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AnHoTanus

PaccmarpuBaerca cerodnass anmpoOKCHMAIus 33391 ONTUMAJIHLHOTO YIIPABJIEHUS MPaBOH
YaCThIO JTUHEHHOTO SJITUITHYECKOTO YPABHEHWS TIPY HAJIMYUN OTPAHUYEHUN KaK Ha (DYHKITUIO
yIpaB/eHus, TaK U Ha (GYHKIIUIO COCTOSHUS CUCTEMBI. TeOPeTHYeCKN W UHUCJIEHHO M3y4daeTCs
CXOMMOCTDH UTEPAIIMOHHBIX METOIOB PEIIeHus IOIyIeHHON KOHedHOMepHO 3amaqn. IIposo-
JNTCA CpaBHEHME YNCJIOBBIX PE3yIbTATOB, TTOIYIEHHBIX PA3HBIMI METOIaMM.

KiroueBsble cjioBa: ONTUMAJILHOE yhpasJjenue, ceajoBad 3aava C OTpaHUYCHUAMMN, METOI
KOHEYHBIX 3JIEMEHTOB, UTe€PAalTMOHHbIE METObI.

BBenenue

Anmpokcumanust 3a1a4 ONTUMAJIBHOTO YIIPABJICHUS B MPABO 4acTH JUHEHHOTO 3J1-
JIMIITHYECKOTO YPABHEHU WU TPAHUYHOrO ycaous HeliMana npuBoauT K KOHEYHOMED-
HOI cemIoBO# 3amade ¢ orpanmdeHnsMu. [IpM HATUYUM TPOCTHIX OTPAHUYEHUI JIHIIH
HA BEKTOP YIPAaBJEHUs 3TA CEIJIOBas 3a/a9a CBOAUTCS K BAPUAIMOHHOMY HEPABEH-
CTBY OTHOCHUTEJILHO BEKTOpA ympawjeHus u 3(pEdEKTUBHO PEIaeTcst mpemnodyCcaoBIeH-
HBIM METOJIOM MpOCTON mrepanuu. [1o CyIecTBy 3TO rpaueHTHBI MeTO C MPOEKIIN-
eil 711 MUHMMHU3alUU KBaAPATUIHON 1eaeBoil (PYHKIMKA ¢ IPOCTHIME OrPAHUYEHUSIMU.
IIpu Hanmuuum orpaHvveHnii Ha BEKTOP COCTOSHKUSA 3TOT I'PAJAUEHTHBIA METO/ HeIOCPe I-
CTBEHHO NPUMEHUTH Hejb3d. OrpaHuyeHus Ha COCTOSHUE MOXKHO BHECTH B IEJIEBYIO
dynkuuio co mrpadubM napaMeTpoM (MHAYE TOBOPSI, PETYIAPU30BATh UHINKATOPHYIO
bYHKIMIO MHOXKECTBA OTPAHUYEHNUIT) U 3aT€M MPUMEHUTH KAKOW-JIu00 METO MUHUMU-
sanuu (cm. [1-3]). Jpyroit moaxom cocTouT B HPUMEHEHUM METOJOB JIBOWCTBEHHOCTU
JIJI OTBICKAHUs BeKTopa MHozkureseil Jlarpanxxka. IIpu sToM Hajiudme IPOCTHIX Orpa-
HUYEHUI KaK Ha BEKTOD yIPAaBJEHHs, TAK M HA BEKTOP COCTOSHHUS HE OrPpaHUYMBAET
BO3MOXKHOCTHU MPUMEHEHUST METO/IOB ABOMCTBEHHOCTH. Takoii mMoaX0 I ObIT OCYIECTBIIEH
B pabore [4], B KOTOPO# MCIONB30BAH METOJ PACITMPEHHOTO JIArpaH:KuaHa. Psit mpy-
TUX METOJIOB JIJIs PEIeHNUsT 331249 C OTPAHUYEHUSIME HA, COCTOSTHUE CUCTEMBI PACCMOTPEH
B [5, 6].

B nacrosieii pabore nIpoBeIeHO TEOPETUYECKOe U YUCAEHHOE HUCCAeI0BaHue JIBOIi-
CTBEHHOT'O METO/Ia W MPSMOr0 METOJIA C PEeryispu3almeil 1mejaesoit hyHKInn Iyt OTHOMN
MOJIeJTBHOM CEeTOYHON 3a7a49n — 33a4u YIPABJIEHUS B MPABOil 9acTu ypaBHEHHUs C MPO-
CTBIMU OTPAHUYEHUSIMHU HA BEKTOPHI yIIpaBieHus u cocTosiuusi. CyIecTBeHHO UCITOIb30-
BaH TOT (pakT, 9T0 HADJIOJEHNE B 3aJa4e ONTUMAJILHOIO YIPABIEHUS OCYIIECTBIIAETCS
BO BCeit 00J1aCTH, 9TO TO3BOJIAeT He MOAU(UIIMPOBATH COOTBETCTBYOIILYI0 (hyHKIHIO Jla-
rpanxa. /lokazaHa CXOIUMOCTb METOJOB U [OJIYyYeHbl OEHKH UX CKOPOCTH CXOAUMOCTHU
B CIydYae peryjsipu30BaHHON 1eseBoit dyukiuu. [IpuBeneHbl pe3yabraTbl THCIEHHBIX
9KCIIEPUMEHTOR.
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1. ITocranoBka mn alImnpoKcuMamnud
3aJaY’ OIITUMAJIbHOI'O YIIpaBJIEHUA

IIycts Q C R? — orpannuennasa 06IacTh ¢ KyCOUHO-IVIAAKON rpannteit 0, V =

= H}(Q) — npocrpancteo CoboseBa co cKaaApHBIM NpoussegenneM (y, z) = /Vy-

Q
Vzdzx u nopmoit ||y|| = (y,y)/?. Pacemorpum 3amauy dupuxie mis ypasuenns Ilyac-
coHa
yEV:/Vy-Vzda:z/(f—i—u)zda: Yz eV, (1)
Q Q

riae [ € La(Q) — dbukcnpopannas Gyukims u v € Lo(Q2) — dbyukuns ynpasienns. 3ana-
4a (1) ogHO3HAYHO pasperuma npu 1060 npaBoii yactu f+u € Lo(£2) u cupaseyiuso
HEPaBEHCTBO YCTOMYUBOCTHA

lyllv < ElIlf +ullL,@), k= const. (2)
Bamaanm MHOKECTBA, OTPAHNYeHUi

Uga = {u € La(Q) : u(x)] <ugVr € Q}, Yea={yeV:ylx)>0VrecQ},

ug = const > 0, u neneBoit GpyHKIHOHAI

2
Q Q

1
J(y,u)z—/(y—yd)Qdm—i—g/quJc, r = const > 0,

Ya € La(Q) — 3amannaga dbyukuus. B nanbheiiiem cauraem, 470 MHOXKECTBO
K ={(y,u): y € Yaq,u € Uyq u Boimonueno (1)}

He niycro. B ciyuae, korma f(x) — HenpepwiBHas B € yHKINS, JJ5 9TOrO TOCTATOTHO
BBITIOJIHEHWST HEPABEHCTBA Ug > max | f(2)|, Tak kak Haiinercs Gyukims u € Uyq Takas,
zEQ

gro f(x) + u(x) > 0 miug Bcex x € 2, OTKyzsa ClelyeT HEOTPUIIATENHHOCTD PEIIeHUs Y
ypasuenus (1).

Jlemma 1. 3adaua onmumarbhozo ynpasienus

natimu  min  J(y,u 3
i (y,u) (3)

umeem eQuUHCMEeHHoe pewerue.

HokazareabcTtBo. MuoxkectBa Uyg 1 Y,q BBIMYKIBI U 3aMKHYTHI, Tpr 3TOM Uyqg
orpanu4eno. OTcooza, a TakKe U3 TUHEHHOCTH ypasHenus coctosnus (1) u HepasencTsa
ycroitunsocTr (2) cieayer BBIMYKJIOCTb, 3aMKHYTOCTh M OIPAHUYEHHOCTH MHOYXKECTBA
K. ®yukumonan J — HenpepbIBHbLI U cTPOro BoIy Kbl B V X Lo (§2). V13 npusesennbix
coiicts K u J cieayer cyuiecTBOBaHUE €MHCTBEHHOrO pelienus 3a1adu (3). O

[TocTpoum KOHEYHO-37IEMEHTHYIO annpokcuManuio 3anadu (3), cuurag ) MHOro-

yromproit obnacteo. [Iyers Q = |J e — kordopuuas tpuanrymsmus ), 1), — cemeii-
ecTy,
CTBO TPEYTOJbHBIX KOHEYHBIX 3JIEMEHTOB € ¢ MAKCHUMAJILHBIM TI0 BCEMY CEMeHCTBY Iua-

verpom h. Ilycts nanee Vi, C V' — mpocTpanCcTBO HEIPEPHIBHBIX U KYCOYHO-THHEHHBIX
dyHKIMit, 06pANIAONUXCA B HYJIb HA IPAHUIE. BylemM cauTtaTh /st TPOCTOTHI, 9TO
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dbynkImu f, u W Yy HENpepBIBHBI B (), U 0003HAUUM €epe3 fh,, uUp U Yqp UX V-
HHTEPHOAAHTHL. [ anmpOKCUMAIINN UHTEPATIOB OT HEMPEPBIBHBIX (DYHKIUN HCIOIb-
3yeM KBaJIpaTypHbie (DOPMYIIbI

mese

3
/g(x) dx =~ S.(g9) = Z 9(xa), o — BepmmHbI e, Sq(g) = Z Se(g).

s a=1 ecTy,

Temepb MBI MOYKEM OMPEIETUTH ANTMTPOKCUMAITIHT YPABHEHUS COCTOSTHU S, MHOYKECTB OTPa-
HAYEHUH U 1eneBoit pyHKInm:

Yn € Vi : Sa(Vyn - Vi) = Sa((fn +un) zn) Vzn € Vi, (4)

Ul ={un € Vit |up ()| < ug Ve € Q}, Y ={y, € Vi : yu(x) > 0 s z € Q},

a

1 r
In(Yn,un) = B So((yn — yan)?) + 3 Sq(u}).
B pesynbraTe mosy9umM KOHEYHOMEDPHYIO 33149y ONTHMAILHOTO YIPABICHAL

HaWTH min  Jp(yn, up),
(yn,un)EKR w ) (5)
Kp = {(yn,un) : yn € Y/, up € U, somonueno ypasnenue (4)}.

Jlanee mpeamnosaraeM, 9T0 MHOXKeCTBO K, He mycTo, OoJjiee TOro, myCcTh

Juy, € intU",,  Jy, € intY,: mumommeno ypaswernme (4). (6)
NHbiMK cI0BAMH, TIYCTh

Jup : |up(z)| < ug Vo Takoii, uro pemenue (4) yp(z) > 0. (7)

9To cnpaBeINBO, HATIPUMEP, €CJIU TPUAHTYAAIUA 1), YIOBIETBOPACT YCIOBHIO «OCT-
poro yrias (yribl TPEYroJbHUKOB He TIPEBOCXOsT 7/2) u ug > max | f(z)|. IIpu cdop-
z€Q

MyJIMPOBAHHOM TPEeOOBAHMU HA TPUAHIYJIALUIO Peiienue Yy, 3azadu (4) crporo 1mosio-
KHUTEIHHO TPHU MOJOKHUTEILHON MpaBoil 4acTu, a yclIoBue Ha ug u f obecmednBaeT
CYIIECTBOBAHUE Uj, € U;ld Takoro, uto (fp + up)(xz) > 0 ausa Beex x € Q.

Jlemma 2. 3adaua (5) umeem eduncmeennoe pewenue.

HokazaresbecrBo. Brumnueiinas dbopma ap(yn, z,), ONpeeIeHHAs B0 4acThio
ypasuenus (4), paBHOMEpPHO 0 A KO3PIUTUBHA U orpanudena. [losromy ypasuenue (4)
UMEET eINHCTBEHHOE PENieHne W CTPaBeIInBa OICHKA YCTORIUBOCTH

Sef2(y3) < kpS 2 ((fn +un)?) (8)

¢ koHcTanTofl ky, He 3aBucsameii or h. Ucnomsays (8) u ceoiictea muokects Y/, UL,
HETPYIHO JOKA3aTh, 9TO MHOKECTBO K} — BBIMYKJIO€, 3aMKHYTOE W OTpaHnYenHoe. sc-
HO, uTo dyHKINA J, HEMpephIBHA W CTporo Bhimykaa. OTcooma cleayer omHO3HATHAS

paspemunMocTb 3a1a49u (5). O

[ycts temeps y € RY — BekTop ys3m0BbIx mapamerpos dbyukmmn y, € Vi, (N =
= dimV},), y < yn. Onpenenum maTpumy skectkoctn L € RY*N g marpumy macce
M € RV*N papencrsamn

(Lya Z) = Sﬂ(vyh ' vzh)a (Mya Z) = SQ(thh), (9)
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e y < y, € Vi, 2 < 2z, € Vj, a ckoOKM (+,+) B JIEBOH YaCTH DABEHCTB O3HAYAIOT
eBK/IMJIOBO cKasgproe npoussegenne B RY . OTmernum, 4To 1m0 HOCTPOEHHIO MATPHIILI
L nw M cuMMeTpuYHBI W TOJOKUTETBHO OMPEIETeHb, IPA 3TOM MaTpuna macc M —
nuaronabHasi. C UCTIOIH30BaHIEM BBEIECHHBIX 0003HAUEHUI JUCKPETHOE YPABHEHHE CO-
crosiuus (4), MHOKecTBa orpanuvennit U, Y w dynknusa nemn Jy(yn, up) moryr
OBITH 3AMUCAHBI B TEPMUHAX BEKTOPOB Y3JI0BBIX MAPAMETPOB CETOUHBIX (hYHKITHIA:

Ly = M(f +u),
Uad:{ueRN: |ui|§ud;i:1a27"'aN}7 Yad:{yeRN: y'LZOZ:]-aQavN}a

Ty.u) = 5 (My,y) ~ (9.5) + §

IIycrs ¢(u) = Iy,,(u) u 0(y) = Iy,,(y) — nuaankaropusie GyHKIHH MHOKECTB Uqyqg
u Y,q. Torpa 3anaua onrumasnbuoro yupasienus (5) npeobpasyercs K BULy

(M’U,,’U/), g:Myd

sy L0 = 5000.0) = 0.+ 00) + §0rwu) + e | (10

Oupenenum yukuuio Jlarpanxka mig 3agauu (10) paBencrsom

Ly w) = 5(My,y) ~ (g.5) +0l) + 5 (Mu,u) + p(u) ~ (Ly = M(J +u), ). (11)

CemoBas Touka ¢ynkuuu Jlarpanzxa ssisercs pemenueM (M., Hanpumep, [7]) cieny-
omeil cucteMbl (YCIOBHsT ONTHMAIBHOCTH TIEPBOTO TIOPSA/IKA)

M 0 -L\ [y 90(y) g
0 M M u |+ [ de(u) | > 0 . (12)
L M o) \\ 0 Mf

JIemma 3. 3adawa (12) umeem pewenue (y,u,N), npu smom napa (y,u) onpede-
AAEMCA 00H03HAUHO U cosnadaem ¢ pewenuem 3adavu (10).

M
0
Bpemsa kak marpuna C = (—L M) mmeer noamsri panr. Buecre ¢ ycmosnem (6)

9TO 0GECTIeYNBAET CIPABEAINBOCTH CHOPMYIMPOBAHHOTO pe3yabTara (CM., HAPHMED,
Teopemy 5.6 B [8, c. 84]). O

0
HokasareabcTrBo. Marpuna A = ( ) | TOJIONKHUTEIIBHO ONpejenena, B 1o

2. I/ITepaHI/IOHHbIe MeTOAbl perreHnunuda KOHe‘-IHOMepHOﬁ 3aJavuu
OIITUMAJIBHOTO YIIpaBJIEHUA

2.1. T'paaueHTHBII MeTO/ OThICKAHUS BEeKTOpa yrnpasJiieHus. [lycrs wnin-
karoprasi byukims 0(y) = Iy, ,(y) MHOXKecTBa Yoq anmpokcnvupoBana auddepenn-
pyemoii dynkneit

1 o 1.
0-(y) = Q—E(My ,y~) ¢ rpaguentom V. (y) = My, (13)
rae y~ — BEKTOp C KOOpAWHaTaMu ¥, . Torja MOXKHO MCKTIOYATH BEKTOPHI Y U \ W3

cucrembl (12) u TONYUYNTh BKIIOYEHNE IS BEKTOPA U

Pou+ 0p(u) > ML g,

Pau=ML' (M+V6.)(L'M(u+ f)) +rMu. (14)
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IMpumenum mag permenus (14) onHOMATOBBIN MPe00YCIOBICHHDIA UTEPATIUMOHHDIH Me-

TOJ
uhtt — o k k+1 —1
M—— + P.u” 4+ 0p(u™") > ML g. (15)
-

AropurM™ ero peanu3anum COCTOUT U3 CJIELYIOIIUX MIATOB.

1. JInst M3BECTHOTO BEKTOPA ylpaB/enus u® HaliTu pelieHue ypaBHeHUs COCTOSHUSA
Ly* = M (uF + f).

2. Haiitu conpstzkennoe coctosmme A¥: A\ = L= (My* + Vo.(y*) — g).

3. Haiitu HOBOE NpHUOJINIKEHNE K BEKTOPY YIPABJIEHHs, PEIINB BKIIOYEHHE C JHATO-
HAJIBHBIM MAKCAMAJIBHO MOHOTOHHBIM OIEPATOPOM

Murt 700wy 5 (1 + 7r)MuF — TMAF, (16)
Teopema 1. 3adaua (14) umeem eduncmeennoe pewenue. Amepayuonmsit memod

(15) cxodumea npu
2e

<7< 57—
i k(1 +¢e) +re’

ede ky — nocmoannaa us nepasencmea (8). Ipu

€

TTE kF(1+e) +re

cCKopocmds cxodumocmiu Trapaxmepusyemcsa HEPa6eEHCMEoOM

re

||uk+1 - -
k3(1+e)+re

—ullar < pllu® —ular, p=1

okazareabcTBo. [lonoxxum P. = P, + P>, e
Po=ML 'ML *M+rM, Po.=ML 'Vl.0L M.
Torna

— 2 2 2
(Pr(u—wv),u—v) = [|[L7M(u =)y, +rllu—vly >rllu—wvl,

(Pr(u—v),w) < (Py(u—v),u—0v)"2(P(w),w)/? <
< (K + )" (Puu—v),u = 0)/ [l -

JIns BBIBOZA OIEHOK st Po. TOMyYHMM OFHO BCIIOMOTATENIbHOE HepaBeHCTBO. IlycTh
Ly=Mf n y, € Vi, frn €V}, — cooTBeTCTBYIOINE CETOUHBIE (DYHKITHH:

SQ(Vyh . Vzh) = SQ(fh Zh) Yz € Vp,.
ITockonbky
(ML™' M L™ M, f) = (My.y) = Sa(yi), (MF,f) = Sal(fi),
TO B CUJIy HepaBeHcTBa (8) crpaBenBa OLEHKA,
- _ _ 2
(ML™' ML M) = |27 Mf |y, < kD51 (17)
Ucnosnb3ys (17) u HepasencTBa, KOTOpPbIE CIAEAYIOT U3 onpezenenus GyHxuuu 0. :

(VO:(y) = VO(2),y — z) >0,
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(V0.(y) — V0-(2),7) < % (V6.(y) — V0:(2), 5 — 22|,

Oy/meM ¥MeTh, 9TO

(Poc(u) — Poc(v),u —v) = (VO(L ' Mu) — VO(L ™' Mv), L™ ' M(u —v)) >0,

(P2c(u) = Pac(v),w) < % (Poe(u) = Pre(v),u— )2 ||wl]l

O0benunss oueHku i Py u Ps ., noaydum:
(P(u) = P(v),u—v) 2 7|l
(P(u) = P(v),w) < 8" (P(u) = P(v),u —v)"?[Jwl],,,

rie =k} 471+ kj/e.

ycrs temeps 2¥ = uF — u. Yunoxum Biouenne

%B(z’“r1 — 28+ P(uF) — P(u) + 0p(u*h) — dp(u) 3 0

ma 27281, rorma
[ZMFH1F = 12515 + 1257 = 255 + 2r(P(u®) — P(w), 2"*1) <0,

B cuy (18)

27(P(u*) — P(u), 25TY) = 27 (P(u*) — P(u), 2%) + 27(P(u*) — P(u), (u*** — u¥)) >
> (21 = 7°B)(P(u*) = P(u), 2*) — || = 2¥||.
Ioacrandas 3Ty ONEHKY B MPEABIIYINEE HEPABEHCTBO, OYIeM NMETh
1541 < (1= (2 = 78) 1%,

OTKYJa CIAEAYIOT BCe CHOPMYTUPOBAHHBIE YTBEPIKIEHUS OTHOCUTEIBHO CXOJIUMOCTH U
CKOPOCTH CXOAUMOCTH UTEPAIMOHHOTO METO/Ia. O

Sameuanue 1. Ilpm orcyTcTBHM OrpaHMvYeHMi HA COCTOSHHUE B 3a/a49€ ONTHMA/Ib-
Horo ynpasJenus (3) (0 = 0) onTuManbHbBLl UTEPAMOHHBIA HAPAMETD U MHOXKHUTEb
COKPAIIEHNS TIOTPENTHOCTA PABHBI

2

r kf
= 73 » P= 73 :
ks +r ki +r

70

2.2. IIpenobycJioBJIeHHBIN MeTOa ¥Y3aBbl. VICKIIOUMB BEKTOPBI §¥ U U B CH-
creme (12), mogydum ypaBHEHUE s \:

P\) =L (M +00)" (LA+g) — M (r M +0p) ' (=M)) = M{. (19)
IMpumenum st pemenus (19) urepanuoHublii MeTo/

)\k+1 o )\k
LML + P\ = M f, (20)
ABJIAIOIIANCSA HpeAO6yCJIOBJIeHHbIM MEeTOJ0M ¥Y3aBbI I OTHICKAHUSA CENIJIOBON TOUYKHU
dbyuxnun Jlarpamxka (11). [Ipu peanmm3armm 3TOTO METOIA BBLIMTOJTHIIOTCS CJETYIONTNE
miaru.
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1. Beraucaurs f = L™1Mf.
2. JIna ussecTHOro BekTopa AF maiitm y* m u”, pemms BrmOUeHMs ¢ qEATOHAIB-
HBIMI MaKCHUMAaJIbHO MOHOTOHHBIMH OMEPATOPAMMA

(M +00)y* 5 LN +g un (r M+ dp)u® 5 —MN*.

3. Berancouts pF = L™ MuF.
4. PermuTh ypaBHEHUE

L)\k-‘,—l _)\k -

- M(—y* +p* + f).

g uccnenoBanus cxogumoctu meroa (20) mpuMeHuM cJieLyomuil pe3yabTar, Ko-

TODBIfi ABJISAETCS MPAMBIM 00001eHneM TeopemMbr 5.9 u3 [8, ti1. 5.

Vreepxaenne 1. ITyemv P = CT o AoC, 2de mampuya C € R™*™ | a onepamop
A:R™ — R™ ydosaemeopsaem ycaosu obpamHuoti CusbHOT MOHOMOHHOCTMU

(A(u) = Av),u =) > pol A(u) = A(W)|]*,  po > 0. (21)

Ipednonoosicum, wmo ypasuenue P(N) = 0 umeem pewenue, xomopoe 6ydem uckams ¢
NOMOULHIO UMEPAUUOHHO20 MEMOJa

1
—B(\ = 2R+ P(AF) = 0.

T

Tozda npu ycarosuu
B=BT>_(cTC (22)
2po
amom Memod cmodumcx 8/m ./L705020 HAYANBHO20 Tlpud/LUDfCGHUﬂ.

Teopema 2. Hmepayuonnvii memod (20) crodumcs npu ycrosuu

2r

0<7< 55—,
T kj%—l—r

(23)

ede ky — nocmoannaa us nepaserncmea (8).
JlokazaTesibcTBO. 3amuImenM JIeBYIO 9acTh ypasuenus (19) B Bume
PO\ = LM YV2A (M~Y2(LA+ g)) — r Y2 M2 Ay (—r= V2 M2 )),

Ay =M72 o (M+00)" o MY2, Ay = (r M2 0 (r M +0¢) " o (r M)Y/2,
IIycTs

(A0 ([ MYrL T
A—(O A2), C_((TM)l/QM , P=C"0AoC.

Ucnonssys obosnavenns wu; = (M + 00) 1 (M*/?y;), nomyunm
(Ar(y1) = Ar(ya),y1 — y2) = (M +90) " (M 2y )—
— (M +00)" (M Pya), MYy, — M 2ys) >
> (M(ur — uz),ur — uz) = [[Ar(y1) — Ar(y2) . (24)
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Ananormuno

(A2(f1) = Aa(f2), fr = f2) = | A2(f1) — Aa(f2) [ (25)

B cuny (24) u (25) BbIIOIHEHBI yCI0BUS yTBEPKIeHUA 1, a HepaBeHCTBO (22) ¢XOIuMO-
cTu urepanuorHoro Merona (20) npuobperaer Bu

LM™'L> Z(LM™ L4+r7" M). (26)
W13 nvepasencrsa (17) craeayer
(My,y) < k3(LM~" Ly,y),
mo3ToMy (26) BBITOIHEHO, ecin
1> %(1 + ki),
YT0 IKBUBAJEHTHO YCA0BHIO (23). O

3ameuanue 2. MoKHO 10Ka3aTh, 9T0 ecin PyHKINA § 3aMeHeHa HA Peryasapu30-
sanuyio dyuknuio 0. u3 (13), To merox (20) cxomurcs npu yeaosuu (23), a npu

.
To = m
CIIpaBeINBa OIEHKAa CKOPOCTU CXOAUMOCTH
IV Mg < pM2INE = Mg, p=l-——t — B—LM'L

(L+e) (k7 +m1)’

B ciyuae orcyrcrBus orpanudenuii Ha cocroguue (§ = 0) onrumasnbHbIi apaMerp Ty
U MHOXKHUTEJb P B OIEHKE CKOPOCTU CXOJIMMOCTH PaBHbBI

r k3
- ) P = .
kj%—i—r kj%—i-r
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Kak cnenyer m3 Teopembr 1 m 3amedannmii 1, 2, a1a 3amad 6e3 orpanwdeHuii Ha
dynkuuio cocroguus (0 = 0) unu ¢ perynspusoBannoil gpynkuueii § Teoperudeckue
OIEHKHM CKOPOCTH cxoaumocTn MeTonoB (20) u (15) oanHaKoOBBI (ACHMNITOTHYECKH 110
napamMerpy € B ciydae perynagpusoBannoii dbyuxmun 0. ). TpynoeMKocTs peanusanun
OJTHOTO Tara J7ist 060MX METO/IOB OJMHAKOBA: Ha KarKI0i UTepari TpedyeTcst TBaK Ibl
obparuTh MATpuIly L W PermuTh BKIOYEHNE C AUArOHATBHBIM omepaTtopoM. [Ipu atom
meros (20) MOXKHO HPUMEHSATH IPU HAJUYUM OPPAHUYEHUI HA COCTOsHME, He npuderas
K peryaspu3anun GpyHKIUA Orpanntdennii §, a mpnm MCMOJIb30BAHUNA METOA Peryssipu-
3aIlUN OTPAHWYEHUS HA UTEPAIMOHHBIN MapaMeTp 7T W ero TEOPETHYECKH ONMTHMAIbLHOE
3HAYEHNE T() HE 3aBUCAT OT TTApaAMeTpa Peryjasipu3ainu €.

3. Pe3y.m)TaT1>1 YHUCJIEHHBIX 3KCIIEpMMEHTOB

Bynem pemars cimeayionne oqHOMEPHYIO U IByMepHYIO 3amaqn. Ilycth dpyHKImonan

e/ 3a/1aH PABEHCTBOM
1 1
§/y2(x) dx + §/u2(x) dx

Q Q
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c Q=1(0,1) mam Q= (0,1) x (0,1) coorBercrBerHo. 3a1a9a COCTOSHNUS U OTPDAHNIEHNUS
MMEIOT BH/

-y’ =f+u, x€(0,1), y(1)=y(0)=0,

y(z) >0, z€(0,1), Julx) <1, =z€(0,1)
U

—Ay=f4u, z€Q, ylx)=0, x¢cdQ,

ylx) >0, z€Q, Julx)|<1, =ze€Q.
AnnpokcuMupyeM Kpaesble 3aJa9l KOHEUHO-PA3HOCTHBIMEU CXEMaMW Ha PABHOMEDPHBIX
cerkax ¢ marom h. Ilpm anmpoxkcumarum meneBbIXx (PYHKIIHOHAIOB HCIOIB3YEM TIPO-

creiiiue KBaapaTypHbie ¢hopmysibl. B pesyiabrare mosydnM KOHEIHOMEPHBIE 3a/1a9M:
HafTH MUHUMYM (DYHKIUN

1 1
T = ol + 3
IpPU OrPAHUYCHUAX
—Yi—1 +2Yi —Yir1
h2 - f’i
¥ >0, i=1,2,....n, Ju| <1, i=1,2,...,n,

+ ui, i:172a"'7n5 yO:yn+1:0a

B OJIHOMEPHOM CJIydae U

1 ..
ﬁ(_yi—lj — Yit1j + 4Yij — Yij1 — Yij—1) = fij +wij, 4,7 =1,2,...,n,

Yoj = Yj0 = Yjn+1 = Yn+15 = 0,

yz]207 iaj:1527"'5n7 |ul]|§17 iaj:1527"'7n5
n
2 _ 2
B JIByMepHOM cTydae. Berme nenompsosamst obosznadenns |[vl|7, = h Y vy ans omwo-
i=1

n
mepHoit sanaun i [vl|7, = h* Y v mrs aeymeproii. Iycrs 6(y) n @(u) —uraukaTop-
ij=1
Hble DYHKIMH MHOMKECTB orpaéﬂqum‘/i HA Y U U, L — CUMMETpUYHAS U HOJOKUTETHHO
OTIPE/ICJIHHAsT MATPUIA COOTBETCTBYIOMIE CHCTEMBI CETOUHBIX ypaBHeHnit n £ — eu-
nuuHas Marpuna. Torja KOHeYHOMEpHbIE 33/1a9 ONTHMAILHOTO YIPABICHUs TIPUMYT
BUI
: Lo L2
Jin {760 = 5 11+ 06) + 5 Jul, + o0}

M COOTBETCTBYIOIIHME UM CEJIJIOBbIE 331a41 €CTh

E 0 L Yy 99(y) 0
0 E —E|lu|l+|0pw)]>]0
L —-E 0] \\ 0 f

Jlma permenunst 3TUX 3a7a4 OyAeM HCIOTb30BaTh:
e I'pammeHTHDIN MeTO ¢ 3aMeHo# (yHknuu 6 peryngapu3oBanHoi GpyHKImeil 0. =

1 n
= Z(y;)2 Bajlaua Jyig U uMeeT BuUJL
i=1

L NE+V0.) (L7 (f +u)) +u+dp(u) 30,
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Tab. 1
Oxmomepuasg 3amaga, h = 1072 y = 3(sin(37z)) ", F(y,u) = 3.0083
Metoz Metoz Metox Metox
V3assl, perynsgpusanuu, V3assl, peryngapu3anuu,
T=1, 7 =0.002, ¢ = 0.001, T=1, 7 =0.002, ¢ = 0.001,
A =0 u’ =0 A\ = % sin(mx) u’ = % sin(7x)
N F Nrm F Nrm F Nrm F Nrm
1 0 1.7336 0 0.068541 101.33 | 10.2089 | 3.0303 0.13922
2 | 3.0237 | 0.025182 | 3.0123 0.068362 1.9612 | 0.40409 | 3.0302 0.13889
3 3.007 0.02341 | 3.0123 0.068188 3.0073 | 0.060868 | 3.0301 0.13857
4 | 3.0071 | 0.02326 | 3.0122 0.068017 3.0082 | 0.034343 3.03 0.13824
5 | 3.0071 | 0.023109 | 3.0122 0.06785 3.0088 | 0.026426 | 3.0298 0.13792
6 | 3.0071 | 0.02296 | 3.0122 0.067687 3.0089 | 0.023276 | 3.0297 0.13759
7 | 3.0071 | 0.022812 | 3.0121 0.067527 3.0089 | 0.021747 | 3.0296 0.13727
8 | 3.0071 | 0.022665 | 3.0121 0.067371 3.009 | 0.020888 | 3.0295 0.13695
9 | 3.0071 | 0.022518 | 3.0121 0.067218 3.009 | 0.020117 | 3.0294 0.13663
10 | 3.0071 | 0.022373 | 3.0121 0.067068 3.0089 | 0.019906 | 3.0293 0.1363
Tabt. 2

PesyanaTm YUCJIEHHBIX SKCIIEPUMEHTOB PEIEeHUA I/ICXO,HHOfI 3a/a91 METOa0M V3aBnwl B ABYMeED-
HOM CJiyYae IIPU PAa3/IUYHbIX SHAYEeHUAX 71 — KOJIUYIECTBE Y3J10B CETKH B OZHOM HAIIPpaBJ/IEHUU,

y = 3sin(6rziae) "
n = 10% n=3-10% n=>5-107

F(y,u) =2.7783 F(y,u) =2.7935 F(y,u) = 2.7965
N F Nrm F Nrm F Nrm
1 0 1.6668 0 1.6714 0 1.6723
2 | 2.7828 | 0.0092906 2.798 0.00931 2.801 0.0093082
3 | 2.7782 | 0.0089796 | 2.7934 | 0.0089996 | 2.7964 | 0.0089978
4 | 2.7782 | 0.0089681 | 2.7934 | 0.0089881 | 2.7965 | 0.0089863
5 | 2.7782 | 0.0089566 | 2.7934 | 0.0089766 | 2.7965 | 0.0089748
6 | 2.7782 | 0.0089452 | 2.7934 | 0.0089651 | 2.7965 | 0.0089633
7 | 2.7782 | 0.0089337 | 2.7934 | 0.0089536 | 2.7965 | 0.0089518
8 | 2.7782 | 0.0089223 | 2.7934 | 0.0089421 | 2.7965 | 0.0089403
9 | 2.7782 | 0.0089109 | 2.7934 | 0.0089307 | 2.7965 | 0.0089289
10 | 2.7782 | 0.0088995 | 2.7934 | 0.0089192 | 2.7965 | 0.0089174

ATEePAITMOHHBIN MEeTO/T 33/JaeTCA COOTHOIIEHNeM

ukJrl

ok
T LB+ V) (LTS + b)) + b 4 0 5 0,

e Merom ¥Y3aBwl ¢ penoOycIOBIMBAHEeM. 3aa4a 1T A UMEeT BUT

—L(E+90) Y (=L\) + (E + 99)"1()\)

f

ATEePAITMOHHBIN METO/T 33/aeTCA COOTHOIEHNeM

L

T

2)\k+1 _ )\k

— L(E +00) Y (=LX\*) + (E + 0p) "t (\F) = f.
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Pe3ynbrarhl YMCIEHHBIX S9KCIEPUMEHTOB TIPUBEIEHBI B Ta0/1. 1, 2, r1e UCIOMb30BaHbI
crenyromue obozHadenus: N — HoMmep ureparuu; F — 3Hadenne PyHKIIHOHATA TETN
Ha coorBercrByomell urepaiuu; F(y,u) — 3uadenue (byHKIMOHAJA LEJU HA TOUYHOM
pemennn; Nrm = (||y* — y||2, + [Ju* — u|[3,)"/?, rae y, u — xKommonenTr ToOUHOrO
peIenust CeJI0BO 3a1a9u.

[MocTanoBKa CETOYHOl 331241 € 33JAHHBIM TOYHBIM PEIICHUEM OCYIIECTBIIIACE CIIe-
naytorum obpasom. IlycTs y — mpon3BobHBIH BeKTOp 13 dom ), KOTOPBIi Oy1eT TOIHBIM
pelIeHneM CETOTHOH 3a1a4u COCTOSHUS, B 7, € 00(y) — Kakoi-mubo BEKTOp U3 MHO-
xecrsa 00(y). Haxonum A = —L~1(y +v,), 3aTem BexTopbl u u 7, € dp(u), pemas
BKIIOUenne u + Op(u) 3 . Hakonerr, nomaraem f = Ly — u.

HucneHHbie 9KCIEPUMEHTHI MOKA3bIBAIOT 3(D(MEKTUBHOCTH METO/Ia Y 3aBbI [IJIs perle-
HUs CETOYHBIX ANMPOKCAMAIINI 38184 ONTUMAJIBLHOIO YIIPABJIEHUS B MPABO YaCTH JIH-
HEHHOrO 3/ITANTAYECKOTO yPABHEHUs WA B IPABOi 9aCTH TPAHUIHBIX yCa0Buii. 13 npu-
BEJICHHBIX BBIIIE PE3YJILTATOB Mbl BUIMM, 9TO CKOPOCTH CXOAMMOCTH METO/IA HE 3aBUCUT
KOJINYECTBA y3/I0B CETKHU.

PaGora Beimosnena npu dbunancosoii noep:kke PODU (mpoext Ne 10-01-00629).

Summary

A.V. Lapin, M.G. Khasanov. The Solution of a State Constrained Optimal Control Problem
by the Right-Hand Side of an Elliptic Equation.

The article deals with grid approximation of a state and control constrained optimal control
problem by a finite element or finite difference method. The control function is the right hand
side of a linear elliptic equation. The convergence of the iterative solution methods for the
discrete problem is investigated both theoretically and numerically. The comparison of the
numerical results for the different iterative methods is done.

Key words: optimal control, constrained saddle point problems, finite element method,
iterative method.
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