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Abstract

Averaging of random shift operators on a space of the square integrable by shift-invariant
measure complex-valued functions on linear topological spaces has been studied. The case of
the o space has been considered as an example.

A shift-invariant measure on the l. space, which was constructed by Caratheodory’s
scheme, is o-additive, but not o-finite. Furthermore, various approximations of measurable
sets have been investigated. One-parameter groups of shifts along constant vector fields in the
l space and semigroups of shifts to a random vector, the distribution of which is given by
a collection of the Gaussian measures, have been discussed. A criterion of strong continuity for
a semigroup of shifts along a constant vector field has been established.

Conditions for collection of the Gaussian measures, which guarantee the semigroup pro-
perty and strong continuity of averaged one-parameter collection of linear operators, have been
defined.

Keywords: strongly continuous semigroups, averaging of operator semigroups, shift-
invariant measures, square integrable functions

Introduction

In this paper, we investigate semigroups of shift operators on a Hilbert space
Lo(loo, B(lso), A) of complex square integrable functions by a shift-invariant and o-
additive measure A on a space [, . Data on various constructions of shift-invariant
measures on linear topological spaces and possible connections between the measures
are presented in [1-4].

We consider semigroups indexed by parameter ¢t € R = [0, +00) of bounded ope-
rators Al , which are defined in the following way: A} f(z) = f(z +th), where h € I,
f € La(lon,B(ln), \). We establish a criterion of strong continuity for operator semi-
groups A} . We prove that an operator semigroup A} is strongly continuous if and only
if hely.

Then, we construct a class of Gaussian measures on a space l,, which are concen-
trated on a space [; — a domain of strong continuity for operator semigroups A .

Our next step is to average operator semigroups A% by a random vector h € I,
whose distribution is given by the previously constructed Gaussian measures. As a re-
sult, we obtain an operator set H;, ¢t € R, which is a strongly continuous contraction
operator semigroup. The obtained results show the applicability of the approach to
study random shift operators in the Hilbert spaces developed in [3, 4], as well as to
the study of random shift operators in linear topological spaces.
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1. Supporting results

In this section, we introduce supporting constructions and results in order to define
and operate with strongly continuous operator semigroups on the spaces of integrable
functions.

Let us denote Borel o-algebras corresponding to the topology of pointwise conver-
gence on spaces R and [, as B(R*) and B(l), respectively, and a Borel o-algebra
corresponding to the standard topology on an arbitrary subspace K C R* —as B(K),
where k € N.

Lemma 1. Let X, and X5 be the Frechet spaces. Then B(X; x X5) = B(X7) x
B(X3), where B(X1 x X)), B(X1), and B(X2) denote Borel o-algebras on X1, X,
and Xz, respectively.

Proof. X; x X, is a Frechet space. Let us define a subset L C (X; x X3)* in
the following way: h € L if and ouly if for all 1, x5 € X1 X Xa : h(z1;22) = l1(21),
where [; € X7; or for all x1, 2o € X7 X Xo : h(x1;22) = la(x2), where lo € X5 . A set
L separates points of a space X7 X Xo. That is why, according to the paragraph A.3.7.
from [5], we have that B(X; x X3) C B(X1) x B(Xs3). Furthermore, B(X;) x B(X3) C
%(Xl X Xg) Hence, %(Xl X XQ) = %(Xl) X %(XQ) ]

Let us denote a shift-invariant and o-additive measure on S as A\, where S is a o-
algebra on a space R (the precise definition of S and A may be found in [2]). Then,
the following statements hold.

Lemma 2. For all B€ B(R),n€ N: R"xBx R*®c§S.

n
Lemma 3. For all A€ S and for all € > 0 there exist n, k € N : M(AA | h; +
i=1
Qi x [0;1] x [0;1] x -+ ) < €, where Q; € B([0;1]%), and h; + Q; (N h; + Q; = @, when
i
Lemma 4. B(lx) C S|lw-

Proof. It is enough to prove that B(R>) C S. A space R is a separable Frechet
space. Let us define linear continuous mappings P; : R — R, where ¢ € N in the fol-
lowing way: P;(z1,%2,...) = ;. Mappings P; separate points of a space R>. That
is why, according to the paragraph A.3.7. from [5], it is enough to prove that for all
B € B(R),n € N: R*"x Bx R>® € §. So, according to lemma 2, we have that
B(loo) C Yoo - O

Lemma 5. A set {Ip1ox(0:1)x[0:1]x-|h € R, Q € |J B([0;1]")} is a total set in
i=1
a space La(loo, B(lso), Mloo) -

Lemma 6. B,(l3) = B(R>) Iz, where B,(l2) is a Borel o -algebra corresponding
to the standard topology on a space ls .

Hereafter, we consider A as a measure on a space (loo, B(loo))-

2. Operator semigroups of shifts

Let us define operators A} : Lo(loo, B(ls), A) — Lo(loo, B(ls), \), where ¢ > 0,
h € ly, in the following way:

Abu(z) = u(z + th).
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For each h € I, operators Al form a semigroup, besides for each ¢t > 0, h € I
|AL|l = 1. Let us explore conditions, under which operator semigroups A} should
satisfy in order to be strongly continuous.

Lemma 7. Let for all n € N : t, > 0, hy, > 0; t, — 0; (hy,ha,...) € li;
Q € B([0;1]%); b € hoo. Then

. tn _ =
nhj}go \911|§S}Ll¢plEN ||A(ZL’1,:D2,.--)Ib+Q><[O§1]>< [0;1]x Ib+Q>< [0;1]x[0;1] x ||L2 0.

Proof. It is enough to prove the statement in the case b = 0. We have that for all
neN:

sup ||AE;1,$2,M)Ib+Q><[0;1]><[0;1]><- — Iy @xjo)x[0s1]x.. [ L, =
|z;|<h;,i€N

|I7|§h7,l€N

1/2
= sup (/IQX[O;I]X[O;l]X~~-(x"'tn(mla$2a-~-)) Iox 01101 % (@) [P dA (@ )) =

= sup  (A(tn(—z1, —20,...)+Q x[0;1] x [0;1] x - - AQ x [0;1] x [0;1] x...)}/2 <
|£L’,;|Shi,iEN
<2 sup (A(tal(@r,22,..) +Q x [051] x [0;1] x ---\ @ x [051] x [0;1] x ---)1/? <
‘wl‘ShH’LEN
<2 sup  MN(ta(z1,22,...70) +Q\ Q)+
\a:1|§hL,l€N
+C  sup  (tnlzpgr[+H(I=tn|zps1tn|Thr2|+ (A=t zpi1 ) (L—tn| T2 )tn | Thss+ - ),
|z;|<hii€N

where A\* is the Lebesgue measure on a space RF and C' = 2)*(Q). We know that
(h1,ha,...) € 1. That is why

sl <he, (tnl@psr [+ (L=tplapr in|Th o+ (I—tn| 2 ) A—tn |2k r2])tn|Tris|+- ) — 0.
z;|<h;,iEN

As a result, we have

. tn .
nh—>Holo \milgszlfieN ||A(whw%_“)leer[0;1]><[0;1]><~ Ib+Q><[O 1]x[0;1] x ||L2 =0.

O

Theorem 1. An operator semigroup A%, t € Ry is strongly continuous if and only
Zf hel.

Proof. If h € 1y, then, according to lemma 7, a semigroup A} is a strongly contin-
uous operator semigroup, because a set {Ij4qx[0;1]x[0;1]x-- |7 € loo, @ € U B([0;1]9)}

is total in a space La(loo, B(loo), A).
Suppose that h = (hy, ha,...) ¢ l1. Let us calculate a value of the following measure:

A —th +[0;1] x [0;1] x ---[0;1] x [0;1] x ---),
where t > 0. We have that

A=th +10;1] x [0:1] x -~ (05 1] x [051] x ) = Tim T[] (1 — thel) =

= lim exp (Zln (1 t|hk|)> < lim exp (Zt|hk|> =

k=1 k=1
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when ¢ is close enough to 0. Hence,

lim (| AGy, 1, Tosmyxost)xe = T oo llza = 2172
That is why an operator semigroup A} is not strongly continuous when h ¢ ;. O

3. Gaussian measures concentrated on a space [l

Our goal in this paragraph is to construct a Gaussian measure on a space ly, which
is concentrated on a space [ .

Let us take a sequence of numbers a,,, which satisfies the following properties: for
al ne N:a, €(0,1),

O<ﬁan<1.

n=1
Let us take h = (hy,ho,...) € l;, where Vn € N : hy > 0. The next step is to choose
a sequence o, where for all n € N : g, >0 and for all n € N :

Ry
1 x?
oo exp —m dx = an,.

n

We can rewrite the equation in the following way:

hn hn/an
1 / < z? > i 1 / ( x2> p
exp | —— |dr = — exp | —— |dx = ay.
\V2mo, P 202 V2T P 2 "
—hNn _hn/o'n
: hy .
As a result, we obtain that 0, = ———————. So, let us denote a Gaussian measure

V2erf~1(an)

on R, corresponding to o, as =, and construct a measure p in the following way:

oo
= & vn. According to the paragraph 2.2 from [5], a measure g is well defined on
n=1
B(R>*), and plls is a centered Gaussian measure on a space lo. A measure p depends
on a sequence a, and a vector h. Let us denote a class of measures which can be

constructed by the suggested scheme as M.
Lemma 8. Forall pe M : p(ly) =1.

Proof. According to the definition of a sequence a,, there exists n € N for all

€e>0:
oo
H a, >1—c¢
k=n-+1
For this reason, we can conclude that p(R™ X [—hpt1;hnt1] X [—hny2; hpgo] X -o0) >
1 — €. Hence, we obtain that

N( U R™ x [7hn+15 hn+1] X [7hn+2§ hn+2} X ) =1L
n=1
As a result, we have that u(ly) =1. O
Let us define measures p;, where ¢t > 0, by the formula:

VAEDB(): ()= [ La(Vih)duh),

loo
where p € M. Measures pu; are Gaussian on a space ls, and we have that for all
t, 8> 0 fyys = bt * s
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4. Averaging of operator semigroups

Let us define an operator set H; : La(loo, B(loo), A) — Lo(loo, B(leo), A), where
t > 0, in the following way:

Hyu(zx) = /u(a: + V/th) du(h).

loo

The vector H;u should be understood as the Pettis integral:

Yo € Loles, B(lo), ) (Hyusv)r, = / (/u(a: + Vih)o(x) dA(m)) du(h),

oo loo

where € M. Let us note that

/ ( / umm)@(@m)) an = [ ( / u(er\/fh)@(:c)d/\(x)) (),
loo

loo loo  ‘supp(v)

/ |u(z + Vih)o(z)| dA(@) < |ull L,|v]|L,-
supp(v)

That is why, according to Fubini’s theorem, a function

h— [ u(z 4+ Vth)o(z) d\(x)
/

is defined everywhere and measurable. Hence, the definition on an operator set H; is
correct. Moreover, for all ¢ > 0: ||Hy| < 1.

Theorem 2. For an arbitrary measure p € M, a set Hy, t € Ry is an operator
semigroup.

Proof. Let us fix elements u,v € La(lo,B(lx), A) and introduce a function f :
leo — R as:

f(h) = /u(x + h)o(x) dA(x).
ls

Let us fix ¢,s > 0. Then, we have that

(Hypt;0)1a = / ( / u(w + VT s sh)v(sc)cu(m)) dyu(h) =

lOO ZOC

/fm;L ) dps(h /f\/thh du(h /f ) dpto s (h

According to paragraph 3, we obtain that

(Hos s 0) / F@+y) d(u ® pe)(,y) =

laXlo

/(/f“yd“t )dﬂs /(/f x + y)dpss( ))dut(x).

l2 l2
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On the other hand,

(HiHsu;v)p, = /

l

</(Hsu)(x + Vthy)v(z) dA(x)) dp(hy) =

loo

:/ [/ (/u(x—l— Vithy + /shy)o(x) dA(m)) du(ha)] du(hy) =

-/ ( JECRR) dus(y)> e

l2

That is why H;1s = HiH, and, as a result, H; is an operator semigroup. O

Theorem 3. For an arbitrary measure p € M, a set Hy, t € Ry is an operator
continuous operator semigroup.

Proof. Let us fix arbitrary functions u,v € La(loo,B(ls),A). Let us consider

a sequence t,, > 0 and let lim ¢, = 0. Then

n—oo

|(He,u —w;v)p,| <

< / ( / |<u<x+\/t2h>—u<x>>@<x>|dx<x>> du(h) <
! loo

oo

< ol / / ju( + vEnh) — u(2)[? dA(z) dpu(h) =
lo

oo

—loles [ | [l Vb = @) dA(s) dih).
l

ll [SS]

According to Lebesgue’s dominated convergence theorem, we obtain that

/ / |u(z + Vo h) — u(z)|? d\(x) du(h) — 0.
!

ll [eS]

So, we have that sup |(Hy, u — u)r,| — 0. That is why H; u —u — 0. Therefore,
llvllL,=1
an operator semigroup H; is strongly continuous. O

Conclusions

In this paper, we proved the criterion of strong continuity for shift operator semi-
groups, along a constant vector field in a space [, on a space of complex square inte-
grable by shift-invariant measure on a space I, functions. In addition, it was shown that
averaging of shift-invariant operator semigroups by Gaussian measures concentrated on
a space [ is a strongly continuous contraction operator semigroup.
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TpaHCHAIIMOHHO-UHBAPUAHTHBIE MePbl HA 0E€CKOHEYTHOMEPHBIX
IIPOCTPAHCTBAaX, UHTErpUpPyeMble (PYHKIIUM U CJIyYailiHbIe GJIy>KIaHUST

B.2K. Caxbaes, /I.B. 3asadckuti

Mockoscruti pusuro-mernuveckuts uncmumym, 2. Joazonpyonwt, 141701, Poccus

AnaHoTan M

B pabore mzyuaercs ycpemmeHue CiydaiHBIX OMEPATOPOB CIBUTA APTYMEHTA B IMPOCTPAH-
CTBE KBaJIPATUYIHO UHTEIPUPYEMBIX 110 TPAHCJ/IAINOHHO-UHBAPUAHTHON Mepe KOMIIJIEKCHO3HA-
HBIX (DYHKIIMI Ha JIMHEHHBIX TOMOJIOTHYECKUX MTPOCTPAHCTBAX. B KadecTBe IprUMepa pacCMOT-
pPEeH ciiydail mpOCTPAHCTBA loo. T PAHCIASAIIMOHHO-MHBApPUAHTHAS MEPA HA MPOCTPAHCTBE oo,
[moCTpOeHHas IpH oMoty cxeMbl Kapareoopu, o6/1a/1aeT CBORCTBOM CYETHON a JINTUBHOCTH,
HO He 00J1a/IaeT CBOWCTBOM O -KOHEYHOCTU. TaKKe pacCMaTpUBAIOTCS PA3JIMIHBbIE TPUOJIMKE-
HUSI M3MEPUMBIX MHOXKECTB. PaccMaTpuBarOTCs 0THOIAPpAMETPHYECKIE TPYIIbLI CABUTOB BIOJIb
[TIOCTOSIHHOTO BEKTOPHOI'O IIOJIsI B IPOCTPAHCTBE loo ¥ IOJYTPYIIBI CIBUIOB HA CIIYYailHBIiA
BEKTOP, pacipejesieHne KOTOPOro 3a/1aeTcsl CeMeificTBOM rayccoBckux Mmep. llomyden kpurepnit
CHJILHOM HEMTPEPBIBHOCTH IPYIIIIBI CAABUTOB BIOJIb TOCTOSTHHOTO BEKTOPHOTO TIOJISA. Y CTAHOBJIEHBI
YCJIOBUSI HA CEMENCTBO I'ayCCOBCKUX MEP, JOCTATOYHbBIE JJIsi COXPAHEHUSsI IIOJIyT'PYIIIIOBOTO CBOIi-
CTBa YCPEIHEHHOTO OTHOTIAPAMETPUYECKOIO CEMENCTBA JIMHEHHBIX OMEPATOPOB M €ro CUJILHON
HEIPEPBHIBHOCTH.
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KuroueBbie cji0Ba: CUIIBHO HENPEPBIBHBIE MTOTYTPYIIIEI, YCPEIHEHNE OEPATOPHBIX MOy~
CPYIII, TPAHCISIMOHHO-UHBAPUAHTHBIE MEPHI, KBAJAPATUYIHO UHTEIPUPYEMble DYHKITHU
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