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ÓÄÊ 517.521Î ×ÀÑÒÈ×ÍÛÕ ÑÓÌÌÀÕ �ßÄÎÂ ÔÓ�ÜÅÔÓÍÊÖÈÉ Î��ÀÍÈ×ÅÍÍÎÉ ÂÀ�ÈÀÖÈÈË.Ä. �îãîëàäçå, Â.Ø. ÖàãàðåéøâèëèÀííîòàöèÿÁàíàõ [Sur la divergene des s�eries orthogonales // Studia Math. � 1940. � V. 9. � P. 139�155℄ äîêàçàë, ÷òî äëÿ ëþáîé �óíêöèè f ∈ L2(I) , I = [0, 1] (f(x) 6∼ 0) ñóùåñòâóåò îð-òîíîðìèðîâàííàÿ ñèñòåìà (ÎÍÑ) (ϕn(x)) òàêàÿ, ÷òî lim

n→∞

|SN (f, x)| = +∞ ïî÷òè âñþäóíà I , ãäå SN(f, x) � ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå �óíêöèè f(x) .Â íàñòîÿùåé ñòàòüå íàéäåíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå äëÿ òîãî, ÷òîáû ÷àñ-òè÷íûå ñóììû ëþáîé �óíêöèè ñ êîíå÷íûì èçìåíåíèåì áûëè ðàâíîìåðíî îãðàíè÷åíûíà I .Êëþ÷åâûå ñëîâà: îãðàíè÷åííàÿ âàðèàöèÿ, ÷àñòè÷íûå ñóììû, ïîäñèñòåìà.Êàê îáû÷íî, ÷åðåç V (I) , I = [0, 1] , îáîçíà÷àåòñÿ ïðîñòðàíñòâî �óíêöèé ñ êî-íå÷íûì èçìåíåíèåì ñ íîðìîé
‖f‖V =

1∫

0

|f ′(x)| dx + |f(0)|.Ïóñòü f ∈ L(I) è
∞∑

n=1

ϕ̂n(f)ϕn(x) (1)ÿâëÿåòñÿ ðÿäîì Ôóðüå äëÿ f ïî ÎÍÑ (ϕn(x)) , ϕ̂n(f) =

1∫

0

f(x)ϕn(x) dx � êîý��è-öèåíòû Ôóðüå, SN (f, x) =

N∑

n=1

ϕ̂n(f)ϕn(x) åñòü ÷àñòíàÿ ñóììà ðÿäà (1).Ïóñòü äàëåå DN (t, x) =
∑N

n=1 ϕn(t)ϕn(x) � ÿäðî Äèðèõëå. Ïîëîæèì
BN (x) = max

1≤i≤N

∣∣∣∣

i/N∫

0

DN (t, x) dt

∣∣∣∣. (2)Îïðåäåëåíèå 1. Ñêàæåì, ÷òî ÎÍÑ Φ îáëàäàåò ñâîéñòâîì A , åñëè ñóùåñòâóåòòàêàÿ ïîëîæèòåëüíàÿ êîíñòàíòà C(Φ) , çàâèñÿùàÿ ëèøü îò ñèñòåìû Φ , ÷òî
sup
x∈I

N−1
N∑

n=1

ϕ2
n(x) ≤ C(Φ). (3)



122 Ë.Ä. �Î�ÎËÀÄÇÅ, Â.Ø. ÖÀ�À�ÅÉØÂÈËÈËåììà 1. Ïóñòü f , g è fg ∈ L(I) è f ïðèíèìàåò êîíå÷íûå çíà÷åíèÿ âêàæäîé òî÷êå ñåãìåíòà I . Òîãäà ñïðàâåäëèâî ðàâåíñòâî
1∫

0

f(t)g(t) dt =

N−1∑

k=1

(
f

(
k

N

)
− f

(
k + 1

N

)) k/N∫

0

g(t) dt +

+

N∑

k=1

k/N∫

(k−1)/N

(
f(t) − f

(
k

N

))
g(t) dt+ f(1)

1∫

0

g(t) dt. (4)Äîêàçàòåëüñòâî. Èñïîëüçóÿ ïðåîáðàçîâàíèå Àáåëÿ, áóäåì èìåòü
0 =

N−1∑

k=1

(
f

(
k

N

)
− f

(
k + 1

N

)) k/N∫

0

g(t) dt −

−
N∑

k=1

f

(
k

N

) k/N∫

(k−1)/N

g(t) dt+ f(1)

1∫

0

g(t) dt.Îòñþäà â ñèëó òîãî, ÷òî
1∫

0

f(t)g(t) dt =

N∑

k=1

k/N∫

k−1/N

f(t)g(t) dt,ïîëó÷èì (4).Îïðåäåëåíèå 2. �îâîðÿò, ÷òî ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå �óíêöèè f ïî ñè-ñòåìå Φ ðàâíîìåðíî îãðàíè÷åíû, åñëè ñóùåñòâóåò òàêàÿ ïîëîæèòåëüíàÿ êîíñòàíòà
C(f,Φ) , çàâèñÿùàÿ ëèøü îò �óíêöèè f è ñèñòåìû Φ , ÷òî

|SN (f, x)| < C(f,Φ) (5)äëÿ ëþáîãî x ∈ I è íàòóðàëüíîãî N .Òåîðåìà 1. Ïóñòü ÎÍÑ Φ îáëàäàåò ñâîéñòâîì A . Òîãäà äëÿ òîãî ÷òîáû äëÿëþáîé �óíêöèè f ∈ V (I) ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå f îòíîñèòåëüíî Φ áûëèðàâíîìåðíî îãðàíè÷åíû, íåîáõîäèìî è äîñòàòî÷íî ñóùåñòâîâàíèå òàêîé ïîëîæè-òåëüíîé êîíñòàíòû M(Φ) , çàâèñÿùåé ëèøü îò ñèñòåìû Φ , ÷òî
sup
N≥1

sup
x∈I

BN (x) < M(Φ). (6)Äîêàçàòåëüñòâî. Òàê êàê äëÿ ëþáîãî x ∈ I

SN (f, x) =

1∫

0

f(t)DN (t, x) dt,òî ïîëàãàÿ â ðàâåíñòâå (4) g(t) = DN (t, x) , ïîëó÷èì
SN (f, x) =

1∫

0

f(t)DN(t, x) dt =

N−1∑

k=1

(
f

(
k

N

)
− f

(
k + 1

N

)) k/N∫

0

DN(t, x) dt +

+

N∑

k=1

k/N∫

(k−1)/N

(
f(t) − f

(
k

N

))
DN(t, x) dt + f(1)

1∫

0

DN (t, x) dt. (7)



Î ×ÀÑÒÈ×ÍÛÕ ÑÓÌÌÀÕ �ßÄÎÂ ÔÓ�ÜÅ 123Îòñþäà ïðèíèìàÿ âî âíèìàíèå (2), (6) è òî, ÷òî f ∈ V (I) , áóäåì èìåòü
∣∣∣∣

N−1∑

k=1

(
f

(
k

N

)
− f

(
k + 1

N

)) k/N∫

0

DN (t, x) dt

∣∣∣∣ ≤

≤
N−1∑

k=1

∣∣∣∣f
(
k

N

)
− f

(
k + 1

N

)∣∣∣∣

∣∣∣∣

k/N∫

0

DN(t, x) dt

∣∣∣∣ ≤

≤ ‖f‖V max
1≤k<N

∣∣∣∣

k/N∫

0

DN(t, x) dt

∣∣∣∣ ≤ ‖f‖V ·M(Φ). (8)Äàëåå, â ñèëó óñëîâèÿ òåîðåìû 1 äëÿ f ∈ V (I) èìååì (ñì. (3))
∣∣∣∣

N∑

k=1

k/N∫

(k−1)/N

(
f(t) − f

(
k

N

))
DN(t, x) dt

∣∣∣∣ ≤

≤
N∑

k=1

sup
x∈[(k−1)/N,k/N ]

∣∣∣∣ f(x) − f

(
k

N

)∣∣∣∣

k/N∫

(k−1)/N

|DN (t, x)| dt ≤

≤ ‖f‖V · 1√
N

( 1∫

0

D2
N (t, x) dt

)1/2

=
‖f‖V√
N

( N∑

k=1

ϕ2
k(x)

)1/2

≤ ‖f‖V ·
√
C(Φ). (9)Ïîñêîëüêó (ñì. (2))

|f(1)|
∣∣∣∣

1∫

0

DN (t, x) dt

∣∣∣∣ ≤ ‖f‖C ·BN (x) ≤ ‖f‖C ·M(Φ),òî èç ïîñëåäíåãî íåðàâåíñòâà, ó÷èòûâàÿ (7)�(9), ïîëó÷èì
|SN (f, x)| ≤

(
M(Φ) +

√
C(Φ)

)
‖f‖V + ‖f‖CM(Φ).Äîñòàòî÷íîñòü òåîðåìû 1 äîêàçàíà.Íåîáõîäèìîñòü. Äàíî, ÷òî äëÿ ëþáîé �óíêöèè f ∈ V (I) âûïîëíåíî íåðàâåí-ñòâî (5), è íàäî äîêàçàòü ñïðàâåäëèâîñòü íåðàâåíñòâà (6). Äîïóñòèì ïðîòèâíîå, òî-ãäà äëÿ íåêîòîðûõ ïîñëåäîâàòåëüíîñòåé íàòóðàëüíûõ ÷èñåë (Nm) è òî÷åê xm ∈ Iáóäåì èìåòü

lim
m→∞

BNm
(xm) = +∞. (10)Ïðåäïîëîæèì, ÷òî

BNm
(xm) = max

1≤k≤Nm

∣∣∣∣

k/N∫

0

DNm
(t, xm) dt

∣∣∣∣ =

∣∣∣∣

km/Nm∫

0

DNm
(t, xm) dt

∣∣∣∣.Îïðåäåëèì ïîñëåäîâàòåëüíîñòü �óíêöèé (fm(t)) ñëåäóþùèì îáðàçîì
fm(t) =






0 ïðè x ∈ [0, km/Nm] ,

1 ïðè x ∈ [km + 1/Nm, 1] ,ëèíåéíà è íåïðåðûâíà íà [km/Nm, km + 1/Nm].



124 Ë.Ä. �Î�ÎËÀÄÇÅ, Â.Ø. ÖÀ�À�ÅÉØÂÈËÈÂ ðàâåíñòâå (7) äîïóñòèì, ÷òî f(t) = fm(t) , N = Nm è DN(t, x) = DNm
(t, xm) .Ïîëó÷èì

1∫

0

fm(t)DNm
(t, xm) dt =

Nm−1∑

k=1

(
fm

(
k

Nm

)
− fm

(
k + 1

Nm

)) k/Nm∫

0

DNm
(t, xm) dt +

+

Nm∑

k=1

k/Nm∫

(k−1)/Nm

(
fm(t) − fm

(
k

Nm

))
DNm

(t, xm) dt+ fm(1)

1∫

0

DNm
(t, xm) dt. (11)Èç îïðåäåëåíèÿ �óíêöèè fm(t) äëÿ ïåðâîãî ñëàãàåìîãî èç (11) èìååì

∣∣∣∣
Nm−1∑

k=1

(
fm

(
k

Nm

)
− fm

(
k + 1

Nm

)) k/Nm∫

0

DNm
(t, xm) dt

∣∣∣∣ =

=

∣∣∣∣

km/Nm∫

0

DNm
(t, xm) dt

∣∣∣∣ = BNm
(xm). (12)Òàê êàê |fm(t) − fm (k/Nm)| = 0 ïðè t ∈ [(k − 1)/Nm, k/Nm] è k 6= km + 1 , äëÿâòîðîãî ñëàãàåìîãî ðàâåíñòâà (11) ïîëó÷èì

∣∣∣∣
Nm∑

k=1

k/Nm∫

(k−1)/Nm

(
fm(t) − fm

(
k

Nm

))
DNm

(t, xm) dt

∣∣∣∣ ≤

≤
(km+1)/Nm∫

km/Nm

|DNm
(t, xm)| dt ≤ 1√

Nm

( Nm∑

k=1

ϕ2
k(xm)

)1/2

≤
√
C(Φ). (13)Ïîñêîëüêó 1 ∈ V (I) è íåðàâåíñòâî (5) âûïîëíåíî äëÿ ëþáûõ f ∈ V (I) , áóäåìèìåòü

∣∣∣∣

1∫

0

DNm
(t, xm) dt

∣∣∣∣ ≤ C(1,Φ),ãäå C(1,Φ) � ïîëîæèòåëüíàÿ êîíñòàíòà, çàâèñÿùàÿ òîëüêî îò ñèñòåìû Φ .Ñëåäîâàòåëüíî, ïðèìåíÿÿ (11)�(13), ïîëó÷èì
∣∣∣∣

1∫

0

fm(t)DNm
(t, xm) dt

∣∣∣∣ ≥ BNm
(xm) −

√
C(Φ) − C(1,Φ).Îòñþäà â ñèëó (10)

lim
m→∞

∣∣∣∣

1∫

0

fm(t)DNm
(t, xm) dt

∣∣∣∣ = +∞. (14)Òåïåðü, ïîñêîëüêó
‖fm‖V =

1∫

0

|f ′
m(t)| dt+ |fm(0)| = 1,



Î ×ÀÑÒÈ×ÍÛÕ ÑÓÌÌÀÕ �ßÄÎÂ ÔÓ�ÜÅ 125èç (14) ñîãëàñíî òåîðåìå Áàíàõà �Øòåéíãàóçà âûòåêàåò ñóùåñòâîâàíèå �óíêöèè
f0 èç V (I) òàêîé, ÷òî

lim
m→∞

∣∣∣∣

1∫

0

f0(t)DNm
(t, xm) dt

∣∣∣∣ = +∞.Ñëåäîâàòåëüíî,
lim

m→∞
|SNm

(f0, xm)| = +∞.Ýòî ïðîòèâîðå÷èò íåðàâåíñòâó (5).Àíàëîãè÷íûé âîïðîñ ìîæíî ïîñòàâèòü îòíîñèòåëüíî (C,α)-ñóììèðóåìîñòèðÿäà (1) â ñìûñëå ×åçàðî äëÿ �óíêöèé f(x) ∈ V (I) .Ïîëîæèì, ÷òî (ñì. [2, ñ. 77℄)
Kα

N(t, x) =
1

Aα
N

n∑

k=0

Aα
n−kϕk(t)ϕk(x),ãäå Aα

N =
(
N+α

N

) è α > 0 .Êðîìå òîãî,
σα

N (f, x) =

1∫

0

f(t)Kα
N(t, x) dt.Ââåäåì îáîçíà÷åíèå

Hα
N (x) = max

1≤i≤N

∣∣∣∣

i/N∫

0

Kα
N(t, x) dt

∣∣∣∣.Òåîðåìà 2. Ïóñòü ÎÍÑ Φ îáëàäàåò ñâîéñòâîì A . Òîãäà óñëîâèå
|σα

N (f, x)| < M < +∞äëÿ ëþáîé �óíêöèè f ∈ V (I) è ëþáîãî íàòóðàëüíîãî N âûïîëíÿåòñÿ òîãäà èòîëüêî òîãäà, êîãäà
sup
x∈I

Hα
N (x) < M1(Φ) < +∞,ãäå M > 0 íå çàâèñèò îò N è x , M1(Φ) > 0 çàâèñèò ëèøü îò Φ , α > 0 ��èêñèðîâàííîå ÷èñëî.Äîêàçàòåëüñòâî. Òåîðåìà 2 äîêàçûâàåòñÿ àíàëîãè÷íî òåîðåìå 1. Â ñàìîìäåëå, â ðàâåíñòâå (4) ïîäñòàâëÿÿ g(t) = Kα

N(x, t) è ïðîâîäÿ àíàëîãè÷íûå ðàññóæ-äåíèÿ (ñì. (6)�(9)), ïîëó÷èì
|σα

N (f, x)| ≤M1(Φ)‖f‖V +M1(Φ)‖f‖C + ‖f‖V

√
M1(Φ) .Äîñòàòî÷íîñòü òåîðåìû 2 äîêàçàíà.Íåîáõîäèìîñòü. Ïóñòü äëÿ íåêîòîðûõ ïîñëåäîâàòåëüíîñòåé íàòóðàëüíûõ ÷èñåë

Nm è òî÷åê xm ∈ I
lim

m→∞
HNm

(xm) = +∞.Â ýòîì ñëó÷àå ìû ðàññìîòðèì ïîñëåäîâàòåëüíîñòü �óíêöèé {fm} (ñì. ñ. 123).Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ïîëó÷èì, ÷òî ñóùåñòâóåò �óíêöèÿ f0 ∈ V (I)òàêàÿ,÷òî
lim

m→∞
|σα

Nm
(f0, xm)| = +∞.Òåîðåìà 2 ïîëíîñòüþ äîêàçàíà.
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n

sup
x∈[0,1]

|ϕn(x)| < M . Òîãäà èç ñèñòåìû
{ϕn} ìîæíî âûäåëèòü ïîäñèñòåìó ϕnk

= ψk , îòíîñèòåëüíî êîòîðîé ÷àñòíûåñóììû êàæäîé �óíêöèè f ∈ V (I) ðàâíîìåðíî îãðàíè÷åíû.Äîêàçàòåëüñòâî. Ïóñòü {ϕ∗
n} (ÎÍÑ) ÿâëÿåòñÿ ïîëíîé ñèñòåìîé, ÿâëÿþùåéñÿïîïîëíåíèåì ñèñòåìû {ϕn} . Òîãäà â ñèëó ðàâåíñòâà Ïàðñåâàëÿ

∞∑

n=1

( x∫

0

ϕ∗
n(t) dt

)2

= x.Òàê êàê ÷ëåíû ýòîãî ðÿäà ïîëîæèòåëüíû, íåïðåðûâíû è åãî ñóììà íåïðåðûâíà, òîâ ñèëó òåîðåìû Äèíè (ñì. [3, ñ. 647℄) ýòîò ðÿä áóäåò ñõîäèòüñÿ ðàâíîìåðíî. Îòñþäàâûòåêàåò, ÷òî ðÿä
∞∑

n=1

( x∫

0

ϕn(t) dt

)2 (15)òàêæå áóäåò ñõîäèòüñÿ ðàâíîìåðíî. Ñëåäîâàòåëüíî, äëÿ ëþáîãî N íàéäåòñÿ k(N)òàêîå, ÷òî
∞∑

n=k(N)

( x∫

0

ϕn(t) dt

)2

< 2−3N .Îòñþäà ∣∣∣∣
∫ x

0

ϕn(t) dt

∣∣∣∣ < 2−3N/2 ïðè n > k(N). (16)Ïîñëåäîâàòåëüíîñòü ÷èñåë k(N) âûáåðåì òàê, ÷òîáû êðîìå óñëîâèÿ (16) îíàóäîâëåòâîðÿëà åùå ñëåäóþùèì óñëîâèÿì:
k(1) ≥ 2,

k(N + 1) > k(N) + 2N .Òåïåðü ïîäñèñòåìó {ψn(x)} âûäåëèì èç ñèñòåìû {ϕn(x)} ñëåäóþùèì îáðàçîì
ψ1(x) = ϕ1(x),

ψ2(x) = ϕ2(x),

. . . . . . . . . . . .
ψ2N+j = ϕk(N)+j , j = 1, 2, . . . , 2N , N = 1, 2, . . .Ïîýòîìó

∣∣∣∣

x∫

0

ψ2N+j(t) dt

∣∣∣∣ ≤ 2−3N/2, x ∈ [0, 1]. (17)Ó÷èòûâàÿ (17) è óñëîâèå |ϕn(x)| < M , äëÿ ëþáîãî i = 1, . . . , 2N ïîëó÷èì
∣∣∣∣

x∫

0

2N∑

k=1

ψk(x)ψk(t) dx

∣∣∣∣ =

x∫

0

N−1∑

m=0

2m+1∑

k=2m+1

ψk(x)ψk(t) dx

∣∣∣∣ ≤

≤
N−1∑

m=0

2m+1∑

k=2m+1

∣∣∣∣

x∫

0

ψk(x) dx

∣∣∣∣ |ψk(t)| ≤M

N−1∑

k=0

2m+1∑

k=2m+1

2−3N/2 < 2M. (18)



Î ×ÀÑÒÈ×ÍÛÕ ÑÓÌÌÀÕ �ßÄÎÂ ÔÓ�ÜÅ 127Òåïåðü èñïîëüçóÿ íåðàâåíñòâà (18) è (17), äëÿ ëþáîãî m = 2s + l , l < 2s , áóäåìèìåòü
∣∣∣∣

i/m∫

0

m∑

k=1

ψk(x)ψk(t) dx

∣∣∣∣ ≤
∣∣∣∣

i/m∫

0

2s∑

k=1

ψk(x)ψk(t) dx

∣∣∣∣

+

∣∣∣∣

i/m∫

0

m∑

k=2s+1

ψk(x)ψk(t) dx

∣∣∣∣ ≤ 2M +

m∑

i=2s+1

∣∣∣∣

i/m∫

0

ψk(x) dx

∣∣∣∣| |ϕk(t)| < 4M.Èç ýòîãî íåðàâåíñòâà è òåîðåìû 1 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû 3.Ý��åêòèâíîñòü óñëîâèÿ òåîðåìû 1Â ñëó÷àå, êîãäà {ϕn(x)} � òðèãîíîìåòðè÷åñêàÿ ñèñòåìà (ñì. [4, ñ. 107, 108℄),áóäåì èìåòü
DN (2πu) =

sin 2πNu

2πu
+ g(2πu) sin 2πNu+

1

2
cos 2πNu,ãäå

g(2πu) =
1

2 tg πu
− 1

2πu
.Ïîòðåáóåì åùå, ÷òîáû g(2πu− 2π) = g(2πu) . Òîãäà g(2πu) áóäåò îãðàíè÷åí íà

(−∞; +∞) .Äàëåå, ïîñêîëüêó äëÿ òðèãîíîìåòðè÷åñêîé ñèñòåìû DN (t, x) = DN (2π(x + t)) ,òî
∣∣∣∣

i/N∫

0

DN (2π(x+t)) dt

∣∣∣∣ ≤
∣∣∣∣

i/N∫

0

sin 2πN(x+ t)

2π(x+ t)
dt

∣∣∣∣+
∣∣∣∣

i/N∫

0

g(2π(x+t)) sin 2πN(x+t) dt

∣∣∣∣ +

+

∣∣∣∣

i/N∫

0

cos 2πN(x+ t) dt

∣∣∣∣ = I1 + I2 + I3, i = 1, . . . , n.Ââèäó òîãî, ÷òî �óíêöèè g , sin è cos îãðàíè÷åíû, I2 è I3 áóäóò îãðàíè÷åíûïîëîæèòåëüíîé êîíñòàíòîé, íå çàâèñÿùåé îò x è N . Äàëåå, çàìåíîé ïåðåìåííîéïîëó÷èì (ñì. [4, ñ. 113℄)
I1 =

∣∣∣∣

i/N∫

0

sin 2πN(x+ t)

2π(x+ t)
dt

∣∣∣∣ =

∣∣∣∣
1

2π

2πNx+2πi∫

2πNx

sinu

u
dt

∣∣∣∣ <
1

2
.Èòàê, â ñëó÷àå òðèãîíîìåòðè÷åñêîé ñèñòåìû âûïîëíåíî óñëîâèå (6).Ïóñòü {χm(x)} � ñèñòåìà Õààðà. Òîãäà äëÿ N = 2k + p , 1 ≤ p < 2N ,

DN (x, t) =

2k∑

n=1

χn(t)χn(x) +

2k+p∑

n=2k+1

χn(x)χn(t). (19)Õîðîøî èçâåñòíî (ñì. [2, ñ. 56℄), ÷òî
D2k(x, t) =

2k∑

n=1

χn(t)χn(x) =






2k+1, åñëè (x, t) ∈ ∆
(k)
ii ,

0, åñëè (x, t) ∈ ∆
(k)
ij , i 6= j,

2k, åñëè (x, t) ∈ ∆
(k)
ii \ ∆

(k)
ii ,
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∆

(k)
ij =

(
i− 1

2k+1
,

i

2k+1

)
×

(
j − 1

2k+1
,

j

2k+1

)
, i, j = 1, . . . , 2k+1.Ïîýòîìó äëÿ ëþáîãî x ∈ (0, 1) è i = 1, . . . , N áóäåì èìåòü

∣∣∣∣

i/N∫

0

2k∑

n=1

χn(x)χn(t) dt

∣∣∣∣ ≤ 2k+12−k+1 = 2. (20)Êðîìå òîãî,
∣∣∣∣

i/N∫

0

2k+p∑

n=2k+1

χn(x)χn(t) dt

∣∣∣∣ ≤ 2−k/22k/2 = 1. (21)Èç (19)�(21) ñëåäóåò ñïðàâåäëèâîñòü (6) äëÿ ñèñòåìû Õààðà.SummaryL.D. Gogoladze, V.Sh. Tsagareishvili.On the Partial Sums of the Fourier Series of Funtionsof Bounded Variation.S. Banah [Sur la divergene des s�eries orthogonales. Studia Math., 1940, vol. 9, pp. 139�155℄proved that for any funtion f(x) ∈ L2(I) (I = [0, 1] , f(x) 6∼ 0) there exists an orthonormalsystem (ONS) (ϕn(x)) suh that lim
n→∞

|Sn(f, x)| = +∞ almost everywhere on I , where
Sn(f, x) are the partial sums of the Fourier series of a funtion f(x) with respet to thesystem (ϕn(x)) = Φ .This paper �nds neessary and su�ient onditions whih should be satis�ed by ONSso that the partial sums of the Fourier series of funtions with �nite variation be uniformlybounded on I .Key words: bounded variation, partial sums, subsystem.Ëèòåðàòóðà1. Banah S. Sur la divergene des s�eries orthogonales // Studia Math. � 1940. � V. 9. �P. 139�155.2. Àëåêñè÷ �. Ïðîáëåìû ñõîäèìîñòè îðòîãîíàëüíûõ ðÿäîâ. � Ì.: Èçä-âî èíîñòð. ëèò.,1963. � 359 ñ.3. Ôèõòåíãîëüö �.Ì. Êóðñ äè��åðåíöèàëüíîãî è èíòåãðàëüíîãî èñ÷èñëåíèÿ. Ò. 2. �Ì.: Íàóêà, 1969. � 800 ñ.4. Áàðè Í.Ê. Òðèãîíîìåòðè÷åñêèå ðÿäû. � Ì.: Ôèçìàòãèç, 1961. � 936 ñ.Ïîñòóïèëà â ðåäàêöèþ15.03.12�îãîëàäçå Ëåðè Äàâèäîâè÷ � äîêòîð �èçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî�åññîð äå-ïàðòàìåíòà ìàòåìàòèêè Òáèëèññêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì. È. Äæàâàõèø-âèëè, �ðóçèÿ.E-mail: lgogoladze1�hotmail.omÖàãàðåéøâèëè Âàõòàíã Øàëâîâè÷ � äîêòîð �èçèêî-ìàòåìàòè÷åñêèõ íàóê,ïðî�åññîð äåïàðòàìåíòà ìàòåìàòèêè Òáèëèññêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòàèì. È. Äæàâàõèøâèëè, �ðóçèÿ.E-mail: agare�ymail.om


