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BASIS SIMPLE CONNECTEDNESS CRITERIA
AND THEIR APPLICATION TO THE SOLVABILITY
OF THE CONVOLUTION EQUATION

I.S. Shraifel’ and I.M. Mal’tsev
[

1. Introduction. Let @ be a connected set in C, H(Q) the space of analytic germs on Q
with the inductive topology (see [1]), and a(z) an entire function of the exponential type with the
conjugate diagram B and the Borel associated function A(¢). The subject of numerous studies was
the problem of epimorphicity of the convolution operator

(L)) = 5 [ w04~ 2)at,

which is known (see, e.g., [2]), for a suitable contour I', to act continuously from H(Q + B) into
H(Q) (as usual, we set Q+ B := {2z, + 25 : 21 € Q, 2o € B}). The case where () is either a domain,
or a compact set in C, was most completely studied by A.O. Gel’fond, H. Muggly, Yu.F. Korobeinik,
0O.V. Yepifanov, S.V. Znamenskii and others.

The same problem for the operator L, : H(Q + B) — H(Q) is far less studied for connected
sets which are neither open, nor compact in C. The epimorphicity conditions for L, (either only
necessary or sufficient and, in a number of cases, both) for some types of the sets Q were obtained
in [2]-[7]. All connected sets @, considered in these works, possess the property of base simple con-
nectedness, i.e., possess a basis of simply connected neighborhoods. Apparently, S.V.Znamenskii
was the first to observe that the simple connectivity of a set is not sufficient for the base simple
connectedness. In this connection Yu.F. Korobeinik have stated a problem of characterization of
the base simply connected sets. In [8] an “operator” description was given for the property. In
particular, in accordance with [8] the base simple connectedness of @) is equivalent to either of the
two equivalent conditions: 1) a convolution operator L, exists which maps H(Q) onto H(Q) with
a non-constant characteristic function a(z), i.e., an entire function of minimal type and order 1;
2) the differentiation operator y' maps H((Q) onto H(Q).

In this article, in connection with the problem stated in [8] we deduce another type of criteria
for the base simple connectedness, which is of a “geometric” character. Finally, we give certain
applications of the criteria to the question of epimorphicity of the convolution operator L,. Results
in items 2, 3 belong to 1.S. Shraifel’, and in item 4 to I.M. Mal’tsev.

2. Criteria for the base simple connectedness. Endow the extended complex plane C with
a metric p by means of a stereographic projection. The sets considered in this item lie in C.
Note that here the compactness of a set is equivalent to its closedness. For ) C C we use the
following notation: 29 is the set of all subsets of @, LQ = C\ Q, C1Q is the closure of Q in C,
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