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BTOPAAd HAYAJIBHO-TPAHNYHAA 3AJAYA OJIA
B-TUIIEPBOJINYECKOTI'O YPABHEHUA

Annoranus. s runepboamdeckoro ypaBHeHusi ¢ oneparopom beccenst B IpsMOyroibHOI obiacTu
HCCJIeJ0BAHA HAYAJIBHO-IPAHUYHAA 33/a4a B 3aBHCHMOCTU OT YUCJIOBOIO I1APAMETPA, BXOSIIEro
B onepatop. Pemrenne moctpoeno B Buje psaa @ypne-Beccensa. ExumncTBenHOCTh perenns 3a/1a-
9u 000CHOBAHA, METOIOM MHTErPAIHHBIX TOXKIECTB. I J0Ka3aTeIbCTBA CYIIECTBOBAHUS PEITICHNS
3aJa41 UCHOMIB3YIOTCS OIMEHKH KOI(MPPUITHEHTOB PSIAA U CHCTEMbI COOCTBEHHBIX (DYHKIH, KOTOPHIE
YCTAHOBJIEHBI HA OCHOBAHUN aCHMIITOTHYIeCKuX (popmyn misa pyuknnn beccens u Hyneit aToit pyHK-
uuu. [losygensr 1ocTarogHbie yCI0BUS OTHOCUTEILHO HAYAIbHBIX YCIOBUIl, KOTOPbIE FADAHTUPYIOT
CXOIMMOCTD MOCTPOEHHOTO Psi/ia B KJIACCE PEryIsipHBIX pertenuii. /[oka3aHa TeopemMa yCTOWdInBOCTH
PEITeHnsT TTOCTABIEHHON 33/1a4H.
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BBEIEHUE

B coepemennoit Teopun muddepennnaibHbIX YPABHEHNY B YACTHBIX ITPOU3BOIHBIX OIHUM M3
BarkKHENIINX Pa3/IeJIOB ABJsE€TCs TeOPHUsi KPAaeBbIX 3a7/a4 /sl BhIPOXKAAOIIMXCS yPaBHEHUH, 1TO
O6yCJIOB.HeHO €€ MHOT'OYMCJICHHBIMHU NPUJJIOZKEHUAMUN B PA3J/IMIHbIX O6.7[aCTHX HayKW U TEXHUKHN.
WuTepec K BBIPOKIAIOINIAMCS YPABHEHUAM BBI3BAH HE TOJBLKO HEOOXOTMMOCTHIO PEIIEHUST MTPH-
KJIAQJIHBIX 33149, HO W WHTEHCUBHBIM DA3BUTHEM TEOPHWN YPABHEHUH CMeImaHHoro Tuma. [lepsast
TPAHUYHAS 33,Ta49a /TSI BRIPOXK TAIONTHXCA TuddepeHTaIbHbIX YPABHEHNH B YACTHBIX TPOU3BO/I-
HBIX C TIEpeMEeHHBIMU Ko durmenTamMu Briepsble n3ydena B padore [1]. Ocoboe MecTo B gaHHOM
TEOPUH 3aHUMAIOT UCCTIETOBAHNs ypaBHEHUH, comepRammx nuddepeHnuanbubii oneparop bBec-
censt. I3ydenue 3T0T0 Kjacca ypaBHeHul ObLIO HayaTo B paborax Jitiepa, [lyaccona, Hapby u
[POJIOJIZKEHO B TeOpHH 0OOOIIEHHOTO OCECHMMETPHIECKOro morenuana [2|-[7]. Baxkuocrs man-
HOTO KJTACCA YPaBHEHUI 0GYCIOBIE€HA WX UCTOIH30BAHMEM B MPWIOKEHHSIX K 3aJadaM Ta30Boi
TUHAMUKY U akyctuku [4]-(6], reopun crpyit B rumponnsamuke [8], K JUHEAPU30BAHHBIM yDaB-
HenuaM MakcBeuta—ditamrreiiaa 9], [10], B Teopun ympyrocru u mwiactuanoctu [11]. Ypasaernst
TPeX OCHOBHBIX KJIaCCOB, cofiepzkarime oneparop Beccess, cormacHo Tepmunosiornn [12] Haseia-
orcst B-syummnrudeckumu, B—runepbosndeckumu u B-ntapabosimdeckumu. OOHMIMpHOE UCCIIET0-
BaHue B-runepbosndecKux ypaBHeHuit mpejactasieHo B pabore [13]. JdocraTouno mosHblil 0630p
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pa60T, HOCBHH_LEHH]:)H'?I U3YYCHUIO KPACBbIX 3ada4 JJIs JIIUITTUIECKUX ypaBHeHI/H'?I C CMHI'YJIAPDHBI-
mMu KodddunmenTamu, upuseeH B MoHorpadun [14].

Pacemorpum B mpsimoyrosibhoit obactu D = {(x,t) | 0 < x < I, 0 < t < T'} xoopAUHATHOI
miockoctu Oxt, vae [, T > 0 — 3ajaHHbIe JeHCTBUTENBHBIE YUCIa, B-rumepboandeckoe ypaBHe-
HUE

Opu(z,t) = uy — xikﬁ (:ckux) =0, (1)
ox
rJe w‘ka% (xkux) — omepatop Beccens, k # 0 — 3agamnoe 1efiCTBUTEILHOE THCIIO.

Ypasaenue (1) ¢ kK = 1 Bo3HUKaeT, HATIPUMED, IPU U3YIEHUH CBODOTHBIX KOJeOaHUil O J1eii-
CTBUEM CHJIBI TSIZKECTH TSIYKETON OMHOPOMHON TOMBENIEHHON HUTH, TIPH M3YIEHUN PATHATLHBIX
KoJiebaHuil ra3a B HENOBUKHON HEOrPDAHUYEHHON IMUWIMHIAPUYIECKo# Tpybke, ¢ k = 2 — npwu uc-
CTeTOBAHNN MAJBIX KOJTeOaHu ra3a 0OKOJIO €ro TOIOXKEHNs PABHOBECHST BHYTPH HETPOHHUTIAEMOMN
obosoukn cpepuaeckoii dopmsr ([15], ce. 176, 185, 191). B pabore [16] BuepBbie u 06CTOSATETHHO
usydensbl 3agaan Komm n Komm—I'ypca mis ypasuenns (1) mpu Beex k£ > 1 B XapaKTepuCTH-
9eCKOM TPeyTOJIbHUKE, a B pabore [17| mokazaHa HEKOPPEKTHOCTh MOCTAHOBKH TUX 33Jad IIPU
k < 0. Pabora [18| mocesimmena n3ygenuto 3aja4qu TpuKoMA JJisi ypaBHEHHSA CMEIIAHHOTO THUIIA,
y KOTOpOTo ruiepbosindecKas 9acTh coBnagaer ¢ ypasuenueM (1). B paborax [19], [20] usyuens
zagaun Jwupuxse n Kenapimma fj1s ypaBHEHUsT CMEIITAHHOTO TUTIA C OrlepaTopoM beccesrst B mpamo-
yrosbHO# obaactu, a B paborax [21], [22] ucciegoBanbl Ha KOPPEKTHOCTH HAYAILHO-TPAHNIHBIE
3a/[a9n C WHTErpasIbHBIM yCJIOBHeM s ypaBHenus (1).

HOCKO.HBKy HaYaJIbHO-TPDAHUYIHBIC 3a/0a91 C HEJIOKAJIbHBIM MHTETPAJIbHBIM YCJIOBUEM THUIIA Ca—
MapCKOTO-TOHKMHA CBOJATCA K CMENTAHHBIM 33/1a9aM /it ypasHenus (1), To BO3HUKIa HEOOXO-
JIUMOCTD (0JIee IETATBHOTO U3y UeHNsT HA9aIbHO-TPAHUYHBIX 33134 11 ypasaerns (1), uccmemo-
BaHWA KOTOPBIX HaM HE W3BECTHHI. 1109TOMY B mammHON paboTe mMCCIemO0BaHA BTOPAd HAUAIHHO-
rpanudHas 3a7a49a s B-runepbosmueckoro ypasuenus (1) B mpamoyronbHOi o6mactu D mpu

Bcex k # 0.
HocfaHOBKa 3amaun. Hatdmu gynxyuto u(x,t), komopas ydosaemeopaem caeoyouum ycio-
BUAM:
u(z,t) € C(D)NCHD), zFu,(x,t) e C(D), (2)
Opu(x,t) =0, (x,t) € D, (3)
u(x,O) :(p($), ut('r70) :Qb(.%'), 0<z<l, (4)
ug(l,t) =0, 0<t<T, (5)
lim afu,(z,t) =0, 0<t<T, |kl <1, (6)
z—04
w0,6)=0, 0<t<T, k<-—1, (7)
2de p(x), Y(x) — sadannvie docmamouno 2aadkue Pynryuu, ydosaemsoparousue ycaosusm @' (1) =
Y'(l) = 0.

Bamaga (2)—(5) mpu k > 1 — 3a7ada ¢ HENOJHBIMH TPAHWYIHBIMEU JaHHBIME. B ciydae B-
SJITUIITHYIECKOTO YPABHEHHS
k

Ut + x_k% (x ux) =0

npu k > 1 B cuy pesyasraros pabor [1], [23] B knacce orpanndenubix pemennit orpe3ok x = 0
IpaHuIBl 061aCTH 0CBOOOXK AaeTCst 0T TpaHr4dHOro ycaosusi. [Ipu arom B paborax ([23], [24], c. 68)
MOKA3aHO0, 9TO MPOU3BOAHASA TI0 HOPMAJIH, T. €. Uy, Ha oTpeske x = 0 paBHA HYI0. AHAJIOITIHASA
cuTyanus uMeeT MecTo u i ypasuenus (1). Pasnenss nepeMeHHble, HETPYIHO MOKA3ATh, ITO
npu k > 1 cnpaBeqinBo PaBEHCTBO

uz(0,t) =0, 0<t<T. (8)
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Tem caMbiM yCTaHABIMBACTCS JIOLOJHUTEIbHOE CBONCTBO pemtenus 3aauu (2)—(5) upu k > 1.
B jasbreiimem papeHCTBOM (8) MOXKKHO BOCHOJIB30BATHCH UM HET B LOCJIEAYOIIMX JOKA3ATE b
CTBaX B 3aBUCHMOCTH OT TOBEJEHUsI TIPOM3BOAHON u, npn x — 0. Ecam 91a npomssogxas mpn
x — 0 ocTaeTcst OTpaHNIeHHO, TO B yCa0BUN (8) HEOOXOAMMOCTH HET.

1. E,B;I/IHCTBEHHOCTB PEIIEHNA 3AJAYN
Teopema 1. Ecau cywecmeyem pewenue 3adawu (2)—(7), mo ono eduncmeerno.

Jlokasameavcmeo. Ilycrs up n ug — asa pemenuns 3agaqn (2)—(7). Torpa ux pasHocTb v = U1 —u2
yrnosserBopsieT yeaosuam (2), (3), (5) n (6) u 0JHOPOSHBIM HAYATIBHBIM YCIOBUSIM

v(z,0) =0, w(z,0)=0, 0<x<L (4p)
Paccvmorpum B obractn D TOX1eCTBO
10 0
l'kUtDBU(:L',t) =55 [mk (vt2 + vg)} = (:L‘kvtvx> =0.

Nurerpupys sro roxgecrso mo obmactu D, = DN{0<e<z<,0<t<7<T} tmecu
T — HPOU3BOJILHBIE YUC/IA B YKA3AHHBIX [PEJeIax, OygeM uMernb

/ o (v 4 v7) dr + 22Fvudt = I + I + I3 + Iy = 0. 9)
aDT,E

ITo OTAEJILHOCTH BBIYHUCJINM HHTErPaJibl

l T
L = / zk (vg(m,O) + ’UtQ(x,O)) de =0, I,= 2/ aF o,
0 0

l
13:—/ xk(vz—i-vf)‘
0

Ormerum, uro lim Iy = 0, Tak KaK IpOU3BeJIEHNE T
e—=0+

k > —1, u 510 mpomssejenue orpanndeno npu r — 0, korma k < —1. Torma u3 (9) mpu ¢ — 0
0Ty IUM

dt =0,
=l

T

dt.

r=&

-

dr, Iy= —/ 2xkvxvt
0

k

t=1

Uy CTPEMUTCA K Hymio npu z — 0, Korma

l

zF (vg —i—vf) ’ dr = 0.
0 t=1

Orcroma creayer v, = 0 u vy = 0 ma orpeske t = T, u B CHJIy NPOM3BOJBHOCTH BBIOOpA T €

(0, T momyaum v(z,t) = const B D. Torja ¢ yuerom HyJIEBBIX Hada bHbIX yCcaoBuil (4g) nmeem

v(z,t) = 0. Takum obpasom, u; = us. a
2. CYIIECTBOBAHUE U YCTOMYMBOCTDL PEIIEHUSA 3AJIAUYM TTPU k > 1

Yacrable periennst ypapraernns (1), He paBHbIe HYJI0 B 061acTu D ¥ yIOBJIETBOPSIONIAE YCJIO-
uaMm (2) un (5), 6yzem umckars B Buge u(z,t) = X(x)T'(t). IlogcraBus naHuyo QYHKIHIO B
ypasaenue (1) u ycaosue (5), mocsie pas3ieaeHust IepeMEeHHBIX MOy IUM OTHOCUTEIBHO DYHKITHH
X (z) crekTpasbHYIO 33129y

k
X"(x) + EX/(ZC) +XX(z)=0, 0<z<l, (10)

[X(0)] < 400, X'(I) =0, (11)
ryie A2 — mocTosiHHAS pas/Ie/IeHs.
Vuuoxum ypasaenne (10) na 22

X(z) =2 Z(€), €=z, (12)

¥ C TIOMOIIBIO 3aMEHbI IEPEMEHHBIX 110 POPMYIaM
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ypasuenue (10) npusenem x ypasrenuto Beccess

d*Z dz
20 2 22 227 = =(k—-1)/2
obImee perrerne KOTOporo UMeeT BUT
Z(g) :P1JV(£)+P2YV(£)7 (13)

rae J,(§), Y, (§) — dbynkuum Beccenst mepBoro u BToporo pogoB COOTBETCTBEHHO, MOPSIIKA IV =
(k—1)/2, P;, P, — 1pou3BOJIbHBIE MOCTOSHHBIE.
C yuerom (12) u (13) obuee pemenue ypasuenus (10) upu k > 1 onpegensierca no dhopmyiie

X(z) =Pz i1 (A7) + sz%y% (A\z). (14)

st Toro, atober dyukmnus (14) ynosmersopsizia nepsoMy yesosuto u3 (11), momoxum Py = 0
u npumeM P} = 1, Tax Kak co6CTBeHHBIE (DYHKINHU OIPEIEITIOTCA ¢ TOYHOCTBIO JI0 TIOCTOSTHHOTO
MHOKHUTENA. Torma penenne mpuMeT BH

X(z) = x%J%()\x). (15)

Ormerum, uro dhyuknus (15) ynosmersopsier yeaosuto (8). Ilomcrasus Temepsb dyukimo (15) Bo
Bropoe ycyiosue u3 (11), Haiigem

Ao =0,

!/

X0 = (77 Jia () (16)

= 12 Jea (),
2

z lz=l

OTKY/a I1OJIy9YUM

Jip () =0, p=Al. (17)

U3 reopun Geccenesbix byHKIwmii w3sectno ([25], c.530), aro dbyukims J,(§) mpu v > —1
IMeeT CUYeTHOE MHOYKECTBO BEIeCTBeHHBIX Hyseil. Torma, 0603HaunB n-it Kopenb ypasrenus (17)
9epes [, TPH 33JIAHHOM k, HaiieM cOOCTBEHHBIE 3HAUEHUST \p, = i/l 3amaan (10) u (11).

Cornacno (|26], ¢. 317) nst myneit ypapaenns (17) npn GOJIBIINX 1 CIPABEINBA ACHMIITOTH-
ueckas dhopmysia

pn:)\nlzﬂn+wk+0<l>. (18)
4 n

Bamerum, uro npu A\g = 0 crmekrpanbHas 3ama4da (10) u (11) umeer cobeTBeHHYI0 (DYHKINIO,
PaBHYIO KOHCTAHTE, KOTOPYIO TIpUMeM 3a eguHuily. Taknm o6pa3oM, cucrema cOOCTBEHHBIX (DYHK-
it 3amaun (10), (11) nmeer Buz

Ko@) =1, A =0, (19)
Xo(z) =27 Jia (‘“Z—x) =27 Jea(Anz), neN, (20)
2 2

rje cOBCTBEHHbIE BHAYEHUSI A, ONPEJIE/ISIOTCs KaK Hyau ypasaenus (17).

Ormerum, yro cucrema cobcrsennbix dyukuuit (19) u (20) sagaun (10) u (11) oproronanbHa
B upocrpancree Lo[0,1] ¢ Becom z¥, a Takie 0OpasyeT MOTHYIO CHCTEMY B 9TOM MPOCTPAHCTBE
(|27], c.343).

Jnst janbHedmmx BolaucaeHuii Oy1emM ucioab30BaTh OPTOHOPMUPOBAHHYO cUCTeMy (DyHKIU

1 ~

Xp(r) = —=——Xn(x), n=0,1,2,..., 21
@ [ Xn (@) @ 2
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rue
~ l ~
%@ = [ o) Se@)do, pla) = at (22
Teneps coruiacuo [28| paccmorpum dyHKIwN
!
un(t) = / w(z, )t X, (x)de, n=0,1,2,..., (23)
0

rae X, (x) onpenensirorces mo dopmye (21).
Ha ocnosanum (23) BBeZieM BCIIOMOTATETbHbBIE (DYHKIIUN BUIA

l—e
Une(t) = / u(z, )k X () de, n=1,2,..., (24)
€

rae € > 0 — 10CTaTOYHO MaJIOe YHUCJIO.
[Ipomuddepentimposas paBeHcTBO (24) M0 mepemenHoii ¢ nBax el mpu 0 < t < T, ¢ ygeTom
ypasaenug (1) mostyamm

l—e l—e
k
£ €

l—e b l—e l—e
:/ —(2Fuy) X () d = 2Fu, X () —/ *u X! (z)de.  (25)
3 3

Ox
13 (24) B cuny ypasuenus (10) 6yaem nmers

l—e

U (1) = —;% / w(z, )a* [X;;(x) 4 I;X;L(x)} de = —;% Z/Eu(x, t)% (") (2)) d =

l—e

—/xkuxX;L(x)dx )

€

l—e

= —— |u(xz, t)z* X! (z)

S

OTKYyJa HAaXO/IUM

l—e

l—e
/ Fu, X! (x) doe = Nup o (t) + u(z, t)z* X!, (z)
15

£

[lopcraBus mocsearee paBeHCTBO B (25), MOIyIunM

l—e l—e

ul (1) = 2Pu Xo(x)| = Nupo(t) — u(x, )zt X] (z)
15

n,e (26)
3

B cuny (2) dynximn u(x,t) u 2¥u,(x,t) nenpepoisust 8 D. Torua npu nepexoe s (26) k npejeny
upu € — 0 ¢ yuerom rpaanunbix yciaosuii (5) u (11) ns oupepesennst dbyHkuuit uy, (t) oy dum
0OBIKHOBEHHOE AuddepeHinalbHoe ypaBHeHne

un(t) + Aaun(t) =0, te€(0,T),
obIIee perreHne KOTOPoro IMeeT BU
Un () = ap cos Apt + by, sin A, t, (27)

rje Gp, b, — NpPOU3BOJILHBIE NOCTOSTHHBIE, Tpebytorue onpesenenus. C 3To#l 1eabio QyHKIUNT
(23) ymoBneTBOpUM HaUALHBIM yCa0BUAM (4)

l l
un(0) = /O ()" Xn () do = pn,  u,(0) = /0 W (@)ak X () dar = . (28)
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3 (27) u (28) Oynem umers a, = @p, by = ¥y /. loacrasus waiinennbie 3nauenus B (27),
HailJleM OKOHYaTe/IbHbIN Bu DyHKINIHT

Un(t) = ¢pn cos Ay t+1’>z\) sin Apt. (29)

n

AHaJIOrMYHO HAXOIUM
uo(t) = o + Yot (30)

" l
up(0) = Ve / )akdz = o, u'O(O):l_IE\/k:—I—l/O Y(x)abde = o.  (31)

[Mycrs p(z) = (x) = 0, rorma u3 (28) un (31) cuenyer ¢, = 1, = 0, u u3 (29) u (30)
nosyunm un(t) = 0 npu Becex n € Ny = NU {0}. Torga u3 (23) upu awobom ¢t € [0,T] nmeem

!
/ u(z, t)z* X, (x) de = 0. Orcioma B cuy momHOTH cucremsr (21) B mpocrpancrse Ly[0,1] ¢ Be-
0

com x¥ cremyer u(x,t) = 0 mouTn Beroay ma mpomexkyTxe [0, 1] mpu mobom ¢ € [0, T]. IlockoabKy

cormmacuo (2) dyukmus u(z,t) € C(D), 10 u(z,t) = 0 8 D. TakuM 06pasoM, J0Ka3aHa €IIH-
CTBEHHOCTH perrerus 3aga4uu (2)—(5) HA OCHOBAHWM TIOJHOTHI CUCTEMbI COOCTBEHHBIX (DYHKIIMI
OJTHOMEPHON CIIEKTPAJIbHON 3a/la4n.

Ha ocHoBaHuyn HaiijleHHBIX YaCTHBIX pelleHuil 3anumiem perierne 3aja4u (2)—(5) B Buje psaja
Oypoe—beccens

[ee]
(@, t) = uo(t) Xo(x) + > un(t) Xn(2), (32)
n=1
rie dyHKIwn uy, (t) onpexnessitores o dopmyse (29), X, (z), n =0,1,2,..., — no dopmyue (21),

dyurms ug(t) — no dopmyae (30).
Buecre ¢ pagom (32) paccMOTpuM CIEAyIONINE PSITbL:

gz, t) = o Xo(x —l—Zu () = un ()X (2); (33)

Utt X, t Zu” , umz T, t Zun X// (34)

JoKazkeM paBHOMEPHYIO CXOANMOCTD psaaos (32)—(34) B obmactu D, eciu dynkimn o(x) u ()
HOYUHATH HEKOTOPBIM JOTOTHUTEILHBIM YCIOBUSIM.
U3 bopmyn (29) u (18) momyaaercs

Jlemma 1. Jlas docmamouno 6oavwux n u npu awbom t € [0,T] cnpasedauev ouenku
un ()] < C1 (Inl + [Pul/n) (35)
[un ()] < Ca (nlon] + [nl)
Jup ()] < Cs (n®|n| + nlvnl) ;

3decv u danee C; — NoA0HCUMEADHBIE NOCTMOAHHDLE.
JIemma 2 ([22]). Jaa docmamouro 6oavwuz n u npu ecex x € [0,1] evnoanens oyenku

[ Xn(2)| < C1, | X, (2)] < Osn, X7 (2)] < Con®.



BTOPA{ HAYAJIbHO-TPAHNUYHAS 3AJAYA 81

Cornacno siemmam 1 u 2 npu sobom (,t) € D pajy (32) mMazkopupyercs pajiom

o0

C?Z(‘Son|+ ‘wn|/n)a (36)

n=1
psizpl (33) u (34) MaKOPUPYIOTCS COOTBETCTBEHHO PSITAMHU

[e.e]

CSZ(”|§0n|+|¢n|)’ (37)
n=1
Cy Y (n*lenl + nltnl) - (38)
n=1

Uccnemyem (36)—(38) ma cxoquMoCTh.

Jdemma 3 ([22]). Ecau dynwyua o(x) € C2[0,1] u cywecmeyem npouseodnas ¢ (), umerowasn
koneunoe usmenenue na [0,1], dynxyua ¥(x) € CH0,1| u cywecmeyem npouseodnas " (z),
Komopas umeem koneunoe usmenenue ra [0,1], u

¢'(0) = ¢"(0) =¢'(0) = (1) =4'(1) =0,
mo 6vNOAHRAIOMCA oueH%u
ln| < Cron™, || < Crin™>. (39)

Corsracuo semme 3 paset (36)—(38) MarKOPUPYIOTCA 9UCTOBBIM PAOM
o0
Cio Z niQ, (40)
n=1

a carefoBaTensHo, pagbl (32)—(34) B 3aMkmyTOI ObsacTH D CXOMATCA PABHOMEPHO.
Takum 0b6pasom, nocrpoerHas dbyukuus u(x,t), onpegensemas psyioMm (32), yaopaerBopser
BceM ycaosuam 3ajadn (2)—(5). Tem cambiM joka3aHa

Teopema 2. Ecau dynxyuu p(x) u(x) ydosaemeopaom ycao6uam semmos 3, mo cyuecmsyem
eduncmesennoe pewenue u(z,t) sadawu (2)—(5), onpedeasemoe padom (32), npu amom u(x,t) €

C?(D).
Teopema 3. Jlaa pewenus sadawu (2)—(5) cnpasedausa oyenka

[u(z, )] < Cra(lle (@)l + (), (41)
2de | f(@)|2 = fypl)|f(@)Pdz, p(z) = 2*.

Aoxasamenvcmso. U3 (32) Ha OCHOBAHWM OIeHKN (35) Haiixem

l l 00 o0
|ul|? = /0 2*u?(z,t) do = /0 z" Zun(t)Xn(m) Z U (6) X (2) de =
m=0
=Y un(t) = +Zu < (o + thot)? —i—C%Z(!can— WJ”’) <
n=0

n=1

= 1
< Goleh+ ) + 2033 (Ionl? + gl <

n=1

< Colf +15) + 2CF <Z i +Zwi> = Cuz (el + I2)1?) . D

n=1 n=1
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3. CYUECTBOBAHUE U YCTOMYUBOCTb PEUIEHUA 3AJAYU (TP —1 <k <1, k#0

Pasnenus nepemennsie B ypasaenuu (1), mosyunm oraocuteabHo byHKImn X () CIeKTpasib-
HYIO 3a7ady

k
X"(m)—l—;X’(m)—i—)\zX(x) =0, O0<uz<l, (42)
ml_i)r& *X'(x) =0, X'(I)=0. (43)

Ob6mee pemenne ypasuenus (42) mpu |k| < 1, k # 0 onpenenuwm mo dbopmyiie
X(@) =Pz 2 Jix(\a) + Poa' 2 Je (Az), (44)
2 2

TAK KaK % HE SIBJISIeTCsl [E/IbIM YUCI0M, a 3HauuT, J1k (Ax) u Jr_1 (Ax) — JsmHeiiHo He3aBuCH-
2 2

Mbl€ pellleHus ypaBHeHus beccess.
N3 sr1oit bopmysibl BbIYUCINM

X'(z) = PAz' T J s (0z) — P 2 Jews ().
2 2

Hockombky mpu  — 0 2% X' (x) = O(P) + Poa®*1), 10 urober dymxmms (44) yrosrersopsiia
nepsomy ycaoBuio u3 (43), nyxkuo nonoxkurh P; = 0. Tlycts Py = 1.

Torma perrerne ypasrenus (42), yoBreTBopsiomee nepsoMy ycaosuio u3 (43), onpenensiercs
PaBEHCTBOM

X(x) = x%J@ (Ax),
2

KOTOPOE TI0 BHEIIHeMY BuIy coBmagaer ¢ (15), o 3qece —1 < k < 1u k # 0.
[Torpebyem Temnepb, 9ToObI 3Ta (DYHKIUS YIOBJIETBOPSIA BTOPOMY TPAHUYHOMY YCJIOBUIO W3

(43):
dX(x)
dx

= N T (M) =0, (45)
2

2

= (ac% Jr1 ()\.1’)),

OTKY/la TOJYYUM

)\0 = 07
J% (tn) =0,  fin, = Apl. (46)
Takum obpaszom, cucrema cobcTBeHHbIX (byHKIHIT 3amaqn (42), (43) mMeer Buj

Xo(z) =1, Xo=0,

Xn(x) = x%Jb (%) = xl%kjﬂ()\nx), n e N,
2

2

rje cOBCTBEHHbIE BHAYEHUSI A, ONPEJIE/ISIOTCS KaK Hyau ypasHerus (46).
Ananornano ciydaro k > 1 noaydum ciejyomnme yTBepK IeH st

Teopema 4. Ecau dynruyuu p(x) u)(x) ydosaemeopaom yeio8usm semmos 3, mo Cyuecmsyem
eduncemeennoe pewenue u(x,t) sadauu (2)—(6), onpedeasemoe padom (32), npu smom u(x,t) €
C?(D).

Teopema 5. /laa pewenusa 3adawu (2)-(6) cnpasedausa oyenka (41).
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4. CYUIECTBOBAHUE U YCTONYMBOCTDL PELIEHUSA 3AJAYU 1TPU k < —1

Yacrable perennst ypasaenns (1), He paBHbIe HYJI0 B 061acTu D ¥ YIOBJIETBOPSIONINE YCJIO-
suaMm (2), (5) u (7), 6yaem uckatsb B Buje mpomnsseaenus u(z,t) = X (x)T(t). llogcrasus nanaoe
BbIpasKeHue B ypasHenue (1) u yeaosus (5) u (7), HOJTYIUM OTHOCUTETBHO HEM3BECTHOM DYHKITUI
X (z) samaay

k
X"(x) + - X"(x)+ N’X(2) =0, 0<z<lI, (47)
T
X(0)=0, X'(I)=0. (48)

B cuny (13) obmee pemenne ypapuenns (47) npu k < —1 onpenensiercst o (opmyJie
X(z) =Pz 2 Jix(Ax) + Poz 2 Yok (\z). (49)
2 2

BroranciuMm
1—k 1—k
X’(x) = P1A$TJ_E(>\I') + P2)\ZETY_ﬂ()\l')
2 2

Tak xak mpu =z — 0 dbyskmaa X (z) = O(Pix'™F + Py) = O(1), a npomsBojHas pH 3TOM
X'(x) = O(Pix~" + Pyx) = O(x), To 1715 BLITIOJIHEHHS TIEPBOTO yeaoBus 13 (48) B (49) Hy»KHO
OJIOXKUTDL 3Ha9eHns KOHCTaHT P = 1 u P» = 0. B pe3ynbraTe JamHoe pernedmne MpUHAMAET BU

X(z) =22 Jix(\z). (50)
2
TMopcrasus dynxnuio (50) Bo BTOpoe Tpanuunoe ycaosue u3 (48), noayumm A\g = 0,
T () =0, i = Al (51)

Ho mpu \¢g = 0 ciekrpasbHas 3a1ada (47), (48) umeeT TOIBKO TPUBHATBHOE DEIEHNe, & 3HAYMT,
He siBJIsIeTcs cobcTBeHHoM (yuknmeit. Takum obpasoM, cucreMa cOOCTBEHHBIX (DyHKIMI 33,1891
(47) n (48) mmeer Bug

X, (z) = x%k.]ﬂ (MZ—x) = z%Jﬁ()\nx), n e N, (52)
2 2

rje cOOCTBEHHBIE 3HAYEHWS ), ONpenendtorcs Kak Hyau ypashenus (51). Cucrema dynkumit
(52) oproronanbha u mosHa B npocrpanctse Lo[0,1] ¢ Becom xF kak pemenue 3azaun ITypma—
Jluysuist s ypasaerns (47) ¢ rpasngaabivu yeaosusivu (48). Takoke ormerum, 4To s Hy/eit
ypasaenus (51) corsacuo ([26], c. 317) npu Gosbumx n cnpapeynBa aCUMITOTHYECKast (POPMYJIa

T s 1
Hasee 6yeM paccMaTpuBaTh OPTOHOPMUPOBAHHYIO CUCTEMY COOCTBEHHBIX (DYHKIIHI
Xn(z) = Xp(@)/|Xnl, neN, (54)

rjie HopMa omnpejensercs mo dpopmyte (22).
C yuerom (54) BBeeM byHKINH

!
un(t) = / u(z, t)a* X, (z)de, n=1,2,.... (55)
0
Awnayormano perenuto 3aa4qu ipu k > 1 ¢ yaerom ypasaenuii (1) u (47) mojiyanM paBeHCTBO
" k =e 19 Kyt (o] F
Up (1) = 2"ur Xn ()| — Aune(t) —u(z, t)z" X, (7). (56)
€ €
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13 dopmyast (52) creayer X, (x) = O(z' %) u X/ () = O(z™*) upu = — 0. TIpu nepexoze B
(56) k upeaeny upu € — 0 B cuny yeaosuit (2), (5), (7) u (48) 6ygem nmers

ull (1) + Nu,(t) =0, te(0,T). (57)

Ynosaersopus gasee dyukipn (55) HauanbHbIMU ycaoBuamu (4), nosyunmm paseHcrsa (28).
Euncreennoe permenne 3amaun (57), (28) onpegensiercs no dhopmyse (29).

Ha ocnoBanuu HaiijenHbix gacTHbix pemenuii (54) u (29) pemenue 3agaqn (2)—(5), (7) 3amnu-
mem opmasibuo B Buje paga Pypoe—Beccens

u(@,t) =Y un(t)Xn(x), (58)

I7s1 KO PUIMMEHTOB KOTOPOTO CIIPABEIINBLI OIEHKN JeMM 1 U 2, ciaegoBaTebHO, TP JHOOOM
(z,t) € D pag (58) u psijibl, OJTy9IEHHBIE U3 HETO NOWIEHHBIM Au(D(OEPEHIMPOBAHNEM TIEPBOTO U
BTOPOTO MOPSIKOB, MaKOPUPYIOTCI PATOM

C1a Y (] on] + nltbnl) - (59)
n=1

Jdemma 4. Ecau dynxuus o(z) € C2[0,1] u cywecmeyem npoussodnas @' (x), umerowan xore-
noe uamenenue na [0,1], dynwyus (z) € CH0,1] u cywecmeyem npoussodnas " (x), xomopas
umeem Koneunoe usmenenue wa [0,1], u

©(0) = ¥(0) = (1) = »(1) = ¢'(0) = 9'(0) = (1) = ¥'(1) = ¢"(0) = ¢ (1) = 0,

mo evinoanatomesn oyernru (39).

Jloka3aTebCTBO MPOBOJANTCA aHAJOTHYHO JI0KA3ATEILCTBY B pabore [29].

Corutacuo emme 4 psaf (59) olleHIBAETCA CBEPXY CXOASIIUMCS 9uCT0BBIM psizioM (40), a 3HauwnT,
cymma psga (58) mpunagexur knaccy C?(D). Tlocrpoennas dynkuua u(z,t), onpesenseMas
pagom (58), yaosnersopsier Becem ycaosuam 3agaun (2)—(5), (7). Takum ob6pasom, qokazana

Teopema 6. Ecau dynryuu p(x) u p(x) ydosaemesopaiom ycaosuam aemmv, 4, mo cywecmsy-
em eduncmeennoe pewenue u(z,t) sadawu (2)—~(5), (7), onpedeasemoe padom (58), npu smom
u(x,t) € C*(D).

Teopema 7. /las pewenus sadawu (2)—(5), (7) cnpasedausa ouenka
[ull < Cis(llell + 121, (60)

2de nocmoannaa Cir ne sasucum om Pgynkyut p(z) v P(x).
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K.B. Sabitov and N.V. Zaitseva

The second initial-boundary value problem for a B-hyperbolic equation

Abstract. We investigate an initial-boundary value problem in a rectangular domain for a hyper-
bolic equation with Bessel operator. The solution is obtained in the form of the Fourier—Bessel
series. The uniqueness of solution of the problem is established by means of the method of integral
identities. At the existence of the proof we use assessment of coefficients of series, the asymptotic
formula for Bessel function and asymptotic formula for eigenvalues. We obtain sufficient condi-
tions on the functions defining initial data of the problem and prove the stability theorem for the
solution of the problem.

Keywords: hyperbolic equation, Bessel differential operator, initial-boundary value problem, unique-
ness, existence, Fourier—Bessel series, uniform convergence, stability.
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