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ÓÄÊ 517.957 ÈÒÅ�ÀÖÈÎÍÍÛÅ ÌÅÒÎÄÛ�ÅØÅÍÈß ÂÀ�ÈÀÖÈÎÍÍÛÕ ÍÅ�ÀÂÅÍÑÒÂÒÅÎ�ÈÈ Ìß�ÊÈÕ ÎÁÎËÎ×ÅÊÈ.Á. Áàäðèåâ, Â.Â. ÁàíäåðîâÀííîòàöèÿÂ ðàáîòå ïðîâåäåíî èññëåäîâàíèå ñõîäèìîñòè èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ â áàíà-õîâûõ ïðîñòðàíñòâàõ âàðèàöèîííûõ íåðàâåíñòâ 
 îïåðàòîðàìè ìîíîòîííîãî òèïà, âîçíè-êàþùèõ ïðè îïèñàíèè ïðîöåññîâ äå�îðìèðîâàíèÿ ìÿãêèõ ñåò÷àòûõ îáîëî÷åê âðàùåíèÿ.Óñòàíîâëåíû ñâîéñòâà ýòèõ îïåðàòîðîâ � êîýðöèòèâíîñòü, ïîòåíöèàëüíîñòü, îãðàíè÷åí-íàÿ ëèïøèö-íåïðåðûâíîñòü, ïñåâäîìîíîòîííîñòü èëè îáðàòíàÿ ñèëüíàÿ ìîíîòîííîñòü.Äëÿ ðåøåíèÿ âàðèàöèîííûõ íåðàâåíñòâ ðàññìîòðåí èòåðàöèîííûé ìåòîä è èññëåäîâàíàåãî ñõîäèìîñòü � äîêàçàíà îãðàíè÷åííîñòü èòåðàöèîííîé ïîñëåäîâàòåëüíîñòè è óñòàíîâ-ëåíî, ÷òî ëþáàÿ åå ñëàáî ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü èìååò ïðåäåëîì ðåøåíèåèñõîäíîãî âàðèàöèîííîãî íåðàâåíñòâà.Êëþ÷åâûå ñëîâà: âàðèàöèîííîå íåðàâåíñòâî, ïñåâäîìîíîòîííûé îïåðàòîð, ïîòåí-öèàëüíûé îïåðàòîð, èòåðàöèîííûé ìåòîä, ìÿãêàÿ ñåò÷àòàÿ îáîëî÷êà.Ââåäåíèå�àññìàòðèâàåòñÿ çàäà÷à ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà ñ îïåðàòîðîì ìî-íîòîííîãî òèïà â áàíàõîâîì ïðîñòðàíñòâå. Ê òàêèì âàðèàöèîííûì íåðàâåíñòâàìñâîäèòñÿ, íàïðèìåð, îñåñèììåòðè÷íàÿ çàäà÷à îá îïðåäåëåíèè ïîëîæåíèÿ ðàâíîâå-ñèÿ ìÿãêîé ñåò÷àòîé îáîëî÷êè âðàùåíèÿ, çàêðåïëåííîé ïî êðàÿì, íàõîäÿùåéñÿ ïîäâîçäåéñòâèåì ìàññîâûõ ñèë è ïîñòîÿííîé ñëåäÿùåé ïîâåðõíîñòíîé íàãðóçêè, ïðåä-ñòàâëÿþùåé èç ñåáÿ â íåäå�îðìèðîâàííîì ñîñòîÿíèè öèëèíäð çàäàííîãî ðàäèóñàè äëèíû. �àíåå â [1℄ èññëåäîâàíà ðàçðåøèìîñòü âàðèàöèîííîãî íåðàâåíñòâà.Ñ÷èòàåòñÿ, ÷òî ñåò÷àòàÿ îáîëî÷êà îáðàçîâàíà äâóìÿ ñåìåéñòâàìè âçàèìíî ïå-ðåñåêàþùèõñÿ àðìèðóþùèõ íèòåé â ïðîäîëüíîì è öèðêóëÿðíîì íàïðàâëåíèÿõ.Ïðåäïîëàãàåòñÿ, ÷òî �óíêöèÿ, îïðåäåëÿþùàÿ â ïðîäîëüíûõ íèòÿõ çàâèñèìîñòüìîäóëÿ ñèëû íàòÿæåíèÿ îò ñòåïåíè óäëèíåíèÿ, íåïðåðûâíà, íå óáûâàåò è èìååòñòåïåííîé ðîñò. Îãðàíè÷åíèé íà ðîñò �óíêöèè, îïðåäåëÿþùåé â öèðêóëÿðíûõ íè-òÿõ çàâèñèìîñòü ìîäóëÿ ñèëû íàòÿæåíèÿ îò ñòåïåíè óäëèíåíèÿ, íå íàêëàäûâàåòñÿ.Óñòàíîâëåíû ñâîéñòâà îïåðàòîðîâ, âõîäÿùèõ â âàðèàöèîííîå íåðàâåíñòâî, � ïñåâ-äîìîíîòîííîñòü è êîýðöèòèâíîñòü. Ýòî äàëî âîçìîæíîñòü äëÿ èññëåäîâàíèÿ åãîðàçðåøèìîñòè èñïîëüçîâàòü èçâåñòíûå ðåçóëüòàòû òåîðèè ìîíîòîííûõ îïåðàòî-ðîâ.Â íàñòîÿùåé ðàáîòå ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî �óíê-öèé, õàðàêòåðèçóþùèõ �èçè÷åñêèå ñîîòíîøåíèÿ â íèòÿõ, óñòàíîâëåíî, ÷òî îïåðà-òîð â âàðèàöèîííîì íåðàâåíñòâå ÿâëÿåòñÿ ïîòåíöèàëüíûì è îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì, à â ñëó÷àå ãèëüáåðòîâà ïðîñòðàíñòâà, êîãäà �óíêöèè, çàäàþùèå �è-çè÷åñêèå ñîîòíîøåíèÿ â íèòÿõ, èìåþò ëèíåéíûé ðîñò, à ïîâåðõíîñòíàÿ íàãðóçêàîòñóòñòâóåò, óñòàíîâëåíî, ÷òî îïåðàòîð ÿâëÿåòñÿ îáðàòíî ñèëüíî ìîíîòîííûì.Ïîýòîìó äëÿ ðåøåíèÿ ðàññìàòðèâàåìîãî âàðèàöèîííîãî íåðàâåíñòâà ìîæíî èñ-ïîëüçîâàòü ïðåäëîæåííûé ðàíåå â [2℄ èòåðàöèîííûé ìåòîä.18



ÈÒÅ�ÀÖÈÎÍÍÛÅ ÌÅÒÎÄÛ �ÅØÅÍÈß ÂÀ�ÈÀÖÈÎÍÍÛÕ ÍÅ�ÀÂÅÍÑÒÂ 19Êàæäûé øàã èòåðàöèîííîãî ïðîöåññà ñâîäèòñÿ ê ðåøåíèþ âàðèàöèîííîãî íåðà-âåíñòâà ñ îïåðàòîðîì äâîéñòâåííîñòè, îáëàäàþùèì ëó÷øèìè ñâîéñòâàìè ïî ñðàâ-íåíèþ ñ èñõîäíûì ïñåâäîìîíîòîííûì îïåðàòîðîì. Äàííîå âàðèàöèîííîå íåðàâåí-ñòâî èìååò åäèíñòâåííîå ðåøåíèå.Óñòàíîâëåíû ïðåäåëû èçìåíåíèÿ èòåðàöèîííîãî ïàðàìåòðà, îáåñïå÷èâàþùèåñõîäèìîñòü ìåòîäà. Äîêàçàíî, ÷òî â ñëó÷àå áàíàõîâà ïðîñòðàíñòâà èòåðàöèîííàÿïîñëåäîâàòåëüíîñòü îãðàíè÷åíà è âñå åå ñëàáî ïðåäåëüíûå òî÷êè ÿâëÿþòñÿ ðåøå-íèÿìè èñõîäíîãî âàðèàöèîííîãî íåðàâåíñòâà. Â ñëó÷àå ãèëüáåðòîâà ïðîñòðàíñòâàóñòàíîâëåíà ñëàáàÿ ñõîäèìîñòü âñåé èòåðàöèîííîé ïîñëåäîâàòåëüíîñòè.1. Ïîñòàíîâêà çàäà÷èÏóñòü l > 0 , r0 > 0 , p > 1 � çàäàííûå ÷èñëà, V =

[
◦

W
(1)

p (0, l)

] 2 � ïðîñòðàíñòâîÑîáîëåâà ñ íîðìîé ‖u‖ =

[ l∫

0

|u′|p ds

]1/p

, 〈·, ·〉 � îòíîøåíèå äâîéñòâåííîñòè ìåæäó
V è V ∗ =

[
◦

W
(−1)

p∗ (0, l)

]2 , p∗ = p/(p−1) , K = {u ∈ V : r0 + u2 ≥ 0} . Î÷åâèäíî, ÷òîìíîæåñòâî K âûïóêëî è çàìêíóòî.�àññìîòðèì çàäà÷ó íàõîæäåíèÿ �óíêöèè u ∈ K , ÿâëÿþùåéñÿ ðåøåíèåì âàðè-àöèîííîãî íåðàâåíñòâà
〈(A + D)u, v − u〉 ≥ 〈f − q0(B + H)u, v − u〉 ∀ v ∈ K, (1)ãäå q0 � çàäàííîå ÷èñëî, îïåðàòîðû A, B, D, H : V → V ∗ è ýëåìåíò f ∈ V ∗ïîðîæäàþòñÿ �îðìàìè

〈Au, v〉 =

l∫

0

T1(λ1(u))

λ1(u)
(ũ′, v′) ds, 〈Bu, v〉 =

l∫

0

[ũ′
1v2 + u2v

′
1] ds,

〈Du, v〉 =
1

r0

l∫

0

T2(λ2(u))v2 ds, 〈Hu, v〉 =
1

r0

l∫

0

[
1

2
u2

2v
′
1 + ũ′

1u2v2

]
ds,

〈f, v〉 =

l∫

0

( f, v) ds, (2)ãäå f � çàäàííàÿ �óíêöèÿ òàêàÿ, ÷òî äëÿ ëþáîãî v ∈ V ñóùåñòâóåò èíòåãðàë â (2).Ê âàðèàöèîííîìó íåðàâåíñòâó (1) ñâîäèòñÿ, íàïðèìåð, îñåñèììåòðè÷íàÿ çàäà÷àîá îïðåäåëåíèè ïîëîæåíèÿ ðàâíîâåñèÿ ìÿãêîé ñåò÷àòîé îáîëî÷êè âðàùåíèÿ, çà-êðåïëåííîé ïî êðàÿì, íàõîäÿùåéñÿ ïîä âîçäåéñòâèåì ìàññîâûõ ñèë, çàäàâàåìûõ�óíêöèåé f , ïîñòîÿííîé ñëåäÿùåé ïîâåðõíîñòíîé íàãðóçêè èíòåíñèâíîñòè q0 èïðåäñòàâëÿþùåé èç ñåáÿ â íåäå�îðìèðîâàííîì ñîñòîÿíèè öèëèíäð çàäàííîãî ðà-äèóñà r0 äëèíû l [1℄.Îòíîñèòåëüíî �óíêöèé T1 è T2 ñ÷èòàåì, ÷òî
Ti(ξ) = 0 ïðè ξ ≤ 1, i = 1, 2, (3)

Ti, i = 1, 2, − íåïðåðûâíûe, íåóáûâàþùèe, (4)
k0(ξ − 1)p−1 ≤ T1(ξ) ≤ k1ξ

p−1 ïðè ξ ≥ 1, k0 > 0, k1 > 0. (5)



20 È.Á. ÁÀÄ�ÈÅÂ, Â.Â. ÁÀÍÄÅ�ÎÂÂ [1℄ èññëåäîâàíà ðàçðåøèìîñòü âàðèàöèîííîãî íåðàâåíñòâà (1). ÄîêàçàíàÒåîðåìà 1. Ïóñòü f ∈ V ∗ , âûïîëíåíû óñëîâèÿ (3)�(5). Òîãäà1) åñëè p > 3 , òî íåðàâåíñòâî (1) èìååò ðåøåíèå ïðè ëþáîì q0 ;2) åñëè p = 3 , òî íåðàâåíñòâî (1) èìååò ðåøåíèå ïðè âñåõ q0 , óäîâëåòâîðÿþ-ùèõ óñëîâèþ |q0| < q1 = k0/c2 , ãäå c2 = c1

√
2 l1/p∗

/r0 , c1 = 2l2/p∗ .3) åñëè 1 < p < 3 , òî äëÿ ëþáîãî δ > 0 íàéäåòñÿ qδ > 0 , òàêîå, ÷òî çàäà÷à(1) èìååò ðåøåíèå ïðè óñëîâèÿõ ‖f‖V ∗ ≤ δ, |q0| < qδ.Äîêàçàòåëüñòâî òåîðåìû 1 ïðîâîäèëîñü â [1℄ íà îñíîâå îáùèõ ðåçóëüòàòîâ òåî-ðèè ìîíîòîííûõ îïåðàòîðîâ (ñì., íàïðèìåð, [3℄). Ïðåäâàðèòåëüíî áûëè óñòàíîâ-ëåíû íåêîòîðûå ñâîéñòâà îïåðàòîðîâ A, B, D, H , âõîäÿùèõ â âàðèàöèîííîåíåðàâåíñòâî (1).Ëåììà 1. Îïåðàòîð B � ëèïøèö-íåïðåðûâíûé ñ ïîñòîÿííîé c1 . Åñëè
u(n) ⇀ u , v(n) ⇀ v â V ïðè n → +∞ , òî lim

n→+∞

〈
Bu(n), v(n)

〉
= 〈Bu, v〉 ; êðîìåòîãî, îïåðàòîð B ÿâëÿåòñÿ ïñåâäîìîíîòîííûì.Ëåììà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (3)�(5). Òîãäà îïåðàòîð A ÿâëÿåòñÿíåïðåðûâíûì, ìîíîòîííûì è îãðàíè÷åííûì è, ñëåäîâàòåëüíî, ïñåâäîìîíîòîí-íûì è êîýðöèòèâíûì, ïðè÷åì

〈Au, u〉 ≥ k0‖u‖p − c3 ‖u‖p−1 − c4, ∀u ∈ V. (6)ãäå c3 =
[
k0p + ((p − 1)k0 + k1)2

p−1
]
l1/p , c4 =

[
((p − 1)k 0 + k1)2

p−1
]
l + k0l.Ëåììà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (3), (4). Òîãäà îïåðàòîð D ÿâëÿåòñÿìîíîòîííûì è îãðàíè÷åííûì è, ñëåäîâàòåëüíî, ïñåâäîìîíîòîííûì; êðîìå òîãî,

〈Du, u〉 ≥ 0 äëÿ âñåõ u ∈ V ; åñëè u(n) ⇀ u â V ïðè n → ∞ , òî Du(n) → Du â V ∗ïðè n → ∞ .Ëåììà 4. Ïóñòü u(n) ⇀ u, v(n) ⇀ v â V ïðè n → +∞ , òîãäà
lim

n→+∞

〈
Hu(n), v(n)

〉
= 〈Hu, v〉 ; êðîìå òîãî, îïåðàòîð H ÿâëÿåòñÿ ïñåâäîìîíî-òîííûì. 2. Ñâîéñòâà îïåðàòîðîâÂ íàñòîÿùåì ïàðàãðà�å óñòàíàâëèâàåòñÿ äîïîëíèòåëüíî ðÿä ñâîéñòâ îïåðàòî-ðîâ, âõîäÿùèõ â âàðèàöèîííîå íåðàâåíñòâî (1): ïîòåíöèàëüíîñòü, ëèïøèö-íåïðå-ðûâíîñòü, îãðàíè÷åííàÿ ëèïøèö-íåïðåðûâíîñòü, îáðàòíàÿ ñèëüíàÿ ìîíîòîííîñòü.Ýòè ñâîéñòâà èñïîëüçóþòñÿ äëÿ èññëåäîâàíèÿ ñõîäèìîñòè ïðåäëîæåííîãî â [2℄äâóõñëîéíîãî èòåðàöèîííîãî ïðîöåññà ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà ñ îïå-ðàòîðàìè ìîíîòîííîãî òèïà â áàíàõîâûõ è ãèëüáåðòîâûõ ïðîñòðàíñòâàõ.Ïî àíàëîãèè ñ [4, ñ. 79℄ îïåðàòîð A íàçîâåì îãðàíè÷åííî ëèïøèö-íåïðåðûâíûìñ �óíêöèÿìè ΦA è µA , åñëè

‖Au − Av‖V ∗ ≤ µA(R)ΦA (‖u − v‖V ) ∀u, v ∈ V, (7)ãäå R = max{‖u‖V , ‖v‖V } , µA � íåóáûâàþùàÿ íà [0, +∞) �óíêöèÿ, ΦA � ñòðîãîâîçðàñòàþùàÿ íà [0, +∞) �óíêöèÿ, òàêàÿ, ÷òî ΦA(0) = 0 , ΦA (ξ) → +∞ ïðè
ξ → +∞ .Îïåðàòîð A íàçûâàåòñÿ îáðàòíî ñèëüíî ìîíîòîííûì1 (ñì. [7, ñ. 243℄) ñ ïîñòî-ÿííîé d , åñëè

‖Au − Av‖2
V ∗ ≤ d 〈Au − Av, u − v〉 ∀u, v ∈ V.

1Â àíãëîÿçû÷íîé ëèòåðàòóðå òàêîé îïåðàòîð íàçûâàåòñÿ òàêæå êî-êîýðöèòèâíûì (ñì., íàïðè-ìåð, [5, 6℄).



ÈÒÅ�ÀÖÈÎÍÍÛÅ ÌÅÒÎÄÛ �ÅØÅÍÈß ÂÀ�ÈÀÖÈÎÍÍÛÕ ÍÅ�ÀÂÅÍÑÒÂ 21Ëåììà 5. Ïóñòü âûïîëíåíû óñëîâèÿ (3)�(5). Òîãäà îïåðàòîð A ïîòåíöèàëåí,åãî ïîòåíöèàëîì ÿâëÿåòñÿ �óíêöèîíàë FA

FA(v) =

1∫

0

〈A(t v), v〉 dt =

l∫

0

λ1(v)∫

0

T1(ξ) dξ ds v ∈ V,è ñïðàâåäëèâà �îðìóëà2

FA(u + v) − FA(u) =

1∫

0

〈A(u + tv), v〉 dt ∀u, v ∈ V. (8)Äîêàçàòåëüñòâî. Èìååì
FA(v) =

1∫

0

〈A(tv), v〉 dt =

1∫

0

l∫

0

T1(λ1(tv))

λ1(tv)

[
t |v′|2 + v′1

]
ds dt =

=

l∫

0

1∫

0

T1(λ1(tv))

λ1(tv)

[
t |v′|2 + v′1

]
dt ds.Ñäåëàåì çàìåíó ïåðåìåííîãî ξ = λ1(tv) . Ïðè ýòîì ξ2 = t2 |v′|2 + 2tv′1 + 1 , ñëåäîâà-òåëüíî, ξ dξ =

[
t |v′|2 + v′1

]
dt , è

FA(v) =

l∫

0

λ1(v)∫

1

T1(ξ) dξ ds =

l∫

0

λ1(v)∫

0

T1(ξ) dξ ds, (9)òàê êàê T1(ξ) = 0 ïðè ξ ≤ 1 .Äàëåå,
1∫

0

〈A(u + tv), v〉 dt =

l∫

0

1∫

0

T1(λ1(u + tv))

λ1(u + tv)

[
(u′, v′) + t |v′|2 + v′1,

]
dt ds.Ïóñòü ξ = λ1(u + tv) . Ïðè ýòîì ξ2 = 2t(u′, v′) + t2 |v′|2 + 2tv′1 + |u′|2 + u′ + 1 ,ñëåäîâàòåëüíî, ξ dξ =

[
(u′, v′) + t |v′|2 + v′1

]
dt , è

1∫

0

〈A(u + tv), v〉 dt =

l∫

0

λ1(u+v)∫

λ1(u)

T1(ξ) dξ ds. (10)Èç (9) è (10) âûòåêàåò ñîîòíîøåíèå (8).Ïîñêîëüêó â ñèëó ëåììû 2 îïåðàòîð A íåïðåðûâåí, òî ñîãëàñíî çàìå÷àíèþ 4.1è ëåììå 4.1 [4, ñ. 111, 112℄ îí ÿâëÿåòñÿ ïîòåíöèàëüíûì, ïðè÷åì åãî ïîòåíöèàëîìÿâëÿåòñÿ �óíêöèîíàë FA . Ëåììà äîêàçàíà.Ëåììà 6. Ïóñòü p ≥ 2 , âûïîëíåíû óñëîâèÿ (3)�(5) è, êðîìå òîãî,
T1(β) − T1(γ)

β − γ
≤ k2(1 + β + γ)p−2, k2 > 0 ∀β, γ ∈ R1, β, γ > 0. (11)

2Òàê íàçûâàåìîå óñëîâèå êâàçèïîòåíöèàëüíîñòè [8℄.



22 È.Á. ÁÀÄ�ÈÅÂ, Â.Â. ÁÀÍÄÅ�ÎÂÒîãäà îïåðàòîð A ÿâëÿåòñÿ îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì ñ �óíêöèÿìè
Φ(ξ) = ξ , µ(ξ) = c5

(
3l1/p + 2ξ

)p−2 , ãäå c5 = max{k1, k2} .Äîêàçàòåëüñòâî. Ñëåäóÿ [9, 10℄, íåòðóäíî ïðîâåðèòü, ÷òî ïðè âûïîëíåíèèóñëîâèÿ (11) äëÿ ëþáûõ âåêòîðîâ ξ, η ∈ R2 ñïðàâåäëèâî íåðàâåíñòâî
∣∣∣∣
T1(|ξ|)
|ξ| ξ − T1(|η|)

|η| η

∣∣∣∣
2

≤ c5

(
T1(|ξ|)
|ξ| ξ − T1(|η|)

|η| η, ξ − η

)
(1 + |ξ| + |η|)p−2. (12)Òîãäà äëÿ ëþáûõ u , v , w èç V èìååì

|〈Au − Av, w〉| =

∣∣∣∣∣∣

l∫

0

(
T1(λ1(u))

λ1(u)
ũ ′ − T1(λ1(v))

λ1(v)
ṽ′, w′

)
ds

∣∣∣∣∣∣
≤

≤




l∫

0

∣∣∣∣
T1(λ1(u))

λ1(u)
ũ′ − T1(λ1(v))

λ1(v)
ṽ′

∣∣∣∣
p∗

ds




1/p∗

‖w‖ ≤

≤ c
1/2
5




l∫

0

(
T1(λ1(u))

λ1(u)
ũ′ − T1(λ1(v))

λ1(v)
ṽ′, ũ′ − ṽ′

)p∗/2

×

× [1 + λ1(u) + λ1(v)]
(p−2)p∗/2

ds




1/p∗

‖w‖.Ïóñòü p > 2 , òîãäà p∗ < 2 , à 2/p∗ > 1 . Ïðèìåíÿÿ ê ïðàâîé ÷àñòè ïîñëåäíåãîíåðàâåíñòâà íåðàâåíñòâî �åëüäåðà ñ ïîêàçàòåëÿìè 2/p∗ è ñîïðÿæåííûì ê íåìó
2p/(p∗(p − 2)) , ó÷èòûâàÿ òî, ÷òî ũ′ − ṽ′ = u′ − v′ , ïîëó÷èì

|〈Au − Av, w〉| ≤ c
1/2
5




l∫

0

(
T1(λ1(u))

λ1(u)
ũ ′ − T1(λ1(v))

λ1(v)
ṽ ′, ũ ′ − ṽ ′

)
ds




1/2

×

×




l∫

0

[
1 + λ1(u) + λ1(v)

] p

ds




(p−2)/(2p)

‖w‖ ≤ c
1/2
5 〈Au − Av, u − v〉 1/2 ×

×




l∫

0

[
3 + |u ′ | + | v′ |

] p

ds




(p−2)/(2p)

‖w‖ ≤

≤ c
1/2
5 〈Au − Av, u − v〉 1/2

[
3 l 1/p + ‖u‖ + ‖v‖

] (p−2)/2

‖w‖.Ïîýòîìó
‖Au − Av‖V ∗ = sup

w 6=0

|〈Au − Av, w〉|
‖w‖ ≤

≤ c
1/2
5 〈Au − Av, u − v〉1/2

[
3l1/p + ‖u‖ + ‖v‖

](p−2)/2

≤

≤ c
1/2
5 ‖Au − Av‖1/2

V ∗
‖u − v‖1/2

[
3l1/p + ‖u‖ + ‖v‖

](p−2)/2

,



ÈÒÅ�ÀÖÈÎÍÍÛÅ ÌÅÒÎÄÛ �ÅØÅÍÈß ÂÀ�ÈÀÖÈÎÍÍÛÕ ÍÅ�ÀÂÅÍÑÒÂ 23îòêóäà
‖Au − Av‖V ∗ ≤ c5 ‖u − v‖

[
3l1/p + ‖u‖ + ‖v‖

]p−2

≤

≤ µ(R)Φ (‖u − v‖) , R = max {‖u‖, ‖v‖} ∀u, η ∈ V.Ïðè p = 2 èìååì, ÷òî
|〈Au − Av, w〉| ≤ c

1/2
5




l∫

0

(
T1(λ1(u))

λ1(u)
ũ′ − T1(λ1(v))

λ1(v)
ṽ′, ũ′ − ṽ′

)
ds




1/2

‖w‖ =

= c
1/2
5 〈Au − Av, u − v〉1/2 ‖w‖,ñëåäîâàòåëüíî,

‖Au − Av‖V ∗ ≤ c5‖u − v‖.Ïðè ýòîì îïåðàòîð A ÿâëÿåòñÿ ëèïøèö-íåïðåðûâíûì ñ ïîñòîÿííîé c5 . Ëåììà äî-êàçàíà.Ëåììà 7. Ïóñòü 1 < p < 2 , �óíêöèÿ T1 óäîâëåòâîðÿåò óñëîâèÿì (3)�(5) è,êðîìå òîãî,
T1(β) − T1(γ)

β − γ
≤ k3(β + γ)p−2 ∀β, γ ∈ (0, +∞), k3 > 0. (13)Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

∣∣∣∣
T1(|ξ|)
|ξ| ξ − T1(|η|)

|η| η

∣∣∣∣
2

≤ c6(|ξ| + |η|)p−2 |ξ − η| ∀ ξ, η ∈ R2, (14)ãäå c6 = max{2k1, k3} .Äîêàçàòåëüñòâî. Ïðè ξ = η íåðàâåíñòâî (14) âûïîëíÿåòñÿ òðèâèàëüíûìîáðàçîì. Ïðåäïîëîæèì ïîýòîìó, ÷òî ξ 6= η . Ïî àíàëîãèè ñ [11℄ ðàññìîòðèì âûðà-æåíèå
I =

∣∣∣∣
T1(|ξ|)
|ξ| ξ − T1(|η|)

|η| η

∣∣∣∣
2

|ξ − η|2 =
T 2

1 (|ξ|) + T 2
1 (|η|) − 2T1(|ξ|)T1(|η|)t

|ξ|2 + |η|2 − 2t|ξ| |η| ,ãäå
t =

(ξ, η)

|ξ| |η| ∈ [−1, 1].Ôóíêöèÿ t → I(t) ÿâëÿåòñÿ äðîáíî-ðàöèîíàëüíîé, à çíà÷èò, äîñòèãàåò íàèáîëü-øåãî çíà÷åíèÿ ëèáî ïðè t = 1 , ëèáî ïðè t = −1 . Â ïåðâîì ñëó÷àå (ïðè t = 1)â ñèëó (13)
I =

(T1(|ξ|) − T1(|η|))2

(|ξ| − |η|)2
≤ k2

2(|ξ| + |η|)2(p−2).Âî âòîðîì ñëó÷àå (ïðè t = −1) â ñèëó (5)
I =

(T1(|ξ|) + T1(|η|))2

(|ξ| + |η|)2
≤ k2

1

(
|ξ|p−1 + |η|p−1

)2

(|ξ| + |η|)2
≤

≤ 4k2
1

(|ξ| + |η|)2(p−1)

(|ξ| + |η|)2
= 4k2

1(|ξ| + |η|)2(p−2).
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I1/2 ≤ c6(|ξ| + |η|)p−2, c6 = max {2k1, k3} .Ëåììà äîêàçàíà.Ëåììà 8. Ïóñòü 1 < p < 2 , �óíêöèÿ T1 óäîâëåòâîðÿåò óñëîâèÿì (3)�(5),(13). Òîãäà îïåðàòîð A ÿâëÿåòñÿ îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì ñ �óíê-öèÿìè ΦA(ξ) = ξp−1 , µA(ξ) = c6 .Äîêàçàòåëüñòâî. Â ñèëó ëåììû 7 äëÿ ëþáûõ âåêòîðîâ ξ, η ∈ R 2 èìååì

∣∣∣∣
T1(|ξ|)
|ξ| ξ − T1(|η|)

|η| η

∣∣∣∣
|ξ − η|p−1

≤ c6
(|ξ| + |η|)p−2 |ξ − η|

|ξ − η|p−1
= c6

(|ξ − η|)2−p

(|ξ| + |η|)2−p
≤ c6.Èç ýòîãî íåðàâåíñòâà ñëåäóåò, ÷òî äëÿ ëþáûõ u , η , w èç V

|〈Au − Av, w〉| =

∣∣∣∣∣∣

l∫

0

(
T1(λ1(u))

λ1(u)
ũ′ − T1(λ1(v))

λ1(v)
ṽ′, w′

)
ds

∣∣∣∣∣∣
≤

≤ c7

l∫

0

|ũ′ − ṽ′||w′| ds = c7

l∫

0

|u′ − v′|p−1 |w′| ds ≤ c7 |u − v|p−1 ‖w‖,Ïîýòîìó
‖Au − Av‖V ∗ = sup

w 6=0

|〈Au − Av, w〉|
‖w‖ ≤ c7 ‖u − v‖p−1

,÷òî è òðåáîâàëîñü äîêàçàòü.Ëåììà 9. Ïóñòü âûïîëíåíû óñëîâèÿ (3), (4). Òîãäà îïåðàòîð D ïîòåíöèàëåí,åãî ïîòåíöèàëîì ÿâëÿåòñÿ �óíêöèîíàë FD

FD(v) =

1∫

0

〈D(tv), v〉 dt =

l∫

0

λ1(v)∫

1

T2(ξ) dξ ds, v ∈ V,è ñïðàâåäëèâà �îðìóëà
FD(u + v) − FD(u) =

1∫

0

〈D(u + tv), v〉 dt ∀u, v ∈ V. (15)Äîêàçàòåëüñòâî. Èìååì
FD(v) =

1

r0

1∫

0

〈D(tv), v〉 dt =

1∫

0

l∫

0

T2(λ2(tv))v2 ds dt =

l∫

0

1∫

0

T2

(
tv2 + r0

r0

)
v2

r0
dt ds.Ñäåëàåì çàìåíó ïåðåìåííîãî ξ = λ2(tv) = (tv2 + r0)/r0 . Ïðè ýòîì dξ = v2 dt/r0 ,ñëåäîâàòåëüíî,

FD(v) =

l∫

0

λ2(v)∫

1

T2(ξ) dξ ds =

l∫

0

λ1(v)∫

0

T2(ξ) dξ ds, (16)
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1∫

0

〈D(u + t v), v〉 dt =

l∫

0

1∫

0

T2(λ2(u + t v))
v2

r0
dt ds.Ñäåëàåì çàìåíó ïåðåìåííîãî ξ = λ2(u + tv) = (u2 + tv2 + r0)/r0 . Ïðè ýòîì dξ =

= v2dt/r0 , ñëåäîâàòåëüíî,
1∫

0

〈D(u + tv), v〉 dt =

l∫

0

λ2(u+v)∫

λ2(u)

T2(ξ) dξ ds. (17)Èç (16) è (17) âûòåêàåò ñîîòíîøåíèå (15).Ïîñêîëüêó â ñèëó ëåììû 3 îïåðàòîð D íåïðåðûâåí, òî ñîãëàñíî ñîãëàñíî çà-ìå÷àíèþ 4.1 è ëåììå 4.1 [4, ñ. 111, 112℄ îí ÿâëÿåòñÿ ïîòåíöèàëüíûì, ïðè÷åì åãîïîòåíöèàëîì ÿâëÿåòñÿ �óíêöèîíàë FD . Ëåììà äîêàçàíà.Ëåììà 10. Ïóñòü p > 2 , âûïîëíåíî óñëîâèå (3), à òàêæå
T2(β) − T2(γ)

β − γ
≤ k4(1 + β + γ)σ−1 ∀β, γ ∈ (0, +∞), k4 > 0, σ > 1. (18)Òîãäà îïåðàòîð D ÿâëÿåòñÿ îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì ñ �óíêöèÿìè

ΦD(ξ) = ξ , µD(ξ) = c7

(
3 + 2l1/p∗

ξ/r0

)σ−1 , ãäå c7 = k3l
2/p∗+1/r0 .Äîêàçàòåëüñòâî. Äëÿ ëþáûõ u , v , w èç V â ñèëó (18) èìååì

| 〈Du − Dv, w〉 | ≤ 1

r0

l∫

0

|T2(λ2(u)) − T2(λ2(v))| |w2| ds ≤

≤ 1

r0
max
0≤s≤l

|w2(s)|
l∫

0

T2(λ2(u)) − T2(λ2(v))

λ2(u) − λ2(v)
|λ2(u)) − λ2(v)| ds ≤

≤ k4

r2
0

l1/p∗ ‖w‖ max
0≤s≤l

|u2(s) − v2(s)|
l∫

0

[1 + λ2(u) + λ2(v)]σ−1 ds ≤

≤ k4

r2
0

l2/p∗‖w‖ ‖u − v‖
l∫

0

[
3 +

u2

r0
+

v2

r0

]σ−1

ds ≤

≤ k4

r2
0

l2/p∗+1‖w‖ ‖u − v‖
[
3 +

l1/p∗

r0
(‖u‖ + ‖v‖)

]σ−1

≤ µD(R)ΦD(‖u − v‖),ãäå R = max{‖u‖, ‖v‖} . Ïîýòîìó
‖Du − Dv‖V ∗ = sup

w 6=0

|〈Du − Dv, w〉|
‖w‖ ≤ µD(R)ΦD(‖u − v‖),÷òî è òðåáîâàëîñü äîêàçàòü.Ñëåäñòâèå 1. Ïóñòü 1 < p < 2 , âûïîëíåíî óñëîâèå (18). Òîãäà îïåðà-òîð D ÿâëÿåòñÿ îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì ñ �óíêöèÿìè Φ1,D(ξ) = ξp−1è µ1,D(ξ) = c8

(
3 + 2l1/p∗

ξ/r0

)σ−1
ξ2−p , ãäå c8 = c72

2−p .
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‖Du − Dv‖V ∗ ≤ c7

[
3 +

2l1/p∗

r0
R

]σ−1

‖u − v‖ ≤

≤ c7

[
3 +

2l1/p∗

r0
R

]σ−1

(‖u‖ + ‖v‖)2−p ‖u − v‖p−1 ≤

≤ c72
2−p R2−p

[
3 +

2l1/p∗

r0
R

]σ−1

ΦD(‖u − v‖) = µ1,D(R)Φ1,D(‖u − v‖),÷òî è òðåáîâàëîñü äîêàçàòü.Ëåììà 11. Ïóñòü p = 2 , âûïîëíåíî óñëîâèå (3), à òàêæå
T2(β) − T2(γ)

β − γ
≤ k 5 ∀β, γ ∈ (0, +∞), k 5 > 0. (19)Òîãäà D � îáðàòíî ñèëüíî ìîíîòîííûé îïåðàòîð ñ ïîñòîÿííîé c 9 = k 5 l/2r 2

0 .Äîêàçàòåëüñòâî. Äëÿ ëþáûõ β, γ ∈ (0, +∞) â ñèëó (19) èìååì
|T2(β) − T2(γ)|2 =

∣∣∣∣
T2(β) − T2(γ)

β − γ

∣∣∣∣ [T2(β) − T2(γ)] (β − γ) ≤

≤ k5 [T2(β) − T2(γ)] (β − γ),ñëåäîâàòåëüíî, äëÿ ëþáûõ u , v , w èç V

| 〈Du − Dv, w〉 | ≤ 1

r0

l∫

0

|T2(λ2(u)) − T2(λ2(v))| |w2| ds ≤

≤ k
1/2
5

r0

l∫

0

[(T2(λ2(u)) − T2(λ2(v)) (λ2(u) − λ2(v))]
1/2 |w2| ds ≤

≤ k
1/2
5

r0

l1/2

√
2

‖w‖ 〈Du − Dv, u − v〉1/2 ,òîãäà
‖Du − Dv‖V ∗ = sup

w 6=0

|〈Du − Dv, w〉|
‖w‖ ≤ k

1/2
5

r0

l1/2

√
2

〈Du − Dv, u − v〉1/2
,îòêóäà è âûòåêàåò òðåáóåìîå óòâåðæäåíèå.Ëåììà 12. Îïåðàòîð B ïîòåíöèàëåí, åãî ïîòåíöèàëîì ÿâëÿåòñÿ �óíêöèî-íàë FB

FB(v) =

1∫

0

〈B(tv), v〉 dt =

l∫

0

(v′1 + 1)v2 ds, v ∈ V,è ñïðàâåäëèâà �îðìóëà
FB(u + v) − FB(u) =

1∫

0

〈B(u + tv), v〉 dt ∀u, v ∈ V. (20)
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FB(v) =

1∫

0

〉B(tv), v〉 dt =

1∫

0

l∫

0

(2tv′1 + 1)v2 ds dt =

l∫

0

(v′1 + 1)v2 ds.Ïðè ýòîì
FB(u + v) − FB(u) =

l∫

0

[(v′1 + u′
1 + 1) (v2 + u2) − (u′

1 + 1)u2] ds =

=

l∫

0

1∫

0

[(tv′1 + u′
1 + 1) v2 + (u2 + tv2) v′1] dt ds =

1∫

0

〈B(u + tv), v〉 dt,òî åñòü ðàâåíñòâî (20) ñïðàâåäëèâî. Òî, ÷òî FB ÿâëÿåòñÿ ïîòåíöèàëîì B , âûòåêàåòíåïîñðåäñòâåííî èç îïðåäåëåíèÿ ïðîèçâîäíîé �àòî �óíêöèîíàëà. Ëåììà äîêàçàíà.Ëåììà 13. Îïåðàòîð H ÿâëÿåòñÿ îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì ñ �óíê-öèÿìè Φ(ξ) = ξ , µH(ξ) = c10 ξ , ãäå c10 = 2
√

2 l3/p∗

/r0 .Äîêàçàòåëüñòâî. Äëÿ ïðîèçâîëüíûõ u , v è w èç V èìååì
|〈Hu − Hv, w〉| =

1

r0

∣∣∣∣∣∣

l∫

0

[
1

2
(u2 − v2)

2w′
1 + (u′

1 − v′1) (u2 − v2)w2

]
ds

∣∣∣∣∣∣
≤

≤ 1

2r0
max
0≤s≤l

|u2(s) − v2(s)|2
l∫

0

|w′
1| ds +

+
1

r0
max
0≤s≤l

|w2(s)| max
0≤s≤l

|u2(s) − v2(s)|
l∫

0

|u′
1 − v′1| ds ≤

≤ 1

r0

l∫

0

|u′
2 − v′2| ds




l∫

0

|u′
2 − v′2| ds

l∫

0

|w′
1| ds +

l∫

0

|u′
1 − v′1| ds

l∫

0

|w′
2| ds


 ≤

≤ 2
√

2 l3/p∗

r0
max{‖u‖, ‖v‖} ‖u− v‖‖w‖ = c10R‖u − v‖ ‖w‖, R = max{‖u‖, ‖v‖},ñëåäîâàòåëüíî,
‖Hu − Hv‖V ∗ = sup

w 6=0

|〈Hu − Hv, w〉|
‖w‖ ≤ c10R‖u − v‖.Ëåììà äîêàçàíà.Ëåììà 14. Îïåðàòîð H ïîòåíöèàëåí, åãî ïîòåíöèàëîì ÿâëÿåòñÿ �óíêöèî-íàë FH

FH(v) =

1∫

0

〈H(tv), v〉 dt =
1

2r0

l∫

0

(v′1 + 1)v2
2 ds, v ∈ V,
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FH(u + v) − FH(u) =

1∫

0

〈H(u + tv), v〉 dt ∀u, v ∈ V. (21)Äîêàçàòåëüñòâî. Èìååì
FH(v) =

1∫

0

〈H(tv), v〉 dt =
1

r0

1∫

0

l∫

0

[
3

2
t2v2

2v
′
1 + tv2

2

]
ds dt =

1

2 r0

l∫

0

(v′1 + 1)v2
2 ds.Ïðè ýòîì

FH(u + v) − FH(u) =
1

2r0

l∫

0

[
(v′1 + u′

1 + 1) (v2 + 2u2)v2 + v′1u
2
2

]
ds =

=
1

r0

l∫

0

1∫

0

[
1

2
(u2 + tv2)v

2
2v

′
1 + (u′

1 + tv′1 + 1) (u2 + t v2)v2

]
dt ds =

=

1∫

0

〈H(u + tv), v〉 dt,òî åñòü ðàâåíñòâî (21) ñïðàâåäëèâî. Òî, ÷òî FH ÿâëÿåòñÿ ïîòåíöèàëîì H , âûòåêàåòíåïîñðåäñòâåííî èç îïðåäåëåíèÿ ïðîèçâîäíîé �àòî �óíêöèîíàëà. Ëåììà äîêàçàíà.3. Èòåðàöèîííûé ìåòîäÂ ðàáîòå [2℄ äëÿ ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà
〈Pu, v − u〉 ≥ 〈f, v − u〉 ∀ v ∈ K (22)áûë ðàññìîòðåí ñëåäóþùèé èòåðàöèîííûé ïðîöåññ, ïîçâîëÿþùèé ñâåñòè (22) ê âà-ðèàöèîííîìó íåðàâåíñòâó ñ îïåðàòîðîì äâîéñòâåííîñòè âìåñòî èñõîäíîãî ïñåâäî-ìîíîòîííîãî îïåðàòîðà, ðåøåíèå êîòîðîãî ìîæíî ïðîâîäèòü èçâåñòíûìè ìåòîäàìè(ñì., íàïðèìåð, [12�16℄).Ïóñòü u(0) � ïðîèçâîëüíûé ýëåìåíò èç K . Äëÿ n = 0, 1, 2, . . ., çíàÿ u(n) , îïðå-äåëèì u(n+1) êàê ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà

〈
J(u(n+1) − u(n)), v − u(n+1)

〉
≥ τ

〈
f − Pu(n), v − u(n+1)

〉
∀ v ∈ K, (23)ãäå τ > 0 � èòåðàöèîííûé ïàðàìåòð, J : V → V ∗ � îïåðàòîð äâîéñòâåííîñòè,ïîðîæäàåìûé �óíêöèåé Φ (ñì. [3, ñ. 185℄:

〈Jv, v〉 = ‖Jv‖V ∗ ‖v‖, ‖Jv‖V ∗ = Φ(‖v‖) ∀ v ∈ V.Ïðè ýòîì ñïðàâåäëèâûÒåîðåìà 2. Ïóñòü K � íåïóñòîå, çàìêíóòîå, âûïóêëîå ïîäìíîæåñòâî ðå-�ëåêñèâíîãî áàíàõîâà ïðîñòðàíñòâà V , îïåðàòîð P : V → V ∗ ÿâëÿåòñÿ ïñåâäî-ìîíîòîííûì, êîýðöèòèâíûì, îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì ñ �óíêöèÿìè µ
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F (u + v) − F (u) =

1∫

0

〈P (u + tv), v〉 dt ∀u, v ∈ V, (24)ãäå
F (u) =

1∫

0

〈P (tu), u〉 dt.Ïóñòü, äàëåå, âûïîëíåíî óñëîâèå
0 < τ < min{1, 1/µ0}, µ0 = µ(R0 + Φ−1(R1)), (25)ãäå

R0 = sup
u∈S0

‖u‖, R1 = sup
u∈S0

‖Pu − f‖V ∗ , S0 = {u ∈ K : F (u) ≤ F (u(0))}.Òîãäà èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü {u(n)}+∞
n=0 , ïîñòðîåííàÿ ñîãëàñíî (23),îãðàíè÷åíà â V, è âñå åå ñëàáî ïðåäåëüíûå òî÷êè ÿâëÿþòñÿ ðåøåíèÿìè âàðèàöè-îííîãî íåðàâåíñòâà (22).Òåîðåìà 3. Ïóñòü K � íåïóñòîå, çàìêíóòîå, âûïóêëîå ïîäìíîæåñòâî ãèëü-áåðòîâà ïðîñòðàíñòâà V , îïåðàòîð P : V → V ∗ ÿâëÿåòñÿ îáðàòíî ñèëüíî ìîíî-òîííûì ñ ïîñòîÿííîé d , êîýðöèòèâíûì è ïîòåíöèàëüíûì, ïðè÷åì ñïðàâåäëèâîñîîòíîøåíèå (24). Ïóñòü, äàëåå, âûïîëíåíî óñëîâèå

0 < τ < 2/d. (26)Òîãäà âñÿ èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü {u(n)}+∞
n=0 , ïîñòðîåííàÿ ñîãëàñíî(23), ñõîäèòñÿ ñëàáî ê íåêîòîðîìó ðåøåíèþ çàäà÷è (22).Ýëåìåíò u(n+1) èç (23) îäíîçíà÷íî îïðåäåëÿåòñÿ ïî u(n) . Äåéñòâèòåëüíî, îïå-ðàòîð äâîéñòâåííîñòè ÿâëÿåòñÿ äåìèíåïðåðûâíûì, ñòðîãî ìîíîòîííûì è êîýðöè-òèâíûì [3℄, ìíîæåñòâî K � âûïóêëûì è çàìêíóòûì, à çíà÷èò, âàðèàöèîííîå íåðà-âåíñòâî (23) èìååò åäèíñòâåííîå ðåøåíèå (ñì. [17, ñ. 44℄).Äëÿ çàäà÷è îá îïðåäåëåíèè ïîëîæåíèÿ ðàâíîâåñèÿ ìÿãêîé ñåò÷àòîé îáîëî÷êèâðàùåíèÿ (1) èòåðàöèîííûé ïðîöåññ (23) ïðèîáðåòàåò ñëåäóþùèé âèä.Ïóñòü u(0) � ïðîèçâîëüíûé ýëåìåíò èç K . Äëÿ n = 0, 1, 2, . . ., çíàÿ u(n) , îïðå-äåëèì u(n+1) êàê ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà

〈
J(u(n+1) − u(n)), v − u(n+1)

〉
≥

≥ τ
〈
f − (A + D + q0(B + H))u(n), v − u(n+1)

〉
∀ v ∈ K. (27)Óñòàíîâèì òåïåðü, ÷òî äëÿ çàäà÷è îá îïðåäåëåíèè ïîëîæåíèÿ ðàâíîâåñèÿ ìÿã-êîé ñåò÷àòîé îáîëî÷êè âðàùåíèÿ (1) âûïîëíÿþòñÿ äîñòàòî÷íûå óñëîâèÿ ñõîäèìî-ñòè ìåòîäà (23).Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (3)�(5), (11), à òàêæå óñëîâèå (25)ñ �óíêöèÿìè Φ(ξ) = ξ , µ(ξ) = µA(ξ) + µD(ξ) + µH(ξ) + c11 è êîíñòàíòîé

R1 = sup
u∈S0

‖(A + D + q0(B + H))u − f‖V ∗ .



30 È.Á. ÁÀÄ�ÈÅÂ, Â.Â. ÁÀÍÄÅ�ÎÂÒîãäà ïðè p > 3 èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü {u(n)}+∞
n=0 , ïîñòðîåííàÿñîãëàñíî (27), îãðàíè÷åíà â V è âñå åå ñëàáî ïðåäåëüíûå òî÷êè ÿâëÿþòñÿ ðåøå-íèÿìè çàäà÷è (1). Åñëè æå p = 3 , òî óòâåðæäåíèå òåîðåìû ñïðàâåäëèâî ïðèäîïîëíèòåëüíîì óñëîâèè |q0| < q1 = k0/c2 .Äîêàçàòåëüñòâî. Îáîçíà÷èì

P = A + D + q0(B + H), P : V → V ∗. (28)Èç ëåìì 1�4 âûòåêàåò, ÷òî îïåðàòîð P ÿâëÿåòñÿ ïñåâäîìîíîòîííûì. Èç ëåìì 5,6, 9, 12�14 ñëåäóåò, ÷òî P � ïîòåíöèàëüíûé è îãðàíè÷åííî ëèïøèö-íåïðåðûâíûéîïåðàòîð. Èç îïðåäåëåíèÿ îïåðàòîðîâ B è H èìååì
|〈Bu, u〉| ≤ c1 [‖u‖ + 1] ‖u‖, |〈Hu, u〉| ≤ c2 ‖u‖2 [‖u‖ + 1] ∀u ∈ V.Òîãäà â ñèëó ëåììû 3 èç íåðàâåíñòâà (6) èìååì, ÷òî äëÿ âñåõ u ∈ V

〈Pu, u〉 ≥ k0‖u‖p − c3‖u‖p−1 − c4 − c1|q0| [‖u‖ + 1] ‖u‖ − c2|q0| ‖u‖2 [‖u‖ + 1] =

=
[
k0‖u‖p−3 − c2|q0|

]
‖u‖3 − c3‖u‖p−1 − c2|q0| ‖u‖2 − c1|q0| ‖u‖ − (c4 + c1|q0|),îòêóäà ñëåäóåò, ÷òî îïåðàòîð P ÿâëÿåòñÿ êîýðöèòèâíûì.Òàêèì îáðàçîì, âûïîëíåíû âñå óñëîâèÿ âñå òåîðåìû 2.Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ (3)�(5), (11), (18). Ïóñòü, äàëåå, âûïîë-íåíû óñëîâèÿ q0 ≡ 0 è (25) ñ �óíêöèÿìè Φ(ξ) = ξ , µ(ξ) = c6+µD(ξ) è êîíñòàíòîé

R1 = sup
u∈S0

‖(A + D)u − f‖V ∗ . Òîãäà ïðè 1 < p < 2 èòåðàöèîííàÿ ïîñëåäîâàòåëü-íîñòü {
u(n)

}+∞

n=0
, ïîñòðîåííàÿ ñîãëàñíî (27), îãðàíè÷åíà â V è âñå åå ñëàáî ïðå-äåëüíûå òî÷êè ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è (1).Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü äàííîãî óòâåðæäåíèÿ íåïîñðåäñòâåííî ñëå-äóåò èç òåîðåìû 4, ëåììû 8 è ëåììû 10.Îòäåëüíî ðàññìîòðèì çàäà÷ó (1), êîãäà q0 = 0 , p = 2 . Â ýòîì ñëó÷àå ïðîñòðàí-ñòâî V ÿâëÿåòñÿ ãèëüáåðòîâûì è ñïðàâåäëèâàÒåîðåìà 6. Ïóñòü âûïîëíåíû óñëîâèÿ (3)�(5), (11), (19), à òàêæå

0 < τ < 2/(c5 + c11).Òîãäà âñÿ èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü {
u(n)

}+∞

n=0
, ïîñòðîåííàÿ ñîãëàñíî(27), ñõîäèòñÿ ñëàáî ê íåêîòîðîìó ðåøåíèþ çàäà÷è (1).Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü äàííîãî óòâåðæäåíèÿ âûòåêàåò èç òåî-ðåìû 3, ëåììû 6 ñ p = 2 è ëåììû 11.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêòû � 12-01-00955,12-01-97026, 12-01-31515, 13-01-00908).SummaryI.B. Badriev, V.V. Banderov. Iterative Methods for Solving Variational Inequalities of theTheory of Soft Shells.In this paper we study the 
onvergen
e of iterative methods for solving variationalinequalities with monotone-type operators in Bana
h spa
es. Su
h inequalities arise in the
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