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UDK 512.53ON CONSTRUCTIONS OF SEMIGROUPSK.P. Shum, X.M. Ren, C.M. GongAbstra
tThis paper gives a brief survey of 
onstru
tions of semigroups by using stru
tures of somesemigroups belonging to the 
lass of regular semigroups, quasi-regular semigroups, and abun-dant semigroups. In parti
ular, we show some basi
 notation and stru
ture theorems for somesemigroups, for example, Rees matrix semigroups over the 0-group G0 and their general-izations, bands, E -ideal quasi-regular semigroups, C

∗ -quasiregular semigroups, L
∗ -inversesemigroups, Q∗ -inverse semigroups, and regular ortho-l
-monoids.Key words: regular semigroups, quasi-regular semigroups, abundant semigroups, 
on-stru
tions. 1. Rees matrix semigroups and their generalizationsFor notation and terminology not given in this paper, the reader is referred to [1�13℄.A semigroup is 
alled 
ompletely 0-simple if it is 0-simple and has a primitive idempo-tent. In 1940, Rees provided the following re
ipe for manufa
turing 
ompletely 0-simplesemigroups.Let G be a group with identity element e , and let I,Λ be non-empty sets. Let

P = (pλ,i) be a Λ× I matrix with entries in the 0-group G0(= G ∪ {0}) , and supposethat P is regular, in the sense that no row or no 
olumn of P 
onsists entirely of zeros.Formally,
(∀i ∈ I)(∃λ ∈ Λ) pλi 6= 0,

(∀λ ∈ I)(∃i ∈ I) pλi 6= 0. (1)Let S = (I ×G× Λ) ∪ {0} , and de�ne a multipli
ation on S by
(i, a, λ) · (b, j, µ) =

{
(i, apλjb, µ) if pλj 6= 0,

0 if pλj = 0,

(i, a, λ) · 0 = 0 · (i, a, λ) = 0 · 0 = 0. (2)The semigroup 
onstru
ted with this re
ipe will be denoted by M0[G; I,Λ;P ] and willbe 
alled the I × Λ matrix semigroup over the 0-group G0 with the regular sandwi
hmatrix P .Theorem 1 (The Rees Theorem, [14℄). Let G0 be a 0-group, let I,Λ be non-empty sets, and let P = (pλi) be a Λ × I matrix with entries in G0 . Suppose that Pis regular in the sense of (1) . Let S = (I × G × Λ) ∪ {0} , and de�ne a multipli
ationon S by (2) . Then S is a 
ompletely 0-simple semigroup.Conversely, every 
ompletely 0-simple semigroup is isomorphi
 to one 
onstru
tedin this way.In 1990, M.V. Lawson in [15℄ gave another abstra
t 
hara
terization of Rees matrixsemigroups as follows.



ON CONSTRUCTIONS OF SEMIGROUPS 181Let S be a monoid with identity 1 and zero element 0, having group of units G(S) .Let Λ and I be non-empty sets, and let P be a Λ× I matrix over S with entries pλiwhere (λ, i) ∈ Λ × I. The matrix semigroup M = M0(S; I,Λ;P ) is the set of triples
I × S × Λ with a zero 0 adjoined and where we identify all the elements of the form
(i, 0, λ) with 0 , under a multipli
ation given by

(i, x, λ) · (j, y, µ) =

{
(i, xpλjy, µ) if pλj 6= 0,

0 otherwise.Theorem 2 [15℄. Let S be a Rees semigroup with e ∈ U \ {0} . Then
(i) S is abundant if and only if eSe is abundant;
(ii) S is regular if and only if eSe is regular;
(iii) S is inverse if and only if S is redu
ed, eSe is inverse and RegU(S) isa subsemigroup (for details, see [15℄).To further generalize the Rees matrix semigroup 
onstru
ted above, we have re
entlyestablished in [16℄ the following 
onstru
tion of semigroups by using semigroupoids.A semigroupoid is a pair (S, S0) 
onsisting of a set S of morphisms and a set S0of obje
ts, together with the fun
tions τ : S → S0 and ω : S → S0 , and a fun
tion µwhi
h is so 
alled �multipli
ation� from the set S ∗ S = {(x, y) ∈ S× S | τ(x) = ω(y)}to S ; we usually write xy instead of µ(x, y) , and if (x, y) ∈ S ∗ S , then we write ∃xy ;in addition, the following two axioms hold:(C1) If ∃xy , then τ(xy) = τ(y) and ω(xy) = ω(x) ;(C2) x(yz) = (xy)z whenever the produ
ts are de�ned.Let A,B ∈ S0 . Then, in this 
ase, the set Mor (A,B) = {x ∈ S | τ(x) = A and

ω(x) = B} is 
alled the Mor-set from A to B . A semigroupoid S is said to be strongly
onne
ted if ea
h Mor-set(A,B) is non-empty.Let I and Λ be two non-empty sets and S a strongly 
onne
ted semigroupoid.De�ne two surje
tive fun
tions F : I → S0 and G : Λ→ S0 . Now,let p : Λ× I → S bea fun
tion su
h that
p(λ,i) ∈Mor(F (i), G(λ)) .We simply write p(λ,i) = pλi so that the entries of the Λ× I matrix P = (pλi) are pλi .Let M = M(S, F,G;P ) be the following set

M = {(i, x, λ) ∈ I × S × Λ | x ∈Mor(G(λ), F (i))},equipped with the multipli
ation given by (i, x, λ)(j, y, µ) = (i, xpλjy, µ) .Then it is easy to 
he
k that the set M = {(i, x, λ) ∈ I×S×Λ | x ∈Mor(G(λ), F (i))}forms a semigroup under the above multipli
ation. We 
all M a Rees matrix semigroupover a semigroupoid (for details, see [16℄).2. Presentations of bands and their generalizationsWe say that a semigroup S is a band if every element of S is idempotent. In 1971,Petri
h in [17℄ gave the general stru
ture theorem for bands.Theorem 3 [14, Theorem 4.4.5℄. Let Y be a semilatti
e, and let {Eα | α ∈ Y }be a family of pairwise disjoint re
tangular bands indexed by Y . For ea
h α , let
Eα = Iα × Λα , and for ea
h pair α, β of elements of Y su
h that α > β , let
Φα,β : Eα → TIβ

∗ × TΛβ
be a morphism, where

aΦα,β = (φaβ , ψ
a
β) (a ∈ Eα).



182 K.P. SHUM ET AL.Suppose also that
(i) if a = (i, µ) ∈ Eα , then φα

a and ψα
a are 
onstant maps, and

〈φ(i,µ)
α 〉 = i, 〈ψ(i,µ)

α 〉 = µ;

(ii) if a ∈ Sα, b ∈ Sβ and αβ = γ , then φaγφ
b
γ and ψaγψ

b
γ are 
onstant maps;

(iii) if 〈φaγφbγ〉 is denoted by j and 〈ψaγψbγ〉 by ν , then for all δ 6 γ ,
φ

(j,ν)
δ = φaδφ

b
δ, ψ

(j,ν)
δ = ψaδψ

b
δ.Let B =

⋃
{Eα | α ∈ Y } , and de�ne the produ
t of a in Eα and b ∈ Eβ by

a ∗ b = (〈φaγφ
b
γ〉, 〈ψ

a
γψ

b
γ〉),where γ = αβ. Then (B, ∗) is a band, whose J -
lasses are the re
tangular bands Eα .Conversely, every band is determined in this way by a semilatti
e Y , a family ofre
tangular bands Eα = Iα × Λα indexed by Y , and a family of morphisms Φα,β :

Eα → TIβ

∗ × TΛβ
(α, β ∈ Y, α > β) satisfying (i) , (ii) and (iii) .An element a of a semigroup S is 
alled regular if there exists x ∈ S su
h that

a = axa; an element a of S is 
alled quasi-regular if there exists a natural number
n su
h that an is regular. A semigroup S is 
alled regular (quasi-regular) if everyelement of S is regular (quasi-regular). It is easy to see that quasi-regular semigroupsare generalizations of regular semigroups. As a generalization of bands, in 1989 Ren andGuo introdu
ed and studied E -ideal quasi-regular semigroups.A

ording to [18℄, a semigroup S is 
alled an E -ideal quasi-regular semigroup if S isquasi-regular and E(S) is an ideal of S .For E -ideal quasi-regular semigroups, Ren and Guo [18℄ have given the following
onstru
tions.The set Q with a partial operation is 
alled a partial power breaking semigroup ifthere is a partial binary operation on the set Q su
h that for any p, q, r ∈ Q, (pq)r ∈ Q(well-de�ned) if and only if p(qr) ∈ Q; in this 
ase, (pq)r = p(qr) holds, and for every
a ∈ Q , there exists n ∈ N su
h that an /∈ Q.Let Y be a semilatti
e, and let {Eα = Iα × Λα | α ∈ Y } be a family of pairwisedisjoint re
tangular bands. Let Q be a partial power breaking semigroup together withthe mapping ϕ : Q→

⋃
α∈Y

Eα satisfying the following properties.(i) For any a, b ∈ Q, if ϕ(a) ∈ Eα, ϕ(b) ∈ Eβ and αβ = γ , then ab ∈ Q implies
ϕ(ab) ∈ Eγ . For every pair α, β ∈ Y with α > β, we 
an 
onstru
t two mappings:

Ψα,β : ϕ−1(Eα) −→ TIβ

∗ × TΛβ
,

a 7→ (φaβ , ψ
a
β)and

Φα,β : Eα −→ TIβ

∗ × TΛβ
,

e 7→ (φeβ , ψ
e
β)that satisfy the following properties:(ii) If e = (i, j) ∈ Eα, then φeα, ψ

e
α are 
onstant transformations on Iα and Λα ,respe
tively, and 〈φeα〉 = i, 〈ψeα〉 = j. Here we denote the values of the 
onstant trans-formations by 〈φeα〉 and 〈ψeα〉 , respe
tively.(iii) 1◦ If e ∈ Eα, f ∈ Eβ , and δ 6 γ = αβ, then φeγφ

f
γ and ψeγψ

f
γ are transforma-tions on Iγ and Λγ , respe
tively. Let 〈φeγφfγ〉 = i, 〈ψeγψ

f
γ 〉 = j, we have

φ
(i,j)
δ = φeδφ

f
δ , ψ

(i,j)
δ = ψeδψ

f
δ .



ON CONSTRUCTIONS OF SEMIGROUPS 1832◦ If e ∈ Eα, a ∈ Q, ϕ(a) ∈ Eβ , and δ 6 γ = αβ, then φeγφ
a
γ , φ

a
γφ

e
γ and

ψeγψ
a
γ , ψ

a
γψ

e
γ are 
onstant transformations on Iγ and Λγ respe
tively. Let 〈φeγφaγ〉 =

k, 〈ψeγψ
a
γ〉 = l , 〈φaγφeγ〉 = k

′ , and 〈ψaγψeγ〉 = l
′

, we have
φ

(k,l)
δ = φeδφ

a
δ , ψ

(k,l)
δ = ψeδψ

a
δ ,

φ
(k

′
,l
′
)

δ = φaδφ
e
δ, ψ

(k
′
,l
′
)

δ = ψaδψ
e
δ .3◦ If a, b ∈ Q, ab /∈ Q, ϕ(a) ∈ Eα, ϕ(b) ∈ Eβ , and δ 6 γ = αβ, then φaγφ

b
γ , ψ

a
γψ

b
γare 
onstant transformations on Iγ and Λγ , respe
tively. Let 〈φaγφbγ〉 = u, 〈ψaγψ

b
γ〉 = v,we have

φ
(u,v)
δ = φaδφ

b
δ, ψ

(u,v)
δ = ψaδψ

b
δ.(iv) If a, b ∈ Q, ab ∈ Q, ϕ(a) ∈ Eα, ϕ(b) ∈ Eβ , and δ 6 γ = αβ, then

φabδ = φaδφ
b
δ, ψ

ab
δ = ψaδψ

b
δ.We now write ∑

= Q
⋃̇ ⋃̇
α∈Y

Eα and de�ne an operation ∗ on ∑ as follows:a) If a, b ∈ Q and ab ∈ Q, then a ∗ b = ab. If a, b ∈ Q, ϕ(a) ∈ Eα, ϕ(b) ∈ Eβ and
αβ = γ, but ab /∈ Q, then

a ∗ b = (〈φaγφ
b
γ〉, 〈ψ

a
γψ

b
γ〉).b) If e ∈ Eα, a ∈ Q, ϕ(a) ∈ Eβ , and αβ = γ, then

a ∗ e = (〈φaγφ
e
γ〉, 〈ψ

a
γψ

e
γ〉),

e ∗ a = (〈φeγφ
a
γ〉, 〈ψ

e
γψ

a
γ〉).
) If e ∈ Eα, f ∈ Eβ , and αβ = γ, then

e ∗ f = (〈φeγφ
f
γ〉, 〈ψ

e
γψ

f
γ 〉).We denote the above system 
onsisting of ∑ and the operation ∗ on ∑ by∑

=
∑

(Q,
⋃̇
α∈Y

Eα,Ψ,Φ, ϕ) . It is easy to show that ∑
=

∑
(Q,

⋃̇
α∈Y

Eα,Ψ,Φ, ϕ) isa semigroup, i.e. the above operation ∗ on ∑ is asso
iative.Theorem 4 [18℄. Let S be a semigroup. Then S is an E -ideal quasi-regularsemigroup if and only if S is isomorphi
 to some semigroup of type ∑
=

=
∑

(Q,
⋃̇
α∈Y

Eα,Ψ,Φ, ϕ).3. ∆-produ
ts and generalized ∆-produ
tsA regular semigroup S is 
alled a left C -semigroup (in short, LC-semigroup) iffor any a ∈ S , aS ⊆ Sa . In 1991, Zhu, Guo and Shum in [19℄ gave the following
hara
terizations for left C -semigroups.Theorem 5 [19℄. Suppose that S is an orthodox semigroup with a band E ofidempotents. Then the following statements on S are equivalent:
(i) S is a left C -semigroup;
(ii) (∀e ∈ E) eS ⊆ Se ;
(iii) (∀e ∈ E)(∀a ∈ S) eae = ea;
(iv) DS ∩ (E × E) = LE ;
(v) S is a semilatti
e of left groups;
(vi) L = J is a semilatti
e 
ongruen
e on S .



184 K.P. SHUM ET AL.In studying of stru
ture theory of left C -semigroups, Guo, Ren and Shum [20℄introdu
ed the 
on
ept of ∆-produ
ts of semigroups as follows.Let Y be a semilatti
e. Let T =
⋃
α∈Y

Tα be a semilatti
e of semigroups Tα and
I =

⋃
α∈Y

Iα be a semilatti
e partition of the set I on the semilatti
e Y . For ea
h
α ∈ Y , write Sα = Tα × Iα ; for any α, β ∈ Y, α > β , de�ne the mapping

Ψα,β : Sα −→ TIβ
,

a 7→ ψaα,β ,satisfying the following 
onditions:
(P1) If (u, i) ∈ Sα, i′ ∈ Iα , then ψ

(u,i)
α,α i′ = i .

(P2) If (u, i) ∈ Sα, (v, j) ∈ Sβ , then(a) ψ
(u,i)
α,αβψ

(v,j)
β,αβ are 
onstant value mappings on Iαβ , denote the value by

〈ψ
(u,i)
α,αβψ

(v,j)
β,αβ〉 ;(b) if αβ > δ, 〈ψ

(u,i)
α,αβψ

(v,j)
β,αβ〉 = k , we have ψ(uv,k)

αβ,δ = ψ
(u,i)
α,δ ψ

(v,j)
β,δ .De�ne a multipli
ation on the set S by

(u, i) ∗ (v, j) = (uv, 〈ψ
(u,i)
α,αβψ

(v,j)
β,αβ〉), (u, i) ∈ Sα, (v, j) ∈ Sβ.where uv is the produ
t of u and v in the semigroup T .It is easy to verify that S =

⋃
α∈Y

Sα with the operation above forms a semigroup.The semigroup S 
onstru
ted above is 
alled a ∆-produ
t of a semigroup T and a set Iwith respe
t to semilatti
e Y , denoted by S = T∆Y,ΨI .Theorem 6 [21℄. Let T = [Y ;Gα, ϕα,β ] be a strong semilatti
e of group Gα , and let
I =

⋃
α∈Y Iα be a semilatti
e de
omposition of a left regular band I for left zero bands

Iα . Then the ∆-produ
t S = T∆Y,ΨI of T and I with respe
t to Y is a LC-semigroup.Conversely, every LC-semigroup S 
an be 
onstru
ted in this way.A

ording to [22℄, a quasi-regular semigroup S is 
alled a C∗ -quasiregular semigroupif for any e ∈ E(S) , the mapping ψe : S1 → eS1e de�ned by x 7→ exe is a semigrouphomomorphism and RegS is an ideal of S .Some 
hara
terizations of C∗ -quasiregular semigroups were given by Shum, Renand Guo in [22℄.Theorem 7 [22℄. The following statements are equivalent for a semigroup S :
(i) S is a C∗ -quasiregular semigroup;
(ii) S is a quasi-
ompletely regular semigroup in whi
h RegS is an ideal of S and

E(S) is a regular band;
(iii) S is a quasi-
ompletely regular semigroup su
h that eS ∪ Se ⊆ RegS and themapping ϕe : E(S) → eE(S)e de�ned by f 7→ efe is a semigroup homomorphism forall e ∈ E(S) ;
(iv) S is a semilatti
e of quasi-re
tangular groups su
h that

(∀a ∈ S)(∃m ∈ N) amS ∪ Sam ⊆ RegSand E(S) is a regular band;
(v) S is a nil-extension of a quasi-C -semigroup.It is well-known that the stru
ture of 
ompletely regular semigroups 
an be de-s
ribed by the translational hull of semigroups (see M. Petri
h in [23℄). Inspired by the
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h, we 
an also 
onstru
t quasi-
ompletely regular semigroups by usingtranslations on semigroups.To obtain stru
ture of C∗ -quasiregular semigroups, we 
onsider a more general
onstru
tion for semigroups rather than the ∆-produ
t stru
ture. We 
all this newstru
ture the generalized ∆-produ
t stru
ture.We �rst 
ite the following 
on
epts.A mapping θ from a power breaking partial semigroup Q to another one is 
alleda partial homomorphism if (ab)θ = aθbθ , whenever a, b, ab ∈ Q .Write T (X)(T ∗(X)) for the semigroup of all left (right) transformations on a set X .Also, we use the symbol 〈ϕ〉 to denote the value of a 
onstant mapping ϕ a
ting onthe set X .We are now ready to state the de�nition of generalized ∆-produ
t of semigroups.(I) Let τ be a partial homomorphism from a power breaking partial semigroup Qto a semilatti
e Y ; write Qα = τ−1(α) , for any α ∈ Y .(II) Let T = [Y, Tα, ξαβ ] be a strong semilatti
e of semigroups Tα , where ξαβ is thestru
ture homomorphism. Let I =
⋃
α∈Y

Iα and Λ =
⋃
α∈Y

Λα be a semilatti
e partitionfor the set I and for the set Λ on the semilatti
e Y , respe
tively. It is well-known thatif Tα are groups, then the strong semilatti
e T = [Y, Tα, ξαβ ] is a Cli�ord semigroup.For every α ∈ Y , form the following three sets, namely, the sets
S0
α = Qα ∪ Tα,

Sℓα = Qα ∪ (Iα × Tα),

Srα = Qα ∪ (Tα × Λα).(III) For any α, β ∈ Y with α ≥ β , de�ne the mapping
θα,β : S0

α → Tβ by a 7→ aθα,β ,and we require that θα,β satis�es the following 
ondition.(P1) (i) θα,β|Tα
= ξα,β .(ii) if a ∈ Qα and α > β > γ , then aθα,βθβγ = aθα,γ .(iii) if a ∈ Qα, b ∈ Qβ and ab ∈ Qαβ with αβ > δ , then (ab)θαβ,δ = aθα,δbθβ,δ.(IV) For α, β ∈ Y with α > β , de�ne the following two mappings ϕα,β and ψα,β :

ϕα,β : Sℓα → T (Iβ) by a 7→ ϕaα,β ;

ψα,β : Srα → T
∗(Λβ) by a 7→ ψaα,β .Let ϕα,β and ψα,β satisfy the following 
onditions (P1), (P2), (P2)∗ and (P3)∗ ,respe
tively.(P2) If (i, g) ∈ Iα × Tα and j ∈ Iα , then ϕ

(i,g)
α,α j = i .(P2)∗ If (g, λ) ∈ Tα × Λα and µ ∈ Λα , then µψ

(g,λ)
α,α = λ .For the sake of 
onvenien
e, we write (i, g)θα,β = gθα,β and (g, λ)θα,β = gθα,β forany (i, g) ∈ Iα × Tα and (g, λ) ∈ Tα × Λα .(P3) Let α, β and δ ∈ Y with αβ > δ .(i) If a ∈ Sℓα, b ∈ Sℓβ , and ab ∈ Qαβ , then ϕabαβ,δ = ϕaα,δϕ

b
β,δ.(ii) If a ∈ Sℓα, b ∈ Sℓβ and ab /∈ Qαβ , then ϕaα,αβϕ

b
β,αβ is a 
onstant mapping a
tingon the set Iαβ .Let k = 〈ϕaα,αβϕ

b
β,αβ〉 be the 
onstant value of ϕaα,αβϕbβ,αβ and g = aθα,αβbθβ,αβ .Then

ϕ
(k,g)
αβ,δ = ϕaα,δϕ

b
β,δ.



186 K.P. SHUM ET AL.(P3)∗ Let α, β and δ ∈ Y with αβ > δ .(i) If a ∈ Srα, b ∈ Srβ , and ab ∈ Qαβ, then ψabαβ,δ = ψaα,δψ
b
β,δ.(ii) If a ∈ Srα, b ∈ Srβ , and ab /∈ Qαβ , then ψaα,αβψ

b
β,αβ is a 
onstant mappinga
ting on the set Λαβ .Let u = 〈ψaα,αβψ

b
β,αβ〉 be the 
onstant value of ψaα,αβψbβ,αβ and ν = aθα,αβbθβ,αβ .Then

ψ
(u,ν)
αβ,δ = ψaα,δψ

b
β,δ.(V) Now, form the set S =

⋃
α∈Y

Sα =
⋃
α∈Y

(Qα ∪ (Iα×Tα×Λα)) and de�ne a binaryoperation � ∗ � on S satisfying the following 
onditions.[M1℄ If a ∈ Qα, b ∈ Qβ , and ab ∈ Qαβ , then a ∗ b = ab .[M2℄ If a ∈ Qα, b ∈ Qβ , and ab /∈ Qαβ , then
a ∗ b = (〈ϕaα,αβϕ

b
β,αβ〉, aθα,αβbθβ,αβ, 〈ψ

a
α,αβψ

b
β,αβ〉).[M3℄ If a ∈ Qα, (i, g, λ) ∈ Iβ × Tβ × Λβ , then

a ∗ (i, g, λ) = (〈ϕaα,αβϕ
(i,g)
β,αβ〉, aθα,αβgθβ,αβ, 〈ψ

a
α,αβψ

(g,λ)
β,αβ 〉),

(i, g, λ) ∗ a = (〈ϕ
(i,g)
β,αβϕ

a
α,αβ〉, gθβ,αβaθα,αβ , 〈ψ

(g,λ)
β,αβψ

a
α,αβ〉).[M4℄ If (i, g, λ) ∈ Iα × Tα × Λα, (j, h, µ) ∈ Iβ × Tβ × Λβ , then

(i, g, λ) ∗ (j, h, µ) = (〈ϕ
(i,g)
α,αβϕ

(j,h)
β,αβ〉, gξα,αβhξβ,αβ, 〈ψ

(g,λ)
α,αβψ

(h,µ)
β,αβ 〉).It 
an be veri�ed, by routine 
he
king, that (S, ∗) is a semigroup.Now, we write Σ = {ϕα,β, ψα,β , θα,β | α, β ∈ Y, α > β} and 
all it the stru
turemapping of the semigroup S =

⋃
α∈Y

(Qα ∪ (Iα × Tα × Λα)) .Summarizing all the above steps, we give the following de�nition.De�nition 1 [22℄. The above 
onstru
ted semigroup S is 
alled the generalized
∆-produ
t of the power breaking partial semigroup Q , the semigroup T , the sets Iand Λ with respe
t to the semilatti
e Y and the stru
ture mapping Σ . Denote thissemigroup by S = ∆Y,Σ(Q, I, T,Λ) .Now, we state a 
onstru
tion theorem for a C∗ -quasiregular semigroup.Theorem 8 [22℄. Let Y be a semilatti
e, Q be a power breaking partial semigroup,
G = [Y,Gα, ξα,β] be a strong semilatti
e of groups Gα, I =

⋃
α∈Y

Iα , and Λ =
⋃
α∈Y

Λα bea left regular band and a right regular band, respe
tively. Then the generalized ∆-produ
t
∆Y,Σ(Q, I,G,Λ) is a C∗ -quasiregular semigroup.Conversely, every C∗ -quasiregular semigroup 
an be 
onstru
ted by a generalized
∆-produ
t ∆Y,Σ(Q, I,G,Λ) .4. Left wreath produ
ts and wreath produ
tsIn 1982, an abundant semigroup was �rst introdu
ed and studied by J.B. Fountain[5℄. To show the de�nition of an abundant semigroup, we �rst 
ite a set of relations
alled Green's star relations on a semigroup S :

L∗ = {(a, b) ∈ S × S | (∀x, y ∈ S1)ax = ay ⇔ bx = by},

R∗ = {(a, b) ∈ S × S | (∀x, y ∈ S1)xa = ya⇔ xa = yb},
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H∗ = L∗ ∧R∗,

D∗ = L∗ ∨R∗,

J ∗ = {(a, b) ∈ S × S | J∗(a) = J∗(b)},where J∗(a) denote the prin
ipal ∗ -ideal generated by the element a in S (see [5℄and [24℄).Clearly, on any semigroup S we have L ⊆ L∗ and R ⊆ R∗ . It is easy to see thatfor regular elements a, b ∈ S , (a, b) ∈ L∗ if and only if (a, b) ∈ L . Moreover, we 
aneasily see that L∗ is a right 
ongruen
e and R∗ is a left 
ongruen
e on S , respe
tively.An abundant semigroup S is a semigroup in whi
h ea
h L∗ -
lass and ea
h R∗ -
lass 
ontains an idempotent. It is 
lear that a regular semigroup is abundant. In fa
t,abundant semigroups 
an be regarded as natural generalizations of regular semigroups.An abundant semigroup S is 
alled an L∗ -inverse semigroup if S is an IC semi-group whose idempotents form a left regular band (for details, see [25℄).To obtain stru
ture of L∗ -inverse semigroups, the 
on
ept of left wreath produ
t ofsemigroups was introdu
ed by Ren and Shum in [25℄.Let Γ be a type-A semigroup with semilatti
e Y of idempotents. Let B = ∪α∈Y Bαbe a semilatti
e de
omposition of a left regular band B into left zero bands Bα .Be
ause the type-A semigroup Γ is abundant, we 
an always identify the element
γ ∈ Γ by its 
orresponding idempotent γ† ∈ R∗

γ(Γ) ∩E or by γ∗ ∈ L∗
γ(Γ) ∩E , respe
-tively. Moreover, sin
e the type-A semigroup Γ is also an IC abundant semigroup,there is a 
onne
ting isomorphism η : 〈ω†〉 → 〈ω∗〉 su
h that αω = ω(αη) for any

α ∈ 〈ω†〉 and ω ∈ Γ .Now, we form the set B ⊲⊳ Γ = {(e, γ)| e ∈ Bγ† , γ ∈ Γ} . In order to make thisset B ⊲⊳ Γ a semigroup, we need to introdu
e a multipli
ation � ∗ � de�ned on theset B ⊲⊳ Γ by the following mapping. Firstly, we de�ne a mapping ϕ : Γ → End(B)by γ 7→ σγ , where σγ ∈ End(B) , whi
h is the endomorphism semigroup on B . Thismapping satis�es the following properties.
(P1) Absorbing: for ea
h γ ∈ Γ and α ∈ Y, we have Bασγ ⊆ B(γα)† . In parti
ular,if γ ∈ Y , then σγ is an inner endomorphism on B su
h that eσγ = fe for some f ∈ Bγand all e ∈ B .
(P2) Fo
using: for α, β ∈ Γ and f ∈ B(αβ)† , we have σβσαδf = σαβδf , where δfis an inner endomorphism indu
ed by f on B satisfying hδf = fh for all h ∈ B .
(P3) Homogenizing: for e ∈ Bω† , g ∈ Bτ† , and h ∈ Bξ† , if ωτ = ωξ and egσω =

= ehσω , then fgσω∗ = fhσω∗ , for any f ∈ Bω∗ .
(P4) Idempotent 
onne
ting: assume that for any ω ∈ Γ, η is the 
onne
ting iso-morphism whi
h maps 〈ω†〉 to 〈ω∗〉 by α 7→ αη . If (e, ω†) and (f, ω∗) ∈ B ⊲⊳ Γ , thenthere is a bije
tion θ : 〈e〉 → 〈f〉 su
h that
(i) eθ = f and g = e(gθ)σω , for g ∈ 〈e〉 ;
(ii) for g ∈ 〈e〉 and α ∈ 〈ω†〉, (g, α) ∈ B ⊲⊳ Γ if and only if (gθ, αη) ∈ B ⊲⊳ Γ .Equipped with the above mapping ϕ , we now de�ne a multipli
ation � ∗ � on B ⊲⊳ Γby

(e, ω) ∗ (f, τ) = (efσω , ωτ)for any (e, ω), (f, τ) ∈ B ⊲⊳ Γ , where fσω = fσω .It 
an be veri�ed that the multipli
ation � ∗ � de�ned above for the set B ⊲⊳ Γ isasso
iative. We 
all the semigroup a left wreath produ
t of a left regular band B anda type-A semigroup Γ under a mapping ϕ , denoted by B ⊲⊳ϕ Γ .We are now going to establish a stru
ture theorem for L∗ -inverse semigroups.Theorem 9 [25, Theorem 4.1℄. A semigroup S is an L∗ -inverse semigroup if andonly if S is a left wreath produ
t of a left regular band B and a type-A semigroup Γ .



188 K.P. SHUM ET AL.In [26℄, we 
all an IC abundant semigroup S a Q∗ -inverse semigroup if the set ofits idempotents E forms a regular band, i.e. E satis�es the identity efege = efge , forall e, f and g in E .Suppose that S is a Q∗ -inverse semigroup whose set of idempotents E forms a reg-ular band. Denote the J -
lass 
ontaining the element e ∈ E by E(e) . We �rst havethe following result.Theorem 10 [26, Theorem 3.2℄. If an equivalen
e relation δ on S is de�nedby aδb if and only if b = eaf and a = gbh for some e ∈ E(a+), f ∈ E(a∗), g ∈ E(b+)and h ∈ E(b∗) , then the equivalen
e relation δ is the smallest type-A good 
ongruen
eon S .Let S be a Q∗ -inverse semigroup with a regular band of idempotents E . De�nerelations µl and µr on S as follows:
(a, b) ∈ µl ⇔ (xa, xb) ∈ L∗ (x ∈ E),

(a, b) ∈ µr ⇔ (ax, bx) ∈ R∗ (x ∈ E).Put ρ1 = δ ∩ µr and ρ2 = δ ∩ µl on S (see [26℄). We are now able to establish thefollowing theorem for Q∗ -inverse semigroups.To obtain stru
ture theory for Q∗ -inverse semigroups, the 
on
ept of the
wreath product of semigroups was introdu
ed by Ren and Shum in [26℄ as follows.In the wreath product of semigroups, we need the following ingredients:

(a) Y : a semilatti
e.
(b) Γ : a type-A semigroup whose set of idempotents is the semilatti
e Y .
(c) I : a left regular band su
h that I =

⋃
α∈Y

Iα , where Iα is a left zero band forall α ∈ Y .
(d) Λ : a right regular band su
h that Λ =

⋃
α∈Y

Λα , where Λα is a right zero bandfor all α ∈ Y .We now form the following sets:
I ⊲⊳ Γ = {(e, ω)| ω ∈ Γ, e ∈ Iω+},

Γ ⊲⊳ Λ = {(ω, i)| ω ∈ Γ, i ∈ Λω∗},and
I ⊲⊳ Γ ⊲⊳ Λ = {(e, ω, i)| ω ∈ Γ, e ∈ Iω+ and i ∈ Λω∗}.Sin
e ω ∈ Γ and Γ is a type-A semigroup, there are some idempotents

ω† ∈ R∗
ω(Γ) ∩ E(Γ) and ω∗ ∈ L∗

ω(Γ) ∩ E(Γ) . Also sin
e the set of idempotents of
Γ forms a semilatti
e, ω† and ω∗ are in Y . This illustrates that the sets I ⊲⊳ Γ,
Γ ⊲⊳ Λ, and I ⊲⊳ Γ ⊲⊳ Λ are well-de�ned. We only need to de�ne an asso
iative multi-pli
ation on the set I ⊲⊳ Γ ⊲⊳ Λ so that the set I ⊲⊳ Γ ⊲⊳ Λ under the multipli
ationturns out to be a semigroup.Before we de�ne a multipli
ation on I ⊲⊳ Γ ⊲⊳ Λ , we need to give a des
ription forthe stru
ture mappings.De�ne a mapping ϕ : Γ→ End(I) by γ 7→ σγ for γ ∈ Γ and σγ ∈ End(I) satisfyingthe following 
onditions.

(P1) For ea
h γ ∈ Γ and α ∈ Y , we have Iασγ ⊆ I(γα)† . In parti
ular, if γ ∈ Y ,then σγ is an inner endomorphism on I su
h that there exists g ∈ Iγ with eσγ = ge,for all e ∈ I , where eσγ denotes eσγ .
(P2) For α, β ∈ Γ and f ∈ I(αβ)† , we have σβσαδf = σαβδf , where δf is an innerendomorphism indu
ed by f on I satisfying hδf = fh = fhf, for all h ∈ I .



ON CONSTRUCTIONS OF SEMIGROUPS 189
(P3) For e ∈ Iω† , g ∈ Iτ† and h ∈ Iξ† , if ωτ = ωξ and egσω = ehσω , then

fgσω∗ = fhσω∗ , for all f ∈ Iω∗ .
(P4) Assume that for any ω ∈ Γ, η is the 
onne
ting isomorphism whi
h maps

〈ω†〉 to 〈ω∗〉 by α 7→ αη . If (e, ω†) and (f, ω∗) ∈ I ⊲⊳ Γ , then there is a bije
tion
θ : 〈e〉 → 〈f〉 su
h that

(i) eθ = f and geσα = e(gθ)σω for any g ∈ 〈e〉 and α ∈ 〈ω†〉 ;
(ii) for any g ∈ 〈e〉 and α ∈ 〈ω†〉, (g, α) ∈ I ⊲⊳ Γ if and only if (gθ, αη) ∈ I ⊲⊳ Γ .Similarly, de�ne a mapping ψ : Γ→ End(Λ) by γ 7→ ργ for γ ∈ Γ and ργ ∈ End(Λ)satisfying the following 
onditions.
(P1)′ For ea
h γ ∈ Γ and α ∈ Y , we have Λαργ ⊆ Λ(αγ)∗ . In parti
ular, if γ ∈ Y ,then ργ is an inner endomorphism on Λ su
h that there exists i ∈ Λγ with jργ = jifor all j ∈ Λ , where jργ denotes jργ .
(P2)′ For α, β ∈ Γ and i ∈ Λ(αβ)∗ , we have ραρβεi = ραβεi , where εi is an innerendomorphism indu
ed by i on Λ su
h that jεi = ji = iji for any j ∈ Λ .
(P3)′ For i ∈ Λω∗ , j ∈ Λτ∗ , and k ∈ Λξ∗ , if τω = ξω and jρω i = kρω i , then

jρω†m = kρω†m for all m ∈ Λω† .
(P4)′ Assume that for any ω ∈ Γ, η is the 
onne
ting isomorphism whi
h maps

〈ω†〉 to 〈ω∗〉 by α 7→ αη . If (ω†, j) and (ω∗, i) ∈ Γ ⊲⊳ Λ , then there is a bije
tion
θ′ : 〈i〉 → 〈j〉 su
h that the following 
onditions hold:

(i) jθ′ = i, kρω i = iραη (kθ′) , for any k ∈ 〈j〉 and α ∈ 〈ω†〉 ;
(ii) for any k ∈ 〈i〉 and α ∈ 〈ω†〉, (α, k) ∈ Γ ⊲⊳ Λ if and only if (αη, kθ′) ∈ Γ ⊲⊳ Λ .After gluing up the above 
omponents I,Γ and Λ together with the mappings ϕand ψ , we now de�ne a multipli
ation on the set I ⊲⊳ Γ ⊲⊳ Λ by

(e, ω, i) ∗ (f, τ, j) = (efσω , ωτ, iρτ j), (3)for any (e, ω, i), (f, τ, j) ∈ I ⊲⊳ Γ ⊲⊳ Λ , where fσω = fσω and iρτ = iρτ .Using the properties (P1), (P2), (P1)′ and (P2)′ , we 
an easily verify that theabove multipli
ation � ∗ � on I ⊲⊳ Γ ⊲⊳ Λ is asso
iative.We now 
all the above 
onstru
tedsemigroup a wreath produ
t of I,Γ and Λ with respe
t to ϕ and ψ , and denote it by
Q = I ⊲⊳ϕ Γ ⊲⊳ψ Λ .Theorem 11 [26, Theorem 4.4℄. The wreath produ
t I ⊲⊳ϕ Γ ⊲⊳ψ Λ of a leftregular band I, a type-A semigroup Γ and a right regular band Λ with respe
t to themappings ϕ and ψ is a Q∗ -inverse semigroup.Conversely, every Q∗ -inverse semigroup S 
an be expressed by a wreath produ
t of
I ⊲⊳ϕ Γ ⊲⊳ψ Λ .Remark 1. The 
lass of Q∗ -inverse semigroups 
ontains several interesting 
lassesof semigroups as its spe
ial sub
lasses. We only dis
uss some of these spe
ial sub
lassesas follows.(a) L∗ -inverse semigroups and R∗ -inverse semigroupsBy Theorem 11, a Q∗ -inverse semigroup S 
an be expressed as a wreath produ
t
I ⊲⊳ϕ Γ ⊲⊳ψ Λ of I , Γ and Λ with respe
t to the mappings ϕ and ψ , where Γ isa type-A semigroup, I and Λ are respe
tively a left regular band and a right regularband. In Theorem 11, if Λ = ∅ , then S = I ⊲⊳ϕ Γ , whi
h is an L∗ -inverse semigroup.Similarly, if we let I = ∅ , then Γ ⊲⊳ψ Λ be
omes an R∗ -inverse semigroup. Thus,the 
lass of L∗ -inverse semigroups and the 
lass of R∗ -inverse semigroups are twospe
ial sub
lasses of the 
lass of Q∗ -inverse semigroups. In this 
ase, we 
an easily re-obtain Theorem 10 for stru
ture of L∗ -inverse semigroups, as a 
orollary of Theorem 11.



190 K.P. SHUM ET AL.(b) Quasi-inverse semigroupsWe know that a quasi-inverse semigroup is a regular semigroup whose set of idem-potent forms a regular band. It is 
lear that a quasi-inverse semigroup is a spe
ial
Q∗ -inverse semigroup.When S is a quasi-inverse semigroup, we 
an de�ne a relation δ on S by aδb if andonly if b = eaf for some e ∈ E(aa′) and f ∈ E(a′a) , where a′ is an inverse element of a .It 
an be immediately seen from [25℄ that δ is the smallest inverse semigroup 
ongruen
eon S , and so Γ = S/δ is the greatest inverse semigroup homomorphism image of S .Obviously, the inverse semigroup Γ = S/δ must be a type-A semigroup whose set ofidempotents forms a semilatti
e. As a result, a wreath produ
t I ⊲⊳ϕ Γ ⊲⊳ψ Λ of S ,regarded as a Q∗ -inverse semigroup, 
an be simpli�ed by using the so-
alled half-dire
tprodu
t (in short, H.D.-produ
t) of a quasi-inverse semigroup given by M. Yamadain [27℄ as des
ribed in the following Theorem 12.Theorem 12 [27, Theorem 6℄. Let S be a quasi-inverse semigroup whose set ofidempotents forms a regular band E . Let δ be the smallest inverse 
ongruen
e on Ssu
h that Γ = S/δ is the greatest inverse semigroup indu
ed by δ , and let Y be thesemilatti
e of Γ . De�ne the 
ongruen
es η1, η2 on E by eη1f if and only if eRf ; eη2fif and only if eLf , respe
tively.For X ⊆ E , write X̃ = {ẽ | e ∈ X} and X̂ = {ê | e ∈ X} , where ẽ and ê are the
η1 -
lass and the η2 -
lass 
ontaining e ∈ X , respe
tively. Then the following statementshold:

(i) E/η1 = Ẽ is a left regular band su
h that Ẽ =
⋃
α∈Y

Ẽα , where every Ẽα is a leftzero band; E/η2 = Ê is a right regular band su
h that Ê =
⋃
α∈Y

Êα, where ea
h Êα isa right zero band, for every α ∈ Y .
(ii) S is isomorphi
 to an H.D.-produ
t of Ẽ, Γ and Ê with respe
t to the map-pings ϕ′ and ψ′ , respe
tively. Conversely, any H.D.-produ
t of a left regular band

I =
⋃
α∈Y

Λα , an inverse semigroup Γ and a right regular band Λ =
⋃
α∈Y

Λα with respe
tto the mappings ϕ′ and ψ′ is a quasi-inverse semigroup S , where Γ is the greatestinverse semigroup homomorphi
 image of S and Y is the semilatti
e of idempotentsof Γ .In 1958, Kimura �rst 
onsidered [7℄ the spined produ
t of semigroups as follows. If Sand T are two semigroups having a 
ommon homomorphi
 image H , and if φ : S → Hand ψ : T → H are homomorphisms onto H , then the spined produ
t of S and Twith respe
t to H, φ and ψ is de�ned by
Y = {(s, t) ∈ S × T | sφ = tψ}.For Q∗ -inverse semigroups, we have also the following another 
onstru
tions.Theorem 13 [26, Theorem 5.1℄. A semigroup S is a Q∗ -inverse semigroupif and only if S is a spined produ
t of an L∗ -inverse semigroup S1 = I ⊲⊳ϕ Γ andan R∗ -inverse semigroup S2 = Γ ⊲⊳ψ Λ with respe
t to a type-A semigroup Γ .5. Semi-spined produ
t of semigroupsIn generalizing regular semigroups, apart from weakening the de�nition of regu-larity, one of the most suitable approa
h is to modify the usual Green's relations onsemigroups. During the re
ent 40 years, a series of generalized Green's relations havebeen established, su
h as (∗)-Green's relations, (l)-Green's relations, (∗,∼)-Green's re-lations, (∼,∼)-Green's relations and (∼U )-Green's relations (see [28℄). In this se
tion,we only introdu
e (∗,∼)-Green's relations.
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ording to Fountain, a semigroup S is rpp if all of its prin
ipal right ideals
aS1(a ∈ S) , regarded as the right S1 -systems, are proje
tive (see [29℄ and [24℄).It was shown in [24℄ that a semigroup S is rpp if and only if for any a ∈ S, theset

Ma
d
= {e ∈ E(S)|S1a ⊆ Se & Ker al ⊆ Ker el}is non-empty, where E(S) is the set of all idempotents of S . An rpp semigroup is saidto be strongly rpp [20℄ if

(∀a ∈ S) (∃! e ∈Ma) ea = a.In [20℄ and [30℄, (l)-Green's relations have been applied to the study of rpp semi-groups, espe
ially strongly rpp semigroups. However, strongly rpp semigroups do notform a satisfa
tory generalization of 
ompletely regular semigroups in the 
lass of rppsemigroups.In order to get a satisfa
tory generalization of 
ompletely regular semigroups in the
lass of rpp semigroups, Guo, Shum and Gong [31℄ introdu
ed the so-
alled (∗,∼)-Green's relations on a semigroup S :
L∗,∼

d
= L∗,

R∗,∼ d
= R̃,

H∗,∼ d
= L∗,∼ ∧R∗,∼ = L∗,∼ ∩R∗,∼,

D∗,∼ d
= L∗,∼ ∨R∗,∼,

aJ ∗,∼b
d
⇐⇒ �J∗,∼(a) = J∗,∼(b)� ,where, for any a, b ∈ S ,

aR̃b
d
⇐⇒ (∀e ∈ E(S))�ea = a←→ eb = b� [15℄,and J∗,∼(a) is the smallest ideal 
ontaining and saturated by L∗,∼ and R∗,∼ .Let S be a semigroup and E(S) the latti
e of all equivalen
es on S . For any

σ ∈ E(S), 
all A ⊆ S a subset saturated by σ if A is a union of some σ -
lassesof S ; 
all S σ -abundant if every σ -
lass of S 
ontains idempotents of S .A semigroup S is 
alled r-wide [31℄ if S is L∗,∼ -abundant and R∗,∼ -abundant.An r-wide semigroup is 
alled a super-r-wide semigroup [31℄ if S is ∗,∼-abundant. Calla semigroup S an ortho-l
-monoid if S is a super-r-wide semigroup with E(S) ≤ S[31℄. An ortho-l
-monoid S is 
alled a regular ortho-l
-monoid if E(S) forms a regularband. It is 
lear that an ortho-l
-monoid is strongly rpp, and ea
h H∗,∼ -
lass is a left
an
ellative monoid (in short, l
-monoid).For (∗,∼)-Green's relations, we have the following results.Theorem 14 [31℄. On a semigroup S, we have
(i) R∗,∼ is usually not a left 
ongruen
e even if S is an R∗,∼ -abundant semigroup.
(ii) In general, we have L∗,∼ ◦ R∗,∼ 6= R∗,∼ ◦ L∗,∼.But
(iii) If S is super-r-wide, then R∗,∼ is a left 
ongruen
e and D∗,∼ = L∗,∼ ◦ R∗,∼

(= R∗,∼ ◦ L∗,∼, of 
ourse).Thus,
(iv) When S is super-r-wide, the 
orresponding Green's Lemma holds for the (∗,∼)-Green's relations.



192 K.P. SHUM ET AL.By using (∗,∼)-Green's relations, we 
an give some 
hara
terizations of super-r-widesemigroups and ortho-l
-monoids.Theorem 15 [31℄. Let S be an r-wide semigroup. Then S is a super-r-wide semi-group if and only if S is a strongly rpp semigroup on whi
h ∗,∼ = L∗,∼ ◦ R∗,∼ =
= R∗,∼ ◦ L∗,∼ holds.Call that a semigroup is a re
tangular l
-monoid if it is isomorphi
 to the dire
tprodu
t of a re
tangular band and a left 
an
ellative monoid.Theorem 16 [31℄. A semigroup S is an ortho-l
-monoid if and only if S is rppand a semilatti
e of re
tangular l
-monoids.Based on the semilatti
e de
omposition of ortho-l
-monoids, the semi-spined produ
tstru
ture of regular ortho-l
-monoids was provided in [31℄.Let M = [Y ;Mα, ϕα,β ] be an l
-Cli�ord semigroup, i.e. a strong semilatti
e Y of left
an
ellative monoids M ′

αs, I =
⋃
α∈Y

Iα a semilatti
e de
omposition of the left regularband I into left zero bands Iα′s , and Λ =
⋃
α∈Y

Λα a semilatti
e de
omposition of theright regular band Λ into right zero bands Λα
′s. We de�ne the following mappings

δ : Λ =
⋃

α∈Y

Iα ×Mα −→ Tl(I)and
ε :

⋃

α∈Y

(Mα × Λα) −→ Tr(Λ)satisfying the following 
onditions:(P1) If (i, a) ∈ Iα ×Mα and j ∈ Iβ , then δ(i, a)j ∈ Iαβ ;(Q1) If (b, µ) ∈Mα × Λα and λ ∈ Λβ, then λε(b, µ) ∈ Λαβ ;(P2) If α ≤ β holds in (P1) for α, β ∈ Y, then δ(i, a)j = i;(Q2) If α ≤ β holds in (Q1) for α, β ∈ Y, then λε(b, µ) = µ;(P3) If (i, a) ∈ Iα ×Mα and (j, b) ∈ Iβ ×Mβ , then
δ(i, a)δ(j, b) = δ(δ(i, a)j, aϕα,αβbϕβ,αβ);(Q3) If (a, λ) ∈Mα × Λα and (b, µ) ∈Mβ × Λβ, then
ε(a, λ)ε(b, µ) = ε(aϕα,αβbϕβ,αβ, λε(b, µ));(P4) Let (i, a) ∈ Iα ×Mα, j ∈ Iβ and k ∈ Iγ . If

δ(i, a)j = δ(i, a)k,then
δ(i, 1α)j = δ(i, 1α)k.De�ne a multipli
ation � ◦ � on the set

S =
⋃

α∈Y

(Iα ×Mα × Λα)by
(i, a, λ)(j, b, µ) = (δ(i, a)j, aϕα,αβbϕβ,αβ, λε(b, µ)). (4)It is easy to prove that S forms a semigroup under the multipli
ation (4).



ON CONSTRUCTIONS OF SEMIGROUPS 193De�nition 2 [31℄. The semigroup S 
onstru
ted above is 
alled the semi-spinedprodu
t of the l
-Cli�ord semigroup M = [Y ;Mα, ϕα,β ] , the left regular band
I =

⋃
α∈Y

Iα and the right regular band Λ =
⋃
α∈Y

Λα with respe
t to the semilatti
e
Y and stru
ture mappings δ and ε .By using the above de�nition of semi-spined produ
t of semigroups, we obtain thefollowing stru
ture theorem for regular ortho-l
-monoids.Theorem 17 [31℄. The semi-spined produ
t of semigroups des
ribed in De�ni-tion 2 is a regular ortho-l
-monoid. Conversely, every regular ortho-l
-monoid 
an be
onstru
ted in this manner.The resear
h of the �rst 
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h of the se
ondauthos is supported by the grant of the National Natural S
ien
e Foundation of China(Grant No. 10971160). �åçþìåÊ.Ï. Øóì, Ñ.Ì. �åí, ×.Ì. �óí. Î ìåòîäàõ ïîñòðîåíèÿ ïîëóãðóïï.Â ñòàòüå ïðåäñòàâëåí êðàòêèé îáçîð ìåòîäîâ ïîñòðîåíèÿ ïîëóãðóïï ñ èñïîëüçîâàíèåìñòðóêòóð íåêîòîðûõ ïîëóãðóïï, îòíîñÿùèõñÿ ê êëàññàì ðåãóëÿðíûõ, êâàçèðåãóëÿðíûõè èçáûòî÷íûõ ïîëóãðóïï. Â ÷àñòíîñòè, ïðèâåäåíû îñíîâíûå îáîçíà÷åíèÿ è ñòðóêòóðíûåòåîðåìû äëÿ íåêîòîðûõ ïîëóãðóïï, òàêèõ êàê ðèñîâñêèå ïîëóãðóïïû ìàòðè÷íîãî òèïà íàä
0-ãðóïïîé G0 è èõ îáîáùåíèÿ, ñâÿçêè, E -èäåàëüíûå êâàçèðåãóëÿðíûå ïîëóãðóïïû, C∗ -êâàçèðåãóëÿðíûå ïîëóãðóïïû, L∗ -èíâåðñíûå è Q

∗ -èíâåðñíûå ïîëóãðóïïû è ðåãóëÿðíûåîðòî-l
-ìîíîèäû.Êëþ÷åâûå ñëîâà: ðåãóëÿðíûå ïîëóãðóïïû, êâàçèðåãóëÿðíûå ïîëóãðóïïû, èçáûòî÷-íûå ïîëóãðóïïû, êîíñòðóêöèè.
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