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Preface

These are notes of lectures given at the Department of Mechanics and Mathematics
of the Kazan State University in Tatarstan, Russian Federation, in September 2013.
The author wants to thank the colleagues their, in particular Adel Abyzov, for their
kind invitation and warm hospitality. He is also grateful to Bachuki Mesablishvili for
proof reading this text.

The purpose of the talks is to show how algebraic notions can be introduced at an
early stage in general categories, thus providing a framework which turns out to be
most useful to decribe more advanced theories and research.

Together with the elementary notions for abelian groups, the corresponding terms
are introduced in a categorical language. This leads naturally to a formalism which
allows to handle algebraic and coalgebraic terminology in a general setting. At the
end of the course the reader will be ready to deal with bimonads and Hopf monads in
arbitrary categories.

Before beginning we will recall the notion of a Hopf algebra in vector spaces.
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Hopf algebras

A k-vector space H is called a k-bialgebra if it is an
algebra pu:H®yH—-H, n:k— H, anda
coalgebra A:H —- H®p H, e¢:H =k,

such that A and ¢ are algebra morphisms, where multiplication on H ®; H is
derived from the canonical twist map

tw:HopH— HoH, a®b—boa,

by defining (a; ® az) - (b1 ® by) = a1b1 @ azbs.
Besides composition, End(H) allows for a convolution product for f,g € End(H),

fxg(h)=(f®g)(Ah),

making (Endy(H), *,+) a ring.
If the identity map I : H — H has an inverse S with respect to *, this is called an
antipode, that is,
I+S=noe=5x1I.

A bialgebra which has an antipode is a Hopf algebra.
As an example, consider the polynomial ring k[X] with the usual multiplication
of polynomials, a coproduct

A:k[X] =, KX]QKX, X~ X@1+1®X,

and the antipode
Skl X] = k[X], zw— —x.

The purpose of this lecture is to analyse the structures involved and to formulate
the notions for arbitrary categories.
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Algebras and coalgebras

1 Abelian groups

In this section we recall fundamentals of abelian groups which we will need later on.

1.1. Abelian groups. An abelian group is defined as a set G with a map
+6:GxG— G, (a,b) — a+¢gb,

with the properties, for all a,b,c € G,

associativity (a+¢gb) +¢c=a+¢g (b+gc),
commutativity a+gb="b+¢g a,
identity element there exists 0 € G,witha +g0=a=0+¢ a,
inverse element there exists —a € G,with a +¢ (—a) =0 = (—a) +¢ a.

We will mostly write + instead of +¢ if no confusion arises.
The integers Z form an abelian group; they act on any (abelian) group G by

g+ ...+ g, n-times ifn>0
ZxG—=G, (ng)—=n-g=<(—g)+...+(—g), (—n)-times if n <0
0 ifn=0.

This means that every abelian group is a Z-module (and vice versa).

1.2. Homomorphisms. Given two abelian groups (G,+¢) and (H,+x), a map
f: G — H is called a (group) homomorphism provided

fla+gb) = f(a) +m f(b), for all a,b € G.
The image of f, a subgroup of H, is defined as
Im (f) = f(G) ={f(9)lg e G} € H.

The set of homomorphisms from G to H is denoted by Hom(G, H). Note that
these homomorphisms are nothing but Z-linear maps.
For f,g € Hom(G, H), the sum is defined by

(f +Hom(G,H) g)(a) = f(a) +H g(a)v for all a € G,

making Hom(G, H) an abelian group.



2 1. Abelian groups

Clearly, the identity map I : G — G is a group homomorphism and for any two
homomorphism f: G — H and g : H — K, the composition go f : G — K is again a
homomorphism.

Thus on End(G) := Hom(G, G) we have a product o (composition) and an addition
+End(@) induced by +¢. These operations are distributive making (End(G), o, +gna(c))
a ring (see 3.1).

1.3. Subgroups and factor groups. Let (G,+) be an abelian group. A subset
U C G is a subgroup if it is closed under the group operation and inverses, that is,

u,v € U implies u+v € U, —u € U.

The subset {0} C G is the smallest subgroup of G, we usually denote it just by 0.
It is characterised as the smallest group generated by a single element.

There exists precisely one homomorphism 0 — G and one G — 0.

Every subgroup U induces an equivalence relation on G, by defining for a,b € G,

a~ygbsa—-bel.

The set of equivalence classes, denoted by G/U, has an abelian group structure
given, for a,g € G, by

G/U x GJU — GJU, (a,b) — a+b,

where T denotes the equivalence class of z € G.
By definition, the canonical projection p : G — G /U, a + a, is a surjective group
homomorphism.

1.4. Products of abelian groups. Let {G)}a be a family of abelian groups. Then
the cartesian product

[1,65= {921, 9 € Ga},
is an abelian group by componentwise addition and there are projections
Ty HAGA, (92)A — gu-

Denoting P = [[, G we observe the following property:

For every family of homomorphisms {f\ : X — Gx}a, there is a unique homo-
morphism f : X — P with myo f = fy\ for all A € A.

This corresponds just to the bijectivity of the map
® : Hom(X, HAG,\) — HAHom(X, Gy), fr (mxo fa.

1.5. Coproducts of abelian groups. Let {G)}a be a family of abelian groups.
The subset of the cartesian product

HAGA ={ac€ HAG,\ | ma(a) # 0 only for finitely many A € A},
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is a subgroup with injections
€ - G“ — HAG)\, Q= (aﬂéuA),\eA.

Denoting @ = [[, G we observe the following property:

For every family of homomorphisms {gy : Gx — Y }a, there is a unique homomor-
phism f:Q — Y with goeyx = gy for all A € A.
This corresponds just to the bijectivity of the map

U Hom(HAGA,Y) — HAHom(G)\,Y), g (goex)a-

[IAG» is also called the (external) direct sum and written as €, G .

1.6. Kernel. For a homomorphism f : G — H of abelian groups, the kernelis defined
as
Ke f={a€e G| f(a)=0x}.
Ke f is a subgroup of G and characterised by the property:
For any homomorphism g : L — G with fog = 0 there is a unique homomorphism
q: H— Ke f with commutative diagram (with inclusion i)

Furthermore, f factors as

G/Ke f

where p : G — G//Ke f is the canonical projection and f is injective.

f
1.7. Equaliser. Consider two homomorphisms G %; H of abelian groups. The

equaliser of (f, f') is defined as the subgroup

Eq(f, ) ={a € G| f(a) = f'(a)}

and for the inclusion k : Eq(f, f’) — G we have the property:

for every homomorphism g : L — G with fog = f'og, there exists a unique
homomorphism u : L — Eq(f, f') such that g =k o u.

This is visualized by the commutative diagram

L
2
Ba(f, )L G ==

By definition, Eq(f, f’) is just the kernel of f — f’.
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1.8. Pullback of homomorphisms. For any pair f; : Hi — H, fo : Go — H of
homomorphisms of abelian groups, consider the homomorphism

p*:flo’iTl—fQO’iTgi G1><G2—>H,

where m; : G1 X Go = G;, i = 1,2, are the canonical projections. With P = Ke p*
and the restrictions 7} of m; to P C G1 x G, the square

P q,

ﬂ'il ib
f1

G——H

is called the pullback for (fi1, f2) and has the property:

for every pair of homomorphisms g1 : X — G1, g2 : X — Go with fiog1 = faogo,
there is a unique homomorphism g : X — P with 7 0 g = g1 and 70 g = ga.

1.9. Cokernel. For a homomorphism f : G — H of abelian groups, f(G) is a
subgroup of H, and the cokernel of f is defined as Coke f = H/ f(G) with the canonical
projection q : H — Coke f and this has the property:

for any group homomorphism g : H — L with go f = 0, there exists a unique
homomorphism g : H/f(G) — L with g = v o p, that is, we have the commutative
diagram

A

f
1.10. Coequaliser. Consider two homomorphisms G %;H of abelian groups.

Gt H/G)
L.

The coequaliser of (f, f') is defined as Coeq (f, f') = H/Im (f—f) with the canonical
projection ¢ : H — Coeq (f, f') and has the property:

for every homomorphism h : H — Y with ho f = ho f’, there exists a unique
homomorphism v : Coeq (f, f') = Y such that h =wvoc.

This is visualized in the commutative diagram

G— = IT —=Cocq(f.f)
Y.
By definition, the coequaliser of (f, f) is just the cokernel of f — f’.

1.11. Pushout of homomorphisms. Let g1 : G — Hi, go : G — Hy be two
homomorphisms of abelian groups. With the injections ¢; : H; — H1 & Hy, 1 = 1,2,
we form the morphism

¢ =c1091 —e2092: G— Hy & Hy.
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The Coke g* together with the canonical homomorphisms &; : H; — H1&Hy — Coke ¢*
is called the pushout of (g1, g2). It has the property:

for any pair of homomorphisms hy : H — Y, hg : Hy — Y with hi 0o g1 = ho o g9,
there is a unique homomorphism h : Cokeq* — Y with ho & = hy, h o & = ho, that
18, we have a commutative diagram

el g2 H2

J

Hy —°. Coke gt \2

1.12. Special homomorphisms. A homomorphism f : G — H of abelian groups is
called
monomorphism if f is injective;
epimorphism if f is surjective;
isomorphism if f is bijective;
null morphism if f(g) =0 for all g € G.

1.13. Characterisations of monomorphisms. The following are equivalent for a
homomorphism f : G — H of abelian groups:

(a) f is a monomorphisms;

(b) for any homomorphism g,h: L — G, fog= foh implies g = h;

(¢c) f is the kernel of the projection p: H — H/f(G);

(d) f is the coequaliser of H:z;H/f(G) .

1.14. Characterisations of epimorphisms. The following are equivalent for a
homomorphism f: G — H of abelian groups:

(a) f is an epimorphisms;

(b) for any homomorphism g,h: H — L, go f = ho f implies g = h;
(c) f is the cokernel of the inclusion i : Ke f — G.
(d

) f is the equaliser of Ke f :é; G .

1.15. Characterisations of isomorphisms. The following are equivalent for a
homomorphism f : G — H of abelian groups:

(a) f is an isomorphisms (bijective);

(b) f is a monomorphism and an epimorphism;

(c) there exists a homomorphism g : H — G with go f = Ig and fog=1Iy.

1.16. Exact sequences. A sequence of morphisms G Ly H 95 L of abelian groups
is called exact if Im f = Ke g. This means that go f = 0 and in the resulting diagram

NN

Ke g Coke f )
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f is epimorph and - equivalently - g is monomorph.
A sequence of group homomorphisms {f; : 4; — A;+1|i € N} is called ezact at A;
if f;_1 and f; form an exact sequence. It is called ezxact if it is everywhere exact.

For a homomorphism f: G — H of abelian groups we have:

(i) 0= G Iy H s exact if and only if f is monomorph;

(ii)) G Iy H 50 is exact if and only if f is epimorph;

(iii) 0 = G Iy H 0 is exact if and only if f is an isomorphism;

(iv) 0 » K SGh HR L S0 is exact if and only if i is the kernel of f and p is
the cokernel of f.

Exact sequences of the form 0 — K La i) H — 0 are called short exact
sequences or extensions of H by K.

1.17. Homotopy Lemma. Consider the commutative diagram of abelian groups
with exact rows,

Gy f1 Gy f2 Gs 0

al el o«

0 H, g1 jid g2 s

The following assertions are equivalent:
(a) there exists a : G3 — Hy with g2 0 a = (p3;
(b) there exists §: Go — Hy with So f1 = ¢1.
1.18. Bilinear maps. Let M, N and G be abelian groups. A map f: M x N - G
is called bilinear if
B(m1 +mg,n) = B(mi,n) + B(ma,n),
B(m,n1 +ng) = B(m, n) + B(m,n2),
for all m,my,mo € M, n,ni,ns € N.

The set of all these maps we denote by Bil(M x N,G). The sum of two 3,3 €
Bil(M x N, Q) is defined by

(B+B)(m,n) = B(m,n) +¢g B'(m,n), forme M, ne€ N,
making Bil(M x N,G) an abelian group.

1.19. Tensor product. For abelian groups M, N, form the free Z-module Z(M*N)

over the set M x N and denote by [m,n] the elements of the canonical basis. Let K
be the submodule of ZM*N) generated by elements of the form

[ml + mQan] - [mlan] - [m27n}7 [manl + nQ] - [m7n1] - [m; nQ]a
with m,m; € M, n,n; € N. Put M @ N := Z(MXN)/K and define the map

T:MxN—->M®N, (mn)—maen:=[m,n]+K.
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By definition of K, the map 7 is bilinear. Note that 7 is not surjective but the image
of r,Im7={m®n|me M, nec N}, is a generating set (not a basis) of M @ N as
a Z-module.

For a bilinear map 8 : M x N — G, G any abelian group, define a Z-homomorphism

5 :ZMXN) 5 @ [m,n) — B(m,n).

Obviously K C Ke 4 and hence 7 factorises over 7. (M ® N, 1) is called the tensor
product of M and N and we have observed the following property:

for any bilinear map B : M x N — G, there is a unique group homomorphisms
v: M ®N — G with commutative diagram

MxN--q

| A
.

Mo N .

1.20. Tensor product and direct sums. Let M and N = @, N, be abelian
groups, with canonical injections €y : Ny — N and projections w) : N — N,. Then
(M @ N, I ®e€)y) is a direct sum of {M ® N}y, ie.,

M (P N ~P, (M e Ny,

that is, the tensor product commutes with direct sums.
Summarising the facts observed so far we have:

1.21. Properties of the tensor product. Let M be any abelian group.
(1) G— M ® G maps abelian groups to abelian groups.

(2) For any homomorphism f : G — H, Iy @ f: M ®@ G — M ® H is a group
homomorphism.

(3) For any homomorphism f:G — H, g: H — L,
(Iv@g)o(Iu®@f)=Iu®gof.
(4) For any abelian group G, Z ® G — G, n ® g — ng, is an isomorphism.

1.22. Hom-tensor relation. Let L, M and N be abelian groups and denote by
Bil(L x M, N) the set of the bilinear maps L x M — N. By the definition of L ® M,
the canonical map 7: L x M — L ® M yields a bijection

1 : Hom(L ® M, N) — Bil(L x M,N), arsaor.
There is also map
9 : Bil(L x M,N) — Hom(M,Hom(L,N)), B+ [m— B(—,m)],
with inverse ¢, ' : @ > [(u,m) = @(m)(u)], and 1) 0 ¢y yields the isomorphism

Yy N : Hom(L ® M, N) — Hom(M,Hom(L, N)), § — [m+— §(— @ m)],



8 1. Abelian groups

with inverse map 1} : ¢ — [u®@m — (m)(u)].

Every homomorphism f : N — N’ leads to a commutative diagram

Hom(L®M,
Hom(L ® M, N) M) _ Hom(L ® M, N')
wM,Nl lTZ)J\l,N’
Hom(M,Hom(L,
Hom(M, Hom(L, N)) o2 CEIon @) g (M, Hom(L, N')),

and any homomorphism g : M — M’ yields a commutative diagram

m( ] N
Hom(L @ M/, N) —ont2oN)

wM’,Nl
Hom(M',Hom(L, N))

Hom(L ® M, N)
le,N

Homlo B2 Hom (M, Hom(L, N)).

Related to any abelian groups L, G, we have the homomorphisms

eqg: L®Hom(L,G) = G, u® f— f(u),
ng: G—Hom(L,L®G), g~ [u—u® g,

satisfying the (triangular) identities
€Lec o (IL ®ng) = ILga, Hom(L,€) © Naom(r,c) = IHom(L,G);

described by the commutative diagrams

I® om
LG % LeHom(L,L®G) Hom(L,G)"““Hom(L, L ® Hom(L, G))

L®dG ; Hom(L, G)
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2 Categories

The data above give an example of the notion of a category which is basic for what
will follow.

2.1. Categories. A category A is given by
(1) a class of objects, Obj(A);
(2) for any objects A, B in A, there exists a set of morphisms Mora (A, B), with

Mory (A, B) N Mory (A", B") =0 for (A,B) # (A", B);
(3) a composition of morphisms, that is a map
o : Mora (A, B) x Mory(B,C) — Mora(A,C), (f,9) — go f,

for every triple (A, B, C) of objects, which is associative (in an obvious way);
(4) for every A € Obj(A) there is an identity morphisms I4 € Mory (A, A), with
Iyo f = f forany f € Mory(A, B) and g o I4 = g for any g € Mor(B, A)
We often write Mora (A4, B) = Mor(A, B) and, for short, A € A instead of A € Obj(A).
The composition g ¢ f is usually denoted by gf. For f € Mor(A, B) we also write

f:A—> Bor A N B; A is called the source and B the target of f.

The following notions can be defined in any category without saying anything
about their existence. Throughout A will always denote a category.

2.2. Product of objects. Let {A)}a be a family of objects in A. An object P in A
with morphisms (projections) {my : P — Ay} is called the product of {Ax}a, if for
every family {fy : X — Ay}, there is a unique morphism f : X — P with myo f = f)
for all A € A.

As for abelian groups, the object P is often denoted by [[,Ax. Note that this is
not meant as a hint how to construct such an object in general.

The definition is equivalent to bijectivity of the map

® : Mory (X, [T, A\ = [ Mora(X, Ay), f = (my o frea.

2.3. Coproducts of objects. Let {A)}x be a family of objects in A. An object @
with morphisms (injections) {ey : Ax — Q}a is called the coproduct of {Ax}a, if for
every family {gy : Ax — Y}, there is a unique morphism ¢ : Q — Y with goey = gy
for all A € A.

Writing @ =: [[, G this corresponds to the bijectivity of the map

U MorA(HAAA,Y) — HAMorA(GA,Y), g (goex)a.

f
2.4. Equaliser. The equaliser (difference kernel) of two morphisms G ?; H in

A is defined as a morphism k : K — G with f ok = f' ok and the property that
for every morphism g : L — G with fog = f’ ¢ g, there exists a unique morphism
u : L — K such that g = ko u.
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f
2.5. Coequaliser. The coequaliser (difference cokernel) of two morphisms G ? H

in A is defined as a morphism ¢ : H — C with co f = c¢¢ f’ and the property that
for every morphism h : H — Y with ho f = ho f’, there exists a unique morphism
v:C —= Y such that h=wvoec.

2.6. Special morphisms. A morphism f: G — H in A is called
monomorphism if for any g,h: L — G, fog= f o h implies g = h;
epimorphism  if for any g,h: H — L, go f = h ¢ f implies g = h;
bimorphism if f is monomorph and epimorph;
retraction  if there exists g : H — G with fo g = Ip;
coretraction  if there exists g: H — G with go f = Ig;
isomorphism if f is a retraction and a coretraction.

2.7. Special objects. In any category A, an object A is called

initial object if Mora (A, B) has just one element, for any B € A,
terminal object if Mor 5(C, A), has just one element, for any C' € A; .
zero object if A is an initial and a terminal object.

2.8. Zero morphism. Let A be a category with zero object 0. Then for any objects
A, B, there is exactly one morphism A — B which factors through 0, that is, it can
be written as A — 0 — B. This is called the zero morphism and denoted by 04 5 or
just 0.

2.9. Kernel and cokernel. Let f: G — H be a morphism in a category A with
zero object.

(1) The kernel of f is defined as a morphism k : K — G with fok = 0, such that for
any morphism g : L — G with fog = 0, there is a unique morphism u : H — K
with g = ko u.

Clearly, the kernel of f is just the equaliser of G :z:; H

(2) The cokernel of f is defined as a morphism with ¢ : H — C ¢ f = 0, such that
for any morphism h : H — L with ho f = 0, there exists a unique homomorphism
v:C —= Lwithh=voc.

f
The cokernel of f is just the coequaliser of G :0; H.

2.10. Pullback of morphisms. Let f; : By = B, fs: Ay — B be morphisms in A.
A commutative diagram

P-4,

pll if2
f1

A1*>B

is called the pullback for (f1, f2) if, for every pair of morphisms ¢g; : X — Ay, g2 : X —
Ag with f1 © g1 = f2 ¢ go, there is a unique morphism g : X — P with p; ¢ g = ¢ and
P29 = g2-
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2.11. Pushout of morphisms. Let g; : A — By, g2 : A — Bs be two morphisms in
A. A commutative diagram in A

GLBQ

BlLQ

is called the pushout for (g1,g2) if, for every pair of morphisms hy : By — Y, ha :
By — Y with hy ¢ g1 = ho ¢ gs, there is a unique morphism h : Q — Y with hogq = hy
and h o qo = ho.

2.12. Additive categories. A category A is called additive if for any objects A, B €
A, the set Mory (A, B) has an additive group structure + satisfying the distributive
laws for f,g € Mora(A, B), h € Mora(C, A), k € Mora(B, D),

(f+g)oh=foh+goh, ko(f+g)=kof+kog.

2.13. Abelian categories. The category A is called abelian if
(i) it has a zero-object,
(ii) it has finite products and coproducts,
(iii) every morphism has a kernel and a cokernel,
)

(iv) every monomorphism is a kernel and every epimorphism is a cokernel.

It can be shown that abelian categories are also additive.

The abelian groups form a category Ab with the objects all abelian groups and
morphisms between abelian groups G, H are the homomorphisms, i.e. Mora,(G, H) =
Hom(A, B). This is (the prototype of) an abelian category.

The non-commutative groups form a category Grp (Objects: groups, morphisms:
group homomorphisms) in which monomorphisms need not be kernels and which is
not additive.

Another basic example is the category Set where the objects are sets and the
morphisms between sets X, Y are just the maps, i.e. Morge(X,Y) = Map(X,Y). In
Set the initial object is {(}} and the terminal object is presented by a singleton; thus
there is no zero-object in Set.

The connection between two categories is given by

2.14. Functors. A covariant functor F' : A — B between two categories consists of
assignments

Obj(A) — Obj(B), A — F(A),
Mor(A) — Mor(B), f:A— B — F(f): F(A) — F(B),

such that F(I4) = Ipa) and F(fg) = F(f)F(g).

Contravariant functors reverse the composition of morphisms.
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The composition of two covariant functors again yields a covariant functor.

A functor F : A — B is said to preserve properties of an object A € Obj(A) or a
morphism f € Mor(A), if T'(A), resp. T(f), again have the same properties.

The functor F' reflects a property of A, resp. of f, if whenever F'(A), resp. F(f),
has this property, then this is also true for A, resp. f.

By definition, all functors preserve identities and commutativity of diagrams. Any
covariant functor F': A — B assigns to a morphism A — B in A a morphism F'(A) —
F(B), i.e. for every pair A, B in Obj(A) we have a (set) map

Fa g : Mory (A, B) — Morg(F(A), F(B)).
Any contravariant functor ' : A — B induces the map
Fu g : Mory (A, B) = Morg(F(B), F(A)) .
Properties of these maps lead to the definition of

2.15. Special functors. A functor F : A — B is called
faithful if F p is injective for all A, B € Obj(A);
full if Fu p is surjective for all A, B € Obj(A);
fully faithful if F is full and faithful;
an embedding if the assignment F' : Mor(A) — Mor(B) is injective;
representative if for every B € Obj(B) there is an A € Obj(A) with B ~ F(A).

Instead of representative one also says surjective on objects.
The relation between two functors is described by

2.16. Natural transformations. A natural transformation o : F — F’ between
two covariant functors F, F’ : A — B is given by a family of morphisms

au: F(A) — F'(A) in B, A € Obj(A),

such that any f: A — B in A induces the commutative diagram in B

F/
F(a) 2 .
Given another pair of functors G,G’ : B — C with any natural transformation
B:G — G, the diagram
GF 5% GF
BFl l BF’
GF-E
is commutative and thus there is a natural transformation (Godement product)
Ba = pF oGa=GaopF:GF — G'F'.

In what follows we will use functors and natural transformations as basic tools for
general constructions.
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2.17. Mor-functors. Let A, B, C be objects in A. Any morphisms f : B — C yields
the following maps between morphism sets,

Mor(A, f) : Mora (A4, B) — Mora(A4,C), u— fou,
Mor(f, A) : Mory (C, A) = Morp (B, A), v wvof.

These induce a covariant functor Mory (A4, —) : A — Set,

Mor(A,—): Obj(A) — Obj(Set), B+ Mory(A, B),
Mory (A) — Map, f = Mory (A, f),

and a contravariant functor Morg (—, A) : A — Set,

Morg(—,A) : Obj(A) — Obj(Set), B~ Mory(B, A),
Mora (A) — Map, f = Morp(f,A).

Note that Mory (A, —) always preserves monomorphisms while Mory(—, A) con-
verts epimorphisms into monomorphisms; Mor (A, f) is injective if and only if f is
monomorph, Mory (f, A) is injective if and only if f is epimorph.

Properties of the Mor-functors may be used to specify special objects.

2.18. Definitions. An object A in A is called
generator if Mory (A, —) is faithful;
projective  if Mory (A, —) preserves epimorphisms;
cogenerator if Mora(—, A) is faithful;
injective if Mory(—, A) converts monomorphisms to epimorphisms.
Depending on the properties of the category under consideration these objects can
be characterised in different ways.
In the category Ab, the integers Z form a projective generator since for any abelian
group G, Hom(Z, G) ~ G and hence Hom(Z, —) : Ab — Set is faithful and preserves
epimorphisms.

2.19. Adjoint functors. Let L : A — B and R : B — A be (covariant) functors
between any categories A, B. The pair (L, R) is called adjoint (or an adjunction) if
any of the two equivalent conditions holds:

(a) there is an isomorphism, natural in A € A and B € B,

wa,B : Morg(L(A), B) = Mory (A, R(B)),
that is, any morphisms f: A — A’, g : B — B’ induce commutative diagrams

PAB

Morg(L(A'), B) —2Z Mory (A', R(B))  Morg(L(A), B) —~% Mora (A, R(B))
Mor(L(f),B)i Mor(f,R(B))\L J{Mor(L(A),g) \LMor(A,R(g))
Morg(L(A), B) 722 Moty (A, R(B)), Morg(L(A), B') —*Z Mora (A, R(B'));
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(b) there are natural transformations n : Iy — RL and ¢ : LR — I (unit and counit)
with commutative diagrams (triangular identities)

L " LRL R—"% RLR

ST

L R.

Y

Unit and counit are obtained by

na = eray,nalrw)), €= @ﬁ%B),R(B) (Ir(B));
and we have the properties

o: LA LB — A rp) ") ReB),

ol A RB) — LA) " LRB) 5 B,

If (L, R) form an adjoint pair, then L is called left adjoint to R and R is said to
be right adjoint to L. Adjoints are unique up to natural isomorphisms.

2.20. Properties of adjoint functors. Let (L, R) be an adjoint pair of functors (as
in 2.19).
(1) L preserves epimorphisms and coproducts.

(2) R preserves monomorphisms and coproducts.

2.21. Properties of unit and counit. Let (L, R) be an adjoint pair of functors.
(1) (1) R is faithful if and only if ep is an epimorphism for each B € B.
(i

(iii) R is full and faithful if and only if € is an isomorphism.
(2) @
(it

(iii) L is full and faithful if and only if n is an isomorphism.

R is full if and only if ep is a coretraction for each B € B.

L is faithful if and only if n4 is a monomorphism for each A € A.

~— — — ~—

L is full if and only if na is a retraction for each A € A.

2.22. Natural transformations for adjoints. For two adjunctions (L, R) and
(L, R) between A and B, with respective units 7, 77 and counits e, &, there is an
isomorphism between the natural transformations

h:Nat(L,L) — Nat(R,R), o a:= REoRaRonR,
h~': Nat(R, R) — Nat(L, L), &+ a:=ecLoLalLo L.

We say that o and & are mates under the adjunctions (L, R) and (E, fi)
These maps are obtained from the commutative diagram

Morg(LR(B), B) Mor (R(B), R(B))

MorB(aﬁ(B),B)i \LMOTA(B:OZB)

Mory (R(B), R(B)),

Morg(LR(B), B)

by considering the image of & € Morg(LR(B), B).
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2.23. The pair (U ® —, Hom(U, —)). For any abelian group U, the endofunctors
U®—:Ab — Ab, Hom(U, —) : Ab — Ab,
form an adjoint pair by the natural isomorphism (see 1.22)
Hom(U ® M, N) — Hom(M,Hom(U, N)), 6 — [m— 6(— @ m)].

We may consider the notion of tensor product also in an arbitrary category. For
this we need the

2.24. Product of categories. The product A x B of two categories A, B has as
objects the ordered pairs (A, B) of objects A € Obj(A), B € Obj(B), the morphisms
sets are

Moraxg((A, B), (4’, B")) = Mory (A, A’) x Morg(B, B'),

and componentwise composition
(f.9)o(f.9)=(f"of909)
Hereby I(4 ) = (14, IB).
2.25. Monoidal category. A category A is said to be monoidal if there is a functor
©:AxA—A (A B)— A0B,
called tensor product, a unit object I € A, and natural families of isomorphisms in A,
aapc:(AoB)oC - Ao (Bo(),
ra: Aol — A, la:TOA— A,

called the associativity, right unit, and left unit constraints, respectively, inducing
commutativity of the diagram ....

(Ao B)o (CoD)
C)o

(Ao B) o Ao (Bo(CoD))

OCA,B,C®ID\L TIA@(XB,C,D

(Ao (BoC)) oD faBech Ao ((BoC)) @ D)
(Aol)o B fALh Ao (1o B)
A0 B

By MacLane’s coherence theorem we may assume that «,  and £ are the identity
maps.

Clearly, the category Ab is a monoidal category with ©® = ®. However, many
properties known for ® need not hold for @ in monoidal categories in general.
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3 Rings and modules

Based on the knowledge about abelian groups we introduce associative rings and the
category of their modules.

3.1. Rings. A ring is an abelian group R with a bilinear map
m:RXR— R, (r,s) —rs,

called multiplication, satisfying the associativity condition (rs)t = r(st), for r,s,t € R,
and a unit element 1g € R, that is rlg = r = 1gr, for all r € R. Note that the unit
can be characterised by the group homomorphism 7 : Z — R, 17 — 1g.

By the property of the tensor product (R® R, 7), we have the commutative diagram

RXRm/R
R®R

and this shows that - using the tensor product - rings can be defined by referring to
a group homomorphisms m. Then the associativity and unitality conditions can be
expressed by commutativity of the diagrams

RoRoRZ ReoR, ZoR™LEReRZY Rez

I N

3.2. Ring morphisms. Given rings R and R’, a linear map f : R — R’ is said to be
a ring (homo)morphism provided the diagrams

RoR 2L reRr 7z

AR

R R, R——~F

are commutative, that is, for a,b € R,

f(ab) = f(a)f(b), f(lg) =1g.
3.3. R-modules. Let (R,m,n) be a ring. A left R-module is an abelian group M
with a bilinear map g : R X M — M, called the action, subject to the associativity
and unitality conditions,

r(sm) = (rs)m and 1gm = m, for any r,s € R, m € M.
Similar to the ring case, the tensor product (R ® M, 7) allows to replace the bilinear

map in the definition by the homomorphism g, in the diagram

Rx M—2

|

Re M ,

and the conditions on gjs are expressed by commutativity of the diagrams
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ROIRIME2YRoM zZoM ™™ RreM

o Jow \Ay

RaM-—2 .\,

Right R-modules are defined symmetrically by interchanging R x M with M x R
and making the appropriate adaptions.

3.4. R-morphisms. A group homomorphism g : M — N between left R-modules
is called an R-homomorphism or R-linear provided g(rm) = rg(m), for any r € R,
m € M, this means commutativity of the diagram

RoMIEL Re N
Q]Wl \LQN
M—% o N.

The set of all these maps is denoted by Hompg (M, N). With the induced addition
this is a subgroup of the abelian group Hom(M, N) (=Homgy(M, N)). It can be
characterized as an equaliser

ono(R®—)

Homp (M, N) — Hom(M, N) Hom(R ® M, N).

Hom(onr,N)

The composition of two R-morphisms is again an R-morphism and Endgr(M) :=
Hompg(M, M) is a subring of End(M).

For R-morphisms of right R-modules the formulas are to be adapted in an obvious
way. In the expression Hompg(M, N), the subscript R indicates the module structure
of the objects M, N which we have in mind. In case of ambiguity we will write
Homp_ (M, N) for left R-module morphisms and Hom_ (M, N) for right R-module
morphisms.

3.5. Category of R-modules. By pM we denote the category of left R-modules,
that is, the objects are left R-modules and the morphisms are the R-module homo-
morphisms (R-linear maps).

For any abelian group X, R® X is a left R-module by m@Ix : RRR®X — R®X,
and this induces the functor

R —:Ab— M, X— (RX,m®Ix),

which is left adjoint to the forgetful functor Ur : RM — Ab, (M, par) — M, by the
isomorphism

Homp(R® X, M) — Hom(X, M), fw fo(n®Ix),
with inverse map

xhyv - Rox M Re MMM
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rM is an abelian category: The zero-object is the 0-module. Products (coproducts)
of R-modules are obtained from the product (coproduct) of abelian groups endowed
with an R-module structure. Kernels and cokernels of R-linear maps are defined in
the same way as for abelian groups. Monomorphisms are the same as injective linear
maps and can be considered as equalisers, epimorphisms are just surjective R-linear
maps and are coequalisers.

3.6. The Kleisli category of a ring. For the ring R, the Kleisli category RI\7JI is
defined as the category whose objects are those of Ab and whose morphisms between
X and Y are

MorRM(X, Y)=Hom(X,R®Y),

with composition of g € MorRM(X, Y)and h € MorRM(Y, Z) given by

X4 Rovy B ReoRewZz 9%, Re 2.

There are functors

o:Ab— M, XLy o X5 rex P2 Rey,

U:gM =M, X 2 ReY = RoXZ% ReRoy ™Y Rev,

yielding the commutative diagram
Ab Re- M
k %
rML

U is a full embedding and hence corestriction yields an equivalence between RI\~/JI
and the image of U, a subcategory of gpM.

3.7. Category of bimodules. Let R and S be rings. An abelian group M which is
a left R-module ppr : R® M — M and a right S-module pp: M ® S — M, is called
an (R, S)-bimodule, if

(rm)s = r(ms), for any m € M, r € R, and s € S,
that means commutativity of the diagram

ReaMoS—"%1 _yves

I®Mpl \LMP

R ® M PM M

Morphisms between (R, S)-bimodules M, N are group morphisms which are R-linear
as well as S-linear, we denote them by Homp (M, N).

These data define the category of (R, S)-bimodules which is denoted by gpMg; it
is also an abelian category.
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3.8. Tensor product of modules. Given a ring R, let p;p: M ® R — M be a right
module, py : R® N — N a left module, and G an abelian group. A bilinear map
B: M x N — G is called R-balanced if

B(mr,n) = B(m,rn), for allm € M, n € N and r € R.

An abelian group T with an R-balanced map 7: M x N — T is called the tensor
product of M and N if every R-balanced map

B: M x N — G, G an abelian group ,

can be uniquely factorised over 7, that is, there is a unique homomorphism v : 7" — G
with commutative diagram

Mx N2+

Tl/
.

T

Such a T is unique up to isomorphism and is usually written T = M ®r N. It is
determined by the coequaliser diagram

G

In®pN
Mp®IN

3.9. Module structure of tensor products. By construction, the tensor product
M ®r N of Mpr and grN is only an abelian group. However, if Mg or rNg are
bimodules, then M ®r N becomes a (T, S)-bimodule by the actions of t € T, s € S,

t(z m; @n;)s = Z(tmz) ® (n;s).

3.10. Tensor product with R. Regarding R as an (R, R)-bimodule, for every
R-module g N, there is an R-isomorphism

uy: R®r N — N, Zri®ni»—>2rini.

The map exists since the map R x N — RN, (r,n) — rn, is balanced; it obviously
has the given properties.

3.11. Associativity of the tensor product. Given rings R,S and three modules
Mpg, rNg and gL, the tensor products (M ®r N) ®¢ L and M ®p (N ®g L) can be
formed and there is an isomorphism

amMnL: (MRrN)@sL = Mg (N®sL), (men)@l—menel).
This can be derived from the corresponding property of abelian groups.

3.12. Hom-tensor relation. For rings R, S, let rPs be an (R, S)-bimodule.
(1) Hompg(P,—): pM — sM, M +— Homp(P, M),
f = HOHIR(P, f)
is a left exact covariant functor preserving direct products.



20 3. Rings and modules

(2) P®Rg—:sM— M, X— P®glX,
g—=1Ip®yg.
is a right exact covariant functor preserving direct sums.

(3) The two functors are adjoint by the natural isomorphism for M € pM, N € gM,
Yy Homg(P ®gs N, M) — Homg(N, Homg(P, M)), 6 — [n — d(— @ n)].

It is straightforward to verify that the objects involved have the module structure
required for these assertions. The isomorphism ¢,  in (3) is the restriction of the
corresponding isomorphism 1y, y for abelian grouﬁs (see 1.22). It is just to verify
that the specified subsets correspond to each other.

Again properties of related functors can be used to define special objects. So Ugr
is called flat provided U ® g — preserves monomorphisms.

3.13. Tensor product and linear maps. Let M, N be left modules over a ring
R. The dual space M = Hompg(M, R) is a right R-module by the action of s € R on
feM, f-s(m):= f(m)s forallme M.
(1) The map M* x N — Hompg(M,N), (f,n) — [m — f(m)n], is (obviously)
R-balanced and hence it induces a group homomorphism

9 M* ®RN—>HOHIR(M,N).

(2) ¥ is an isomorphisms provided M has a finite dual basis (i.e., Mg is finitely
generated and projective).

(3) The evaluation ev : M* x M — R, (f,m) — f(m), is R-balanced and hence
factorises over a group homomorphism

ev: M*®r M — R.

(4) If M has a finite dual basis, we get the linear map

Endp(M) 2> M* @9y M <~ R.
This is the trace map on matrix rings.

3.14. Category of (R, R)-bimodules. For any ring R, the category of (R, R)-
bimodules, denoted by rRMp (see 3.7), is an abelian category. For any two bimodules
M,N, M ®pr N is again an (R, R)-bimodule and R @ M ~ M.

Thus (RMpg, ®g, R) is a monoidal category (with unit object R).

3.15. Commutative rings. If R is a commutative ring, left R-modules may be
considered as (R, R)-bimodules canonically. Then for R-modules M, N, L, the R-
balanced maps g : M x N — L are just as R-bilinear maps. M ®pr N is an R-module
and the factoring map v: M ®gr N — L is R-linear.

The category M is monoidal with unit object R and the twist map is defined,

tw:MRRN—>NSQrM, me&n—n®m.

These observation apply in particular for vector spaces over fields. Over the real
numbers R, the scalar products are familiar examples of R-bilinear maps.
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Recall that a ring R was defined in 3.1 by a bilinear map and modules were
considered in the monoidal category Ab. Since over a commutative ring R, pM is also
a monoidal category, these definitions can be generalised to the following situation.

3.16. Algebras and their modules. Let R be a commutative ring. An algebra
over R is an R-module A with R-linear maps

w:A®rA— A, n:R— A,

the multiplication and unit, subject to associativity and unitality conditions (see 3.1).
An R-module M is said to be a left A-module provided there is an R-linear map

pmM:AQRM — M, a®m— am,

subject to associativity and unitality conditions (see 3.3). Morphisms between A-
modules (M, ppr) and (N, py) are defined as R-linear maps which are also A-linear
and they can be characterised as an equaliser

oNo(A®R—)

Hom (M, N) —— Homp(M, N) Homp(A ®p M, N).

Hom(ops,N)

Of course, every algebra A is also a ring and rings may be seen as Z-algebras.
The category of all left A-modules is denoted by oM. It is an abelian category
but not monoidal. Similar to 3.5, there is a functor

A®r — M — 4M, X — (A®rX,m® Ix),

which is left adjoint to the forgetful functor Uy : sAM — M, (M, pps) — M, by the
isomorphism

Homy(A®pr X, M) — Homgr(X, M), fr— fon®rX.

As in 3.6, the Kleisli category AM of an R-algebra A is defined as the image of the
free functor A @z — in 4 M.
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4 Coalgebras and comodules

As pointed out in the preceding section, the definition of algebras over a commutative
ring is essentially the same as a ring over Z. Nevertheless properties of the base ring
can have an influence on the behavior of the modules over algebra. So we gain some
generality if we introduce coalgebras over an arbitrary commutative ring. In this
section R will be a commutative ring.

4.1. Coalgebras. A coalgebra over R is an R-module C with linear maps
A:C—-C®rC, e:C—R,

the comultiplication and the counit, inducing commutative diagrams

A A

C CxrC C CxrC
Al i[c@m Al lo le@]c
ARIc
C®RC C®RC®RC, C®RCW C

The coalgebra C' is called cocommutative if A =two A

4.2. Sweedler’s Y-notation. For an elementwise description of the maps we use
the ¥-notation, writing for ¢ € C

Ac) = ch@) 2,

where ¢; and ¢z do not denote single elements but families of elements of C' representing
the element A(c); they are by no means uniquely determined. With this notation, the
coassociativity of A is expressed by

D A()®e=) c1®cy@a=Y a®cn1®cy=» a®Ay),
and hence the notation is often shortened to
(A & Ic)A(C) = (IC & A)A(C) = Z 1 ®c2 K cs.

The conditions for the counit are described by

D ele)ea=c=)_ cielc).

Cocommutativity is equivalent to the equality > ¢ ® c2 =D 2 ® ¢;.

Coalgebraic structures are closely related to algebraic ones. For example, the
module of R-linear maps from a coalgebra C' to any R-algebra is an R-algebra (e.g.
[15, 1.3]).

4.3. The algebra Hompg(C, A). For any R-linear map A : C — C ®r C and an
R-algebra A, Homp(C, A) is an R-algebra by the convolution product

frg=po(feg)oA, ie, frglc)=>> fle)glc),
for f,g € Homp(C, A) and c € C. Furthermore,
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(1) A is coassociative if and only if Hompg(C, A) is an associative R-algebra, for
any R-algebra A.

(2) C is cocommutative if and only if Homp(C, A) is a commutative R-algebra, for
any commutative R-algebra A.

(3) C has a counit if and only if Hompg(C, A) has a unit, for all R-algebras A with

a unit.

4.4. Coalgebra morphisms. Given R-coalgebras (C,A,¢) and (C',A’,¢’), an R-
linear map f : C — C’ is said to be a coalgebra morphism provided the diagrams

c I o c—t o
Al iA/ \ i
ConC-L2Lor e, R

are commutative, that is Ao f = (f® f)oA and &' o f = ¢, i.e., for any ¢ € C,

DSl @ fle) =) fl1® [z €(f(e)) =e(o).

4.5. Coproduct of coalgebras. For a family {Cy\}x of R-coalgebras, put C =
@, Ch, the coproduct in Mg, iy : Cy — C the canonical inclusions, and consider the
R-linear maps

Cr 250 0y CcC®C, £:Cy— R
By the properties of coproducts of R-modules there exist unique maps
AZC%C@RCWithAOZ‘)\ZA)\, €IC—>RWith€Oi)\:€)\.

(C,A¢e) is called the coproduct (or direct sum) of the coalgebras Cy. It is obvious
that the i) : C'y — C are coalgebra morphisms.

The coproduct constructed above is the coproduct in the category of coalgebras,
that is, objects are coalgebras and morphisms are coalgebra morphisms.

The definition of comodules over coalgebras is derived from modules over algebras
by reversing the arrows.

4.6. C-comodules. A right C-comodule is an R-module M with an R-linear map
oMM — Mg,

inducing commutative diagrams

M

0 oM
M Me@grC M——M®grC

lIM(X)A \ iIILI@E
Iy

M®rC®grC, M.

oMelc
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For the value of o™ on elements m € M we write

M m):ZmQ@Jml.

Then coassociativity and counitality are expressed by the equalities

ZQM(mQ)®ml Zm()@A my), m= Zmoe my).

In view of the first of these equations the notation is often shortened to
(In @A) o o™ (m) = mg @my @my.

Note that the elements with subscript 0 are in M while all the elements with positive
subscripts are in C.

An R-module with a coassociative and counital right coaction is called a C'-
comodule.

4.7. C-comodule morphisms. Given left C-comodules M and N, a C-comodule
morphism is an R-linear map f: M — N with a commutative diagram

M— N
pM\L lp]\/f
M QR C f®[§ N ®R 07

that is o™ o f = (f ® I¢) 0 o™, and for any m € M,

Y fm)o@ f(m)r = f(mo) @ my.

The set Hom® (M, N) of C-morphisms from M to N is an R-module and by definition
that it is characterized as an equaliser

(—®Ic)oeM

Hom® (M, N) — Hompg(M, N) Hom(M,N ®g C).

HomR(M7QN)

The composition of two C-morphisms is again a C-morphism and the endomorphisms
End® (M) := Hom%(M, M) form a subring of Endg(M).

The right C-comodules together with the comodule homomorphisms form the cat-
egory of right C-comodules which we denote by MC. As mentioned before, M is an
additive category.

4.8. Coproducts in M®. Let {M,\,QQ/I}A be a family of C-comodules. Put M =
@, M), the coproduct in Mg, iy : My — M the canonical inclusions, and consider
the linear maps

M
My %5 My ®r C C M ®5gC.
By the properties of coproducts of R-modules, there exists a unique R-linear map

M M — M ®p C, such that o™ oiy = o},
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and this map is coassociative and counital (since all the 3’ are).
(M, iy) is the coproduct of the {My}, in M,

4.9. Kernels and cokernels in M. Let f : M — N be a morphism in M®. The
cokernel g of f in My yields the exact commutative diagram

f N g L 0

| |

I 1
M®RC&>N®RC&>L®RC —0,

which can be completed commutatively in My by some o : L - L@gr C. It is a
minor exercise to show that this is a coassociative and counital coaction ([15, 3.5]).
This shows that cokernels exist in the category MC.

Dually, for the kernel h of f in Mg there is a commutative diagram

0 K hu !

N

0—>KopC % verc I Neop o,

where the top sequence is always exact while the bottom sequence is exact provided
f is C-pure as an R-morphism. If this is the case, the diagram can be extended
commutatively by an R-linear map o : K — K ®g C which can be shown to be
coassociative and counital.

Thus, for example, kernels exist in M® provided C' is flat as an R-module.

For modules N, M, N is said to be (sub-)generated by M if N is a (submodule of
a) homomorphic image of a direct sum of copies of M. If every module in a category
A is subgenerated by M, then M is called a subgenerator of A. A similar terminology
is applied for comodules.

4.10. The category MC. For any R-module X, X ®z C is a right C-comodule with
coaction induced by A. This yields a functor

—®rC:gM = MC, X — (X ®C,Ix®A),

which is right adjoint to the forgetful functor U® : MY — zrM, (M, p™) — M, by the
isomorphism

Hom® (M, X ®p C) — Homp(M, X), f+ (Ix®¢)o f.

(1) M is an additive category with coproducts and cokernels.

(2) For any generator P € gM, C ®g P is a subgenerator in MC, in particular, C
is a subgenerator in ©M.

(3) For any monomorphism f: X =Y in gM, fRrlc: X @rC =Y ®@rC is a
monomorphism in MC.
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(4) For any family Xy of R-modules, (][, X)) ®r C is the product of the C-
comodules X, ®r C.

Note that in M® monomorphisms need not be injective maps. This is a conse-
quence of the fact that the functor — ®r C': RM — zrM need not preserve monomor-
phisms. However, functors which have a left adjoint always preserve monomorphisms
and products and hence so does — ®@p C : kM — MC. This explains properties (3)
and (4).

The R-module structure of C has a strong influence on the properties of MY, [15,
3.14].

4.11. Proposition. For an R-coalgebra C, the following are equivalent:
(a) C is flat as an R-module;
(b) every monomorphism in MC is injective;
(c) the forgetful functor MC — gM respects monomorphisms.
In this case, M is an abelian category and
(i) for any cogenerator Q € gM, Q ®g C is a cogenerator in MC;
(ii) for any injective X € pM, X ®p C is injective in “M.

4.12. The Kleisli category of a coalgebra. For an R-coalgebra C, the Kleisli
category MC is defined as the category whose objects are those of zM and whose
morphisms between X and Y are

Morgc (X, Y) = Homgr(X ®g C,Y),

with composition of g € Morg(X,Y) and h € Morgc (Y, Z) given by

XopC E9% xeopcorc 2% veo s 2.
The identity in Morgc (X, X) is given by Ix ® e : X ®g C — X. There are functors

o ,MoMC, XLy o xepol2yepo

—Y,
Vi€ o 9 Ix®A 9®Ic
U: MY —>M" Xr(C=>Y = Xpr(C—"—XQrCRr(C —Y ®rC,
yielding the commutative diagram

-®grC

\/

¥ is a full embedding and hence corestriction yields an equivalence between MC
and the image of ¥, a subcategory of M.

Left comodules and related notions over a coalgebra C are defined symmetrically
to the right handed case. The category of left C-comodules is denoted by M.
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4.13. Cotensor product of comodules. For M € M and N € “M, the cotensor
product M @° N is defined as an equaliser in Mp,

]\/I®]

M@¢N—=M@pN M ®rC ®g N.

In@MNo

4.14. Cotensor product of comodule morphisms. Let f: M — M’', g: N — N’
be morphisms of right, resp. left, C-comodules. Then there is a unique R-linear map,

fefg: M@YN — M @° N/,

yielding a commutative diagram

]M®IN
M®°N——>M®erN M®@rC®rN
In®No
f®cgl f®gi , J{f@fc*@g
QJ\/I ®IN’
M Q¢ N' ——= M' ®r N’ M ®pC@rN'.
Iy @V

4.15. The cotensor functor. For any M € MC there is a covariant functor

M &€ —:“M — Mg, N — M®CN,
fN=>N = Iy f:M@°N— M@ N

Similarly, every left C-comodule N yields a functor — ¢ N : M¢ — Mp.
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5 Monads and comonads

Let R be a commutative ring. Recall that, for any R-algebra (A, u,n), we have the
tensor functor A ® g — : pM — grM. By the isomorphism

(AR A)@r M ~ A®Rr (A®r M),

the functor (A ®pr A) ® g — can be seen as composition of A ®p — with A ® p — and
the multiplication induces a natural transformation

HWR—: AR ARr — > AQpr —.

A-modules are defined by R-linear maps A®@pr M — M (A-actions). This leads to the
following definition for endofunctors on arbitrary categories.
Let A denote any category.

5.1. Actions of endofunctors and their morphisms. Given an endofunctor
F: A — A, an F-action on an object A € Obj(A) is a morphism

oa:F(A)— A in A.

We say a morphism f : A — A’ in A respects F-actions on objects if it induces
commutativity of the diagram

P(4) S5 F(A)

QA\L i@A’
f

A

Obviously, the composition of two morphisms respecting F-actions is again of this
type and thus we have the category of objects with F-actions.

Note that F-actions are defined for any functors F' : A — A. So, for example, any
R-module N gives rise to a functor N ®g — : gM — gM. For algebras A we usually
require associativity and put more conditions on the A-actions. Similarly, we define a
product on endofunctors satisfying associativity conditions and consider their actions
compatible with those.

5.2. Monads. A monad on A is a triple F = (F, u,n), where F': A — A is a functor
and

w:FF—F n:ly—F,

are natural transformations with commutative diagrams

FFF "2 FF )y o

Y

FF— F FF—— I.
H ’ H
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Thus A ®gr — : RM — gM is a monad if and only if A is an associative R-algebra
with unit.

5.3. Morphisms of monads. Given two monads F = (F,u,n) and F' = (F', i/, )
on A, a natural transformation o : F — F” is called a morphism of monads if the
following induced diagrams commute:

FF %% p'p! Iy ~F

“i l“/ \ ia
n

F—2 > F', F'.

The definitions of A-modules and their morphisms are generalised to

5.4. Modules for monads. Given a monad F = (F,u,n) on a category A, an
F-module is an object A € Obj(A) with an F-action g4 : F(A) — A inducing com-
mutative diagrams

FF(A) 22~ F(A) AT F(A)
FgAl 04 k \LQA
F(A)—— A, A.

The F-modules together with the morphisms preserving the F-action form a category
which we denote by Ap.
In particular, for any A € Obj(A), F(A) is an F-module by

pa: FF(A) — F(A).
This yields the free functor
op:A—Ap, A— (F(A),pa),
which is left adjoint to the forgetful functor Ur : Ap — A by the bijection
Mory . (F(A), B) = Mory (A, Up(B)), f+ fona.
The construction of the Kleisli category for a ring can readily be transferred to

5.5. The Kleisli category of a monad. For a monad F on a category A, the
Kleisli category Ar is defined as the category whose objects are those of A and whose
morphisms between X and Y are

Mor; (X, Y) = Mory (X, F(Y)),

with composition of g € Mory (X,Y)and h € Morj (Y, Z) given by

XL FY)—5FF2) 5 F(2).
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There are functors

o:AsAr XLy o x2rx) 2 Ry,

V:Ar o Ar, XS FY) = FX) 29D PRy S R(Y),

yielding the commutative diagram
A OF Ap
A
Ap.

¥ is a full embedding and hence corestriction yields an equivalence between &F
and the image of ¥, the subcategory of Ar generated by all free F-modules.

Although the modules for a monad F are fairly close to the modules over an
associative unital algebra, there are many properties of the category of A-modules
which are not shared by all F-modules. This depends on the special properties of
A ®p —: it is a right exact functor which preserves direct sums and cokernels. This
implies, for example, that A ®pr R, the image of R, is a (projective) generator in 4 M.

The notions of coalgebras and comodules as considered in 4.1 and 4.6 are the
blueprint for the introduction of comonads and their comodules.

5.6. G-coactions and their morphisms. For an endofunctor G : A — A, a G-
coaction on an A € Obj(A) is a morphism

ot A— G(A) in A.

We say a morphism f : A — A’ between objects with G-coactions respects the coaction
if it induces commutativity of the diagram

A—T

g‘(g) i) G(zl;:/.

With this morphisms, the objects with G-coactions form a category.

5.7. Comonads. A comonad on a category A is a triple G = (G, J,¢), where G :
A — A is a functor and

0:G—=> GG, e:G— Iy,

are natural transformations with commuting diagrams

G— GG G—-a6a

I N

GG~ Gaa, GG——=G.
€
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5.8. Morphisms of comonads. Given two comonads G = (G,d,¢) and G’ =
(G',¥',€’), a natural transformation 8 : G — G’ is called a morphism of comonads if
it induces commutativity of the diagrams

" o a Lo
5i l‘s' \ l
el PiiaCTe In.

5.9. Comodules for comonads. A G-comodule is an object A € Obj(A) with a
G-coaction o4 : A — G(A) in A and commutative diagrams

A—2 > G(A) A—2 - G(A)
G(A) —2= GG(A), A

The G-comodules together with the morphisms preserving the G-coaction form a
category which we denote by A%,
For any object A € Obj(A), G(A) is a comodule canonically and thus we have the
free functor
¢% A - A% A (G(A),02),

which is right adjoint to the forgetful functor U : A¢ — A by the bijection
Mor e (B, G(A)) — Mory (U%(B),A), frseaof.
The construction of the Kleisli category for coalgebras is the blueprint for

5.10. The Kleisli category of a comonad. For a comonad G on a category A, the
Kleisli category AC is defined as the category whose objects are those of A and whose
morphisms between X and Y are

Morz (X, Y) = Homp(G(X),Y),
with composition of g € Mor;z¢(X,Y) and h € Morz(Y, Z) given by

9 avy b 7.

G(X) 2% aa(x)
The identity in Morz (X, X) is given by ex : G(X) — X. There are functors

o:AA% x4y o ax) ey Dy,

V:AC S AC, GX)SY o GX) 2 aax) E9D gy,

yielding the commutative diagram
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¥ is a full embedding and hence corestriction yields an equivalence between AG
and the image of ¥, the subcategory of A generated by the cofree G-comodules.
Properties of these categories depend heavily on the properties of the comonad G.

Recall that an endofunctor F': A — A is left adjoint to an endofunctor G : A — A
provided there is a functorial isomorphism

Mory (F(X),Y) —= Mory (X, G(Y)).

5.11. Right adjoints of monads. Let (F,G) be an adjoint pair of endofunctors on
A and assume (F,m,e) to be a monad. The FF is again an endofunctor with right
adjoint GG by the isomorphism

Mory (FF(X),Y) >~ Mory (F(X),G(Y)) ~ Mory (X,GG(Y)),
with unit and counit
£ FFGG L rG— sy, e: I, —1>aF " GGFF |

By 2.22, the natural transformation m : F'F' — F has a mate § := m : G — GG, and
e : Iy — F has a mate € := € : G — I, under the given adjunctions and we obtain
the commutative diagrams

Mor (F(X),Y) = Mory (X, G(Y))

MorA(m,Y)i iMorA(Xﬁ)

Mors (FF(X),Y) = Mory (X, GG(Y))

~

Mor, (F(X),Y) Mora (X, G(Y))
MorA(e,Y)l iMorA(X,s)

Mory (X,Y) Mory (X, Y).

Thus the right adjoint functor G has a comonad structure (G, J, ¢).

It may come as a surprise that, in the situation considered in 5.11, the category
of F-modules is isomorphic to the category of G-comodules.

5.12. Modules and comodules for an adjoint pair. Let (F,G) be an adjoint pair
of functors with unit n : Iy — GF and counit € : FG — Iy. Let F' be a monad and
consider G with the induced comonad structure. Then the (Eilenberg-Moore) categories
Ap and A® are isomorphic to each other.

Proof. The isomorphism is given by a functor leaving objects and morphisms
unchanged and turning F-module structure maps to G-comodule structure maps and
vice versa. An F-module g4 : F(A) — A induces a morphism

A R —C ),
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making A an G-comodule. Similarly, a comodule o : A — G(A) induces

FoA

F(A) FG(A) 2> 4,

defining an F-module structure on A.

It remains to show that module morphisms are also comodule morphisms. An
F-module morphism f : A’ — A yields a commutative diagram

FAY L pa)

Al l \LQA
!

A/

from which we obtain the commutative diagram

Y

a

ar4) EL ar(a)

G@A/l lGQA

aA —L s qa).

Commutativity of the outer rectangle shows that f is also a G-comodule morphism.
Similarly one proves that G-comodule morphisms are also F-module morphisms. O

5.13. Right adjoints of comonads. Let (F,G) be an adjoint pair of endofunctors
on A and assume (F,d,¢) to be a comonad. With similar arguments as in 5.11 we
deduce from 2.22 that the mates m = ¢ : GG — G and e = £ : Iy — G lead to a
monad (G, m,e).

Thus for an adjoint pair (F,G), F' is a comonad if and only if G is a monad.

Related to such a pair we have the categories A" and Ag. Unlike to the monad-
comonad case considered in 5.12, here we do not get an equivalence between A and
Ag. In this case the Kleisli categories AF and AG are isomorphic to each other. This
follows by the canonical isomorphisms for A, A’ € A,

Mor; (A, A') ~ Moryr(¢F A, " A’) ~ Mory (F(A), A')
~ Mory(A,G(A")) ~ Mory, (pcA, pcA’) =~ Morgg(A,A’).

The interest in monads and comonads arose originally from the fact that any
adjunction produces a monad and a comonad.

5.14. Comonads and monads induced by adjunctions. Consider an adjoint pair
of functors F : A — B, G : B — A with unit n: Iy — GF and counit € : FG — Ip.

(1) (i) T= (T =GF,GeF,n) is a monad on A;
(ii) there is a (comparison) functor G:B— Ap, B (G(B),Gep);
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(iii) there is a functor F : Ap — B,

(A"

AL 7Y » FA) 29 paray Y Ry

(2) (1) S=(S=FG,FnG,e¢) is a comonad on B;
(ii) there is a (comparison) functor F:A—BS A (F(A),Fna);
(iii) there is a functor G : AS — B,

S(A) L A aa) D, graa) £9 qan.

The functors defined above, called comparison functors, yield commutative dia-
grams

Ap BS
F G
¢ A B ¢ A il B
é/ X\lﬁ/
B .

S
AT )

A

T
ey

Proof. (1.i) The unitality conditions are expressed by the diagram

ar “Lorar" or

Sl o

GF

Y

whose commutativity follows from the triangular identities (see 2.19).
Naturality of € implies commutativity of

FGFG =ES pa
FGE\L la
FG—— I,

and this can be extended to the commutative diagram

GFGFGF —SfC%Y  _ GFGF
G’FGeFi leF
GFGF — % GF,

showing associativity of the product GeF : GFGF — GF.

(1.ii)) We show that for any B € B, Gep : GFG(B) — G(B) defines a GF-module.
Consider again the first square in the proof (1.i). Action of G from the left and
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application to B yields the commutative diagram

GFGFG(B) “ara(B)

iGEB

G(B).

GFGEB\L

GFG(B) <22

This proves the associativity condition for the GF-module G(B). Unitality follows
from the triangular identities (2.19). Again by naturality of ¢, for any f € B, G(f) is
a G F-module morphism.

(L.iii) Clearly morphisms in A are taken to morphisms in B. It remains to show

that the assignment respects composition of morphisms A < T(A’) and A’ LN T(A").
For this consider the diagram

FGeF(A"”)

F(9) FT(h)

F(A) FGF(A) FTT(A") FGF(A")
sF(A’)l iaFGF(A”) leF(A”)
Py — Y pararny YD poan

in which all partial diagrams are commutative. This shows that composition of mor-
phisms is preserved by our assignment.

The proofs for (2) follow by similar arguments and commutativity of the diagrams
is seen by direct verification. O
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6 Monads and comonads in module categories

In this section we study the notions considered in the preceding section for arbitrary
categories in the category of R-modules, R a commutative ring.

6.1. Adjoint endofunctors on pM. For any R-module M, the endofunctors —®@pr M
and Homp(M, —) form an adjoint pair by the isomorphism

Ny : Homp(X @ M,Y) — Homp(X, Homg(M,Y)), 7y~ [z y(z® )],
with unit v : I - Homp(M, — ®p M) and counit € : Hom(M, —) ®gp M — I.
First we apply 5.11 and 5.12 to algebras.

6.2. Proposition. For an R-module A, the following are equivalent:
(a) A is an R-algebra;
(b) —®r A: gM — rM is a monad;
(¢c) Hompg(A,—) : gM — rM is a comonad.

(A4-)

In this case the categories My = M_g,a and MHom are isomorphic.

Proof. The assertions are special cases of 5.11 and 5.12. The algebra structure
on A, m: A®r A — A and e : R — A, correspond to the comonad structure on
HOHlR(A, _)7

A

m* v
Hompg(A, —) 2 Hompg(A ®@r A, —) =% Hompg(A, Homp(4, —)),
Hompg(A, —) - Homp(R, —),

where m* = Hompg(m, —) and e* = Homp(e, —).
The right A-module structure py : N®r A — N induces a Homp(A, —)-comodule
structure on N,

Hom(Ava)
_—

N i N —% Homp(A,N @ A) Homp(A, N).

On the other hand, a comodule structure p» : N — Homp(A, N) induces an A-module
structure on N,

N =l N

pN:N®p A—>Hompg(A,N) ®g A——= N.
The equivalence between module and comodule category is given by

Mag - — MIOAD) (M, py) = (M, pw),

keeping the morphisms unchanged. a

6.3. Value at R. Since R is a generator in gM and — ®pr A preserves direct sums and
epimorphisms, the functor — ®g A : gM — rM is fully determined by the value at R,
that is by R ®g A ~ A. Similarly, a natural transformation ¢ : — ®r A > — Qr B
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between tensor functors is of the form pr ®r —, where pr : A — B is an R-linear
map.

In general, Homp(A, —) is not determined by A* = Hompg(A, R), unless it pre-
serves direct sums and epimorphisms, that is, unless A is a finitely generated and
projective R-module. However, Homp(A, —) is determined by Homp(A, Q) for any
cogenerator ) € gpM since it is left exact and preserves direct products. For a natural
transformation ¢ : Hompg(A, —) — Hompg(B, —) between Hom functors, it follows by
the Yoneda Lemma that ¢ = Hompg(¢r, —), where g : B — A is an R-linear map.

Now let (C,A,e) be an R-coalgebra, 4.1. For properties of the category M of
right C-comodules we refer to 4.10 and 4.11.

In view of the adjointness of the endofunctors C ® g — and Homp(C, —), the latter
has a monad structure by 5.13.

6.4. Proposition. For an R-module C, the following are equivalent:
(a) C is an R-coalgebra;
(b) —®r C: RM — grM has a comonad structure;
(¢) Hompg(C,—) : gM — rM has a monad structure.

Hereby the coalgebra structure maps A : C' — C ®r C, ¢ : C — R, correspond to
the monad structure

Homp(C, Homp(C, —)) — Hompg(C @r C, —) 2 Hompg(C, —),
Homp(R, —) < Homp(C, ),

where A* = Hompg(A, —), €* = Hompg(e, —), and the isomorphism is from 6.1.
Henceforth we will write [C, —] = Hompg(C, —) for short. Applying 5.4 we have
the definition of [C, —]-modules and the category M _; with the (free) functor

(25[0’,} : RM — M[q,]

being left adjoint to the forgetful functor Ujc _ : M) — gM. Following [21], the
[C, —]-modules are also called C-contramodules.

By left exactness of the functor [C, —] we obtain (with similar arguments as in the
comodule case) special properties of [C, —]-modules.

6.5. The category Mg _j. Let C be an R-coalgebra.
(1) Myc,_) is an additive category with products and kernels.
(2) For any M € M¢, ), Homic ([C, R], M) >~ M.
(3) For any epimorphism h : X — Y in gM, [C,h] : [C, X]| — [C,Y] is an epimor-
phism (not necessarily surjective) in Mo _j.

(4) For any family Xy of R-modules, [C,@, X,] is the coproduct of the [C,—]-
modules [C, X,].

For C-comodules it is not always clear if the kernel of a C'-comodule morphism is
a subcomodule. Here we need some condition to make the cokernel of a [C, —]-module
again a [C, —]-module.
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6.6. Proposition. Let C' be an R-algebra. If Cr is projective, then for any [C, —]-
submodule K C M, the R-module M /K is a [C, —]-module.

Proof. By assumption we have the commutative diagram with exact rows

0——[C, K] —=[C, M] — [C, M/K] —0

L

0 K M M/K

0,

which can be completed commutatively by an R-morphism [C, M/K] — M/K. It is
routine to check that this provides M/K with a [C, —]-module structure. O

As observed above, in M¢ _) epimorphisms need not be surjective maps. This is
the case under the following conditions.

6.7. Proposition. For an R-coalgebra C, the following are equivalent:
(a) Cg is projective;
(b) every epimorphism in Mo _) is surjective;
(c) the forgetful functor Mo ) — Mg respects epimorphisms.
In this case, Mjc _y is an abelian category and
(i) for any generator P € gM, [C, P] is a generator in Mjc _j;
(ii) for any projective Y € gM, [C,Y] is projective in M, .

Proof. (b)=(a) For any epimorphism f : K — L in zgM, Hom(C, f) : Homg(C, K) —
Hompg(C, K) is an epimorphism in M _; and hence surjective by (b). This means
that Cpg is projective.

(c)=(a) is shown with a similar argument.

(a)=(c) Assume Cp to be projective and consider an epimorphism f: M — N in
Mc,j- Then the cokernel h : N — N/ f(M) is a morphism in Mc,_jand 0f = hf = 0.
Since f is an epimorphism this implies N = f(M). O

Recall that for any R-coalgebra C, the dual space C* = Hompg(C, R) has a ring
structure by the convolution product for f,g € C*, fxg = (¢ ® f) o A (convention
opposite to [15, 1.3]). The relation between C-comodules and modules over the dual
ring of C is well studied (e.g. [15, Section 19]). Now it follows from the general
observations in 5.11 and 5.13 that a coalgebra C gives rise to two comonads and two
monads on pM,

— ®pg C and Homp(C*, —), — ®pg C* and Homp(C, —).

Relation between those is given by morphisms which are well-known in module theory
- but usually not viewed under this aspect.

6.8. The comonads — ®pr C and [C*,—|. The comonad morphism

a:—Q®rC — Homp(C*,—), c¢®——[f— f(c)-],
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yields a faithful functor
Go: MC¢ — M~ Me-
N N
N2 NorC — N5 NogrC 2 Homp(C*, N),

and the following are equivalent:
(a) an is injective for each N € pM;
(b) Gy is a full functor;
(¢) C is a locally projective R-module.

If these conditions are satisfied, M can be identified with o[Cc+], the full subcat-
egory of M+ subgenerated by C'. This follows from the fact that C' is a subgenerator
in MC.

6.9. C-comodules and C*-modules. The relation between C-comodules and C*-
modules can be given directly by observing that (e.g. [15, 4.1])

(i) for any M € MY is a (unital) right C*-module by
~M@RC =M, m®f (Iy® f)od"(m)=>" mof(my).
(ii) any morphism h: M — N in M¢ is a C*-module morphism, that is,
Hom®(M, N) € Home- (M, N);
(iii) this yields a faithful functor from MY to o[Cc+].

(iv) this is an equivalence M® — ¢[Cc+] if and only if o (in 6.8) is a monomorphisms
(a-condition).

Similar to 6.8, C-contramodules can be related to C*-modules.
6.10. The monads [C,—] and — ®g C*. The monad morphism
f:=®rC" = Homp(C, ), —&f—[c— flc)-],
yields a faithful functor

Fﬁl M[C,—] — Mg~
Homp(C, M) 25 M+ Moz C* 2% Homp(C, M) 2% M,

and the following are equivalent:
(a) [ is surjective for all M € pM;
(b) Fp is an isomorphism;
(¢) C is a finitely generated and projective R-module.

In general, C' is not a [C,—]-module and [C, R] is not a C-comodule. In fact,
[C, R] € “M holds provided C' is finitely generated and projective as an R-module.

We now consider the relationship between the categories of C-comodules and C-
contramodules. As indicated in 5.13, the two categories need not be equivalent. This
becomes evident from their properties listed in 6.5 and 4.10, respectively. However
they are related by an adjoint pair of functors.
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6.11. Correspondence of categories. Let C' be an R-coalgebra. Then
Hom®(C,—) : MY — Mz _), M+ Hom®(C, M),

is a functor which has a left adjoint given by the contratensor product defined for
(N,p) € M and (M, a) € Mi¢ ) as the coequaliser

Homp(C, M) @r N M®r N —> M &° N,

a®prlN
for the map h: f @rn+— (Iy ®r f) o p(n).
This follows by Dubuc’s Adjoint Triangle Theorem applied to the diagram

c Hom® (C,—)
M Mic

Hom(C,—) Ujc,—)
CRRr—

M4

by the existence of the functor in the upper line and the fact that M has coequalisers
(see Dubuc [19, Appendix], Positselski [42], [8, Section 4]).

6.12. Equivalence of subcategories. Take any X € pM. Since — ®g C is right
adjoint to the forgetful functor, Hom®(C, —) takes

X ®pr C +— Hom®(C, X ®r C) ~ Homg(C, X).
On the other hand, the functor — ®¢ _j C transfers
HOIHR(C, X) — HOHIR(C,X) ®[C,—} C~X®grC.

This shows that the full subcategory of M, whose objects are of the form X ®C,
is equivalent to the full subcategory of M _j, with objects Homg(C, X), X € rM
(Kleisli subcategories, e.g. [8]).
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7 Tensor product of algebras

7.1. R-rings. An (R, R)-bimodule A is called an R-ring if there are (R, R)-homomorphisms
my: A®r A — A (multiplication) and t4 : R — A, ta(1r) = 14 (unit), subject to
associativity and unitality conditions. Thus A is just an associative unital ring with
ring homomorphism ¢4 : R — A.

A®p— is an endofunctor on gkM and is left adjoint to the endofunctor Hompg(A, —).
We will often write ® instead of ®p for short (in diagrams).

7.2. Tensor product of R-rings. Given two R-rings (A,ma,t4) and (B, mp,tB),
the tensor product A ®p B is again an R-bimodule. An (R, R)-bilinear map

@:B@RA—)A(X)RB,
allows for the definition of a product on A ®p B,

TA®pR1p ma®mp
_

m,: A9 B® A® B A®A®B®B A® B,

that is, my, = (ma @ mp) o (14 ® ¢ ® Ig). For computational reasons we write

pbea) =Y a,0h, =Y aeb,
and thus for a,c € A, b,d € B,

(a®b)p(c®d) =my(a®@bc®d) = Zacw ® byd.

If (A®Rr B,map,14 ® 1p) is a unital associative R-ring, it is called a smash product
of A and B and we denote it by A ®, B. For this certain properties of ¢ are required:
The conditions

1a®@b=(14®b)x(la®1p) = p(b® 1a), (7.1)

a®lp=(a®1p)x(la®1lp)=¢(lp®a), (7.2)
are called normality conditions. Applying these the associativity conditions

(1a®b)w((a®1p) wlc®lp))=((1a®b) w(a®1p)) p(c®1p), (7.3)

(Ta®b)-,(1a@d)) p(a®1p) = (14 ®@b) (14 ®d) p(a @ 1p)), (7.4)

can be written as
pob@ac) = (max (IR p)(pb®a)®c), (7.5)

pbd®@a) =T @mp)(e®I)(b®p(d, a)). (7.6)

On the other hand, multiplying (7.3) by 1 4®d from the right shows that c®d associates
with the two other elements in (7.3). Continuing with similar arguments one can show
that the normality conditions together with 7.3 and 7.4 imply associativity of m,,.
Expressing these conditions by commutativity of diagrams we have shown:

7.3. Algebra entwinings. Consider R-rings A, B. For an (R, R)-bilinear map
w:B®rA— A®pr B, the following are equivalent:
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(a) (A®gr B,my,14 ® 1) is an associative unital R-ring;
(b) A®pg — induces a monad @— : M — gM, by

BoM3M — BoAdeoMZ2™M AgBoM 42% Ag M,

(c) AR,B ®p — : pM — gM is a monad with commutative diagram

A®¢B®B7

M M
UB\L lUB
rM ASn= rM,

where Up is the forgetful functor;
(d) ¢ induces functors AQr— and BRQr— with commutative diagrams

M A8n- M rM Bér- rM
Up i J/UB ba l idm

AQR— ~ B m— ~

RM ——"—— pM|, M Bor M

where Up is the forgetful and ¢ 4 the free functor and AM is the Kleisli category;

(e) ¢ induces commutativity of the diagrams

mpQ®Ia tB®I 4

BB®A B®A A=—5>B®A
IB®<P\L l@ I& lsﬂ
A B
BoAo B2 A9 B BAY" P 4w B, A® B,
BRA® A I5@ma BoA BZE®4pga
o N
A B
A9Bo ALY A Aw B™EPA @ B, A® B.

(7.7)

(7.8)

If these conditions ares satisfied, we call ¢ - more precisely (4, B), - an algebra

entwining.
Proof. (a)<(e) follows from the considerations in 7.2.

(e)=>(b) Consider a B-module p : B ®@r M — M. To show associativity of the

B-action on A ® g M, we need commutativity of the diagram

IB®<P®I]W IB®IA®Q
—_— _—

BRBRQARXM BRARBRM B AQ M
§0®IB®IMi iga@]M
IA®IBRe
mppRIARI s A®B®B®M%‘A®B®M
[A®mB®IMi ib}@@
BRA®M bl ARB®M fa®e A® M.
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Indeed, the left hand rectangle is commutative by commutativity of the rectangle in
(7.7), the right upper rectangle is commutative by functoriality of the tensor product,
and the right lower diagram is commutative since ¢ is a B-homomorphism.

The triangle in (7.7) implies commutativity of the upper triangle in the diagram

Ag M A8 oo Ao

RQupRI
i \W i@@M

A M A® B® M,

while the lower triangle is commutative by unitality of the B-module M. This shows
unitality of the A ® g M as B-module.

Any B-module morphism f : M — N is transferred to [4® f : AQr M — AQrN
and to show that this is a B-module morphisms we need commutativity of the diagram

BoAg M _22asl

@@I]Wl

AR B M

BRA®N
i@@IN
IA®Ip®f A9 BoN
iLﬁl@QN

A®N,

IA®QM\L

Ao M Ia®f

which is obvious since the lower rectangle is commutative since f is a morphism in
M and the upper rectangle is commutative by functoriality of the tensor product.

To show that 1@«— is a monad on gM, we need that mpa Qr M : AQr AQ M —
ARM and 14 : RQp M — A®p M give morphisms in gM for any o : BQr M — M
in gM. The first condition follows from the diagram

BoAo Ao M AeBeoAo M2 A0 AeBeM™@ A A0 M
IB®mA®IM\L lmA®IB®IM lmA(@IAI
BRA®M PO Ao Bo M2 . Ag M,

in which the left rectangle is commutative by commutativity of the rectangle in (7.8)
and the right square is commutative by naturality of ma ® —.
For the condition on ¢4, consider the diagram

BoM 2249 po Ao M
I
W l“‘@M
0 AR B M
lh@@

LAQI N

AR M,
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in which the triangle is commutative by the commutative triangle in (7.8) and the
trapezium is commutative by naturality of 14 ® g —. This shows that 14 ®pr — is a
natural transformation of endofunctors of gM.

(e)=>(d) To define the functor M® z— : M — M, recall that the bijection Hom 4(A®
X,A®Y) — Hompr(X,A®Y).

Thus to describe the functor it is enough to explain its action on g € Homp(X, A®
Y'). This is sent to

BorX 2% Bop Ao X 225 Aor Bog X.

It follows from the rectangle in (7.8) that this definition defines a functor. The triangle
in (7.8) leads for f: X — Y in gpM to commutativity of the diagram

I X I 1
BRNA® BoA®X BRIARS

P&Ix
m i

A®B®X

B® X BRARY

J/SO®IY

I,®IRf ARBQY

which shows commutativity of the right diagram in (d). The proof is now complete.
g

So far we did not give any example for an ¢ : B&r A — A®p B with the properties
required above. We mention two

7.4. Examples.
(1) For any ring R and R-ring A, the map

w: ARRA—>ARRA, aRb—ab®14+14Qab—a®b, (7.9)

is an algebra entwining (thus making A ® g A an associative ring).

(2) For commutative rings R and R-algebras A, B, the canonical twist map is an
algebra entwining. This gives the product usually considered on A ® g B.

7.5. (A, B),-modules. For an algebra entwining (4, B),, ¢-bimodules are defined
as R-modules M which are both A-modules v : AQr M — M as well and B-modules
0: B®r M — M implying commutativity of the diagram

BoAoM—*2M _AeBoM (7.10)
IB(X)V\L iIA®Q
BoM—2 ~M~" Ao M

For elements a € A, b € B and m € M this conditions reads b(am) = > a?(b¥m).
Morphisms between ¢-bimodules are R-linear maps which are A-module and B-
module morphisms and we denote the resulting category by 4 pM(¢p).
The following categories are isomorphic for an algebra entwining (A, B),:

(a) a,BM(¢) - the category of p-bimodules;
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(b) (BM)@i - the category of A®p-modules over M
(¢) a®,BM - the category of left A ®, B-modules.

Proof. (c)=-(b) By the normality conditions, the maps
IA®(,B:A—>A®¢B, LA®IB:B—>A®¢B

are algebra morphisms and thus every A ®, B-module has a canonical A-module
and B-module structure. Any A ®, B-module v : A®, B ®r M — M leads to a
commutative diagram

LtA®IBRI 4 Ia@tpln
—_—

A®,B&® M
\ l’Y/
e v

M ;
where ¢ and v are defined as the corresponding compositions. It is straightforward to

verify that these maps satisfy the condition (7.10). O

7.6. Yang-Baxter equation. Let A, B, C' be R-modules with linear maps
QOBA:B(X)RA—)A@RB, ¢0320®RB—>B®RC, @CA:C®RA—>A®RC.

The triple (¢Ba, 9B, pca) is said to satisfy the Yang-Bazter equation if it induces
commutativity of the diagram

CoBoA—Y2 _poooa B2 _poAgC
IC®<PBA\L \L‘PBA@IC
pca®lp Ts®pcB
CRAQB——————AQCQ®B———F— AR BRC.

7.7. Tensor product of three algebras. Let (A,ma,t4), (B,mp,tp) and (C,mc, o)
be R-algebras with algebra entwinings

A BOrA = A®rB, ¢ecp:C®rB—B®RrC, pca:CrA—> AxpgC.

The following statements are equivalent:
(a) (¢Ba,pcB,pca) satisfies the Yang-Bazter equation;

(b) A®yp, B® — lifts to a monad A®,,, Bo—: Mg — Mcg;
(¢c) A®r B®grC has a ring structure with product

(ma®@mp®@me)o(la®epa®pcep®Ic)o(la®Ip®pca®Ip®Ic)

and unit 14 @ L1 ® Lo,

(d) (Ia® ¢cB) o (pca®IB) : CORA®pp, B = A®ypy, BRrC is an algebra
entwining.
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Proof. (a)=-(b) The algebra entwinings ¢4 and pcp give rise to monads Ag—
and B®— on M. By the Yang-Baxter condition, every C-module o : C ®p M — M
leads to the commutative diagram

I, I I I
CoBo Ao MIEEEN po oA M BN poag o P24 Be Ag M
IC®80BA®I]\/Il i‘ﬁBA@IC@I]\/I l%’BA@I]vI

CoA®B®MIAYEN 4o 0w Be M P22 4o Bo o122 A Be M.

(a)=-(d) The normality conditions on o4 and ¢cp yield the commutative dia-
grams

Ao BLC8_ 0o A0 B o 18800 A g B
I I
\% i@C’A@IB g osn \L@CA(X)IB
ARC®B ARC®B
IA®IpQLc IA®IBQLc
iIA®<PCB lIA®<PCB
AR B®C, AR B®C,

which show normality for the entwining under consideration.
The commutativity of the rectangle in (7.7) follows from the diagram (where ob-
vious identity transformations are deleted)

mc

CeC®A®B CRA®B—"* _ AeC®B

¢0Al ///jf>///7 i¢03

CRACRBIXL A9C®C®B AR B®C

vos| vos| e

CRA®BRC A A9CRB®C 2 ABoC®C,

where the pentagons are commutative by the properties of o4 and pcp, respectively,
and the square is commutative by naturality.
To prove commutativity of the rectangle in (7.8), consider the diagram

CRARBRA®RB2AC®A®ARBRB A C®A® B® B—~ C®A® B

e\ pcA (1) @CA\L pcA
ARC®BRARB-PA A9CRA® B B A®C®B®B—"F A®C® B

$cB (2) PCA / \LSDCB (3) YcB
ARBRC®AR®B ARARCRB®B ARB®RC®B AR B®C

/ w;

YCcA YCB g mp

ARBRARC®BPA A9 A9B®C® B ARB®B®C
YCcB
ma
$CB
ARB®R A B®C A9 A® B B®C,

¥$BA
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in which (1) and (3) are commutative since ¢4 and pcp are algebra entwinings. (2)
is commutative because of the Yang-Baxter equation, and the other inner diagrams
are commutative because of naturality of the transformations involved. The outer
morphisms yield the rectangle in (7.8) for the entwining between A ®,,, B and C.

(d)=-(a) Assume (d) holds. Then the diagram for (7.8) in the preceding proof has
to be commutative. Entering the diagram with the map

Ie®iaRIpRIARip:CRRBRIRA—>CRRRARPRBRIRARR B,

a short argument shows that the Yang-Baxter equation is satisfied.
The remaining conclusions are left to the reader. O
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8 Tensor product of coalgebras

Similar as for algebras we may also consider coalgebra structures on the tensor product
of two coalgebras. We will assume R to be a commutative ring.

8.1. Tensor product of coalgebras. Given R-coalgebras (C, A¢,ec) and (D, Ap,ep),
the tensor product C ®pr D is again an R-module and an R-linear map

w:C®rD—->DerC, c¢c®d—wlced) = Zd“’@c

induces a coproduct on C ®g D by

Ac®Ap Ic®w®Ip
_—

A,:C®D CRC®CC CeDC®D,

that is Ay, = (Ic @ w® Ip)(Ac ® Ap), and for c € C, d € D,

wlc®d) = chl®d1 ®C2 ® da.

To make (C ®gr D, Ay, €,) a coassociative coalgebra with counit
Ew=¢€cc®ep:CR®rD — R,
we have the conormality condition
(Ip®ec)w(c®d)=cc(c)d, (ep®Ic)w(c®d)=cp(d)ec. (8.1)

By definition, right counitality of e, requires (Icg,p ® €w) © Ay = Icg D, that is,

c®d= 261 (Ip ®ec)w(ca @ dy)ep(dy) = ch (Ip ® ec) w(cz ® d).

Applying ec ® Ip, we obtain the first equality for w in (8.1). Similarly, from the
identity (e, ® Icgyp) © Aw = Icgyp, the second equality in (8.1) is derived.
Coassociativity of A, means commutativity of the diagram

Iow®l IRIRARA

CRCODRXD — CRDR®CR®D — CDC®(CR®D&®D

AC®ADT i[®l®l®w®l
C®D (%) CRDC®DxC®D

TI®UJ®I®I®I

AC®ADl
IRwRI A®A®I®IC®C®D®D®C®D7

CeCe®D®D — CrDC®D

Applying the map ec ® Ip ® Ic ® Ip ® Ic ® ep to the last module in the diagram
(%) this reduces to the commutative diagram

ceoDeD L pDeceD Y pececeD

I®ADT J{I@I@w
C®D (%) DeCe®DxC

AC@Il TW@I@[

CoCoD 12 copec'®2'ceopebDeC,
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Applying Ip ® ec ® Ip @ I and Ip ® Ic ® ep @ Io to the last module in the
diagram (#*) and using conormality, the conditions reduce to the rectangular dia-
grams in subsequent statement. The commutativity of the triangles corresponds to
the conormality conditions in (8.1).

8.2. Coalgebra entwinings. For R-coalgebras C, D and a linear map w : CQprD —
D ®gr C, the following are equivalent:
(a) (C®Rr D,A,,c,) is a counital coalgebra;

(b) C ®r — induces a comonad Conp—: PM — PM by

NS DpeN o CcoN cgpeN N, pgceN:

(¢) w induces commutativity of the diagrams

CoD®oepeD 2 psceD CeoD<®Lc
wl Anel llD@w wl 410
D®C p®C D®D®C, D®C :
ceD¥Pogcepi®™ cepec CoDE2p
wi . N lw@[o wl 430
D&C pE2C DeC®C, D&C .

Proof. (a)=(c) was shown above.
(c)=(a) To show this it is helpful to write out the formulas explicitely (e.g. [15,

2.14]).
(¢)=(b) The proof is similar to the proof of 7.3, (¢c)=-(b). 0

In the above proposition we have shown how the tensor product of coalgebras can
be made to a coalgebra. Given a coalgebra D, one may ask which (more general)
conditions on C still allow for a coalgebra structure for C'®@p D, that is, the functor
C ®p — can be lifted to a comonad C®R— DM — PM.

We observe that in the diagrams of 8.2 we find the maps

0 =Ac®RIp:CRkrD —-CRrC®rD and €2:€C®ID:C®RD—>D

with ((® Ip)od = Icgp. These maps are sufficient to define a coproduct on C ®@g D
and we have to find out which conditions are needed to yield a coassociative and
counital coalgebra.

8.3. Proposition. Let (D,Ap,ep) be a coalgebra and C an R-module with maps
0:CRrD > C@®rC®RD,(:CRrD —> D, andw: C®rD — D®grC. These
lead to the map

Acp: CoD—>CowCceoD®®PeceopeD®%ce Do CeD.

Then the following are equivalent:
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(a) (C®r D,Acp,ep o) is a counital coalgebra;
(b) (C,D), is a cowreath.

Proof. Left to the reader. O

8.4. Tensor product of three coalgebras. Let (C,Ac,ec), (D,Ap,ep) and
(E,Ap,eg) be R-coalgebras with coalgebra entwinings

wep:CR®rD —>DRRC, weg:CRRE—>ERRrC, wpp:DrFE — EQgD.

The following statements are equivalent:
(a) (wep,weE,wpE) satisfies the Yang-Baxter equation;
(b) C ®wep D ® — lifts to a comonad C ®ED®— : M¥P — ME;
(¢) C®r D ®pg E has a coalgebra structure with coproduct

(Ice®IpQ@wep®Ip®Igo(le @wep @wpr ® Ig)o (Ac ® Ap ® Ag)

and counit ec R ep R ER.

(d) (Ic @wcg) o (wep @Ig) : C®r (DRr E) - (D®g E)®r C is a coalgebra
entwining.

Proof. Left to the reader. O
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9 Entwining algebras and coalgebras

Having investigated tensor products of two algebras and two coalgebras, respectively,
the question arises which structures can be expected when algebras are tensored with
coalgebras.

9.1. Tensor product of algebras and coalgebras. Let (A,ma,t4) be an R-
algebra and (C, A¢,e¢) an R-coalgebra. An R-linear map

PYV: AQrC — C®Rr A

is called a mized entwining provided it induces commutativity of the diagrams

A®A®C magle AgCc  C©-“2%ugc (9.1)
im@)w . L lzﬁ M&wi

ARCRA—SCRARALTTC® A, C® A,

ARCEag000 8 S oA Agc®la (9.2)
wl lfc@mﬁ wl A;A

C®A — CoCoA, CoA .

The triple (A4, C)y, is called an entwining structure (over R), the map v is known
as an entwining map, and we say that C and A are entwined by 1.

9.2. Notation. To describe elements we write

w(a®c):Zc¢®a¢:Zaca®aa,

or use other summation indices if necessary. This leads to formulas like

(Ia@y)o(W@Ix)(ac®d) =) Bca®dﬁ®aaﬁ,

a?
for all a € A, ¢,d € C. Thus the conditions on entwinings take the form

rectangle in (9.1): >, ¢ ® (ab)ac™ =3, 5 c* ® agb,,
rectangle in (9.2) : >, c*1®c"2®@aq =), 501" ® 2’ @ anp.

The entwining defined should be called more precisely a left-left entwining. One
can define right-left, left-right and left-left entwining structures by replacing the pair
(C, A) with the pairs (C°P, A), (C, A°P) and (CP, A°P), respectively, in the diagrams
(9.1), (9.2). These combinations lead to equivalent theories hence we mainly concen-
trate on left-left entwining structures.

9.3. Entwined modules. Associated to any entwining structure (C,A)y is the
category of (C, A)y-entwined modules denoted by GM(¢)). An object M € GM(¢)) is a
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left A-module gps : A®r M — M and a left C-comodule o™ : M — C @z M inducing
a commutative diagram

M

AoM-2L . M—2 ~coM
IA®ng TIC®Q]W
AgCoM—2™M oo A M.

A morphism in §M(v) is a left A-module map that is at the same time a left C-
comodule map.

9.4. Entwining structures. Let (A, ma,t4) be an R-algebra and (C,Ac,ec) a
coalgebra. For an R-linear map ¢ : AQr C — C ®gr A the following are equivalent:

(a) v is an entwining;

(b) A®p — induces a monad @— :OM — M by

N N
NE 0N = AsNZ2% AgceN L2 AgN;
(¢c) C ®r — induces a comonad on C/®\R— AM — AM by

AeM P M — AeCoM X2 0w ae M 2 o g .
If this conditions are satisfied we have equivalent categories

(M) = (OM) 5 =~ GM(¥).

Proof. E.g., see [59, 5.4]. O

We have studied when the tensor product of two algebras yields an algebra and
also when the tensor product of two coalgebras yields a coalgebra. The tensor product
of an algebra and a coalgebra leads to a new structure.

9.5. Corings. Let A be a ring. An (A, A)-bimodule C is called an A-coring if it is a
coalgebra in the category 4M 4 of (A, A)-bimodules, that is, there are (A, A)-bilinear
maps

A:C—-C®4C and e:C— A,
called (coassociative) coproduct and counit, with the properties
(Ic@A)oA=(A®Ic)oA, and (Ic®e)oA=1Ic=(e®I¢) oA,

expressed by commutativity of the diagrams

c 2 . Ceuc Cc 2 .cw.C

| | | e
A Ic®A A e®lc
A® Ic®e C

CoC22cw,coaC, CoiCS
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For any A-coring C, induces a comonad C ® 4 — : 4AM — AM and the C ®4 —-
modules are called left C-comodules; they are left A-modules M, with a coassociative
and counital left C-coaction, that is, an A-linear map Mo : M — C ® 4 M for which

(A@Iy)oMo=(Ic@M) oMo, (e®In)o™Mo=In.

Left C-comodules and their morphisms form a preadditive category ‘M = MC®a—,
The free functor C ®4 — : sAM — M is right adjoint to the forgetful functor
UC : CM — AM.
9.6. Corings associated to entwining structures. View C ®pr A as a right A-
module with multiplication (¢ ® a’)a = ¢ ® d’a, for all a,a’ € A,c € C. Then:
(1) For an entwining structure (C, A)y, C = C®r A is an (A, A)-bimodule with left

multiplication a(c ® o) = ¢¥(a @ ¢)d’, and it is an A-coring with the coproduct
and counit

A=ARIj:C—>CRQrOCRRA~C®4C, §C::8®IA:C%A.

(2) If C =C®RrA is an A-coring with coproduct A = A® 14 and counit e = e®1 4,
then (C,A)y is an entwining structure by

YV:ARRC - CR®rA, a®c—alc®1).

(3) If C =C®pgA is the A-coring associated to (C, A)y as in (1), then the category
of (C, A)y-entwined modules is isomorphic to the category of left C-comodules.

9.7. Entwining two algebras with a coalgebra. Let (A, ma,ta), (B,mp,tp) be
an R-algebras and (C, Ac,ec) an R-coalgebra with an algebra entwining ¢pa : B ®pr
A — AQRrB and mixed entwinings Yac : AQrC — CQrA, Ypo : BRrC — CRRrB.
Then the following are equivalent:

(a) (vBA,YBC,YAC) satisfy the Yang-Bazter condition;

(b) (Yac®Ip)o(Ia®Ypc): ARpp, BORC = CRRARyy, B is a mized entwining;

(c) AQr B®RrC is an A ®y,, B-coring.

Proof. (a)=-(b) To prove commutativity of the rectangle in (9.1), consider the

diagram

ABRARBRC A AARBRBRC 2~ A9 A B C —2 A®B®C

YBC YBC (1) chl YBC
AQBRA®RC®BPA A9 A BRC® B A A®C®B "4 A®C®B

YBC (2) YBC % lwAc (3) Yac
ARBRC®AR®B ARARCRB®B ARC®R AR B CRA®B

/ w;

YBC YCcB T mA

ARCR®B®ARBPAA9CRA® B® B CRA®A®B
Yac
mp
Yac
CRARBR AR B CA® A® B® B,

¥$BA
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in which (1) and (3) are commutative because ¥ 4¢ and 1)pc are mixed entwinings; (2)
is commutative because of the Yang-Baxter equation, and the other inner diagrams
are commutative because of naturality of the transformations involved. The outer
morphisms yield the rectangle in (9.1) for the mixed entwining between A®,,,, B and
C.

The triangle in (9.1) requires commutativity of the outer triangle in

LAQLBRIc
_— >

c A®B®C

RpRIc
l¢BC

A®C®B

l¢AC

C®A®B.

IC®LB®LB

It follows from the commutativity of the inner triangles.
For commutativity of the rectangle in (9.2) consider the diagram

ABadY2UeBo e P A0 C 9B C- 2 CoAeBaC
¢Bcl iwsc wsci
A9 C® B 14820815 ARC®C@B X% CeAC®B

l¢AC iwAc
C®A®B Bo®la®ls CeC®A®B.

The inner rectangles are commutative since 4 and ¥pc are mixed entwinings and
the inner square is commutative by naturality.
Commutativity of the triangle in (9.2) follows from the diagram

A® B C—18%c

IQec®I
wBCl ///ff/////7

A C® B

wAcl

C®A® B,

A®B

ec®IRI

in which the inner triangles are commutative by the conditions on ¥ 4¢c and ¢Ypc. O
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10 Relations between functors

To study the relationship between various module categories, the following definition
is of interest. It was formulated in Johnstone [29] for monads but we also consider it
for arbitrary endofunctors.

10.1. Lifting for monads. Let F = (F,uF,nF) and G = (G, uG,nG) be monads
on the categories A and B, respectively, and let T : A — B be a functor. A functor
T:Ap — Bg, is called a lifting of T provided the diagram

Ar —T-Bg

e |ve

A—L.B,

is commutative, where the U’s denote the forgetful functors.

Liftings are obtained by certain natural transformations between the functors in-
volved.

10.2. Theorem. (Applegate) Let F = (F,up,nr) and G = (G, pg,ng) be monads
on the categories A and B, respectively, and let T : A — B be any functor.

The liftings T : Ap — Bg of T are in bijective correspondence with the natural
transformations \ : G1I' — TF inducing commutative diagrams

GGT net ar T-"™Lar
Gki . l)\ Tnp\* J/,\
GTF - TrPr "2 TF, TF.

The correspondence associates to any \ : GI' — TF the functor

Ty:Ap = Be, F(A) %5 A o GT(A) 2% TF(A) "4 7(4)
T(f)

AL o o) Y pa,

Proof. By the condition Uz o T = T o U, any lifting functor T must act on
objects A € Ap like T, that is, T(A) = T'(A).

Any natural transformation A : GT — T'F assigns to an F-module py : F(A) — A
a G-action on T'(A),

Tpa
—_—

GT(A) 24~ TF(A) T(A).

To make T'(A) a G-module, associativity of the G-action implies for A = T(X), X € A,
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commutativity of the inner rectangle in the diagram

GGT GA GTF

N er| NS
F

GGTF S GTFF —— GTF
GTup
weT l/\F

ueTF TFF

iTﬂF

TF

GTnr GTF AF TFF Tur

NFT /

TF

GT

The inner diagrams are commutative by functoriality of composition and hence the
outer diagram yields the commutative diagram

GaT - gTF 2L TFF

/‘«GTi J(THF

GT TF.

For the relation between A and the units of F' and G, consider the diagram

6t Gr— A TR
Tnpi GTnFl TFnFl \
TF GTF TFF——>TF,
naTF AF Tup

in which the inner rectangles are obviously commutative. The unitality condition for
the module structure on TF implies that the composition of the maps in the bottom
line yields the identity and hence we obtain the commutative triangle required in our
statement.

To show that our conditions imply a G-module structure on TF, consider the
diagram

GGTF . aTrrr S arR

D)
ANFF A\
wrr| W rppp X rEE
3
TMFF\L ® lTﬂF
GTF TFF - TF,
A

in which diagram (1) is commutative since it is just the given diagram (applied to
F), (2) is commutative by functoriality of composition, and (3) is commutative by
associativity of pp. Thus the outer diagram is commutative, showing the associativity
of the G-action.
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Now assume that a lifting is given, that is, T'F is a G-module with structure map
B : GTF — TF; we show that the map

GT7’] a

A GT — GTFHTF

has the properties observed under the lifting condition. In the commutative diagram

T Tnp

N

GT grr GTF TF,

the bottom line yields the identity by unitality and hence Tnp = Ao ngT.
The lifting functor has to transfer the morphism pup : FF — F in Ap into a
morphism in Ag, that is commutativity of the diagram

erFF™M GTF (10.1)
| |s
FTF M TR,

The remaining condition on A is commutativity of the outer part of the diagram

GGTnp Gp GTnpF

GGT ——=GGTF GTF GTFF
N / L
weT pneTF GTF

GI ——GTF

This follows since the inner diagrams are commutative: the left rectangle by naturality,
the middle diagram since 8 is a G-morphism, and the right trapezium is just (10.1).
d

10.3. Lifting of a tensor product to modules. The above proposition can be
applied to characterise monads (S, x,n) on a monoidal category (C,®, E) (see [33])
for which the monoidal structure from C lifts to the category Cg of S-modules. The
situation is described by the diagram

CS XC,siCS

UsXUsi \LUS

cxCc—2=¢,

By 10.2(1), for the existence of some —®— making the diagram commute one needs
a natural transformation

A S(X®Y) = S(X)® S(Y)
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yielding commutative diagrams

SS(X ®Y) fxer S(X®Y)

= |

S(S(X) ® S(Y)) 5= SS(X) ® SS(Y) “X2L5(X) @ S(Y),

XV 2L (X eY)

A
M l

S(X) ® S(Y).

This corresponds to the first three diagrams in [39, Section 7].

To make Cg a unital tensor category one has to require that E is an S-module
for some morphism S(E) — E in C and that the coherence conditions are respected
(diagrams (4) to (7) in [39, Section 7]). Such monads are called Hopf monads in
Moerdijk [39] (see introduction).

10.4. Lifting for comonads. Let F = (F,dp,er) and G = (G, dg,eg) be comonads
on the categories A and B, respectively, and let T : A — B be a functor.
A functor T : AF — BY is called a lifting of 7" if the diagram

AF LBG

o e

A—L.B,

is commutative, where the U’s denote the forgetful functors.

10.5. Theorem. The liftings T : AF — BC of T are in bijective correspondence with
the natural transformations w : TF — GT inducing commutativity of the diagrams

TF - TRF P GTF i)
[ T
GT < GGT, GT.

The correspondence associates to any natural transformation w : TEF — GT, the
functor

o~ A w
TAF 5 BC, AL PA) — T(A) "D TRA) 24 aT(A),
ALy o )T T,

Proof. The necessary constructions and proofs are dual to those of 10.2. O
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10.6. Lifting of a tensor product to comodules. Let (7 ,¢) be a comonad on
a monoidal category (C,®, F) for which the monoidal structure from C lifts to the
category CT of T-comodules. The situation is described by the diagram

e x ¢T =% ¢T

UTXUT\L iUT

cxCc—2¢,

By 10.5(1) for the existence of some —®— making the diagram commute one needs a
natural transformation

¢ T(X)@T(Y) > T(X®Y)

and a morphism F — T(E) yielding the commutative diagrams as required by 10.5
plus appropriate conditions to assure the coherence conditions.
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11 Relations between endofunctors
In this section we will specialise the preceding observations to A = B and endofunctors.

11.1. Lifting of the identity. Let F = (F,u,n), F' = (F",4/,n") be monads and
G = (G,d,¢), G' = (G',d',€’) be comonads on the category A. Then I : Ap — Apr or

I:AG — AG are liftings of the identity if the corresponding diagrams commute:

Ap—Lo Ap AG Lo p\G
A e
AL oA A—TL A

(1) There is a bijection between the liftings I of the identity functor and the monad
morphisms o : F' — F.

(2) There is a bijection between the liftings T of the identity functor and the comonad
morphisms o : G — G'.

Proof. The assertions follow from 10.2 and 10.5. O

In what follows we will consider the lifting of endofunctors to the category of some
modules or comodules.

11.2. Lifting of endofunctors. Let F, G and T' be endofunctors of the category A.
For the functors T : Ap — Ap and T : A® — AS we have the diagrams

Ap —Ls Ap AG T, pAC
T T
AL oA A—T oA,

and we say that T or T are liftings of 1" provided the corresponding diagrams are
commutative.

Besides the situations considered before we may now also ask when the liftings of
a monad T are again monads.

11.3. Lifting of monads to monads. Let F = (F, u,n) be a monad and T : A — A
any functor on the category A.

(1) The liftings T : Ap — Ap of T are in bijective correspondence with the natural
transformations A : FT — TF inducing commutativity of the diagrams

FFT pT rr T pr

") BN

FTF 2. 1P “Lo TF, TF.
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(2) If T = (T, u',n') is a monad, then the lifting T : Ap — Ap of T with natural
transformation A : FT — TF is a monad if and only if we have the commutative

diagrams
FTT s FT F-2L pr
o NN
IF 77/F
TFT -2 TTF 22 TF, TF.

(3) For a monad T = (T,u',n'), a natural transformation A : FT — TF induces
a canonical monad structure on TF with unit n'n : I — TF if and only if the
diagrams in (1) and (2) are commutative.

In this case A - more precisely (F,T,\) - is called a monad entwining.

Proof. The assertion in (1) follows immediately from 10.2(1).
(2) The diagram in (2) is derived from the requirement that y 4y and 1y 4 are to

be F-module morphisms for any A € Obj(A). The first of these conditions corresponds
to commutativity of the rectangle (%) in the diagram

FTT AT TFT —2 . 7TF

FTTn =
TFTy TTFn

o FTTE ME rprp D rrpp X0 prp

: () :
Fu'F u'F
FTn \F T

FT —-FTF TFF TF
A vl /
T

TF TEFF
Fn

The new inner diagrams are commutative by naturality or functoriality of composition.
Since p o (F'n) is the identity, the outer morphisms yield the commutative rectangle
in (2).

Now assume the diagram in (2) to be given. Applying this to F', we obtain the
big rectangle in the diagram

FTTF Fur FTF
)\TFi l/\F

TrTF Lt rRp

TT;Ll i:m
!

TTF Y TF

in which also the small rectangle is commutative. The outer morphisms yield the
commutative diagram ().
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(3) A product on T'F is defined by

TFF (11.1)

TN
[:TFTF — TF, TFTF A 77rFR TF
TF

%
T

We show that (1) and (2) imply associativity of this product. We alread know that
(2) implies commutativity of the diagram (%) in the proof of (2). Applying 7" from the
left and F' from the right to (x), we get a commutative diagram (xx) in the diagram

TFTFTF 7R pT R TTeTE TPl rErE
TFTAF TTEFNF W TTNF T\
TFTTFFmTTFTFFT(TATFfTTTFFFTﬂf rr7FF YRR
TFW/FF * TW FF W FF
TFTFF TARE rrrrF 2 prpp 2P rRR
TFTu TTF,ul TTu Ty
TFTF TAF a0y S vy ) B

Moreover, diagram (1) is commutative by condition (1) and the remaining diagrams
are commutative by functoriality of composition or associativity properties of p and
i'. Now the outer morphisms show associativity of multiplication of TF. a

Obviously TF being a monad need not imply that T" and F both are monads.

In 11.3(2), conditions are given for the lifting of a monad to be a monad. More
generally one may ask how the lifted functor T becomes a monad without 7T being
required to be a monad. Then of course some other data must be given.

In the definition of the product on T'F in (11.1), the product ' of T is only used
in the form p/'F : TTF — TF and the unit 1’ of T is used for the unit of TF in the
form n'F: F — TF.

So we may consider more general natural transformations, for example,

v:TTF - TF, ¢:F —>TF,

to define a multiplication and a unit on TF. Of course, associativity and unitality of
TF will lead to special conditions on the maps involved. This leads to the notion of
a wreath which was introduced by Lack and Street [32] to describe monads in certain
2-categories. In L. Koautit [23] the maps v and £ mentioned above are used to describe
wreaths. In [32] the transformations

v: Tl —-TF, o:1—TF,

were considered to define a monad structure on T'F (see also [59]).
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11.4. Liftings as monads. Let F = (F,u,n) be a monad and 7" : A — A any
functor. Assume T can be lifted to Ap — Ap by the entwining A : FT' — TF and
that there are given natural transformations v : TT — TF and o : I — TF.

Then the lifting T induces a monad on Ap provided T'F' has a monad structure

(T'F, i, 0) with

. TFTF D rrpp 2 prp 22 rpp T TR

provided the data induce commutativity of the diagrams (cocycle condition and twisted

condition)

17T TR s TR PP TRE

TV\L lT,u
T

TTF -~ TFF TF,

FTT 2L 7 A 7 YE TRE

\LT}A

FTF 2. TFF Tr TF,
The unitality conditions come out as
F oF TFF
Fai lTﬂ
FTF 21 TR

W | m |

TF <~—TFF TF TFF.
Tu ’ Tu

As a special case one may take F' to be the identity functor. Then the conditions

reduce to T" being a monad.
Given A and 7, the multiplication 7 is obtained by the diagram

TFTF r TF
T \r TT,LL
TTFF 25 7rrr 24 TFF

If the monad (T'F, [, 7) is given, suitable A and o are defined by the diagrams
FT—2TF TT —2—~TF

LFT i Tu Tnr \L TM
TFTn TFTn

TFT ——TFTF, TFT ——=TFTF.
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11.5. Liftings as monads II. Let F = (F, u,n) be a monad and 7' : A — A any
functor. Assume T can be lifted to Ap — Ap by the entwining A : FT' — TF and

that there are given natural (F, F')-bimodule transformations

v:TTF - TF, ¢:F —TF,

Then the lifting T induces a monad on Ap provided TF has a monad structure

(TF,1,0)
e rrE o TF

ji: TFTF 2L 77FF
provided the data induce commutativity of the diagrams

TTF Y ~TF TTF-YX>TF

47

TF, TFT <~ FT

TTFT Yo 7T 22 TTF

m| |

TTTF o TTF Y - TF.

Proof.
TFTFTF L TP PTF TTnrre TTFTF “CE TFTF
TFTAF TTEFMF ) TTAF @ TA\F

TFTTFFWTTTFTFFT(Z%?TTTFFFIM TTTFF TTFF
TFvF TvF vF

TFTFF TARE TTFFF 2 rrpp YE L TER
TFTu TTF;LJ( TTu ®) Ty

TFTF TAF TTFF " TR Y . TF

Diagram (1) is commutative by the entwining property, diagram (%) is commutative
since v is a left F-module morphism (compare proof of 11.3(2)), diagram (2) is com-
mutative by assumption (applied to F'), and commutativity of diagram (3) follows
since v is a right F-module morphism. The outer morphisms show associativity of the

multiplication f.
From the two commutative diagram

TTFEF

TnTF J/

TTn
TFTF —TTFF TTF -~

TAF TTu
TFTnT TTFnT /

TFT TTF,

TF

T
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we obtain o InTF =v and ioTFIn=voTA\. O

Dual to the constructions considered in 11.3 one obtains

11.6. Lifting of comonads to comonads. Let G = (G,d,¢) be a comonad and
T:A — A any functor on the category A.

(1) The liftings T : AG — AC of T are in bijective correspondence with the natural
transformations ¢ : TG — G inducing the commutative diagrams

TG T 766 S 6TC ey

SOJ/ J/GSD @l %
T

GT GGT, GT.

(2) If T = (T,0',¢") is a comonad, then the lifting T : AG — A% of T with nat-
ural transformation ¢ : TG — GT is a comonad if and only if we have the
commutative diagrams

76 2% e L2 TGT TG~ G
sol ls@:r wl

, Ge’
GT G GTT, GT.

(3) For a comonad T=(T,d,e"), a natural transformation p:TG — GT induces a
canonical comonad structure on TG if and only if the diagrams in (1) and (2)
are commautative.

Proof. (1) is a special case of 10.5 and the diagram shows that ¢ 4 is a G-comodule
morphism for any A € Obj(A).

(2) The diagrams are derived from the conditions that 6’G( ) and s’G( 4) must be
G-comodule morphisms for all A € Obj(A). This is seen by arguments dual to those
of the proof of 11.3.

(3) This goes back to Barr [2, Theorem 2.2]. 0

Similar to the composition for monads, a canonical comonad structure on T'G need
not imply that 7" and G are comonads.

11.7. Definition. Given two comonads G = (G, d,¢) and T = (T,0’,¢") on a category
A, a natural transformation ¢ : TG — G is said to be comonad distributive provided
the diagrams in 11.6(1) and (2) are commutative.

11.8. Tensor product of coalgebras. Given two R-coalgebras C, D, and an R-
linear map
w:CR®rD — D®RC,

the tensor product C ®r D can be made into a coalgebra by putting

A=(Ic®¢p®Ip)o(Ac®Ap).
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If C' and D are coassociative, the functors — ®p C' and — ®r D are comonads on the
category of R-modules. Then the coproduct defined on C' ®p D is coassociative and
counital if and only if — ®r C' ®pr D is a comonad for the R-modules, that is, ¢ has
to induce commutativity of the corresponding diagrams in 11.6. For this special case
the conditions are formulated in Caenepeel, Ion, Militaru and Zhu [16, Theorem 3.4]
and also in [15, 2.14].

Similar to the case of algebras (see 7?), for a prebraiding 7 on pkM and R-coalgebras
C, D, the natural morphism

—Q®@rT7cp: —RRCORD - —RrD R C

is comonad distributive (the diagrams in 11.6 commute) and thus induces a coasso-
ciative coproduct on C' ®p D.

In particular the twist map tw : C®r D — D®prC satisfies the conditions imposed
yielding the standard coproduct on C ®g D.

11.9. Liftings as comonads. In 11.6(2), conditions are given for the lifting of
a comonad to be a comonad. Dual to the case of monads one may ask how the
lifted functor 7' of a comonad G = (G,d,¢) becomes a comonad without T' being
a comonad. This can be handled similar to the constructions considered in 11.4. In
particular, based on a natural transformation ¢ : TG — GT satisfying 11.6(1), natural
transformations v : TG — T7T and € : T — [ are needed satisfying appropriate
conditions.

In this section we consider relationships between monads and comonads.

11.10. Lifting of monads for comonads. Let G = (G,d,¢) be a comonad and
T:A — A any functor on the category A.

(1) The liftings T:AG - AC of T are in bijective correspondence with the natural
transformations ¢ : TG — GT inducing the commutative diagrams

TG - 766 S oTC ey,

‘Pl J(ch @‘L %
T

GT GGT, GT.

(2) If T = (T, p,n) is a monad, then the lifting T:AG - AC of T with associated
natural transformation ¢ : TG — GT is a monad if and only if we have the
commutative diagrams

TG uG TG a " ¢

| N

TGT £~ GTT GT, GT.

Proof. (1) follows from 10.5 and the diagrams are induced by the requirement
that the ¢4 are G-comodule morphisms for all A € Obj(A).
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(2) These diagrams are consequences of the condition that pa and na are G-
comodule morphisms but they can also be read as condition for ¢ 4 being a T-module
morphism for any A € Obj(A). O

11.11. Lifting of comonads for monads. Let F = (F,u,n) be a monad and
T:A — A any functor on the category A .

(1) The liftings T : Ap — A of T are in bijective correspondence with the natural
transformations A : FT — TF inducing the commutative diagrams

FFT a FT T-"-FT
F)\l lx \ l,\
A T Tn

FTF -2 TFF

Y TF, TF.

(2) If T = (T, 6,¢) is a comonad, then the lifting T : Ap — Ap of T with associated
natural transformation A : F'T — TF is a comonad if and only if we have the
commutative diagrams

rr—E prr 2 R pT EeL
Ai im Ai %
TF or TTF, TF.

Proof. (1) follows from 10.2 and the diagrams are induced by the requirement
that the A4 are F-module morphisms for any A € Obj(A).

(2) These diagrams are consequences of the condition that 4 and € 4 are F-module
morphisms but they can also be interpreted as the condition that A4 is a T-comodule
morphism for any A € Obj(A). O

We observe that in 11.10 and 11.11 essentially the same diagrams arise.

11.12. Mixed distributive laws. Let F = (F,pu,n) be a monad and G = (G, d,¢)
a comonad on the category A. Then a natural transformation

AN FG — GF
is said to be mized distributive or entwining provided it induces commutative diagrams

FFG Ko FG FG-E% FGaG 2%- GFG

F/\l l)\ Al lGA
AR Gu OF

FGF GFF GF, GF GGF,

G r¢ FG-LIisF

NP oA

GF, GF.
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The suggestion to consider distributive laws of mixed type goes back to Beck
[6, page 133] (see Remarks 11.14). The interest in these structures is based on the
following theorem which follows from 11.10 and 11.11.

11.13. Characterisation of entwinings. For a monad F = (F, u,n) and a comonad
G = (G, d,¢) on the category A, consider the diagrams

Ap—Ss Ap AG_E . pC
Upi \LUF UGi iUG
A—C A, A—L A

The following conditions are equivalent:

(a) There is an entwining natural transformation A : FG — GF;
(b) G : Ap — Ap is a lifting of G and has a comonad structure;
(c) F: A — A% is a lifting of F' and has a monad structure.

11.14. Remarks. The preceding theorem was first formulated 1973 by van Osdol in
[53, Theorem IV.1]. It was extended to V-categories in Wolff [61, Theorem 2.4] and
was rediscovered in 1997 by Turi and Plotkin in the context of operational semantics
in [52, Theorem 7.1]. In the same year the corresponding notion for tensor functors
was considered by Brzeziniski and Majid who coined the name entwining structure
for a mixed distributive law for an algebra A and a coalgebra C over a commutative
ring R in [14, Definition 2.1] (see 11.17). The connection between this notions is also
mentioned in Hobst and Pareigis [28].

It was observed by Takeuchi that these structures are closely related to corings
(see [12, Proposition 2], [15, 32.6]). This is a special case of 11.13(b) since the coring
A®pg C is just a comonad on the category of right A-modules. The comultiplication
is a special case of the constructions considered in the next section. Similarly, by
11.13(c), C ®pr A can be seen as a monad on the category of right C-comodules.

11.15. Comultiplication induced by units. Let F, G be endofunctors on a cate-
gory A and n : I — F anatural transformation. Then we have natural transformations

nG:G— FG, Gn:G— GF,

and naturality of n implies commutativity of the diagrams

¢, rg G GF
nGl anG’ Gnl iGnF
r¢ S rra, GF-ELGEF

For F' = @ the diagrams show that both nF' and F'n induce coassociative comultipli-
cations on F'

If there is a coassociative comultiplication § : G — GG, then we can define a
comultiplication on F'G by

5:FG-F raa LY FaFG,
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which is coassociative by commutativity of the diagram

FG ) rFaG —9% | para
F5l iFG& lFGF(S
FGG— | paaa — Y | paraa
FGnGl iFGGnG lFGFGnG
FGFG —XC | paara —L9TY, parara.

The left top rectangle commutes by coassociativity of §, the right top rectangle by
naturality of n, the left bottom rectangle by naturality of § and the right bottom
rectangle again by naturality of 7.

For a monad F = (F, u,n) the comultiplication on F'G can also be derived from
general properties of adjoint functors.

Symmetrically, a coassociative comultiplication for GF' is defined by

5.6aF 27~ gor £ arar.

In case a natural transformation € : G — I is given, we have natural transforma-
tions ep : GF — F and Fe : FG — F allowing to dualise the above constructions.
Then an associative multiplication u : F'F' — F induces associative multiplications on
GF and FG.

Now let F = (F, u,n) be a monad and G = (G, d,¢) a comonad on A with a natural
transformation \ : FG — GF satisfying A o nG = Gn (left triangle in 11.12). Then
we have the commutative diagram

FGG

F$ FGnG
FnGG
%

FFo
FFG,

showing that the coproduct on F'G induced by an entwining A is the same as the one
considered above.

11.16. Mixed bimodules. Given a monad F = (F, u,7n) and a comonad G = (G, ¢, ¢)
on the category A with an entwining A : FG — GF', A-bimodules or mized bimodules
are defined as those A € Obj(A) with morphisms

F(A) —~ At GA)

such that (A, h) is an F-module and (A, k) is a G-comodule satisfying the pentagonal
law

F(A)—tsA—* . qA)
TG(h)

M GF(A).
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A morphism f : A — A’ between two A\-bimodules is a bimodule morphism provided
it is both an F-module and a G-comodule morphism.

These notions yield the category of A-bimodules which we denote by Ag. This
category can also be considered as the category of G-comodules for the comonad
G : Ap — Ap and also as the category of F-modules for the monad F : A¢ — A®
(e.g. [52, 7.1]). For every F-module A, G(A) is a A-bimodule and for any G-comodule
A', F(A') is a A-bimodule canonically. In particular, for every A € Obj(A), FG(A)
and GF(A) are A-bimodules.

As a sample we draw the diagram showing that, for any F-module g4 : FI(A) — A,
G(A) is a A-bimodule with module structure given by the composition Gpg o A4 :
FG(A) = G(A):

FG(A) Mo GF(A) £%% qa) —2 - aa(A)

GGoa
dr(a)

Foa GGF(A)
TG)\A

A
FGG(A) o GFG(A).

The triangle is commutative by naturality of J, the pentagon is commutative by one
of the mixed distributive laws.

11.17. Entwined algebras and coalgebras. Given an R-algebra (A, u,n) and an
R-coalgebra (C, A, ¢), the functor — @z A is a monad and — ®p C' is a comonad on
the category of R-modules.

If the functor — @i C' can be lifted to the A-modules (equivalently — @ A can be
lifted to the C-comodules) then there is an R-linear map

V:C®rA— ARRC,

and the diagrams in 11.12 yield the conditions for an entwining structure introduced
by Brzeziniski and Majid in [14] (see bow-tie diagram in [15, 32.2]):

CoAwA 1o CoAlLogcoal® coasnc

d@ll J{tﬁ ll/@l
A0Co Al AvAwc . ascC o4 A2 C®C,

Cc 1 oAy

A®C.

A comultiplication on A ®p C' is defined by the general formalism considered in
11.15 making A ®p C an A-coring.
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Let M be an R-module with an A-module structure o : M ®p A — M and a
C-comodule structure o™ : M — M ®pr C. Then M is an entwined module if the
diagram

QJ\/I

Mo A—2 M MeC
oM ®IA\L Tw@l
MeC® A ' Mo AeC,

is commutative (e.g. [15, 32.4]). This means that gjs is a comodule morphism when
M ®p A is considered as a C-comodule with structure map (In; ® ) o (0™ ® I4),
and oM is an A-module morphism when M ®p C is an A-module with structure map
(orr ® Ic) o (Ipr @ ). Observe the interplay between these structures: given an
entwining 1) the diagram imposes conditions on op; or ¢™. On the other hand, if
these two morphisms are given the problem is to find a suitable .

Notice that A need not be a C-comodule unless it has a group like element. For
more details the reader may consult [15, Section 32].

A braiding on the category of entwined modules induced by a morphism C®rC —
A ®p A is considered by Hobst and Pareigis in [28, Theorem 5.5].

11.18. Galois comodules. Let C be a coring over a ring A and P € MC¢ with
S := End“P. Then there is an adjoint pair of functors

— ®g P :Mg— M Hom®(P,—): M® — Mg,
with counit ev : HomC(P, —)®s P — Iye, and, by 77, there is a functorial morphism
eve . HOInA(P, f) Xg P— —®a C.

P is called a Galois comodule provided eve is an isomorphism. For further details
about these comodules we refer to [58].

11.19. Bialgebras and Hopf modules. Consider an R-module B which is both
an R-algebra y: BQr B — B, n: R — B, and an R-coalgebra A : B — B ®pr B,
€ : B — R. Define a linear map v by commutativity of the diagram

B® B B® B
I®Al TI@W
BeBoBMLBoBwB

which produces
V:B®rB -+ B®rB, a®b— (1®a)A(b).

To make B a bialgebra, p and n must be coalgebra maps (equivalently, A and ¢ are
to be algebra maps) with respect to the obvious product and coproduct on B @ B
(induced by tw). This can be expressed by commutativity of the set of diagrams
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A

BeB—" B B® B R—" .B

A®Il Tu@)l n ln@]
I®y

B® B® B B®B®B, B—=B®B,

BoB2LReB R—-B

e N

B - R,

These show that € is a monad morphism and 7 is a comonad morphism, and p is
a right B-comodule morphism when B ®pg B is considered as right B-comodule by
(I @ ¢) o (A ®I). They also imply that every R-module M is a B-module and
B-comodule trivially by I ® e : M ®r B > M and I ®@n: M — M ®r B.

If the above conditions hold then it is easily checked that the given ¢ is an entwin-
ing and B is called a (- )bialgebra. Similarly, for any entwining ¢ : BR B — BQrB
one may define 1)’-bialgebras. Certainly, the twist tw is an entwining but B is only a
tw-bialgebra provided A is trivial, that is, A(b) =b® 1 for any b € B.

An R-module M which is both a B-module g); : M ®g B — M and a B-comodule
oMM — M ®pg B is called a (1-)B-bimodule or a B-Hopf module if the diagram

0 M

M@B—2 oM M ® B
QM®I\L T@M ®I
M®B®B "% MeB®B,

is commutative. In this case B is a right B-bimodule and we have the commutative

diagram
M

MoB—™ ¢ M ® B
oMA i T oMu
M@B®B®B—°"1 _rMeBoB®B

which holds in particular for M = B.
Here we have derived our constructions from the twist tw but the same pattern

can be followed starting with a (pre-)braiding on gk M (or on a monoidal category, e.g.
[46]).
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