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Abstract

Averaging of random shift operators on a space of the square integrable by shift-invariant
measure complex-valued functions on linear topological spaces has been studied. The case of
the l∞ space has been considered as an example.

A shift-invariant measure on the l∞ space, which was constructed by Caratheodory’s
scheme, is σ -additive, but not σ -finite. Furthermore, various approximations of measurable
sets have been investigated. One-parameter groups of shifts along constant vector fields in the
l∞ space and semigroups of shifts to a random vector, the distribution of which is given by
a collection of the Gaussian measures, have been discussed. A criterion of strong continuity for
a semigroup of shifts along a constant vector field has been established.

Conditions for collection of the Gaussian measures, which guarantee the semigroup pro-
perty and strong continuity of averaged one-parameter collection of linear operators, have been
defined.

Keywords: strongly continuous semigroups, averaging of operator semigroups, shift-
invariant measures, square integrable functions

Introduction

In this paper, we investigate semigroups of shift operators on a Hilbert space
L2(l∞, B(l∞), λ) of complex square integrable functions by a shift-invariant and σ -
additive measure λ on a space l∞ . Data on various constructions of shift-invariant
measures on linear topological spaces and possible connections between the measures
are presented in [1–4].

We consider semigroups indexed by parameter t ∈ R+ ≡ [0, +∞) of bounded ope-
rators At

h , which are defined in the following way: At
hf(x) = f(x + th) , where h ∈ l∞ ,

f ∈ L2(l∞,B(l∞), λ) . We establish a criterion of strong continuity for operator semi-
groups At

h . We prove that an operator semigroup At
h is strongly continuous if and only

if h ∈ l1 .
Then, we construct a class of Gaussian measures on a space l∞ , which are concen-

trated on a space l1 – a domain of strong continuity for operator semigroups At
h .

Our next step is to average operator semigroups At
h by a random vector h ∈ l∞ ,

whose distribution is given by the previously constructed Gaussian measures. As a re-
sult, we obtain an operator set Ht, t ∈ R+ , which is a strongly continuous contraction
operator semigroup. The obtained results show the applicability of the approach to
study random shift operators in the Hilbert spaces developed in [3, 4], as well as to
the study of random shift operators in linear topological spaces.
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1. Supporting results

In this section, we introduce supporting constructions and results in order to define
and operate with strongly continuous operator semigroups on the spaces of integrable
functions.

Let us denote Borel σ -algebras corresponding to the topology of pointwise conver-
gence on spaces R∞ and l∞ as B(R∞) and B(l∞) , respectively, and a Borel σ -algebra
corresponding to the standard topology on an arbitrary subspace K ⊂ Rk – as B(K) ,
where k ∈ N .

Lemma 1. Let X1 , and X2 be the Frechet spaces. Then B(X1 ×X2) = B(X1)×
B(X2) , where B(X1×X2) , B(X1) , and B(X2) denote Borel σ -algebras on X1 , X2 ,
and X3 , respectively.

Proof. X1 × X2 is a Frechet space. Let us define a subset L ⊂ (X1 × X2)∗ in
the following way: h ∈ L if and only if for all x1, x2 ∈ X1 × X2 : h(x1; x2) = l1(x1) ,
where l1 ∈ X∗

1 ; or for all x1, x2 ∈ X1 ×X2 : h(x1; x2) = l2(x2) , where l2 ∈ X∗
2 . A set

L separates points of a space X1×X2 . That is why, according to the paragraph A.3.7.
from [5], we have that B(X1×X2) ⊂ B(X1)×B(X2) . Furthermore, B(X1)×B(X2) ⊂
B(X1 ×X2) . Hence, B(X1 ×X2) = B(X1)×B(X2) .

Let us denote a shift-invariant and σ -additive measure on S as λ , where S is a σ -
algebra on a space R∞ (the precise definition of S and λ may be found in [2]). Then,
the following statements hold.

Lemma 2. For all B ∈ B(R), n ∈ N : Rn ×B ×R∞ ∈ S .

Lemma 3. For all A ∈ S and for all ε > 0 there exist n, k ∈ N : λ(A4
n⋃

i=1

hi +

Qi × [0; 1]× [0; 1]× · · · ) < ε , where Qi ∈ B([0; 1]k) , and hi + Qi

⋂
hj + Qj = ∅ , when

i 6= j .

Lemma 4. B(l∞) ⊂ S|l∞ .

Proof. It is enough to prove that B(R∞) ⊂ S . A space R∞ is a separable Frechet
space. Let us define linear continuous mappings Pi : R∞ → R , where i ∈ N in the fol-
lowing way: Pi(x1, x2, . . .) = xi . Mappings Pi separate points of a space R∞ . That
is why, according to the paragraph A.3.7. from [5], it is enough to prove that for all
B ∈ B(R), n ∈ N : Rn × B × R∞ ∈ S . So, according to lemma 2, we have that
B(l∞) ⊂ S|l∞ .

Lemma 5. A set {Ih+Q×[0;1]×[0;1]×···|h ∈ R∞, Q ∈
∞⋃

i=1

B([0; 1]i)} is a total set in

a space L2(l∞,B(l∞), λ|l∞) .

Lemma 6. Bs(l2) = B(R∞)
⋂

l2 , where Bs(l2) is a Borel σ -algebra corresponding
to the standard topology on a space l2 .

Hereafter, we consider λ as a measure on a space (l∞, B(l∞)) .

2. Operator semigroups of shifts

Let us define operators At
h : L2(l∞, B(l∞), λ) → L2(l∞, B(l∞), λ) , where t ≥ 0 ,

h ∈ l∞ , in the following way:

At
hu(x) = u(x + th).
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For each h ∈ l∞ , operators At
h form a semigroup, besides for each t ≥ 0, h ∈ l∞ :

‖At
h‖ = 1 . Let us explore conditions, under which operator semigroups At

h should
satisfy in order to be strongly continuous.

Lemma 7. Let for all n ∈ N : tn ≥ 0, hn ≥ 0 ; tn → 0; (h1, h2, . . .) ∈ l1 ;
Q ∈ B([0; 1]k); b ∈ h∞ . Then

lim
n→∞

sup
|xi|≤hi,i∈N

‖Atn

(x1,x2,...)Ib+Q×[0;1]×[0;1]×··· − Ib+Q×[0;1]×[0;1]×···‖L2 = 0.

Proof. It is enough to prove the statement in the case b = 0 . We have that for all
n ∈ N :

sup
|xi|≤hi,i∈N

‖Atn

(x1,x2,...)Ib+Q×[0;1]×[0;1]×··· − Ib+Q×[0;1]×[0;1]×...‖L2 =

= sup
|xi|≤hi,i∈N

(∫

l∞

|IQ×[0;1]×[0;1]×···(x+tn(x1, x2, . . .))−IQ×[0;1]×[0;1]×···(x)|2dλ(x)

)1/2

=

= sup
|xi|≤hi,i∈N

(λ(tn(−x1,−x2, . . .)+Q× [0; 1]× [0; 1]×· · ·4Q× [0; 1]× [0; 1]× . . .)1/2 ≤

≤ 2 sup
|xi|≤hi,i∈N

(λ(tn(x1, x2, . . .) + Q× [0; 1]× [0; 1]× · · · \Q× [0; 1]× [0; 1]× · · · )1/2 ≤

≤ 2 sup
|xi|≤hi,i∈N

λk(tn(x1, x2, . . . xk) + Q \Q)+

+C sup
|xi|≤hi,i∈N

(tn|xk+1|+(1−tn|xk+1|)tn|xk+2|+(1−tn|xk+1|)(1−tn|xk+2|)tn|xk+3|+· · · ),

where λk is the Lebesgue measure on a space Rk and C = 2λk(Q) . We know that
(h1, h2, . . .) ∈ l1 . That is why

sup
|xi|≤hi,i∈N

(tn|xk+1|+(1−tn|xk+1|)tn|xk+2|+(1−tn|xk+1|)(1−tn|xk+2|)tn|xk+3|+· · · ) → 0.

As a result, we have

lim
n→∞

sup
|xi|≤hi,i∈N

‖Atn

(x1,x2,...)Ib+Q×[0;1]×[0;1]×··· − Ib+Q×[0;1]×[0;1]×···‖L2 = 0.

Theorem 1. An operator semigroup At
h, t ∈ R+ is strongly continuous if and only

if h ∈ l1 .

Proof. If h ∈ l1 , then, according to lemma 7, a semigroup At
h is a strongly contin-

uous operator semigroup, because a set {Ih+Q×[0;1]×[0;1]×···|h ∈ l∞, Q ∈
∞⋃

i=1

B([0; 1]i)}
is total in a space L2(l∞, B(l∞), λ) .

Suppose that h = (h1, h2, . . .) /∈ l1 . Let us calculate a value of the following measure:

λ(−th + [0; 1]× [0; 1]× · · ·⋂ [0; 1]× [0; 1]× · · · ),
where t ≥ 0 . We have that

λ(−th + [0; 1]× [0; 1]× · · ·⋂[0; 1]× [0; 1]× · · · ) = lim
n→∞

n∏
k=1

(1− t|hk|) =

= lim
n→∞

exp

(
n∑

k=1

ln(1− t|hk|)
)
≤ lim

n→∞
exp

(
−

n∑

k=1

t|hk|
)

= 0,
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when t is close enough to 0 . Hence,

lim
t→0

‖At
(h1,h2,...)I[0;1]×[0;1]×··· − I[0;1]×[0;1]×···‖L2 = 21/2.

That is why an operator semigroup At
h is not strongly continuous when h /∈ l1 .

3. Gaussian measures concentrated on a space l1

Our goal in this paragraph is to construct a Gaussian measure on a space l2 , which
is concentrated on a space l1 .

Let us take a sequence of numbers an , which satisfies the following properties: for
all n ∈ N : an ∈ (0, 1) ,

0 <

∞∏
n=1

an < 1.

Let us take h = (h1, h2, . . .) ∈ l1 , where ∀n ∈ N : h1 > 0 . The next step is to choose
a sequence σn , where for all n ∈ N : σn > 0 and for all n ∈ N :

1√
2πσn

hn∫

−hn

exp
(
− x2

2σ2
n

)
dx = an.

We can rewrite the equation in the following way:

1√
2πσn

hn∫

−hn

exp
(
− x2

2σ2
n

)
dx =

1√
2π

hn/σn∫

−hn/σn

exp
(
−x2

2

)
dx = an.

As a result, we obtain that σn =
hn√

2erf−1(an)
. So, let us denote a Gaussian measure

on R , corresponding to σn , as γn and construct a measure µ in the following way:

µ =
∞⊗

n=1
γn . According to the paragraph 2.2 from [5], a measure µ is well defined on

B(R∞) , and µ|l2 is a centered Gaussian measure on a space l2 . A measure µ depends
on a sequence an and a vector h . Let us denote a class of measures which can be
constructed by the suggested scheme as M.

Lemma 8. For all µ ∈ M : µ(l1) = 1 .

Proof. According to the definition of a sequence an , there exists n ∈ N for all
ε > 0 : ∞∏

k=n+1

an > 1− ε.

For this reason, we can conclude that µ(Rn × [−hn+1;hn+1]× [−hn+2; hn+2]× · · · ) >
1− ε . Hence, we obtain that

µ(
∞⋃

n=1
Rn × [−hn+1; hn+1]× [−hn+2; hn+2]× · · · ) = 1.

As a result, we have that µ(l1) = 1 .

Let us define measures µt , where t > 0 , by the formula:

∀A ∈ Bs(l2) : µt(A) =
∫

l∞

IA(
√

th) dµ(h),

where µ ∈ M . Measures µt are Gaussian on a space l2 , and we have that for all
t, s > 0 : µt+s = µt ∗ µs .
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4. Averaging of operator semigroups

Let us define an operator set Ht : L2(l∞, B(l∞), λ) → L2(l∞,B(l∞), λ) , where
t ≥ 0 , in the following way:

Htu(x) =
∫

l∞

u(x +
√

th) dµ(h).

The vector Htu should be understood as the Pettis integral:

∀ v ∈ L2(l∞, B(l∞), λ) : (Htu; v)L2 =
∫

l∞

(∫

l∞

u(x +
√

th)v̄(x) dλ(x)

)
dµ(h),

where µ ∈ M . Let us note that
∫

l∞

( ∫

l∞

u(x +
√

th)v̄(x) dλ(x)

)
dµ(h) =

∫

l∞

( ∫

supp(v)

u(x +
√

th)v̄(x)dλ(x)

)
dµ(h),

∫

supp(v)

|u(x +
√

th)v̄(x)| dλ(x) ≤ ‖u‖L2‖v‖L2 .

That is why, according to Fubini’s theorem, a function

h →
∫

l∞

u(x +
√

th)v̄(x) dλ(x)

is defined everywhere and measurable. Hence, the definition on an operator set Ht is
correct. Moreover, for all t ≥ 0 : ‖Ht‖ ≤ 1 .

Theorem 2. For an arbitrary measure µ ∈ M , a set Ht, t ∈ R+ is an operator
semigroup.

Proof. Let us fix elements u, v ∈ L2(l∞,B(l∞), λ) and introduce a function f :
l∞ → R as:

f(h) =
∫

l∞

u(x + h)v̄(x) dλ(x).

Let us fix t, s > 0 . Then, we have that

(Ht+su; v)L2 =
∫

l∞

( ∫

l∞

u(x +
√

t + sh)v̄(x)dλ(x)

)
dµ(h) =

=
∫

l∞

f(
√

t + sh) dµ(h) =
∫

l2

f(
√

t + sh) dµ(h) =
∫

l2

f(h) dµt+s(h).

According to paragraph 3, we obtain that

(Ht+su; v)L2 =
∫

l2×l2

f(x + y) d(µt ⊗ µs)(x, y) =

=
∫

l2

(∫

l2

f(x + y)dµt(x)

)
dµs(y) =

∫

l2

(∫

l2

f(x + y)dµs(y)

)
dµt(x).
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On the other hand,

(HtHsu; v)L2 =
∫

l∞

( ∫

l∞

(Hsu)(x +
√

th1)v̄(x) dλ(x)

)
dµ(h1) =

=
∫

l∞

[ ∫

l∞

( ∫

l∞

u(x +
√

th1 +
√

sh2)v̄(x) dλ(x)

)
dµ(h2)

]
dµ(h1) =

=
∫

l2

(∫

l2

f(x + y) dµs(y)

)
dµt(x).

That is why Ht+s = HtHs and, as a result, Ht is an operator semigroup.

Theorem 3. For an arbitrary measure µ ∈ M , a set Ht, t ∈ R+ is an operator
continuous operator semigroup.

Proof. Let us fix arbitrary functions u, v ∈ L2(l∞, B(l∞), λ) . Let us consider
a sequence tn ≥ 0 and let lim

n→∞
tn = 0 . Then

|(Htnu− u; v)L2 | ≤

≤
∫

l∞

(∫

l∞

|(u(x +
√

tnh)− u(x))v̄(x)| dλ(x)

)
dµ(h) ≤

≤ ‖v‖L2

∫

l∞

√√√√
∫

l∞

|u(x +
√

tnh)− u(x)|2 dλ(x) dµ(h) =

= ‖v‖L2

∫

l1

√√√√
∫

l∞

|u(x +
√

tnh)− u(x)|2 dλ(x) dµ(h).

According to Lebesgue’s dominated convergence theorem, we obtain that
∫

l1

√√√√
∫

l∞

|u(x +
√

tnh)− u(x)|2 dλ(x) dµ(h) → 0.

So, we have that sup
‖v‖L2=1

|(Htnu − u)L2 | → 0 . That is why Htnu − u → 0 . Therefore,

an operator semigroup Ht is strongly continuous.

Conclusions

In this paper, we proved the criterion of strong continuity for shift operator semi-
groups, along a constant vector field in a space l∞ , on a space of complex square inte-
grable by shift-invariant measure on a space l∞ functions. In addition, it was shown that
averaging of shift-invariant operator semigroups by Gaussian measures concentrated on
a space l1 is a strongly continuous contraction operator semigroup.
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УДК 517.98+519.2

Трансляционно-инвариантные меры на бесконечномерных
пространствах, интегрируемые функции и случайные блуждания

В.Ж. Сакбаев, Д.В. Завадский

Московский физико-технический институт, г. Долгопрудный, 141701, Россия

Аннотация

В работе изучается усреднение случайных операторов сдвига аргумента в простран-
стве квадратично интегрируемых по трансляционно-инвариантной мере комплекснознач-
ных функций на линейных топологических пространствах. В качестве примера рассмот-
рен случай пространства l∞ . Трансляционно-инвариантная мера на пространстве l∞ ,
построенная при помощи схемы Каратеодори, обладает свойством счетной аддитивности,
но не обладает свойством σ -конечности. Также рассматриваются различные приближе-
ния измеримых множеств. Рассматриваются однопараметрические группы сдвигов вдоль
постоянного векторного поля в пространстве l∞ и полугруппы сдвигов на случайный
вектор, распределение которого задается семейством гауссовских мер. Получен критерий
сильной непрерывности группы сдвигов вдоль постоянного векторного поля. Установлены
условия на семейство гауссовских мер, достаточные для сохранения полугруппового свой-
ства усредненного однопараметрического семейства линейных операторов и его сильной
непрерывности.
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Ключевые слова: сильно непрерывные полугруппы, усреднение операторных полу-
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