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INTRODUCTION

Real Lie subalgebras of the Lie algebra of square complex matrices of order two arise naturally in the
study of affinely homogeneous hypersurfaces in a 3-dimensional complex space (see, e.g., [1]). In this
connection, one can suggest an approach to the classification of affinely homogeneous surfaces based
on the use of such simple objects as algebras of matrices of second order. However, the authors of this
paper have not found respective descriptions in the mathematical literature.

This paper contains a classification of Lie subalgebras of M (2,C) of all dimensions from 0 to 4,
to which the above mentioned problem on homogeneity reduces. On the other hand, analogous
subalgebras of all possible dimensions (from 0 to 7) of the Lie algebra M (2,C) may be of interest in
other applications.

As a special case, we include in this paper the result of [2], where a complete list of 3-dimensional real
Lie subalgebras of M (2,C) is given. Note that, traditionally, 3-dimensional Lie algebras are discussed
more often than other (see, e. g., [3], [4]).

A description of another special case of 2-dimensional subalgebras is given in [5]. However, in that
paper, there are “superfluous” algebras and there is no discussion concerning their elimination. In this
connection, in Section 2, we list 2-dimensional subalgebras of M (2, C), which will be used in the further
discussion, and give necessary comments.

1. DESCRIPTION OF RESULTS

The main result of this paper is the description of all 4-dimensional Lie subalgebras of M (2,C)
(Theorem 3). The method suggested in the paper for the study of algebras of a particular dimension
is based on the information on subalgebras of smaller dimensions. In this connection, we give below
(Theorem 1) sufficiently detailed description of 2-dimensional Lie subalgebras and cite (Theorem 2) the
list of 3-dimensional subalgebras.

[t is natural to add to the above mentioned descriptions the following two remarks:
1) the only O-dimensional Lie subalgebra of M (2, C) is the algebra consisting of the zero matrix;
2) the real linear span of any nonzero matrix generates a 1-dimensional Lie subalgebra in M (2, C).

All descriptions in the paper are given up to matrix similarities. Recall that the similarity with matrix
C € GL(2,C) is the transformation Pg : A — CAC~! acting in the space M (2, C).
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