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AnHoTanus

Pabora mocesimena mMeTogaM YHCIEHHOIO PEIIeHHs CTAMOHAPHBIX 3a7a4d (puabTparumn
HECKUMAEMO KUIKOCTH, CJIeAYIONIell HeJIMHEHHOMY aHU30TPOITHOMY MHOTO3HAYHOMY 3aKOHY
duibTpanuu ¢ npefenbHbIM IpagueHToM. 3ajada Guiabrpanuu chOpMyJIUPOBAHA B BHUJE Ba-
PHAIIMOHHOrO0 HEPABEHCTBA BTOPOrO POAa ¢ 0OPATHO CH/IBHO MOHOTOHHBIM OIIEPATOPOM B THJIb-
O6epToBoM mpocTpancTBe. DYHKITMOHAII, BXOISIINI B 9TO BAPUAIMOHHOE HEPABEHCTBO, SIBJISETCS
CYyMMOH HECKOJIbKUX II0JIyHEIIPEPBIBHBIX CHU3Y BBIYKJIbIX COOCTBEHHBIX (DYHKIMOHAIOB. [ljig
pemenns BApUAIIOHHOTO HEPABEHCTBA IMPEAIaraeTCsa UCII0Ib30BaTh UTEPAITMOHHBINA MeTO I Pac-
MIETJIEHNsI, TTO3BOJISIOMINI HAXOAUTh TPUOINKEHHBIE 3HAUEHNS KK JTaBJIEHUS KUIKOCTH, TaK
u ckopoctu dunbrparuu. [IpuBesenbl pe3yabraThl YUCTEHHBIX SKCIIEPUMEHTOB.

KurodeBble cjioBa: Teopus MOA3eMHON (DUIbTPAIN, AHU3OTPOITHBIN 3aKOH (DUIBTPAIINH,
BapUAIMOHHOE HEPABEHCTBO, OOPATHO CUJIBHO MOHOTOHHBIN OIIEPATOP, UTEPAIMOHHBIA IPOIIECC.

BBenenue

PaccmarpuBaercst cranmonapras 3ajada (DUILTPAIUN HECKUMAEMON YKUIKOCTH,
CeAYOIEeN HeJIMHEHHOMY aHU30TPOIMTHOMY MHOTO3HAYHOMY 3aKOHY (hUIBTPAINY C TIPe-
JIeJIbHBIM TpaaueHToM. Tpebyercs Ompee/iuTh TOJIst JTABJIeHUsT U CKOPOCTH (hUIbTPA-
WU, YIOBJIETBOPSIONINE YPABHEHUIO HEPA3PBIBHOCTHA W CMEIAHHBIM OJHOPOIHBIM I'pa-
HUIHBIM yesoBuaM. O600IeHHAas TOCTAHOBKA (GOPMYIUPYETCs B BUJE BAPUAITHOHHOTO
HEPABEHCTBA BTOPOro POia ¢ 06PATHO CHJILHO MOHOTOHHBIM oneparopoM (cum. [1, c. 243])
OTHOCHTEJIbHO MoJist naBiaenuii. @yHKIMOHAT, BXOAAIIAN B 9T0 BaPHAIMOHHOE HEPABEH-
CTBO, AIBJISIETCS CYMMON HECKOJBLKUX MOJIYHENPEPHIBHBIX CHU3Y BBIMYKJIBIX COOCTBEHHBIX
(DYHKIIMOHAJIOB, KaXKIBIH U3 KOTOPBIX SIBJISIETCS CYTEPIO3UIIHel BHITYKJIOTO JIMIIITHUII-
HENPEPBIBHOrO (DyHKIMOHATA U JTUHEHHOIO HEMPEPBIBHOIO OMEPATOPA.

B paborax [2, 3] nokazana reopema CyIIeCTBOBAHUs PEIIEHUs STOr0 BAPUALMOHHOIO
HepaBeHCTBa. Kpome Toro, J0Ka3aHo CyNeCTBOBAHUE MOJIsi CKOPOCTeH (DUIbTPAIIH, 110-
CTPOEHHOTO COTJIACHO MHOTO3HAYHOMY 3aKOHY IO PENTeHUI0 BAPHAIIMOHHOTO HepaBeH-
CTBa, yIOBJIETBOPSIOIIEr0 YPABHEHUIO HEPA3PBIBHOCTH. IIpu 3TOM OCTAaeTCsT OTKPBITHIM
BOTIPOC O TMIOCTPOEHNN YKA3AHHOTO TOJIsT CKOpocTeil (hUIbTPAIiy Ha MHOYKECTBAX, COOT-
BETCTBYIOIUX TOYKAM MHOIO3HAYHOCTH B 3aKOHE (DUIBTPATIHHN.

i pelenus BApUAIMOHHOIO HEPABEHCTBA MCIIOJIb30BAH IPEJIOKEeHHbIA B [4] ure-
PAIMOHHBIN METO/ PACHIEIIEHNS, KAXKIbIi ar KOTOPOro CBOAUTCS (hAKTUIECKU K Pe-
[MIEeHWI0 KPAEBOil 331a9n JIJIsT YPABHEHUS C JIMHEHHBIM CUJIBHO SJITUITUYECKAM OMepa-
TopoMm. B Hacrosimeir paboTe yCTaHOBJIEHO, UTO JAHHBINA METOJ MO3BOJISET OMPEIe/IATh
npubInKEHHBIE 3HAYEHUsI HE TOJbKO JABJIEHHs, HO U ckopoctu dunbrpanuu. Merosn
PACITIEIJICHHST PeaTH30BaH 9UCIeHHO. Pe3yibraThl YUCTEHHBIX IKCIEPUMEHTOB [T MO-
JeTbHBIX 33039 PUILTPAIUN CBUIETETLCTBYIOT 00 3P PEKTUBHOCTH HTEPAIMOHHOTO Me-
TOMA.
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1. IlocTaHoBKa 3ajgadm

N3yuaerca ycTaHOBUBIIAICA MPONECe (bUIbTPAINU HECKUMAECMOI JKUIKOCTH B T10-
pucroii cpene. @uabTpannsg MPOUCXOIUT B OTpaHwdenHoi odbmactm 2 C R™, n > 1,
¢ mummun-renpepbieHoOil rpanuneit I' = T'1 YTy, Ty (T2 = 0, mesTy > 0. Paccmar-
puBaeTcd Kpaepad 347244,

~

divv(z) =f (z) z €, (1)
(v(x),n) =0, z €Ty, wulx)=0, zecTy (2)

(f - sanannas GyHKIMs, XapaKTepU3yoIas IJIOTHOCTh BHEITHUX UCTOYHWKOB, N —
BHEIlIHsis HOPpMasb K ['1) B npeanosiokenuu, 910 buibTpyomasics KuIKOCTb yI0BJIe-
TBOPsIET MHOTO3HAYHOMY 3aKOHY (DUIBTPAIUU

Z Zaklgl (x))) ag;j), 1=1,2,...,n, (3)

o=

rae D?(u) = (Y;Vu,Vu), T; = {agjg}z - §— gi (€2) € — dbyuxnuu, onpeesionue
3aKOH (PUIBLTPAIHH.
Ipeanonaraem, aro g;(§2)6 = gio(€%)€+ 9 H(E — vi), T 5 — gio(§)€ -
1,

OIHO3HAYHBIE (DYHKIIUH, YAOBIETBOPSIONINE YCA0BUIM (1 = 2
gi0(£2)§=0 mpn £ < B;, B; > 0 — npeneabHBIC TPAJIMEHTEL, (4)
c1: (6= Bi) < gio(€)E<cai&, €= By criczi >0, (5)
€ — g;0(£%) € Bospacraior nipu £ > f3; (6)
|gi0(€2) € —gio(C*) | <esi|€—C|  VEC>0, (7)
H — vuoro3maunasa pyHKIua Xepucaiga:
0, £<0,
H(¢) =410,1], £=0,
1, &> 0,

¥; >0, v; > 0 — 3a7aHHBIE TOCTOSTHHBIE.
Jlerko Buzeth, uro H(§) — cyomnddepennman dbyukunm i,

0, t<0
t)y=tr=4" ’
u(t) {t, >0,

B TOUKe &:
p(Q) —n(€) =€ (¢—¢) V(e R', V& € H().
(@)

OrnocuTenpHO KOI(DUIMEHTOB ), CYuTaeM, 4T0 Jid Beex i, k1 =1,2,...,n
(7) (7) (4) > . 2 . (4) < .
Qpr = Oy Z Qg fkgl_ch nga C4'L>07 Qp = Csy. (8)
k,1=1 k=1
O6o3naunm .
(€0i=(T:i&,0) = > al) &, (9)

k, =1
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B cuny ycnoswuii (8) coornomenue (9) mopoxkaaer ckajasgpHOe npoussegenue B R™.
ITostomy futst I06bIX DYHKIWI %, 1) UMEIOT MECTO HEPABEHCTBA

(TZVU, V??) < Dz(u) Di(n)7 Df(u) < cg; |Vu|2, cg; >0,1=1,2,....n

B pabore [2] ycranossieno, uro eciu u u v — perterne 310ii (1)—(3), To dynkuusg u
YAOBJIETBOPSET BAPUAIIMOHHOMY HEPABEHCTRY

wa(x)n(x) dx < % . /giO (D (u(x))) (Vu(z), Vn(x)), do+

S0, / [ (Datuz) +n(2)) = 30) = (Dilw(w)) =) | dx V€ CT(@), (10)
Q

rae C’;Z(Q) — MHOXKeCTBO Oeckonedno muddepennupyembrx B () dyHKINA, PABHBIX
HYJII0 B OKpecTHOCTH ['3.

Iycre V = {n e W3 (Q):n=0,z €'y} — npocrpancreo CobomeBa CO CKANAPHBIM
MIPOM3BEICHIEM

Z/TVan %Z/Van

i=1

O603Ha9nM

ai(u.) = [ gio (DAu(a)) (Vule), Vo)), do. i =1,2,...m
Q

N3 (4), (5) cnenyer, uto GopMbI a;(-,-) OrpaHUYEHBI IO BTOPOMY apryMeHTy, a 3Ha-
Y9UT, MTOPOXKIAIT oneparopbl A; : V — V' mo dopmyram

(Asus )y = ai(u, ) = / g0 (D2(w)) (T:Vu, V) de u, n e V.
Q

Omnpenenum Teneps onepatop Ag : V — V caeayromum obpasom:

oy = S (A =2 3 [ g0 (D2w) (090, Fn)do. ()

=1 zIQ

Hamnee, o6osuauns Q, = {x € Q: D;(u(z)) > v}, nmeem

| [ Dt =) de| = [ (Ditule)) 20 do < [mes2] 7 ul

Q Qiu
TO ecTh HA V ompenesensbt byHKIHOHANBI Fy, i = 1,2,...,n, no dopmynam
1 1
Fi(u) = - Wi | p(Di(u(x)) —v) de = o gi1(§) déda.
Q Q o0
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Taxkum o0paszom, B coorsercTsun ¢ (10) mos perenuem CTanuoHapHON 33191 (HUIIb-
Tpaluu HECXKUMAeMOW KHUJIKOCTHU, CJACAYIONIEH HEJMHEHHOMY AaHU30TPOIHOMY MHOIO-
3HAYHOMY 3aKOHY (DUAbTpAInn, OyaeM MOHUMATL (PYHKIHUIO u € V', IBIAIONIYIOCT pe-
[MeHeM BapUAIMOHHOTO HEPABEHCTBA,

n n

(Agu— fin—u)y +Y Fi(n) =Y Fiu)>0 ¥neV, (12)

i=1 i=1
rae ssement f € V' oonpenenserca no dopmyae (f,n)y = / f () n(z) da.
Q

Bapuanuonnoe nepasencrso (12) moxker GbITh 3alIMCAHO B BUJE:
(AOU_fan_u)v+ZGi(Bi77)_ZGi(BiU) >0 VneV, (13)
i=1

i=1

rae F; = G; o B;, dyukuuonasbl (G; onpeieseHsl Ha Y = [Lg (Q)]nno dopmymam

1
Q

U SBJISIIOTCS BBILYKJIBIMH, JIAIIIUI-HENPEPbIBHbIME, B; = Ti/Q V :V — Y - nuneitnbre,
HENpepPbIBHBIE OIEPATOPHI.

Ormerum, 4ro ucxoiuas nocranoska 3azgadu duabrpanuu (1)—(3) cdopmynuposna
B TEPMUHAX MOJIEH JaBJIeHUHE © W CKOpOCTell (DUIBTPAIINHN, B TO BpeMs Kak 0000IIeHHAs
nocraroBka (13) — B TepMuHax moss gapiennii u. Tem He MeHee cnpasennba (cm. [2])

Teopema 1. ITycms ewnoanensve ycaosus (4)—(8). Tozda eapuayuonmnoe Hepasen-
cmeo (13) umeem nenycmoe, 6bINYKAOE, 3AMEHYMOE MHONCECTNEO PEULEHUT.

Ecau u — pewenue eapuayuonnozo nepasencmea (13), mo cywecmeyem dynxyua
v €Y makaa, wmo noumu 6ctody na ) ewnosnenv, exatouerus (3), u umeem mecmo
YPAGHEHUE HEPAZPBLEHOCTIL

/ (v(z), V(z)) dz = / F@)n(@)de Ve ().
Q Q

[Ipu 3TOM OCTaercss OTKPBHITHIM BOMPOC O MOCTPOEHUH YKA3AHHOTO TI0JIsi CKOPOCTed
dbunbTpanu HA MHOXKECTBAX, COOTBETCTBYIONIAX TOYKAM MHOTO3HAYHOCTH B 3aKOHE

dunbrpamyn (korga D;(u(x)) = Bi).

2. MWrepanuoHHBIN MeTOJ,
s pemenus Bapuanuonnoro nepasencrsa (13) paccmorpum cieyiomuii urepary-
onusrii npomecc. Mycrs w® € V, y§0) ey, )\EO) €Y, 1=0,1,...,n, — TPOU3BOJILHBIE

snementol. s k=0,1,2,..., 3Hag ygk), ugk), OTpeIeInM w1 kak

wk D) = k) T[Aou(k) +r Z B; Biu® 4 Z B? (Al(-k) - ryz(k))]. (14)
i=1 i=1
(k+1)

%

r (ygkﬂ)a zi — yEkH) )y + Gi(z) — G (y§’“+1> ) >

BareM HaxoauM Y = rBywktD) 4 \(*) , perasi 3a7a91 MUHAMA3AIIAN

> (rBiw(k‘H) + )\Ek), Zi — yz(kﬂ) )Y VzeY, i=1,2,...,n. (15)
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1
Hakomner Borancisem A§k+ ) 1o dopwmye

A =2 [ B ™D — )i =12, (16)

3aecs 7 >0 u r > 0 — nrepanuoHHbIe napaMerpel, B : Y — V — compsaikenusle K B;
OIepaTOPhI:

(Biyi,nv = (yi, Bin)y VneV, y, €Y.

Ob6o3naunm gepe3 Y™ npsmoe MpousBeJeHUe n MPOCTPAHCTB Y W BBEJEM B pac-
CMOTpEeHMe THILOEPTOBO MpocTpancTBO (Q = V X Y X Y co cKaIsIpHBIM MTPON3BEICHIEM

() =——"l (1_”7'7” v+rz Z("')Y’

Paccmorpum omepatop 17 @ @ — (@, craBammii B COOTBETCTBUE BEKTOPY

q= (QO7(]1aQQ7 cee 7q2n) - (U’ayla e 7yn7)\17 cee 7)‘n) BEKTOP Tq = {TOQ7T1Q7 cee 7TQTLQ}
CITEIYTIOMAM 00PA30M:

TOQZQO*T[AOQO*J“FT ZB:BiQOJFZB;(QnJri*TQi)}a
1=1 1=1

1
Tiq:PrOXGi/T<B’L'TOq+;qi)7 i=1,2,...,n,

Tn+iQZQn+i+7“[BiTOq_TiQ]7 i:1527"'7n

Baecs Proxg : Z — Z — npokcumanbaoe orobpazkenue [5, c. 48], comocrasssioniee
KazK/JIOMY 2JIEMEHTY P U3 MMJIbOEPTOBA IPOCTPAHCTBA Z 3iaeMeHT v = Prox(p), aBid-
IOMUICS PEeIeHrneM 3a/1a90 MAUHAMU3AIIH

1
Sl =} +Gw) = min { S]]} + 6@ },

z€Z

KOTOpast 9KBUBAJIEHTHA [5, ¢. 48] B ciayvae, Korga G — BBIMYKJIBIN, COGCTBEHHBIH, MOJTY-
HEMPEPBIBHBIN CHU3Y (DYHKIIMOHAJ, BAPUAIMOHHOMY HEPABEHCTBY

(w=—p,z—w)z +G(z) —Gw) >0 VzeZ (17)

Ncnonb3ysi onpesiesienne TMPOKCUMAIBHOTO OTODpArKEHNsi B BHUJE BapHAIMOHHOTO
HepasercTBa (17), Jerko ycraHOBHTBH, 9TO HTepanuoHHbIi mporecc (14)—(16) moxer
ObITH 3aIHMCaH B CIEAYIIEM BH/IE:

q(o) — OPOU3BOJIbHBIA 3JIEMEHT,
gt = g (18)
0® = (u®, P g,y AP AR A k=012,

TO ecTb 1 — OIepaTop MepPexoia ITOCO UTEPAIHOHHOIO MPOIECCa.
Crpasengmea (cM. [4])

Teopema 2. Touka ¢ = (UyY1,Y2, -y Yns My A2y« -« Ap) ABAAEMCA HENOOSUNCHOU
moukoti onepamopa T 6 Mom u MOALKO 6 MoM cAYyuae, Ko2da

yi=Biu, X\ €0G{(Bu), i=1,2...,n, —Y BI\=Au-f.

IIpu amom nepeaa komnonenwma u 060G nenodeusicnol mowku onepamopa T aeaa-
emca pewsenuem 3adavu (13).
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13 teopem 1, 2 BBITEKAET, UTO CIPABEITNBA

Teopema 3. ITycmo swnoanens: ycaosua (4)—(8). Tozda mmoocecmeo nenodsusic-
nour movex onepamopa T ne nycmo.

Kpowme Toro, B [4] nokazana

Teopema 4. Ilyemv Ag : V. — V — obpamno cuabio MOHOMOHKBLT ONnepamop

¢ Koncmarwmot oo > 0,
2 ago

2nogr+1"7
sadana (13) umeem no xpatineti mepe odno pewenue. Tozda umepayuonnas nocae-

0<1<

+oo
dosamenvbHocmd {q(k)}k=0’ nocmpoeHHaA co2A4a4CHO (18), cxodumesa caabo 6 Q npu

k — 400, ee npeden G = (U, Y1,y Yns My« -y An) ABAALMCA HENOOBUINHCHOT MOWKOT
onepamopa T, u cnpasedaussl paseHcmea
lim H yz( ) _ B;u® H =0, 1=1,2,...,n, lim H q(k"'l) — q(k) H =0.
k—+o00 Y k—+o00 Q
Kak cnenyer u3 teopembr 1, 3amada (13) mmeer mo KpaiiHeili Mepe OJHO pelleHue.
Y )
B [3] ycranosneno, dro npu BbinonHenun yciosuit (4)—(7) oneparoper A; dBafior-
¢t 0OpaTHO CHIBLHO MOHOTOHHBIMH, & 3HAYUT, OOPATHO CWJIHBHO MOHOTOHHBIM OyJer u
oneparop Ag, 3amaBaembrii coornomenuem (11). TTosTomy st UTEPAIMOHHOTO MPO-
necca (14)—(16) permenus paccMaTpuBaeMbIX 3aja4 (DUIBTPAIMA CIPABEIINBA TEOPe-
Ma 4 0 CXOOMMOCTH 3TOro mporecca. I[Ipum 3ToM coriacHo TeopeMe 2 MMeeM, 9TO IIPH
+oo

k — 400 mocaenoBaTe/bHOCTD {u(k)}kzo cxomurcd cinabo B Vo (a 3HAaUMT, CUIIBHO
B L2(f2)) K HEKOTOPOMY DEIIEHHIO U BapUAIMOHHOrO HepaseHcTBa (13), mociemoBa-

(k) F (k) F o5
TeTbHOCTH {yl } n {)\i } cxomarcs cmabo B Y K B;um A, 1 =1,2...,n,
npuIemM k=0 k=0

\i € 0G; (B;4), i=1,2...,n, (19)
N "B\ =Agi—f. (20)

Pacemorpum peasnuzanuio merona (14)—(16) mna 3anauu dunbrpanuu. Jdng onpe-
nenerns u*t1) o dopmyne (14) HEOOXOIMMO CHAYATA PENICHATH KPAEBYIO 3a1atdy
IIJISE SJITATITHYECKOTO YPABHEHWSA C TIOJIOKUTEIBHO OMPEIEJEeHHBIM CAMOCOTPAKEHHBIM
OIIepaTopoOM:

n
Rs=f — Agu® + " Bf()\l(-k) - rpgk)) +nrRu®, 2,
i=1
(s(z),n) =0, zeTy, s(x)=0, xely,
n
rae R = —div Z T;V, a zarem nonoxuts uFtY) = 4*) 4 75 Boraucienns mo dbop-
i=1
mysie (16) mpoBozsiTest siBHBIM o6pasom. Hakowerr, Kak mokasano B [6], perenne 3amad
muHUME3anmK (15) Takyke MOKeT ObITh HAlIEHO SIBHBIM 00pa30M:

W =g (W) i= 1,
rne t = r B; ulkt) +)\Ek),
&/, §<rvi,
95-(€)€ = < i, rBi <& <ryi+9i/n,

(E—=v;/n)/r, £&>rvy+9;/n.
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Jamnee, mockoIbKy QyHKIMOHATBI F; BBIMYKJBI U HEMPEPLIBHBI, TO B cujty Ilpemmo-
kenus 5.6 [5, . 35]

a( Zn:Fi(u)) = iam(u) = ZH:E)GZ-(BZ-u).

[IpoBous paccyxkienus, nomo0HbIE cozepKaimMcs B 7], uMeeMm, 4ro B TOYKE U
cyomuddepennman dyukimnonansa F; ecTh MHOXKECTBO JIMHEHHBIX HEMPEPBIBHBIX HA V|
byHKIIMOHAIOB [; BUIA

(Liwym)v /D - 3; Vu(z), Vi(z))idz n eV,
rie Yiu € Loo(Q), Xiu(z) € U; H(Di(u(z)) — B; ). Hosromy B cuny (19) A; = Yia,
Xiu(x) € 9; H( D;(u(x)) — B;), ciemaoBaresbHO, ¢ yIeTOM OMPEIeNeHUs COMPSIKeHHOTO
orneparopa B} coorrormenne (20) 3anuiercs B Buje

a i=1 ¢ D;(u(x
_ l n n on . ) i DQ(u(x)) N /):z(x) ‘| ou(x) 677($)d
"Q/;gg l“(’ ) Dt | o om
~ [(w(e). Vafa)) da,
Q
rie
u) ==+ 3 Y al) [g (D2(@(a)) + D,Aéf;» ] T =12,

Takmm obpa3oM, B KadecTBe MPUOJUAKEHHOTO 3HAYEHUsS CKOPOCTH (DUILTPAIUN HA
k-it ureparuu MoxHO BbIGpaTh Bekrop vk

(k)

=3 Yoy lgzo (Iyzk | )+W] y B 1=1,2..n.

Jj=1 1i=1

3|>—‘

3. YucaeHHbIe 3KCII€epUMEHTbI

Paccmorpennbrit uTepannoHHbIii MeTO ], OB peajn30BaH [ncjieHHo. PaccmarpuBa-
Joch Tedenue B apymepHoii obnactn Q = (0,1) x (0,1), B meHTpe KOTOPOH HAXOANTCS
ckBaxkmHa ¢ geobntom g = 2, I' =T'y. Marpunsr Y; BeIOMpaIUCh paBHBIMA

10 30
n=(ov) =)

Oynxnun € — gio( £2) € 3amaBannch COOTHOMEHUAME

07 €Sﬁla
2
gio(&7 )€ = Bi=m1=1, Bo=r2=0.T.
gfﬂia gZﬂ'w
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Puc. 1 Puc. 2

Puc. 3 Puc. 4

Kpowme roro, nonaranocs 91 = 1, 99 = 0.7. IIpeaBapurenbHo cTporiach KOHEIHOITIE-
MEHTHAs AMMPOKCUMAINS C MOMOIIbI0 KYCOUHO-TUHEHHBIX (DYHKIINNA HA TPEYTOIbHBIX
3JIEMEHTAX, TTOCTPOEHHBIX PA30MEHNeM CTOPOH KBAJIPaTa HA 71 U Mo PABHBIX 9acTell u
MPOBEJIEHUEM TUATOHAJIEH, TapaJIIeTbHBIX OMCCEKTPUCE TIEPBOTO U TPETHETrO KOOPIMHAT-
HbIX yrioB. Yucso pazbuennii coctasusio 64 x64. Kpurepuem Bpixo/1a u3 nTeparmuoHHOrO
[poIiecca ABISI0Ch JOCTUKEHUE OTHOCUTEIHHON PA3HOCTHIO 3HAYEHUN MPUOIMAKEHHO-
rO peIeHnst Ha COCEIHNX WTEpAlNsX 3aJaHnoi Tounoctn ¢ = 1072, CkBayknmHa MO-
JIeTMPOBAJIACEH 71T KOHEYHOIIEMEHTHBIX AMMPOKCAMAIIMI CEeTOYHOM IeabTa-(DyHKITHEI.
Haunwmennbiree KomndaecTBO uTeparuii papusaock 57 npu 7 = 0.6, r = 0.5.

Ha puc. 1-4 upezncrasnenst pesynbrarbl pacueroB. Ha puc. 1, 3 cersio-cepbiM
[BETOM IIOMEYEHbl KOHEUHbBIE JIEMEHTBI, Ha KOTOPBIX NPUO/IMKEHHbIE 3HAYCHUs |y;| =
= D;(u) ornmuarorca or (; Ha BemumHEy 5 - 107%, TeMHO-cepbIM U GeBIM IBETAME —
TaM, TJe 3TH 3HAYEHNsT COOTBETCTBEHHO OOsbIne (3; m Menbine (3;. Ha puc. 2, 4 cBetio-
CEPBIM [BETOM MOMEYEHBI KOHEUHBIE JIEMEHTHI, Ha KOTOPBIX TPUOINKEHHbBIE 3HAYEHU ST
[A;| mexxar ma (0,9;), TeMHO-CepBIM U O€JIBIM IIBETAMH — TaM, [Je 9TH 3HAYEHNS COOT-
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BETCTBEHHO PAaBHBI 1); U Hymt0. Takum o0pa3om, HAOJIIOJAETCS COrIACHO TTPUBEIEHHBIM
paHee PaCCykJIEHUSM COOTBETCTBUE MEYKIY 3HAUECHUSIMU YY; U N;.

Paccmorpena Takzke MozesibHasd 3a1a4a u30TpoiHoiil dpusnbrpaiuu (korga Y; — equ-
HUYHBIE MATPUIIbL, 91(52)5 = 9(52)5, v = 19: 61 = ﬂ: vi =, 1= 1,2,...,n,
MHTEpecHas TeM, YTO [ Hee M3BECTHBI TPAHWIEI obmacTeil {1y, TIae MOLymh TpaIw-
€HTA [TaBJIEHUs PaBeH 3aJaHHOMY 3HadeHuio (3. PaccmarpuBaercs 3a1ada O IMEMOYKe
CKBaYKUH C PACXOJOM ¢, PACIOJIOKEHHBIX HA OJHOW MPAMOl Ha PACCTOAHUU 2] IpyT
or apyra. B cuiy cuMMerpun 3a1a49u MOKHO OIPAHUYHUTLCS 3JIEMEHTOM TeYeHHs, IIPe/I-
crapsoum coboit nosynosocy {0 < xy <1, z9 > 0}.

Paccmarpusasics cayuaii, korga (cM., nanpumep, [8, c. 88, 95]):

ag, 0<E<p,
9()€ = { [ B, B] £=p (21)
5—5(1—05), §>ﬁ7

rae a € (0, 1). IIpu 310M 0"eBUAHO, uTO ¥ = 7 (1 — ).

[Mpu gucnaenHoM pemieHur 339U TOIYTIOI0CA 3aMEHSIACh Ha KOHEYHYIO 00JIacTh
[0,1] x [0,Z], Z > 1, na tpex 4acrsax rpanunpl I'1 (z1 = 0,21 = 1,29 = 0) KOTOPOIi
3amatorcs yenosusi (v,n) = 0, a Ha rpanuine ['a, «orTpesatoreiis GECKOHETHOCTD, 3a-
naercst ogHopoauoe yciosue Iupuxyie u = 0. CkBaKuHA C PaCcXOIOM ¢ PACIOJIOXKEHA
B Touke O.

s mocTpoenusi KOHEYHOMEPHOH aNMpPOKCUMAINN 3aa9i, KaK W BBIIIE, TPOBOJIU-
JIACh TPUAHTYIANNAA ODMACTH, Oy IeHHA MyTeM pa30nueHns CTOPoH ) Ha Ny U Ny paB-
HBIX YaCTell, MOCTPOEHUsI TPEYTOTBHUKOB C JIMATOHAJISIMY, TAPAJIIEIbHBIMIA OUCCEKTPUCE
MEPBOTO W TPETHEr0 KOOPAMHATHOTO YIJIOB, M MPUMEHEHUS METOA KOHEUHBIX 3JIEMEH-
TOB C HCTOJIH30BAHUEM KYCOYHO-JIMHEHHBIX Ha TpeyrojbHuKax (yHkinnit. Kpurepuem
BBIXOJIA M3 UTEPAIMOHHOTO MTPOIECCa ABJISIOCH JIOCTHKEHIE OTHOCUTEBHON PAZHOCTHIO
3HAYEHUN TPUOIMKEHHOIO PElIeHns] HA COCeTHUX UTePAIUAX 3aJaHHOH TOYHOCTH € =
= 1073, IIpu pacuerax BEIOHPAINACH CI€LYIONIAE 3HAYCHHS BXOJHBIX TAPAMETPOB 33,14
an: v =1, a = 0.4, pazbuenne odnmactu n; = 50 u ne = 500, Z = 10. Haumennbmee
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KOJIMYECTBO urepanuii papusanock 28 mpu 7 = 0.7, r = 0.6. CkBayknHa MOIETNPOBAIACH
JI7I5 KOHETHOJIEMEHTHBIX alPOKCUMAIINN CeTOYHOHM menbra~-(pyHKmei.

Ha puc. 5, 6 npexncrasiienst pesynbrarst pacdeTos. Jlunuu BG, C'F Ha 3TUX pUCyH-
KaX — CPAHUILI 30HEL {),, TIOCTPOEHHBIE COTMIACHO aHanuTuIeckuM dbopmynam (cu. [9]).
Ha puc. 5 cBersio-cepbIM IIBETOM BBIIEIEHA 0ODJACTH, HA KOTOPBIX MOMIY/b TDaIUEH-
Ta npubIuKeHHoro perrenns (a hbakTUIECKH MPUOIUKEHHBIE 3HAYCHUS MOIYJsS Yy =
= Au = Vu) ornmaaerca ot y Ha sesmauny 5 - 1074, Ha puc. 6 B ykazannoii obmacTn
LPUBEJIEHbI MHOXKECTBA, COOTBETCTBYOIIMe 3Hadenusam |A|, pasubim 0.95, 0.4 u 0.1.

Takum 06paszoM, pe3yabTaThbl YUCICHHBIX PACIETOB MOATBEPIK/IAIOT TEOPETUIECKHEe
BBIBO/IBI.

Pa6ora Bemosnnena npu dunancoBoii mommepxkke Poccuiickoro dhouma dyrmamen-
TanbHbIX ucciaenosanuii (npoektor Ne 08-01-00676, 08-01-00548, 09-01-00814, 09-01-
97015).

Summary

I.B. Badriev, I.N. Ismagilov, L.N. Ismagilov, G.I. Mukhamadullina. Numerical Solving
of Stationary Anisotropic Filtration Problems.

The paper is devoted to the methods of numerical solving of stationary filtration problems
of non-compressible fluid following the nonlinear multi-valued anisotropic filtration law with
limiting gradient. This problem is mathematically formulated in the form of variational
inequality of the second kind in Hilbert space with inversely strongly monotone operator.
The functional occurring in this variational inequality is a sum of several lower semi-continuous
convex proper functionals. For the solution of the considered variational inequality the splitting
method is offered. This method allows finding both the pressure and the filtration velocity.
The results of numerical experiments are presented.

Key words: seepage theory, anisotropic filtration law, variational inequality, inversely
strongly monotone operator, iterative process.
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