
Ó×ÅÍÛÅ ÇÀÏÈÑÊÈ ÊÀÇÀÍÑÊÎ�Î �ÎÑÓÄÀ�ÑÒÂÅÍÍÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÒîì 151, êí. 3 Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè 2009
ÓÄÊ 519.63+517.958:532×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÑÒÀÖÈÎÍÀ�ÍÛÕ ÇÀÄÀ×ÀÍÈÇÎÒ�ÎÏÍÎÉ ÔÈËÜÒ�ÀÖÈÈÈ.Á. Áàäðèåâ, È.Í. Èñìàãèëîâ,Ë.Í. Èñìàãèëîâ, �.È. ÌóõàìàäóëëèíàÀííîòàöèÿ�àáîòà ïîñâÿùåíà ìåòîäàì ÷èñëåííîãî ðåøåíèÿ ñòàöèîíàðíûõ çàäà÷ �èëüòðàöèèíåñæèìàåìîé æèäêîñòè, ñëåäóþùåé íåëèíåéíîìó àíèçîòðîïíîìó ìíîãîçíà÷íîìó çàêîíó�èëüòðàöèè ñ ïðåäåëüíûì ãðàäèåíòîì. Çàäà÷à �èëüòðàöèè ñ�îðìóëèðîâàíà â âèäå âà-ðèàöèîííîãî íåðàâåíñòâà âòîðîãî ðîäà ñ îáðàòíî ñèëüíî ìîíîòîííûì îïåðàòîðîì â ãèëü-áåðòîâîì ïðîñòðàíñòâå. Ôóíêöèîíàë, âõîäÿùèé â ýòî âàðèàöèîííîå íåðàâåíñòâî, ÿâëÿåòñÿñóììîé íåñêîëüêèõ ïîëóíåïðåðûâíûõ ñíèçó âûïóêëûõ ñîáñòâåííûõ �óíêöèîíàëîâ. Äëÿðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà ïðåäëàãàåòñÿ èñïîëüçîâàòü èòåðàöèîííûé ìåòîä ðàñ-ùåïëåíèÿ, ïîçâîëÿþùèé íàõîäèòü ïðèáëèæåííûå çíà÷åíèÿ êàê äàâëåíèÿ æèäêîñòè, òàêè ñêîðîñòè �èëüòðàöèè. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ.Êëþ÷åâûå ñëîâà: òåîðèÿ ïîäçåìíîé �èëüòðàöèè, àíèçîòðîïíûé çàêîí �èëüòðàöèè,âàðèàöèîííîå íåðàâåíñòâî, îáðàòíî ñèëüíî ìîíîòîííûé îïåðàòîð, èòåðàöèîííûé ïðîöåññ.Ââåäåíèå�àññìàòðèâàåòñÿ ñòàöèîíàðíàÿ çàäà÷à �èëüòðàöèè íåñæèìàåìîé æèäêîñòè,ñëåäóþùåé íåëèíåéíîìó àíèçîòðîïíîìó ìíîãîçíà÷íîìó çàêîíó �èëüòðàöèè ñ ïðå-äåëüíûì ãðàäèåíòîì. Òðåáóåòñÿ îïðåäåëèòü ïîëÿ äàâëåíèÿ è ñêîðîñòè �èëüòðà-öèè, óäîâëåòâîðÿþùèå óðàâíåíèþ íåðàçðûâíîñòè è ñìåøàííûì îäíîðîäíûì ãðà-íè÷íûì óñëîâèÿì. Îáîáùåííàÿ ïîñòàíîâêà �îðìóëèðóåòñÿ â âèäå âàðèàöèîííîãîíåðàâåíñòâà âòîðîãî ðîäà ñ îáðàòíî ñèëüíî ìîíîòîííûì îïåðàòîðîì (ñì. [1, ñ. 243℄)îòíîñèòåëüíî ïîëÿ äàâëåíèé. Ôóíêöèîíàë, âõîäÿùèé â ýòî âàðèàöèîííîå íåðàâåí-ñòâî, ÿâëÿåòñÿ ñóììîé íåñêîëüêèõ ïîëóíåïðåðûâíûõ ñíèçó âûïóêëûõ ñîáñòâåííûõ�óíêöèîíàëîâ, êàæäûé èç êîòîðûõ ÿâëÿåòñÿ ñóïåðïîçèöèåé âûïóêëîãî ëèïøèö-íåïðåðûâíîãî �óíêöèîíàëà è ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà.Â ðàáîòàõ [2, 3℄ äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ ýòîãî âàðèàöèîííîãîíåðàâåíñòâà. Êðîìå òîãî, äîêàçàíî ñóùåñòâîâàíèå ïîëÿ ñêîðîñòåé �èëüòðàöèè, ïî-ñòðîåííîãî ñîãëàñíî ìíîãîçíà÷íîìó çàêîíó ïî ðåøåíèþ âàðèàöèîííîãî íåðàâåí-ñòâà, óäîâëåòâîðÿþùåãî óðàâíåíèþ íåðàçðûâíîñòè. Ïðè ýòîì îñòàåòñÿ îòêðûòûìâîïðîñ î ïîñòðîåíèè óêàçàííîãî ïîëÿ ñêîðîñòåé �èëüòðàöèè íà ìíîæåñòâàõ, ñîîò-âåòñòâóþùèõ òî÷êàì ìíîãîçíà÷íîñòè â çàêîíå �èëüòðàöèè.Äëÿ ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà èñïîëüçîâàí ïðåäëîæåííûé â [4℄ èòå-ðàöèîííûé ìåòîä ðàñùåïëåíèÿ, êàæäûé øàã êîòîðîãî ñâîäèòñÿ �àêòè÷åñêè ê ðå-øåíèþ êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñ ëèíåéíûì ñèëüíî ýëëèïòè÷åñêèì îïåðà-òîðîì. Â íàñòîÿùåé ðàáîòå óñòàíîâëåíî, ÷òî äàííûé ìåòîä ïîçâîëÿåò îïðåäåëÿòüïðèáëèæåííûå çíà÷åíèÿ íå òîëüêî äàâëåíèÿ, íî è ñêîðîñòè �èëüòðàöèè. Ìåòîäðàñùåïëåíèÿ ðåàëèçîâàí ÷èñëåííî. �åçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ äëÿ ìî-äåëüíûõ çàäà÷ �èëüòðàöèè ñâèäåòåëüñòâóþò îá ý��åêòèâíîñòè èòåðàöèîííîãî ìå-òîäà.



×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÇÀÄÀ× ÀÍÈÇÎÒ�ÎÏÍÎÉ ÔÈËÜÒ�ÀÖÈÈ 751. Ïîñòàíîâêà çàäà÷èÈçó÷àåòñÿ óñòàíîâèâøèéñÿ ïðîöåññ �èëüòðàöèè íåñæèìàåìîé æèäêîñòè â ïî-ðèñòîé ñðåäå. Ôèëüòðàöèÿ ïðîèñõîäèò â îãðàíè÷åííîé îáëàñòè Ω ⊂ R n , n ≥ 1 ,ñ ëèïùèö-íåïðåðûâíîé ãðàíèöåé Γ = Γ1

⋃
Γ2 , Γ1

⋂
Γ2 = ∅ , mes Γ2 > 0 . �àññìàò-ðèâàåòñÿ êðàåâàÿ çàäà÷à

div v(x) =
∼

f (x) x ∈ Ω, (1)
(v(x),n) = 0, x ∈ Γ1, u(x) = 0, x ∈ Γ2 (2)(∼f � çàäàííàÿ �óíêöèÿ, õàðàêòåðèçóþùàÿ ïëîòíîñòü âíåøíèõ èñòî÷íèêîâ, n �âíåøíÿÿ íîðìàëü ê Γ1 ) â ïðåäïîëîæåíèè, ÷òî �èëüòðóþùàÿñÿ æèäêîñòü óäîâëå-òâîðÿåò ìíîãîçíà÷íîìó çàêîíó �èëüòðàöèè

vl(x) ∈ −
1

n

n∑

k=1

[
n∑

i=1

α
(i)
kl g i

(
D2

i (u(x))
)
]

∂u(x)

∂xk
, l = 1, 2, . . . , n, (3)ãäå D2

i (u) = (Υi∇u,∇u) , Υi =
{
α

(i)
k l

}n

k, l=1
, ξ → g i (ξ

2) ξ � �óíêöèè, îïðåäåëÿþùèåçàêîí �èëüòðàöèè.Ïðåäïîëàãàåì, ÷òî gi( ξ2 )ξ = g i 0 (ξ2) ξ + ϑ i H(ξ − γi) , ãäå ξ → g i 0( ξ2 )ξ �îäíîçíà÷íûå �óíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì (i = 1, 2, . . . , n)
g i 0(ξ

2) ξ = 0 ïðè ξ ≤ β i, β i ≥ 0 − ïðåäåëüíûå ãðàäèåíòû, (4)
c 1 i (ξ − β i) ≤ g i 0(ξ

2) ξ ≤ c 2 i ξ, ξ ≥ β i, c 1 i, c 2 i > 0, (5)
ξ → g i 0(ξ

2) ξ âîçðàñòàþò ïðè ξ > βi , (6)
| g i 0(ξ

2) ξ − g i 0(ζ
2) ζ | ≤ c 3 i | ξ − ζ | ∀ ξ, ζ ≥ 0, (7)

H � ìíîãîçíà÷íàÿ �óíêöèÿ Õåâèñàéäà:
H(ξ) =






0, ξ < 0,

[ 0, 1 ] , ξ = 0,

1, ξ > 0,

ϑ i ≥ 0 , γ i ≥ 0 � çàäàííûå ïîñòîÿííûå.Ëåãêî âèäåòü, ÷òî H(ξ) � ñóáäè��åðåíöèàë �óíêöèè µ ,
µ(t) = t+ =

{
0, t < 0,

t, t ≥ 0,â òî÷êå ξ :
µ(ζ) − µ(ξ) ≥ ξ∗ ( ζ − ξ ) ∀ ζ ∈ R 1, ∀ ξ∗ ∈ H(ξ).Îòíîñèòåëüíî êîý��èöèåíòîâ α

(i)
k l ñ÷èòàåì, ÷òî äëÿ âñåõ i, k, l = 1, 2, . . . , n

α
(i)
kl = α

(i)
lk ,

n∑

k, l=1

α
(i)
kl ξk ξl ≥ c4i

n∑

k=1

ξ2
k, c 4 i > 0, α

(i)
k l ≤ c 5 i. (8)Îáîçíà÷èì

(ξ, ζ)i = (Υi ξ, ζ) =

m∑

k, l=1

α
(i)
kl ξk ζl, (9)



76 È.Á. ÁÀÄ�ÈÅÂ È Ä�.Â ñèëó óñëîâèé (8) ñîîòíîøåíèå (9) ïîðîæäàåò ñêàëÿðíîå ïðîèçâåäåíèå â R n .Ïîýòîìó äëÿ ëþáûõ �óíêöèé u, η èìåþò ìåñòî íåðàâåíñòâà
(Υi∇u,∇η) ≤ Di(u)Di(η), D2

i (u) ≤ c 6 i |∇u|2, c 6 i > 0, i = 1, 2, . . . , n.Â ðàáîòå [2℄ óñòàíîâëåíî, ÷òî åñëè u è v � ðåøåíèå ýòîé (1)�(3), òî �óíêöèÿ uóäîâëåòâîðÿåò âàðèàöèîííîìó íåðàâåíñòâó
∫

Ω

∼

f (x) η(x) dx ≤
1

n

n∑

i=1

∫

Ω

gi 0

(
D2

i (u(x))
) (

∇u(x), ∇η(x)
)

i
dx+

+
1

n

n∑

i=1

ϑi

∫

Ω

[
µ (Di(u(x) + η(x)) − γi) − µ (Di(u(x)) − γi)

]
dx ∀ η ∈ C

∞

Γ2
(Ω), (10)ãäå C

∞

Γ2
(Ω) � ìíîæåñòâî áåñêîíå÷íî äè��åðåíöèðóåìûõ â Ω �óíêöèé, ðàâíûõíóëþ â îêðåñòíîñòè Γ2 .Ïóñòü V =

{
η ∈ W 1

2 (Ω) : η = 0, x ∈ Γ2

} � ïðîñòðàíñòâî Ñîáîëåâà ñî ñêàëÿðíûìïðîèçâåäåíèåì
(u, η)V =

1

n

n∑

i=1

∫

Ω

(
Υi∇u,∇η

)
dx =

1

n

n∑

i=1

∫

Ω

(
∇u,∇η

)
i
dx.Îáîçíà÷èì

ai(u, η) =

∫

Ω

gi 0

(
D2

i (u(x))
) (

∇u(x), ∇η(x)
)

i
dx, i = 1, 2, . . . , n.Èç (4), (5) ñëåäóåò, ÷òî �îðìû ai(·, ·) îãðàíè÷åíû ïî âòîðîìó àðãóìåíòó, à çíà-÷èò, ïîðîæäàþò îïåðàòîðû Ai : V → V ïî �îðìóëàì

(Aiu, η)V = ai(u, η) =

∫

Ω

gi 0

(
D2

i (u)
) (

Υi∇u,∇η
)
dx u, η ∈ V.Îïðåäåëèì òåïåðü îïåðàòîð A0 : V → V ñëåäóþùèì îáðàçîì:

(A0u, η)V =
1

n

n∑

i=1

(Aiu, η)V =
1

n

n∑

i=1

∫

Ω

gi 0

(
D2

i (u)
) (

Υi∇u,∇η
)
dx. (11)Äàëåå, îáîçíà÷èâ Ωiu = {x ∈ Ω : Di(u(x)) > γi} , èìååì

∣∣∣
∫

Ω

µ (Di(u(x)) − γi) dx
∣∣∣ =

∫

Ωiu

(Di(u(x)) − γi) dx ≤ [ mes Ω ]
1/2 ‖u‖V ,òî åñòü íà V îïðåäåëåíû �óíêöèîíàëû Fi , i = 1, 2, . . . , n , ïî �îðìóëàì

Fi(u) =
1

n
ϑi

∫

Ω

µ (Di(u(x)) − γi) dx =
1

2 n

∫

Ω

D2

i
(u)∫

0

gi 1(ξ) dξdx.



×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÇÀÄÀ× ÀÍÈÇÎÒ�ÎÏÍÎÉ ÔÈËÜÒ�ÀÖÈÈ 77Òàêèì îáðàçîì, â ñîîòâåòñòâèè ñ (10) ïîä ðåøåíèåì ñòàöèîíàðíîé çàäà÷è �èëü-òðàöèè íåñæèìàåìîé æèäêîñòè, ñëåäóþùåé íåëèíåéíîìó àíèçîòðîïíîìó ìíîãî-çíà÷íîìó çàêîíó �èëüòðàöèè, áóäåì ïîíèìàòü �óíêöèþ u ∈ V , ÿâëÿþùóþñÿ ðå-øåíèåì âàðèàöèîííîãî íåðàâåíñòâà
(A0u − f, η − u)V +

n∑

i=1

Fi(η) −
n∑

i=1

Fi(u) ≥ 0 ∀ η ∈ V, (12)ãäå ýëåìåíò f ∈ V îïðåäåëÿåòñÿ ïî �îðìóëå (f, η)V =

∫

Ω

∼

f (x) η(x) dx.Âàðèàöèîííîå íåðàâåíñòâî (12) ìîæåò áûòü çàïèñàíî â âèäå:
(A0u − f, η − u)V +

n∑

i=1

Gi

(
Biη

)
−

n∑

i=1

Gi

(
Biu

)
≥ 0 ∀ η ∈ V, (13)ãäå Fi = Gi ◦ Bi , �óíêöèîíàëû Gi îïðåäåëåíû íà Y =

[
L2(Ω)

]nïî �îðìóëàì
Gi(z) =

1

n
ϑi

∫

Ω

µ (|z| − βi) dx, i = 1, 2, . . . , n,è ÿâëÿþòñÿ âûïóêëûìè, ëèïøèö-íåïðåðûâíûìè, Bi = Υ
1/2
i ∇ : V → Y � ëèíåéíûå,íåïðåðûâíûå îïåðàòîðû.Îòìåòèì, ÷òî èñõîäíàÿ ïîñòàíîâêà çàäà÷è �èëüòðàöèè (1)�(3) ñ�îðìóëèðîâíàâ òåðìèíàõ ïîëåé äàâëåíèé u è ñêîðîñòåé �èëüòðàöèè, â òî âðåìÿ êàê îáîáùåííàÿïîñòàíîâêà (13) � â òåðìèíàõ ïîëÿ äàâëåíèé u . Òåì íå ìåíåå ñïðàâåäëèâà (ñì. [2℄)Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (4)�(8). Òîãäà âàðèàöèîííîå íåðàâåí-ñòâî (13) èìååò íåïóñòîå, âûïóêëîå, çàìêíóòîå ìíîæåñòâî ðåøåíèé.Åñëè u � ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà (13), òî ñóùåñòâóåò �óíêöèÿ

v ∈ Y òàêàÿ, ÷òî ïî÷òè âñþäó íà Ω âûïîëíåíû âêëþ÷åíèÿ (3), è èìååò ìåñòîóðàâíåíèå íåðàçðûâíîñòè
∫

Ω

(v(x),∇η(x)) dx =

∫

Ω

∼

f (x) η(x) dx ∀ η ∈ C
∞

Γ2
(Ω).Ïðè ýòîì îñòàåòñÿ îòêðûòûì âîïðîñ î ïîñòðîåíèè óêàçàííîãî ïîëÿ ñêîðîñòåé�èëüòðàöèè íà ìíîæåñòâàõ, ñîîòâåòñòâóþùèõ òî÷êàì ìíîãîçíà÷íîñòè â çàêîíå�èëüòðàöèè (êîãäà Di(u(x)) = βi ).2. Èòåðàöèîííûé ìåòîäÄëÿ ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà (13) ðàññìîòðèì ñëåäóþùèé èòåðàöè-îííûé ïðîöåññ. Ïóñòü w(0) ∈ V , y

(0)
i ∈ Y , λ

(0)
i ∈ Y, i = 0, 1, . . . , n , � ïðîèçâîëüíûåýëåìåíòû. Äëÿ k = 0, 1, 2, . . ., çíàÿ y

(k)
i , µ

(k)
i , îïðåäåëèì u(k+1) êàê

w(k+1) = w(k) − τ
[
A0u

(k) + r
n∑

i=1

B∗

i Biu
(k) +

n∑

i=1

B∗

i

(
λ

(k)
i − ry

(k)
i

)]
. (14)Çàòåì íàõîäèì y

(k+1)
i = rBiw

(k+1) + λ(k) , ðåøàÿ çàäà÷è ìèíèìèçàöèè
r
(
y
(k+1)
i , zi − y

(k+1)
i

)
Y

+ Gi(zi) − Gi

(
y
(k+1)
i

)
≥

≥
(
r Biw

(k+1) + λ
(k)
i , zi − y

(k+1)
i

)
Y

∀ zi ∈ Y, i = 1, 2, . . . , n. (15)



78 È.Á. ÁÀÄ�ÈÅÂ È Ä�.Íàêîíåö âû÷èñëÿåì λ
(k+1)
i ïî �îðìóëå

λ
(k+1)
i = λ

(k)
i + r

[
Biw

(k+1) − y
(k+1)
i

]
, i = 1, 2, . . . , n. (16)Çäåñü τ > 0 è r > 0 � èòåðàöèîííûå ïàðàìåòðû, B∗

i : Y → V � ñîïðÿæåííûå ê Biîïåðàòîðû:
(B∗

i yi, η)V = (yi, Biη)Y ∀ η ∈ V, yi ∈ Y.Îáîçíà÷èì ÷åðåç Y n ïðÿìîå ïðîèçâåäåíèå n ïðîñòðàíñòâ Y è ââåäåì â ðàñ-ñìîòðåíèå ãèëüáåðòîâî ïðîñòðàíñòâî Q = V ×Y ×Y ñî ñêàëÿðíûì ïðîèçâåäåíèåì
(·, ·)Q =

(1 − nτ r)

τ
(·, ·)V + r

n∑

i=1

(·, ·)Y +
1

τ

n∑

i=1

(·, ·)Y ,�àññìîòðèì îïåðàòîð T : Q → Q , ñòàâÿùèé â ñîîòâåòñòâèå âåêòîðó
q = (q0, q1, q2, . . . , q2n) = (u, y1, . . . , yn, λ1, . . . , λn) âåêòîð Tq =

{
T0q, T1q, . . . , T2nq

}ñëåäóþùèì îáðàçîì:
T0q = q0 − τ

[
A0q0 − f + r

n∑

i=1

B∗

i Bi q0 +

n∑

i=1

B∗

i

(
qn+i − r qi

) ]
,

Tiq = Prox Gi/r

(
Bi T0q +

1

r
qi

)
, i = 1, 2, . . . , n,

Tn+i q = qn+i + r
[
Bi T0q − Tiq

]
, i = 1, 2, . . . , n.Çäåñü Prox G : Z → Z � ïðîêñèìàëüíîå îòîáðàæåíèå [5, ñ. 48℄, ñîïîñòàâëÿþùååêàæäîìó ýëåìåíòó p èç ãèëüáåðòîâà ïðîñòðàíñòâà Z ýëåìåíò v = Prox G(p) , ÿâëÿ-þùèéñÿ ðåøåíèåì çàäà÷è ìèíèìèçàöèè

1

2

∥∥ w − p
∥∥ 2

Z
+ G(w) = min

z∈Z

{ 1

2

∥∥ z − p
∥∥ 2

Z
+ G(z)

}
,êîòîðàÿ ýêâèâàëåíòíà [5, ñ. 48℄ â ñëó÷àå, êîãäà G � âûïóêëûé, ñîáñòâåííûé, ïîëó-íåïðåðûâíûé ñíèçó �óíêöèîíàë, âàðèàöèîííîìó íåðàâåíñòâó

(w − p, z − w)Z + G(z) − G(w) ≥ 0 ∀ z ∈ Z. (17)Èñïîëüçóÿ îïðåäåëåíèå ïðîêñèìàëüíîãî îòîáðàæåíèÿ â âèäå âàðèàöèîííîãîíåðàâåíñòâà (17), ëåãêî óñòàíîâèòü, ÷òî èòåðàöèîííûé ïðîöåññ (14)�(16) ìîæåòáûòü çàïèñàí â ñëåäóùåì âèäå:





q(0) − ïðîèçâîëüíûé ýëåìåíò,
q(k+1) = Tq(k),

q(k) =
(
u(k), y

(k)
1 , y

(k)
2 , . . . , y

(k)
n , λ

(k)
1 , λ

(k)
2 , . . . , λ

(k)
n

)
, k = 0, 1, 2, . . . ,

(18)òî åñòü T � îïåðàòîð ïåðåõîäà ýòîãî èòåðàöèîííîãî ïðîöåññà.Ñïðàâåäëèâà (ñì. [4℄)Òåîðåìà 2. Òî÷êà q = (u, y1, y2, . . . , yn, λ1, λ2, . . . , λn) ÿâëÿåòñÿ íåïîäâèæíîéòî÷êîé îïåðàòîðà T â òîì è òîëüêî â òîì ñëó÷àå, êîãäà
yi = Biu, λi ∈ ∂Gi(Biu), i = 1, 2 . . . , n, −

n∑

i=1

B∗

i λi = A0u − f.Ïðè ýòîì ïåðâàÿ êîìïîíåíòà u ëþáîé íåïîäâèæíîé òî÷êè îïåðàòîðà T ÿâëÿ-åòñÿ ðåøåíèåì çàäà÷è (13).



×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÇÀÄÀ× ÀÍÈÇÎÒ�ÎÏÍÎÉ ÔÈËÜÒ�ÀÖÈÈ 79Èç òåîðåì 1, 2 âûòåêàåò, ÷òî ñïðàâåäëèâàÒåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (4)�(8). Òîãäà ìíîæåñòâî íåïîäâèæ-íûõ òî÷åê îïåðàòîðà T íå ïóñòî.Êðîìå òîãî, â [4℄ äîêàçàíàÒåîðåìà 4. Ïóñòü A0 : V → V � îáðàòíî ñèëüíî ìîíîòîííûé îïåðàòîðñ êîíñòàíòîé σ0 > 0 ,
0 < τ <

2 σ0

2 n σ0 r + 1
,çàäà÷à (13) èìååò ïî êðàéíåé ìåðå îäíî ðåøåíèå. Òîãäà èòåðàöèîííàÿ ïîñëå-äîâàòåëüíîñòü {

q(k)
}+∞

k=0
, ïîñòðîåííàÿ ñîãëàñíî (18), ñõîäèòñÿ ñëàáî â Q ïðè

k → +∞ , åå ïðåäåë q̂ = (û, ŷ1, . . . , ŷn, λ̂1, . . . , λ̂n) ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîéîïåðàòîðà T , è ñïðàâåäëèâû ðàâåíñòâà
lim

k→+∞

∥∥∥ y
(k)
i − Bi u(k)

∥∥∥
Y

= 0, i = 1, 2, . . . , n, lim
k→+∞

∥∥∥ q(k+1) − q(k)
∥∥∥

Q
= 0.Êàê ñëåäóåò èç òåîðåìû 1, çàäà÷à (13) èìååò ïî êðàéíåé ìåðå îäíî ðåøåíèå.Â [3℄ óñòàíîâëåíî, ÷òî ïðè âûïîëíåíèè óñëîâèé (4)�(7) îïåðàòîðû Ai ÿâëÿþò-ñÿ îáðàòíî ñèëüíî ìîíîòîííûìè, à çíà÷èò, îáðàòíî ñèëüíî ìîíîòîííûì áóäåò èîïåðàòîð A0 , çàäàâàåìûé ñîîòíîøåíèåì (11). Ïîýòîìó äëÿ èòåðàöèîííîãî ïðî-öåññà (14)�(16) ðåøåíèÿ ðàññìàòðèâàåìûõ çàäà÷ �èëüòðàöèè ñïðàâåäëèâà òåîðå-ìà 4 î ñõîäèìîñòè ýòîãî ïðîöåññà. Ïðè ýòîì ñîãëàñíî òåîðåìå 2 èìååì, ÷òî ïðè

k → +∞ ïîñëåäîâàòåëüíîñòü {
u(k)

}+∞

k=0
ñõîäèòñÿ ñëàáî â V (à çíà÷èò, ñèëüíîâ L2(Ω)) ê íåêîòîðîìó ðåøåíèþ û âàðèàöèîííîãî íåðàâåíñòâà (13), ïîñëåäîâà-òåëüíîñòè {

y
(k)
i

}+∞

k=0
è {

λ
(k)
i

}+∞

k=0
ñõîäÿòñÿ ñëàáî â Y ê Bi û è λ̂i , i = 1, 2 . . . , n ,ïðè÷åì

λ̂i ∈ ∂Gi (Bi û), i = 1, 2 . . . , n, (19)
−

n∑

i=1

B∗

i λ̂i = A0 û − f. (20)�àññìîòðèì ðåàëèçàöèþ ìåòîäà (14)�(16) äëÿ çàäà÷è �èëüòðàöèè. Äëÿ îïðå-äåëåíèÿ u(k+1) ïî �îðìóëå (14) íåîáõîäèìî ñíà÷àëà ðåøåíèòü êðàåâóþ çàäà÷óäëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ ñ ïîëîæèòåëüíî îïðåäåëåííûì ñàìîñîïðÿæåííûìîïåðàòîðîì:




Rs = f − A0u

(k) +
n∑

i=1

B∗

i (λ
(k)
i − rp

(k)
i ) + n r Ru(k), x ∈ Ω,

(s(x),n) = 0, x ∈ Γ1, s(x) = 0, x ∈ Γ2,ãäå R = − div

n∑

i=1

Υi∇, à çàòåì ïîëîæèòü u(k+1) = u(k) + τs. Âû÷èñëåíèÿ ïî �îð-ìóëå (16) ïðîâîäÿòñÿ ÿâíûì îáðàçîì. Íàêîíåö, êàê ïîêàçàíî â [6℄, ðåøåíèå çàäà÷ìèíèìèçàöèè (15) òàêæå ìîæåò áûòü íàéäåíî ÿâíûì îáðàçîì:
y
(k+1)
i = g∗i r ( |t|2 ) t, i = 1, . . . , n,ãäå t = r Bi u(k+1) + λ

(k)
i ,

g∗i r(ξ
2)ξ =






ξ/r, ξ ≤ r γi,

γi, r βi < ξ ≤ r γi + ϑi/n,

(ξ − ϑi/n)/r, ξ > r γi + ϑi/n.



80 È.Á. ÁÀÄ�ÈÅÂ È Ä�.Äàëåå, ïîñêîëüêó �óíêöèîíàëû Fi âûïóêëû è íåïðåðûâíû, òî â ñèëó Ïðåäëî-æåíèÿ 5.6 [5, ñ. 35℄
∂
( n∑

i=1

Fi(u)
)

=

n∑

i=1

∂Fi(u) =

n∑

i=1

∂Gi(Biu).Ïðîâîäÿ ðàññóæäåíèÿ, ïîäîáíûå ñîäåðæàùèìñÿ â [7℄, èìååì, ÷òî â òî÷êå uñóáäè��åðåíöèàë �óíêöèîíàëà Fi åñòü ìíîæåñòâî ëèíåéíûõ íåïðåðûâíûõ íà V�óíêöèîíàëîâ li âèäà
(liu, η)V =

1

n

∫

Ω

χiu(x)

Di(u(x))
(∇u(x),∇η(x))i dx η ∈ V,ãäå χiu ∈ L∞(Ω) , χiu(x) ∈ ϑi H(Di(u(x)) − βi ). Ïîýòîìó â ñèëó (19) λ̂i = χiû ,

χiû(x) ∈ ϑi H(Di(û(x)) − βi ), ñëåäîâàòåëüíî, ñ ó÷åòîì îïðåäåëåíèÿ ñîïðÿæåííîãîîïåðàòîðà B∗

i ñîîòíîøåíèå (20) çàïèøåòñÿ â âèäå
∫

Ω

∼

f (x) η(x) dx =
1

n

n∑

i=1

∫

Ω

[
gi0

(
D2

i (û(x))
)

+
λ̂i(x)

Di(û(x))

]
(
û(x), ∇η(x)

)
i
dx =

=
1

n

∫

Ω

n∑

l=1

n∑

j=1

n∑

i=1

α
(i)
jl

[
gi0

(
D2

i (û(x))
)

+
λ̂i(x)

Di(û(x))

]
∂û(x)

∂xj

∂η(x)

∂xl
dx =

=

∫

Ω

(v(x),∇η(x)) dx,ãäå
vl(x) = −

1

n

n∑

j=1

n∑

i=1

α
(i)
j l

[
g i 0

(
D2

i (û(x))
)

+
λ̂i(x)

Di(û(x))

]
∂û(x)

∂xj
, l = 1, 2 . . . , n,Òàêèì îáðàçîì, â êà÷åñòâå ïðèáëèæåííîãî çíà÷åíèÿ ñêîðîñòè �èëüòðàöèè íà

k -é èòåðàöèè ìîæíî âûáðàòü âåêòîð v(k) :
v
(k)
l = −

1

n

n∑

j=1

n∑

i=1

α
(i)
kl

[
gi0

(
|y

(k)
i |2

)
+

λ
(k)
i

|y
(k)
i |

]
y
(k)
i , l = 1, 2 . . . , n.3. ×èñëåííûå ýêñïåðèìåíòû�àññìîòðåííûé èòåðàöèîííûé ìåòîä áûë ðåàëèçîâàí ÷èñëåííî. �àññìàòðèâà-ëîñü òå÷åíèå â äâóìåðíîé îáëàñòè Ω = (0, 1) × (0, 1) , â öåíòðå êîòîðîé íàõîäèòñÿñêâàæèíà ñ äåáèòîì q = 2 , Γ = Γ2 . Ìàòðèöû Υi âûáèðàëèñü ðàâíûìè

Υ1 =

(
1 0
0 1

)
, Υ2 =

(
3 0
0 1

)
.Ôóíêöèè ξ → gi0( ξ2 ) ξ çàäàâàëèñü ñîîòíîøåíèÿìè

gi0( ξ2 )ξ =





0, ξ ≤ βi ,

ξ − βi, ξ ≥ βi,
β1 = γ1 = 1, β2 = γ2 = 0.7.
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1
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q
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1
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1
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1
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1
| < β

1

1

0.5

0 0.5 1

q

|λ
1
| = ϑ

1

|λ
1
| = 0

0 < |λ
1
| < ϑ

1

�èñ. 1 �èñ. 2
1

0.5

0 0.5 1

q

|y
2
| > β

2

|y
2
| = β

2

|y
2
| < β

2
1

0.5

0 0.5 1

q

|λ
2
| = ϑ

2

0 < |λ
2
| < ϑ

2

|λ
2
| = 0

�èñ. 3 �èñ. 4Êðîìå òîãî, ïîëàãàëîñü ϑ1 = 1, ϑ2 = 0.7. Ïðåäâàðèòåëüíî ñòðîèëàñü êîíå÷íîýëå-ìåíòíàÿ àïïðîêñèìàöèÿ ñ ïîìîùüþ êóñî÷íî-ëèíåéíûõ �óíêöèé íà òðåóãîëüíûõýëåìåíòàõ, ïîñòðîåííûõ ðàçáèåíèåì ñòîðîí êâàäðàòà íà n1 è n2 ðàâíûõ ÷àñòåé èïðîâåäåíèåì äèàãîíàëåé, ïàðàëëåëüíûõ áèññåêòðèñå ïåðâîãî è òðåòüåãî êîîðäèíàò-íûõ óãëîâ. ×èñëî ðàçáèåíèé ñîñòàâèëî 64×64. Êðèòåðèåì âûõîäà èç èòåðàöèîííîãîïðîöåññà ÿâëÿëîñü äîñòèæåíèå îòíîñèòåëüíîé ðàçíîñòüþ çíà÷åíèé ïðèáëèæåííî-ãî ðåøåíèÿ íà ñîñåäíèõ èòåðàöèÿõ çàäàííîé òî÷íîñòè ε = 10−3 . Ñêâàæèíà ìî-äåëèðîâàëàñü äëÿ êîíå÷íîýëåìåíòíûõ àïïðîêñèìàöèé ñåòî÷íîé äåëüòà-�óíêöèåé.Íàèìåíüøåå êîëè÷åñòâî èòåðàöèé ðàâíÿëîñü 57 ïðè τ = 0.6, r = 0.5 .Íà ðèñ. 1�4 ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ. Íà ðèñ. 1, 3 ñâåòëî-ñåðûìöâåòîì ïîìå÷åíû êîíå÷íûå ýëåìåíòû, íà êîòîðûõ ïðèáëèæåííûå çíà÷åíèÿ |yi| =
= Di(u) îòëè÷àþòñÿ îò βi íà âåëè÷èíó 5 · 10−4 , òåìíî-ñåðûì è áåëûì öâåòàìè �òàì, ãäå ýòè çíà÷åíèÿ ñîîòâåòñòâåííî áîëüøå βi è ìåíüøå βi . Íà ðèñ. 2, 4 ñâåòëî-ñåðûì öâåòîì ïîìå÷åíû êîíå÷íûå ýëåìåíòû, íà êîòîðûõ ïðèáëèæåííûå çíà÷åíèÿ
|λi| ëåæàò íà (0, ϑi) , òåìíî-ñåðûì è áåëûì öâåòàìè � òàì, ãäå ýòè çíà÷åíèÿ ñîîò-
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|λ| =0.4

|λ| = 0.1

|λ| = 0

|λ| = 1�èñ. 5 �èñ. 6âåòñòâåííî ðàâíû ϑi è íóëþ. Òàêèì îáðàçîì, íàáëþäàåòñÿ ñîãëàñíî ïðèâåäåííûìðàíåå ðàññóæäåíèÿì ñîîòâåòñòâèå ìåæäó çíà÷åíèÿìè yi è λi .�àññìîòðåíà òàêæå ìîäåëüíàÿ çàäà÷à èçîòðîïíîé �èëüòðàöèè (êîãäà Υi � åäè-íè÷íûå ìàòðèöû, gi( ξ2 )ξ = g( ξ2 )ξ , ϑi = ϑ , βi = β , γi = γ , i = 1, 2, . . . , n ,èíòåðåñíàÿ òåì, ÷òî äëÿ íåå èçâåñòíû ãðàíèöû îáëàñòåé Ωγ , ãäå ìîäóëü ãðàäè-åíòà äàâëåíèÿ ðàâåí çàäàííîìó çíà÷åíèþ β . �àññìàòðèâàåòñÿ çàäà÷à î öåïî÷êåñêâàæèí ñ ðàñõîäîì q , ðàñïîëîæåííûõ íà îäíîé ïðÿìîé íà ðàññòîÿíèè 2 l äðóãîò äðóãà. Â ñèëó ñèììåòðèè çàäà÷è ìîæíî îãðàíè÷èòüñÿ ýëåìåíòîì òå÷åíèÿ, ïðåä-ñòàâëÿþùèì ñîáîé ïîëóïîëîñó {0 ≤ x1 ≤ l, x2 ≥ 0} .�àññìàòðèâàëñÿ ñëó÷àé, êîãäà (ñì., íàïðèìåð, [8, ñ. 88, 95℄):
g(ξ2)ξ =






α ξ, 0 ≤ ξ < β,

[α β, β] ξ = β

ξ − β (1 − α), ξ > β,

(21)ãäå α ∈ (0, 1) . Ïðè ýòîì î÷åâèäíî, ÷òî ϑ = γ (1 − α) .Ïðè ÷èñëåííîì ðåøåíèè çàäà÷è ïîëóïîëîñà çàìåíÿëàñü íà êîíå÷íóþ îáëàñòü
[0, 1] × [0, Z] , Z ≫ 1 , íà òðåõ ÷àñòÿõ ãðàíèöû Γ1 (x1 = 0, x1 = 1, x2 = 0) êîòîðîéçàäàþòñÿ óñëîâèÿ (v,n) = 0 , à íà ãðàíèöå Γ2 , ¾îòðåçàþùåé¿ áåñêîíå÷íîñòü, çà-äàåòñÿ îäíîðîäíîå óñëîâèå Äèðèõëå u = 0 . Ñêâàæèíà ñ ðàñõîäîì q ðàñïîëîæåíàâ òî÷êå O .Äëÿ ïîñòðîåíèÿ êîíå÷íîìåðíîé àïïðîêñèìàöèè çàäà÷è, êàê è âûøå, ïðîâîäè-ëàñü òðèàíãóëÿöèÿ îáëàñòè, ïîëó÷åííàÿ ïóòåì ðàçáèåíèÿ ñòîðîí Ω íà n1 è n2 ðàâ-íûõ ÷àñòåé, ïîñòðîåíèÿ òðåóãîëüíèêîâ ñ äèàãîíàëÿìè, ïàðàëëåëüíûìè áèññåêòðèñåïåðâîãî è òðåòüåãî êîîðäèíàòíîãî óãëîâ, è ïðèìåíåíèÿ ìåòîäà êîíå÷íûõ ýëåìåí-òîâ ñ èñïîëüçîâàíèåì êóñî÷íî-ëèíåéíûõ íà òðåóãîëüíèêàõ �óíêöèé. Êðèòåðèåìâûõîäà èç èòåðàöèîííîãî ïðîöåññà ÿâëÿëîñü äîñòèæåíèå îòíîñèòåëüíîé ðàçíîñòüþçíà÷åíèé ïðèáëèæåííîãî ðåøåíèÿ íà ñîñåäíèõ èòåðàöèÿõ çàäàííîé òî÷íîñòè ε =
= 10−3 . Ïðè ðàñ÷åòàõ âûáèðàëèñü ñëåäóþùèå çíà÷åíèÿ âõîäíûõ ïàðàìåòðîâ çàäà-÷è: γ = 1 , α = 0.4 , ðàçáèåíèå îáëàñòè n1 = 50 è n2 = 500 , Z = 10 . Íàèìåíüøåå



×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÇÀÄÀ× ÀÍÈÇÎÒ�ÎÏÍÎÉ ÔÈËÜÒ�ÀÖÈÈ 83êîëè÷åñòâî èòåðàöèé ðàâíÿëîñü 28 ïðè τ = 0.7, r = 0.6 . Ñêâàæèíà ìîäåëèðîâàëàñüäëÿ êîíå÷íîýëåìåíòíûõ àïïðîêñèìàöèé ñåòî÷íîé äåëüòà-�óíêöèåé.Íà ðèñ. 5, 6 ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ. Ëèíèè BG , CF íà ýòèõ ðèñóí-êàõ � ãðàíèöû çîíû Ωγ , ïîñòðîåííûå ñîãëàñíî àíàëèòè÷åñêèì �îðìóëàì (ñì. [9℄).Íà ðèñ. 5 ñâåòëî-ñåðûì öâåòîì âûäåëåíà îáëàñòü, íà êîòîðûõ ìîäóëü ãðàäèåí-òà ïðèáëèæåííîãî ðåøåíèÿ (à �àêòè÷åñêè ïðèáëèæåííûå çíà÷åíèÿ ìîäóëÿ y =
= Λu = ∇u) îòëè÷àåòñÿ îò γ íà âåëè÷èíó 5 · 10−4. Íà ðèñ. 6 â óêàçàííîé îáëàñòèïðèâåäåíû ìíîæåñòâà, ñîîòâåòñòâóþùèå çíà÷åíèÿì |λ| , ðàâíûì 0.95, 0.4 è 0.1.Òàêèì îáðàçîì, ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ ïîäòâåðæäàþò òåîðåòè÷åñêèåâûâîäû.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåí-òàëüíûõ èññëåäîâàíèé (ïðîåêòû � 08-01-00676, 08-01-00548, 09-01-00814, 09-01-97015). SummaryI.B. Badriev, I.N. Ismagilov, L.N. Ismagilov, G.I. Mukhamadullina. Numeri
al Solvingof Stationary Anisotropi
 Filtration Problems.The paper is devoted to the methods of numeri
al solving of stationary �ltration problemsof non-
ompressible �uid following the nonlinear multi-valued anisotropi
 �ltration law withlimiting gradient. This problem is mathemati
ally formulated in the form of variationalinequality of the se
ond kind in Hilbert spa
e with inversely strongly monotone operator.The fun
tional o

urring in this variational inequality is a sum of several lower semi-
ontinuous
onvex proper fun
tionals. For the solution of the 
onsidered variational inequality the splittingmethod is o�ered. This method allows �nding both the pressure and the �ltration velo
ity.The results of numeri
al experiments are presented.Key words: seepage theory, anisotropi
 �ltration law, variational inequality, inverselystrongly monotone operator, iterative pro
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