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UDK 504.54 GLOBAL WARMING IN THE LIGHTOF AN ANALYTIC MODEL OF THE EARTH'SATMOSPHEREH. DehnenAbstra
tWithin a simpli�ed atmospheri
 model the greenhouse e�e
t is treated by analyti
 methodsstarting from physi
al �rst prin
iples. The in�uen
e of solar radiation, absorption 
ross-se
tionsof the greenhouse mole
ules, and 
onve
tion on the earth's temperature is shown and dis
ussedexpli
itly by mathemati
al formulae in 
ontrast to the 
limate simulations. The analyti
 resultsare applied on the present atmospheri
 situation.Key words: global warming, greenhouse gases, modeling of atmospheri
 pro
esses, nu-meri
al simulation. Introdu
tionIt may be histori
ally interesting that the in�uen
e of atmospheri
 absorbingmole
ules on the earth's temperature has been investigated already very early in 1827by J. Fourier [1℄ and in 1838 by Cl. Pouillet [2℄ and espe
ially later in 1896 by S. Arrhe-nius [3℄. However, their results 
ould be only preliminary be
ause of the in
ompletephysi
al basis at that time. Today the 
hange of the 
limate of the earth is treatedusually by numeri
al simulations with the aim to take into a

ount all imaginable in-�uen
es in order to get a detailed pi
ture of the behaviour of the 
limate, for instan
ein 
onsequen
e of the produ
tion of greenhouse gases. But by this pro
edure the surveyis lost. On the other hand, this is guaranteed, if one restri
ts oneself to an atmospheri
model 
onsidering only the most important properties, whi
h 
an be solved by ana-lyti
 methods. This is the idea of my 
ontribution, so that everybody with a su�
ientknowledge in physi
s and in higher mathemati
s 
an understand qualitatively as well asquantitatively the behaviour of the atmosphere in 
onsequen
e of an enlargement of its
ontent of greenhouse gases; for this I start from ��rst prin
iples� of physi
s. Moreover,by su
h an analyti
 way, whi
h 
orresponds to A.Z. Petrov's intention, the in�uen
e ofthe solar radiation, the absorption 
ross-se
tions of the greenhouse mole
ules and of thegravitational �eld of the earth on the earth's temperature 
an be studied and dis
ussedexpli
itly. 1. The modelIn view of the solar 
onstant, my model starts from a nearly 
onstant mean energy�ux J of the solar radiation on the surfa
e of the earth; this radiation has short wavelengths (λmax ≃ 4.8 · 10−5 
m) and rea
hes the surfa
e more or less immediately. In
onsequen
e of the absorption of this radiation the earth's surfa
e will be heated andradiates infrared rays with wave lengths of around 1.7 · 10−3 
m into the atmosphere.The mean temperature in the atmosphere may be T , its value at the surfa
e T0 ; themean temperature TE of the earth's surfa
e itself will be determined separately inSe
tion 3.



140 H. DEHNENAs long as the mean free path length l of the infrared photons is small 
omparedwith the thi
kness of the atmosphere as a 
onsequen
e of absorption and re-emission bythe mole
ules of the greenhouse gases, we have an energy transport by radiation in theform of di�usion of the infrared photons 
onne
ted with a radiation energy �ux density(1. Fi
k's law 
orresponding to the 2. law of thermodynami
s):
~j = −λ ~∇T (λ > 0), (1)where

λ ∼ l =
( ∑

Q

nQ σQ

)
−1 (2)is the �radiation 
ondu
tivity� of the atmosphere; nQ is the number density of themole
ules of the greenhouse gases; σQ is their e�e
tive absorption 
ross-se
tion forinfrared photons and Q indi
ates the di�erent greenhouse gases. The absorption
ross-se
tion σQ is determined in the �rst step by the quantum me
hani
al transi-tion probabilities and is given in spe
tral de
omposition by (sharp line of frequen
y

νQnm = |EQm − EQn|/h)

σQ(ν) =
2π

3

|EQm − EQn|

~2c
|~dQmn|

2δ(ν − νQnm) (3)with the dipole matrix element ~dQmn of the os
illating and rotating mole
ules. However,in (2) the e�e
tive absorption 
ross-se
tion of the greenhouse mole
ules is needed, i.e. (3)must be additionally multiplied with the probability w(EQm, T ) , so that the absorbingenergy eigenstate EQm of the mole
ule is o

upied. For the 
ase of thermodynami
equilibrium w is given by the Boltzmann distribution. Furthermore, we average in thefollowing the spe
tral absorption 
ross-se
tion σQ(ν) with respe
t to the frequen
yrange of the infrared radiation of the earth, so that only the relevant absorption linesare taken into a

ount. Thus we get:
σQ(T ) = σQ(ν)

ν
=

∑

m,n

∞∫

0

wQ(EQm, T )σQ(ν)I(ν, T ) dν

/ ∞∫

0

I(ν, T ) dν, (4)where I(ν, T ) represents the radiation spe
trum of the earth for the temperature T ,whi
h we approximate in good agreement with the observation by that of the bla
kbody radiation. Simultaneously, Eq. (4) shows that by introdu
tion of the temperature-dependent e�e
tive absorption 
ross-se
tion σQ(T ) the absorption of the single spe
trallines is repla
ed by the 
ontinuous absorption of the bla
k body radiation in su
h a way,that the absorbed energy is exa
tly the same for both 
ases. By this pro
edure, the 
al-
ulation is extremely simpli�ed 
ompared with a 
al
ulation in spe
tral de
omposition.However, even in that simple 
ase we 
annot 
al
ulate σQ(T ) �ab initio� dire
tly a

ord-ing to (3) and (4). Therefore we approximate σQ(T ) within the relevant temperaturerange by the tangent of the real 
ourse in the double-logarithmi
 representation, i.e. bythe power law
σQ(T ) = σ̃Q/T κ, σ̃Q = const (5)with κ ≤ 4 in view of the fa
t that the denominator in (4) is proportional to T 4 (Stefan �Boltzmann law); su
h an approximation is very reliable for a large temperature range.The exa
t value of the exponent κ , whi
h is only very weekly dependent on Q , willbe determined later by �tting of the results to the observation. In 
ontrast to this, theradiation 
ondu
tivity in (1) 
an be given exa
tly in the 
ase of bla
k body radiationfollowing the 
onsideration, that the (by ∑

Q

nQ σQ(T )) absorbed bla
k radiation energy



GLOBAL WARMING IN THE LIGHT. . . 141�ux density ~j produ
es the bla
k radiation pressure, or more pre
isely its for
e density;in this way one �nds [4℄
λ =

16

3
σlT 3, (6)where σ = π2k4/60c2

~
3 = 5.67 · 10−8 W/m2K4 is the Stefan �Boltzmann-
onstant.The energy �ux density (1) goes over into free radiation propagation without s
attering,if the free path length l of the infrared photons is su�
iently large; then the energy�ux J of the sun will be re-emitted into the universe. Yet, before the balan
e equationis valid (radiation energy 
onservation)

J =

∮
j df (7)for every 
losed surfa
e around the earth.A

ording to this model, the temperature distribution of the atmosphere is deter-mined by the absorption and the thermalization of the infrared radiation. The 
ollisiontime of the mole
ules in the atmosphere is shorter than the natural life-time of theex
ited energy-eigenstates by several orders of magnitude. Thus we suppose there isa lo
al thermodynami
 equilibrium in the atmosphere. Heat 
ondu
tivity and 
onve
-tion are negle
ted in the �rst step; however, heat 
ondu
tivity 
ould be taken intoa

ount very easily by an additional term in (6) but does not play any role; 
onve
tionwill be treated subsequently in Se
tion 4. On the other hand, the day-night 
hange, thesummer-winter di�eren
es and the variations with respe
t to the geographi
 altitude aswell as the in�uen
es of winds and o
eani
 streams are negle
ted 
ompletely. For the
ase that the free path length of the infrared photons is 
omparable with the thi
knessof the atmosphere, the model loses its appli
ability.2. Temperature, density and pressure distributions of the atmosphereWith respe
t to the 
onservation of the radiation energy the integral (7) is valid forany 
losed surfa
e around the earth, for instan
e, for any sphere of radius r within theatmosphere. Herewith we �nd using (1), (2), (5), and (6):

∂T/∂r = T ′ = −

3I
∑
Q

σ̃Q nQ

16σ r2 T 3+κ
, I = J/4π. (8)Additionally, there exists hydrodynami
al equilibrium in the atmosphere; i.e. the stati
Euler-equation is valid (di�erential barometri
 equation):

~∇p + ̺~∇φ = 0, φ = −
MG

r
(without self-gravitation of the air), (9)where M is the mass of the earth and G is the Newtonian gravitational 
onstant.Finally we de�ne the 
on
entration of the greenhouse mole
ules as

xQ = nQ/nL, (10)i.e. as the ratio between the number density nQ of the greenhouse mole
ules in questionand that of the air mole
ules nL (78% N2 , 20% O2 ). Now
n = nL +

∑

Q

nQ (11)



142 H. DEHNENrepresents the total number density of mole
ules, a

ording to whi
h
nL = n/

(
1 +

∑

Q

xQ

)
, nQ = nxQ/

(
1 +

∑

Q′

xQ′

) (12)is valid, and for density ̺ and pressure p of the atmosphere we �nd, under the assump-tion of an ideal gas for the atmosphere,
̺ = n

mL +
∑
Q

xQ mQ

1 +
∑
Q

xQ
, p = nkT, (13)where k is the Boltzmann 
onstant, mQ is the mass of the greenhouse mole
ules inquestion, and mL is the mean mass of the air mole
ules (mean mole
ular weight is28.8). The in�uen
e of the small radiation pressure is negle
ted. Insertion of (13) in (9)gives additionally to (8) a se
ond di�erential equation

n′kT + nkT ′ +

mL +
∑
Q

xQ mQ

1 +
∑
Q

xQ
MG

n

r2
= 0 (14)assuming spheri
al symmetry. Here the 
on
entration xQ (see (10)) is 
onsidered asa 
onstant parameter, whi
h is in good agreement with the observations. From (8) and(14) both variables n(r) and T (r) are to be determined.Solving (8) with respe
t to n/r2 and inserting into (14) results in the exa
t di�er-ential equation

n′kT + nkT ′ −

mL +
∑
Q

xQ mQ

∑
Q

xQ σ̃Q

16σMG

3I
T 3+κ T ′ = 0 (15)with the solution

n =
a2

k
T 3+κ −

A2

kT
, (16)where A2 is the integration 
onstant and a2 has the meaning

a2 =

mL +
∑
Q

xQ mQ

∑
Q

xQ σ̃Q

4σMG

3(1 + κ/4)I
. (17)The sign of the integration 
onstant A2 is 
hosen in su
h a way, that n is a monotoni
fun
tion of T and that the atmosphere possesses a well de�ned outer border (n = 0,

̺ = 0, p = 0) with the border temperature
TG =

(
A2

a2

)1/(4+κ)

. (18)With the boundary 
ondition TG = 0 it follows that A2 = 0 .Insertion of (16) in (8) or (14) results immediately in the following di�erential equa-tion for T (r) :
(4 + κ)kT ′ +

mL +
∑
Q

xQ mQ

1 +
∑
Q

xQ

MG

r2
= 0. (19)



GLOBAL WARMING IN THE LIGHT. . . 143By separation of the variables we �nd with the integration 
onstant B the solution:
kT =

mL +
∑
Q

xQ mQ

(4 + κ)(1 +
∑
Q

xQ)

MG

r
− B. (20)Furthermore, we have the solution (16) in the form (A2 = 0) :

n =
a2

k
T 3+κ, TG = 0 (21)and, as border of the atmosphere (T → TG = 0)

R = rmax = b2/B (22)with the gravitational 
oupling strength
b2 =

mL +
∑
Q

xQ mQ

(4 + κ)(1 +
∑
Q

xQ)
MG (23)
onne
ted with a2 (see (17)) a

ording to

a2 =

1 +
∑
Q

xQ

∑
Q

xQ σ̃Q
b2 16σ

3I
. (24)For xQ = 0 we �nd (1 + κ/4)b2 = 4.8 · 10−3g · 
m3 · se
−2 (M = 6 · 1027 g), whi
h is,in view of xQ ≪ 1 (tra
e gases), a very good approximation.The remaining integration 
onstant B in (20) will be determined �nally by thetotal absorption 
ross-se
tion ∑

Q

∫
nQσQ d3x of all greenhouse mole
ules. From (5),(12), (20), and (21) it follows:

∑

Q

∫
nQσQ d3x = 4πb2 16σ

3k4I

R∫

R0

(b2

r
− B

)3

r2 dr, (25)where R0 is the radius of the earth. The 
al
ulation of the integral gives, after insertionof the upper limit a

ording to (22),
R∫

R0

(b2

r
− B

)3

r2 dr = b6[ln
b2

BR0
−

11

6
] + 3b4BR0 −

3

2
b2(BR0)

2 +
1

3
(BR0)

3. (26)Herewith Eq. (25) must be solved with respe
t to B or BR0 . But this is not exa
tlypossible in view of the logarithmi
 term in (26). Therefore, we make the ansatz
R = R0(1 + ǫ), ǫ > 0, (27)a

ording to whi
h (see (22))

BR0 = b2/(1 + ǫ), (28)



144 H. DEHNENand 
onsider ǫ ≪ 1 . The thi
kness of the atmosphere is, a

ording to the experien
e,small 
ompared with the earth's radius. Herewith we obtain from (26)
R∫

R0

(b2

r
− B

)3

r2 dr =
1

4
b6ǫ4 + O(ǫ5) (29)and (25) results in

ǫ =
k

2b2




3I
∑
Q

∫
nQ σQ d3x

πσ




1/4

, (30)whereby also BR0 (see (28) and (31)) is given. The 
ondition ǫ ≪ 1 means an upperlimit for the total absorption 
ross-se
tion of the greenhouse mole
ules (see below).Now we are able to determine the radial behaviour of the atmosphere. From (20)and (28) it follows, with the use of (30),
BR0 = b2


1 −

k

2b2




3I
∑
Q

∫
nQ σQ d3x

πσ




1/4
 (31)and1

kT = b2




1

r
−

1

R0
+

1

R0

k

2b2




3I
∑
Q

∫
nQ σQ d3x

πσ




1/4
 (32)with the temperature of the atmosphere at the earth's surfa
e T0 = T (r = R0) :

T0 =
1

2R0




3I
∑
Q

∫
nQ σQ d3x

πσ




1/4

. (33)Inversely (33) reads in view of (30) and (23):
ǫ =

kT0R0

b2
=

(4 + κ)
(
1 +

∑
Q

xQ

)
kT0R0

(
mL +

∑
Q

xQ mQ

)
MG

. (34)Be
ause of xQ ≪ 1 it is possible to estimate the value of ǫ by (34); one �nds, with
T0 = 300 K (R0 = 6370 km),

ǫ = 5.5 · 10−3(1 + κ/4) (xQ = 0), (35)so that the assumption ǫ ≪ 1 is justi�ed. With (32) and (21), also the parti
le numberdensity (density) and pressure are given a

ording to (5) as
n =

1 +
∑
Q

xQ

∑
Q

xQ σ̃Q
b2 16σ

3kI
T 3+κ, p =

1 +
∑
Q

xQ

∑
Q

xQ σ̃Q
b2 16σ

3I
T 4+κ (36)

1By the substitution r = R0 + h with h ≪ R0 , it follows that T de
reases linearly in �rstapproximation with in
reasing h ; one �nds dT/dh = −b2/(kR2

0
) = −0.9/(1 + κ/4) ◦C/100 m.



GLOBAL WARMING IN THE LIGHT. . . 145as well as the border of the atmosphere, in view of (27) and (30), as
R = R0


1 +

k

2b2




3I
∑
Q

∫
nQσQ d3x

πσ




1/4
 (37)and the thi
kness of the atmosphere as

H = R − R0 = R0ǫ =
kR0

2b2




3I
∑
Q

∫
nQ σQ d3x

πσ




1/4

. (38)With in
reasing values of nQ (or xQ ) the atmosphere expands. Together with (35)we 
an estimate the thi
kness of the atmosphere as
H ≃ 35(1 + κ/4) km. (39)A

ordingly, the atmosphere would rea
h only the mesosphere be
ause of κ ≤ 4 . Thefa
t that the atmosphere is a
tually higher and that the temperature in
reases againin the upper regions in 
ontrast to (32) depends on the additional heating of the upperatmosphere in 
onsequen
e of the solar ultraviolet absorption by O3 , whi
h is negle
tedin my model2.Evidently, the features of the atmosphere are determined by the solar radiation Iand the total absorption 
ross-se
tion ∑

Q

∫
nQ σQ d3x of the greenhouse mole
ules aswell as by the gravitational for
e of the earth (b2 ∼ MG) . However, in T0 (see (33)) b2drops out (!), so that the atmospheri
 temperature at the surfa
e is determined only bythe produ
t I

∑
Q

∫
nQ σQ d3x . The results (33) and (38) re�e
t very well the in�uen
eof the greenhouse mole
ules. When nQ → 0 the temperature T0 and the thi
kness Hgo to zero. Simultaneously, one �nds by logarithmi
 di�erentiation of (33) immediatelythe enlargement ∆T0 of the atmospheri
 temperature at the surfa
e as a result ofan in
reasing ∆

∫
nQ σQ d3x of the total absorption 
ross-se
tion of the greenhousemole
ules:

∆T0

T0
=

1

4

∑
Q

∆

∫
nQ σQ d3x

∑
Q

∫
nQ σQ d3x

(40)as well as, in 
onsequen
e of an in
reasing ∆I of the radiation power I of the sun,
∆T0

T0
=

1

4

∆I

I
. (41)3. The temperature of the surfa
e of the earthThe temperature TE of the earth's surfa
e is determined by the fa
t that in thestationary 
ase the surfa
e must re-emit the infalling radiation power. This 
onsists,

2This is supported by the fa
t that a

ording to the experien
e the lower region of the atmosphereup to approximately 30 km 
ontains already 99% of the air.



146 H. DEHNEN�rst, of the radiation �ux J of the sun and, se
ond, of the infrared photons ba
ks
atteredby the greenhouse mole
ules in the lower region of the atmosphere with the thi
knessof a mean free path length of the infrared photons. Also the warm atmosphere radiates.For 
al
ulation of the ba
ks
attered infrared radiation we have to determine, at �rst,the thi
kness Rc − R0 of the radiating region by the integral
Rc∫

R0

l−1 dr = 1, (42)where l−1 is given a

ording to (2), (5), (12), (21), and (32) by
l−1 = b8 16σ

3k4I

(
1

r
−

β

R0

)3

, β = (1 + ǫ)−1. (43)Only solutions with Rc < R are useful; if they do not exist, the whole model is notappli
able (
f. (48)). Performing the integral we get:
b8 16σ

3k4I

[
1

2

(
1

R2
0

−
1

R2
c

)
+ 3

β

R0

(
1

Rc
−

1

R0

)
+ 3

β2

R2
0

ln
Rc

R0
−

β3

R3
0

(Rc − R0)

]
= 1. (44)This equation must be solved with respe
t to Rc , whi
h is, however, impossible to bedone exa
tly be
ause of the logarithmi
 term. Therefore, we make analogously to (27)the ansatz

Rc = R0(1 + δ), δ ≪ 1 (δ > 0) (45)and expand Eq. (44) with respe
t to δ and ǫ . In this way we �nd:
δǫ3 −

3

2
δ2ǫ2 + δ3ǫ −

1

4
δ4 =

3k4IR2
0

16σb8
. (46)This equation of order 4 in δ 
an be solved easily owing to the binomial series on theleft-hand side; the 4 roots are:

δ1,2 = ǫ ±

(
ǫ4 −

3k4IR2
0

4σb8

)1/4

,

δ3,4 = ǫ ± i

(
ǫ4 −

3k4IR2
0

4σb8

)1/4

,

(47)from whi
h, however, in view of 0 6 δ 6 ǫ , only
δ = ǫ −

(
ǫ4 −

3k4IR2
0

4σb8

)1/4

= ǫ


1 −


1 −

4πR2
0

∑
Q

∫
nQ σQ d3x




1/4

 (48)is useful. The atmosphere must be higher than the free path length of the infraredphotons given by

Rc−R0 =R0δ=
kR0

2b2




3I
∑
Q

∫
nQ σQ d3x

πσ




1/4
1−


1 −

4πR2
0

∑
Q

∫
nQ σQ d3x




1/4

 . (49)



GLOBAL WARMING IN THE LIGHT. . . 147A

ordingly, ∑
Q

∫
nQ σQ d3x ≥ 4πR2

0 must be ful�lled for δ real valued and δ 6 ǫ .On the other hand from ǫ ≪ 1 it follows that ∑
Q

∫
nQ σQ d3x ≪ 16πσb8/(3k4I) ,whi
h is, however, realized very well. The temperature of the atmosphere at r = Rcreads

Tc =
1

2R0




3I
∑
Q

∫
nQ σQ d3x

πσ


1 −

4πR2
0

∑
Q

∫
nQ σQ d3x







1/4

=

= T0


1 −

4πR2
0

∑
Q

∫
nQ σQ d3x




1/4

. (50)Now the ba
ks
attered radiation �ux JR will be 
al
ulated in su
h a way that everygreenhouse mole
ule in the lower region of the atmosphere (see (49)) radiates with itsmean absorption 
ross-se
tion σQ(T ) (see (4)) as a bla
k body with the atmospheri
temperature T (r) in the dire
tion of the earth's surfa
e (Kir
hho�'s law). This giveswith respe
t to (2):
JR = 4π

Rc∫

R0

σ T 4 r2 dr

l
. (51)The right hand side of (51) 
an be read also in su
h a way that the spheri
al layerof thi
kness l within the region R0 ≤ r ≤ Rc radiates as a bla
k body in the dire
tionof the earth. Insertion of T (r) and l a

ording to (20), (23), (28), and (43) yields:

JR = 4πb16 16σ2

3k8I

Rc∫

R0

r2

[
1

r
−

β

R0

]7

dr = 4πb16 16σ2

3k8I

[
1

4

(
1

R4
0

−
1

R4
c

)
+

+
7

3

β

R0

(
1

R3
c

−
1

R3
0

)
−

21

2

β2

R2
0

(
1

R2
c

−
1

R2
0

)
+ 35

β3

R3
0

(
1

Rc
−

1

R0

)
+

+ 35
β4

R4
0

ln
Rc

R0
− 21

β5

R5
0

(Rc − R0) +
7

2

β6

R6
0

(R2
c − R2

0) −
1

3

β7

R7
0

(R3
c − R3

0)

]
. (52)Sin
e Rc is known only approximately (see (45) and (48)), it is ne
essary to expandalso the right hand side of (52) with respe
t to δ and ǫ (see (43) and (45)). Consideringonly the leading terms we obtain:

JR = 4πb16 2σ2

3k8IR4
0

ǫ8

[
1 −

(
1 −

δ

ǫ

)8
]

. (53)After insertion of ǫ and δ a

ording to (30) and (48) we �nd the simple result:
IR =

JR

4π
=

3

4
I




∑
Q

∫
nQ σQ d3x

4πR2
0

−
1

2


 . (54)



148 H. DEHNENThe energy balan
e for determination of the surfa
e temperature TE of the earthreads now, under the assumption of bla
k body radiation of the earth's surfa
e,
σ R2

0 T 4
E = I + IR (55)and results, after insertion of (54), in:

TE =





I

σR2
0


1 +

3

4




∑
Q

∫
nQ σQ d3x

4πR2
0

−
1

2











1/4

. (56)Obviously, the se
ond term within the bra
kets represents the greenhouse e�e
t.Of 
ourse, the limiting 
ase nQ → 0 is not allowed be
ause of δ ≤ ǫ ; however, we seefrom (55) that without ba
ks
attered infrared photons the surfa
e temperature of theearth would be
TE(0) = TE(nQ = 0) =

(
I

σ R2
0

)1/4

. (57)Surprisingly, the temperatures T0, Tc and TE are independent from the value of the ex-ponent κ of the power law (5) and independent from the gravitational for
e (b2 ∼ MG) ,but only determined by the energy �ux I of the sun and by the in�uen
e of the green-house mole
ules ∫
nQ σQ d3x , and in
rease with in
reasing nQ similar to the thi
knessof the atmosphere (ǫ) ; however, the free path length (δ) de
reases. Obviously, the pre-supposition of the model that the thi
kness of the atmosphere must be larger than thefree path length of the infrared photons will be ful�lled better and better with in
reasingnumber of greenhouse mole
ules. On the other hand, the thi
kness of the atmosphereand the free path length of the infrared photons depend also on the exponent κ andin
rease with in
reasing values of κ by the fa
tor 1 + κ/4 .For the determination of T0, Tc and TE a

ording to (33), (50) and (56) the knowl-edge of the value ∑

Q

∫
nQ σQ d3x is ne
essary. Sin
e this value is unknown, we estimateit by the present temperature data. Without greenhouse mole
ules the mean tempera-ture of the earth's surfa
e would be, a

ording to (57), TE(0) = −18 ◦C by the use ofthe solar 
onstant. The primary solar 
onstant amounts to 1.368 KW/m2 ; subtra
tionof the albedo yields 957.6 W/m2 at the earth's surfa
e. However, the mean surfa
etemperature of the earth amounts approximately to TE = +18 ◦C. Herewith we �ndfrom (56) and (57)

∑
Q

∫
nQ σQ d3x

4πR2
0

= 1.43 (58)and from (33) und (50) it follows:
T0 = TE(0)




3

4

∑
Q

∫
nQ σQ d3x

4πR2
0




1/4

= −13.6 ◦C; Tc = −81 ◦C. (59)The magnitude of Tc is in good agreement with the temperature at the tropopause.Now the exa
t value of ǫ , and herewith of the thi
kness H of the atmosphere, 
an bedetermined from (34) and (38); one thus �nds:
ǫ = 4.8 · 10−3 (1 + κ/4), H = 30.4(1 + κ/4) km (60)
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2Fig. 1. Dependen
e of the temperature TE of the earth's surfa
e on the parameter q =

=
∑
Q

∫
nQ σQ d3x/4πR2

0 a

ording to (56)instead of the rough estimations (35) and (39), and from (48) and (49) we get:
δ = 1.25 · 10−3 (1 + κ/4), Rc − R0 = R0δ = 7.9(1 + κ/4) km, (61)where the last value is again in a

ordan
e with the height of the tropopause. However,the altitude H (see (60)) is too small in 
omparison with the observation, if we donot take into a

ount the κ-
orre
tion. Assuming a mean altitude of the atmosphere of55 km, whi
h 
orresponds to the stratopause, we obtain from (60)

κ = 3.2. (62)The height of the tropopause amounts then to 14.2 km, whi
h is in good agreementwith the observations. Be
ause the free path length of the infrared photons rea
hes aheight of approximately 14 km in relation to a height of the total atmosphere of 55 km,the model lies at the limit of its validity. The temperature TE of the earth's surfa
e independen
e of ∑
Q

∫
nQσQ d3x/4πR2

0 is shown in Fig. 1.For the relative 
hange of the earth's surfa
e temperature TE in 
onsequen
e of asmall 
hange of the number of the greenhouse mole
ules or of a small 
hange of thesolar radiation we �nd:
∆TE

TE
=

3

2


5 + 6

∑
Q

∫
nQ σQ d3x

4πR2
0




−1 ∑
Q

∆

∫
nQ σQ d3x

4πR2
0

, (63)
∆TE

TE
=

1

4

∆I

I
. (64)The solar radiation �u
tuates at the earth's surfa
e in the range of 0.3 W/m2 dur-ing approximately 10 years in 
onsequen
e of the a
tivity of the sunspots; this gives
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ording to (64) a temperature 
hange of 2.3 · 10−2 ◦C. On the other hand, it followsfrom (63) together with (58) for the present situation:
∆TE

TE
= 0.16

∑
Q

∆

∫
nQ σQ d3x

∑
Q

∫
nQ σQ d3x

= 2.18 · 10−20
∑

Q

∆

∫
nQ σQ d3x (65)(σQ in 
m2 ). As a result we state that 
hanges of the intensity of the solar radiationgive rise to temperature 
hanges at the earth's surfa
e by a fa
tor of 0.25 and 
hangesof the absorption of the greenhouse mole
ules by a fa
tor of 0.16. In the latter 
ase,the knowledge of the absorption 
ross-se
tions is very essential. In order to 
al
ulatequantitatively the in
rease of the surfa
e temperature of the earth due to an in
reaseof the 
on
entration of the greenhouse gases, e.g. that of CO2 , the exa
t knowledge ofthe proper absorption 
ross-se
tion σQ(T ) is ne
essary a

ording to (4).A very rough estimation of σQ(T0) is possible by the air pressure p0 = p(T0) at theearth's surfa
e. From (36) it follows immediately that

∑

Q

xQ σQ(T0) =

1 +
∑
Q

xQ

p0
b2 16σ

3I
T 4

0 . (66)Insertion of the known values of p0, T0, I and b2 , results for the 
ase when κ = 3in (xQ ≪ 1) : ∑

Q

xQ σQ(T0) = 3.78 · 10−26 
m2. (67)With xQ ≃ 3 · 10−4 =̂ 0.03% we �nd:
∑

Q

σQ(T0) ≃ 1.26 · 10−22 
m2. (68)If one distributes this total absorption 
ross-se
tion in very rough approximation byequal parts on the 4 main greenhouse gases (H2O, CO2 CH4 , N2O), the present enlarge-ment of 20 ·109 t of CO2 per year 
orresponding to ∆NCO2
= 2.7 ·1038 leads a

ordingto (65) to an in
rease of the surfa
e temperature

∆TE

TE
= 2.78 · 10−4 ⇒ ∆TE = 8.09 · 10−2 ◦C (69)per year.For 
al
ulating this, it 
an be shown for κ = 3 that ∆

∫
nCO2

σCO2
d3x ≃

≃ 1.5∆NCO2
σCO2

(T0) and furthermore, that NL =
4

7

∑
Q

∫
nQ σQ d3x

/∑

Q

xQ σQ(T0)and p0 = (mL +
∑
Q

xQ mQ)
MG

4πR4
0

NL . As a result we �nd that NL = 1.1 ·1044 =̂ ML =

= 5.2 ·1021 g, whi
h gives very good agreement with the observation. The total numberof the CO2 -mole
ules (0.038%) amounts to 4.2 · 1040 .A more pre
ise determination of ∆TE in terms of an in
reasing CO2 -
on
entrationper year is possible by a half-empiri
al 
al
ulation of σCO2
(T0) by the integral (4).Taking into a

ount the radiation temperature of the earth only one absorption line ofCO2 is important, namely at the wave length of 1.4 · 10−3 
m (=̂ ν = 2 · 1013 Hz).
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Fig. 2. Surfa
e temperature TE of the earth as fun
tion of the CO2 -
on
entrationA

ording to the HITRAN database [5℄ the 
orresponding spe
tral absorption 
ross-se
tion amounts to σCO2
(ν) = 5 · 10−18 
m2 . Assuming not a sharp line as in (3) buta Doppler- and impa
t-broadened line with a line width of ∆ν ≃ 108 Hz we get from(4):

σCO2
(T0) = 1.8 · 10−23 
m2, (70)whi
h is not extremely di�erent from the rough estimation (68). Correspondingly, thetemperature rise per year amounts now to:

∆TE = 4.6 · 10−2 ◦C, (71)taking into a

ount the mentioned CO2 produ
tion rate. However, the half of this rateis absorbed today by the o
eans, so that the a
tual temperature rise lies at ∆TE =
= 2.3 · 10−2 ◦C, 
orresponding to an in
rease of 1.22 ppm per year, whi
h is ingood agreement with numeri
al simulations, for example with the IPCC-reports [6℄.The in
rease of the temperature of the lower atmosphere, 
f. (40) and (65), is alwayslarger; it is ∆T0 = 6.5·10−2 ◦C and ∆T0 = 3.2·10−2 ◦C per year respe
tively. The weak-ness of any predi
tion of a temperature rise depending on the produ
tion of greenhousegases is based on the fa
t that the absorption 
ross-se
tion σQ(T ) 
annot be determinedvery exa
tly by the present observational data.With the knowledge of the present number of the atmospheri
 CO2 -mole
ules, a
-
ording to their present 
on
entration (380 ppm), we 
an also 
al
ulate the mean surfa
etemperature TE of the earth as a fun
tion of a variable CO2 -
on
entration. The resultis shown in Fig. 2. If we eliminated all CO2 -mole
ules out of the atmosphere, the sur-fa
e temperature of the earth would de
rease down to 9.3 ◦C. Its in
rease as a resultof the CO2 -produ
tion, espe
ially sin
e the industrial revolution (from 290 ppm till380 ppm), is in agreement with the observations (see Fig. 3). However, by 
omparisonof the theoreti
al and the empiri
al temperature 
urves, one gets the impression thatthe global warming is retarded (espe
ially between 1945 and 1975), perhaps be
ause offormation of 
louds or solar in�uen
es [7℄.4. The 
onve
tionThe fa
t that TE > T0 (
f. (33) and (56)) implies a 
onve
tion in the lowest regionof the earth's atmosphere, by whi
h also a 
ontinuous temperature transition betweenthe earth's surfa
e and the atmosphere is established. Bubbles of atmospheri
 gas will
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Fig. 3. Comparison of the theoreti
al and empiri
al temperature evolution with the in
reasingCO2 -
on
entrationbe heated at the earth's surfa
e to the temperature TE and as
end within the 
ooleratmosphere under nearly adiabati
 
ooling until the surrounding atmospheri
 temper-ature T is rea
hed. For the adiabati
 
ooling of the gas bubbles with the volume V ,the following is valid (Tg is temperature of the gas bubble):
Tg V 2/3 = const (72)A

ording to the ideal gas equation, the following is valid for the 
hanging volume:
V = NkTg/p, (73)where p is the pressure in the atmosphere equalling the pressure in the gas bubble.A

ording to (36), we �nd:

p = constT 4+κ. (74)Insertion of (73) and (74) into (72) yields
T 5/3

g = constT (8+2κ)/3. (75)The 
onstant in (75) will be determined at the earth's surfa
e, where Tg = TE and
T = T0 is valid; thus it follows:

T 5/3
g = T

5/3
E

(
T

T0

)(8+2κ)/3

. (76)The as
ent of the gas bubbles, i.e. the 
onve
tion is stopped, when Tg = T = TK isrea
hed, whi
h means:
T 3+2κ

K = T 8+2κ
0 /T 5

E. (77)With the values of T0 and TE (see (59)) and with κ = 3 , we obtain
TK = 243.3 K =̂ − 29.7 ◦C. (78)This temperature 
orresponds a

ording to the temperature behaviour (32) to the height

(r(TK) = RK) :
RK − R0 = 3.3 km. (79)
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h is mu
h lower than the tropopause, 
onve
tion isa
tive, whi
h is in good agreement with the observation (weather). At the same time,however, this result shows that 
onve
tion is not important for the energy transportinto the higher atmosphere. Therefore, the negle
tion of the 
onve
tive energy transportwithin the model may be justi�ed retrospe
tively.�åçþìåÕ. Äåíåí. �ëîáàëüíîå ïîòåïëåíèå â ñâåòå àíàëèòè÷åñêîé ìîäåëè àòìîñ�åðû Çåìëè.Â ñòàòüå ðàññìàòðèâàåòñÿ ïàðíèêîâûé ý��åêò â ðàìêàõ óïðîùåííîé ìîäåëè àòìî-ñ�åðû ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ ìåòîäîâ è ñ îïîðîé íà îñíîâíûå �èçè÷åñêèåïðèíöèïû. Ïðè ïîìîùè ìàòåìàòè÷åñêèõ �îðìóë (â îòëè÷èå îò êëèìàòè÷åñêîãî ìîäå-ëèðîâàíèÿ) ïîäðîáíî ïîêàçàíî âëèÿíèå ñîëíå÷íîãî èçëó÷åíèÿ, ïîãëîùåíèÿ ìîëåêóë ïàð-íèêîâûõ ãàçîâ, à òàêæå êîíâåêöèè íà òåìïåðàòóðó Çåìëè. �åçóëüòàòû àíàëèçà ïðèìåíåíûê ñîâðåìåííìó ñîñòîÿíèþ àòìîñ�åðû.Êëþ÷åâûå ñëîâà: ãëîáàëüíîå ïîòåïëåíèå, ïàðíèêîâûå ãàçû, ìîäåëèðîâàíèå àòìî-ñ�åðíûõ ïðîöåññîâ, ÷èñëåííîå ìîäåëèðîâàíèå.
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