‖C)

äëÿ ï. â. t ∈ [0, a], x ∈ C;
(F4) íàéäåòñÿ ôóíêöèÿ µ ∈ L∞([0, a]) òàêàÿ, ÷òî äëÿ ëþáîãî îãðàíè÷åííîãî ìíîæåñòâà

Ω ⊂ C âûïîëíÿåòñÿ
χ(F (t,Ω)) ≤ µ(t)ϕC(Ω)

äëÿ ï. â. t ∈ [0, a], ãäå χ� ìåðà íåêîìïàêòíîñòè Õàóñäîðôà â E, à ϕC(Ω) = sup
t∈[−h,0]

e−ptχ(Ω(t))

� ìîäóëü ïîñëîéíîé íåêîìïàêòíîñòè â C, ãäå êîíñòàíòà p áóäåò îïðåäåëåíà íèæå.
Äëÿ ðåøåíèÿ íàøåé çàäà÷è áóäåì èñïîëüçîâàòü ñóïåðïîçèöèîííûé ìóëüòèîïåðàòîð P∞F :

D → L∞([0, a];E):

P∞F (x) = {f ∈ L∞([0, a];E) : f(t) ∈ F (t, xt) äëÿ ï. â. t ∈ [0, a]} .

Äëÿ îïåðàòîðîâ èç ãðàíè÷íîãî óñëîâèÿ (2) ïðåäïîëàãàþòñÿ ñëåäóþùèå óñëîâèÿ:
(Q) Q : D → C � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð;
(S) ìóëüòèîòîáðàæåíèå S : D → Kv(C) ÿâëÿåòñÿ ïîëóíåïðåðûâíûì ñâåðõó è ïåðåâîäèò

îãðàíè÷åííûå ìíîæåñòâà â îòíîñèòåëüíî êîìïàêòíûå.

Îïðåäåëåíèå 2.1. Èíòåãðàëüíûì ðåøåíèåì çàäà÷è (1)�(2) íà ïðîìåæóòêå [−h, a] íàçûâà-
åòñÿ ôóíêöèÿ x ∈ D òàêàÿ, ÷òî Qx ∈ Sx,

x(t) = G(t)x(0) +

∫ t

0
(t− s)q−1T (t− s)f(s)ds, t ∈ [0, a],

ãäå

G(t) =

∫ ∞
0

ξq(θ)T (tqθ)dθ, T (t) = q

∫ ∞
0

θξq(θ)T (tqθ)dθ,

ξq(θ) =
1

q
θ
−1− 1

q Ψq(θ
−1/q),

Ψq(θ) =
1

π

∞∑
n=1

(−1)n−1θ−qn−1 Γ(nq + 1)

n!
sin(nπq), θ ∈ R+,

è f ∈ P∞F (x).

Çàìå÷àíèå 2.1.
∞∫
0

θξq (θ) dθ = 1
Γ(q+1) .

Ëåììà 2.1 ([17]). Îïåðàòîðû G(t) è T (t) îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:
1) äëÿ ëþáîãî t ∈ [0, a] G(t) è T (t) ÿâëÿþòñÿ ëèíåéíûìè îãðàíè÷åííûìè îïåðàòîðàìè,

áîëåå òîãî, ‖G(t)x‖E ≤M ‖x‖E, ‖T (t)x‖E ≤
qM

Γ(1+q) ‖x‖E ;

2) îïåðàòîðû G(t) è T (t) ñèëüíî íåïðåðûâíû äëÿ âñåõ t ∈ [0, a].

Îïðåäåëåíèå 2.2. Ëèíåéíûé îïåðàòîð G : L∞([0, a];E)→ D, îïðåäåëåííûé êàê

Gf(x) =

{∫ t
0 (t− s)q−1T (t− s)f(s)ds, t ∈ [0, a];

0, t ∈ [−h, 0],

íàçîâåì îïåðàòîðîì Êîøè.
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Ëåììà 2.2 ([17] , ëåììà 3.3). Îïåðàòîð G îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
(G1) åñëè 1

q < p <∞, òî ñóùåñòâóåò êîíñòàíòà C > 0 òàêàÿ,÷òî

‖G(ξ)(t)−G(η)(t)‖pE ≤ C
p

∫ t

0
‖ξ(s)− η(s)‖pE ds, ξ, η ∈ Lp([0, a]);

(G2) äëÿ êàæäîãî êîìïàêòíîãî ìíîæåñòâà K ⊂ E è îãðàíè÷åííîé ïîñëåäîâàòåëüíî-

ñòè {ηn} ⊂ L∞([0, a];E) òàêîé, ÷òî {ηn(t)} ⊂ K äëÿ ï. â. t ∈ [0, a], ìíîæåñòâî {G(ηn)}
îòíîñèòåëüíî êîìïàêòíî â ïðîñòðàíñòâå C([0, a];E).

×åðåç D0 îáîçíà÷èì ïîäïðîñòðàíñòâî D, ñîñòîÿùåå èç ôóíêöèé âèäà

x(t) = G(t)x(0), t ∈ [0, a],

è ïóñòü Q0 � ñóæåíèå Q íà D0.
Ïóñòü âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå:
(QS) ñóùåñòâóåò ëèíåéíûé îãðàíè÷åííûé îïåðàòîð Λ : C → D0 òàêîé, ÷òî

(I −Q0Λ)(y −QGf) = 0

äëÿ âñåõ x ∈ D, y ∈ S(x) è f ∈ P∞F (x).
Äëÿ òîãî, ÷òîáû ïðèâåñòè ïðèìåð âûïîëíåíèÿ äàííîãî óñëîâèÿ, ðàññìîòðèì ëèíåéíûé

îãðàíè÷åííûé îïåðàòîð r : C → D0, êîòîðûé îïðåäåëåí ñëåäóþùèì îáðàçîì:

(rc)(t) =

{
c(t), t ∈ [−h, 0];

G(t)c(0), t ∈ [0, a].

Ïðåäïîëîæèì, ÷òî

(Q̃) ëèíåéíûé îãðàíè÷åííûé îïåðàòîð Q̃ : C → C, îïðåäåëåííûé êàê Q̃c = Q((rc)|[0,a]),
ÿâëÿåòñÿ îáðàòèìûì.

Íåòðóäíî âèäåòü, ÷òî ïðè âûïîëíåíèè óñëîâèÿ (Q̃) îïåðàòîð Λ ìîæíî çàäàòü ÿâíûì

îáðàçîì Λc = r
[
Q̃−1(c)

]
. Â ïðåäïîëîæåíèè, ÷òî óñëîâèå (QS) âûïîëíåíî, ðàññìîòðèì ìíî-

ãîçíà÷íûé îïåðàòîð Γ : D → Kv(D):

Γ(x) = ΛS(x) + (I − ΛQ)GP∞F (x).

Ëåììà 2.3 ([17]). Ìóëüòèîòîáðàæåíèå G ÿâëÿåòñÿ ïîëóíåïðåðûâíûì ñâåðõó.

Â ñèëó óñëîâèé (Q) è (QS) è ëåììû 2.3. ñïðàâåäëèâà

Ëåììà 2.4. Ìóëüòèîòîáðàæåíèå Γ ÿâëÿåòñÿ ïîëóíåïðåðûâíûì ñâåðõó.

Îòìåòèì, ÷òî èç óñëîâèÿ (S) è ëåììû 2.3 âûòåêàåò, ÷òî ìóëüòèîïåðàòîð Γ äåéñòâèòåëü-
íî èìååò âûïóêëûå êîìïàêòíûå çíà÷åíèÿ è, êðîìå òîãî, ïîëóíåïðåðûâåí ñâåðõó. Íåòðóäíî
âèäåòü, ÷òî ìóëüòèîïåðàòîð Γ îãðàíè÷åí, ò. å. ïåðåâîäèò îãðàíè÷åííûå ìíîæåñòâà â îãðà-
íè÷åííûå.

Ëåììà 2.5. Êàæäàÿ íåïîäâèæíàÿ òî÷êà ìóëüòèîïåðàòîðà Γ èìååò âèä

x = Λ(y −QGf) +Gf (3)

è ÿâëÿåòñÿ èíòåãðàëüíûì ðåøåíèåì çàäà÷è (1)�(2). Åñëè äîïîëíèòåëüíî âûïîëíÿåòñÿ

óñëîâèå (Q̃), òî êàæäîå èíòåãðàëüíîå ðåøåíèå x çàäà÷è (1)�(2) ÿâëÿåòñÿ íåïîäâèæíîé

òî÷êîé ìóëüòèîïåðàòîðà Γ.
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Äîêàçàòåëüñòâî. Ïóñòü x ∈ Γ(x). Ýòî îçíà÷àåò, ÷òî ñóùåñòâóþò y ∈ S(x), f ∈ PF (x) òàêèå,
÷òî x = Λy + (I − ΛQ)Gf . Ïîñêîëüêó x ìîæíî òîãäà ïðåäñòàâèòü â âèäå

x = Λ(y −QGf) +Gf,

çàêëþ÷àåì, ÷òî x óäîâëåòâîðÿåò èíòåãðàëüíîìó óðàâíåíèþ èç îïðåäåëåíèÿ 2.1.
Ïðîâåðèì âûïîëíåíèå ãðàíè÷íîãî óñëîâèÿ. Èñïîëüçóÿ óñëîâèå (QS), ïîëó÷àåì

Qx = Q0Λy+Q(I−ΛQ)Gf=y−(y−Q0Λy)+QGf−Q0ΛQGf=y−(I−Q0Λ)(y−QGf) = y ∈ Sx.
Äîêàæåì òåïåðü îáðàòíîå óòâåðæäåíèå. Ïóñòü ôóíêöèÿ x ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé

ìóëüòèîïåðàòîðà Γ, òîãäà îíà óäîâëåòâîðÿåò ñîîòíîøåíèþ

x = r(x(0)) +G(f)

äëÿ f ∈ P∞F (x). Ñëåäîâàòåëüíî, Qx = Q̃(x(0)) +QG(f), îòñþäà ïîëó÷àåì

x(0) = Q̃−1
(
Qx−QG(f)

)
.

Òàê êàê r(x(0)) = Λ
(
Qx−QG(f)

)
, òî

x = Λ
(
Qx−QG(f)

)
+G(f) = ΛQx+ (I − ΛQ)G(f) ∈ Γ(x). �

Ïóñòü âûïîëíåíî ñëåäóþùåå óñëîâèå:
(H1) íàéäåòñÿ b ≥ 0 òàêîå, ÷òî äëÿ ëþáîãî îãðàíè÷åííîãî Ω ⊂ D èìååì

ϕC(Q(Ω)) ≤ bϕD(Ω).

Äëÿ äîêàçàòåëüñòâà òîãî ôàêòà, ÷òî ìóëüòèîòîáðàæåíèå Γ ÿâëÿåòñÿ óïëîòíÿþùèì, ââå-
äåì â ïðîñòðàíñòâå D âåêòîðíóþ ìåðó íåêîìïàêòíîñòè ν : P (D) → R2

+ ñî çíà÷åíèÿìè â
êîíóñå R2

+, îïðåäåëåííóþ êàê

νD(Ω) = max
D∈∆(Ω)

(ϕD(D),modC(D)) ,

ãäå ∆(Ω) � ñîâîêóïíîñòü âñåõ ñ÷åòíûõ ïîäìíîæåñòâ Ω,

ϕD(D) = sup
t∈[0,a]

e−ptχ(D(t)),

è êîíñòàíòà p > 0 âûáðàíà òàê, ÷òî äëÿ d > 0, óäîâëåòâîðÿþùåãî íåðàâåíñòâó

qM ‖µ‖∞ (1 + ‖Λ‖ b)
Γ(1 + q)

dq

q
<

1

4
, (4)

âûïîëíÿåòñÿ îöåíêà
qM ‖µ‖∞ (1 + ‖Λ‖ b)

Γ(1 + q)

1

pd1−q <
1

4
. (5)

Âòîðàÿ êîìïîíåíòà íàìè îïðåäåëåííîé ìåðû íåêîìïàêòíîñòè ν ñóòü ìîäóëü ðàâíîñòåïåííîé
íåïðåðûâíîñòè:

modC(D) = lim
δ→0

sup
u∈D

max
|t1−t2|≤δ

‖u(t1)− u(t2)‖.

Ëåììà 2.6. Ìóëüòèîïåðàòîð Γ ÿâëÿåòñÿ óïëîòíÿþùèì îòíîñèòåëüíî ìåðû íåêîìïàêò-

íîñòè ν.

Äîêàçàòåëüñòâî. Ïóñòü Ω ⊂ D � íåïóñòîå îãðàíè÷åííîå ìíîæåñòâî è

ν(Γ(Ω)) ≥ ν(Ω), (6)

ïîêàæåì, ÷òî Ω � îòíîñèòåëüíî êîìïàêòíîå ìíîæåñòâî.
Èç ñâîéñòâ (S) è (QS) ñëåäóåò, ÷òî íàì äîñòàòî÷íî äîêàçàòü òåîðåìó äëÿ ìóëüòèîòîáðà-

æåíèÿ (I − ΛQ)Gf .
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Ïóñòü ìàêñèìóì â íåðàâåíñòâå (6) äîñòèãàåòñÿ íà ñ÷åòíîì ìíîæåñòâå D′ = {yn}∞n=1,

yn(t) = (I − ΛQ)Gfn(t), fn ∈ P∞F (xn), n ≥ 1,

ãäå {xn}∞n=1 ⊂ Ω.
Èç íåðàâåñòâà (6) ñëåäóåò ϕD(Γ(Ω)) ≥ ϕD(Ω). Áëàãîäàðÿ óñëîâèþ (H1) èìååì

χ(ΛQGP∞F (Ω)(t)) ≤ ϕD(ΛQGP∞F (Ω)) ≤ ‖Λ‖ϕC(QGP∞F (Ω)) ≤
≤ ‖Λ‖ bϕD(GP∞F (Ω)) = ‖Λ‖ b sup

0≤t≤a
χ(GP∞F (Ω)(t)).

Äëÿ îöåíêè χ(GP∞F (Ω)(t)) çàìåòèì, ÷òî

ϕ({yn}∞n=1) ≥ ϕ({(xn)}∞n=1). (7)

Òåïåðü, ïðèìåíÿÿ óñëîâèå ðåãóëÿðíîñòè (F4), ïîëó÷èì

χ({fn(s)}∞n=1) ≤ µ(s) · ϕC({(xs)n}∞n=1) ≤
≤ epsµ(s) · sup

τ∈[0,s]
e−psχ({(x(s))n}∞n=1) ≤ epsµ(s)ϕD({xn}∞n=1).

Âîñïîëüçóåìñÿ ëåììîé 2.1 è ïîñëåäíèì íåðàâåíñòâîì:

e−ptχ((I − ΛQ)GP∞F (Ω)(t)) ≤ e−pt
qM ‖µ‖∞
Γ(1 + q)

∫ t

0
(t− s)q−1 epsϕD({xn}∞n=1)ds+

+ e−ptχ(ΛQGP∞F (Ω(t))) ≤ e−pt
qM ‖µ‖∞
Γ(1 + q)

∫ t

0
(t− s)q−1 epsϕD({xn}∞n=1)ds+

+ ‖Λ‖ be−pt
(
qM ‖µ‖∞
Γ(1 + q)

∫ t

0
(t− s)q−1 epsϕD({xn}∞n=1)ds

)
≤

≤
qM ‖µ‖∞ (1 + ‖Λ‖ b)

Γ(1 + q)
e−pt

∫ t

0
(t− s)q−1 epsϕD({xn}∞n=1)ds ≤

≤
qM ‖µ‖∞ (1 + ‖Λ‖ b)

Γ(1 + q)
ϕD({xn}∞n=1)×

×
(
e−pt

∫ t−d

0
(t− s)q−1 epsds+ e−pt

∫ t

t−d
(t− s)q−1 epsds

)
≤

≤
qM ‖µ‖∞ (1 + ‖Λ‖ b)

Γ(1 + q)
ϕD({xn}∞n=1)

(
e−pt

1

d1−q
ep(t−d) − 1

p
+
dq

q

)
≤

≤
qM ‖µ‖∞ (1 + ‖Λ‖ b)

Γ(1 + q)
ϕD({xn}∞n=1)

(
1

d1−q
e−pd

p
+
dq

q

)
≤

≤
qM ‖µ‖∞ (1 + ‖Λ‖ b)

Γ(1 + q)
ϕD({xn}∞n=1)

(
1

pd1−q +
dq

q

)
.

Òåïåðü, èñïîëüçóÿ íåðàâåíñòâà (4) è (5), äëÿ ïîñëåäíåé îöåíêè èìååì

sup
t∈[0,a]

({e−ptyn(t)}∞n=1) ≤ 1

2
ϕD({xn}∞n=1),

ϕD({yn}∞n=1) ≤ 1

2
ϕD({xn}∞n=1).
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Ó÷èòûâàÿ íåðàâåñòâî (7) âìåñòå ñ ïîñëåäíèì, ïîëó÷àåì

ϕD({xn}∞n=1) ≤ 1

2
ϕD({xn}∞n=1),

ïîýòîìó ϕD({xn}∞n=1) = 0, áîëåå òîãî, χ({xn(t)}∞n=1) = 0 äëÿ âñåõ t ∈ [0, a].
Â ñèëó óñëîâèé (Q) è (QS) è äîêàçàííîãî ôàêòà modC ({Gfn}∞n=1) = 0 ([17]) ñïðàâåäëèâî

ðàâåíñòâî

modC((I − ΛQ)Gf) = 0,

à çíà÷èò, ν(Ω) = (0, 0). Òîãäà çàêëþ÷àåì, ÷òî Ω � îòíîñèòåëüíî êîìïàêòíîå ìíîæåñòâî, à
ìóëüòèîïåðàòîð Γ ÿâëÿåòñÿ óïëîòíÿþùèì îòíîñèòåëüíî ìåðû íåêîìïàêòíîñòè ν. �

Tåîðåìà 2.1. Ïðè âûïîëíåíèè óñëîâèé (F1)�(F4), (Q), (QS), (Q̃), (H1) ìíîæåñòâî ðå-

øåíèé çàäà÷è (1)�(2) íà [−h, a] íåïóñòî è êîìïàêòíî.

Äîêàçàòåëüñòâî. Ââåäåì ýêâèâàëåíòíóþ íîðìó â ïðîñòðàíñòâå C([−h, a];E)

‖x‖∗ = max
t∈[−h,a]

e−pt ‖x(t)‖E ,

ãäå êîíñòàíòà p > 0 âûáðàíà òàê, ÷òî äëÿ d > 0 âûïîëíÿåòñÿ íåðàâåíñòâî

(1 + ‖Λ‖ ‖Q‖)
qM ‖α‖∞
Γ(1 + q)

(
1

pd1−q +
dq

q

)
≤ N < 1.

Â ïðîñòðàíñòâå C([−h, a];E) ñ íîðìîé ‖·‖∗ ðàññìîòðèì øàð

Br(0) = {x ∈ C([−h, a];E)| ‖x‖∗ ≤ r} ,

ãäå r > 0 âûáðàíî òàêèì, ÷òî

r ≥ max

{
ephK;

(
‖Λ‖K + (1 + ‖Λ‖ ‖Q‖)

qM ‖α‖∞
Γ(1 + q)

aq

q

)
(1−N)−1

}
,

ãäå êîíñòàíòà K = sup
y∈S(x)

‖y‖.

Çàìåòèì, ÷òî èç ïîñëåäíåãî íåðàâåíñòâà âûòåêàåò

‖Λ‖K + (1 + ‖Λ‖ ‖Q‖)
qM ‖α‖∞
Γ(1 + q)

aq

q
+Nr ≤ r.

Äîêàæåì, ÷òî ìóëüòèîïåðàòîð G ïðåîáðàçóåò øàð Br(0) â ñåáÿ. Ïóñòü x ∈ Br(0) è y ∈ Γ(x).
Äëÿ t ∈ [−h, 0] èìååì

e−pt ‖y(t)‖E ≤ e
−pt ‖S(x)‖ ≤ e−pt sup

y∈S(x)
‖y‖ = ephK,

òàêèì îáðàçîì, ‖y‖∗ ≤ r äëÿ t ∈ [−h, 0].
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Ïóñòü òåïåðü t ∈ [0, a]. Âîñïîëüçîâàâøèñü ëåììîé 2.1 è óñëîâèåì (F3), äëÿ âñåõ f ∈ P∞F (x)
ïîëó÷àåì

e−pt ‖y(t)‖E ≤ e
−pt ‖ΛS(x(t)) + (I − ΛQ)Gf(t)‖E ≤
≤ e−pt ‖Λ‖K + e−pt ‖Gf(t)‖E + e−pt ‖ΛQGf(t)‖E ≤

≤ e−pt ‖Λ‖K + e−pt
∫ t

0
(t− s)q−1 ‖T (t− s)‖ ‖f(s)‖E ds+

+ e−pt ‖Λ‖ ‖Q‖
∫ t

0
(t− s)q−1 ‖T (t− s)‖ ‖f(s)‖E ds ≤

≤ e−pt ‖Λ‖K +
e−ptqM ‖α‖∞

Γ(1 + q)

∫ t

0
(t− s)q−1(1 + ‖xs‖C([−h,0];E))ds+

+
e−ptqM ‖Λ‖ ‖Q‖ ‖α‖∞

Γ(1 + q)

∫ t

0
(t− s)q−1(1 + ‖xs‖C([−h,0];E))ds =

= e−pt ‖Λ‖K + (1 + ‖Λ‖ ‖Q‖)
e−ptqM ‖α‖∞

Γ(1 + q)

∫ t

0
(t− s)q−1(1 + max

−h≤θ≤0
‖x(s+ θ)‖E)ds ≤

≤ e−pt ‖Λ‖K + (1 + ‖Λ‖ ‖Q‖)
e−ptqM ‖α‖∞

Γ(1 + q)

(∫ t

0
(t− s)q−1ds+

+

∫ t

0
(t− s)q−1epse−ps max

−h≤s≤a
‖x(s)‖E ds

)
≤

≤ e−pt ‖Λ‖K + (1 + ‖Λ‖ ‖Q‖)
e−ptqM ‖α‖∞

Γ(1 + q)

aq

q
+

+ ‖x‖∗ (1 + ‖Λ‖ ‖Q‖)
qM ‖α‖∞
Γ(1 + q)

e−pt
∫ t

0
(t− s)q−1epsds ≤

≤ e−pt ‖Λ‖K + (1 + ‖Λ‖ ‖Q‖)
e−ptqM ‖α‖∞

Γ(1 + q)

aq

q
+

+ ‖x‖∗ (1 + ‖Λ‖ ‖Q‖)
qM ‖α‖∞
Γ(1 + q)

e−pt
(∫ t−d

0
(t− s)q−1epsds+

∫ t

t−d
(t− s)q−1epsds

)
≤

≤ ‖Λ‖K + (1 + ‖Λ‖ ‖Q‖)
qM ‖α‖∞
Γ(1 + q)

aq

q
+

+ ‖x‖∗ (1 + ‖Λ‖ ‖Q‖)
qM ‖α‖∞
Γ(1 + q)

(
e−pt

1

d1−q
ep(t−d) − 1

p
+
dq

q

)
≤

≤ ‖Λ‖K + (1 + ‖Λ‖ ‖Q‖)
qM ‖α‖∞
Γ(1 + q)

aq

q
+ ‖x‖∗ (1 + ‖Λ‖ ‖Q‖)

qM ‖α‖∞
Γ(1 + q)

(
1

pd1−q +
dq

q

)
≤

≤ ‖Λ‖K + (1 + ‖Λ‖ ‖Q‖)
qM ‖α‖∞
Γ(1 + q)

aq

q
+ ‖x‖∗N ≤ r.

Ñëåäîâàòåëüíî, äëÿ t ∈ [0, a] èìååì ‖y‖∗ ≤ r.
Èç ëåìì 2.4 è 2.5 íàì èçâåñòíî, ÷òî ìóëüòèîïåðàòîð Γ ïîëóíåïðåðûâåí ñâåðõó è ν-

óïëîòíÿþùèé. Òîãäà ñîãëàñíî òåîðåìå 1.1 ïîëó÷àåì, ÷òî ìíîæåñòâî Σ-ðåøåíèé çàäà÷è (1)�
(2) íåïóñòî.
Òåïåðü ìîæåì ïîêàçàòü, ÷òî ìíîæåñòâî Σ àïðèîðè îãðàíè÷åíî. Äåéñòâèòåëüíî, èç ïðè-

âåäåííûõ âûøå îöåíîê ñëåäóåò, ÷òî äëÿ x ∈ Σ è f ∈ P∞F (x) èìååì



Î ÊÐÀÅÂÎÉ ÇÀÄÀ×Å ÄËß ÔÓÍÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÂÊËÞ×ÅÍÈß 13

äëÿ t ∈ [−h, 0] ‖x‖∗ ≤ ephK;
äëÿ t ∈ [0, a]

‖x‖∗ ≤ ‖Λ‖K + (1 + ‖Λ‖ ‖Q‖) qM ‖α‖
Γ(1 + q)

aq

q
+ ‖x‖∗N,

â ñâîþ î÷åðåäü, èç ïîñëåäíåãî ïîëó÷àåòñÿ îöåíêà

‖x‖∗ ≤
(
‖Λ‖K + (1 + ‖Λ‖ ‖Q‖) qM ‖α‖

Γ(1 + q)

aq

q

)
(1−N)−1 .

Òàêèì îáðàçîì, äëÿ âñåõ t ∈ [−h, a] ñïðàâåäëèâî

‖x‖∗ ≤ max

{
ephK;

(
‖Λ‖K + (1 + ‖Λ‖ ‖Q‖) qM ‖α‖

Γ(1 + q)

aq

q

)
(1−N)−1

}
.

Âîñïîëüçîâàâøèñü óñëîâèåì (Q̃) è òåîðåìîé 1.2, ïîëó÷àåì, ÷òî ìíîæåñòâî Σ êîìïàêòíî.
�

3. Ïðèìåð

Ïðèâåäåì ÷àñòíûé ñëó÷àé çàäà÷è (1)�(2) äëÿ àíòèïåðèîäè÷åñêîãî êðàåâîãî óñëîâèÿ

x0 = −xa, (8)

êîòîðîå ìîæåò áûòü ïåðåïèñàíî â âèäå

Qx = 0,

ãäå Qx = x0 + xa, ïîëàãàÿ a > h.
Çàìåòèì, ÷òî â ýòîì ñëó÷àå óñëîâèå (H1) âûïîëíÿåòñÿ ñ êîíñòàíòîé b = 2. Äåéñòâèòåëüíî,

äëÿ ëþáîãî îãðàíè÷åííîãî ìíîæåñòâà Ω ⊂ D ñïðàâåäëèâû îöåíêè

ϕC(Q(Ω)) ≤ ϕD(Ω) + ϕD(Ω) ≤ 2ϕD(Ω).

Ïóñòü âûïîëíÿåòñÿ óñëîâèå:
(A1) ëèíåéíûé îïåðàòîð G(a) + I íåïðåðûâíî îáðàòèì.

Ïîêàæåì, ÷òî åñëè âûïîëíÿåòñÿ óñëîâèå (A1), òî ñïðàâåäëèâî óñëîâèå (Q̃). Äåéñòâèòåëü-

íî, äëÿ çàäàííîé ôóíêöèè c ∈ C íàéäåì ôóíêöèþ u ∈ C òàêóþ, ÷òî Q̃u = c. Òîãäà èìååì
(ru)a + u = c, îòêóäà

u(0) = (G(a) + I)−1c(0)

è äëÿ θ ∈ [−h, 0]

u(θ) = c(θ)− G(a+ θ)u(0) = c(θ)− G(a+ θ)(G(a) + I)−1c(0).

Ñëåäîâàòåëüíî, îïåðàòîð Q̃−1 ìîæåò áûòü ïðåäñòàâëåí â âèäå

(Q̃−1c)(θ) = c(θ)− G(a+ θ)(G(a) + I)−1c(0),

íî òîãäà îïåðàòîð Λ ìîæíî âûïèñàòü â ÿâíîì âèäå

(Λc)(t) =

{
G(t)(G(a) + I)−1c(0), t ∈ [0, a];

c(t)− G(a+ t)(G(a) + I)−1c(0), t ∈ [−h, 0].

Â äàííîì ñëó÷àå ìóëüòèîïåðàòîð Γ èìååò âèä

Γ(x) = (I − ΛQ)GPF (x).
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Äëÿ åãî çàäàíèÿ â ÿâíîì âèäå çàìåòèì, ÷òî äëÿ f ∈ PF (x) èìååì

(QGf)(θ) =

∫ a+θ

0
(a+ θ − s)q−1T (a+ θ − s)f(s)ds.

Òàêèì îáðàçîì, Γ(x) ñîñòîèò èç ôóíêöèé y ∈ D, êîòîðûå äëÿ f ∈ P∞F (x) ïðè t ∈ [−h, 0]
èìåþò âèä

y(t) = G(a+ t)(G(a) + I)−1

∫ a

0
(a− s)q−1T (a− s)f(s)ds−

∫ a+t

0
(a+ t− s)q−1T (a+ t− s)f(s)ds,

à ïðè t ∈ [0, a] � âèä

y(t) =

∫ t

0
(t− s)q−1T (t− s)f(s)ds− G(t)(G(a) + I)−1

∫ a

0
(a− s)q−1T (a− s)f(s)ds.

Èñïîëüçóÿ òåîðåìó 2.1, ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.

Tåîðåìà 3.1. Ïðè âûïîëíåíèè óñëîâèé (F1)�(F4), (Q), (QS), (A1) ìíîæåñòâî ðåøåíèé

çàäà÷è (1), (8) íà [−h, a] íåïóñòî è êîìïàêòíî.

Àíàëîãè÷íûì îáðàçîì â êà÷åñòâå ÷àñòíîãî ñëó÷àÿ çàäà÷è (1)�(2) ìîæíî ðàññìîòðåòü
ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó.
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On the boundary value problem for functional di�erential inclusion of fractional order

with common initial condition on a Banach space

Abstract. We consider the problem for a functional differential inclusion of fractional order with
a general initial condition expressed in the form of an operator inclusion in a Banach space. At
the beginning of the article, an introduction is presented in which the relevance of the study
is substantiated, then preliminary information from fractional analysis, the theory of measures of
noncompactness and condensing mappings, as well as some information from a multivalued analysis
are given. In the second subsection we state the problem and its solution on the basis of the theory
of condensing multivalued mappings. In the last subsection we give an example of a particular
case of the solved problem, in the case of an antiperiodic boundary condition.

Keywords: differential inclusion, the fractional derivative, measure of noncompactness, fixed point,
condensing multimap.

Maria Sergeevna Afanasova

Voronezh State University,

1 University Sq., Voronezh, 394006 Russia,

e-mail: marya.afanasowa@yandex.ru

Garik Gagikovich Petrosyan

Voronezh State University of Engineering Technologies,

19 Revolution Ave., Voronezh, 394036 Russia;

Voronezh State Pedagogical University,

86 Lenin str., Voronezh, 394043 Russia,

e-mail: garikpetrosyan@yandex.ru


