
Ó×ÅÍÛÅ ÇÀÏÈÑÊÈ ÊÀÇÀÍÑÊÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÒîì 154, êí. 2 Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè 2012
ÓÄÊ 512.579+512.53ÄÅÊÎÌÏÎÇÈÖÈÈ ÑÂÎÁÎÄÍÛÕ ÄÈÌÎÍÎÈÄÎÂÀ.Â. Æó÷îêÀííîòàöèÿÏðåäñòàâëåíû íàèìåíüøàÿ äèíîðìàëüíàÿ êîíãðóýíöèÿ, íàèìåíüøàÿ (ℓn, n) -êîíãðó-ýíöèÿ, íàèìåíüøàÿ (n, rn) -êîíãðóýíöèÿ, íàèìåíüøàÿ (ℓn, rn) -êîíãðóýíöèÿ, íàèìåíüøàÿ(ëåâàÿ, ïðàâàÿ) íîðìàëüíàÿ êîíãðóýíöèÿ íà ñâîáîäíîì äèìîíîèäå, êîòîðûå èñïîëüçîâàíûäëÿ ïîëó÷åíèÿ äåêîìïîçèöèé ñâîáîäíîãî äèìîíîèäà.Êëþ÷åâûå ñëîâà: ñâîáîäíûé äèìîíîèä, êîíãðóýíöèÿ, äèñâÿçêà ïîääèìîíîèäîâ, äè-ìîíîèä, ñâÿçêà. ÂâåäåíèåÏîíÿòèÿ äèàëãåáðû è äèìîíîèäà áûëè ââåäåíû Æ.-Ë. Ëîäý [1℄. Äèàëãåáðûèçó÷àëèñü òàêæå â ñòàòüÿõ Ë.À. Áîêóòÿ, Þ. ×ýíà è Ñ. Ëþ [2℄, Ï.Ñ. Êîëåñíèêîâà[3, 4℄, À.Ï. Ïîæèäàåâà [5, 6℄. Äèìîíîèäû èññëåäîâàëèñü â [7�14℄.Æ.-Ë. Ëîäý ïîñòðîèë ñâîáîäíûé äèìîíîèä [1℄. Ñ ïîìîùüþ ñâîéñòâ ñâîáîäíûõäèìîíîèäîâ â [1℄ áûëè îïèñàíû ñâîáîäíûå äèàëãåáðû è èçó÷åíû ãîìîëîãèè äèàë-ãåáð. Íåêîòîðûå íàèìåíüøèå êîíãðóýíöèè íà ñâîáîäíîì äèìîíîèäå è ñîîòâåòñòâó-þùèå äåêîìïîçèöèè ñâîáîäíîãî äèìîíîèäà áûëè îïèñàíû â [10, 12℄.Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå ñòðîåíèÿ ñâîáîäíîãî äèìîíîèäà.Â íåé ïðåäñòàâëåíû íàèìåíüøàÿ äèíîðìàëüíàÿ êîíãðóýíöèÿ, íàèìåíüøàÿ (ℓn, n)-êîíãðóýíöèÿ, íàèìåíüøàÿ (n, rn)-êîíãðóýíöèÿ, íàèìåíüøàÿ (ℓn, rn)-êîíãðóýíöèÿ,íàèìåíüøàÿ (ëåâàÿ, ïðàâàÿ) íîðìàëüíàÿ êîíãðóýíöèÿ íà ñâîáîäíîì äèìîíîèäå.Óêàçàííûå êîíãðóýíöèè èñïîëüçîâàíû äëÿ ïîëó÷åíèÿ äåêîìïîçèöèé ñâîáîäíîãîäèìîíîèäà (òåîðåìû 3�9).Â ðàáîòå èñïîëüçóþòñÿ òåðìèíîëîãèÿ è îáîçíà÷åíèÿ èç [10, 12, 14℄.1. Ïðåäâàðèòåëüíûå ñâåäåíèÿÆ.-Ë. Ëîäý ïîñòðîèë ñâîáîäíûé äèìîíîèä [1℄. Â [10℄ ïîñòðîåí äèìîíîèä, èçî-ìîð�íûé ñâîáîäíîìó äèìîíîèäó. Íàïîìíèì ýòó êîíñòðóêöèþ.Êàê îáû÷íî, ÷åðåç N îáîçíà÷àåì ìíîæåñòâî íàòóðàëüíûõ ÷èñåë. Ïóñòü F [X ] �ñâîáîäíàÿ ïîëóãðóïïà â àë�àâèòå X . Äëèíó ñëîâà w ∈ F [X ] áóäåì îáîçíà÷àòü÷åðåç ℓw . Íà ìíîæåñòâå

F = {(w,m) ∈ F [X ] ×N |ℓw ≥ m}îïðåäåëèì îïåðàöèè ⊣ è ⊢ ïî ïðàâèëàì:
(w1,m1) ⊣ (w2,m2) = (w1w2,m1),

(w1,m1) ⊢ (w2,m2) = (w1w2, ℓw1
+m2)äëÿ âñåõ (w1,m1), (w2,m2) ∈ F . Àëãåáðó (F,⊣,⊢) îáîçíà÷èì ÷åðåç F̆ [X ] . Ñîãëàñíîëåììå 3 [10℄ F̆ [X ] � ñâîáîäíûé äèìîíîèä íàä X .



94 À.Â. ÆÓ×ÎÊ�àññìîòðèì ñâîáîäíûé ïðÿìîóãîëüíûé äèìîíîèä [12℄.Ïóñòü X � ïðîèçâîëüíîå íåïóñòîå ìíîæåñòâî, X3 = X ×X ×X . Íà ìíîæåñòâå
X3 îïðåäåëèì îïåðàöèè ⊣ è ⊢ ïî ïðàâèëàì:

(x1, x2, x3) ⊣ (y1, y2, y3) = (x1, x2, y3),

(x1, x2, x3) ⊢ (y1, y2, y3) = (x1, y2, y3)äëÿ âñåõ (x1, x2, x3), (y1, y2, y3) ∈ X3 . Àëãåáðó (X3,⊣,⊢) îáîçíà÷èì ÷åðåç
FRct(X) .Òåîðåìà 1 [12, òåîðåìà 1℄. FRct(X) � ñâîáîäíûé ïðÿìîóãîëüíûé äèìîíîèä.Ïîñòðîèì ñâîáîäíóþ íîðìàëüíóþ äèñâÿçêó [14℄.Ïðÿìîå ïðîèçâåäåíèå êîíå÷íîãî ÷èñëà äèìîíîèäîâ D1, D2, . . . , Dn áóäåì îáî-çíà÷àòü ÷åðåç D1 ×D2 × · · · ×Dn .Ïóñòü FRct(X) � ñâîáîäíûé ïðÿìîóãîëüíûé äèìîíîèä, B(X) � ïîëóðåø¼ò-êà âñåõ íåïóñòûõ êîíå÷íûõ ïîäìíîæåñòâ ìíîæåñòâà X îòíîñèòåëüíî îïåðàöèèòåîðåòèêî-ìíîæåñòâåííîãî îáúåäèíåíèÿ,

FND(X) = {((x, y, z), A) ∈ FRct(X)×B(X) |x, y, z ∈ A}.Òåîðåìà 2 [14, òåîðåìà 2℄. FND(X) � ñâîáîäíàÿ íîðìàëüíàÿ äèñâÿçêà.�àññìîòðèì ïîëóãðóïïû Xℓz , Xrz , Xrb è äèìîíîèäû Xℓz,rz , Xrb,rz , Xℓz,rb ,êîòîðûå áûëè îïðåäåëåíû â [12℄. Ïóñòü
Bℓz,rb(X) = {((x, y), A) ∈ Xℓz,rb ×B(X) |x, y ∈ A},

Brb,rz(X) = {((x, y), A) ∈ Xrb,rz ×B(X) |x, y ∈ A},

Bℓz,rz(X) = {(x,A) ∈ Xℓz,rz ×B(X) |x ∈ A},

Brb(X) = {((x, y), A) ∈ Xrb ×B(X) |x, y ∈ A},

Bℓz(X) = {(x,A) ∈ Xℓz ×B(X) |x ∈ A},

Brz(X) = {(x,A) ∈ Xrz ×B(X) |x ∈ A}.Â äàëüíåéøåì íàì íåîáõîäèìû ñëåäóþùèå òðè ëåììû.Ëåììà 1 [14, ëåììà 6℄. Bℓz,rb(X) � ñâîáîäíàÿ (ℓn, n)-äèñâÿçêà.Ëåììà 2 [14, ëåììà 7℄. Brb,rz(X) � ñâîáîäíàÿ (n, rn)-äèñâÿçêà.Ëåììà 3 [14, ëåììà 8℄. Bℓz,rz(X) � ñâîáîäíàÿ (ℓn, rn)-äèñâÿçêà.Ñîãëàñíî [15℄ Brb(X) , Bℓz(X) è Brz(X) åñòü ñâîáîäíàÿ íîðìàëüíàÿ ñâÿçêà,ñâîáîäíàÿ ëåâàÿ íîðìàëüíàÿ ñâÿçêà è ñâîáîäíàÿ ïðàâàÿ íîðìàëüíàÿ ñâÿçêà ñîîò-âåòñòâåííî.Åñëè f : D1 → D2 � ãîìîìîð�èçì äèìîíîèäîâ, òî ñîîòâåòñòâóþùóþ êîíãðóýí-öèþ íà D1 áóäåì îáîçíà÷àòü ÷åðåç ∆f .2. ÄåêîìïîçèöèèÎïðåäåëèì óêàçàííûå âûøå êîíãðóýíöèè.Åñëè ρ � êîíãðóýíöèÿ íà äèìîíîèäå (D,⊣,⊢) òàêàÿ, ÷òî (D,⊣,⊢)/ρ � íîð-ìàëüíàÿ äèñâÿçêà (ñîîòâåòñòâåííî (ℓn, n)-äèñâÿçêà, (n, rn)-äèñâÿçêà, (ℓn, rn)-äèñâÿçêà) (ñì. [14℄), òî áóäåì ãîâîðèòü, ÷òî ρ � äèíîðìàëüíàÿ êîíãðóýíöèÿ (ñîîò-âåòñòâåííî (ℓn, n)-êîíãðóýíöèÿ, (n, rn)-êîíãðóýíöèÿ, (ℓn, rn)-êîíãðóýíöèÿ). Åñëè
ρ � êîíãðóýíöèÿ íà äèìîíîèäå (D,⊣,⊢) òàêàÿ, ÷òî îïåðàöèè �àêòîð-äèìîíîèäà
(D,⊣,⊢)/ρ ñîâïàäàþò è îí ÿâëÿåòñÿ (ëåâîé, ïðàâîé) íîðìàëüíîé ñâÿçêîé (ñì. [15℄èëè [14℄), òî áóäåì ãîâîðèòü, ÷òî ρ ÿâëÿåòñÿ (ëåâîé, ïðàâîé) íîðìàëüíîé êîíãðó-ýíöèåé.



ÄÅÊÎÌÏÎÇÈÖÈÈ ÑÂÎÁÎÄÍÛÕ ÄÈÌÎÍÎÈÄÎÂ 95Ïóñòü F̆ [X ] � ñâîáîäíûé äèìîíîèä íàä X (ñì. ï. 1). Äëÿ êàæäîãî w =
= x1 . . . xi . . . xn ∈ F [X ] , xi ∈ X, 1 ≤ i ≤ n , ìíîæåñòâî âñåõ áóêâ, êîòîðûå âõîäÿòâ çàïèñü ñëîâà w , áóäåì îáîçíà÷àòü ÷åðåç c(w) .Äëÿ âñåõ ((a, b, c), Y ) ∈ FND(X) (ñì. òåîðåìó 2) ïîëîæèì
T Y(a,b,c) = {(x1 . . . xi . . . xn,m) ∈ F̆ [X ] |((x1, xm, xn), c(x1 . . . xi . . . xn)) = ((a, b, c), Y )}.Íà ìíîæåñòâå F̆ [X ] îïðåäåëèì îòíîøåíèå ρ ïî ïðàâèëó

(x1 . . . xi . . . xn,m)ρ(y1 . . . yj . . . ys, t) òîãäà è òîëüêî òîãäà, êîãäà
((x1, xm, xn), c(x1 . . . xi . . . xn)) = ((y1, yt, ys), c(y1 . . . yj . . . ys)).Ïîíÿòèå äèñâÿçêè ïîääèìîíîèäîâ (ñì. [7, 8℄) ÿâëÿåòñÿ ý��åêòèâíûì ïðè îïè-ñàíèè ñòðóêòóðíûõ ñâîéñòâ äèìîíîèäîâ. Â òåðìèíàõ äèñâÿçîê ïîääèìîíîèäîâ (ñì.òàêæå [12℄) ïîëó÷àåì òàêóþ òåîðåìó.Òåîðåìà 3. Îòíîøåíèå ρ íà ñâîáîäíîì äèìîíîèäå F̆ [X ] ÿâëÿåòñÿ íàèìåíü-øåé äèíîðìàëüíîé êîíãðóýíöèåé. Ñâîáîäíûé äèìîíîèä F̆ [X ] ÿâëÿåòñÿ íîðìàëü-íîé äèñâÿçêîé FND(X) ïîääèìîíîèäîâ T Y(a,b,c), ((a, b, c), Y ) ∈ FND(X) .Äîêàçàòåëüñòâî. Îïðåäåëèì îòîáðàæåíèå θ : F̆ [X ] → FND(X) ïî ïðàâèëó

(x1 . . . xi . . . xn,m) 7→ ((x1, xm, xn), c(x1 . . . xi . . . xn)), (x1 . . . xi . . . xn,m) ∈ F̆ [X ].Äëÿ ïðîèçâîëüíûõ ýëåìåíòîâ (x1 . . . xi . . . xn,m) , (y1 . . . yj . . . ys, t) ∈ F̆ [X ]èìååì
((x1 . . . xi . . . xn,m) ⊣ (y1 . . . yj . . . ys, t)) θ =

= (x1 . . . xny1 . . . ys,m) θ = ((x1, xm, ys), c(x1 . . . xny1 . . . ys)) =

= ((x1, xm, ys), c(x1 . . . xn) ∪ c(y1 . . . ys)) =

= ((x1, xm, xn), c(x1 . . . xn)) ⊣ ((y1, yt, ys), c(y1 . . . ys)) =

= (x1 . . . xi . . . xn,m)θ ⊣ (y1 . . . yj . . . ys, t) θ,

((x1 . . . xi . . . xn,m) ⊢ (y1 . . . yj . . . ys, t)) θ =

= (x1 . . . xny1 . . . ys, n+ t) θ = ((x1, yt, ys), c(x1 . . . xny1 . . . ys)) =

= ((x1, yt, ys), c(x1 . . . xn) ∪ c(y1 . . . ys)) =

= ((x1, xm, xn), c(x1 . . . xn)) ⊢ ((y1, yt, ys), c(y1 . . . ys)) =

= (x1 . . . xi . . . xn,m)θ ⊢ (y1 . . . yj . . . ys, t) θ.Òàêèì îáðàçîì, θ � ñþðüåêòèâíûé ãîìîìîð�èçì. Ñîãëàñíî òåîðåìå 2
FND(X) � ñâîáîäíàÿ íîðìàëüíàÿ äèñâÿçêà. Òîãäà ∆θ ÿâëÿåòñÿ íàèìåíüøåé äè-íîðìàëüíîé êîíãðóýíöèåé íà F̆ [X ] . Èç îïðåäåëåíèÿ θ ñëåäóåò, ÷òî ∆θ = ρ . Ïî-íÿòíî, ÷òî T Y(a,b,c), ((a, b, c), Y ) ∈ FND(X) , åñòü êëàññ êîíãðóýíöèè ∆θ , êîòîðûéÿâëÿåòñÿ ïîääèìîíîèäîì äèìîíîèäà F̆ [X ] .Äëÿ âñåõ ((a, b), Y ) ∈ Bℓz,rb(X) (ñì. ëåììó 1) ïîëîæèì

T Y(a,b] = {(x1 . . . xi . . . xn,m) ∈ F̆ [X ] |((x1, xm), c(x1 . . . xi . . . xn)) = ((a, b), Y )}.Íà ìíîæåñòâå F̆ [X ] îïðåäåëèì îòíîøåíèå ω ïî ïðàâèëó
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(x1 . . . xi . . . xn,m)ω(y1 . . . yj . . . ys, t) òîãäà è òîëüêî òîãäà, êîãäà

((x1, xm), c(x1 . . . xi . . . xn)) = ((y1, yt), c(y1 . . . yj . . . ys)).Òåîðåìà 4. Îòíîøåíèå ω íà ñâîáîäíîì äèìîíîèäå F̆ [X ] ÿâëÿåòñÿ íàè-ìåíüøåé (ℓn, n)-êîíãðóýíöèåé. Ñâîáîäíûé äèìîíîèä F̆ [X ] ÿâëÿåòñÿ äèñâÿçêîé
Bℓz,rb(X) ïîääèìîíîèäîâ T Y(a,b], ((a, b), Y ) ∈ Bℓz,rb(X) . Êàæäûé äèìîíîèä T Y(a,b] ,
((a, b), Y ) ∈ Bℓz,rb(X) , ÿâëÿåòñÿ ïðàâîé ñâÿçêîé Yrz ïîääèìîíîèäîâ T Y(a,b,c), c ∈
∈ Yrz .Äîêàçàòåëüñòâî. Îïðåäåëèì îòîáðàæåíèå µ : F̆ [X ] → Bℓz,rb(X) ïî ïðàâèëó

(x1 . . . xi . . . xn,m) 7→ ((x1, xm), c(x1 . . . xi . . . xn)), (x1 . . . xi . . . xn,m) ∈ F̆ [X ].Äëÿ ïðîèçâîëüíûõ ýëåìåíòîâ (x1 . . . xi . . . xn,m) , (y1 . . . yj . . . ys, t) ∈ F̆ [X ]èìååì
((x1 . . . xi . . . xn,m) ⊣ (y1 . . . yj . . . ys, t))µ =

= (x1 . . . xny1 . . . ys,m)µ = ((x1, xm), c(x1 . . . xny1 . . . ys)) =

= ((x1, xm), c(x1 . . . xn) ∪ c(y1 . . . ys)) =

= ((x1, xm), c(x1 . . . xn)) ⊣ ((y1, yt), c(y1 . . . ys)) =

= (x1 . . . xi . . . xn,m)µ ⊣ (y1 . . . yj . . . ys, t)µ,

((x1 . . . xi . . . xn,m) ⊢ (y1 . . . yj . . . ys, t))µ =

= (x1 . . . xny1 . . . ys, n+ t)µ = ((x1, yt), c(x1 . . . xny1 . . . ys)) =

= ((x1, yt), c(x1 . . . xn) ∪ c(y1 . . . ys)) =

= ((x1, xm), c(x1 . . . xn)) ⊢ ((y1, yt), c(y1 . . . ys)) =

= (x1 . . . xi . . . xn,m)µ ⊢ (y1 . . . yj . . . ys, t)µ.Òàêèì îáðàçîì, µ � ñþðüåêòèâíûé ãîìîìîð�èçì. Ñîãëàñíî ëåììå 1 Bℓz,rb(X) �ñâîáîäíàÿ (ℓn, n)-äèñâÿçêà. Òîãäà ∆µ ÿâëÿåòñÿ íàèìåíüøåé (ℓn, n)-êîíãðóýíöèåéíà F̆ [X ] . Èç îïðåäåëåíèÿ µ ñëåäóåò, ÷òî ∆µ = ω . Î÷åâèäíî, ÷òî T Y(a,b], ((a, b), Y ) ∈

∈ Bℓz,rb(X) , åñòü êëàññ êîíãðóýíöèè ∆µ , êîòîðûé ÿâëÿåòñÿ ïîääèìîíîèäîì äèìî-íîèäà F̆ [X ] . Êðîìå ýòîãî, ìîæíî ïîêàçàòü, ÷òî äëÿ êàæäîãî ((a, b), Y ) ∈ Bℓz,rb(X)îòîáðàæåíèå
T Y(a,b] → Yrz : (x1 . . . xi . . . xn,m) 7→ xnÿâëÿåòñÿ ãîìîìîð�èçìîì. Îòñþäà T Y(a,b] ÿâëÿåòñÿ ïðàâîé ñâÿçêîé Yrz ïîääèìîíî-èäîâ T Y(a,b,c), c ∈ Yrz .Äëÿ âñåõ ((b, c), Y ) ∈ Brb,rz(X) (ñì. ëåììó 2) ïîëîæèì

T Y[b,c) = {(x1 . . . xi . . . xn,m) ∈ F̆ [X ] |((xm, xn), c(x1 . . . xi . . . xn)) = ((b, c), Y )}.Íà ìíîæåñòâå F̆ [X ] îïðåäåëèì îòíîøåíèå π ïî ïðàâèëó
(x1 . . . xi . . . xn,m)π(y1 . . . yj . . . ys, t) òîãäà è òîëüêî òîãäà, êîãäà

((xm, xn), c(x1 . . . xi . . . xn)) = ((yt, ys), c(y1 . . . yj . . . ys)).Àíàëîãè÷íî òåîðåìå 4 ìîæíî äîêàçàòü ñëåäóþùóþ òåîðåìó.



ÄÅÊÎÌÏÎÇÈÖÈÈ ÑÂÎÁÎÄÍÛÕ ÄÈÌÎÍÎÈÄÎÂ 97Òåîðåìà 5. Îòíîøåíèå π íà ñâîáîäíîì äèìîíîèäå F̆ [X ] ÿâëÿåòñÿ íàè-ìåíüøåé (n, rn)-êîíãðóýíöèåé. Ñâîáîäíûé äèìîíîèä F̆ [X ] ÿâëÿåòñÿ äèñâÿçêîé
Brb,rz(X) ïîääèìîíîèäîâ T Y[b,c) , ((b, c), Y ) ∈ Brb,rz(X) . Êàæäûé äèìîíîèä T Y[b,c) ,
((b, c), Y ) ∈ Brb,rz(X) , ÿâëÿåòñÿ ëåâîé ñâÿçêîé Yℓz ïîääèìîíîèäîâ T Y(a,b,c), a ∈ Yℓz .Äëÿ âñåõ (b, Y ) ∈ Bℓz,rz(X) (ñì. ëåììó 3) ïîëîæèì

T Y(b] = {(x1 . . . xi . . . xn,m) ∈ F̆ [X ] |(xm, c(x1 . . . xi . . . xn)) = (b, Y )}.Íà ìíîæåñòâå F̆ [X ] îïðåäåëèì îòíîøåíèå ζ ïî ïðàâèëó
(x1 . . . xi . . . xn,m)ζ(y1 . . . yj . . . ys, t) òîãäà è òîëüêî òîãäà, êîãäà

(xm, c(x1 . . . xi . . . xn)) = (yt, c(y1 . . . yj . . . ys)).Òåîðåìà 6. Îòíîøåíèå ζ íà ñâîáîäíîì äèìîíîèäå F̆ [X ] ÿâëÿåòñÿ íàèìåíü-øåé (ℓn, rn)-êîíãðóýíöèåé. Ñâîáîäíûé äèìîíîèä F̆ [X ] ÿâëÿåòñÿ äèñâÿçêîé
Bℓz,rz(X) ïîääèìîíîèäîâ T Y(b], (b, Y ) ∈ Bℓz,rz(X) . Êàæäûé äèìîíîèä T Y(b],

(b, Y ) ∈ Bℓz,rz(X) , ÿâëÿåòñÿ ïðÿìîóãîëüíîé ñâÿçêîé Yrb ïîääèìîíîèäîâ T Y(a,b,c),

(a, c) ∈ Yrb .Äîêàçàòåëüñòâî. Îïðåäåëèì îòîáðàæåíèå ϕ : F̆ [X ] → Bℓz,rz(X) ïî ïðàâèëó
(x1 . . . xi . . . xn,m) 7→ (xm, c(x1 . . . xi . . . xn)), (x1 . . . xi . . . xn,m) ∈ F̆ [X ].Ïîäîáíî äîêàçàòåëüñòâó òåîðåìû 4 ìîæíî ïîêàçàòü, ÷òî ϕ ÿâëÿåòñÿ ñþðüåêòèâ-íèì ãîìîìîð�èçìîì. Ñîãëàñíî ëåììå 3 Bℓz,rz(X) � ñâîáîäíàÿ (ℓn, rn)-äèñâÿçêà.Òîãäà ∆ϕ ÿâëÿåòñÿ íàèìåíüøåé (ℓn, rn)-êîíãðóýíöèåé íà F̆ [X ] . Èç îïðåäåëåíèÿ

ϕ ñëåäóåò, ÷òî ∆ϕ = ζ . Î÷åâèäíî, T Y(b], (b, Y ) ∈ Bℓz,rz(X) , åñòü êëàññ êîíãðóýíöèè
∆ϕ , êîòîðûé ÿâëÿåòñÿ ïîääèìîíîèäîì äèìîíîèäà F̆ [X ] . Êðîìå ýòîãî, íåòðóäíîïîêàçàòü, ÷òî äëÿ êàæäîãî (b, Y ) ∈ Bℓz,rz(X) îòîáðàæåíèå

T Y(b] → Yrb : (x1 . . . xi . . . xn,m) 7→ (x1, xn)ÿâëÿåòñÿ ãîìîìîð�èçìîì. Îòñþäà ïîëó÷àåì ïîñëåäíåå óòâåðæäåíèå òåîðåìû.Äëÿ âñåõ ((a, c), Y ) ∈ Brb(X) (ñì. ï. 1) ïîëîæèì
T Y(a,c) = {(x1 . . . xi . . . xn,m) ∈ F̆ [X ] |((x1, xn), c(x1 . . . xi . . . xn)) = ((a, c), Y )}.Íà ìíîæåñòâå F̆ [X ] îïðåäåëèì îòíîøåíèå α ïî ïðàâèëó

(x1 . . . xi . . . xn,m)α(y1 . . . yj . . . ys, t) òîãäà è òîëüêî òîãäà, êîãäà
((x1, xn), c(x1 . . . xi . . . xn)) = ((y1, ys), c(y1 . . . yj . . . ys)).Òåîðåìà 7. Îòíîøåíèå α íà ñâîáîäíîì äèìîíîèäå F̆ [X ] ÿâëÿåòñÿ íàèìåíü-øåé íîðìàëüíîé êîíãðóýíöèåé. Ñâîáîäíûé äèìîíîèä F̆ [X ] ÿâëÿåòñÿ íîðìàëüíîéñâÿçêîé Brb(X) ïîääèìîíîèäîâ T Y(a,c), ((a, c), Y ) ∈ Brb(X) . Êàæäûé äèìîíîèä

T Y(a,c), ((a, c), Y ) ∈ Brb(X) , ÿâëÿåòñÿ äèñâÿçêîé ëåâûõ è ïðàâûõ íóëåé Yℓz,rz ïîä-äèìîíîèäîâ T Y(a,b,c), b ∈ Yℓz,rz .
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(x1 . . . xi . . . xn,m) 7→ ((x1, xn), c(x1 . . . xi . . . xn)), (x1 . . . xi . . . xn,m) ∈ F̆ [X ].Äëÿ âñåõ (x1 . . . xi . . . xn,m) , (y1 . . . yj . . . ys, t) ∈ F̆ [X ] ïîëó÷àåì

((x1 . . . xi . . . xn,m) ⊣ (y1 . . . yj . . . ys, t))ψ =

= (x1 . . . xny1 . . . ys,m)ψ = ((x1, ys), c(x1 . . . xny1 . . . ys)) =

= ((x1, ys), c(x1 . . . xn) ∪ c(y1 . . . ys)) =

= ((x1, xn), c(x1 . . . xn))((y1, ys), c(y1 . . . ys)) =

= (x1 . . . xi . . . xn,m)ψ(y1 . . . yj . . . ys, t)ψ.Àíàëîãè÷íî äëÿ ⊢ . Òàêèì îáðàçîì, ψ � ñþðüåêòèâíûé ãîìîìîð�èçì. Ñîãëàñ-íî [15℄ Brb(X) � ñâîáîäíàÿ íîðìàëüíàÿ ñâÿçêà. Òîãäà ∆ψ ÿâëÿåòñÿ íàèìåíüøåéíîðìàëüíîé êîíãðóýíöèåé íà F̆ [X ] . Èç îïðåäåëåíèÿ ψ ñëåäóåò, ÷òî ∆ψ = α .Î÷åâèäíî, ÷òî T Y(a,c), ((a, c), Y ) ∈ Brb(X) , åñòü êëàññ êîíãðóýíöèè ∆ψ , êîòîðûéÿâëÿåòñÿ ïîääèìîíîèäîì äèìîíîèäà F̆ [X ] . Íåòðóäíî çàìåòèòü, ÷òî äëÿ êàæäîãî
((a, c), Y ) ∈ Brb(X) îòîáðàæåíèå

T Y(a,c) → Yℓz,rz : (x1 . . . xi . . . xn,m) 7→ xmÿâëÿåòñÿ ãîìîìîð�èçìîì. Îòñþäà ñëåäóåò, ÷òî T Y(a,c) ÿâëÿåòñÿ äèñâÿçêîé ëåâûõ èïðàâûõ íóëåé Yℓz,rz ïîääèìîíîèäîâ T Y(a,b,c), b ∈ Yℓz,rz .Äëÿ âñåõ (a, Y ) ∈ Bℓz(X) (ñì. ï. 1) ïîëîæèì
T Y(a) = {(x1 . . . xi . . . xn,m) ∈ F̆ [X ] | (x1, c(x1 . . . xi . . . xn)) = (a, Y )}.Íà ìíîæåñòâåF̆ [X ] îïðåäåëèì îòíîøåíèå β ïî ïðàâèëó
(x1 . . . xi . . . xn,m)β(y1 . . . yj . . . ys, t) òîãäà è òîëüêî òîãäà, êîãäà

(x1, c(x1 . . . xi . . . xn)) = (y1, c(y1 . . . yj . . . ys)).Òåîðåìà 8. Îòíîøåíèå β íà ñâîáîäíîì äèìîíîèäå F̆ [X ] ÿâëÿåòñÿ íàèìåíü-øåé ëåâîé íîðìàëüíîé êîíãðóýíöèåé. Ñâîáîäíûé äèìîíîèä F̆ [X ] ÿâëÿåòñÿ ëåâîéíîðìàëüíîé ñâÿçêîé Bℓz(X) ïîääèìîíîèäîâ T Y(a), (a, Y ) ∈ Bℓz(X) . Êàæäûé äè-ìîíîèä T Y(a), (a, Y ) ∈ Bℓz(X) , ÿâëÿåòñÿ äèñâÿçêîé Yrb,rz ïîääèìîíîèäîâ T Y(a,b,c),

(b, c) ∈ Yrb,rz .Äîêàçàòåëüñòâî. Îïðåäåëèì îòîáðàæåíèå τ : F̆ [X ] → Bℓz(X) ïî ïðàâèëó
(x1 . . . xi . . . xn,m) 7→ (x1, c(x1 . . . xi . . . xn)), (x1 . . . xi . . . xn,m) ∈ F̆ [X ].Ìîæíî äîêàçàòü, ÷òî τ ÿâëÿåòñÿ ñþðüåêòèâíûì ãîìîìîð�èçìîì. Òàê êàê

Bℓz(X) � ñâîáîäíàÿ ëåâàÿ íîðìàëüíàÿ ñâÿçêà (ñì. [15℄), òî ∆τ ÿâëÿåòñÿ íàè-ìåíüøåé ëåâîé íîðìàëüíîé êîíãðóýíöèåé íà F̆ [X ] . Èç îïðåäåëåíèÿ τ ñëåäóåò, ÷òî
∆τ = β . Ïîíÿòíî, ÷òî T Y(a), (a, Y ) ∈ Bℓz(X) , åñòü êëàññ êîíãðóýíöèè ∆τ , êîòîðûéÿâëÿåòñÿ ïîääèìîíîèäîì äèìîíîèäà F̆ [X ] . Êðîìå ýòîãî, ìîæíî ïîêàçàòü, ÷òî äëÿêàæäîãî (a, Y ) ∈ Bℓz(X) îòîáðàæåíèå

T Y(a) → Yrb,rz : (x1 . . . xi . . . xn,m) 7→ (xm, xn)ÿâëÿåòñÿ ãîìîìîð�èçìîì. Îòñþäà T Y(a) � äèñâÿçêà Yrb,rz ïîääèìîíîèäîâ T Y(a,b,c),

(b, c) ∈ Yrb,rz .



ÄÅÊÎÌÏÎÇÈÖÈÈ ÑÂÎÁÎÄÍÛÕ ÄÈÌÎÍÎÈÄÎÂ 99Äëÿ âñåõ (c, Y ) ∈ Brz(X) (ñì. ï. 1) ïîëîæèì
T Y[c] = {(x1 . . . xi . . . xn,m) ∈ F̆ [X ] | (xn, c(x1 . . . xi . . . xn)) = (c, Y )}.Íà ìíîæåñòâå F̆ [X ] îïðåäåëèì îòíîøåíèå δ ïî ïðàâèëó
(x1 . . . xi . . . xn,m)δ(y1 . . . yj . . . ys, t) òîãäà è òîëüêî òîãäà, êîãäà

(xn, c(x1 . . . xi . . . xn)) = (ys, c(y1 . . . yj . . . ys)).Ïîäîáíî òåîðåìå 8 äîêàçûâàåòñÿÒåîðåìà 9. Îòíîøåíèå δ íà ñâîáîäíîì äèìîíîèäå F̆ [X ] ÿâëÿåòñÿ íàèìåíü-øåé ïðàâîé íîðìàëüíîé êîíãðóýíöèåé. Ñâîáîäíûé äèìîíîèä F̆ [X ] ÿâëÿåòñÿ ïðà-âîé íîðìàëüíîé ñâÿçêîé Brz(X) ïîääèìîíîèäîâ T Y[c], (c, Y ) ∈ Brz(X) . Êàæäûéäèìîíîèä T Y[c], (c, Y ) ∈ Brz(X) , ÿâëÿåòñÿ äèñâÿçêîé Yℓz,rb ïîääèìîíîèäîâ T Y(a,b,c),

(a, b) ∈ Yℓz,rb .Îòìåòèì, ÷òî íàèìåíüøèå êîíãðóýíöèè íà äèìîíîèäàõ è ñîîòâåòñòâóþùèå äå-êîìïîçèöèè ýòèõ äèìîíîèäîâ îïèñûâàëèñü òàêæå â [7, 9�12, 14℄.SummaryA.V. Zhuhok. Deompositions of Free Dimonoids.We present the least normal diband ongruene, the least (ℓn, n) -ongruene, the least
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