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ÓÄÊ 519.6�ÅØÅÍÈÅ ÇÀÄÀ×È ÎÏÒÈÌÀËÜÍÎ�Î ÓÏ�ÀÂËÅÍÈßÏ�ÀÂÎÉ ×ÀÑÒÜÞ ÝËËÈÏÒÈ×ÅÑÊÎ�Î Ó�ÀÂÍÅÍÈßÏ�È ÍÀËÈ×ÈÈ Î��ÀÍÈ×ÅÍÈÉ ÍÀ ÑÎÑÒÎßÍÈÅÀ.Â. Ëàïèí, Ì.�. ÕàñàíîâÀííîòàöèÿ�àññìàòðèâàåòñÿ ñåòî÷íàÿ àïïðîêñèìàöèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ïðàâîé÷àñòüþ ëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ ïðè íàëè÷èè îãðàíè÷åíèé êàê íà �óíêöèþóïðàâëåíèÿ, òàê è íà �óíêöèþ ñîñòîÿíèÿ ñèñòåìû. Òåîðåòè÷åñêè è ÷èñëåííî èçó÷àåòñÿñõîäèìîñòü èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ ïîëó÷åííîé êîíå÷íîìåðíîé çàäà÷è. Ïðîâî-äèòñÿ ñðàâíåíèå ÷èñëîâûõ ðåçóëüòàòîâ, ïîëó÷åííûõ ðàçíûìè ìåòîäàìè.Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, ñåäëîâàÿ çàäà÷à ñ îãðàíè÷åíèÿìè, ìåòîäêîíå÷íûõ ýëåìåíòîâ, èòåðàöèîííûå ìåòîäû.ÂâåäåíèåÀïïðîêñèìàöèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ â ïðàâîé ÷àñòè ëèíåéíîãî ýë-ëèïòè÷åñêîãî óðàâíåíèÿ èëè ãðàíè÷íîãî óñëîâèÿ Íåéìàíà ïðèâîäèò ê êîíå÷íîìåð-íîé ñåäëîâîé çàäà÷å ñ îãðàíè÷åíèÿìè. Ïðè íàëè÷èè ïðîñòûõ îãðàíè÷åíèé ëèøüíà âåêòîð óïðàâëåíèÿ ýòà ñåäëîâàÿ çàäà÷à ñâîäèòñÿ ê âàðèàöèîííîìó íåðàâåí-ñòâó îòíîñèòåëüíî âåêòîðà óïðàâëåíèÿ è ý��åêòèâíî ðåøàåòñÿ ïðåäîáóñëîâëåí-íûì ìåòîäîì ïðîñòîé èòåðàöèè. Ïî ñóùåñòâó ýòî ãðàäèåíòíûé ìåòîä ñ ïðîåêöè-åé äëÿ ìèíèìèçàöèè êâàäðàòè÷íîé öåëåâîé �óíêöèè ñ ïðîñòûìè îãðàíè÷åíèÿìè.Ïðè íàëè÷èè îãðàíè÷åíèé íà âåêòîð ñîñòîÿíèÿ ýòîò ãðàäèåíòíûé ìåòîä íåïîñðåä-ñòâåííî ïðèìåíèòü íåëüçÿ. Îãðàíè÷åíèÿ íà ñîñòîÿíèå ìîæíî âíåñòè â öåëåâóþ�óíêöèþ ñî øòðà�íûì ïàðàìåòðîì (èíà÷å ãîâîðÿ, ðåãóëÿðèçîâàòü èíäèêàòîðíóþ�óíêöèþ ìíîæåñòâà îãðàíè÷åíèé) è çàòåì ïðèìåíèòü êàêîé-ëèáî ìåòîä ìèíèìè-çàöèè (ñì. [1�3℄). Äðóãîé ïîäõîä ñîñòîèò â ïðèìåíåíèè ìåòîäîâ äâîéñòâåííîñòèäëÿ îòûñêàíèÿ âåêòîðà ìíîæèòåëåé Ëàãðàíæà. Ïðè ýòîì íàëè÷èå ïðîñòûõ îãðà-íè÷åíèé êàê íà âåêòîð óïðàâëåíèÿ, òàê è íà âåêòîð ñîñòîÿíèÿ íå îãðàíè÷èâàåòâîçìîæíîñòè ïðèìåíåíèÿ ìåòîäîâ äâîéñòâåííîñòè. Òàêîé ïîäõîä áûë îñóùåñòâëåíâ ðàáîòå [4℄, â êîòîðîé èñïîëüçîâàí ìåòîä ðàñøèðåííîãî ëàãðàíæèàíà. �ÿä äðó-ãèõ ìåòîäîâ äëÿ ðåøåíèÿ çàäà÷ ñ îãðàíè÷åíèÿìè íà ñîñòîÿíèå ñèñòåìû ðàññìîòðåíâ [5, 6℄.Â íàñòîÿùåé ðàáîòå ïðîâåäåíî òåîðåòè÷åñêîå è ÷èñëåííîå èññëåäîâàíèå äâîé-ñòâåííîãî ìåòîäà è ïðÿìîãî ìåòîäà ñ ðåãóëÿðèçàöèåé öåëåâîé �óíêöèè äëÿ îäíîéìîäåëüíîé ñåòî÷íîé çàäà÷è � çàäà÷è óïðàâëåíèÿ â ïðàâîé ÷àñòè óðàâíåíèÿ ñ ïðî-ñòûìè îãðàíè÷åíèÿìè íà âåêòîðû óïðàâëåíèÿ è ñîñòîÿíèÿ. Ñóùåñòâåííî èñïîëüçî-âàí òîò �àêò, ÷òî íàáëþäåíèå â çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ îñóùåñòâëÿåòñÿâî âñåé îáëàñòè, ÷òî ïîçâîëÿåò íå ìîäè�èöèðîâàòü ñîîòâåòñòâóþùóþ�óíêöèþ Ëà-ãðàíæà. Äîêàçàíà ñõîäèìîñòü ìåòîäîâ è ïîëó÷åíû îöåíêè èõ ñêîðîñòè ñõîäèìîñòèâ ñëó÷àå ðåãóëÿðèçîâàííîé öåëåâîé �óíêöèè. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõýêñïåðèìåíòîâ.



�ÅØÅÍÈÅ ÇÀÄÀ×È ÎÏÒÈÌÀËÜÍÎ�Î ÓÏ�ÀÂËÅÍÈß. . . 571. Ïîñòàíîâêà è àïïðîêñèìàöèÿçàäà÷è îïòèìàëüíîãî óïðàâëåíèÿÏóñòü Ω ⊂ R
2 � îãðàíè÷åííàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé ∂Ω , V =

= H1
0 (Ω) � ïðîñòðàíñòâî Ñîáîëåâà ñî ñêàëÿðíûì ïðîèçâåäåíèåì (y, z) =

∫

Ω

∇y ·

∇z dx è íîðìîé ‖y‖ = (y, y)1/2 . �àññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ïóàñ-ñîíà
y ∈ V :

∫

Ω

∇y · ∇z dx =

∫

Ω

(f + u)z dx ∀z ∈ V, (1)ãäå f ∈ L2(Ω) � �èêñèðîâàííàÿ �óíêöèÿ è u ∈ L2(Ω) � �óíêöèÿ óïðàâëåíèÿ. Çàäà-÷à (1) îäíîçíà÷íî ðàçðåøèìà ïðè ëþáîé ïðàâîé ÷àñòè f+u ∈ L2(Ω) è ñïðàâåäëèâîíåðàâåíñòâî óñòîé÷èâîñòè
‖y‖V ≤ k‖f + u‖L2(Ω), k = const. (2)Çàäàäèì ìíîæåñòâà îãðàíè÷åíèé

Uad = {u ∈ L2(Ω) : |u(x)| ≤ ud ∀x ∈ Ω}, Yad = {y ∈ V : y(x) ≥ 0 ∀x ∈ Ω},

ud = const > 0, è öåëåâîé �óíêöèîíàë
J(y, u) =

1

2

∫

Ω

(y − yd)
2 dx+

r

2

∫

Ω

u2 dx, r = const > 0,

yd ∈ L2(Ω) � çàäàííàÿ �óíêöèÿ. Â äàëüíåéøåì ñ÷èòàåì, ÷òî ìíîæåñòâî
K = {(y, u) : y ∈ Yad, u ∈ Uad è âûïîëíåíî (1)}íå ïóñòî. Â ñëó÷àå, êîãäà f(x) � íåïðåðûâíàÿ â Ω̄ �óíêöèÿ, äëÿ ýòîãî äîñòàòî÷íîâûïîëíåíèÿ íåðàâåíñòâà ud ≥ max

x∈Ω̄
|f(x)| , òàê êàê íàéäåòñÿ �óíêöèÿ u ∈ Uad òàêàÿ,÷òî f(x) + u(x) ≥ 0 äëÿ âñåõ x ∈ Ω , îòêóäà ñëåäóåò íåîòðèöàòåëüíîñòü ðåøåíèÿ yóðàâíåíèÿ (1).Ëåììà 1. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿíàéòè min

(y,u)∈K
J(y, u) (3)èìååò åäèíñòâåííîå ðåøåíèå.Äîêàçàòåëüñòâî. Ìíîæåñòâà Uad è Yad âûïóêëû è çàìêíóòû, ïðè ýòîì Uadîãðàíè÷åíî. Îòñþäà, à òàêæå èç ëèíåéíîñòè óðàâíåíèÿ ñîñòîÿíèÿ (1) è íåðàâåíñòâàóñòîé÷èâîñòè (2) ñëåäóåò âûïóêëîñòü, çàìêíóòîñòü è îãðàíè÷åííîñòü ìíîæåñòâà

K . Ôóíêöèîíàë J � íåïðåðûâíûé è ñòðîãî âûïóêëûé â V ×L2(Ω) . Èç ïðèâåäåííûõñâîéñòâ K è J ñëåäóåò ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ çàäà÷è (3).Ïîñòðîèì êîíå÷íî-ýëåìåíòíóþ àïïðîêñèìàöèþ çàäà÷è (3), ñ÷èòàÿ Ω ìíîãî-óãîëüíîé îáëàñòüþ. Ïóñòü Ω =
⋃

e∈Th

e � êîí�îðìíàÿ òðèàíãóëÿöèÿ Ω , Th � ñåìåé-ñòâî òðåóãîëüíûõ êîíå÷íûõ ýëåìåíòîâ e ñ ìàêñèìàëüíûì ïî âñåìó ñåìåéñòâó äèà-ìåòðîì h . Ïóñòü äàëåå Vh ⊂ V � ïðîñòðàíñòâî íåïðåðûâíûõ è êóñî÷íî-ëèíåéíûõ�óíêöèé, îáðàùàþùèõñÿ â íóëü íà ãðàíèöå. Áóäåì ñ÷èòàòü äëÿ ïðîñòîòû, ÷òî



58 À.Â. ËÀÏÈÍ, Ì.�. ÕÀÑÀÍÎÂ�óíêöèè f , u è yd íåïðåðûâíû â Ω , è îáîçíà÷èì ÷åðåç fh , uh è yd h èõ Vh -èíòåðïîëÿíòû. Äëÿ àïïðîêñèìàöèè èíòåãðàëîâ îò íåïðåðûâíûõ �óíêöèé èñïîëü-çóåì êâàäðàòóðíûå �îðìóëû
∫

e

g(x) dx ≈ Se(g) =
mes e

3

3∑

α=1

g(xα), xα � âåðøèíû e, SΩ(g) =
∑

e∈Th

Se(g).Òåïåðü ìû ìîæåì îïðåäåëèòü àïïðîêñèìàöèè óðàâíåíèÿ ñîñòîÿíèÿ, ìíîæåñòâ îãðà-íè÷åíèé è öåëåâîé �óíêöèè:
yh ∈ Vh : SΩ(∇yh · ∇zh) = SΩ((fh + uh) zh) ∀zh ∈ Vh, (4)

Uh
ad = {uh ∈ Vh : |uh(x)| ≤ ud ∀x ∈ Ω}, Y h

ad = {yh ∈ Vh : yh(x) ≥ 0 äëÿ x ∈ Ω},

Jh(yh, uh) =
1

2
SΩ((yh − yd h)2) +

r

2
SΩ(u2

h).Â ðåçóëüòàòå ïîëó÷èì êîíå÷íîìåðíóþ çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿíàéòè min
(yh,uh)∈Kh

Jh(yh, uh),

Kh = {(yh, uh) : yh ∈ Y h
ad, uh ∈ Uh

ad, âûïîëíåíî óðàâíåíèå (4)}. (5)Äàëåå ïðåäïîëàãàåì, ÷òî ìíîæåñòâî Kh íå ïóñòî, áîëåå òîãî, ïóñòü
∃uh ∈ intUh

ad, ∃yh ∈ intY h
ad : âûïîëíåíî óðàâíåíèå (4). (6)Èíûìè ñëîâàìè, ïóñòü

∃uh : |uh(x)| < ud ∀x òàêîé, ÷òî ðåøåíèå (4) yh(x) > 0. (7)Ýòî ñïðàâåäëèâî, íàïðèìåð, åñëè òðèàíãóëÿöèÿ Th óäîâëåòâîðÿåò óñëîâèþ ¾îñò-ðîãî óãëà¿ (óãëû òðåóãîëüíèêîâ íå ïðåâîñõîäÿò π/2) è ud > max
x∈Ω̄

|f(x)| . Ïðè ñ�îð-ìóëèðîâàííîì òðåáîâàíèè íà òðèàíãóëÿöèþ ðåøåíèå yh çàäà÷è (4) ñòðîãî ïîëî-æèòåëüíî ïðè ïîëîæèòåëüíîé ïðàâîé ÷àñòè, à óñëîâèå íà ud è f îáåñïå÷èâàåòñóùåñòâîâàíèå uh ∈ Uh
ad òàêîãî, ÷òî (fh + uh)(x) > 0 äëÿ âñåõ x ∈ Ω .Ëåììà 2. Çàäà÷à (5) èìååò åäèíñòâåííîå ðåøåíèå.Äîêàçàòåëüñòâî. Áèëèíåéíàÿ �îðìà ah(yh, zh) , îïðåäåëåííàÿ ëåâîé ÷àñòüþóðàâíåíèÿ (4), ðàâíîìåðíî ïî h êîýðöèòèâíà è îãðàíè÷åíà. Ïîýòîìó óðàâíåíèå (4)èìååò åäèíñòâåííîå ðåøåíèå è ñïðàâåäëèâà îöåíêà óñòîé÷èâîñòè

S
1/2
Ω (y2

h) ≤ kfS
1/2
Ω ((fh + uh)2) (8)ñ êîíñòàíòîé kf , íå çàâèñÿùåé îò h . Èñïîëüçóÿ (8) è ñâîéñòâà ìíîæåñòâ Y h

ad, U
h
ad ,íåòðóäíî äîêàçàòü, ÷òî ìíîæåñòâî Kh � âûïóêëîå, çàìêíóòîå è îãðàíè÷åííîå. ßñ-íî, ÷òî �óíêöèÿ Jh íåïðåðûâíà è ñòðîãî âûïóêëà. Îòñþäà ñëåäóåò îäíîçíà÷íàÿðàçðåøèìîñòü çàäà÷è (5).Ïóñòü òåïåðü y ∈ R

N � âåêòîð óçëîâûõ ïàðàìåòðîâ �óíêöèè yh ∈ Vh (N =
= dimVh ), y ⇔ yh . Îïðåäåëèì ìàòðèöó æåñòêîñòè L ∈ R

N×N è ìàòðèöó ìàññ
M ∈ R

N×N ðàâåíñòâàìè
(Ly, z) = SΩ(∇yh · ∇zh), (My, z) = SΩ(yhzh), (9)



�ÅØÅÍÈÅ ÇÀÄÀ×È ÎÏÒÈÌÀËÜÍÎ�Î ÓÏ�ÀÂËÅÍÈß. . . 59ãäå y ⇔ yh ∈ Vh, z ⇔ zh ∈ Vh, à ñêîáêè (·, ·) â ëåâîé ÷àñòè ðàâåíñòâ îçíà÷àþòåâêëèäîâî ñêàëÿðíîå ïðîèçâåäåíèå â R
N . Îòìåòèì, ÷òî ïî ïîñòðîåíèþ ìàòðèöû

L è M ñèììåòðè÷íû è ïîëîæèòåëüíî îïðåäåëåíû, ïðè ýòîì ìàòðèöà ìàññ M �äèàãîíàëüíàÿ. Ñ èñïîëüçîâàíèåì ââåäåííûõ îáîçíà÷åíèé äèñêðåòíîå óðàâíåíèå ñî-ñòîÿíèÿ (4), ìíîæåñòâà îãðàíè÷åíèé Uh
ad , Y h

ad è �óíêöèÿ öåëè Jh(yh, uh) ìîãóòáûòü çàïèñàíû â òåðìèíàõ âåêòîðîâ óçëîâûõ ïàðàìåòðîâ ñåòî÷íûõ �óíêöèé:
Ly = M(f + u),

Uad = {u ∈ R
N : |ui| ≤ ud, i = 1, 2, . . . , N}, Yad = {y ∈ R

N : yi ≥ 0 i = 1, 2, . . . , N},

J(y, u) =
1

2
(My, y)− (g, y) +

r

2
(Mu, u), g = Myd.Ïóñòü ϕ(u) = IUad

(u) è θ(y) = IYad
(y) � èíäèêàòîðíûå �óíêöèè ìíîæåñòâ Uadè Yad . Òîãäà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ (5) ïðåîáðàçóåòñÿ ê âèäó

min
Ly=M(f+u)

{
J(y, u) =

1

2
(My, y) − (g, y) + θ(y) +

r

2
(Mu, u) + ϕ(u)

}
. (10)Îïðåäåëèì �óíêöèþ Ëàãðàíæà äëÿ çàäà÷è (10) ðàâåíñòâîì

L(y, u) =
1

2
(My, y) − (g, y) + θ(y) +

r

2
(Mu, u) + ϕ(u) − (Ly −M(f + u), λ). (11)Ñåäëîâàÿ òî÷êà �óíêöèè Ëàãðàíæà ÿâëÿåòñÿ ðåøåíèåì (ñì., íàïðèìåð, [7℄) ñëåäó-þùåé ñèñòåìû (óñëîâèÿ îïòèìàëüíîñòè ïåðâîãî ïîðÿäêà)




M 0 −L
0 rM M
−L M 0








y
u
λ



 +




∂θ(y)
∂ϕ(u)

0



 ∋




g
0

−Mf



 . (12)Ëåììà 3. Çàäà÷à (12) èìååò ðåøåíèå (y, u, λ) , ïðè ýòîì ïàðà (y, u) îïðåäå-ëÿåòñÿ îäíîçíà÷íî è ñîâïàäàåò ñ ðåøåíèåì çàäà÷è (10).Äîêàçàòåëüñòâî. Ìàòðèöà A =

(
M 0
0 rM

) ïîëîæèòåëüíî îïðåäåëåíà, â òîâðåìÿ êàê ìàòðèöà C =
(
−L M

) èìååò ïîëíûé ðàíã. Âìåñòå ñ óñëîâèåì (6)ýòî îáåñïå÷èâàåò ñïðàâåäëèâîñòü ñ�îðìóëèðîâàííîãî ðåçóëüòàòà (ñì., íàïðèìåð,òåîðåìó 5.6 â [8, ñ. 84℄).2. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ êîíå÷íîìåðíîé çàäà÷èîïòèìàëüíîãî óïðàâëåíèÿ2.1. �ðàäèåíòíûé ìåòîä îòûñêàíèÿ âåêòîðà óïðàâëåíèÿ. Ïóñòü èíäè-êàòîðíàÿ �óíêöèÿ θ(y) = IYad
(y) ìíîæåñòâà Yad àïïðîêñèìèðîâàíà äè��åðåíöè-ðóåìîé �óíêöèåé

θε(y) =
1

2 ε
(My−, y−) ñ ãðàäèåíòîì ∇θε(y) = −1

ε
My−, (13)ãäå y− � âåêòîð ñ êîîðäèíàòàìè y−i . Òîãäà ìîæíî èñêëþ÷èòü âåêòîðû y è λ èçñèñòåìû (12) è ïîëó÷èòü âêëþ÷åíèå äëÿ âåêòîðà u :

Pεu+ ∂ϕ(u) ∋ML−1g,
Pεu = M L−1

(
M + ∇θε

)
(L−1M(u+ f)) + rMu.

(14)



60 À.Â. ËÀÏÈÍ, Ì.�. ÕÀÑÀÍÎÂÏðèìåíèì äëÿ ðåøåíèÿ (14) îäíîøàãîâûé ïðåäîáóñëîâëåííûé èòåðàöèîííûé ìå-òîä
M
uk+1 − uk

τ
+ Pεu

k + ∂ϕ(uk+1) ∋ML−1g. (15)Àëãîðèòì åãî ðåàëèçàöèè ñîñòîèò èç ñëåäóþùèõ øàãîâ.1. Äëÿ èçâåñòíîãî âåêòîðà óïðàâëåíèÿ uk íàéòè ðåøåíèå óðàâíåíèÿ ñîñòîÿíèÿ
Lyk = M (uk + f) .2. Íàéòè ñîïðÿæåííîå ñîñòîÿíèå λk : λk = L−1(Myk + ∇θε(y

k) − g) .3. Íàéòè íîâîå ïðèáëèæåíèå ê âåêòîðó óïðàâëåíèÿ, ðåøèâ âêëþ÷åíèå ñ äèàãî-íàëüíûì ìàêñèìàëüíî ìîíîòîííûì îïåðàòîðîì
Muk+1 + τ∂ϕ(uk+1) ∋ (1 + τr)Muk − τMλk. (16)Òåîðåìà 1. Çàäà÷à (14) èìååò åäèíñòâåííîå ðåøåíèå. Èòåðàöèîííûé ìåòîä(15) ñõîäèòñÿ ïðè

0 < τ <
2ε

k2
f (1 + ε) + r ε

,ãäå kf � ïîñòîÿííàÿ èç íåðàâåíñòâà (8). Ïðè
τ = τ0 =

ε

k2
f (1 + ε) + r εñêîðîñòü ñõîäèìîñòè õàðàêòåðèçóåòñÿ íåðàâåíñòâîì

‖uk+1 − u‖M ≤ ρ‖uk − u‖M , ρ = 1 − r ε

k2
f (1 + ε) + r ε

.Äîêàçàòåëüñòâî. Ïîëîæèì Pε = P1 + P2 ε , ãäå
P1 = ML−1M L−1M + rM, P2 ε = M L−1 ∇θε ◦ L−1M.Òîãäà

(P1(u− v), u − v) =
∥∥L−1M(u− v)

∥∥2

M
+ r ‖u− v‖2

M ≥ r ‖u− v‖2
M ,

(P1(u− v), w) ≤ (P1(u− v), u − v)1/2(P1(w), w)1/2 ≤

≤
(
k2

f + r
)1/2

(P1(u − v), u− v)1/2 ‖w‖M .Äëÿ âûâîäà îöåíîê äëÿ P2 ε ïîëó÷èì îäíî âñïîìîãàòåëüíîå íåðàâåíñòâî. Ïóñòü
Ly = Mf è yh ∈ Vh , fh ∈ Vh � ñîîòâåòñòâóþùèå ñåòî÷íûå �óíêöèè:

SΩ(∇yh · ∇zh) = SΩ(fh zh) ∀zh ∈ Vh.Ïîñêîëüêó
(ML−1M L−1Mf, f) = (My, y) = SΩ(y2

h), (Mf, f) = SΩ(f2
h),òî â ñèëó íåðàâåíñòâà (8) ñïðàâåäëèâà îöåíêà

(ML−1M L−1Mf, f) =
∥∥L−1Mf

∥∥2

M
≤ k2

f ‖f‖2
M . (17)Èñïîëüçóÿ (17) è íåðàâåíñòâà, êîòîðûå ñëåäóþò èç îïðåäåëåíèÿ �óíêöèè θε :

(∇θε(y) −∇θε(z), y − z) ≥ 0,
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(∇θε(y) −∇θε(z), x) ≤

1√
ε

(∇θε(y) −∇θε(z), y − z)1/2‖x‖M ,áóäåì èìåòü, ÷òî
(P2 ε(u) − P2 ε(v), u − v) =

(
∇θ(L−1Mu) −∇θ(L−1Mv), L−1M(u− v)

)
≥ 0,

(P2 ε(u) − P2 ε(v), w) ≤ kf√
ε

(P2 ε(u) − P2 ε(v), u− v)1/2 ‖w‖M ,Îáúåäèíÿÿ îöåíêè äëÿ P1 è P2 ε , ïîëó÷èì:
(P (u) − P (v), u − v) ≥ r ‖u− v‖2

M ,

(P (u) − P (v), w) ≤ β1/2 (P (u) − P (v), u − v)1/2
∥∥w

∥∥
M
,

(18)ãäå β = k2
f + r + k2

f/ε .Ïóñòü òåïåðü zk = uk − u . Óìíîæèì âêëþ÷åíèå
1

τ
B(zk+1 − zk) + P (uk) − P (u) + ∂ϕ(uk+1) − ∂ϕ(u) ∋ 0íà 2τzk+1 , òîãäà

‖zk+1‖2
B − ‖zk‖2

B + ‖zk+1 − zk‖2
B + 2τ(P (uk) − P (u), zk+1) ≤ 0.Â ñèëó (18)

2τ(P (uk) − P (u), zk+1) = 2τ(P (uk) − P (u), zk) + 2τ(P (uk) − P (u), (uk+1 − uk)) ≥

≥ (2τ − τ2β)(P (uk) − P (u), zk) − ‖zk+1 − zk‖2
B.Ïîäñòàâëÿÿ ýòó îöåíêó â ïðåäûäóùåå íåðàâåíñòâî, áóäåì èìåòü

‖zk+1‖2
B ≤

(
1 − τr(2 − τβ)

)
‖zk‖2

B,îòêóäà ñëåäóþò âñå ñ�îðìóëèðîâàííûå óòâåðæäåíèÿ îòíîñèòåëüíî ñõîäèìîñòè èñêîðîñòè ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà.Çàìå÷àíèå 1. Ïðè îòñóòñòâèè îãðàíè÷åíèé íà ñîñòîÿíèå â çàäà÷å îïòèìàëü-íîãî óïðàâëåíèÿ (3) (θ = 0) îïòèìàëüíûé èòåðàöèîííûé ïàðàìåòð è ìíîæèòåëüñîêðàùåíèÿ ïîãðåøíîñòè ðàâíû
τ0 =

r

k2
f + r

, ρ =
k2

f

k2
f + r

.2.2. Ïðåäîáóñëîâëåííûé ìåòîä Óçàâû. Èñêëþ÷èâ âåêòîðû y è u â ñè-ñòåìå (12), ïîëó÷èì óðàâíåíèå äëÿ λ :
P (λ) ≡ L (M + ∂θ)−1(Lλ+ g) −M (rM + ∂ϕ)−1(−Mλ) = Mf. (19)Ïðèìåíèì äëÿ ðåøåíèÿ (19) èòåðàöèîííûé ìåòîä

LM−1L
λk+1 − λk

τ
+ P (λk) = Mf, (20)ÿâëÿþùèéñÿ ïðåäîáóñëîâëåííûì ìåòîäîì Óçàâû äëÿ îòûñêàíèÿ ñåäëîâîé òî÷êè�óíêöèè Ëàãðàíæà (11). Ïðè ðåàëèçàöèè ýòîãî ìåòîäà âûïîëíÿþòñÿ ñëåäóþùèåøàãè.



62 À.Â. ËÀÏÈÍ, Ì.�. ÕÀÑÀÍÎÂ1. Âû÷èñëèòü f̃ = L−1Mf .2. Äëÿ èçâåñòíîãî âåêòîðà λk íàéòè yk è uk , ðåøèâ âêëþ÷åíèÿ ñ äèàãîíàëü-íûìè ìàêñèìàëüíî ìîíîòîííûìè îïåðàòîðàìè
(M + ∂θ)yk ∋ Lλk + g è (rM + ∂ϕ)uk ∋ −Mλk.3. Âû÷èñëèòü pk = L−1Muk .4. �åøèòü óðàâíåíèå

L
λk+1 − λk

τ
= M(−yk + pk + f̃).Äëÿ èññëåäîâàíèÿ ñõîäèìîñòè ìåòîäà (20) ïðèìåíèì ñëåäóþùèé ðåçóëüòàò, êî-òîðûé ÿâëÿåòñÿ ïðÿìûì îáîáùåíèåì òåîðåìû 5.9 èç [8, ãë. 5℄.Óòâåðæäåíèå 1. Ïóñòü P = CT ◦A ◦C , ãäå ìàòðèöà C ∈ R

m×n , à îïåðàòîð
A : R

m → R
m óäîâëåòâîðÿåò óñëîâèþ îáðàòíîé ñèëüíîé ìîíîòîííîñòè

(A(u) − A(v), u− v) ≥ p0‖A(u) −A(v)‖2, p0 > 0. (21)Ïðåäïîëîæèì, ÷òî óðàâíåíèå P (λ) = 0 èìååò ðåøåíèå, êîòîðîå áóäåì èñêàòü ñïîìîùüþ èòåðàöèîííîãî ìåòîäà
1

τ
B(λk+1 − λk) + P (λk) = 0.Òîãäà ïðè óñëîâèè
B = BT >

τ

2p0
CTC (22)ýòîò ìåòîä ñõîäèòñÿ äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ.Òåîðåìà 2. Èòåðàöèîííûé ìåòîä (20) ñõîäèòñÿ ïðè óñëîâèè

0 < τ <
2r

k2
f + r

, (23)ãäå kf � ïîñòîÿííàÿ èç íåðàâåíñòâà (8).Äîêàçàòåëüñòâî. Çàïèøåì ëåâóþ ÷àñòü óðàâíåíèÿ (19) â âèäå
P (λ) = LM−1/2A1(M

−1/2(Lλ+ g)) − r−1/2M1/2A2(−r−1/2M1/2λ),

A1 = M1/2 ◦ (M + ∂θ)−1 ◦M1/2, A2 = (rM)1/2 ◦ (rM + ∂ψ)−1 ◦ (rM)1/2.Ïóñòü
A =

(
A1 0
0 A2

)
, C =

(
M−1/2L

−(rM)−1/2M

)
, P = CT ◦A ◦ C.Èñïîëüçóÿ îáîçíà÷åíèÿ ui = (M + ∂θ)−1(M1/2yi) , ïîëó÷èì

(A1(y1) −A1(y2), y1 − y2) = ((M + ∂θ)−1(M1/2y1)−

− (M + ∂θ)−1(M1/2y2),M
1/2y1 −M1/2y2) ≥

≥ (M(u1 − u2), u1 − u2) = ‖A1(y1) −A1(y2)‖2. (24)
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(A2(f1) −A2(f2), f1 − f2) ≥ ‖A2(f1) −A2(f2)‖2. (25)Â ñèëó (24) è (25) âûïîëíåíû óñëîâèÿ óòâåðæäåíèÿ 1, à íåðàâåíñòâî (22) ñõîäèìî-ñòè èòåðàöèîííîãî ìåòîäà (20) ïðèîáðåòàåò âèä

LM−1L >
τ

2

(
LM−1L+ r−1M

)
. (26)Èç íåðàâåíñòâà (17) ñëåäóåò

(My, y) ≤ k2
f (LM−1Ly, y),ïîýòîìó (26) âûïîëíåíî, åñëè

1 >
τ

2
(1 + k2

f r
−1),÷òî ýêâèâàëåíòíî óñëîâèþ (23).Çàìå÷àíèå 2. Ìîæíî äîêàçàòü, ÷òî åñëè �óíêöèÿ θ çàìåíåíà íà ðåãóëÿðèçî-âàííóþ �óíêöèþ θε èç (13), òî ìåòîä (20) ñõîäèòñÿ ïðè óñëîâèè (23), à ïðè

τ0 =
r

k2
f + rñïðàâåäëèâà îöåíêà ñêîðîñòè ñõîäèìîñòè

‖λk+1 − λ‖B ≤ ρ1/2‖λk − λ‖B , ρ = 1 − εr1
(1 + ε)(k2

f + r1)
, B = LM−1L.Â ñëó÷àå îòñóòñòâèÿ îãðàíè÷åíèé íà ñîñòîÿíèå (θ = 0) îïòèìàëüíûé ïàðàìåòð τ0è ìíîæèòåëü ρ â îöåíêå ñêîðîñòè ñõîäèìîñòè ðàâíû

τ0 =
r

k2
f + r

, ρ =
k2

f

k2
f + r

.Êàê ñëåäóåò èç òåîðåìû 1 è çàìå÷àíèé 1, 2, äëÿ çàäà÷ áåç îãðàíè÷åíèé íà�óíêöèþ ñîñòîÿíèÿ (θ = 0) èëè ñ ðåãóëÿðèçîâàííîé �óíêöèåé θ òåîðåòè÷åñêèåîöåíêè ñêîðîñòè ñõîäèìîñòè ìåòîäîâ (20) è (15) îäèíàêîâû (àñèìïòîòè÷åñêè ïîïàðàìåòðó ε â ñëó÷àå ðåãóëÿðèçîâàííîé �óíêöèè θε ). Òðóäîåìêîñòü ðåàëèçàöèèîäíîãî øàãà äëÿ îáîèõ ìåòîäîâ îäèíàêîâà: íà êàæäîé èòåðàöèè òðåáóåòñÿ äâàæäûîáðàòèòü ìàòðèöó L è ðåøèòü âêëþ÷åíèå ñ äèàãîíàëüíûì îïåðàòîðîì. Ïðè ýòîììåòîä (20) ìîæíî ïðèìåíÿòü ïðè íàëè÷èè îãðàíè÷åíèé íà ñîñòîÿíèå, íå ïðèáåãàÿê ðåãóëÿðèçàöèè �óíêöèè îãðàíè÷åíèé θ , à ïðè èñïîëüçîâàíèè ìåòîäà ðåãóëÿðè-çàöèè îãðàíè÷åíèÿ íà èòåðàöèîííûé ïàðàìåòð τ è åãî òåîðåòè÷åñêè îïòèìàëüíîåçíà÷åíèå τ0 íå çàâèñÿò îò ïàðàìåòðà ðåãóëÿðèçàöèè ε .3. �åçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâÁóäåì ðåøàòü ñëåäóþùèå îäíîìåðíóþ è äâóìåðíóþ çàäà÷è. Ïóñòü �óíêöèîíàëöåëè çàäàí ðàâåíñòâîì
1

2

∫

Ω

y2(x) dx +
1

2

∫

Ω

u2(x) dx



64 À.Â. ËÀÏÈÍ, Ì.�. ÕÀÑÀÍÎÂñ Ω = (0, 1) èëè Ω = (0, 1)× (0, 1) ñîîòâåòñòâåííî. Çàäà÷à ñîñòîÿíèÿ è îãðàíè÷åíèÿèìåþò âèä
− y′′ = f + u, x ∈ (0, 1), y(1) = y(0) = 0,

y(x) ≥ 0, x ∈ (0, 1), |u(x)| ≤ 1, x ∈ (0, 1)èëè
− ∆y = f + u, x ∈ Ω, y(x) = 0, x ∈ ∂Ω,

y(x) ≥ 0, x ∈ Ω, |u(x)| ≤ 1, x ∈ Ω.Àïïðîêñèìèðóåì êðàåâûå çàäà÷è êîíå÷íî-ðàçíîñòíûìè ñõåìàìè íà ðàâíîìåðíûõñåòêàõ ñ øàãîì h . Ïðè àïïðîêñèìàöèè öåëåâûõ �óíêöèîíàëîâ èñïîëüçóåì ïðî-ñòåéøèå êâàäðàòóðíûå �îðìóëû. Â ðåçóëüòàòå ïîëó÷èì êîíå÷íîìåðíûå çàäà÷è:íàéòè ìèíèìóì �óíêöèè
J(y, u) =

1

2
‖y‖2

l2 +
1

2
‖u‖2

l2ïðè îãðàíè÷åíèÿõ
−yi−1 + 2yi − yi+1

h2
= fi + ui, i = 1, 2, . . . , n, y0 = yn+1 = 0,

yi ≥ 0, i = 1, 2, . . . , n, |ui| ≤ 1, i = 1, 2, . . . , n,â îäíîìåðíîì ñëó÷àå è
1

h2
(−yi−1j − yi+1j + 4yij − yij+1 − yij−1) = fij + uij , i, j = 1, 2, . . . , n,

y0j = yj0 = yjn+1 = yn+1j = 0,

yij ≥ 0, i, j = 1, 2, . . . , n, |uij | ≤ 1, i, j = 1, 2, . . . , n,â äâóìåðíîì ñëó÷àå. Âûøå èñïîëüçîâàíû îáîçíà÷åíèÿ ‖v‖2
L2

= h
n∑

i=1

v2
i äëÿ îäíî-ìåðíîé çàäà÷è è ‖v‖2

L2
= h2

n∑
i,j=1

v2
ij äëÿ äâóìåðíîé. Ïóñòü θ(y) è ϕ(u) � èíäèêàòîð-íûå �óíêöèè ìíîæåñòâ îãðàíè÷åíèé íà y è u , L � ñèììåòðè÷íàÿ è ïîëîæèòåëüíîîïðåäåëåííàÿ ìàòðèöà ñîîòâåòñòâóþùåé ñèñòåìû ñåòî÷íûõ óðàâíåíèé è E � åäè-íè÷íàÿ ìàòðèöà. Òîãäà êîíå÷íîìåðíûå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ïðèìóòâèä

min
Ly=f+u

{
J(y, u) =

1

2
‖y‖2

L2
+ θ(y) +

1

2
‖u‖2

L2
+ ϕ(u)

}
,è ñîîòâåòñòâóþùèå èì ñåäëîâûå çàäà÷è åñòü



E 0 L
0 E −E
L −E 0






y
u
λ


 +



∂θ(y)
∂ϕ(u)

0


 ∋




0
0
f


 .Äëÿ ðåøåíèÿ ýòèõ çàäà÷ áóäåì èñïîëüçîâàòü:

• �ðàäèåíòíûé ìåòîä ñ çàìåíîé �óíêöèè θ ðåãóëÿðèçîâàííîé �óíêöèåé θε =

=
1

ε

n∑

i=1

(y−i )2 . Çàäà÷à äëÿ u èìååò âèä
L−1

(
E + ∇θε

)(
L−1(f + u)

)
+ u+ ∂ϕ(u) ∋ 0,



�ÅØÅÍÈÅ ÇÀÄÀ×È ÎÏÒÈÌÀËÜÍÎ�Î ÓÏ�ÀÂËÅÍÈß. . . 65Òàáë. 1Îäíîìåðíàÿ çàäà÷à, h = 10−3 , y = 3(sin(3πx))+ , F (y, u) = 3.0083Ìåòîä Ìåòîä Ìåòîä ÌåòîäÓçàâû, ðåãóëÿðèçàöèè, Óçàâû, ðåãóëÿðèçàöèè,
τ = 1, τ = 0.002, ǫ = 0.001, τ = 1, τ = 0.002, ǫ = 0.001,
λ0 = 0 u0 = 0 λ0 =

2

π2
sin(πx) u0 =

2

π2
sin(πx)

N F Nrm F Nrm F Nrm F Nrm1 0 1.7336 0 0.068541 101.33 10.2089 3.0303 0.139222 3.0237 0.025182 3.0123 0.068362 1.9612 0.40409 3.0302 0.138893 3.007 0.02341 3.0123 0.068188 3.0073 0.060868 3.0301 0.138574 3.0071 0.02326 3.0122 0.068017 3.0082 0.034343 3.03 0.138245 3.0071 0.023109 3.0122 0.06785 3.0088 0.026426 3.0298 0.137926 3.0071 0.02296 3.0122 0.067687 3.0089 0.023276 3.0297 0.137597 3.0071 0.022812 3.0121 0.067527 3.0089 0.021747 3.0296 0.137278 3.0071 0.022665 3.0121 0.067371 3.009 0.020888 3.0295 0.136959 3.0071 0.022518 3.0121 0.067218 3.009 0.020117 3.0294 0.1366310 3.0071 0.022373 3.0121 0.067068 3.0089 0.019906 3.0293 0.1363Òàáë. 2�åçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ðåøåíèÿ èñõîäíîé çàäà÷è ìåòîäîì Óçàâû â äâóìåð-íîì ñëó÷àå ïðè ðàçëè÷íûõ çíà÷åíèÿõ n � êîëè÷åñòâå óçëîâ ñåòêè â îäíîì íàïðàâëåíèè,
y = 3 sin(6πx1x2)

+

n = 102, n = 3 · 102, n = 5 · 102,
F (y, u) = 2.7783 F (y, u) = 2.7935 F (y, u) = 2.7965

N F Nrm F Nrm F Nrm1 0 1.6668 0 1.6714 0 1.67232 2.7828 0.0092906 2.798 0.00931 2.801 0.00930823 2.7782 0.0089796 2.7934 0.0089996 2.7964 0.00899784 2.7782 0.0089681 2.7934 0.0089881 2.7965 0.00898635 2.7782 0.0089566 2.7934 0.0089766 2.7965 0.00897486 2.7782 0.0089452 2.7934 0.0089651 2.7965 0.00896337 2.7782 0.0089337 2.7934 0.0089536 2.7965 0.00895188 2.7782 0.0089223 2.7934 0.0089421 2.7965 0.00894039 2.7782 0.0089109 2.7934 0.0089307 2.7965 0.008928910 2.7782 0.0088995 2.7934 0.0089192 2.7965 0.0089174èòåðàöèîííûé ìåòîä çàäàåòñÿ ñîîòíîøåíèåì
uk+1 − uk

τ
+ L−1

(
E + ∇θε

)(
L−1(f + uk)

)
+ uk + ∂ϕ(uk+1) ∋ 0.

• Ìåòîä Óçàâû ñ ïðåäîáóñëîâëèâàíåì. Çàäà÷à äëÿ λ èìååò âèä
−L(E + ∂θ)−1(−Lλ) + (E + ∂ϕ)−1(λ) = f,èòåðàöèîííûé ìåòîä çàäàåòñÿ ñîîòíîøåíèåì

L2λ
k+1 − λk

τ
− L(E + ∂θ)−1(−Lλk) + (E + ∂ϕ)−1(λk) = f.



66 À.Â. ËÀÏÈÍ, Ì.�. ÕÀÑÀÍÎÂ�åçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïðèâåäåíû â òàáë. 1, 2, ãäå èñïîëüçîâàíûñëåäóþùèå îáîçíà÷åíèÿ: N � íîìåð èòåðàöèè; F � çíà÷åíèå �óíêöèîíàëà öåëèíà ñîîòâåòñòâóþùåé èòåðàöèè; F (y, u) � çíà÷åíèå �óíêöèîíàëà öåëè íà òî÷íîìðåøåíèè; Nrm = (||yk − y||2L2
+ ||uk − u||2L2

)1/2 , ãäå y , u � êîìïîíåíòû òî÷íîãîðåøåíèÿ ñåäëîâîé çàäà÷è.Ïîñòàíîâêà ñåòî÷íîé çàäà÷è ñ çàäàííûì òî÷íûì ðåøåíèåì îñóùåñòâëÿëàñü ñëå-äóþùèì îáðàçîì. Ïóñòü y � ïðîèçâîëüíûé âåêòîð èç dom θ , êîòîðûé áóäåò òî÷íûìðåøåíèåì ñåòî÷íîé çàäà÷è ñîñòîÿíèÿ, è γy ∈ ∂θ(y) � êàêîé-ëèáî âåêòîð èç ìíî-æåñòâà ∂θ(y) . Íàõîäèì λ = −L−1(y + γy) , çàòåì âåêòîðû u è γp ∈ ∂ϕ(u) , ðåøàÿâêëþ÷åíèå u+ ∂ϕ(u) ∋ λ . Íàêîíåö, ïîëàãàåì f = Ly − u .×èñëåííûå ýêñïåðèìåíòû ïîêàçûâàþò ý��åêòèâíîñòü ìåòîäà Óçàâû äëÿ ðåøå-íèÿ ñåòî÷íûõ àïïðîêñèìàöèé çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ â ïðàâîé ÷àñòè ëè-íåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ èëè â ïðàâîé ÷àñòè ãðàíè÷íûõ óñëîâèé. Èç ïðè-âåäåííûõ âûøå ðåçóëüòàòîâ ìû âèäèì, ÷òî ñêîðîñòü ñõîäèìîñòè ìåòîäà íå çàâèñèòêîëè÷åñòâà óçëîâ ñåòêè.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêò � 10-01-00629).SummaryA.V. Lapin, M.G. Khasanov. The Solution of a State Constrained Optimal Control Problemby the Right-Hand Side of an Ellipti Equation.The artile deals with grid approximation of a state and ontrol onstrained optimal ontrolproblem by a �nite element or �nite di�erene method. The ontrol funtion is the right handside of a linear ellipti equation. The onvergene of the iterative solution methods for thedisrete problem is investigated both theoretially and numerially. The omparison of thenumerial results for the di�erent iterative methods is done.Key words: optimal ontrol, onstrained saddle point problems, �nite element method,iterative method. Ëèòåðàòóðà1. Gill Ph., Murray W., Wright M. Pratial optimization. � London: Aad. Press, 1981. �401 p.2. Bertsekas D.P. Constrained optimization and Lagrange multiplier methods. � N. Y.:Aad. Press, 1982. � 395 p.3. Biegler L.T., Ghattas O., Heinkenshloss M., van Bloemen Waanders B. (eds.) Large-salePDE-onstrained optimization. Leture Notes in Computational Siene and Engineering.V. 30. � Berlin: Springer, 2003. � 349 p.4. Bergounioux M. Augmented Lagrangian method for distributed optimal ontrol problemswith state onstraints // Optimization Theory Appl. � 1993. � V. 78, No 3. � P. 493�521.5. Bergounioux M., Haddou V., Hintermuller M., Kunish K. A omparison of a Moreau-Yosida-based ative set strategy and interior point methods for onstrained optimalontrol problems // SIAM J. Optim. � 2000. � V. 11, No 2. � P. 495�521.6. Bergounioux M., Kunish K. Primal-dual strategy for state-onstrained optimal ontrolproblems // Comput. Optim. Appl. � 2002. � V. 22, No 2. � P. 193�224.7. Ýêëàíä È., Òåìàì �. Âûïóêëûé àíàëèç è âàðèàöèîííûå ïðîáëåìû. � Ì: Ìèð, 1979. �400 ñ.
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