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AnaHOTa U

B pabore pacemorpen pag 0’ - n 0 -komupyromux Teopem. IToTytenst qBe 06IIIe TeOpeMbl,
obobImaromue Bee H3BeCTHLIE Ha AaHHbi MomenT 0'- u 0" -kommpyromme Teopemsl. Mcmomn3ysa
onry 0’ -KOAEpYIOIIyIo TeopeMy, HOTyHIeHO OIACAHAe PAHTOB 1) -DYHKITHH 1)-CXOKNAX THHEHHBIX
HOpﬂﬂKOB, HE€ MMEIONUX BbIYUCIUMBIX Hpe,uCTaBﬂeHHﬁ.

KirouyeBble cjioBa: JIMHEHHBIE TOPAIKN, BIYUCTIUMbBIC TTPEACTAaBJIEHUA, TEOPEMBI KOOUPO-
BaHHWA.

BBenenue

OCHOBHBIM 00BEKTOM TIOCTPOEHUS JIFOOOrO AJTOPUTMA, SIBISETCsT MHOYKECTBO HATY-
pasnbubix uucen N = {0,1,2,3,...}. 910ro BrOIHE HOCTATOYHO JJisl IOCTPOEHUs JTH060H
KOMTIBIOTEPHON Mozienn. B 9acTHOCTH, 1 KOAMPOBaHUS NeJbix wncen Z = {...,—
—2,-1,0,1,2,...} MOXHO HCIOIB30BATH KOIUPOBKY BUIa {...,4,2,0,1,3,...}. Bojee
CJI0’KHAS KOIUPOBKA MO3BOJISIET TAKYKE 3aKOIUPOBATH MHOKECTBO PAIMOHAIHHBIX IHCETT
Q.

Kax1oe u3 BbIlIenpuBeIeHHBIX MHOKECTB HMEeT eCTECTBEHHOE OTHOIIEHHUE TIOPSIIKA,
KOTOPOE SIBJISIETCS JIMHEHHDBIM, TO €CTh TAKHM, 9TO JIOObIe /IBA YHCJIA SABJSIOTCA CPAB-
HuMbIMA. [Ipr KOAMPOBAHUU ITUX MHOXKECTB HETPYIHO WHIYIIUPOBATH €CTECTBEHHOE
OTHOIIEHUE TMOPsAaKa. [l0OCTpOeHHBIE THHEHHBIE TOPSIKT H30MOPMHBI NCXOIHBIM TTOPSII-
KaM, U MO09TOMY UMEIOT aHaJOruaHbIe cBoiicTBa. Kace MTUHEHHBIX TOPsIIKOB, H30MOpPdh-
HBIX HCXO/IHOMY, HA3BIBAETCH TUIIOM MOpsaKa. Tumbl guHeitabix nopaakos N, Z u Q
COOTBETCTBEHHO 0OO3HAYAOTCA W, ( U 7).

Paccmorpennbie MOpsiiku ABJISIOTCS TpUBHAIbHBIME. QOHM BHIYUCIUMBI U, O0JI€e TO-
r0, Pa3peruMbl, TO eCTh Jt00ast (POpMysIa MEPBOTO MOPSAIKA BhIUucInMa. HeTpusuaib-
HbIE JINHEHHBIE MOPSIKUA, C TOUKYM 3PEHHs UX AJTOPUTMUYECKON CJIOXKHOCTHU, BIEPBHIE
6buin ocrpoennt JI. @eitnepom [6, 7]. Jluneitnblii HOPsA0K, yHOpsAI0YEHHbIH [0 TUILY
(+ap+C+ar +C+as+ -+, Ha3bIBAETCH CUAbHUM C -NPedcmasAeHUEeM MHOKECTBA
A ={ap < a1 < az < ---}. Buech HATYpaslbHOE YMCIO 0DO3HAYAET THIT KOHEUYHOTO
JINHEHHOTO TOPSIKA, MOITHOCTH KOTOPOTO COBMAIAET C ITUM YHUCJIOM.

Teopema 1 [6, 7]|. Jlunetnoii nopados, asaaouutca cusvhom (-npedcmasae-
Huem MHoocecmsea A, umeem eviuucauMoe npedcmasserue moz2da u MoabKo mozda,
Koeda A aeasemea L3 -mmosicecmeom.

31ech I ONEHKH AJTOPUTMUYECKON CIOYKHOCTH HCIOTIB3YETC TaK HA3bIBAE-
Masi apudmeTndecKkas HepapXusd MHOXKECTB Y,. MuoxkectBo X Ha3bIBaeTCI X -
muooicecmeom, eciu ¢ € X < U(z), tne ¥ — 3, -dbopmysna Haj BbIYUCIUMBIM OT-
HOIIEHHEeM (TO eCTh CONEPKUT 7. MEPEMEHHBIX KBAHTOPOB, HAUMHAS C KBAHTOpa 3 ).
MuoxkectBo X wasniBaercs Il, -mmoorcecmeom, ecin X aBISETCS Y, -MHOMKECTBOM.
Ecim X gasnsgerca u X, -, u II,-mHOXKecTBOM, TO X Ha3BIBaETCS A%—MHO)K@CTBOM.
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B nanwnueiimem A,,OH_l—MHO)KQCTBa naseBaorcs 0 -swuucaumvimu. Bee Boimenpuse-
JIEHHBIE ONPEJEIEHUs MEePEHOCITCS HA THIOPUHTOBBIE CTEIEHU, COJAEPIKAIIIE COOTBET-
cTByIomMe MHOXkKecTBa. Hampumep, Thiopuarosas cremensb spisercs 00 -cremenbio,
ecam oma comepxut () -mmoxectso. Inst xkparkoctn 0 u 0(2) oosmauarorest xax
0’ m 0” coorsercrBenno. HexoToprie npyrne HEOOXOIMMBIE OMPEIETICHUS TEOPUH BhI-
YUCUMOCTH OyIyT W3jarathCs gajiee B pabore, a moapobHOe W3JI0KEHUE 3TON Teopun
MOXKHO Haiitu B [16].

Kax Mbl BuanM, ujesi OCTPOEHUsI HETPUBUATHLHOTO JTUHEHHOTO MOPSIIKA 3aKII09a-
eTcss B KOJMPOBAHUU B MOPSIOK HEKOTOPOTO MHOXKECTBA. ZICHO, 9TO 3TO KOJAUPOBAHUE
JIONYCKAET PeJIITUBU3ANMUIO (BIPOYeM, KAK U BCEe MPUBEICHHBIE B HACTOAIICH pabore).
ITosToMy Kak CJIeACTBHE TAKOrO KOAWPOBAHWSA MOJydaeM, 9To cymecTByer 0-Buraumc-
JUMBIH JIMHEAHBIN TOPSAI0K, HE UMEIONINi BBIYUCINMOTO MpeacTaBieHus. B kadecTre
HUCKOMOTO JIUHEHHOTO MOPSIKA JOCTATOYHO B3ATh CHUJILHOE (-IIPejCTaBIeHue Jro00ro
Y0 -MHOXKeCTBa, He ABJIAIOMErocs Y.3-MHOKECTBOM.

[IpuBenerHOe KOAUPOBAHNE UMEET MPEIMET KOAUPOBAHMUS, KOTOPOE SIBJISETCS MHO-
skectBoM A = {ag < a1 < az < ---}, 1 0OBEKT KOJAMPOBAHUS — JIMHEHHBINH MOPSIIOK
U(A) =C+ap+ {4+ a1 + ¢+ az+ . Ca3p npenmera n o0beKTa KOAMPOBAHUS
OCYMIECTBASAETCSA € TIOMOIIBIO OPaKyTa Y3, MO3TOMY TaKOe KOJAMPOBAHHE HAZBIBACTCS
¥9 -xoduposanuem, a Teopema Deitnepa — L3 -kodupyroweti meopemoti.

Crenyroriee KOJUPOBAHNE ABIAETCS IPUMEPOM KOAUPOBAHUS OJHOTO JIUHEHHOTO MO~
psaKa B apyroii. JlaHHbIi TpuMep CTajl MepBbIM MPUMEPOM TAaKOTO POA KOIUPOBAHUSA.

Teopema 2 [4]. Junetnwd nopadox L umeem 0 -ewuucaumoe npedcmasaenue
mozda u Mmoavko mozda, Ko2da aunelnwnd nopadox (n+2+n)- L umeem sviuuciumoe
npedcmasienue.

Kaxk He TpyJHO BHIETH, TEOpEMA CBS3BIBAET MPEJAMET KOAMPOBAHUS (JIWHENHBIN Mo~
psanok L) ¢ obberrom KoaupoBanus (nuHeitnbiM nopsiikom $(L) = (n+2+n)-L). Ceaspb
npeaMera n 00beKTa KOAMPOBAHMA OCYMIECTBIAETCA € OMOMBIO opakyaa 0, mosromy
Takue Teopembl HOcAT Haszsanme 0 -xodupyrowuxr meopem, a ® — 0’ -xoduposaruem.
Ecim B Teopeme BMecTo opaxyma 0’ mcmombsyercs opaxym 0™ To Taxme Teopembr
raseatorcs 0 -kodupyrowsumu 1 BEITIAIAT CACTYIOMIM 06DPA3OM.

Teopema 3 0" -komupyromasi Teopema. Junetnwii nopadok L umeem 0" -
BHUUCAUMOE NPEICTNABAEHUE MO20A U MOALKO Mozda, Kozda sunelinod nopadox P, (L)
UMEEM GHIUUCAUMOE NPEICTNABAEHUE,

Baecs @, (L) saBagercs 0(") -kormposanmem. Tpebyem, 4T0ObI TAKHE KOIAPOBAHHST
JomycKanu pengrususanuio. Ipyruvu cioBamu, L umeer X" -BBIYUCIUMOE MPEJICTAB-
JIEHUE TOIJIa U TOJBKO TOrJA, KOrja JuHeinbtii nopsaaok P, (L) umeer X-Bblaucaumoe
MpeJCTaBJIeHNe M JI000T0 CcTerneHn X. Pa3jiuvHble KOIWPOBAHWS, KAK TMOKA3BIBAET
cJeyIolee MpejjIoyKeHne, CBA3aHbl MeXK/Iy CODON M MOPOKIAIOT HOBbIE KOAMPOBAHNS.

Hpennoxenne 1. Ecau ®,, asasemea 0 -xoduposanuem, a ®,, — 0™ -godu-
posaruem, mo P, o ®,, aeasemca 0"T™) _goduposanuem.

HoxkazareabcTBo. Tak kak ®,, asasgerca 0" -kKoanpoBaHUeM, JTUHEHHBIN TOPSIOK
L umeer 0™ _pprauciumoe npecraBieHne TOMA U TOALKO TOLAA, KOIAA IUHEHHbIl
nopsigiok @, (L) umeer 0" -gprumcUMoe npenacrapaenne. Torma u3 Toro, 910 P, saBId-
ercst 00" -koaupoBanuem, cieyer, 4To ®,, (L) umeer 0(") -Bprapc/IMOe IpejICTaBIeHHE
Torga u Tobko Torga, korga D, (P, (L)) uMeeT BHIYMCINMOE MPEeICTaBIEHHE. O

Kaxmas 00 -koampyiormas Teopema UMeeT CIeIyIONme CIeCTBAS (3TH CIeICTRHs
ObIIM 3aMeveHbl B YaCTHOM CiIydae B paHueii pabore aBropa [18]). Hamomunm, MHOKe-
cTBO X ABISACTCA N -HU3KUM, €CJIT X <, (Z)("), 1-HU3KOEe MHOXKECTBO HAa3BIBACTCS
IPOCTO HUSKUM.
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Ilpengyioxxenune 2. FEcau P, asasemcsa 0 -koduposaruem, Mo KaxHcIul N -
HuUsKul Auneldnvl nopadox, umerowut eud O, (L) das nekomopozo L, asasemcs 6bi-
YUCAUMO NPEICNABUMDBLM.

HoxkazarenscrBo. [Iycte Ly = &,(L) ana umexkoroporo L u Lo aBisercs
X -BpraucauMbiM, rae X — N-HA3Koe MHOKecTBO. Tak kak P, sapasercs 0.
KoAupoBaHueMm u X — n-HU3KOEe MHOYKECTBO, TO Ly nMeeT X -BBIYUCINMOE TIpeICTaBIe-
HWe TOT/a W TOJbKO TOTrIa, Korma L mmeer X (") _pprancinmoe peICTaBJIEHNE, a TO, B
CBOIO OYepPe/Ib, TOIA U TOJIbKO Toria, Koraa L uveer () -pprauciauMoe npeacrasienue,
9TO PABHOCHIBHO TOMY, 9T0 Lo MMEEeT BBIYUCINMOE MPEeICTABICHHE. O

Ipennoxenue 3. Ecau &, asraemea 00 -goduposanuem, mo cyuecmeyem (n+
+ 1) -nuskuts auneiinwi nopadok, umerowut 6ud ., (L) das nexomopozo L u ne sa6as-
wulcs suuuciumo npedcmasumvim. Boaee moezo, nopadok P, (L) umeem npedcmas-
nenue 6 xasicdoti A -cmenenu, ne Asasrouietica n-nuskot.

HokazaresnbcrBo. P. Musiep [12] mocrpons anHeiHBIH TOpsAIoK Ao, nMerormmii
KOTMIO B KayKa0it Takoii cremenn a, aro 00 < ra < 20"+ Tlycrs Ly = @, (A).
Badukcupyem Tpou3BoIBHY0 He n-Hu3Kylo AJ-cremnens c.

Tax kak ®,, ssuserca 0()-koxmposanueMm, mosiydaeMm, 4o Lo HMEET KOIHIO B C
TOIJIA ¥ TOMBKO Tora, korga Ag mmeer xommio B ¢, Tak kak ¢ — He n-mu3kas AY-
crenens, 10 0 < p¢(™ < 0+ Torma Ay mveer kommio B ¢, u ciiepoBaTensHO,
Lo nveeT KOTIHIO B C.

Tak KaK ¢ — IPOU3BOJILHO BHIOpaHHAA He n-HU3Kad A)-cTenenb, T0, B 9aCTHOCTH,
Lo umeer (n+ 1)-Huskoe npejcrasieHue. O

Kax Mbl BuguM 00 -KomupyIomme TeOpeMbl HME0T HemoCPeICTBEHHOE MPHIOMKe-
HUE JJIs MOCTPOEHUs BBIYUCIUMBIX KON N-HU3KUX JUHEHHBIX mopsakos. B 1991 r.
K. Txokym u P. Coap [10] mokazaznm, 910 He KarKIblii HU3KWH JIMHEHHBIH TTOPSIOK
MMeeT BBIYMCINMOE MpescTaBienne (B oTinyane ot Oyiesbix anre6p [3]). Oanako, pac-
cMaTpuBas JOMOTHUTEILHBIE YCIOBHUsI, HAKJIAIBAEMbIE HA TMOPSIKOBLIE TUIIHI, YCIOBUE
«HU3KOCTH» MOYKET ODECIIeYUTh BBIYUCIUMYIO MPEICTABUMOCTD JIMHEHHBIX MOPSIKOB.
Tax P. Joyuu u M. Mosec [5] ycranoBuiiu, 4To id KazKJAOr0 HU3KOIO JAUCKPETHOIO
NOPsIIKA CYIIECTBYET BBIYUCIUMAst KONUgA (JIMHEHHBINA TOPAI0K HA3BIBAETCS JUCKPET-
HBIM, €CJIM KayKbIil 3JIEMEHT UMEET MOCJIe0BATENs U NPEIIeCTBeHHNKA). EcTecTBen-
HO BO3HHKAET BOMPOC 00 OMUCAHWH MOPSIKOBBIX TUIOB, NI KOTOPBIX YCJIOBHUE «HW3-
KOCTH» JOCTATOYHO s Bblaucanmoii npegcrasumoctu (P. JToyru [2]). Dror Bompoc
MOKeT OBITh eCTEeCTBEHHLIM 00pa30oM 0OODINEH, 3aMEHUB YCIOBUE «HU3KOCTHY Ha « M-
HE3KOCTH». B Buay 3amedennoii soime csa3u 0 -KOAHPYIOIMX TeopeM U 7n-HU3KHX
JIMHEHHBIX TOPAIKOB, paccMarpubasa auzke 0'- m 0" -Komupylomme TeopemMbl, MBI 3aTPO-
HEM U BOMpOC, mocrasjenusiii P. Jloyau, n Bonpoc, obobmatomuii sBonpoc P. Toymu.

1. 0'-kogmpyroiue TeopeMbl
Kax yke 6110 ckazano Beime, nepebiv 0 -xkomuposanunem sieasierca P(L) = (g +

+ 24 n). Cornacuo npejoxenusm 2 u 3 u3 0'-koxupyromieil TeopemMbl 2 CleiyoT

Caencrue 1 [18]. Kaowcdwoii nuskuii aunetinoili nopsadox, umerowud eud (n-+ 2+
+ 1)L daa nekomopozo L, A6AAEMCA SHINUCAUMO NPEICTNABUMBIM.

Caencrsue 2 [18]. Cywecmeyem 2-nuskul sunetinvd nopadok, umenwuld 6ud
(m+2+n)-L daa nexomopozo L u He ABAANOUWUTCA BHUUCAUMO NPEICTNABUMBLM.

JIuHeinblii MOPSII0K HA3LIBACTCA Kk -0404HbLM, €CIIN BCE €ro OJIOKM WMEIOT MOIII-
HOCTh He Gosee k. Baokom sieasierca muokectBo [x]r = {y | F(x,y) V F(y,z)}, tae
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Fr(z,y) = (z < 1y) & (|[z,y]r] < +o0) u [z,y]r = {z | * < pz < py}. Ornomenne
Fy(z,y) na3sbiBaercss omuowenuem OA0Ka JTUHEHHOrO nOpsijika L 1 mOpoxkKIaeT OTHO-
mienue SKBuBasienTHocT « ~ Yy = (x = y)V Fr(z,y) V Fi(y,x). He tpynno Bumgers,
9T0 OJIOKYM — 3TO KJIACCHI SKBUBAJEHTHOCTH OTHOCUTEIBLHO ~ J, .

Hampuwmep, 1-0/109HBIMY JIMHEHHBIME TTOPSATKAMY SIBJISIOTCS TOJIBKO JIUIIH MIOTHBIE
nopsiakn. JInHeitHbIe TOps KN, MMetonve Bu (n+241n)-L ayst Hekoroporo L, aBasoTcs
2-6s10unbiMu. Takum 00pa3oMm, MOCIETHIE IBA CIEJICTBUS YTBEPXKIAIOT, YTO CYIIECTBYET
2-Hu3Ku# 2-6/10UHDBIH TUHEHHDIH MTOPAI0K, HE UMEIOITHil BBITUCIUMOTO TPeICTABICHNS,
C IPYroit CTOPOHDI, KayKabli HU3KUI 2-O/OUHBIN JTUHEHHDIH TOPIIOK NMEEeT BBITHCIIN-
MYI0 KOTui0. IT00B1 0000IMUTE 3TH CAEACTBUS I TPOU3BOJILHOTO k-OJIOYHOrO TOPSIKA
BMECTO 2-6109HO0TO, HeoOxoamMo caeayiomas 0/ -koaupyomas Teopema, 0600mamas
TeopeMy 2.

Teopema 4 [18]. JTunetnod nopadox (n+k—+1+n)-L umeem swvuciumoe npeo-
cmasaenue mozda u moavko mozda, kozda L umeem 0 -swuucaumoe npedcmasaenue.

Tenepb corylacHO COOTBETCTBEHHO MPEJIOKEHUSAM 2 U 3 MbI UMeEeM

Caencrsue 3 [18]. Kaowcdoii nuskul sunetinod nopadok euda (n+k+1-+n)-L
das Hexkomopozo L umeem ewuuciumoe npedcmasaenue.

Caencreue 4 [18]. Cywecmeyem neevuucaumo npedcmasumvili 2 -nuskud
(k + 1) -6n0unviti aurednsild nopadok, e A6AAOUWUT K -0A04HbLM.

Jluneitabiii TOpsiIOK L HA3BIBAETCH CUABHO 1)-CTONHCUM, €CITH OH siByisgercs k-0104-
HBIM JJIs HEKOTOpOro k. JIpyrumu cjioBamu, JIMHEHHBIN TOPSIOK SBJISIETCS CUIBHO
7)-CXOKUM, €CJIU CYIIEeCTBYET HATYPAJbHOE YMUCIO k TaKOe, YTO BCE €ro OJIOKU WMe-
0T MOIMHOCTHL He Oosee k. UT0OBI moKa3aTh, 9TO 1A BCeX k KarKablii HU3KHH k-
6JI0YHBI JIMHEHHDI TOPAI0K (TO €CTh CUJIBHO 1)-CXOXKUil) MMEeT BBIYMCIUMOE IIPeJi-
cTaBJIeHUe, HeODX0IMMa CJIeIyIOMAs Te0OPpeMa, KOTOPYIO MOYXKHO HA3BATH CHEn(PuIecKoit
0’ -xomupytomeii Teopemoii.

Teopema 5 [18] (cm. Takke [9]). IIycmov L sasasemcs CuabHo 1) -CLOHCUM.
Tozda L umeem 0’ -svuuciumyio konuio, y Komopot omuowenue 6.a0ka asasemces 0 -
BHUUCAUMBLM, MO206 U MOALKO Mmo2da, Koeda L umeem uHuciuMYyo Konumw.

CaencrBue 5 [18]. Kaotcowi nuskutdi cuavho 1 -croscul sunelinsil nopadox uso-
MOPPEH HEKOMOPOMY BLIUUCAUMOMY NOPAIKY.

B paGore aBropa [18] mpe/yiokena cieayoias Teopema, Mo3BOJIAIINIAs 0000IUTh
0’ -xomupytomue teopemnl P. Joyun u Ix. Haiir.

Teopema 6 [18]. ITycmv T AGAAEMCA BLUUCAUMBM AUHETHOM NOPATKOM 6e3 HaU-
Menvuezo u nauboavuwezo anemenmos. Ecau L asaaemea 0 -6oiuucaumoim Aunetnom
nopadkom, mo T - L umeem svivucaumoe npedcmasaenue.

HeTpyaabiMn paccyKIeHUSIMA MOYKHO MOKA3aTh, YTO TEOPEMBI 2 U 4 ABIAIOTCS CJIe]I-
cTBuAME TeopeMbl 6. Bosiee Toro, m3 TeopeMbl 6 BBHIBOANUTCA P CJACACTBUI, KOTOPHIE
panee ObIJIN HEM3BECTHBIMY U TPEeOOBAJIN COOCTBEHHOTO JOKA3ATEILCTBA, HAPUMED, CJIe-
JLYIOIIee CJIeJICTBUE U MHOIUE Jpyrue (BKJYas CIeJCTBUe 7 U3 CIEYIONIEro pasiesa).

CaeacrBue 6. JTunetnwni nopadox L umeem 0 -evnucaumoe npedcmasaerue mo-
20a u moavko moeda, Kozda (N+1+n+2+---+n+k+1+n) L umeem sunuciumoe
npedcmasierue.

HoxkazaresberBo. (Teopembr 2 1 4 BHIBOAATCS U3 TEOPEMBI 6 AHATIOTUIHBIMU PAC-
CYKIIeHNSIMH. )
(=) Henocpezacrsenno ciemyer uz reopembl 6.
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(<) OueBnzHO, YTO MHOKECTBO TAKUX HAOOPOB (a1, ..., ak+1), 9T0 (a4, @iq1) ABISA-
eTCd mMapoil COCeTHMUX 3TIEMEHTOB I mo60ro ¢ < k, asngerca 0'-poraucanMeiM. fIcHO,
9TO 9TO MHOXKECTBO HADOPOB C MHIYIIMPOBAHHBIM MOPSIKOM H30MOp(dHO L. O

2. Ogso nmpuMeHenue 0'-Koaupyrmoleii TeopeMbl

JIuHeHHbI# TOPSZIOK Ha3bIBaeTcs 1) -cxoocum (1) -like), ecnnm ero MOKHO TIpeICTaBUTh
B Buze . f(q) mmust wexoropoii dyukimu f : Q — N makoit, uro 0 ¢ rng(f). @yukuns
q€Q

f masweBaercs n-@ynxyuel auueiinoro nopaaka L. He Tpyano Bmmers, 9To ecam 00-
JIACTH 3HAYEHUi 7)-(DYHKIANA 7)-CXOXKEro JWHEHHOr0 MOpsAIKa OrpaHutdeHa, TO MOPSI0K
SAIBJISIETCST CHJIBHO 1)-CXOZKHM.

k. Pozenmreitnom [14] 66110 yCTaAHOBJIEHO, YTO 71l BBIYUCIUMOLO 7)-CXOXKEr0 JIk-
HeitHoro mopsKa 7-QyHKINS MOKeT ObITh BbIOpaHa u3 kmacca A, u ciemosares-
HO, ee panr Oyger u3 kmacca 3. C. @emnmmep [8] mokaszan, uto ecrim f € 119, To
JIMHERHbIH nopsaaoK Y f(q) wmeer Bbrancanmoe npencrasienne. OIHAKO He KayKIast

q€Q
AY-oruncinvas bynkimus apasgercs 7)-byHKIEeil BHIMUCTAMOTO JTHHEHHOTO TOPSAIKA.
IMepsoiii npumep Takoil dyukiuu (¢ GECKOHEYHBIM PAHIOM) ObLI IIOCTPOEH B COBMECT-
Hoit pabore M. Jlepmana u Txk. Pozenmreitna [11]. Ilosxke P. Toyuu [2, Teopema 4.16]
noctpomns A$-peraucamMyio dbyrkmaio f Takyio, ato rng(f) = {1,2,3,4} u nuneitHbit

nopsiIoK  » . f(g) He mMeeT BBIYMCIMMOrO MpeJCTaBIICHNUSI.
q€Q
EcrecTBeHHO BO3HMKAET BOMPOC: KAKHUE eIlle PAHIM MOTYT MMeTh aHAJOTHYHbBIE MTPHU-

Mepbl QYHKINN, TO eCTh (DYHKIHil, He ABJIAIOMUXCA 1)-PYHKIUAMEA 715 BBIGACIAMBIX
NUHEHAHBIX TOPSAKOB. B 9acTHOCTH, MOXKHO U TOKa3arTh yrBepxkaenne P. oyuum mmsa
rng(f) = {1,2} smecro rng(f) = {1,2,3,4}? Cnenymomas TeopeMa, OmyGINKOBAHHAS
paHee aBTOPOM B KpaTKoM coobiiennn [20], oTBe9aeT Ha 3TH BOMPOCHI.

Teopema 7. IIycmov [ — npoussosvhan X -6uivuciumas 1-@GynEyus ¢ neodrnoase-
menmuoim parnzom. Tozda cywecmeyem X Y -ewuucauman n-gynxyus g maxas, wmo
rng(g) = mg(f) u > g(q) ne umeem evuucsumoti konuu. Ipuvem ecau f umeem Ko-

q€Q

neunwiti parz uau goma 6v degr(f) < 07, mo dynxyusa g moscem Gumb 6wOpana
0" -eviuucaumoti.

HokazareabcTBo. 13 TeopeMbr 6 aHATOTMYHO TOKA3ATETHCTBY CAEJICTBUS 6 BHITE-
kaer caemyromee 0'-xkoguporaHue.

CaenctBue 7. ITycmo ag < a1 < ++- < ap, a9 # 0 u n > 1. Tozda aunetinbi
nopadox L umeem 0 -swnuciumoe npedcmassenue moz0a u moavko mozoa, k0206 -
netnul nopadox L' = (agn + a1 + aon + -+ - + agn + an + aon) - L umeem swviuucaumoe
npedcmasienue.

[MougrHo, uro JuHelnbll nopsaaoK (agn+ar+aon+- - -+aon+an,+aon)- L asiagercs
7)-CXOXKUM, U CJIeJ0BATENBHO, I HErO CyIecTByeT Hekoropas 7)-gyukmus. [loctpounm
ee BBIYHMCIUMO OTHOCHTENBHO opakyia X takoro, uto X peraucager L. 3adukcupyem

X -paBHOMEDPHO BHIYHCINMYIO MOCIEI0BATENBHOCT { Q4 rer Takyto, uto Q = Y. Q,
xEL
apsgercs X -BLIYUCIUMBIM JINHEHHBIM MOPSAIKOM, (Q; — MJIOTHBIM JTHHEHHBIM TTOPIIKOM

6e3 KOHIEBBIX TOUEK s Kaxkaoro x € L. Torma Q = Q.

BoibepeMm 1 TPOU3BOJNBHBIX 3/IEMEHTOB (HATPUMEpP, C HAUMEHBIIUM HATYPAIbHBIM
HOMepoM) ¢7 < @--- < @gF U3 Kaxnoro (). OmpezenuM BcmoMmorarenpHyoo (HyHK-
LLHIO f: [IOJIOKUM f(qf) —q; pmaeeex v € Lul<i<nmn f(q) = qg A4 Bcex

ocrasnbubix ¢ € Q. Bamerum, uro Yy f(q) aon + a1 + agn + - - - + agn + a, + agn.

9E€EQL

~J
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Tak xax Q) = Q, cymecrsyer X -Buraucanmbrii nzomopdnsm ¢ : Q — Q. Tonowxmm
reepb f(q) = f(p(q)) nna Becex ¢ € Q. Iouarno, yro dbyuxuus [ asigerca X -
seramemmoit. pmaem > f(q) =2 Y f(q) =2 >° > f(q) =2 > (agn + a1 + aon +

qeQ q€Q zEL qEQ €L
+ -4 aom+ an + aom) = (apn + a1 + aon + -+ + aon + an + aon) - L.

Takmm obpa3oM, MOKa3aHOo, 9TO A X -BBIYUCIUMOrO JUHEHHOTO mopsaaka L cyte-

creyer X -serancanmvasi n-dysknusa f rakas, aro y . f(q) = (agn + a1 +aon + - +
q€Q
+aon+an+aon)-L,tne ag A0 un>1.

Iycre D ={ap < a1 <- - <an},rme ag # 0 u n > 1. [Ipeanonoxunm, 9o L-0"-
BBIYUCJIMMBbIN JTUHENHBIA OPAI0K, HE UMEIOIINA 0’ -Bpramnciumoii Koruu. Torma 1o Jio-
Kazanuomy Boime cymectsyer 07 -ppramcmmmasn n-dbyuknua f rakag, aro Y. f(q) = L

q€Q
u mg(f) = D, rme L = (apn + a1 + aon + -+ + aon + an + aon) - L. Tak kak L
me uMeer 0 -BLIYHCIMMOrO HpeCTaBACHH, U3 CAJACTBHA 7 BLITEKAeT, 9To L He mMeer
BBIYUCIUMON KOIIUU.

Takum o6pazom, J0KA3aHO, YTO JJisd KOHEYHOro MHOKecTBa D takoro, uro 0 ¢ D u

|D| > 1, cymectyer 0”-ppramcammasn n-dbyuknus f, aro sureinsii nopanox . f(q)
q€Q
He MMeeT BbIYMCJIMMOro npejcrasienus npu rng(f) = D.
[Iycts Teneps f — mpoumsBosibHas 1-dyHKIug ¢ 6eckonednbiM panrom. [TocTtponm

HOBYIO (DYHKITMIO ¢, NMEIOIIYIO TOT YKe caMblii panr, uto n f, Ho Y g(q) He WMeeT BbI-
q€Q

qucaumoil konuu. 3adukcupyem Koneunoe muoxecrso D C rng(f): 0¢ D u |D| > 1.

U3 1oKa3aHHOrO BEIMIE CIeAyeT, 9To cymecTsyer 0" -porancauvas n-pynxmus f, mpu-

gem tng(f) = D u Y, f(g) He mmeer BBIUMCAMMOro mpejacTapaenus. Ilycth (Qp u
q€Q
Q2 — /B IWIOTHBIX JINHEHHBIX TIOPsIKA 03 KOHIIEBLIX TOYEK. IMeeM BbIYUCIUMbIE U30-

vopdusmbl 1 : Q — Q1, w2 Q = Q2w p : Q — Q1 + 1+ Q2. 3adukcupyem
IPOU3BOJIbHDIA 37eMeHT ag u3 rng(f).

[TocTporm HOBYIO (byHKIHUIO g:

1) monosxum g(q) = f(e1(¢(q))) mns moboro ¢ € Q Takoro, uto »(q) € Q1 ;

2) nonoxum ¢(q) = f(apgl(go(q))) Juist moboro g € Q rakoro, Ut0 ©(q) € Q2

3) mosoxkuM, Hakoren, g(q) = ag mas emuHCTBeHHOTO ¢ € Q, mpuuem ©(q) ¢ Q1

u o(q) ¢ Q.
Nmeem
Y= > g@+a+ Y, 9=
q€Q q€Q,p(q)€Q1 q€Q,p(q9)€Q2
=3 fler @) +aot+ Y Fer (@)=Y Fla)+ao+ Y fla):
qEQ qEQ2 qeqQ qeQ

Tak kak JiuHedinbiil nopsaok » , f(¢) He uMeer BbIYUCIUMOIO MPECTABICHUS, JIU-

q€Q
HefHBI TOpsimok Y, g(g) TakKe He MMeeT BBIYMCIMNMOrO TpencraBienus. Haxowerr,
q€Q
oueBuuo, rng(g) = rng(f). Takum ob6pazom, Teopema goKazaHa. O

3. 0”-komupyoliue TeopeMbl

Knaccnueckoit 0" -xoanpyiomeii TeopemMoii SBIseTcs Cleayomas

Teopema 8 [15]. Jlunetnwd nopadox L umeem 0" -swuuciumoe npedcmasaerue
mozda u moavko mozda, kozda (- L umeem sviuucsumoe npedcmasieHue.
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Momnduimpys nexonHoe nokasarenserso, K. O u [Ixk. Haitr [1] npemmarator cie-
nytomyio 0 -Komupyronyio Teopemy.

Teopema 9 [1]. Junetnoi nopadox L umeem 0" -eviuucaumoe npedcmasaerue
mozda u moavko moeada, kozda w - L umeem eviuucsumoe npedcmasieHue.

Oba oKa3aTebeTBA UCIONB3YIOT TAK HA3BIBAEMbBIH MPUOPUTETHBINA MeTO | ¢ HecKo-
HEYHBIME HapylmeHusaMHu, umu Meron 0 -npmopmrera. Bee mspecrnne 0’ -xomupyromnime
TEOPEMDBI JOKAa3aHbl C IMOMOMIBIO IIPHOPHUTETHOTO METO/Ja C KOHEYHBIMH HapPYIIEeHWA-
mu, nan Mmerona 0 -mpumopurera. Meron 0 -mpmopmrera aBHO cioxkuee meroma 0-
npuopnTeTa. MMeomascs KapTuHa Kaxkercs jgormanoi. Oanako B 3TOM pasgjene mo-
JIy9HM HEKOTOPBIE 0000meHnsa n3BeCTHLIX 0/ -KOoIupPyonmx TeopeM ¢ HCIOJb30BAHIEM
TOMBKO JAmb Merona 0/ -mpuopurera, TO eCTh 60Jee IPOCTBIM METOIOM.

,Z[HH 9TOr'0 HUCIIONB3YETCA IMOHATHE OTHOIIEHHA COCEICTBA Ha JIMHEHHBIX nopdaaKax.
FOBOpI/IM, YTO 3JIEMEHThI & " y JIMHEHHOTO mopdaaKa L HaAXOOATCA B OTHOIIEHUN COCeI-
CTBa, ecM T < Yy W 4 J060ro z He BepHo x < pz < ry. OTHOmeHne cocencTna Ha
JmHelHoM nopsake L obo3nadaercs Succy, .

Teopema 10. ITycmd T ABAAECMCA BOUUCAUMDLM AUHETHLM NOPATKOM C BHLUUCAU-
MBLM OTNHOULEHUEM COCEICTNEA U BBINONAHEHO

(Vo)(Vn) (32", )[(x < 72" <7) &', y']-| = 7] (1)

(Vo) (Vn) (32", )[(z > 2’ > 7y) &, ¢')-| = n]. (2)

Tozda ecau L seasemea 0 -ewuuciumvim sunetdHvm nopadkom, mo 7 - L umeem 6bi-
YUCAUMOE npedcmasienue, 00Aa0a10ULEE BBIUUCIUMDLM OMHOULEHUEM COCEICMEA.

JokazaresbcrBo. Be3 orpanudenust OOIIHOCTH MOXKHO TPEINOJIOKUTH, UTO Bbi-
nosHenbl 06a ycaosus (1) u (2). Byaem crpours BbIuucmMoe npecTaBieHue JIHHeHHOro
nopsizika Lo = 7 - L u3 6uokos L;, 0 ectb Ly = > L;, rne L; — xonua 7. B kax-

ieL
oM GJI0Ke HEOOXOIUMO O0bSABJISATH HEKOTOPBIE MAPHI JIEMEHTOB COCEJHUMU W HUKOTIA
He J00aBIATH MEXKIy HAMU HOBBIX 3JIeMEHTOR. Tak kKak L sBaserca 0'-BBIMUCIUMBIM,
TO cymecTByer takas 0 -BprYuCIMMAas MOCIEI0BATENBHOCTh KOHEIHBIX JIMHEHHBIX I10-
psankoB {At}iew, aro Ag =0, Ay C Ay m L = |J A;. Crnemosarensho, cymecTByer
i
paBHOMEpHO BuruucanMast annpokcuManust {A; s}y se, Takas, 910 A, = sli»gloo A

Crpoum Ly cremytomum obpaszom. Ecin Ha HEKOTOPOM Iare s MOsiBJISIETCS HOBBIi
sneMeHT ¢ € Ay s n x < i <y — cocequue sneMeHTs B A; 5, TO 106aBnsiem B L HOBBIi
6ok L; mexay 6mokamu L, u Ly, . Ecin xxe nexkoropsiil j Beixoaut u3 A; g Ha HEKO-
TOPOM Iare s, TO 3JIEMEHTHI COOTBETCTBYIOIIErO OJIOKa, L, HPHCOAUHSIEM K OJHOMY
u3 coceaHux OJIOKOB B L, TaK KaK 3TU JJIEMEHTHI CTAHOBATCS y¥Ke «JIMITHUMU>. Ecan
COCeIHUN TOJIBKO OJIMH, TO MpHUCcoeauHsieM K Hemy. Eciu ecrb cocennuit u cinesa — L,
u cupasa — Lj, 1o Bbibupaem Haumenbliee u3 a u b (HauMeHblee Kak HATyPaIbHOE
UHCII0) U HPHCOEIUHSIEM <JIHINHHAE» ITeMEHTHI cmapozo 6moka L; k GIO0Ky ¢ BHIOpAH-
HBIM HOMEpPOM. MOXKHO CYUTAThH, YTO JUHEHHBIH MOpsAJIoK L He mycroli, Tak Kak WHade
Teopema odeBugHA. [l03TOMY MpeamoaraeM, 9To XoTs ObI OTUH COCEeTHUIT OJIOK MMEeTCs.

Ilpucoedunerue «IUNTHNX» IJIEMEHATOB K HEKOTOPOMY OJI0KY L, CrpaBa WM cleBa
OCYTIECTBIISIETCS CAeyIomuM obpa3om. [Iiist M00bIX IBYX «JIUIITHUX» IJEMEHTOB X U Y,
KOTOPBIE PACIOIOKEHDI TI0 COCEJICTBY HA JIAHHOM IIare, HO KOTOPBIE €Ile He 00bsiBiie-
HBI COCEOHUMU, TIOJIOXKUM HOBBIH «JIMITHUI» SJIEMEHT 2z MEKIY HUMH U O0bSIBUM Maphbl
(x,2) m (z,y) cocennmmu. ITocie 3TOTO BCe «JIUITHAES TEMEHTHI OyIyT MOMAPHO COCe -
uuvu. B cuny yenosmii (1) u (2) Becerma MOKHO paciinpurs 610K L, CIeBa WX COpaBa
TaK, 9TOObI COXPAHUTH MOCTPOEHUE KOMUK T ¢ OObSIBICHHBIMA COCETHUMU SJIEMEHTAMMA.
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JlaJsiee Ha KayKJIOM IIare B KarxKJI0M 0JI0Ke KJIaJeM HOBBIE 3JIeMEHThI, CTPOst KOIUIO T .
Tak Kak 7 KMMeer BbIYUCIMMOE OTHOLIEHHE COCEICTBA, TO OJHOBPEMEHHO OObIBJISIEM
COOTBETCTBYIOLINE MAPhI 3JIEMEHTOB COCEIHUMU.

IIycts s = s(t) Taxoii mar, aro ajs moboro s’ > s A, = A ¢, TOrIa mOCIE ITOTO
mara HUKakoi 6J10k L; ais i € A; He OyJer NpUCOeIUHEH K APYTOMY, a TOJIBKO, MOYKET
OBITH, HEKOTOPBIE IpyrHue OyAyT NPUCOEAWHEHLI K HeMY CJIeBa WJIM CIpaBa, HO, Kak
y2Ke MOBOPHJIOCH BBIIIE, 3TO He MOPTUT IIOCTPOEHHME KOIUKA T C BBHIYUCIUMBIMU IapaMu
cocegaUX dmeMeHToB. Takum obpazom, Lo = 7L n Ly nMeer BBIYUCIUMOE OTHOIIEHNE
CcOCeCTBA. O

0O0603HaYNM KJIACC JIMHERHBIX OPSAKOB, KOTOPbIE JTHO0 MMET BBIYUCIUMBIE IPEJ-
CTaBJIEHUS, TUOO HE NMEIOT HU3KOTO MpeJcTaBjenns, Kak Ly . Jpyrumu cioBamu, ecian
L — wm3knit nuHeitnbii nopagok u L € Ly, 10 L wMeeT BBLIUUCIMMOE TTPEICTaBIIe-
ure. B aTom o6oznavennn Borpoc P. Toyuu [2], 03ByUeHHBIH B TePBOM pasjiesie, Ternephb
o3Hadaer onucarb Kaacc Li.

Teopema 11. ITycmo 7 asasemea 0 -evuucaumovim ¢ 0 -8biuuciumovLm ommouse-
nuem cocedemsa, ydosaemeopsem ycaosuro (1) u ycaosuro (2) meopemv, 10 u maxod,
ymo 7 - L € Ly daa 106020 aunetinozo nopadka L. Tozda ecau aunetinwiii nopadox L
umeem 0" -evinuciumoe npedcmasaenue, mo 7-L umeem sviuucaumoe npedcmasierue.

JHokazaresanbctBo. [lycts 7 sasagerca 0'-peraucanmbiM ¢ 0 -BBIYUCIAMBIM OTHO-
IMEeHNeM COCEICTBA U yaoraeTBopsier yeaosusim (1) n (2) reopemsr 10. U mycrs L siBsisi-
ercsa 0" -pprancammbiv. Ilo teopeme 10, pensitmBnzoBannoil orHOCHTENbHO 0, NnHETH-
HBIH HOpANOK T - L mmeer 0/ -ppramciammoe npeactasierne ¢ 0’ -BbIYHCIUMbBIM OTHOIIE-
HEEM COCEJICTBA.

B paGore aBropa [19] n He3aBucumo B padore A. Monran6ana [13] mokazaHo, 4ro jin-
HEHHBIH TOPATOK WMEeT HU3KOe TIPEACTABICHNE TOTAA U TOJIBKO TOTIA, KOTJA OH WMEET
0’ -Bbramciumoe npecrasaenue, obaagaormee 0’ -BoIYUCIUMBIM OTHOIIEHUEM COCE/ICTRA.
(dTOT pesymbTAT MOXKET PACCMATPHBATHCA Kak cnemmdudeckaa 0 -komupyromas Teo-

pewma.)
Orcroma cieayer, 9To TOPSiIOK 7 - L wMmeer HW3KOe mpejcTaBienne. Tak Kak
7-L €Ly, 10 7L uMeeT BEIYUCAUMYIO KOTHIO. UTO 1 TpebOBAIOCH JOKA3ATD. O

3 reopembr 11 cremyer menbiii psaj ciegcTsuii (Teopembl 8 U 9 TakiKe SBIAIOTCS
cnepcteuamu teopembl 11). TIokazkem TOJBKO HEKOTOPbHIE U3 HUX.

Caeacrue 8. Jluneilnwi nopadox L umeemn 0 -swiuucaumoe npedcmasaenue
mozda u moavko moezda, kozda ((+ 1+ () - L umeem swnvucaumoe npedcmasaenue.

Canencrsue 9. Jluwnetinvii nopadox L umeem 0" -ewuuciumoe npedcmasienue
mozda u moavko moezda, Kozda (w*+n+ () L umeem evuuciumoe npedcmasaerue.

JoxkazaresnbcTBo. [IpoBenem oaHOBpEMEHHOE NOKA3ATENLCTBO TeOpeM 8 u 9, cies-
crBuit 8 m 9.

s moboro L nuneitnbie nopsakn ¢-L, w-L, ((+14¢)-L n (w*+n+()-L sBasitorcs
0-xBasuauckperubivu. (JIuneitustii mopsagok R HasbBaeTcsa 0-k6a3uduckpemmubim, eCiu
mbo [x]p = ¢, ambo [z]p & w, mbo [z]p & w* mag moboro x.)

B pabore [17] nokazano, 410 KaxKabli 0-KBa3UIMCKPETHBI JMHEHHBIA MOPIIO0K
comepzkuTca B Kmacce Ly. U cremoBarensno, mo teopeme 11 ecmm L asmserca 07-
BeraucanMbiM, 10 (- L, w-L, ((+1+¢)-L n (w* +n+ () - L uMeroT BHIYUCINMBIE
koruu. O6paTHOE yTBEPIKICHUE YCTAHABIUBACTCS HEMOCPEICTBEHHO TPOBEPKOii.

Crour OTMETUTH, YTO JAHHOE JOKA3ATEIbCTBO OMUPAETCA HA PAbOTy aBTOpa COB-
mectro ¢ I1. Anaesbim u Ixx. TépGepom [17], a rakxke na teopemy 10, mokazaresbcrBa
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KOTOPBIX UCTIOIB3YIOT JIUIIH METO TPUOPUTETA, ¢ KOHEYHBIMU HAPYIIEHUIMU. A ncxoI-
HOE J0KA3aTeabCTBO TeopeM 8 m 9 mcmosab3yer Meroj HpuopuTera ¢ OeCKOHEIHBIMU
HapYIIEHUSIMHA. O

EcrecrBennpivu Mmoandukanusaymu qokazareabcrs Teopem 10 u 11 moka3biBaeTcs cie-
IyToIas Teopema.

Teopema 12. ITycmv 7 aeasemes 0 -eviuucaumvim k -OA0UHDLM AUHETHDLM NOPAO-
KoM ¢ 0’ -6bLHUCAUMBIM OTMHOWEHUEM COCEICTNEA U GHINONHEHO

(Vo) (F)[(y > -2) & |[yl-| = K] (3)

(Vo) F)(y < 72) &|y]-| = k)] (4)

Hyems 7-L € Ly das 06020 aunetinozo nopadxa L. Tozda ecau aunetinwd nopadox L
umeem 0" -evinuciumoe npedcmasaenue, mo 7-L umeem svuucaumoe npedcmasaerue.

OTa TeopeMa MO3BOJIAET MOJYIATh HEKOTOPHIE HOBbIe 0" -KOmIMpoBaHus, HATpUMep,
Tak#e, KaK CJeyIolniee ClAeJICTBUe, 1 MHOTHE IpyTHue.

Cnencreue 10. I[Tycmv k > n. Tozda aunetinviii nopadox L umeem 0" -eviuuc-
AuMOe npedcmasierue mozda u moavko moeda, koeda (---+n+k+1+n+k+1+n+
+n+1l+n+k+14+n+k+14+n+--) L umeem swuucaumoe npedcmasaenue.

Pa6ora Boinosnena npu dbunancosoii noauepxkke PODU (npoexror Ne 10-01-00399
u 12-01-97008), rpanTa mjis MONJEP:KKM Beaymux Hayunbix mmkos HII-5383.2012.1,
a Takyke rpanTta [Ipesngenta PO MK-611.2011.1.

Summary

A.N. Frolov. Linear Orderings. Coding Theorems.

In this paper, we consider 0'- and 0”-coding theorems. We obtain two general theorems
which generalize all 0'- and 0”-coding theorems known at this moment. Using one 0’-co-
ding theorem, we describe ranges of n-functions of 7-like linear orderings with no computable
representations.

Key words: linear orderings, computable representations, coding theorems.
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