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ÓÄÊ 517.957Î ÑÂÎÉÑÒÂÀÕ �ËÀÄÊÎÑÒÈ �ÅØÅÍÈßÍÅËÈÍÅÉÍÎÉ ÇÀÄÀ×È ÔÈËÜÒ�ÀÖÈÈÏ�È ÍÀËÈ×ÈÈ ÒÎ×Å×ÍÎ�Î ÈÑÒÎ×ÍÈÊÀÎ.À. Çàäâîðíîâ, �.Î. ÇàäâîðíîâàÀííîòàöèÿÈññëåäîâàíû ñâîéñòâà ðåøåíèÿ íåëèíåéíîé çàäà÷è �èëüòðàöèè â íåîäíîðîäíîé ïî-ðèñòîé ñðåäå ïðè íàëè÷èè òî÷å÷íîãî èñòî÷íèêà äëÿ æèäêîñòè, ñëåäóþùåé çàêîíóñ ëèíåéíûì ðîñòîì íà áåñêîíå÷íîñòè. Ïðè �îðìóëèðîâêå îáîáùåííîé ïîñòàíîâêè çàäà÷èèñïîëüçîâàíî àääèòèâíîå âûäåëåíèå îñîáåííîñòè, ñâÿçàííîé ñ ñèíãóëÿðíîñòüþ ïðàâîé ÷à-ñòè. Ïîëå äàâëåíèÿ ïðåäñòàâëåíî â âèäå ñóììû èçâåñòíîãî ðåøåíèÿ íåêîòîðîé ëèíåéíîé(àññîöèèðîâàííîé ñ èñõîäíîé) çàäà÷è ñ òî÷å÷íûì èñòî÷íèêîì â ïðàâîé ÷àñòè è íåèçâåñò-íîãî ¾äîáàâêà¿. Óñòàíîâëåíà íåïðåðûâíîñòü ïî �åëüäåðó âòîðîãî ñëàãàåìîãî.Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ �èëüòðàöèÿ, íåîäíîðîäíàÿ ñðåäà, òî÷å÷íûé èñòî÷íèê,íåïðåðûâíîñòü ïî �åëüäåðó. ÂâåäåíèåÍàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñâîéñòâ ðåøåíèÿ îáîáùåííîé çà-äà÷è, âîçíèêàþùåé ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè óñòàíîâèâøåãîñÿ ïðîöåññà�èëüòðàöèè íåñæèìàåìîé æèäêîñòè â ïðîèçâîëüíîé íåîäíîðîäíîé îãðàíè÷åííîéîáëàñòè ïðè íàëè÷èè òî÷å÷íîãî èñòî÷íèêà. Ïðåäïîëàãàåòñÿ, ÷òî �óíêöèÿ, îïðå-äåëÿþùàÿ çàêîí �èëüòðàöèè, èìååò ëèíåéíûé ðîñò íà áåñêîíå÷íîñòè. Íåîäíîðîä-íîñòü ñðåäû ìîäåëèðóåòñÿ çàâèñèìîñòüþ �óíêöèè îò òî÷åê îáëàñòè �èëüòðàöèè.Èç [1℄ ñëåäóåò, ÷òî ðåøåíèå ðàññìàòðèâàåìîé íåëèíåéíîé çàäà÷è ìîæåò áûòüïðåäñòàâëåíî â âèäå ñóììû èçâåñòíîãî ðåøåíèÿ íåêîòîðîé ëèíåéíîé (àññîöèèðî-âàííîé ñ èñõîäíîé) çàäà÷è ñ òî÷å÷íûì èñòî÷íèêîì â ïðàâîé ÷àñòè è íåèçâåñòíîãî¾äîáàâêà¿. Ñâîéñòâà ïåðâîãî ñëàãàåìîãî êàê ðåøåíèÿ ýëëèïòè÷åñêîãî óðàâíåíèÿñ äåëüòà-�óíêöèåé â ïðàâîé ÷àñòè â çíà÷èòåëüíîé ñòåïåíè èçâåñòíû. Â íàñòîÿ-ùåé ðàáîòå èçó÷àþòñÿ ñâîéñòâà ãëàäêîñòè âòîðîãî ñëàãàåìîãî, ÿâëÿþùåãîñÿ ðåøå-íèåì íåëèíåéíîé çàäà÷è ñ ìîíîòîííûì îïåðàòîðîì. Ìû óñòàíàâëèâàåì, èñïîëüçóÿðåçóëüòàòû î ãëàäêîñòè ðåøåíèÿ ýëëèïòè÷åñêîé êðàåâîé çàäà÷è, íåïðåðûâíîñòüïî �åëüäåðó ¾äîáàâêà¿. Äîïîëíèòåëüíàÿ ãëàäêîñòü ýòîãî ñëàãàåìîãî ìîæåò áûòüèñïîëüçîâàíà â îáîñíîâàíèè ïðèáëèæåííûõ ìåòîäîâ ðåøåíèÿ èñõîäíîé çàäà÷è,â ÷àñòíîñòè ïðè èññëåäîâàíèè ñõîäèìîñòè åå êîíå÷íîìåðíîé àïïðîêñèìàöèè.1. Ïîñòàíîâêà íåëèíåéíîé çàäà÷è �èëüòðàöèèïðè íàëè÷èè òî÷å÷íîãî èñòî÷íèêà�àññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à îïèñûâàþùàÿ óñòàíîâèâøèéñÿ ïðîöåññ �èëü-òðàöèè íåñæèìàåìîé æèäêîñòè â ïîðèñòîé ñðåäå. Ôèëüòðàöèÿ ïðîèñõîäèò â îáëà-ñòè Ω ⊂ R

n , n > 2 , ñ ëèïøèö-íåïðåðûâíîé ãðàíèöåé ∂Ω , íà êîòîðîé äàâëåíèåñ÷èòàåòñÿ èçâåñòíûì, ïðè íàëè÷èè òî÷å÷íîãî èñòî÷íèêà èíòåíñèâíîñòè q â íà÷àëå



Î ÑÂÎÉÑÒÂÀÕ �ËÀÄÊÎÑÒÈ �ÅØÅÍÈß. . . 163êîîðäèíàò (ñ÷èòàåì, íå îãðàíè÷èâàÿ îáùíîñòè, ÷òî íà÷àëî êîîðäèíàò � âíóòðåííÿÿòî÷êà Ω):
−div

(
g (x, |∇w(x)|)

|∇w(x)|
∇w(x)

)
= qδ(x), x ∈ Ω, (1)

w(x) = wγ(x), x ∈ ∂Ω. (2)Îòíîñèòåëüíî �óíêöèè g : Ω × R
1
+ → R

1
+ ≡ {t ∈ R

1 : t > 0} , çàäàþùåé ñâÿçüìåæäó äàâëåíèåì è ñêîðîñòüþ �èëüòðàöèè, ïðåäïîëàãàåì, ÷òî âûïîëíåíû óñëîâèÿÊàðàòåîäîðè [3, ñ. 196℄:(I) äëÿ ïî÷òè âñåõ x ∈ Ω �óíêöèÿ t → g(x, t) íåïðåðûâíà ïðè t ∈ R
1
+ ;(II) äëÿ êàæäîãî t ∈ R

1
+ �óíêöèÿ x → g(x, t) èçìåðèìà íà Ω ;(III) �óíêöèÿ g èìååò ëèíåéíûé ðîñò íà áåñêîíå÷íîñòè: ñóùåñòâóþò ïîñòîÿííàÿ

k0 > 0 è �óíêöèÿ b0 ∈ Lp(Ω) , p > 2 , òàêèå, ÷òî
| g(x, t) − k0 t | 6 b0(x) ∀ t ∈ R

1
+, ∀x ∈ Ω. (3)Êðîìå òîãî, ñ÷èòàåì, ÷òî g íå óáûâàåò:

g(x, t) > g(x, s) ∀ t > s > 0, ∀x ∈ Ω, (4)è ëèïøèö-íåïðåðûâíà: ñóùåñòâóåò ïîñòîÿííàÿ L > 0 òàêàÿ, ÷òî
|g(x, t) − g(x, s)| 6 L | s − t | ∀ t ∈ R

1
+, ∀x ∈ Ω. (5)Ïðåäïîëàãàåì òàêæå, ÷òî ñóùåñòâóåò �óíêöèÿ w̃(x) ∈ W

(1)
2 (Ω) ñî ñëåäîì íà

∂Ω , óäîâëåòâîðÿþùèì ðàâåíñòâó̃
w(x) = wγ , x ∈ ∂Ω. (6)Çàïèøåì âàðèàöèîííóþ �îðìóëèðîâêó çàäà÷è (1), (2):






íàéòè w ∈ W 1
1 (Ω) :

∫
Ω

(
g (x, |∇w|)

|∇w|
∇w,∇η

)
dx = q η(0) ∀ η ∈ C∞

0 (Ω),

w(x) = wγ , x ∈ ∂Ω.

(7)Èç ðàáîòû [1℄ ñëåäóåò, ÷òî åñëè b0 ∈ L2(Ω) (b0 � �óíêöèÿ èç óñëîâèÿ (3)), òîðåøåíèå çàäà÷è (7) ñóùåñòâóåò è ìîæåò áûòü ïðåäñòàâëåíî â âèäå ñóììû w = ξ+u .Çäåñü �óíêöèÿ ξ ÿâëÿåòñÿ ðåøåíèåì ëèíåéíîé êðàåâîé çàäà÷è (k0 � ïîñòîÿííàÿèç íåðàâåíñòâà (3))




íàéòè ξ ∈ W 1

1 (Ω) : k0

∫
Ω

(∇ξ(x), ∇η(x)) dx = qη(0) ∀ η ∈ C∞

0 (Ω),

ξ(x) = wγ , x ∈ ∂Ω,

(8)à �óíêöèÿ u ∈
◦

W
(1)
2 (Ω) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è:

∫

Ω

(
g (x, |∇(ξ + u)(x)|)

|∇(ξ + u)(x)|
∇(ξ + u)(x) − k0 ∇ξ(x), ∇η(x)

)
dx = 0 ∀ η ∈

◦

W
(1)
2 (Ω). (9)Êðàåâàÿ çàäà÷à (8) äëÿ óðàâíåíèÿ Ëàïëàñà ñ òî÷å÷íûì èñòî÷íèêîì äîñòàòî÷íîõîðîøî èçó÷åíà è ñâîéñòâà åå ðåøåíèÿ èçâåñòíû (ñì., íàïðèìåð, [2℄).



164 Î.À. ÇÀÄÂÎ�ÍÎÂ, �.Î. ÇÀÄÂÎ�ÍÎÂÀ2. Èññëåäîâàíèå çàäà÷è �èëüòðàöèèÖåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå ñâîéñòâ ãëàäêîñòè ðåøåíèÿ çà-äà÷è (9). Äàëåå ðàññìîòðèì çàäà÷ó, ÷àñòíûì ñëó÷àåì êîòîðîé ÿâëÿåòñÿ (9). Ïóñòüâåêòîð-�óíêöèÿ Y = (y1, y2, . . . , yn) ëîêàëüíî-èíòåãðèðóåìà íà ìíîæåñòâå Ω

|Y | ∈ L1,loc(Ω). (10)Áóäåì èçó÷àòü çàäà÷ó ïîèñêà �óíêöèè u ∈
◦

W
(1)
2 (Ω) òàêîé, ÷òî âûïîëíåíî âà-ðèàöèîííîå òîæäåñòâî

∫

Ω

(g (x, |Y (x) + ∇u(x)|)

|Y (x) + ∇u(x)|
(Y (x) + ∇u(x)) −

− k0Y (x),∇η(x)
)

dx = 0 ∀ η ∈
◦

W
(1)
2 (Ω). (11)Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿÒåîðåìà 1. Ïóñòü g óäîâëåòâîðÿåò óñëîâèÿì (I)�(III), (4), (5), �óíêöèÿ Y �óñëîâèþ (10), òîãäà çàäà÷à (11) èìååò ðåøåíèå.Åñëè äîïîëíèòåëüíî âûïîëíåíî íåðàâåíñòâî p > n , òî ýòî ðåøåíèå áóäåòíåïðåðûâíî ïî �åëüäåðó â ëþáîé ïîäîáëàñòè îáëàñòè Ω ñ ïîêàçàòåëåì, çàâèñÿùèìîò p .Äîêàçàòåëüñòâî. Âíà÷àëå óñòàíîâèì ñïðàâåäëèâîñòü âòîðîé ÷àñòè òåîðåìû.Ïðåîáðàçóåì âàðèàöèîííîå ðàâåíñòâî (9) ê âèäó

∫

Ω

(k0 ∇u, ∇η) dx =

∫

Ω

(
k0 (Y + ∇u) −

g (x, |Y + ∇u|)

|Y + ∇u|
(Y + ∇u), ∇η

)
dx. (12)Ïóñòü u � íåêîòîðîå ðåøåíèå çàäà÷è (9), ââåäåì ñëåäóþùóþ �óíêöèþ:

Fu(x) = k0 (Y (x) + ∇u(x)) −
g (x, |Y (x) + ∇u(x)|)

|Y (x) + ∇u(x)|
(Y (x) + ∇u(x)) x ∈ Ω, (13)Èç íåðàâåíñòâà (3) âûòåêàåò îöåíêà

|Fu(x)| = |k0 |Y (x) + ∇u(x)| − g (x, |Y (x) + ∇u(x)|)| 6 b0(x), ∀x ∈ Ω. (14)Òàêèì îáðàçîì, âñÿêîå ðåøåíèå u çàäà÷è (9) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷èÄèðèõëå 



íàéòè u ∈

◦

W
(1)
2 (Ω) : k0△u(x) = div Fu(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω

(15)ñ ïðàâîé ÷àñòüþ, óäîâëåòâîðÿþùåé óñëîâèþ |Fu| ∈ Lp(Ω) , p > 2 . Òåïåðü, ïîëüçóÿñüèçâåñòíûìè ñâîéñòâàìè ðåøåíèÿ êðàåâîé çàäà÷è (15) (ñì., íàïðèìåð, [4, ñ. 250℄),ïîëó÷àåì ïðè p > n íåïðåðûâíîñòü ïî �åëüäåðó �óíêöèè u .Ñóùåñòâîâàíèå ðåøåíèÿ äîêàçûâàåòñÿ òàê æå, êàê è â [1℄, ïóòåì ñâåäåíèÿ çàäà÷è(11) ê óðàâíåíèþ ñ ìîíîòîííûì è êîýðöèòèâíûì îïåðàòîðîì. Ïóñòü V =
◦

W
(1)
2 (Ω) �ãèëüáåðòîâî ïðîñòðàíñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì è ñîîòâåòñòâóþùåé åìóíîðìîé, çàäàâàåìûìè ïî �îðìóëàì:

(u, w)V =

∫

Ω

(∇u,∇w) dx, ‖u‖V =

[ ∫

Ω

|∇u|2 dx

]1/2

u, v ∈ V. (16)



Î ÑÂÎÉÑÒÂÀÕ �ËÀÄÊÎÑÒÈ �ÅØÅÍÈß. . . 165Îïðåäåëèì îïåðàòîð A : V → V ñëåäóþùåé �îðìîé:
(Au, v)V =

∫

Ω

(
g (x, |Y + ∇u|)

|Y + ∇u|
(Y + ∇u) − k0Y,∇v

)
dx u, v ∈ V. (17)Êîððåêòíîñòü îïðåäåëåíèÿ (17) ñëåäóåò èç (I)�(III), (10) è íåðàâåíñòâà

∣∣∣∣
g (x, |Y (x) + λ|)

|Y (x) + λ|
(Y (x) + λ) − k0Y (x)

∣∣∣∣ =

=

∣∣∣∣
g (x, |Y (x) + λ|)

|Y (x) + λ|
(Y (x) + λ) − k0 (Y (x) + λ) + k0 λ

∣∣∣∣ 6

6
|g (x, |Y (x) + λ|) (Y (x) + λ) − k0 (Y (x) + λ)|

|Y (x) + λ|
+ k0 |λ| 6

6 b0(x) + k0|λ| ∀λ ∈ R
n, ∀x ∈ Ω.Ìîíîòîííîñòü îïåðàòîðà A ñëåäóåò èç óñëîâèÿ (4), à êîýðöèòèâíîñòü ÿâëÿåòñÿñëåäñòâèåì ñëåäóþùåãî íåðàâåíñòâà (ε � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿí-íàÿ):

(Au, u)V =

∫

Ω

(
g (x, |Y + ∇u|)

|Y + ∇u|
(Y + ∇u) − k0Y,∇u

)
dx =

=

∫

Ω

(
g (x, |Y + ∇u|)

|Y + ∇u|
(Y + ∇u) − k0(Y + ∇u),∇u

)
dx + k0

∫

Ω

|∇u|2 dx >

> −

∫

Ω

b0(x)|∇u| dx + k0

∫

Ω

|∇u|2 dx >

(
k0 −

ε

2

)
‖u‖2

V −
‖b0‖

2

L2

2ε
.Ïîëüçóÿñü òåîðèåé ìîíîòîííûõ îïåðàòîðîâ [5, ñ. 95℄, ïîëó÷àåì ñóùåñòâîâàíèå ðå-øåíèÿ îïåðàòîðíîãî óðàâíåíèÿ Au = 0 , à ñëåäîâàòåëüíî, è çàäà÷è (11).�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêòû � 10-01-00728,12-01-97022, 12-01-31515). SummaryO.A. Zadvornov, G.O. Zadvornova. On the Smoothness Properties of the Solution ofa Nonlinear Filtration Problem in the Presene of a Point Soure.The properties of the solution of a nonlinear �ltration problem in inhomogeneous porousmedia in the presene of a point soure for a �uid obeying a law with a linear growth at in�nityare studied. Additive seletion of the feature onneted with the singularity of the right-handside is used. The pressure �eld is represented as the sum of the known solution of some linear(assoiated with the original) problem with a point soure on the right-hand side and theunknown �additive term�. Holder ontinuity of the seond term is established.Key words: nonlinear �ltration, inhomogeneous medium, point soure, Holder ontinuity.
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