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ÊÂÀÇÈÈÍÚÅÊÒÈÂÍÛÅ È ÊÂÀÇÈÏÐÎÅÊÒÈÂÍÛÅ ÌÎÄÓËÈ



Êâàçèèíúåêòèâíûå è êâàçèïðîåêòèâíûå ìîäóëè

Johnson, Wong, 1961

Ìîäóëü M íàçûâàåòñÿ êâàçèèíúåêòèâíûì, åñëè äëÿ êàæäîãî åãî
ïîäìîäóëÿ K è êàæäîãî ãîìîìîðôèçìà f ∈ Hom(K,M) ñóùåñòâóåò
ãîìîìîðôèçì g ∈ End(M), äëÿ êîòîðîãî êîììóòàòèâíà äèàãðàììà
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Òåîðåìà (Johnson, Wong, 1961)

Mîäóëü M êâàçèèíúåêòèâåí â òî÷íîñòè òîãäà, êîãäà M ÿâëÿåòñÿ
âïîëíå èíâàðèàíòíûì ïîäìîäóëåì â ñâîåé èíúåêòèâíîé îáîëî÷êå.



Êâàçèèíúåêòèâíûå è êâàçèïðîåêòèâíûå ìîäóëè

Johnson, Wong, 1961

Ìîäóëü M íàçûâàåòñÿ êâàçèèíúåêòèâíûì, åñëè äëÿ êàæäîãî åãî
ïîäìîäóëÿ K è êàæäîãî ãîìîìîðôèçìà f ∈ Hom(K,M) ñóùåñòâóåò
ãîìîìîðôèçì g ∈ End(M), äëÿ êîòîðîãî êîììóòàòèâíà äèàãðàììà
(∗)

(∗)

0 K M

M

- -

?

f

pppppppp	 g

Òåîðåìà (Johnson, Wong, 1961)
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Êâàçèèíúåêòèâíûå è êâàçèïðîåêòèâíûå ìîäóëè

Òåîðåìà (Faith C., Utumi Y., 1964; Osofsky B.L., 1968)

Åñëè M � êâàçèèíúåêòèâíûé ïðàâûé ìîäóëü, òî S = End(M) �
ïîëóðåãóëÿðíîå êîëüöî, S/J(S) � ñàìîèíúåêòèâíîå ñïðàâà
ðåãóëÿðíîå êîëüöî è J(S) = {f ∈ S | Ker(f) ≤e M}.

Òåîðåìà (Bumby, 1965)

Åñëè M è N � êâàçèèíúåêòèâíûå ìîäóëè è ñóùåñòâóþò
ìîíîìîðôçìû, äåéñòâóþùèå èç M â N è èç N â M. Òîãäà M ∼= N.
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Êâàçèèíúåêòèâíûå è êâàçèïðîåêòèâíûå ìîäóëè

Ìîäóëü M íàçûâàåòñÿ ýíäîìîðôèçì-ïðîäîëæàåìûì, åñëè äëÿ
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Òåîðåìà (Òóãàíáàåâ À.À., 1998)

Äëÿ ïîëóàðòèíîâà ìîäóëÿ M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
(1) M � ýíäîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;
(2) M � êâàçèèíúåêòèâíûé ìîäóëü.
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Òåîðåìà (Wu L. E., Jans J., 1967)

Ïóñòü π : P →M � ïðîåêòèâíîå íàêðûòèå ìîäóëÿ M, òî ìîäóëü M
êâàçèïðîåêòèâåí â òî÷íîñòè òîãäà, êîãäà Ker(π) ÿâëÿåòñÿ âïîëíå
èíâàðèàíòíûì ïîäìîäóëåì ìîäóëÿ P .
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Òåîðåìà

Åñëè M � êâàçèïðîåêòèâíûé ïðàâûé ìîäóëü íàä ñîâåðøåííûì
ñïðàâà êîëüöîì, òî S = End(M) � ïîëóðåãóëÿðíîå êîëüöî, S/J(S) �
ïðÿìîå ïðîèçâåäåíèå ïîëíûõ ëèíåéíûõ êîëåö,
J(S) = {f ∈ S | Im(f) << M}.

Òåîðåìà (Lee, Quynh, 2020)
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Êâàçèèíúåêòèâíûå è êâàçèïðîåêòèâíûå ìîäóëè

Ïðàâûé R-ìîäóëü M íàçûâàåòñÿ ýíäîìîðôèçì-ïîäíèìàåìûì, åñëè
äëÿ êàæäîãî ïîäìîäóëÿ N ìîäóëÿ M êàæäûé ýíäîìîðôèçì f
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Òåîðåìà (Òóãàíáàåâ À.À., 1979)

Åñëè R � ñîâåðøåííîå ñïðàâà êîëüöî, òî äëÿ ïðàâîãî R-ìîäóëÿ M
ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
(1) M � ýíäîìîðôèçì-ïîäíèìàåìûé ìîäóëü;
(2) M � êâàçèïðîåêòèâíûé ìîäóëü.
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Åñëè R � ñîâåðøåííîå ñïðàâà êîëüöî, òî äëÿ ïðàâîãî R-ìîäóëÿ M
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ÍÅÏÐÅÐÛÂÍÛÅ È ÄÈÑÊÐÅÒÍÛÅ ÌÎÄÓËÈ



Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè

Ìîäóëü M íàçûâàåòñÿ CS-ìîäóëåì, åñëè êàæäûé ïîäìîäóëü ìîäóëÿ
M ñóùåñòâåí â íåêîòîðîì â íåêîòîðîì ïðÿìîì ñëàãàåìîì M .

Ìîäóëü M íàçûâàåòñÿ C2-ìîäóëåì (èëè ïðÿìî èíúåêòèâíûìè
ìîäóëåì), åñëè êàæäûé ïîäìîäóëü ìîäóëÿ M, èçîìîðôíûé
íåêîòîðîìó ïðÿìîìó ñëàãàåìîìó ìîäóëÿ M, ñàì ÿâëÿåòñÿ ïðÿìûì
ñëàãàåìûì ìîäóëÿ M.

Ìîäóëü M íàçûâàåòñÿ C3-ìîäóëåì, åñëè äëÿ êàæäûõ ïðÿìûõ
ñëàãàåìûõ M1 è M2 ìîäóëÿ M, äëÿ êîòîðûõ âûïîëíåíî óñëîâèå
M1 ∩M2 = 0, ñóììà M1 +M2 ÿâëÿåòñÿ ïðÿìûì ñëàãàåìûì ìîäóëÿ
M.
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Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè

Ìîäóëü M íàçûâàåòñÿ íåïðåðûâíûì, åñëè M � CS-ìîäóëü è
C2-ìîäóëü.

Ìîäóëü M íàçûâàåòñÿ êâàçèíåïðåðûâíûì, åñëè M � CS-ìîäóëü è
C3-ìîäóëü.
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Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè

Òåîðåìà (Jeremy L., 1974)

Ïóñòü M � ïðàâûé R-ìîäóëü è ι : M → E � èíúåêòèâíàÿ îáîëî÷êà
ìîäóëÿ M . Äëÿ ìîäóëÿ M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
1) M � êâàçèíåïðåðûâíûé ìîäóëü;
2) M � èäåìïîòåíòíî-èíâàðèàíòíûé ìîäóëü, ò.å. äëÿ êàæäîãî
èäåìïîòåíòíîãî ýíäîìîðôèçìà e ∈ End(E) âûïîëíåíî âêëþ÷åíèå
e(M) ⊆M ;
3) M � èäåìïîòåíòíî-ïðîäîëæàåìûé ìîäóëü, ò.å. äëÿ êàæäîãî
ïîäìîäóëÿ N ìîäóëÿ M êàæäûé ýíäîìîðôèçì f ìîäóëÿ N ìîæåò
áûòü ïðîäîëæåí äî ýíäîìîðôèçìà f ′ ìîäóëÿ M .



Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè

Òåîðåìà (Muller, Rizvi, 1983)

Åñëè M è N � íåïðåðûâíûå ïðàâûå R-ìîäóëè è ñóùåñòâóþò
ìîíîìîðôèçìû, äåéñòâóþùèå èç M â N è èç N â M. Òîãäà M ∼= N.

Òåîðåìà (Mohamed and Bouhy, 1977)

Åñëè M � íåïðåðûâíûé ïðàâûé ìîäóëü, òî S = End(M) �
ïîëóðåãóëÿðíîå êîëüöî, S/J(S) � íåïðåðûâíîå ñïðàâà êîëüöî è
J(S) = {f ∈ S | Ker(f) ≤e M}.
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Òåîðåìà (Muller, Rizvi, 1983)

Åñëè M è N � íåïðåðûâíûå ïðàâûå R-ìîäóëè è ñóùåñòâóþò
ìîíîìîðôèçìû, äåéñòâóþùèå èç M â N è èç N â M. Òîãäà M ∼= N.

Òåîðåìà (Mohamed and Bouhy, 1977)

Åñëè M � íåïðåðûâíûé ïðàâûé ìîäóëü, òî S = End(M) �
ïîëóðåãóëÿðíîå êîëüöî, S/J(S) � íåïðåðûâíîå ñïðàâà êîëüöî è
J(S) = {f ∈ S | Ker(f) ≤e M}.



Êîëüöà, áëèçêèå ê ÷èñòûì

Òåîðåìà (Camillo, Khurano, Lam, Nicholson, Zhou, J. Algebra, 2006)

Åñëè M � íåïðåðûâíûé ìîäóëü, òî End(M) � ÷èñòîå êîëüöî.

Êîëüöî íàçûâàåòñÿ ÷èñòûì, åñëè êàæäûé åãî ýëåìåíò ïðåäñòàâèì â
âèäå ñóììû îáðàòèìîãî ýëåìåíòà è èäåìïîòåíòà.

Òåîðåìà (Nicholson W.K., Varadarajan K., Proc. Amer. Math. Soc.,
1998)

Åñëè V � âåêòîðíîå ïðîñòðàíñòâî íàä òåëîì T , òî End(V ) � ÷èñòîå
êîëüöî.



Êîëüöà, áëèçêèå ê ÷èñòûì

Òåîðåìà (Camillo, Khurano, Lam, Nicholson, Zhou, J. Algebra, 2006)
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Åñëè V � âåêòîðíîå ïðîñòðàíñòâî íàä òåëîì T , òî End(V ) � ÷èñòîå
êîëüöî.



Êîëüöà, áëèçêèå ê ÷èñòûì

Diesl, Nil clean rings, J.Algebra, 2013

Êîëüöî íàçûâàåòñÿ íèëü-÷èñòûì, åñëè êàæäûé åãî ýëåìåíò ÿâëÿåòñÿ
ñóììîé íèëüïîòåíòíîãî ýëåìåíòà è èäåìïîòåíòà.

Òåîðåìà (Breaz S., Calugareanu G., Danchev P., Micu T., Nil-clean
matrix rings, Linear Algebra Appl, 2013)

Äëÿ ïîëÿ P ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) äëÿ ëþáîãî n ∈ N êîëüöî Mn(P ) ÿâëÿåòñÿ íèëü-÷èñòûì;

2) äëÿ íåêîòîðîãî n ∈ N êîëüöî Mn(P ) ÿâëÿåòñÿ íèëü-÷èñòûì;

3) P = F2.

Òåîðåìà (Ster, J., Linear Algebra Appl., 2018)

Äëÿ ëþáîãî n ∈ N â êîëüöå Mn(F2) êàæäàÿ ìàòðèöà ïðåäñòàâèìà â
âèäå A = E +N, ãäå E2 = E è N4 = 0.



Êîëüöà, áëèçêèå ê ÷èñòûì
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3) P = F2.

Òåîðåìà (Ster, J., Linear Algebra Appl., 2018)

Äëÿ ëþáîãî n ∈ N â êîëüöå Mn(F2) êàæäàÿ ìàòðèöà ïðåäñòàâèìà â
âèäå A = E +N, ãäå E2 = E è N4 = 0.



Ïóñòü q � íàòóðàëüíîå ÷èñëî è q > 1. Ýëåìåíò r èç êîëüöà R
íàçûâàåòñÿ q-ïîòåíòíûì, åñëè âûïîëíåíî ðàâåíñòâî rq = r. Êîëüöî
R íàçûâàåòñÿ q-íèëü-÷èñòûì, åñëè êàæäûé ýëåìåíò èç R
ïðåäñòàâèì â âèäå ñóììû q-ïîòåíòà è íèëüïîòåíòà.



Êîëüöà, áëèçêèå ê ÷èñòûì

Òåîðåìà (À., Ì., 2017)

Ïóñòü p � ïðîñòîå ÷èñëî, k � öåëîå ÷èñëî ≥ 1, q = pk è P � ïîëå.
Òîãäà ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) äëÿ ëþáîãî n ∈ N êîëüöî Mn(P ) ÿâëÿåòñÿ q - íèëü - ÷èñòûì;

2) äëÿ íåêîòîðîãî m ∈ N êîëüöî Mm(P ) ÿâëÿåòñÿ q - íèëü -
÷èñòûì;

3) P � êîíå÷íîå ïîëå è |P | − 1 äåëèò q − 1.

Òåîðåìà (Breaz, J., Linear Algebra Appl., 2018)

Åñëè q � ñòåïåíü íå÷åòíîãî ïðîñòîãî ÷èñëà, òî äëÿ ëþáîãî n ∈ N â
êîëüöå Mn(Fq) êàæäàÿ ìàòðèöà ïðåäñòàâèìà â âèäå A = E +N, ãäå
Eq = E è N3 = 0.



Êîëüöà, áëèçêèå ê ÷èñòûì

Òåîðåìà (À., Ì., 2017)

Ïóñòü p � ïðîñòîå ÷èñëî, k � öåëîå ÷èñëî ≥ 1, q = pk è P � ïîëå.
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2) äëÿ íåêîòîðîãî m ∈ N êîëüöî Mm(P ) ÿâëÿåòñÿ q - íèëü -
÷èñòûì;

3) P � êîíå÷íîå ïîëå è |P | − 1 äåëèò q − 1.

Òåîðåìà (Breaz, J., Linear Algebra Appl., 2018)

Åñëè q � ñòåïåíü íå÷åòíîãî ïðîñòîãî ÷èñëà, òî äëÿ ëþáîãî n ∈ N â
êîëüöå Mn(Fq) êàæäàÿ ìàòðèöà ïðåäñòàâèìà â âèäå A = E +N, ãäå
Eq = E è N3 = 0.



Êîëüöà, áëèçêèå ê ÷èñòûì

Òåîðåìà (A., Òàïêèí Ä.Ò., Ñèá. ìàòåì. æóðí., 2021)

Ïóñòü q > 1 � öåëîå íå÷åòíîå ÷èñëî è R � öåëîñòíîå êîëüöî, íå
èçîìîðôíîå ïîëþ F3. Òîãäà ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

(1) äëÿ êàæäîãî n ∈ N âñÿêàÿ ìàòðèöà èç êîëüöà Mn(R)
ïðåäñòàâèìà â âèäå ñóììû èäåìïîòåíòíîé ìàòðèöû è
q-ïîòåíòíîé ìàòðèöû;

(2) äëÿ íåêîòîðîãî n ∈ N âñÿêàÿ ìàòðèöà èç êîëüöà Mn(R)
ïðåäñòàâèìà â âèäå ñóììû èäåìïîòåíòíîé ìàòðèöû è
q-ïîòåíòíîé ìàòðèöû;

(3) äëÿ êàæäîãî n ∈ N âñÿêàÿ ìàòðèöà èç êîëüöà Mn(R)
ïðåäñòàâèìà â âèäå ñóììû íèëüïîòåíòíîé ìàòðèöû è
q-ïîòåíòíîé ìàòðèöû;

(4) äëÿ íåêîòîðîãî n ∈ N âñÿêàÿ ìàòðèöà èç êîëüöà Mn(R)
ïðåäñòàâèìà â âèäå ñóììû íèëüïîòåíòíîé ìàòðèöû è
q-ïîòåíòíîé ìàòðèöû;

(5) R ÿâëÿåòñÿ êîíå÷íûì ïîëåì è | R | −1 | q − 1.



Êîëüöà, áëèçêèå ê ÷èñòûì

Òåîðåìà (A., Òàïêèí Ä.Ò., Linear Algebra and its Applications, 2021)

Let R be an integral domain. The following are equivalent:

(1) Every matrix in Mn(R) is the sum of two tripotents for all n ∈ N.
(2) There exists a positive integer n such that every matrix in Mn(R) is

the sum of two tripotents.

(3) Every matrix in Mn(R) is the sum of an idempotent and a 5-potent
for all n ∈ N.

(4) There exists a positive integer n such that every matrix in Mn(R) is
the sum of an idempotent and a 5-potent.

(5) R isomorphic to F2, or F3, or F5.



Êîëüöà, áëèçêèå ê ÷èñòûì

Òåîðåìà (A., Òàïêèí Ä.Ò., 2021)

Let R be a commutative ring with 2 ∈ U(R). The following are
equivalent:

(1) Every matrix in Mn(R) is the sum of two tripotents for all n ∈ N.
(2) There exists a positive integer n such that every matrix in Mn(R) is

the sum of two tripotents.

(3) Every matrix in Mn(R) is the sum of an idempotent and a 5-potent
for all n ∈ N.

(4) There exists a positive integer n such that every matrix in Mn(R) is
the sum of an idempotent and a 5-potent.

(5) R has the identity x5 = x.



Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè

Ìîäóëü M íàçûâàåòñÿ ìîäóëåì ñî ñâîéñòâîì ïîäúåìà, åñëè äëÿ
êàæäîãî ïîäìîäóëÿ N ìîäóëÿ M ñóùåñòâóåò òàêîå ïðÿìîå ñëàãàåìîå
N ′ ìîäóëÿ N, ÷òî N/N ′ � ìàëûé ïîäìîäóëü ìîäóëÿ M/N.

Ìîäóëü M íàçûâàåòñÿ ïðÿìî ïðîåêòèâíûì (èëè D2-ìîäóëåì), åñëè
êàæäûé ïîäìîäóëü ìîäóëÿ M , ôàêòîð-ìîäóëü ïî êîòîðîìó
èçîìîðôåí íåêîòîðîìó ïðÿìîìó ñëàãàåìîìó ìîäóëÿ M , ñàì
ÿâëÿåòñÿ ïðÿìûì ñëàãàåìûì ìîäóëÿ M .

Ìîäóëü M íàçûâàåòñÿ D3-ìîäóëåì, åñëè äëÿ êàæäûõ ïðÿìûõ
ñëàãàåìûõ M1 è M2 ìîäóëÿ M, äëÿ êîòîðûõ âûïîëíåíî óñëîâèå
M1 +M2 = M, ïåðåñå÷åíèå M1 ∩M2 ÿâëÿåòñÿ ïðÿìûì ñëàãàåìûì
ìîäóëÿ M .



Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè
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Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè
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Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè

Oshiro K., 1983

Ìîäóëü M íàçûâàåòñÿ êâàçèäèñêðåòíûì, åñëè M � ìîäóëü ñî
ñâîéñòâîì ïîäúåìà è D3-ìîäóëü.

Mohamed S., Singh S., 1977

Ìîäóëü M íàçûâàåòñÿ äèñêðåòíûì, åñëè M � ìîäóëü ñî ñâîéñòâîì
ïîäúåìà è D2-ìîäóëü.



Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè

Oshiro K., 1983

Ìîäóëü M íàçûâàåòñÿ êâàçèäèñêðåòíûì, åñëè M � ìîäóëü ñî
ñâîéñòâîì ïîäúåìà è D3-ìîäóëü.

Mohamed S., Singh S., 1977

Ìîäóëü M íàçûâàåòñÿ äèñêðåòíûì, åñëè M � ìîäóëü ñî ñâîéñòâîì
ïîäúåìà è D2-ìîäóëü.



Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè

Òåîðåìà (Mohamed S., Miiller, B. J., Singh, S. 1985; Tuganbaev A.A.,
2021)

Äëÿ ìîäóëÿ M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
1) M � êâàçèäèñêðåòíûé ìîäóëü;
2) êàæäûé ïîäìîäóëü ìîäóëÿ M îáëàäàåò àääèòèâíûì äîïîëíåíèåì
â M è M � èäåìïîòåíòíî-ïîäíèìàåìûé ìîäóëü, ò.å. äëÿ êàæäîãî
ïîäìîäóëÿ N ìîäóëÿ M êàæäûé èäåìïîòåíòíûé ýíäîìîðôèçì f
ôàêòîð-ìîäóëÿ M/N ìîæåò áûòü ïîäíÿò äî (èäåìïîòåíòíîãî)
ýíäîìîðôèçìà f ′ ìîäóëÿ M .
Åñëè ìîäóëü M îáëàäàåò ïðîåêòèâíîé îáîëî÷êîé f : P →M, òî
ïðåäûäóùèå ïóíêòû ýêâèâàëåíòíû óñëîâèþ
3) M � èäåìïîòåíòíî-êîèíâàðèàíòíûé ìîäóëü, ò.å. äëÿ êàæäîãî
èäåìïîòåíòíîãî ýíäîìîðôèçìà e ∈ End(P ) âûïîëíåíî âêëþ÷åíèå
e(Ker(M)) ⊆ Ker(M).



Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè

Òåîðåìà (Kasch, 1982; Zelmanowitz, 1997)

Åñëè M � äèñêðåòíûé ïðàâûé ìîäóëü, òî S = End(M) �
ïîëóðåãóëÿðíîå êîëüöî, S/J(S) � ïðÿìîå ïðîèçâåäåíèå ïîëíûõ
ëèíåéíûõ êîëåö, J(S) = {f ∈ S | Im(f) << M}.

Òåîðåìà (Camillo, Khurano, Lam, Nicholson, Zhou, 2006)

Åñëè M � äèñêðåòíûé ìîäóëü, òî End(M) � ÷èñòîå êîëüöî.

Òåîðåìà (Dehghani, Rizvi, 2021)

Åñëè M è N � äèñêðåòíûå ïðàâûå R-ìîäóëè è ñóùåñòâóþò
ýïèìîðôèçìû, äåéñòâóþùèå èç M â N è èç N â M. Òîãäà M ∼= N.



Íåïðåðûâíûå è äèñêðåòíûå ìîäóëè
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Òåîðåìà (Camillo, Khurano, Lam, Nicholson, Zhou, 2006)

Åñëè M � äèñêðåòíûé ìîäóëü, òî End(M) � ÷èñòîå êîëüöî.

Òåîðåìà (Dehghani, Rizvi, 2021)

Åñëè M è N � äèñêðåòíûå ïðàâûå R-ìîäóëè è ñóùåñòâóþò
ýïèìîðôèçìû, äåéñòâóþùèå èç M â N è èç N â M. Òîãäà M ∼= N.
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Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Jain S. K., Singh S., 1967

Ìîäóëü M íàçûâàåòñÿ ïñåâäîèíúåêòèâíûì, åñëè äëÿ êàæäîãî åãî
ïîäìîäóëÿ K è êàæäîãî ìîíîìîðôèçìà f ∈ Hom(K,M) ñóùåñòâóåò
ãîìîìîðôèçì g ∈ End(M), äëÿ êîòîðîãî êîììóòàòèâíà äèàãðàììà
(∗)
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Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Lee, Zhou, J. Algebra and Appl., 2012

Ìîäóëü M íàçûâàåòñÿ àâòîìîðôèçì-èíâàðèàíòíûì, åñëè f(M) ⊆M
äëÿ êàæäîãî f ∈ Aut(E(M))

Òåîðåìà (S. E. Dickson, K. R. Fuller, 1969)

Ïóñòü R � êîíå÷íîìåðíàÿ àëãåáðà íàä ïîëåì P . Åñëè | P |> 2, òî
äëÿ ïðàâîãî íåðàçëîæèìîãî ïðàâîãî R-ìîäóëÿ ñëåäóþùèå óñëîâèÿ
ðàâíîñèëüíû:
1) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü;
2) M � êâàçèèíúåêòèâíûé ìîäóëü.

Òåîðåìà (Lee, Zhou, J. Algebra and Appl.,2012)

Ïóñòü M � R-ìîäóëü. Òîãäà ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
1) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü;
2) êàæäûé èçîìîðôèçì ìåæäó ñóùåñòâåííûìè ïîäìîäóëÿìè ìîäóëÿ
M ïðîäîëæàåòñÿ äî ýíäîìîðôèçìà (àâòîìîðôèçìà) ìîäóëÿ M.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Lee, Zhou, J. Algebra and Appl., 2012

Ìîäóëü M íàçûâàåòñÿ àâòîìîðôèçì-èíâàðèàíòíûì, åñëè f(M) ⊆M
äëÿ êàæäîãî f ∈ Aut(E(M))

Òåîðåìà (S. E. Dickson, K. R. Fuller, 1969)

Ïóñòü R � êîíå÷íîìåðíàÿ àëãåáðà íàä ïîëåì P . Åñëè | P |> 2, òî
äëÿ ïðàâîãî íåðàçëîæèìîãî ïðàâîãî R-ìîäóëÿ ñëåäóþùèå óñëîâèÿ
ðàâíîñèëüíû:
1) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü;
2) M � êâàçèèíúåêòèâíûé ìîäóëü.

Òåîðåìà (Lee, Zhou, J. Algebra and Appl.,2012)

Ïóñòü M � R-ìîäóëü. Òîãäà ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
1) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü;
2) êàæäûé èçîìîðôèçì ìåæäó ñóùåñòâåííûìè ïîäìîäóëÿìè ìîäóëÿ
M ïðîäîëæàåòñÿ äî ýíäîìîðôèçìà (àâòîìîðôèçìà) ìîäóëÿ M.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Lee, Zhou, J. Algebra and Appl., 2012

Ìîäóëü M íàçûâàåòñÿ àâòîìîðôèçì-èíâàðèàíòíûì, åñëè f(M) ⊆M
äëÿ êàæäîãî f ∈ Aut(E(M))

Òåîðåìà (S. E. Dickson, K. R. Fuller, 1969)

Ïóñòü R � êîíå÷íîìåðíàÿ àëãåáðà íàä ïîëåì P . Åñëè | P |> 2, òî
äëÿ ïðàâîãî íåðàçëîæèìîãî ïðàâîãî R-ìîäóëÿ ñëåäóþùèå óñëîâèÿ
ðàâíîñèëüíû:
1) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü;
2) M � êâàçèèíúåêòèâíûé ìîäóëü.

Òåîðåìà (Lee, Zhou, J. Algebra and Appl.,2012)

Ïóñòü M � R-ìîäóëü. Òîãäà ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
1) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü;
2) êàæäûé èçîìîðôèçì ìåæäó ñóùåñòâåííûìè ïîäìîäóëÿìè ìîäóëÿ
M ïðîäîëæàåòñÿ äî ýíäîìîðôèçìà (àâòîìîðôèçìà) ìîäóëÿ M.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Ïðîáëåìà (Lee, Zhou, J. Algebra and Appl.,2012)

Êàæäûé ëè àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü ÿâëÿåòñÿ
ïñåâäîèíúåêòèâíûì?

Ïðîáëåìà (S.Singh, A.K.Srivastava, 2012)

Êàæäûé ëè àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü ÿâëÿåòñÿ
C2-ìîäóëåì?



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Ïðîáëåìà (Lee, Zhou, J. Algebra and Appl.,2012)

Êàæäûé ëè àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü ÿâëÿåòñÿ
ïñåâäîèíúåêòèâíûì?

Ïðîáëåìà (S.Singh, A.K.Srivastava, 2012)

Êàæäûé ëè àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü ÿâëÿåòñÿ
C2-ìîäóëåì?



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Ïðîáëåìà (Lee, Zhou, J. Algebra and Appl.,2012)

Êàæäûé ëè àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü ÿâëÿåòñÿ
ïñåâäîèíúåêòèâíûì?

Ïðîáëåìà (S.Singh, A.K.Srivastava, 2012)

Êàæäûé ëè àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü ÿâëÿåòñÿ
C2-ìîäóëåì?



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (N. Er, S. Singh, A.K. Srivastava, J. Algebra, 2013)

Ìîäóëü M ÿâëÿåòñÿ àâòîìîðôèçì-èíâàðèàíòíûì â òî÷íîñòè òîãäà,
êîãäà M � ïñåâäîèíúåêòèâíûé ìîäóëü.

Òåîðåìà (P. A. Guil Asensio, A. K. Srivastava, J. Algebra, 2013)

Ïóñòü M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü è S = End(M).
Òîãäà
1) J(S) = {f ∈ S | Ker(f) ≤e M};
2) êîëüöî S ÿâëÿåòñÿ ïîëóðåãóëÿðíûì è ÷èñòûì;
3) èìååò ìåñòî ðàçëîæåíèå M = A⊕B, ãäå A � êâàçèèíúåêòèâíûé
ìîäóëü è B � ìîäóëü, ñâîáîäíûé îò êâàäðàòîâ.

Òåîðåìà (Lee, Quynh, Com. Algebra, 2020)

Åñëè M è N � àâòîìîðôèçì-èíâàðèàíòíûå ìîäóëè íàä
ñîâåðøåííûì ñïðàâà êîëüöîì è ñóùåñòâóþò ýïèìîðôèçìû,
äåéñòâóþùèå èç M â N è èç N â M. Òîãäà M ∼= N.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (N. Er, S. Singh, A.K. Srivastava, J. Algebra, 2013)

Ìîäóëü M ÿâëÿåòñÿ àâòîìîðôèçì-èíâàðèàíòíûì â òî÷íîñòè òîãäà,
êîãäà M � ïñåâäîèíúåêòèâíûé ìîäóëü.

Òåîðåìà (P. A. Guil Asensio, A. K. Srivastava, J. Algebra, 2013)

Ïóñòü M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü è S = End(M).
Òîãäà
1) J(S) = {f ∈ S | Ker(f) ≤e M};
2) êîëüöî S ÿâëÿåòñÿ ïîëóðåãóëÿðíûì è ÷èñòûì;
3) èìååò ìåñòî ðàçëîæåíèå M = A⊕B, ãäå A � êâàçèèíúåêòèâíûé
ìîäóëü è B � ìîäóëü, ñâîáîäíûé îò êâàäðàòîâ.

Òåîðåìà (Lee, Quynh, Com. Algebra, 2020)

Åñëè M è N � àâòîìîðôèçì-èíâàðèàíòíûå ìîäóëè íàä
ñîâåðøåííûì ñïðàâà êîëüöîì è ñóùåñòâóþò ýïèìîðôèçìû,
äåéñòâóþùèå èç M â N è èç N â M. Òîãäà M ∼= N.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (N. Er, S. Singh, A.K. Srivastava, J. Algebra, 2013)

Ìîäóëü M ÿâëÿåòñÿ àâòîìîðôèçì-èíâàðèàíòíûì â òî÷íîñòè òîãäà,
êîãäà M � ïñåâäîèíúåêòèâíûé ìîäóëü.

Òåîðåìà (P. A. Guil Asensio, A. K. Srivastava, J. Algebra, 2013)

Ïóñòü M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü è S = End(M).
Òîãäà
1) J(S) = {f ∈ S | Ker(f) ≤e M};
2) êîëüöî S ÿâëÿåòñÿ ïîëóðåãóëÿðíûì è ÷èñòûì;
3) èìååò ìåñòî ðàçëîæåíèå M = A⊕B, ãäå A � êâàçèèíúåêòèâíûé
ìîäóëü è B � ìîäóëü, ñâîáîäíûé îò êâàäðàòîâ.

Òåîðåìà (Lee, Quynh, Com. Algebra, 2020)

Åñëè M è N � àâòîìîðôèçì-èíâàðèàíòíûå ìîäóëè íàä
ñîâåðøåííûì ñïðàâà êîëüöîì è ñóùåñòâóþò ýïèìîðôèçìû,
äåéñòâóþùèå èç M â N è èç N â M. Òîãäà M ∼= N.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (T. K. Lee, Y. Zhou, Modules which are invariant under
automorphisms of their injective hulls, J. Algebra Appl., 2013)

Åñëè 2 � îáðàòèìûé ýëåìåíò â êîëüöå, òî âñÿêèé
àâòîìîðôèçì-èíâàðèàíòíûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ
êâàçèèíúåêòèâíûì.

Òåîðåìà (Òóãàíáàåâ À.À., 2013)

Ïóñòü A � îãðàíè÷åííîå íàñëåäñòâåííîå íåòåðîâî ïåðâè÷íîå êîëüöî
è M � A-ìîäóëü. Ðàâíîñèëüíû óñëîâèÿ:

1) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü;

2) M � êâàçèèíúåêòèâíûé ìîäóëü;

3) ëèáî M � êâàçèèíúåêòèâíûé ñèíãóëÿðíûé ìîäóëü, ëèáî M �
èíúåêòèâíûé ìîäóëü, íå ÿâëÿþùèéñÿ ñèíãóëÿðíûì.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (T. K. Lee, Y. Zhou, Modules which are invariant under
automorphisms of their injective hulls, J. Algebra Appl., 2013)

Åñëè 2 � îáðàòèìûé ýëåìåíò â êîëüöå, òî âñÿêèé
àâòîìîðôèçì-èíâàðèàíòíûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ
êâàçèèíúåêòèâíûì.

Òåîðåìà (Òóãàíáàåâ À.À., 2013)

Ïóñòü A � îãðàíè÷åííîå íàñëåäñòâåííîå íåòåðîâî ïåðâè÷íîå êîëüöî
è M � A-ìîäóëü. Ðàâíîñèëüíû óñëîâèÿ:

1) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü;

2) M � êâàçèèíúåêòèâíûé ìîäóëü;

3) ëèáî M � êâàçèèíúåêòèâíûé ñèíãóëÿðíûé ìîäóëü, ëèáî M �
èíúåêòèâíûé ìîäóëü, íå ÿâëÿþùèéñÿ ñèíãóëÿðíûì.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà

Ïóñòü R � êîììóòàòèâíîå àðòèíîâî êîëüöî. Ìîäóëü M ÿâëÿåòñÿ
àâòîìîðôèçì- èíâàðèàíòíûì â òî÷íîñòè òîãäà, êîãäà M �
êâàçèèíúåêòèâíûé ìîäóëü.

Pedro A. Guil Asensio, A. K. Srivastava, T. C. Quynh Additive unit
structure of endomorphism rings and invariance of modules, Bulletin of
Math. Sciences, 2017.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Ìîäóëü M íàçûâàåòñÿ (ñòðîãî) àâòîìîðôèçì-ïðîäîëæàåìûì, åñëè
äëÿ êàæäîãî åãî ïîäìîäóëÿ K è êàæäîãî àâòîìîðôèçìà
f ∈ Hom(K,K) ñóùåñòâóåò (àâòîìîðôèçì) ýíäîìîðôèçì
f ′ ∈ End(M), äëÿ êîòîðîãî êîììóòàòèâíà äèàãðàììà

K K

M M
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? ?p p p p p p p-f ′

A. A. Tuganbaev, "Automorphism-extendable modules", Discrete Math.
Appl., 25:5 (2015), 305-309
A. A. Tuganbaev, "Automorphism-invariant semi-Artinian modules",
Journal of Algebra and Its Applications, 16:2 (2017), 1750029 , 5 pp.
À. À. Òóãàíáàåâ, "Àâòîìîðôèçìû ïîäìîäóëåé è èõ ïðîäîëæåíèÿ",
Äèñêðåò. ìàòåì., 25:1 (2013), 144-151



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (Òóãàíáàåâ À.À., 2015)

Ïóñòü A � èíâàðèàíòíàÿ íàñëåäñòâåííàÿ íåòåðîâà îáëàñòü, Q � òåëî
÷àñòíûõ îáëàñòè A è M � ïðàâûé A-ìîäóëü. Ðàâíîñèëüíû óñëîâèÿ:

1) M � àâòîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;

2) M � ñèëüíî àâòîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;

3) M � ýíäîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;

4) ëèáî M � êâàçèèíúåêòèâíûé ñèíãóëÿðíûé ìîäóëü, ëèáî M �
èíúåêòèâíûé ìîäóëü, íå ÿâëÿþùèéñÿ ñèíãóëÿðíûì, ëèáî
M = X ⊕ Y , ãäå X � èíúåêòèâíûé ñèíãóëÿðíûé ìîäóëü è
ìîäóëü Y èçîìîðôåí íåíóëåâîìó ïîäìîäóëþ â QA.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (Òóãàíáàåâ À.À., 1998)

Äëÿ ïîëóàðòèíîâà ìîäóëÿ M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) M � ýíäîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;

2) M � êâàçèèíúåêòèâíûé ìîäóëü.

Òåîðåìà (Òóãàíáàåâ À.À., J. Algebra and Appl., 2017)

Äëÿ ïîëóàðòèíîâà ìîäóëÿ M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) M � àâòîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;

2) M � ñòðîãî àâòîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;

3) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (Òóãàíáàåâ À.À., 1998)

Äëÿ ïîëóàðòèíîâà ìîäóëÿ M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) M � ýíäîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;

2) M � êâàçèèíúåêòèâíûé ìîäóëü.

Òåîðåìà (Òóãàíáàåâ À.À., J. Algebra and Appl., 2017)

Äëÿ ïîëóàðòèíîâà ìîäóëÿ M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) M � àâòîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;

2) M � ñòðîãî àâòîìîðôèçì-ïðîäîëæàåìûé ìîäóëü;

3) M � àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

L. Ganesan, N. Vanaja, 2007

Ìîäóëü M íàçûâàåòñÿ ïñåâäîïðîåêòèâíûì, åñëè äëÿ êàæäîãî åãî
ïîäìîäóëÿ K è êàæäîãî ýïèìîðôèçìà f ∈ Hom(M,M/K)
ñóùåñòâóåò ãîìîìîðôèçì g ∈ End(M), äëÿ êîòîðîãî êîììóòàòèâíà
äèàãðàììà (∗)

(∗)

M

M M/K 0

pppppppppp	
g

?

f

- -



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

S. Singh, A. K. Srivastava, 2012

Ìîäóëü M íàçûâàåòñÿ àâòîìîðôèçì-êîèíâàðèàíòíûì, åñëè äëÿ
êàæäûõ åãî ìàëûõ ïîäìîäóëåé K1,K2 è êàæäîãî ìàëîãî
ýïèìîðôèçìà f ∈ Hom(M/K1,M/K2) ñóùåñòâóåò ãîìîìîðôèçì
f ′ ∈ End(M), äëÿ êîòîðîãî êîììóòàòèâíà äèàãðàììà

M M

M/K1 M/K2

p p p p p p p p p p p p-f ′

? ?
-f

Òåîðåìà (S. Singh, A. K. Srivastava, 2012)

Ïóñòü π : P →M � ïðîåêòèâíàÿ îáîëî÷êà ìîäóëÿ M. Òîãäà M �
àâòîìîðôèçì-êîèíâàðèàíòíûé ìîäóëü â òî÷íîñòè òîãäà, êîãäà
f(Ker(π)) ≤ Ker(π) äëÿ êàæäîãî f ∈ Aut(P ).



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

S. Singh, A. K. Srivastava, 2012

Ìîäóëü M íàçûâàåòñÿ àâòîìîðôèçì-êîèíâàðèàíòíûì, åñëè äëÿ
êàæäûõ åãî ìàëûõ ïîäìîäóëåé K1,K2 è êàæäîãî ìàëîãî
ýïèìîðôèçìà f ∈ Hom(M/K1,M/K2) ñóùåñòâóåò ãîìîìîðôèçì
f ′ ∈ End(M), äëÿ êîòîðîãî êîììóòàòèâíà äèàãðàììà

M M

M/K1 M/K2

p p p p p p p p p p p p-f ′

? ?
-f

Òåîðåìà (S. Singh, A. K. Srivastava, 2012)

Ïóñòü π : P →M � ïðîåêòèâíàÿ îáîëî÷êà ìîäóëÿ M. Òîãäà M �
àâòîìîðôèçì-êîèíâàðèàíòíûé ìîäóëü â òî÷íîñòè òîãäà, êîãäà
f(Ker(π)) ≤ Ker(π) äëÿ êàæäîãî f ∈ Aut(P ).



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (P. Guil Asensio, A.Srivastava, D. Keskin, B. Kalebogaz, 2016)

Ïóñòü R � (ïîëó)ñîâåðøåííîå ñïðàâà êîëüöî. Òîãäà (êîíå÷íî
ïîðîæäåííûé) ïðàâûé R-ìîäóëü M ÿâëÿåòñÿ
àâòîìîðôèçì-êîèíâàðèàíòíûì òîãäà, êîãäà M � ïñåâäîïðîåêòèâíûé
ìîäóëü.

À. Í. Àáûçîâ, ×. Ê. Êóèíü, Ä. Ä. Òàé, Äóàëüíî
àâòîìîðôèçì-èíâàðèàíòíûå ìîäóëè íàä ñîâåðøåííûìè êîëüöàìè,
Ñèá. ìàòåì. æóðí., 58:5 (2017), 959-971;
È. Êóðàòîìè, Ðàçëîæåíèÿ äóàëüíî àâòîìîðôèçì-èíâàðèàíòíûõ
ìîäóëåé íàä ïîëóñîâåðøåííûìè êîëüöàìè, Ñèá. ìàòåì. æóðí., 60:3
(2019), 630-639.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (P. Guil Asensio, A.Srivastava, D. Keskin, B. Kalebogaz, 2016)

Ïóñòü R � (ïîëó)ñîâåðøåííîå ñïðàâà êîëüöî. Òîãäà (êîíå÷íî
ïîðîæäåííûé) ïðàâûé R-ìîäóëü M ÿâëÿåòñÿ
àâòîìîðôèçì-êîèíâàðèàíòíûì òîãäà, êîãäà M � ïñåâäîïðîåêòèâíûé
ìîäóëü.

À. Í. Àáûçîâ, ×. Ê. Êóèíü, Ä. Ä. Òàé, Äóàëüíî
àâòîìîðôèçì-èíâàðèàíòíûå ìîäóëè íàä ñîâåðøåííûìè êîëüöàìè,
Ñèá. ìàòåì. æóðí., 58:5 (2017), 959-971;
È. Êóðàòîìè, Ðàçëîæåíèÿ äóàëüíî àâòîìîðôèçì-èíâàðèàíòíûõ
ìîäóëåé íàä ïîëóñîâåðøåííûìè êîëüöàìè, Ñèá. ìàòåì. æóðí., 60:3
(2019), 630-639.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (À., Êóèíü, 2019)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî è M � àâòîìîðôèçì-
êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü. Òîãäà

M = P ′ ⊕ (⊕ni=1Qi),

ãäå P ′ � êâàçèïðîåêòèâíûé ìîäóëü, EndR(⊕ni=1Qi/J(⊕ni=1Qi)) �
êîíå÷íîå áóëåâî êîëüöî, ⊕ni=1Qi � öèêëè÷åñêèé ìîäóëü, ó êîòîðîãî
êàæäûé íåíóëåâîé ãîìîìîðôíûé îáðàç íå ÿâëÿåòñÿ êâàäðàòîì, è
äëÿ êàæäîãî 1 ≤ i ≤ n ìîäóëü Qi ÿâëÿåòñÿ íåëîêàëüíûì è
íåðàçëîæèìûì.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Ïðàâûé R-ìîäóëü M íàçûâàåòñÿ (ñòðîãî)
àâòîìîðôèçì-ïîäíèìàåìûì, åñëè äëÿ êàæäîãî ïîäìîäóëÿ N ìîäóëÿ
M êàæäûé àâòîìîðôèçì f ìîäóëÿ M/N ìîæåò áûòü ïîäíÿò äî
ýíäîìîðôèçìà (àâòîìîðôèçìà) f ′ ìîäóëÿ M .

M M

M/N M/N

p p p p p p p p p p-f ′

? ?
-f



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (Ìèøèíà À.Ï., 1972)

Ïóñòü M � ïåðèîäè÷åñêàÿ àáåëåâà ãðóïïà. Òîãäà ñëåäóþùèå óñëîâèÿ
ðàâíîñèëüíû:

1) M � ýíäîìîðôèçì-ïîäíèìàåìàÿ àáåëåâà ãðóïïà;

2) M � ñòðîãî àâòîìîðôèçì-ïîäíèìàåìàÿ àáåëåâà ãðóïïà;

3) èìååò ìåñòî ðàçëîæåíèå M = (⊕p∈IZp∞)⊕ (⊕p∈I′(⊕Zpmp )), ãäå
I, I ′ � ìíîæåñòâà ïðîñòûõ ÷èñåë, ïåðåñå÷åíèå êîòîðûõ ïóñòî.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (Òóãàíáàåâ À.À., 2020)

Ïóñòü M � ñèíãóëÿðíûé ìîäóëü íàä îãðàíè÷åííûì íàñëåäñòâåííûì
íåòåðîâûì ïåðâè÷íûì êîëüöîì R. Òîãäà ñëåäóþùèå óñëîâèÿ
ðàâíîñèëüíû:

1) M � ýíäîìîðôèçì-ïîäíèìàåìûé ìîäóëü;

2) M � àâòîìîðôèçì-ïîäíèìàåìûé ìîäóëü;

3) M � ñòðîãî àâòîìîðôèçì-ïîäíèìàåìûé ìîäóëü;

4) êàæäàÿ ïðèìàðíàÿ êîìïîíåíòà ìîäóëÿ M ÿâëÿåòñÿ ëèáî
íåðàçëîæèìûì èíúåêòèâíûì ìîäóëåì, ëèáî ïðîåêòèâíûì
ìîäóëåì íàä ôàêòîð-êîëüöîì êîëüöà R ïî àííóëÿòîðó ýòîé
ïðèìàðíîé êîìïîíåíòû.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (Òóãàíáàåâ À.À., 1979)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî. Òîãäà äëÿ ïðàâîãî R-ìîäóëÿ
M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) M � ýíäîìîðôèçì-ïîäíèìàåìûé ìîäóëü.

2) M � êâàçèïðîåêòèâíûé ìîäóëü.

Òåîðåìà (À., Êóèíü, Com. Algebra, 2018)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî. Òîãäà äëÿ ïðàâîãî R-ìîäóëÿ
M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) M � ñòðîãî àâòîìîðôèçì-ïîäíèìàåìûé ìîäóëü.

2) M � àâòîìîðôèçì-êîèíâàðèàíòíûé ìîäóëü.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (Òóãàíáàåâ À.À., 1979)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî. Òîãäà äëÿ ïðàâîãî R-ìîäóëÿ
M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) M � ýíäîìîðôèçì-ïîäíèìàåìûé ìîäóëü.

2) M � êâàçèïðîåêòèâíûé ìîäóëü.

Òåîðåìà (À., Êóèíü, Com. Algebra, 2018)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî. Òîãäà äëÿ ïðàâîãî R-ìîäóëÿ
M ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

1) M � ñòðîãî àâòîìîðôèçì-ïîäíèìàåìûé ìîäóëü.

2) M � àâòîìîðôèçì-êîèíâàðèàíòíûé ìîäóëü.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (À., Êóèíü, Ñèá. ìàòåì. æóðí., 2017)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî, M �
àâòîìîðôèçì-êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü è π : P →M �
ïðîåêòèâíàÿ îáîëî÷êà ìîäóëÿ M . Åñëè P � ïðÿìàÿ ñóììà ïîïàðíî
èçîìîðôíûõ ëîêàëüíûõ ìîäóëåé, òî M � êâàçèïðîåêòèâíûé ìîäóëü.

Òåîðåìà (À., Êóèíü, Ñèá. ìàòåì. æóðí., 2017)

Ïóñòü R � íîðìàëüíîå ñîâåðøåííîå ñïðàâà êîëüöî. Òîãäà êàæäûé
àâòîìîðôèçì- êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ
êâàçèïðîåêòèâíûì.

Òåîðåìà (À., Êóèíü, Ñèá. ìàòåì. æóðí., 2017)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî, ó êîòîðîãî êàæäûé
ãîìîìîðôíûé îáðàç íå èçîìîðôåí êîëüöó âèäà Mn(Z2). Òîãäà
êàæäûé àâòîìîðôèçì-êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ
êâàçèïðîåêòèâíûì.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (À., Êóèíü, Ñèá. ìàòåì. æóðí., 2017)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî, M �
àâòîìîðôèçì-êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü è π : P →M �
ïðîåêòèâíàÿ îáîëî÷êà ìîäóëÿ M . Åñëè P � ïðÿìàÿ ñóììà ïîïàðíî
èçîìîðôíûõ ëîêàëüíûõ ìîäóëåé, òî M � êâàçèïðîåêòèâíûé ìîäóëü.

Òåîðåìà (À., Êóèíü, Ñèá. ìàòåì. æóðí., 2017)

Ïóñòü R � íîðìàëüíîå ñîâåðøåííîå ñïðàâà êîëüöî. Òîãäà êàæäûé
àâòîìîðôèçì- êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ
êâàçèïðîåêòèâíûì.

Òåîðåìà (À., Êóèíü, Ñèá. ìàòåì. æóðí., 2017)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî, ó êîòîðîãî êàæäûé
ãîìîìîðôíûé îáðàç íå èçîìîðôåí êîëüöó âèäà Mn(Z2). Òîãäà
êàæäûé àâòîìîðôèçì-êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ
êâàçèïðîåêòèâíûì.



Àâòîìîðôèçì-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (À., Êóèíü, Ñèá. ìàòåì. æóðí., 2017)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî, M �
àâòîìîðôèçì-êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü è π : P →M �
ïðîåêòèâíàÿ îáîëî÷êà ìîäóëÿ M . Åñëè P � ïðÿìàÿ ñóììà ïîïàðíî
èçîìîðôíûõ ëîêàëüíûõ ìîäóëåé, òî M � êâàçèïðîåêòèâíûé ìîäóëü.

Òåîðåìà (À., Êóèíü, Ñèá. ìàòåì. æóðí., 2017)

Ïóñòü R � íîðìàëüíîå ñîâåðøåííîå ñïðàâà êîëüöî. Òîãäà êàæäûé
àâòîìîðôèçì- êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ
êâàçèïðîåêòèâíûì.

Òåîðåìà (À., Êóèíü, Ñèá. ìàòåì. æóðí., 2017)

Ïóñòü R � ñîâåðøåííîå ñïðàâà êîëüöî, ó êîòîðîãî êàæäûé
ãîìîìîðôíûé îáðàç íå èçîìîðôåí êîëüöó âèäà Mn(Z2). Òîãäà
êàæäûé àâòîìîðôèçì-êîèíâàðèàíòíûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ
êâàçèïðîåêòèâíûì.



Êâàçèèíúåêòèâíûå
ìîäóëè

C2-
ìîäóëè

C3-
ìîäóëè

Àâòîìîðôèçì-

èíâàðèàíòíûå
ìîäóëè

Ñòðîãî
àâòîìîðôèçì-
ïðîäîëæàåìûå

ìîäóëè

Aâòîìîðôèçì-
ïðîäîëæàåìûå

ìîäóëè

Íåïðåðûâíûå
ìîäóëè

Êâàçèíåïðåðûâíûå
ìîäóëè

CS-ìîäóëè

1) Askar Tuganbaev, Arithmetical Rings and Endomorphisms, Walter
de Gruyter, Berlin-Boston, 2019, 175 pp.;

2) Ashish Srivastava, Askar Tuganbaev, Pedro Guil Asensio, Invariance
of Modules under Automorphisms of their Envelopes and Covers,
Cambridge University Press, Cambridge, 2021 , 226 pp.



Êâàçèèíúåêòèâíûå
ìîäóëè

C2-
ìîäóëè

C3-
ìîäóëè

Àâòîìîðôèçì-

èíâàðèàíòíûå
ìîäóëè

Ñòðîãî
àâòîìîðôèçì-
ïðîäîëæàåìûå

ìîäóëè
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Êâàçèíåïðåðûâíûå
ìîäóëè

CS-ìîäóëè

1) Askar Tuganbaev, Arithmetical Rings and Endomorphisms, Walter
de Gruyter, Berlin-Boston, 2019, 175 pp.;

2) Ashish Srivastava, Askar Tuganbaev, Pedro Guil Asensio, Invariance
of Modules under Automorphisms of their Envelopes and Covers,
Cambridge University Press, Cambridge, 2021 , 226 pp.



Íèëüïîòåíòíî-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2020)

Let R be a right bounded hereditary noetherian prime ring. Then the
following conditions are equivalent for a torsion right R-module M :

1) M is nilpotent-invariant.

2) M is quasi-injective.

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2020)

Let M be a right module over a semiprimary ring R. Then the following
conditions are equivalent :

1) M is a nilpotent-invariant module.

2) All nilpotent endomorphisms of submodules of M extend to
nilpotent endomorphisms of M.



Íèëüïîòåíòíî-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2020)

Let R be a right bounded hereditary noetherian prime ring. Then the
following conditions are equivalent for a torsion right R-module M :

1) M is nilpotent-invariant.

2) M is quasi-injective.

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2020)

Let M be a right module over a semiprimary ring R. Then the following
conditions are equivalent :

1) M is a nilpotent-invariant module.

2) All nilpotent endomorphisms of submodules of M extend to
nilpotent endomorphisms of M.



Íèëüïîòåíòíî-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2020)

Let M be a right module over a semiprimary ring R. Then the following
conditions are equivalent :

1) M is a nilpotent-coinvariant module.

2) All nilpotent endomorphisms of factors of M lift to nilpotent
endomorphisms of M .

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2020)

Let R be a right invariant right perfect ring. The following conditions are
equivalent for a �nitely generated right R-module M :

1) M is an automorphism-coinvariant module.

2) M is a nilpotent-coinvariant module.

3) M is a quasi-projective module.



Íèëüïîòåíòíî-(êî)èíâàðèàíòíûå ìîäóëè

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2020)

Let M be a right module over a semiprimary ring R. Then the following
conditions are equivalent :

1) M is a nilpotent-coinvariant module.

2) All nilpotent endomorphisms of factors of M lift to nilpotent
endomorphisms of M .

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2020)

Let R be a right invariant right perfect ring. The following conditions are
equivalent for a �nitely generated right R-module M :

1) M is an automorphism-coinvariant module.

2) M is a nilpotent-coinvariant module.

3) M is a quasi-projective module.



Ñóùåñòâåííî-èíúåêòèâíûå è ìàëî-ïðîåêòèâíûå ìîäóëè

Santa-Clara, 1998

Ìîäóëü M íàçûâàåòñÿ ñóùåñòâåííî-èíúåêòèâíûì, åñëè äëÿ êàæäîãî
åãî ïîäìîäóëÿ K è êàæäîãî ãîìîìîðôèçìà f ∈ Hom(K,M), ó
êîòîðîãî Ker(f) ≤e K, ñóùåñòâóåò ãîìîìîðôèçì g ∈ End(M), äëÿ
êîòîðîãî êîììóòàòèâíà äèàãðàììà (∗)

(∗)

0 K M

M

- -

?

f

pppppppp	 g



Ñóùåñòâåííî-èíúåêòèâíûå è ìàëî-ïðîåêòèâíûå ìîäóëè

Ìîäóëü M íàçûâàåòñÿ ìàëî-ïðîåêòèâíûì, åñëè äëÿ êàæäîãî åãî
ïîäìîäóëÿ K è êàæäîãî ãîìîìîðôèçìà f ∈ Hom(M,M/K), ó
êîòîðîãî Im(f) << M/K, ñóùåñòâóåò ãîìîìîðôèçì g ∈ End(M),
äëÿ êîòîðîãî êîììóòàòèâíà äèàãðàììà (∗)

(∗)

M

M M/K 0

pppppppppp	
g

?

f

- -



Ñóùåñòâåííî-èíúåêòèâíûå è ìàëî-ïðîåêòèâíûå ìîäóëè

Òåîðåìà (À., Êóèíü, J. Algebra and Appl.,2019)

Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû äëÿ ìîäóëÿ M :

1) M � ñóùåñòâåííî-èíúåêòèâíûé ìîäóëü;

2) äëÿ êàæäîãî f ∈ End(E(M)), ó êîòîðîãî Ker(f) ≤e E(M),
f(M) ≤M ;

3) f(M) ≤M äëÿ êàæäîãî f ∈ J(End(E(M))).

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2019)

Ïóñòü π : P →M � ïðîåêòèâíàÿ îáîëî÷êà ìîäóëÿ M. Ñëåäóþùèå
óñëîâèÿ ðàâíîñèëüíû äëÿ ìîäóëÿ M :

1) 1) M � ìàëî-ïðîåêòèâíûé ìîäóëü;

2) äëÿ êàæäîãî f ∈ End(P ), ó êîòîðîãî Im(f) << P,
f(Ker(π)) ≤ Ker(π);

3) f(Ker(π)) ≤ Ker(π) äëÿ êàæäîãî f ∈ J(End(P )).



Ñóùåñòâåííî-èíúåêòèâíûå è ìàëî-ïðîåêòèâíûå ìîäóëè

Òåîðåìà (À., Êóèíü, J. Algebra and Appl.,2019)

Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû äëÿ ìîäóëÿ M :

1) M � ñóùåñòâåííî-èíúåêòèâíûé ìîäóëü;

2) äëÿ êàæäîãî f ∈ End(E(M)), ó êîòîðîãî Ker(f) ≤e E(M),
f(M) ≤M ;

3) f(M) ≤M äëÿ êàæäîãî f ∈ J(End(E(M))).

Òåîðåìà (À., Êóèíü, J. Algebra and Appl., 2019)

Ïóñòü π : P →M � ïðîåêòèâíàÿ îáîëî÷êà ìîäóëÿ M. Ñëåäóþùèå
óñëîâèÿ ðàâíîñèëüíû äëÿ ìîäóëÿ M :

1) 1) M � ìàëî-ïðîåêòèâíûé ìîäóëü;

2) äëÿ êàæäîãî f ∈ End(P ), ó êîòîðîãî Im(f) << P,
f(Ker(π)) ≤ Ker(π);

3) f(Ker(π)) ≤ Ker(π) äëÿ êàæäîãî f ∈ J(End(P )).



ÎÁÎËÎ×ÊÈ, ÍÀÊÐÛÒÈß È ÌÎÄÓËÈ, ÁËÈÇÊÈÅ Ê
ÏÐÎÅÊÒÈÂÍÛÌ



Ïóñòü R � êîëüöî è Ω � íåêîòîðûé êëàññ ïðàâûõ R-ìîäóëåé,
êîòîðûé çàìêíóò îòíîñèòåëüíî èçîìîðôíûõ îáðàçîâ è ïðÿìûõ
ñëàãàåìûõ. Ãîìîìîðôèçì g : M → E(M) ïðàâûõ R-ìîäóëåé
íàçûâàåòñÿ Ω-îáîëî÷êîé ïðàâîãî R-ìîäóëÿ M, åñëè:
1) E(M) ∈ Ω è ëþáàÿ äèàãðàììà

M E(M)

E′
?

g′

-g

,

ãäå E′ ∈ Ω, ìîæåò áûòü äîïîëíåíà äî êîììóòàòèâíîé äèàãðàììû

M E(M)

E′
?

g′

-g pppppppppp	
h ;



2) èç êîììóòàòèâíîñòè äèàãðàììû

M E(M)

E(M)
?

g

-g

�
�

��	

h

ñëåäóåò, ÷òî h � àâòîìîðôèçì.



Ãîìîìîðôèçì g : E(M)→M ïðàâûõ R-ìîäóëåé íàçûâàåòñÿ
Ω-íàêðûòèåì ïðàâîãî R-ìîäóëÿ M, åñëè:
1) E(M) ∈ Ω è ëþáàÿ äèàãðàììà

E(M) M

E′

-g

6
g′ ,

ãäå E(M) ∈ Ω, ìîæåò áûòü äîïîëíåíà äî êîììóòàòèâíîé äèàãðàììû

E(M) M

E′

-g

pppppp
ppppI h

6
g′ ;



2) èç êîììóòàòèâíîñòè äèàãðàììû

E(M) M

E(M)

-g

@
@

@@I h
6

g

ñëåäóåò, ÷òî h � àâòîìîðôèçì.
Åñëè Ω � êëàññ ïðîåêòèâíûõ (ñîîòâ., èíúåêòèâíûõ) ïðàâûõ
R-ìîäóëåé, òî Ω-íàêðûòèå (ñîîòâ., Ω-îáîëî÷êà) ïðàâîãî R-ìîäóëÿ
M íàçûâàåòñÿ ïðîåêèâíîé îáîëî÷êîé (ñîîòâ., èíúåêòèâíîé
îáîëî÷êîé) ìîäóëÿ M.



Ñâîéñòâà íåêîòîðûõ âàæíûõ îáîëî÷åê

Òåîðåìà (Îñîôñêè, 1968)

Åñëè M � êâàçèèíúåêòèâíûì ïðàâûé ìîäóëü, òî S = End(M) �
ïîëóðåãóëÿðíîå êîëüöî, S/J(S) � ñàìîèíúåêòèâíîå ñïðàâà êîëüöî è
J(S) = {f ∈ S | Ker(f) ≤e M}.

Òåîðåìà (Kasch)

Åñëè M � ïðîåêòèâíûé ïðàâûé ìîäóëü íàä ñîâåðøåííûì ñïðàâà
êîëüöîì, òî S = End(M) � ïîëóðåãóëÿðíîå êîëüöî, S/J(S) �
ñàìîèíúåêòèâíîå ñïðàâà êîëüöî.

Òåîðåìà (Huisgen-Zimmermann, Zimmermann, 1978)

Åñëè M � ÷èñòî èíúåêòèâíûé ïðàâûé ìîäóëü, òî S = End(M) �
ïîëóðåãóëÿðíîå êîëüöî è S/J(S) � ñàìîèíúåêòèâíîå ñïðàâà êîëüöî.



Ïóñòü u : M → E(M) � Ω-îáîëî÷êà ìîäóëÿ M è S = End(E(M)).
Òîãäà îïðåäåëåí êîëüöåâîé ãîìîìîðôèçì

Φ : End(M)→ S/J(S),

äåéñòâóþùèé ïî ïðàâèëó Φ(f) = f ′ + J(S), ãäå f ′ : X → X �
ãîìîìîðôèçì, äëÿ êîòîðîãî âûïîëíåíî ðàâåíñòâî f ′u = uf . ßäðî
ãîìîìîðôèçìà Φ áóäåì îáîçíà÷àòü ÷åðåç ∆(M).
Íåñëîæíî çàìåòèòü, ÷òî åñëè Ω � êëàññ èíúåêòèâíûõ ïðàâûõ
R-ìîäóëåé, òî ∆(M) = {f ∈ End(M) | Ker(f) ≤e M}.

Â ñëåäóþùèõ óòâåðæäåíèÿõ ïðåäïîëàãàåòñÿ, ÷òî âñå
ðàññìàòðèâàåìûå Ω-îáëî÷êè u : M → E(M) ÿâëÿþòñÿ
ìîíîìîðôèçìàìè ïðàâûõ ìîäóëåé è êîëüöà ýíäîìîðôèçìîâ
ìîäóëåé èç Ω ÿâëÿþòñÿ ïîëóðåãóëÿðíûìè, ó êîòîðûõ ôàêòîð ïî
ðàäèêàëó Äæåêîáñîíà ÿâëÿåòñÿ ñàìîèíúåêòèâíûìè ñïðàâà.



Ìîäóëü M íàçûâàåòñÿ Ω-àâòîìîðôèçì (ñîîòâ., Ω-èäåìïîòåíòíî)
èíâàðèàíòíûì , åñëè ñóùåñòâóåò òàêàÿ Ω-îáîëî÷êà u : M → E(M),
÷òî äëÿ êàæäîãî àâòîìîðôèçìà (ñîîòâ., èäåìïîòåíòà)
g ∈ End(E(M)) ñóùåñòâóåò ýíäîìîðôèçì f : M →M , äëÿ êîòîðîãî
êîììóòàòèâíà äèàãðàììà

M E(M)

M E(M)

-upppppppppp?f ?

g

-u



Òåîðåìà (Guil Asensio, D. Keskin, A. K. Srivastava, Israel Journal of
Mathematics, 2015)

Ïóñòü M � Ω-àâòîìîðôèçì-èíâàðèàíòíûé ìîäóëü. Òîãäà èìåþò
ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:

a) End(M) � ïîëóðåãóëÿðíîå êîëüöî;

b) M � çàìåíÿåìûé ìîäóëü;

c) End(M) � ÷èñòîå êîëüöî;

d) åñëè êîëüöî End(M) íå èìååò ãîìîìîðôíûõ îáðàçîâ,
èçîìîðôíûõ ïîëþ F2, òî M � Ω-ýíäîìîðôèçì èíâàðèàíòíûé
ìîäóëü.



Ïóñòü u : M → E(M) � Ω-îáîëî÷êà ìîäóëÿ M. Ìîäóëü M
íàçûâàåòñÿ Ω-íåïðåðûâíûì, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) M � Ω-èäåìïîòåíòíî èíâàðèàíòíûé ìîäóëü;

2) åñëè äëÿ èäåìïîòåíòîâ e1, e2 ∈ End(E(M)), e′1, e
′
2 ∈ End(M)

âûïîëíåíû ðàâåíñòâà ue′i = eiu(i = 1, 2), äëÿ ãîìîìîðôèçìîâ
α, α′ êîììóòàòèâíà äèàãðàììà

e′1(M) e′2(M)

e1(E(M)) e2(E(M))

-α′

?

u

?

u

-α

è α ÿâëÿåòñÿ èçîìîðôèçìîì, òî α′ � èçîìîðôèçì.



Òåîðåìà (À., Êóèíü, Òóãàíáàåâ À.À., Ñèá. ìàòåì. æóðí.,2019)

Åñëè M � Ω-íåïðåðûâíûé ìîäóëü, òî êîëüöî End(M) ÿâëÿåòñÿ
ïîëóðåãóëÿðíûì è J(End(M)) = ∆(M).

Òåîðåìà

Åñëè M � Ω-èäåìïîòåíòíî èíâàðèàíòíûé ìîäóëü, òî ìîäóëü M
ÿâëÿåòñÿ Ω-íåïðåðûâíûé â òî÷íîñòè òîãäà, êîãäà
∆(M) = J(End(M)) è End(M)/∆(M) � ðåãóëÿðíîå êîëüöî.

Òåîðåìà

Åñëè M � Ω-íåïðåðûâíûé ìîäóëü, òî êîëüöî End(M) ÿâëÿåòñÿ
÷èñòûì.



Òåîðåìà

Ïóñòü M � ïðàâûé R-ìîäóëü. Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:

1) åñëè M � íåïðåðûâíûé ìîäóëü, òî

a) End(M) � ïîëóðåãóëÿðíîå êîëüöî;
b) M � êîíå÷íî çàìåíÿåìûé ìîäóëü;
c) End(M) � ÷èñòîå êîëüöî;

2) åñëè M � äèñêðåòíûé ìîäóëü è R � ñîâåðøåííîå ñïðàâà êîëüöî,
òî

a) End(M) � ïîëóðåãóëÿðíîå êîëüöî;
b) M � êîíå÷íî çàìåíÿåìûé ìîäóëü;
c) End(M) � ÷èñòîå êîëüöî;

3) åñëè M � êîíå÷íî ïîðîæäåííûé äèñêðåòíûé ìîäóëü è R �
ïîëóñîâåðøåííîå êîëüöî, òî

a) End(M) � ïîëóðåãóëÿðíîå êîëüöî;
b) M � êîíå÷íî çàìåíÿåìûé ìîäóëü;
c) End(M) � ÷èñòîå êîëüöî.



ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ


