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ÓÄÊ 532.516.5 ×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÇÀÄÀ×ÎÁÒÅÊÀÍÈß ÑÈÑÒÅÌÛ ÒÅË Â ÏÅ�ÅÌÅÍÍÛÕÔÓÍÊÖÈß ÒÎÊÀ�ÇÀÂÈÕ�ÅÍÍÎÑÒÜÅ.È. Êàëèíèí, À.Á. ÌàçîÀííîòàöèÿ�àçðàáîòàí àëãîðèòì ðàñ÷åòà íåñòàöèîíàðíîãî äâóìåðíîãî òå÷åíèÿ âÿçêîé æèäêî-ñòè, îñíîâàííûé íà ðåøåíèè óðàâíåíèé Íàâüå �Ñòîêñà â ïðåîáðàçîâàííûõ ïåðåìåííûõè ïîçâîëÿþùèé ðåøàòü êàê çàäà÷è âûíóæäåííîãî îáòåêàíèÿ ñèñòåìû òåë, òàê è çàäà÷è ñçàäàííûìè èñòî÷íèêàìè äâèæåíèÿ â ðàñ÷åòíîé îáëàñòè. Äëÿ îïðåäåëåíèÿ ãðàíè÷íûõ çíà-÷åíèé �óíêöèè òîêà íà òâåðäûõ ñòåíêàõ ïîñòàíîâêà äîïîëíåíà íåëîêàëüíûìè óñëîâèÿìè,îñíîâàííûìè íà ñîîòíîøåíèÿõ Ïèðñîíà.Êëþ÷åâûå ñëîâà: ÷èñëåííîå ìîäåëèðîâàíèå, îáòåêàíèå ñèñòåìû òåë, óðàâíåíèÿ Íà-âüå �Ñòîêñà â ïåðåìåííûõ �óíêöèÿ òîêà � çàâèõðåííîñòü, ãðàíè÷íûå óñëîâèÿ, èíòåãðàëü-íûå óñëîâèÿ Ïèðñîíà. ÂâåäåíèåÏðè ÷èñëåííîì ðåøåíèè çàäà÷è ïëîñêîãî ëàìèíàðíîãî òå÷åíèÿ âÿçêîé íåñæè-ìàåìîé æèäêîñòè â ïåðåìåííûõ �óíêöèÿ òîêà ψ � çàâèõðåííîñòü ω âîçíèêàþòòðóäíîñòè, ñâÿçàííûå ñ �îðìóëèðîâêîé è ðåàëèçàöèåé ãðàíè÷íûõ óñëîâèé ïðè-ëèïàíèÿ íà ñòåíêàõ êàíàëà è îáòåêàåìûõ ïîâåðõíîñòÿõ (ñì. ðèñ. 1). Êðîìå òîãî,ïîñëå ïåðåõîäà ê ïðåîáðàçîâàííûì ïåðåìåííûì îïðåäåëÿþùàÿ ñèñòåìà óðàâíåíèéíå ñîäåðæèò äàâëåíèÿ p , ïîýòîìó ïîñòàíîâêà çàäà÷ äëÿ òå÷åíèé â êàíàëå ñ çàäàí-íûì ïåðåïàäîì äàâëåíèÿ çàòðóäíèòåëüíà â ðàìêàõ äàííîãî âàðèàíòà óðàâíåíèéÍàâüå �Ñòîêñà.Çíà÷åíèÿ ψ íà ãðàíèöàõ ìîæíî çàäàòü èç ãåîìåòðè÷åñêèõ ñîîáðàæåíèé ëèøüäëÿ ïðîñòåéøèõ ñèììåòðè÷íûõ ñòàöèîíàðíûõ òå÷åíèé. Îäíàêî ïðè ìîäåëèðîâàíèèñëîæíûõ íåñòàöèîíàðíûõ òå÷åíèé òðåáóþòñÿ äîïîëíèòåëüíûå ñîîòíîøåíèÿ, îïðå-äåëÿþùèå çíà÷åíèÿ �óíêöèè òîêà íà êàæäîì êîíòóðå. Â ðàáîòàõ [1�3℄ è ðÿäåäðóãèõ ïðèìåíÿþòñÿ âû÷èñëèòåëüíûå ñõåìû, èñïîëüçóþùèå íåëîêàëüíûå óñëî-âèÿ, ïîëó÷åííûå èíòåãðèðîâàíèåì óñëîâèé Ïèðñîíà [4℄; òåîðåòè÷åñêèå àñïåêòûðàññìîòðåíû â ìîíîãðà�èè [5℄.Â íàñòîÿùåé ñòàòüå äàííûé ïîäõîä îáîáùàåòñÿ íà ñëó÷àé ñâîáîäíûõ òå÷åíèéñ �èêñèðîâàííûìè âíóòðè îáëàñòè èñòî÷íèêàìè äâèæåíèÿ è òå÷åíèé ñ çàäàííûìïåðåïàäîì äàâëåíèÿ â êàíàëå. Ïðåäëàãàåòñÿ ýêîíîìè÷íûé êîíå÷íîýëåìåíòíûé àë-ãîðèòì ÷èñëåííîãî ðåøåíèÿ íåñòàöèîíàðíîé ñèñòåìû óðàâíåíèé Íàâüå �Ñòîêñàâ ïðåîáðàçîâàííûõ ïåðåìåííûõ, äîïîëíåííîé íåëîêàëüíûìè óñëîâèÿìè.1. Ïîñòàíîâêà çàäà÷è�àññìîòðèì òå÷åíèå æèäêîñòè â îáëàñòè D = [0, L] × [0, H ] . �ðàíèöû îáëà-ñòè òå÷åíèÿ îáîçíà÷èì ñëåäóþùèì îáðàçîì: âõîäíîå è âûõîäíîå ñå÷åíèÿ � γin è
γout , âåðõíÿÿ ñòåíêà êàíàëà � γ0 , íèæíÿÿ ñòåíêà � γN+1 , ãðàíèöû îáòåêàåìûõ
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�èñ. 1. Ñõåìà òå÷åíèÿòåë � γi, i = 1, . . . , N (ðèñ. 1). Â äåêàðòîâîé ñèñòåìå êîîðäèíàò ñèñòåìà óðàâíåíèéÍàâüå �Ñòîêñà â ïåðåìåííûõ ψ − ω èìååò âèä

∂ω

∂t
+ v · ∇ω =

1

Re
∆ω + F, (1)

−∆ψ = ω, ω =
∂vy
∂x

−
∂vx
∂y

, vx =
∂ψ

∂y
, vy = −

∂ψ

∂x
, (2)ãäå vx, vy � ãîðèçîíòàëüíàÿ è âåðòèêàëüíàÿ êîìïîíåíòû ñêîðîñòè æèäêîñòè v ,

Re � ÷èñëî �åéíîëüäñà, ñëàãàåìîå F â ïðàâîé ÷àñòè óðàâíåíèÿ (1) îïðåäåëÿåòñÿ÷åðåç âåêòîð ìàññîâûõ ñèë g = (gx, gy) êàê
F =

∂gy
∂x

−
∂gx
∂y

. (3)Íà òâåðäûõ ñòåíêàõ çàäàäèì óñëîâèå ïðèëèïàíèÿ
x, y ∈ γi :

∂ψ

∂n
= −Vi, ψ = Ci (t) , i = 0, . . . , N + 1, (4)ãäå Ci � íàáîð íåèçâåñòíûõ �óíêöèé, à Vi � çàäàííàÿ êàñàòåëüíàÿ ñêîðîñòü íàêîíòóðå γi . Äëÿ îïðåäåëåíèÿ Ci âîñïîëüçóåìñÿ ñîîòíîøåíèåì Ïèðñîíà

x, y ∈ γi :
∂p

∂s
=

1

Re

∂ω

∂n
− gs, i = 0, . . . , N + 1, (5)â êîòîðîì n è s � âíåøíÿÿ íîðìàëü è êàñàòåëüíàÿ ê ãðàíèöå. Ñëåäóÿ [5℄, ïðîèí-òåãðèðóåì (5) ïî ãðàíèöå γi . Áóäåì èìåòü

∫

γi

(

∂ω

∂n
− Re gs

)

ds = Re [p] , i = 0, . . . , N + 1, (6)ãäå ÷åðåç [p] îáîçíà÷åí ñêà÷îê äàâëåíèÿ âäîëü êîíòóðà γi . Íà çàìêíóòûõ êîíòóðàõ,î÷åâèäíî, [p] = 0 , à íà ñòåíêàõ êàíàëà âåëè÷èíà [p] ðàâíà ïåðåïàäó äàâëåíèÿ íàâõîäíîì è âûõîäíîì ñå÷åíèÿõ. Ñèñòåìó ñîîòíîøåíèé (6) áóäåì èñïîëüçîâàòü äëÿîïðåäåëåíèÿ íåèçâåñòíûõ Ci, i = 0, . . . , N + 1 . Íå íàðóøàÿ îáùíîñòè, ìîæíîïîëîæèòü çíà÷åíèå �óíêöèè òîêà íà íèæíåé ñòåíêå ðàâíûì íóëþ: CN+1 = 0 .Òîãäà âåëè÷èíà C0 , î÷åâèäíî, áóäåò ðàâíà ðàñõîäó æèäêîñòè â êàíàëå.Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàþòñÿ òå÷åíèÿ â ïðÿìîóãîëüíûõ îáëàñòÿõ, ãäåïîïåðå÷íàÿ ñîñòàâëÿþùàÿ ñêîðîñòè íàáåãàþùåãî ïîòîêà â îêðåñòíîñòè âõîäíîãîñå÷åíèÿ ðàâíà íóëþ: vy ≡ 0 , ∂vy/∂x ≈ 0 . Íà ãðàíèöå γin ñêîðîñòü vx , �óíêöèÿòîêà ψ , çàâèõðåííîñòü ω è ðàñõîä C0 áóäóò ñâÿçàíû ñîîòíîøåíèÿìè
C0 =

H
∫

0

vx dy, vx =
∂ψ

∂y
, ω = −

∂2ψ

∂y2
= −

∂vx
∂y

. (7)



146 Å.È. ÊÀËÈÍÈÍ, À.Á. ÌÀÇÎÏðåäñòàâèì ýïþðó âõîäíîé ñêîðîñòè â âèäå vx = ṽxC0 , ãäå �óíêöèÿ ṽx(y) � íîð-ìèðîâàííûé ïðî�èëü ñêîðîñòè, èíòåãðàë êîòîðîãî ïî ãðàíèöå γin ðàâåí åäèíèöå.Â äàëüíåéøåì èçëîæåíèè íà âõîäíîì ñå÷åíèè áóäóò ðàññìàòðèâàòüñÿ îäíîðîäíûéïîòîê æèäêîñòè, äëÿ êîòîðîãî
ṽx(y) = 1, (8)à òàêæå òå÷åíèÿ ñ ïàðàáîëè÷åñêèì ïðî�èëåì

ṽx(y) = −
6

H3
y2 +

6

H2
y. (9)Èñïîëüçóÿ ñîîòíîøåíèÿ (7), ìîæíî çàïèñàòü ãðàíè÷íûå óñëîâèÿ íà ãðàíèöå γinâ âèäå

x, y ∈ γin : ψ = Pψ (y)C0, ω = Pω (y)C0, (10)
Pψ(y) =

y
∫

0

ṽx dy, Pω(y) = −
dṽx
dy

.Íà âûõîäíîì ñå÷åíèè ïîñòàâèì ¾ìÿãêèå¿ ãðàíè÷íûå óñëîâèÿ
x, y ∈ γout :

∂ψ

∂n
= 0,

∂ω

∂n
= 0. (11)Òðåáóåòñÿ íàéòè ðåøåíèå ñèñòåìû óðàâíåíèé (1), (2) ñ ãðàíè÷íûìè óñëîâèÿìè(4), (10), (11) è äîïîëíèòåëüíûìè íåëîêàëüíûìè ñîîòíîøåíèÿìè (6).2. Ìåòîä ÷èñëåííîãî ðåøåíèÿÏðîâåäåì äèñêðåòèçàöèþ ñ øàãîì τ ïî âðåìåíè óðàâíåíèÿ (1) òàêèì îáðàçîì,÷òîáû èçáàâèòüñÿ îò íåëèíåéíîñòè óðàâíåíèÿ ïåðåíîñà çàâèõðåííîñòè:

ω −
τ

Re
∆ω = −τ v̌ · ∇ω̌ + τF + ω̌. (12)

−∆ψ = ω̌. (13)Çäåñü èñïîëüçîâàíî ñòàíäàðòíîå îáîçíà÷åíèå ǔ(t) = u(t−τ) . Íà êàæäîì âðåìåííîìñëîå óðàâíåíèÿ (12), (13) ðåøàþòñÿ ñ ãðàíè÷íûìè óñëîâèÿìè (4) íà òâåðäûõ ñòåí-êàõ γi , ïðè÷åì óñëîâèå Äèðèõëå èñïîëüçóåòñÿ äëÿ óðàâíåíèÿ (13), à ñ ïîìîùüþóñëîâèé Íåéìàíà äëÿ ψ �îðìóëèðóþòñÿ ãðàíè÷íûå óñëîâèÿ ïåðâîãî ðîäà äëÿ ω

x, y ∈ γi : ω = ω̃, i = 0, . . . , N + 1 (14)Äëÿ îòûñêàíèÿ �óíêöèè ω̃ ðåøàåòñÿ ëèíåéíàÿ çàäà÷à [6℄
ω̃ = −∆ψ, x, y ∈ γi :

∂ψ

∂n
= −Vi, i = 0, . . . , N + 1. (15)Çàìåòèì, ÷òî �óíêöèÿ òîêà ψ íà òåêóùåì âðåìåííîì ñëîå îïðåäåëÿåòñÿ íà-áîðîì êîíñòàíò Ci , ïîýòîìó è çàâèõðåííîñòü ω áóäåò çàâèñåòü îò ýòèõ êîíñòàíò.Çàäà÷è (12), (13), (15) ëèíåéíû, ñëåäîâàòåëüíî, ìîæíî çàïèñàòü ëèíåéíîå ïðåä-ñòàâëåíèå èñêîìûõ �óíêöèé ÷åðåç Ci :

ψ = ψ∗ +

N
∑

i=0

ψiCi, ω = ω∗ +

N
∑

i=0

ωiCi, (16)



×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÇÀÄÀ× ÎÁÒÅÊÀÍÈß . . . 147â êîòîðîì �óíêöèè ψ∗ , ψi , ω∗ , ωi ïîäëåæàò îïðåäåëåíèþ. Ìíîæèòåëè Ci áóäóòíàéäåíû èç ñèñòåìû óðàâíåíèé
N

∑

j=0

Iji Cj = I∗i + Re [p] , i = 0, . . . , N, (17)ïîëó÷åííîé ñ ïîìîùüþ ïîäñòàíîâêè ïðåäñòàâëåíèÿ (16) â èíòåãðàëüíûå ñîîòíîøå-íèÿ (6). Êîý��èöèåíòû àëãåáðàè÷åñêîé ñèñòåìû (17) ðàâíû
Iji =

∫

γi

∂ωj

∂n
ds, I∗i =

∫

γi

(

−
∂ω∗

∂n
+ Re gs

)

ds, i = 0, . . . , N.Äëÿ îïðåäåëåíèÿ �óíêöèé ψ∗ , ψi ñ�îðìóëèðóåì âñïîìîãàòåëüíûå çàäà÷è. Ïîä-ñòàâèì ïðåäñòàâëåíèå �óíêöèè òîêà èç (16) â ëèíåéíîå óðàâíåíèå Ïóàññîíà (13).Áóäåì èìåòü:
−∆ψ∗ −

N
∑

i=0

∆ψiCi = ω̌.Ïîñêîëüêó ïðàâàÿ ÷àñòü ïîëó÷åííîãî ðàâåíñòâà íå çàâèñèò îò êîíñòàíò Ci , ìîæíîðàçáèòü åãî íà N + 2 óðàâíåíèÿ ñëåäóþùèì îáðàçîì:
−∆ψ∗ = ω̌; −∆ψi = 0, i = 0, . . . , N. (18)�ðàíè÷íûå óñëîâèÿ Äèðèõëå äëÿ óðàâíåíèé (18) ïîëó÷àþòñÿ ïîäñòàíîâêîé ðàç-ëîæåíèÿ (16) â (4) è (10):
x, y ∈ γi : ψ∗ +

N
∑

j=0

ψjCj = Ci,

x, y ∈ γin : ψ∗ +
N
∑

j=0

ψjCj = Pψ (y)C0.Ïðèðàâíèâàÿ ÷ëåíû ïðè Ci , ïîëó÷èì
x, y ∈ γi : ψ∗ = 0, ψj = δij,

x, y ∈ γin : ψ∗ = 0, ψj = δ0jPψ(y),
i, j = 0, . . . , N. (19)Çäåñü δji � ñèìâîë Êðîíåêåðà. Àíàëîãè÷íî ïîëó÷àåì ãðàíè÷íûå óñëîâèÿ íà âûõîä-íîì ñå÷åíèè:

x, y ∈ γout :
∂ψ∗

∂n
= 0,

∂ψi

∂n
= 0. (20)Âñïîìîãàòåëüíûå çàäà÷è (18)�(20) íå ñîäåðæàò êîíñòàíò Ci ; êðîìå òîãî, óðàâíåíèÿäëÿ ψi íå çàâèñÿò îò âðåìåíè, ïîýòîìó ìîãóò áûòü ðåøåíû îäèí ðàç äî íà÷àëàñ÷åòà.Àíàëîãè÷íî, ïîäñòàâëÿÿ (16) â (12), ïîëó÷èì óðàâíåíèÿ äëÿ âñïîìîãàòåëüíûõ�óíêöèé ω∗ , ωi :

Aω∗ = b; Aωi = 0, i = 0, . . . , N, (21)ãäå
A = E −

τ

Re
∆, b = ω̌ − τ v̌ · ∇ω̌ + τF.



148 Å.È. ÊÀËÈÍÈÍ, À.Á. ÌÀÇÎ�ðàíè÷íûå óñëîâèÿ äëÿ óðàâíåíèé (21) ïîëó÷àþòñÿ â ðåçóëüòàòå ïîäñòàíîâêè (16) âèñõîäíûå ãðàíè÷íûå óñëîâèÿ (4), (10), (11) äëÿ ω è ïðèðàâíèâàíèÿ êîý��èöèåíòîâïðè Ci :
x, y ∈ γi : ω∗ = ω̃∗, ωi = ω̃i,

x, y ∈ γin : ω∗ = 0, ωi = δ0i Pω(y),

x, y ∈ γout :
∂ω∗

∂n
= 0,

∂ωi

∂n
= 0.

(22)Ôóíêöèè ω̃∗ , ω̃i îïðåäåëÿþòñÿ êàê ðåøåíèÿ çàäà÷
ω̃∗ = −∆ψ∗, x, y ∈ γj :

∂ψ∗

∂n
= −Vj

ω̃i = −∆ψi, x, y ∈ γj :
∂ψi

∂n
= 0,

(23)ñëåäóþùèõ èç (15).Â çàäà÷àõ (21)�(23) äëÿ ωi , i = 0, . . . , N , ïðàâûå ÷àñòè ðàâíû íóëþ, à ãðàíè÷-íûå óñëîâèÿ çàâèñÿò òîëüêî îò ψi , êîòîðûå, êàê îòìå÷àëîñü ðàíåå, íå çàâèñÿò îòâðåìåíè. Ñëåäîâàòåëüíî, è �óíêöèè ωi ìîãóò áûòü íàéäåíû äî íà÷àëà âû÷èñëå-íèé; íåïîñðåäñòâåííî íà êàæäîì âðåìåííîì ñëîå íóæíî ðåøèòü çàäà÷è ëèøü äëÿ�óíêöèé ψ∗ , ω∗ , ïîñëå ÷åãî íàéòè êîíñòàíòû Ci èç ñèñòåìû (17). Òîãäà çíà÷åíèÿèñêîìûõ �óíêöèé ψ , ω íà ñëîå áóäóò ïîëó÷åíû ïî �îðìóëàì (16).Äëÿ îïðåäåëåíèÿ êîý��èöèåíòîâ Iji , I∗i ñèñòåìû (17) íåîáõîäèìî íàéòè çíà÷å-íèÿ íîðìàëüíûõ ïðîèçâîäíûõ ∂ωi/∂n , ∂ω∗/∂n íà òâåðäûõ ñòåíêàõ. Íèæå ïðåä-ñòàâëåí ñïîñîá âû÷èñëåíèÿ ýòèõ ïðîèçâîäíûõ â ðàìêàõ ìåòîäà êîíå÷íûõ ýëåìåí-òîâ.Âûäåëèì óçåë êîíå÷íîýëåìåíòíîé ñåòêè ñ êîîðäèíàòàìè (xi, yi) , ëåæàùèé íàãðàíèöå γk . Âû÷èñëèì çíà÷åíèÿ ∂ω∗/∂n â ýòîì óçëå. Äëÿ ýòîãî äîìíîæèì ïåðâîåóðàâíåíèå (21) íà ïðîáíóþ �óíêöèþ φi , ðàâíóþ åäèíèöå â âûäåëåííîì óçëå èíóëþ âî âñåõ îñòàëüíûõ. Ïîñëå èíòåãðèðîâàíèÿ ïî îáëàñòè ïðèäåì ê ñîîòíîøåíèþ
∫

γk

∂ω∗

∂n
φ′i ds =

Re

τ

∫

D

(

ω∗φi +
τ

Re
∇ω∗ · ∇φi − bφi

)

dD ≡ Φ∗

i , (24)ãäå φ′i � ñëåä áàçèñíîé �óíêöèè φi íà ãðàíèöå γk . ×òîáû íàéòè ïðîèçâîäíóþ
∂ω∗/∂n â âûäåëåííîì óçëå i , èíòåãðàë â ëåâîé ÷àñòè ýòîãî óðàâíåíèÿ âû÷èñëèìñ ïîìîùüþ êâàäðàòóðíîé �îðìóëû

∫

γ

f(s) ds ≈
∑

l

f (sl) ~l, ~l =

∫

γ

φ′l ds,â êîòîðîé sl � óçëû èíòåãðèðîâàíèÿ, ñîâïàäàþùèå ñ óçëàìè ñåòêè, à ~l � âåñîâûåêîý��èöèåíòû. Â ðåçóëüòàòå ïîëó÷èì
∫

γk

∂ω∗

∂n
φ′i ds ≈

∑

l

∂ω∗

l

∂n
φ′i (xl, yl) ~l =

∑

l

∂ω∗

l

∂n
δli~l =

∂ω∗

i

∂n
~i. (25)Çàìåíÿÿ ëåâóþ ÷àñòü (24) íà (25), íàéäåì:

∂ω∗

i

∂n
=

Φ∗

i

~i
. (26)



×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÇÀÄÀ× ÎÁÒÅÊÀÍÈß . . . 149Àíàëîãè÷íî ïîëó÷èì âûðàæåíèÿ äëÿ îïðåäåëåíèÿ óçëîâûõ çíà÷åíèé ∂ωji /∂níîðìàëüíûõ ïðîèçâîäíûõ íà òâåðäûõ ñòåíêàõ:
∂ωji
∂n

=
Φji
~i
, Φji =

∫

D

(

Re

τ
ωjφi + ∇ωj · ∇φi

)

dD. (27)Èòàê, àëãîðèòì ÷èñëåííîãî ðåøåíèÿ íåñòàöèîíàðíîé çàäà÷è (1), (2) ñîñòîèò èçøàãà èíèöèàëèçàöèè è öèêëà ïî âðåìåíè.Íà øàãå èíèöèàëèçàöèè ñíà÷àëà ðåøàåòñÿ N+1 çàäà÷à (18)� (20) äëÿ âñïîìîãà-òåëüíûõ �óíêöèé ψi . Ýòè �óíêöèè ïîäñòàâëÿþòñÿ â ñîîòíîøåíèÿ (15), èç êîòîðûõíàõîäÿòñÿ �óíêöèè ω̃i , îïðåäåëÿþùèå ãðàíè÷íûå çíà÷åíèÿ ωi íà γj (22). Ñàìè�óíêöèè ωi , i = 0, ..., N íàõîäÿòñÿ êàê ðåøåíèÿ çàäà÷ (21), (22). Ïî �îðìóëàì (27)ïîäñ÷èòûâàþòñÿ ïðîèçâîäíûå ∂ωi/∂n , ïîñëå ÷åãî âû÷èñëÿþòñÿ êîý��èöèåíòû Ijiñèñòåìû óðàâíåíèé (17).Íà êàæäîì øàãå âðåìåíí�îãî öèêëà ñíà÷àëà ðåøàåòñÿ îäíà çàäà÷à (18)�(20) äëÿâñïîìîãàòåëüíîé �óíêöèè ψ∗ . Îíà ïîäñòàâëÿåòñÿ â ñîîòíîøåíèå (15), èç êîòîðîãîíàõîäèòñÿ �óíêöèÿ ω̃∗ , îïðåäåëÿþùàÿ ãðàíè÷íûå çíà÷åíèÿ ω∗ íà γj (22). Ñàìà�óíêöèÿ ω∗ íàõîäèòñÿ êàê ðåøåíèå çàäà÷è (21), (22). Ïî �îðìóëå (26) ïîäñ÷è-òûâàåòñÿ ïðîèçâîäíàÿ ∂ω∗/∂n , ïîñëå ÷åãî âû÷èñëÿþòñÿ êîý��èöèåíòû I∗j ïðàâîé÷àñòè ñèñòåìû óðàâíåíèé (17). �åøåíèå ýòîé àëãåáðàè÷åñêîé ñèñòåìû äàåò íàáîðêîíñòàíò Ci , êîòîðûå âìåñòå ñ íàéäåííûìè âñïîìîãàòåëüíûìè �óíêöèÿìè ψi , ωi ,
ψ∗ , ω∗ ïîçâîëÿþò íàéòè ðåøåíèå ψ , ω çàäà÷è íà òåêóùåì âðåìåííîì ñëîå ïî�îðìóëàì (16). 3. Òåñòèðîâàíèå ìåòîäàÄëÿ ïðîâåðêè ðàçðàáîòàííîãî ÷èñëåííîãî àëãîðèòìà ðàññìîòðèì òðè ðåïðåçåí-òàòèâíûõ òåñòîâûõ çàäà÷è, êîòîðûå äàþò âîçìîæíîñòü îöåíèòü åãî ý��åêòèâíîñòüäëÿ ðàñ÷åòà òå÷åíèé ñ èçìåíÿþùèìñÿ âî âðåìåíè êîíñòàíòàìè Ci , íàëè÷èåì êàñà-òåëüíîé ñêîðîñòè íà îáòåêàåìûõ òåëàõ è òåðìîêîíâåêòèâíûõ òå÷åíèé ñ âíóòðåí-íèìè èñòî÷íèêàìè äâèæåíèÿ.3.1. Òå÷åíèå ñ ïåðèîäè÷åñêèì èçìåíåíèåì �óíêöèè òîêà íà òåëå [3℄.Ýòî òå÷åíèå â îáëàñòè D = [−3π, 3π]× [−3π, 3π] ñ ïîìåùåííûì â åå öåíòð òåëîì γâ âèäå êâàäðàòà ñî ñòîðîíîé 2π îïðåäåëåíî �óíêöèÿìè

ψe(x, y, t) = (cosx+ cos y + cosx cos y) cos t,

ωe(x, y, t) = −∆ψe = (cosx+ cos y + 2 cosx cos y) cos t.
(28)Ïðè ñîîòâåòñòâóþùåì âûáîðå ñëàãàåìîãî F ýòè �óíêöèè óäîâëåòâîðÿþò óðàâíå-íèÿì (1), (2), ïåðèîäè÷åñêèì ãðàíè÷íûì óñëîâèÿì ïðèëèïàíèÿ

γ : ψe = Ce (t) = − cos t,
∂ψe
∂n

= 0, (29)à òàêæå íåëîêàëüíîìó ñîîòíîøåíèþ
∫

γ

∂ωe
∂n

ds = 0. (30)Â êà÷åñòâå íà÷àëüíûõ óñëîâèé è óñëîâèé Äèðèõëå íà âíåøíèõ ãðàíèöàõ îáëàñòèäëÿ �óíêöèé ψe è ωe áóäåì èñïîëüçîâàòü òî÷íûå çíà÷åíèÿ (28).



150 Å.È. ÊÀËÈÍÈÍ, À.Á. ÌÀÇÎ Òàáë. 1Ïîãðåøíîñòü ÷èñëåííîãî ðåøåíèÿ ïðè t = 2π

N ||ψ − ψe||C ||ψ − ψe||2 ||ω − ωe||C ||ω − ωe||2 |C − Ce|880 2.166 · 10−1
7.340 · 10−2

2.345 · 10−1
5.370 · 10−2

1.429 · 10−28448 2.085 · 10−2
7.074 · 10−3

5.978 · 10−2
7.660 · 10−3

1.394 · 10−313120 1.321 · 10−2
4.501 · 10−3

3.731 · 10−2
4.848 · 10−3

8.986 · 10−418816 9.118 · 10−3
3.107 · 10−3

2.666 · 10−2
3.376 · 10−3

6.271 · 10−4Òàáë. 2Ïîãðåøíîñòü ÷èñëåííîãî ðåøåíèÿ ïðè t = 4π

N ||ψ − ψe||C ||ψ − ψe||2 ||ω − ωe||C ||ω − ωe||2 |C − Ce|880 2.255 · 10−1
7.798 · 10−2

2.340 · 10−1
6.420 · 10−2

1.403 · 10−28448 2.243 · 10−2
7.656 · 10−3

5.863 · 10−2
9.421 · 10−3

1.385 · 10−313120 1.421 · 10−2
4.868 · 10−3

3.819 · 10−2
6.026 · 10−3

8.894 · 10−418816 9.804 · 10−3
3.355 · 10−3

2.788 · 10−2
4.211 · 10−3

6.192 · 10−4Òåñòîâûé ðàñ÷åò ïðîèçâîäèëñÿ ñ ÷èñëîì �åéíîëüäñà Re = 102 íà ðåãóëÿðíîéñåòêå áèëèíåéíûõ êîíå÷íûõ ýëåìåíòîâ ñ øàãîì ïî âðåìåíè τ = 0.02 . Íà êàæäîìâðåìåííîì ñëîå çíà÷åíèå C ïîäñ÷èòûâàëîñü ñ ïîìîùüþ óñëîâèÿ (30) ïî îïèñàííîéðàíåå ïðîöåäóðå è ñðàâíèâàëîñü ñ òî÷íûì çíà÷åíèåì Ce = − cos t .Â òàáë. 1, 2 ïðåäñòàâëåíû ìàêñèìàëüíûå ‖ · ‖C è ñðåäíåêâàäðàòè÷íûå ‖ · ‖2 îò-êëîíåíèÿ ñåòî÷íûõ ðåøåíèé ψ , ω îò òî÷íûõ ψe , ωe , à òàêæå îøèáêè îïðåäåëåíèÿíà ìîìåíòû t = 2π, 4π . Âèäíî, ÷òî ïîãðåøíîñòü â îïðåäåëåíèè êîíñòàíòû C íåâîçðàñòàåò ñî âðåìåíåì è ñîñòàâëÿåò îò 1.5% äëÿ ñåòêè ñ ÷èñëîì óçëîâ N = 880 äî0.06% äëÿ ñåòêè ñ ÷èñëîì óçëîâ N = 18816 .3.2. Îáòåêàíèå ñèñòåìû âðàùàþùèõñÿ êðóãîâûõ öèëèíäðîâ [9℄. Ýòîâûíóæäåííîå òå÷åíèå â îáëàñòè D = [0, 80] × [0, 40] ñ ïîìåùåííûìè â íåå äâóìÿöèëèíäðàìè åäèíè÷íîãî äèàìåòðà, ñ öåíòðàìè â òî÷êàõ (40, 38.75), (40, 41.25). Íàâõîäå çàäàí îäíîðîäíûé ïîòîê æèäêîñòè (8). Ñêîðîñòü âðàùåíèÿ öèëèíäðîâ çàäàíàòàêèì îáðàçîì, ÷òî V1 = −V2 , ïðè ýòîì âðàùåíèå íèæíåãî öèëèíäðà íàïðàâëåíîïðîòèâ ÷àñîâîé ñòðåëêè.Áûë ïðîâåäåí ðÿä òåñòîâûõ ðàñ÷åòîâ ïðè Re = 102 , 0 ≤ |Vi| ≤ 3 . Ïðè ýòîì òå-÷åíèå èìååò àâòîêîëåáàòåëüíûé õàðàêòåð. Äëÿ ñîïîñòàâëåíèÿ ðåçóëüòàòîâ ðàñ÷åòàñ ïîëó÷åííûìè â [9℄ îïðåäåëÿëèñü îñðåäíåííûå ïî ïåðèîäó êîëåáàíèé êîý��èöè-åíòû ñîïðîòèâëåíèÿ Cd è ïîäúåìíîé ñèëû Cl , à òàêæå ÷èñëî Ñòðóõàëÿ Sh . Âðàáîòå [9℄ ýòè ïàðàìåòðû òå÷åíèÿ ðàññ÷èòûâàëèñü ñ ïîìîùüþ ìåòîäà êîíå÷íûõîáúåìîâ äëÿ ðåøåíèÿ óðàâíåíèé Íàâüå �Ñòîêñà â åñòåñòâåííûõ ïåðåìåííûõ.Çàäà÷à ðåøàëàñü ñ øàãîì ïî âðåìåíè τ = 0.005 íà íåñòðóêòóðèðîâàííîé ñåòêåèç 31715 áèëèíåéíûõ ýëåìåíòîâ (N = 31452) ñ ëîêàëüíûì ñãóùåíèåì óçëîâ îêî-ëî îáòåêàåìûõ òåë. Â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ âûáèðàëîñü ñîñòîÿíèå ïîêîÿ.Ïðè çàäàííîé ñêîðîñòè íà âõîäíîì ñå÷åíèè ðàñõîä æèäêîñòè â êàíàëå C0 ÿâíîâû÷èñëÿåòñÿ ïî �îðìóëå (7), ïîýòîìó â çàäà÷àõ âûíóæäåííîãî îáòåêàíèÿ ïðèìå-íÿòü óñëîâèå (6) äëÿ ãðàíèöû γ0 íå íóæíî, äîñòàòî÷íî çàìåíèòü ñîîòâåòñòâóþùååóðàâíåíèå ñèñòåìû (17).Êàðòèíà òå÷åíèÿ ïðè |Vi| = 1.3 ïðåäñòàâëåíà íà ðèñ. 2. Èçìåíåíèå âåëè÷èí Ciñî âðåìåíåì äëÿ ðàçëè÷íûõ ñêîðîñòåé âðàùåíèÿ ïîêàçàíî íà ðèñ. 3.Îòêëîíåíèå ïîëó÷åííûõ çíà÷åíèé êîý��èöèåíòà ñîïðîòèâëåíèÿ Cd îò ðåçóëü-òàòîâ, ïðåäñòàâëåííûõ â [9℄, ñîñòàâèëî íå áîëåå 4% , ïîäúåìíîé ñèëû Cl � íå áîëåå
0.86% , ÷èñëà Ñòðóõàëÿ Sh � íå áîëåå 1.26% .
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�èñ. 2. Ëèíèè òîêà è ïîëå çàâèõðåííîñòè òå÷åíèÿ âîêðóã ïàðû âðàùàþùèõñÿ êðóãîâûõöèëèíäðîâ ïðè Re = 100 , |Vi| = 1.3

� � �

�èñ. 3. Èçìåíåíèå âåëè÷èí Ci ñî âðåìåíåì ïðè Re = 100 : à) |Vi| = 0 ; á) |Vi| = 1.3 ;â) |Vi| = 2 . Ñïëîøíàÿ ëèíèÿ ñîîòâåòñòâóåò âåðõíåìó öèëèíäðó, ïóíêòèðíàÿ � íèæíåìó3.3. Åñòåñòâåííàÿ êîíâåêöèÿ â êàíàëå îêîëî íàãðåòîãî öèëèíäðà[10℄. Äëÿ èëëþñòðàöèè ðàáîòû àëãîðèòìà â ñëó÷àå, êîãäà ðàñõîä æèäêîñòè C0íåèçâåñòåí çàðàíåå è ìåíÿåòñÿ ñî âðåìåíåì, ìîäåëèðîâàëàñü åñòåñòâåííàÿ êîíâåê-öèÿ â âåðòèêàëüíîì êàíàëå D = [0, 20]× [0, 2.5] ñ ïîìåùåííûì â íåãî êâàäðàòíûìíàãðåâàòåëåì. Íà ïîâåðõíîñòè íàãðåâàòåëÿ òåìïåðàòóðà T = 1 , ñòåíêè êàíàëàòåïëîèçîëèðîâàíû, à íà âõîäíîì ñå÷åíèè T = 0 .Íà ñòåíêàõ êàíàëà è ïîâåðõíîñòè íàãðåâàòåëÿ ñòàâÿòñÿ óñëîâèÿ ïðèëèïàíèÿ (4),à íà âõîäíîì ñå÷åíèè çàäàåòñÿ ïàðàáîëè÷åñêèé íîðìèðîâàííûé ïðî�èëü ñêîðî-ñòè (9). Ñêà÷îê äàâëåíèÿ âäîëü ñòåíêè êàíàëà â èíòåãðàëüíîì óñëîâèè (6) ïðè-íèìàåòñÿ ðàâíûì íóëþ. Âåêòîð ìàññîâûõ ñèë, âõîäÿùèé â ñèñòåìó óðàâíåíèé Íà-âüå �Ñòîêñà (1)�(3) è ãðàíè÷íûå óñëîâèÿ (5), (6), â ïðèáëèæåíèè Áóññèíåñêà ðàâåíg = (T, 0) [11℄. Äëÿ îïðåäåëåíèÿ òåìïåðàòóðíîãî ïîëÿ äîïîëíèòåëüíî ðåøàåòñÿóðàâíåíèå êîíâåêòèâíîé òåïëîïðîâîäíîñòè
∂T

∂t
+ v · ∇T =

1

Pr Re
∆T.Çäåñü Pr � ÷èñëî Ïðàíäòëÿ.�àñ÷åòû ïðîâîäèëèñü ïðè Pr = 0.72 , 10 ≤ Re ≤ 500 íà ñåòêå, ñîäåðæàùåé16690 óçëîâ. Äëÿ àïïðîêñèìàöèè êîíâåêòèâíîãî ñëàãàåìîãî â óðàâíåíèè ïåðåíî-ñà çàâèõðåííîñòè èñïîëüçîâàëñÿ TVD-ïîäõîä ñ îãðàíè÷èòåëåì MC, îïèñàííûéâ [7, 8℄.Íàáëþäàåòñÿ õîðîøåå ñîãëàñîâàíèå êàðòèíû óñòàíîâèâøåãîñÿ òå÷åíèÿ ñî ñòà-öèîíàðíûì ðåøåíèåì, ïîëó÷åííûì â ðàáîòå [10℄ (ðèñ. 4, â, ã). �àçíèöà â çíà÷åíèÿõ
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ба в г�èñ. 4. Ëèíèè òîêà è ïîëå òåìïåðàòóð êîíâåêòèâíîãî òå÷åíèÿ ïðè Re = 100 , Pr = 0.72 íàìîìåíòû: à) t = 10 ; á) t = 20 ; â) t = 50 â ñðàâíåíèè ñî ñòàöèîíàðíûì ðåøåíèåì [10℄ (ã)ðàñõîäà C0 ñîñòàâëÿåò íå áîëåå 2% , à îòêëîíåíèÿ ÷èñåë Íóññåëüòà
Nu =

∫

γ

∂T

∂n
dsíå ïðåâûøàåò 2.5% .Òàêèì îáðàçîì, ðåçóëüòàòû òåñòèðîâàíèÿ ïîêàçûâàþò, ÷òî ïðåäëîæåííûé ìå-òîä ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé Íàâüå �Ñòîêñà â ïðåîáðàçîâàííûõ ïåðåìåííûõïîçâîëÿåò àäåêâàòíî ìîäåëèðîâàòü êàê âûíóæäåííîå îáòåêàíèå ñèñòåìû òåë, òàêè ñëîæíûå êîíâåêòèâíûå ïðîöåññû ñ çàäàííûìè âíóòðè îáëàñòè èñòî÷íèêàìè äâè-æåíèÿ.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêòû � 08-01-00548-à,08-01-00163-à, 07-01-00499-à). SummaryE.I. Kalinin, A.B. Mazo. Numerial Simulation of Flow around a System of Bodiesin Stream Funtion �Vortiity Variables.A numerial algorithm for simulating non-stationary visous 2D �ows based on solvingNavier � Stokes equations in stream funtion � vortiity variables is developed. The algorithmallows to model the fored �ows as well as the omplex onvetive �ows around a system ofbodies in hannel. Problem de�nition is ampli�ed with nonloal integral equalities based onPearson onditions in order to obtain boundary values of stream funtion.Key words: numerial simulation, �ow around a system of bodies, Navier � Stokesequations in stream funtion � vortiity variables, boundary onditions, integral Pearsononditions.



×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÇÀÄÀ× ÎÁÒÅÊÀÍÈß . . . 153Ëèòåðàòóðà1. Mizukami A. A stream funtion-vortiity �nite element formulation for Navier � Stokesequations in multionneted domain // Int. J. Numer. Methods. Eng. � 1983. � No 19. �P. 1403�1409.2. Tezduyar T. Finite element formulation for the vortiity-stream funtion form of theinompressible Euler equations on multi-onneted domains // Comput. Methods. Appl.Meh. Eng. � 1989. � V. 73, No 3. � P. 331�340.3. Liu J.-G., Wang C. High order �nite di�erene methods for unsteady inompressible �owsin multi-onneted domains // Computers & Fluids. � 2004. � No 33. � P. 223�255.4. Ôëåò÷åð Ê. Âû÷èñëèòåëüíàÿ ãèäðîäèíàìèêà. ×. 2. � Ì.: Ìèð, 1991. � 552 ñ.5. Glovinski R. Finite element methods for inompressible visous �ow // Handbookof numerial analysis. V. 9. Numerial Methods for Fluids (Part 3). � ElsevierSiene B.V., 2003. � 1176 p.6. Ìàçî À.Á., Äàóòîâ �.Ç. Î ãðàíè÷íûõ óñëîâèÿõ äëÿ óðàâíåíèé Íàâüå � Ñòîêñà âïåðåìåííûõ �óíêöèÿ òîêà � çàâèõðåííîñòü ïðè ìîäåëèðîâàíèè îáòåêàíèÿ ñèñòåìûòåë // Èíæåíåðíî-�èç. æóðí. � 2005. � Ò. 78, � 2. � C. 75�79.7. Kuzmin D., Turek S. High-resolution FEM-TVD shemes based on a fully multidimen-sional �ux limiter // J. Comp. Phys. � 2004. � No 198. � P. 131�158.8. Ìàçî À.Á., Êàëèíèí Å.È. �åøåíèå çàäà÷ îáòåêàíèÿ â ïåðåìåííûõ ¾�óíêöèÿ òî-êà � âèõðü¿ ìåòîäîì êîíå÷íûõ ýëåìåíòîâ ñ ïðèìåíåíèåì TVD-ïîäõîäà // Ìîäåëè èìåòîäû àýðîäèíàìèêè: Ìàòåðèàëû 8-é ìåæäóíàð. øêîëû-ñåìèíàðà. � Ì.: ÌÖÍÌÎ,2008. � C. 100�101.9. Hyun Sik Yoon, Ho Hwan Chun, Jeong Hu Kim, I.L. Ryong Park Flow harateristisof two rotating side-by-side irular ylinder // Computers & Fluids. � 2009. � No 38. �P. 466�474.10. Khodary K., Bhattaharyya T.K. Optimum natural onvetion from square ylinder invertial hannel // Int. J. Heat Fluid Flow. � 2006. � No 27. � P. 167�180.11. Ìàçî À.Á. ×èñëåííîå ìîäåëèðîâàíèå ñâîáîäíîé êîíâåêöèè âÿçêîé æèäêîñòè â êà-íàëå ñ íàãðåòûì öèëèíäðîì // Ó÷åí. çàï. Êàçàí. óí-òà. Ñåð. Ôèç.-ìàòåì. íàóêè. �2005. � Ò. 147, êí. 3. � C. 141�147. Ïîñòóïèëà â ðåäàêöèþ27.04.09Êàëèíèí Åâãåíèé Èãîðåâè÷ � àñïèðàíò êà�åäðû àýðîãèäðîìåõàíèêè Êàçàíñêîãîãîñóäàðñòâåííîãî óíèâåðñèòåòà.E-mail: kalininei�yandex.ruÌàçî Àëåêñàíäð Áåíöèàíîâè÷ � äîêòîð �èçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî�åññîðêà�åäðû àýðîãèäðîìåõàíèêè Êàçàíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.E-mail: amazo�ksu.ru


