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UDK 519.63ON DEFORMED MINISUPERSPACE VARIABLESIN QUANTUM COSMOLOGYE. Mena, O. Obreg�on, M. Sabido, E. Cano, C. Yee-RomeroAbstra
tWe present several examples in non
ommutative quantum 
osmology, using the WKB-type approximation with a deformation on the minisuperspa
e variables. This pro
edure givesa straightforward algorithm to in
orporate non
ommutativity to 
osmology and in�ation.Key words: non
ommutative 
osmology, quantum 
osmology, quasi
lassi
al approxima-tion. Introdu
tionThere is a renewed interest in non
ommutative theories to explain the appropri-ate modi�
ation of 
lassi
al General Relativity and, hen
e, of spa
etime symmetriesat short-distan
e s
ales, that implies modi�
ations at large s
ales. General quantumme
hani
s arguments indi
ate that it is impossible to measure a 
lassi
al ba
kgroundspa
etime at the Plan
k s
ale due to the e�e
ts of gravitational ba
krea
tion [1℄. It istherefore tempting to in
orporate the dynami
al features of spa
etime at deeper kine-mati
al level using the standard te
hniques of non
ommutative 
lassi
al �eld theorybased on the so 
alled Moyal produ
t in whi
h for all 
al
ulation purposes (di�erentia-tion, integration, et
.) the spa
e time 
oordinates are treated as ordinary (
ommutative)variables and non
ommutativity enters into play in the way in whi
h �elds are multi-plied [2℄. Using a modi�ed symple
ti
 stru
ture on the spa
e variables in the Hamiltonapproa
h, we assume that the minisuperspa
e variables do not 
ommute, and for thispurpose we will modify the Poisson stru
ture. This approa
h does not modify the Hamil-tonian stru
ture in the non
ommutative �elds. A

ording to the approa
h used here,the momenta in both spa
es are the same, Pqµ

nc
= Pqµ ; that is, they 
ommute in bothspa
es.Another way to extra
t useful dynami
al information is through the WKB semi
las-si
al approximation to the quantumWheeler �DeWitt equation using the wave fun
tion

Ψ = eiS(qµ) . In this approa
h, we 
onsider the usual approximation to the derivativesand the 
orresponding relation between the Einstein �Hamilton � Ja
obi (EHJ) equa-tion. It was possible to obtain 
lassi
al solutions at the master equation found by thispro
edures. The 
lassi
al �eld equations were 
he
ked for all solutions using the RE-DUCE 3.8 algebrai
 pa
kages.The main idea in this paper is to �nd 
lassi
al 
ommutative and non
ommutativequantum solutions.1. Quantum 
osmology and the WKB approximationOur goal is to present a WKB-type method for non
ommutative quantum 
osmology.We start by reviewing the quantum 
osmologi
al models we are interested in here,and �nd the 
lassi
al evolution through a WKB-type approximation. The following
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hs 
osmology, FRW 
osmology with 
osmologi
al
onstant 
oupled to a s
alar �eld, and a 
osmologi
al model within the framework ofstring theory.1.1. Kantowski � Sa
hs 
osmology. The �rst example we are interested in isthe Kantowski � Sa
hs universe. This is one of the simplest anisotropi
 
osmologi
almodels. We are also interested in a wide set of analyti
al solutions it admits. TheKantowski � Sa
hs line element is [3℄
ds2 = −N2dt2 + exp

(

2
√

3β
)

dr2 + exp
(

−2
√

3(β + Ω)
)

(

dϑ2 + sin2 ϑdϕ2
)

. (1)From the general relativity Lagrangian we 
an 
onstru
t the 
anoni
al momenta,
ΠΩ = −

12

N
exp

(

−
√

3β − 2
√

3Ω
)

Ω̇, Πβ =
12

N
exp

(

−
√

3β − 2
√

3Ω
)

β̇. (2)Using 
anoni
al quantization and a parti
ular fa
tor ordering, we get the WDW equa-tion. Through the usual identi�
ations ΠΩ = −i
∂

∂Ω
and Πβ = −i

∂

∂β
we get

[

∂2

∂Ω2
−

∂2

∂β2
− 48 exp

(

−2
√

3Ω
)

]

ψ(Ω, β) = 0. (3)The solution to this equation is given by
ψ = exp

(

±iν
√

3β
)

Kiν

(

4 exp
[

−
√

3Ω
])

, (4)where ν is the separation 
onstant and Kiv are the modi�ed Bessel fun
tions.We now pro
eed to apply the WKB-type method. For this we propose the wavefun
tion
Ψ(β,Ω) ≈ exp [i(S1(β) + S2(Ω))] . (5)The WKB approximation is rea
hed in the limit
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)2 (6)and gives the Einstein �Hamilton � Ja
obi (EHJ) equation
−

(

∂S2(Ω)

∂Ω

)2

+

(

∂S1(β)

∂β

)2

− 48 exp
(

−2
√

3Ω
)

= 0. (7)Solving Eq. (7) one gets the fun
tions S1, S2 and 
an �nd the temporal evolution. Firstwe �x the value of N(t) = 24 exp
(

−
√

3β − 2
√

3Ω
) ; by using (2) and the de�nition forthe momenta Πβ =

dS1(β)

dβ
and ΠΩ =

dS2(Ω)

dΩ
we obtain the 
lassi
al solutions

Ω(t) =
1

2
√

3
ln

[

48

P 2
β0

cosh2
(

2
√

3Pβ0
(t− t0)

)

]

,

β(t) = β0 + 2Pβ0
(t− t0),

(8)where β0 and Pβ0
are the initial 
onditions. These solutions are the same as we get bysolving the �eld equations of general relativity.



230 E. MENA ET AL.2. Stringy quantum 
osmologyOur �nal example is related to the gra
eful exit of pre-big bang 
osmology [4℄. Thismodel is based on the gravi-dilaton e�e
tive a
tion in 1+3 dimensions
S = −

λs

2

∫

d4x
√
−g e−φ(R+ ∂µφ∂

νφ+ V ), (9)where λs is the fundamental string length, φ is the dilaton �eld with V the possible dila-ton potential. Working with an isotropi
 ba
kground, and setting a(t) = exp
(

β(t)/
√

3
) ,after integrating by parts, we get

S = −
λs

2

∫

dτ
(

φ̄′
2 − β′2 + V e−2φ̄

)

. (10)We have used the time parametrization 1 dt = e−φ̄ dτ , the gauge g00 = 1 , and in-trodu
ed φ̄ = φ − ln

∫
(

d3x

λ3
s

)

−
√

3β . From this a
tion we 
al
ulate the 
anoni
almomenta, Πβ = λsβ
′ and Πφ̄ = −λsφ̄′ . From the 
lassi
al Hamiltonian we �nd theWDW equation:
[

∂2

∂φ̄2
−

∂2

∂β2
+ λ2

sV (φ̄, β) e−2φ̄

]

Ψ(φ̄, β) = 0. (11)In parti
ular for a potential of the form V (φ̄) = −V0 e
mφ̄ , the quantum solution is

Ψ(φ̄, β) = exp

(

±− i
m− 2

2
νβ

)

Kiν

[

2λs

√
V0

m− 2
exp

((

m− 2

2

)

φ̄

)]

. (12)The 
lassi
al solutions for the s
ale fa
tor and the dilaton are














φ̄(τ) =
1

m− 2
ln

[

P 2
β0

V0λ2
s

se
h2

(

Pβ0

2λs

(m− 2)(τ − τ0)
)

]

,

β(τ) = β0 +
Pβ

λs

(τ − τ0).
(13)Here m = 0 and m = 4 ; the solutions were obtained in [4℄ and are used in 
onne
tionwith the gra
eful exit from pre-big bang 
osmology in quantum string 
osmology.3. Non
ommutative quantum 
osmologyand the WKB-type approximationIn this se
tion we 
onstru
t non
ommutative quantum 
osmology for the examplespresented in the previous se
tion and 
al
ulate the 
lassi
al evolution via a WKB-typeapproximation. To get the 
lassi
al 
osmologi
al solutions would be a very di�
ult taskin any model of non
ommutative gravity [5�7℄ due to the highly nonlinear nature ofthe �eld equation. We will follow the original proposals of non
ommutative quantum
osmology that was developed in [3℄. This will allow us to get the desired 
lassi
alsolutions. The �rst non
ommutative example that we present is the non
ommutativeKS, and �nally stringy non
ommutative quantum 
osmology. We start by presenting,in quite a general form, the 
onstru
tion of non
ommutative quantum 
osmology andthe WKB-type method to 
al
ulate the 
lassi
al evolution.Let us start with a generi
 form for the 
ommutative WDW equation. This is de-�ned in the minisuperspa
e variables x, y . As mentioned in [3℄ a non
ommutativedeformation of the minisuperspa
e variables is assumed

[x, y] = iθ. (14)
1The prime denotes di�erentiation in respe
t to τ .
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ommutativity2 
an be formulated in terms of non
ommutative minisuperspa
efun
tions with the Moyal produ
t of fun
tions
f(x, y) ⋆ g(x, y) = f(x, y) exp

(

i
θ

2

(←−
∂x

−→
∂y −

←−
∂y

−→
∂x

)

)

g(x, y). (15)Then the non
ommutative WDW equation 
an be written as
(

−Π2
x + Π2

y −V(x, y)
)

⋆Ψ(x, y) = 0. (16)We know from non
ommutative quantum me
hani
s [9, 10℄ that the symple
ti
 stru
tureis modi�ed 
hanging the 
ommutator algebra. It is possible to return to the original
ommutative variables and usual 
ommutation relations if we introdu
e the following
hange of variables:
x→ x+

θ

2
Πy and y → y −

θ

2
Πx. (17)Taking this into a

ount and using the usual substitutions Πqµ =−i∂qµ we arrive to

[
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∂x2
−

∂2

∂y2
−V
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2

∂

∂y
, y + i

θ

2

∂

∂x

)]

Ψ(x, y) = 0. (18)This is the Non
ommutative WDW equation (NCWDW) and its solutions give thequantum des
ription of the non
ommutative Universe. We 
an use the NCWDW to �ndthe temporal evolution of our non
ommutative 
osmology by a WKB-type pro
edure.For this we propose that the non
ommutative wave fun
tion has the form ΨNC(β,Ω) ≈
≈ exp [i(SNC1(β) + SNC2(Ω))] , whi
h in the limit
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, (19)yields the non
ommutative Einstein �Hamilton � Ja
obi equation (NCEHJ), that givesthe solutions to SNC1 and SNC2 . After the identi�
ation ΠxNC
= −

∂(SNC1)

∂x
and

ΠyNC
= −

∂(SNC2)

∂y
together with the de�nitions of the 
anoni
al momenta and Eq. (17)we 
an �nd the time dependent solutions for x and y .In the rest of this se
tion we will apply this ideas to the examples that have alreadybeen presented.4. Non
ommutative Kantowski � Sa
hs 
osmologyUsing the method outlined in the pre
eding paragraphs with respe
t to Eq. (3) we�nd the NCWDW equation

[

∂2

∂Ω2
−

∂2

∂β2
− 48 exp

{

−2
√

3

(

Ω− i
θ

2

∂

∂β

)}]

Ψ(Ω, β) = 0. (20)Then the solution of the NCWDW equation is
Ψ(Ω, β) = exp

(

±i
√

3νβ
)

Kiν

(

4 exp

[

−
√

3Ω±
3

2
νθ

])

. (21)
2This 
ommutation relation implies an un
ertainty prin
iple giving an absolute minimal distan
e inminisuperspa
e.



232 E. MENA ET AL.Usually the next step is to 
onstru
t a �Gaussian� wave pa
ket and do the physi
s withthe new wave fun
tion. This is not needed for our purposes, as we are interested in the
lassi
al solutions by applying the WKB-type method outlined in the previous se
tion.Using Eqs. (5), and (6) we �nd the solutions for S1(β) and S2(Ω) whi
h have the form
S1(β) = Pβ0

β,

S2(Ω) = −
1√
3

√

P 2
β0
− 48 exp
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−
√

3θPβ0

)
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−2
√

3Ω
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+

+
Pβ0√

3
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


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P 2
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− 48 exp

(

−
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3θPβ0

)

exp
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√

3Ω
)

Pβ0



 .

(22)Then the deformation of the momenta provide us with the non
ommutative 
lassi
alsolutions
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1

2
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3
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]
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,

β(t) = β0 + 2Pβ0
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θ

2
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tanh2
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2
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3Pβ0
(t− t0)

]

.

(23)These solutions have already been obtained in [8℄, where the authors deform thesymple
ti
 stru
ture at a 
lassi
al level 
hanging the Poisson bra
kets.5. Stringy non
ommutative quantum 
osmologyAs in the previous examples, we introdu
e the non
ommutative relation [φ̄, β] = iθ ,and from the 
lassi
al Hamiltonian we �nd the NCWDW equation
[

∂2

∂φ̄2
−

∂2

∂β2
− λ2

sV (φ̄, β) exp

{

(m− 2)(φ̄− i
θ

2

∂

∂β
)

}]

Ψ(φ̄, β) = 0. (24)The non
ommutative wave fun
tion is
Ψ(φ̄, β)=exp

(

±− i
m− 2

2
νβ

)

Kiν

[

2λs

√
V0

m− 2
exp

{
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(
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4
θν

)}]

. (25)Using the NCWKB-type method the 
lassi
al solutions for the non
ommutative string
osmology are:
φ̄(τ) =

1

m− 2
ln

[

P 2
β0

V0λ2
s

se
h2

(

Pβ0

2λs

(m− 2)(τ − τ0)
)
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−
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2
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,

β(τ) = β0 +
Pβ

λs

(τ − τ0) + θ
Pβ0

2
tanh [

Pβ0

2λs

(m− 2)(τ − τ0)
]

.

(26)The 
lassi
al evolution for string 
osmology 
an be 
al
ulated for m = 0 and m = 4 .An interesting issue 
on
erns the B �eld that is turned o� in the string 
osmologymodel [4℄ and does not 
ontribute to the e�e
tive a
tion. In open string theory, however,non
ommutativity arises pre
isely in the low-energy limit of string theory in the presen
eof a 
onstant B -�eld. The θ parameter that we have introdu
ed in the minisuperspa
e
ould then be understood as a kind of B-�eld related with the Neveu � S
hwarz B-�eld.
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lusionsIn this work we have presented the NCWKB-type method for non
ommutative quan-tum 
osmology and with this pro
edure found the non
ommutative quantum solutionsfor two non
ommutative quantum 
osmologi
al models.By means of the WKB approximation of the 
orresponding NCWDW equation, onegets the non
ommutative generalized Einstein �Hamilton � Ja
obi equation (NCEHJ),from whi
h the 
lassi
al evolution of the non
ommutative model is obtained. The exam-ples we have studied here were the Kantowski � Sa
hs 
osmologi
al model and a stringquantum 
osmologi
al model. In the 
ommutative s
enario, the 
lassi
al solutions foundfrom the WKB-type method are solutions to the 
orresponding Einsteins �eld equations.In this approa
h the e�e
ts of non
ommutativity are en
oded in the potential throughthe Moyal produ
t of fun
tions. We only need the NCWDW equation and the approxi-mations (6) to get the NCEHJ and, from it, the non
ommutative 
lassi
al behavior 
aneasily be 
onstru
ted. As already mentioned, in [11, 12℄ the e�e
ts of non
ommutativitywere studied in 
onne
tion with in�ation, but the non
ommutative deformation wasonly done in the matter se
tor negle
ting the gravity se
tor. The pro
edure developedhere has the advantage that we 
an implement non
ommutativity in both se
tors ina straightforward way and �nd the 
lassi
al solutions (i.e., in�ationary models). Theseideas are being explored and will be reported elsewhere.We would like to thank M.P. Ryan for enlightening dis
ussions on quantum 
osmol-ogy. This work was partially supported by PROMEP grants 103.5/08/2919.�åçþìåÝ. Ìåíà, Î. Îáðåãîí, Ì. Ñàáèäî, Ý. Êàíî, Ê. Éè-�îìåðî. Î äå�îðìèðîâàííûõ ìèíè-ñóïåðïðîñòðàíñòâåííûõ ïåðåìåííûõ â êâàíòîâîé êîñìîëîãèè.�àññìîòðåíî íåñêîëüêî ïðèìåðîâ èç íåêîììóòàòèâíîé êâàíòîâîé êîñìîëîãèè ñ ïðè-ìåíåíèåì ìåòîäà êâàçèêëàññè÷åñêîãî ïðèáëèæåíèÿ ñ äå�îðìàöèåé ìèíèñóïåðïðîñòðàí-ñòâåííûõ ïåðåìåííûõ. Äàííàÿ ìåòîäèêà ïðåäñòàâëÿåò ñîáîé ïðÿìîé àëãîðèòì äëÿ âêëþ-÷åíèÿ íåêîììóòàòèâíîñòè â êîñìîëîãèþ è òåîðèþ ðàñøèðåíèÿ Âñåëåííîé.Êëþ÷åâûå ñëîâà: íåêîììóòàòèâíàÿ êîñìîëîãèÿ, êâàíòîâàÿ êîñìîëîãèÿ, êâàçèêëàñ-ñè÷åñêîå ïðèáëèæåíèå.
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