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ÓÄÊ 517.934 Î ÑÕÎÄÈÌÎÑÒÈ ÈÒÅ�ÀÖÈÎÍÍÎ�ÎÌÅÒÎÄÀ �ÅØÅÍÈß ÂÀ�ÈÀÖÈÎÍÍÎ�ÎÍÅ�ÀÂÅÍÑÒÂÀ ÂÒÎ�Î�Î �ÎÄÀ Ñ ÎÁ�ÀÒÍÎÑÈËÜÍÎ ÌÎÍÎÒÎÍÍÛÌ ÎÏÅ�ÀÒÎ�ÎÌÈ.Í. Èñìàãèëîâ, È.Á. ÁàäðèåâÀííîòàöèÿÂ ðàáîòå ïðîâåäåíî èññëåäîâàíèå ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà ðåøåíèÿ âàðèàöè-îííîãî íåðàâåíñòâà âòîðîãî ðîäà ñ îáðàòíî ñèëüíî ìîíîòîííûì îïåðàòîðîì â ãèëüáåðòî-âîì ïðîñòðàíñòâå. Ôóíêöèîíàë, âõîäÿùèé â ýòî âàðèàöèîííîå íåðàâåíñòâî, ÿâëÿåòñÿ ñóì-ìîé íåñêîëüêèõ �óíêöèîíàëîâ, êàæäûé èç êîòîðûõ ïðåäñòàâëÿåòñÿ â âèäå ñóïåðïîçèöèèïîëóíåïðåðûâíîãî ñíèçó âûïóêëîãî ñîáñòâåííîãî �óíêöèîíàëà è ëèíåéíîãî íåïðåðûâíî-ãî îïåðàòîðà. Ïîäîáíûå íåðàâåíñòâà âîçíèêàþò, â ÷àñòíîñòè, ïðè ìàòåìàòè÷åñêîì ìîäå-ëèðîâàíèè ñòàöèîíàðíûõ çàäà÷ �èëüòðàöèè íåñæèìàåìîé æèäêîñòè, ñëåäóþùåé íåëè-íåéíîìó àíèçîòðîïíîìó ìíîãîçíà÷íîìó çàêîíó �èëüòðàöèè ñ ïðåäåëüíûì ãðàäèåíòîì.ÂâåäåíèåÂ ðàáîòå ïðîâåäåíî èññëåäîâàíèå ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà ðåøåíèÿâàðèàöèîííîãî íåðàâåíñòâà âòîðîãî ðîäà ñ îáðàòíî ñèëüíî ìîíîòîííûì îïåðà-òîðîì [1℄ â ãèëüáåðòîâîì ïðîñòðàíñòâå. Ôóíêöèîíàë, âõîäÿùèé â ýòî âàðèàöèîí-íîå íåðàâåíñòâî, ÿâëÿåòñÿ ñóììîé íåñêîëüêèõ �óíêöèîíàëîâ, êàæäûé èç êîòîðûõïðåäñòàâëÿåòñÿ â âèäå ñóïåðïîçèöèè ïîëóíåïðåðûâíîãî ñíèçó âûïóêëîãî ñîáñòâåí-íîãî �óíêöèîíàëà è ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà. Ïîäîáíûå íåðàâåíñòâàâîçíèêàþò, â ÷àñòíîñòè, ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ñòàöèîíàðíûõ çàäà÷�èëüòðàöèè íåñæèìàåìîé æèäêîñòè, ñëåäóþùåé íåëèíåéíîìó àíèçîòðîïíîìó ìíî-ãîçíà÷íîìó çàêîíó �èëüòðàöèè ñ ïðåäåëüíûì ãðàäèåíòîì (ñì., íàïðèìåð, [2, 3℄).Äëÿ ðåøåíèÿ ïîäîáíûõ âàðèàöèîííûõ íåðàâåíñòâ â ðàáîòàõ [4�6℄ ïðåäëîæå-íû èòåðàöèîííûå ìåòîäû ðàñùåïëåíèÿ. Îñíîâíóþ òðóäíîñòü ïðè ýòîì ïðåäñòàâ-ëÿåò ðåøåíèå âîçíèêàþùèõ íà êàæäîé èòåðàöèè çàäà÷ ìèíèìèçàöèè. Â ñëó÷àåçàäà÷ �èëüòðàöèè ñ èçîòðîïíûì çàêîíîì ýòó çàäà÷ó óäàëîñü ðåøèòü â ÿâíîìâèäå (ñì. [7℄) áëàãîäàðÿ òîìó, ÷òî ìîæíî ý��åêòèâíî âû÷èñëèòü ñóáäè��åðåí-öèàë �óíêöèîíàëà, ñîïðÿæåííîãî ê ìèíèìèçèðóåìîìó. Â ñëó÷àå æå àíèçîòðîï-íîãî çàêîíà �èëüòðàöèè, êîãäà ìèíèìèçèðóåìûé �óíêöèîíàë ÿâëÿåòñÿ ñóììîéíåñêîëüêèõ �óíêöèîíàëîâ, âû÷èñëåíèå ñîïðÿæåííîãî �óíêöèîíàëà ïðåäñòàâëÿåòèç ñåáÿ ñëîæíóþ çàäà÷ó. Â íàñòîÿùåé ðàáîòå ïðåäëîæåí àëãîðèòì ðàñùåïëåíèÿ,ïîçâîëÿþùèé îáîéòè óêàçàííóþ âûøå òðóäíîñòü. Èññëåäîâàíà ñõîäèìîñòü ìåòîäà.Äîêàçàòåëüñòâî ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà óäàëîñü ïðîâåñòè áëàãîäàðÿ çà-ïèñè åãî â âèäå ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äëÿ îòûñêàíèÿ íåïîäâèæ-íîé òî÷êè îïåðàòîðà ïåðåõîäà èòåðàöèîííîãî ïðîöåññà. Ïîëó÷åíû ñîîòíîøåíèÿ,ñâÿçûâàþùèå ðåøåíèå èñõîäíîé çàäà÷è ñ íåïîäâèæíîé òî÷êè îïåðàòîðà ïåðåõîäà,ïîëó÷åíû óñëîâèÿ íåïóñòîòû ìíîæåñòâà íåïîäâèæíûõ òî÷åê. Äëÿ îïåðàòîðà ïåðå-õîäà äîêàçàíî íåðàâåíñòâî áîëåå ñèëüíîå, ÷åì íåðàâåíñòâî íåðàñòÿãèâàåìîñòè, ÷òîè ïîçâîëèëî ïîëó÷èòü ðåçóëüòàò î ñëàáîé ñõîäèìîñòè èòåðàöèîííîé ïîñëåäîâàòåëü-íîñòè. Èñïîëüçîâàëèñü òàêæå ðåçóëüòàòû î ñõîäèìîñòè ìåòîäà ïîñëåäîâàòåëüíûõ



Î ÑÕÎÄÈÌÎÑÒÈ ÈÒÅ�ÀÖÈÎÍÍÎ�Î ÌÅÒÎÄÀ 91ïðèáëèæåíèé äëÿ îïðåäåëåíèÿ íåïîäâèæíûõ òî÷åê àñèìïòîòè÷åñêè ðåãóëÿðíûõîïåðàòîðîâ (ñì. [8℄). 1. Ïîñòàíîâêà çàäà÷èÏóñòü V, H � ãèëüáåðòîâû ïðîñòðàíñòâà ñî ñêàëÿðíûìè ïðîèçâåäåíèÿìè (·, ·)Vè (·, ·)H ñîîòâåòñòâåííî, A0 : V → V � îáðàòíî ñèëüíî ìîíîòîííûé îïåðàòîð ñïîñòîÿííîé σ0 > 0 (ñì. [1℄):
(A0u − A0η, u − η)V ≥ σ0 ‖A0u − A0η‖

2
V , σ0 > 0 ∀u, η ∈ V, (1)

Bi : V → H , i = 1, 2, . . . , m, � ëèíåéíûå, íåïðåðûâíûå îïåðàòîðû, Gi : H → R 1 ,
i = 1, 2, . . . , m, � ïîëóíåïðåðûâíûå ñíèçó, âûïóêëûå, ñîáñòâåííûå �óíêöèîíàëû,
f ∈ V � çàäàííûé ýëåìåíò.�àññìàòðèâàåòñÿ çàäà÷à ïîèñêà âåêòîðà u ∈ V , ÿâëÿþùåãîñÿ ðåøåíèåì ñëåäó-þùåãî âàðèàöèîííîãî íåðàâåíñòâà âòîðîãî ðîäà

(A0u − f, η − u)V +
m

∑

i=1

Gi

(

Biη
)

−
m

∑

i=1

Gi

(

Biu
)

≥ 0 ∀ η ∈ V. (2)Îïåðàòîð A0 , î÷åâèäíî, ÿâëÿåòñÿ ìîíîòîííûì, à òàêæå ëèïøèö-íåïðåðûâíûì êîíñòàíòîé 1/σ0 , �óíêöèîíàëû Fi = Gi◦Bi : V → R 1 , i = 1, 2, . . . , m, � ïîëóíåïðå-ðûâíûìè ñíèçó, âûïóêëûìè, ñîáñòâåííûìè. Ôóíêöèîíàë F =

m
∑

i=1

Fi òàêæå ÿâëÿåò-ñÿ ïîëóíåïðåðûâíûì ñíèçó, âûïóêëûì è ñîáñòâåííûì. Ïîýòîìó ïðè äîïîëíèòåëü-íîì ïðåäïîëîæåíèè î êîýðöèòèâíîñòè îïåðàòîðà A0 âàðèàöèîííîå íåðàâåíñòâî (2)èìååò íåïóñòîå, âûïóêëîå, çàìêíóòîå ìíîæåñòâî ðåøåíèé (ñì., íàïðèìåð, [9, 10℄).2. Èòåðàöèîííûé ìåòîäÂ äàëüíåéøåì áóäåì ðàññìàòðèâàòü àáñòðàêòíîå âàðèàöèîííîå íåðàâåíñòâî (2),ñ÷èòàÿ, ÷òî Bi : V → H � ëèíåéíûå, íåïðåðûâíûå îïåðàòîðû, Gi : H → R1 �âûïóêëûå, ëèïøèö-íåïðåðûâíûå �óíêöèîíàëû, i = 1, 2, . . . , m . Êðîìå òîãî, áóäåìïðåäïîëàãàòü, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî
1

m

m
∑

i=1

(Biu, Biη)H = (u, η)V ∀u, η ∈ V. (3)Äëÿ ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà (2) ïî àíàëîãèè ñ [5℄ ðàññìîòðèì ñëå-äóþùèé èòåðàöèîííûé ïðîöåññ.Ïóñòü u(0) ∈ V, y
(0)
i ∈ H, λ

(0)
i ∈ H, i = 0, 1, . . . , m, � ïðîèçâîëüíûå ýëåìåíòû.Äëÿ k = 0, 1, 2, . . ., çíàÿ y

(k)
i , µ

(k)
i , îïðåäåëèì u(k+1) êàê

u(k+1) = u(k) − τ
[

A0u
(k) − f + r

m
∑

i=1

B∗

i Bi u(k) +
m

∑

i=1

B∗

i

(

λ
(k)
i − r y

(k)
i

)]

. (4)Çàòåì íàõîäèì y
(k+1)
i , ðåøàÿ çàäà÷è ìèíèìèçàöèè

r
(

y
(k+1)
i , zi − y

(k+1)
i

)

H
+ Gi(zi) − Gi

(

y
(k+1)
i

)

≥

≥
(

r Biu
(k+1) + λ

(k)
i , zi − y

(k+1)
i

)

H
∀ zi ∈ H, i = 1, 2, . . . , m. (5)



92 È.Í. ÈÑÌÀ�ÈËÎÂ, È.Á. ÁÀÄ�ÈÅÂÍàêîíåö, âû÷èñëÿåì λ
(k+1)
i ïî �îðìóëå

λ
(k+1)
i = λ

(k)
i + r

[

Biu
(k+1) − y

(k+1)
i

]

, i = 1, 2, . . . , m. (6)Çäåñü τ > 0 è r > 0 � èòåðàöèîííûå ïàðàìåòðû, B∗

i : H → V � ñîïðÿæåííûå ê Biîïåðàòîðû:
(B∗

i yi, η)V = (yi, Biη)H ∀ η ∈ V, yi ∈ H. (7)Äëÿ èññëåäîâàíèÿ ñõîäèìîñòè îïèñàííîãî èòåðàöèîííîãî ïðîöåññà âûïèøåì ÿâ-íûé âèä îïåðàòîðà ïåðåõîäà ýòîãî ïðîöåññà.Îáîçíà÷èì ÷åðåç Hm ïðÿìîå ïðîèçâåäåíèå m ïðîñòðàíñòâ H è ââåäåì âðàññìîòðåíèå îïåðàòîð T : V × Hm × Hm → V × Hm × Hm , ñòàâÿùèé â ñî-îòâåòñòâèå âåêòîðó q = (q0, q1, q2, . . . , q2m) = (u, y1, . . . , ym, λ1, . . . , λm), ýëåìåíòû
Tq =

{

T0q, T1q, . . . , T2mq
} ñëåäóþùèì îáðàçîì:

T0q = q0 − τ
[

A0q0 − f + r

m
∑

i=1

B∗

i Bi q0 +

m
∑

i=1

B∗

i

(

qm+i − r qi

)

]

, (8)
Tiq = Prox Gi/r

(

Bi T0q +
1

r
qi

)

, i = 1, 2, . . . , m, (9)
Tm+iq = qm+i + r

[

Bi T0q − Tiq
]

, i = 1, 2, . . . , m. (10)Çäåñü Prox G : Z → Z � ïðîêñèìàëüíîå îòîáðàæåíèå, ñîïîñòàâëÿþùåå êàæäîìóýëåìåíòó p èç ãèëüáåðòîâà ïðîñòðàíñòâà Z ýëåìåíò v = Prox G(p) , ÿâëÿþùèéñÿðåøåíèåì çàäà÷è ìèíèìèçàöèè
1

2

∥

∥ v − p
∥

∥

2

Z
+ G(v) = min

z∈Z

{ 1

2

∥

∥ z − p
∥

∥

2

Z
+ G(z)

}

,êîòîðàÿ ýêâèâàëåíòíà â ñëó÷àå, êîãäà G � âûïóêëûé, ñîáñòâåííûé, ïîëóíåïðåðûâ-íûé ñíèçó �óíêöèîíàë, âàðèàöèîííîìó íåðàâåíñòâó
(v − p, z − v)Z + G(z) − G(v) ≥ 0 ∀ z ∈ Z. (11)Íåòðóäíî ïðîâåðèòü, ÷òî ïðîêñèìàëüíîå îòîáðàæåíèå ÿâëÿåòñÿ æåñòêî íåðàñ-òÿãèâàþùèì, òî åñòü

∥

∥

∥
ProxG(p) − Prox G(z)

∥

∥

∥

2

Z
≤

(

Prox G(p) − Prox G(z), p − z
)

Z
∀ p, z ∈ Z.Èñïîëüçóÿ îïðåäåëåíèå ïðîêñèìàëüíîãî îòîáðàæåíèÿ â âèäå âàðèàöèîííîãîíåðàâåíñòâà (11), ëåãêî óñòàíîâèòü, ÷òî èòåðàöèîííûé ïðîöåññ (4)�(6) ìîæåò áûòüçàïèñàí â ñëåäóþùåì âèäå:























q0 − ïðîèçâîëüíûé ýëåìåíò,
q(k+1) = Tq(k),

q(k) =
(

u(k), y
(k)
1 , y

(k)
2 , . . . , y

(k)
m , λ

(k)
1 , λ

(k)
2 , . . . , λ

(k)
m

)

, k = 0, 1, 2, . . . ,

(12)òî åñòü T � îïåðàòîð ïåðåõîäà ýòîãî èòåðàöèîííîãî ïðîöåññà.



Î ÑÕÎÄÈÌÎÑÒÈ ÈÒÅ�ÀÖÈÎÍÍÎ�Î ÌÅÒÎÄÀ 93ÑïðàâåäëèâûÒåîðåìà 1. Òî÷êà q = (u, B1u, B2u, . . . , Bmu, λ1, λ2, . . . , λm) ÿâëÿåòñÿ íåïî-äâèæíîé òî÷êîé îïåðàòîðà T â òîì è òîëüêî â òîì ñëó÷àå, êîãäà âûïîëíåíûóñëîâèÿ
yi = Biu, (13)

λi ∈ ∂Gi(Biu), (14)
−

m
∑

i=1

B∗

i λi = A0u − f, i = 1, 2 . . . , m. (15)Ïðè ýòîì ïåðâàÿ êîìïîíåíòà u ëþáîé íåïîäâèæíîé òî÷êè îïåðàòîðà T ÿâëÿ-åòñÿ ðåøåíèåì çàäà÷è (2).Äîêàçàòåëüñòâî. Ïóñòü q = (u, B1u, B2u, . . . , Bmu, λ1, λ2, . . . , λm) ÿâëÿåòñÿíåïîäâèæíîé òî÷êîé îïåðàòîðà T :
u = u − τ

[

A0u − f + r

m
∑

i=1

B∗

i Biu −

m
∑

i=1

B∗

i

(

λi − r yi

)

]

, (16)
yi = Prox Gi/r

(

Biu +
λi

r

)

, i = 1, 2 . . . , m, (17)
λi = λi + r (Biu − yi) , i = 1, 2 . . . , m. (18)�àâåíñòâà (18) ýêâèâàëåíòíû (13), èáî r > 0 . �àâåíñòâà (17) ýêâèâàëåíòíû ñó÷åòîì (13) íåðàâåíñòâàì

(

−
λi

r
, zi − Biu

)

H
+

1

r

[

Gi(zi) − Gi (Biu)
]

≥ 0 ∀ zi ∈ H, i = 1, 2 . . . , m, (19)êîòîðûå ýêâèâàëåíòíû ñîîòíîøåíèÿì λi ∈ ∂Gi

(

Biu
) , òî åñòü âêëþ÷åíèÿì (14).Òàêæå â ñèëó (13) ðàâåíñòâî (16) ýêâèâàëåíòíî ðàâåíñòâó (15)

A0u − f +

m
∑

i=1

B∗

i λi = 0,èëè
−

m
∑

i=1

B∗

i λi = A0u − f, i = 1, 2, . . . , m . (20)Òàêèì îáðàçîì, óñòàíîâëåíà ýêâèâàëåíòíîñòü ðàâåíñòâà Tq = q ñîîòíîøåíèÿì(13)�(15).Ïðîâåðèì, ÷òî u � ðåøåíèå çàäà÷è (2). C ýòîé öåëüþ, â íåðàâåíñòâàõ (19) ïî-ëîæèì zi = Biη , ãäå η � ïðîèçâîëüíûé ýëåìåíò èç V . Òîãäà, ñ ó÷åòîì (7), ñëîæèâýòè íåðàâåíñòâà ïî i = 1, 2, . . . , m , ïîëó÷èì
−

(

m
∑

i=1

B∗

i µi, η − u
)

V
+

m
∑

i=1

[

Gi(Biη) − Gi(Biu)
]

≥ 0 ∀ η ∈ V. (21)Ñêëàäûâàÿ (20) è (21), ïîëó÷èì, ÷òî u � ðåøåíèå çàäà÷è (2).Òåîðåìà 2. Ïóñòü ñóùåñòâóåò ïî êðàéíåé ìåðå îäíî ðåøåíèå çàäà÷è (2).Òîãäà ìíîæåñòâî íåïîäâèæíûõ òî÷åê îïåðàòîðà T íå ïóñòî.



94 È.Í. ÈÑÌÀ�ÈËÎÂ, È.Á. ÁÀÄ�ÈÅÂÄîêàçàòåëüñòâî. Ïóñòü u � ðåøåíèå çàäà÷è (2), yi = Biu, i = 1, 2 . . . , m .Âàðèàöèîííîå íåðàâåíñòâî (2) ýêâèâàëåíòíî ñëåäóþùåìó âêëþ÷åíèþ:
f − A0u ∈ ∂

(

m
∑

i=1

Gi ◦ Bi

)

(u). (22)Èç ïðåäëîæåíèé 5.6, 5.7 [10℄ ñëåäóåò, ÷òî
∂
(

m
∑

i=1

Gi ◦ Bi

)

(u) =
m

∑

i=1

∂
(

Gi ◦ Bi

)

(u) =
m

∑

i=1

B∗

i ∂Gi

(

Biu
)

. (23)Èç ðàâåíñòâà (23) è ñîîòíîøåíèÿ (22) ñëåäóåò, ÷òî ñóùåñòâóþò òàêèå ýëåìåíòû
zi ∈ ∂Gi

(

Biu
) , äëÿ êîòîðûõ ñïðàâåäëèâî ðàâåíñòâî

−
m

∑

i=1

B∗

i zi = A0u − f.Ïîýòîìó äëÿ òî÷êè q = (u, y1, . . . , ym, λ1, . . . , λm ) èìåþò ìåñòî ñîîòíîøåíèÿ(13)�(15), à çíà÷èò, â ñèëó òåîðåìû 1 q � íåïîäâèæíàÿ òî÷êà îïåðàòîðà T .3. Ñõîäèìîñòü èòåðàöèîííîãî ìåòîäàÈç òåîðåìû 1 ñëåäóåò, ÷òî èññëåäîâàíèå ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà(4)�(6) ñâîäèòñÿ ê èññëåäîâàíèþ ñõîäèìîñòè ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæå-íèé îòûñêàíèÿ íåïîäâèæíîé òî÷êè îïåðàòîðà T .Ââåäåì â ðàññìîòðåíèå ãèëüáåðòîâî ïðîñòðàíñòâî Q = V × Hm × Hm ñî ñêà-ëÿðíûì ïðîèçâåäåíèåì
(·, ·)Q =

(1 − mτ r)

τ
(·, ·)V + r

m
∑

i=1

(·, ·)H +
1

τ

m
∑

i=1

(·, ·)H .Äëÿ èññëåäîâàíèÿ ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà (12) íàì ïîòðåáóåòñÿñëåäóþùàÿÒåîðåìà 3. Ïóñòü A0 : V → V � îáðàòíî ñèëüíî ìîíîòîííûé îïåðàòîð ñêîíñòàíòîé σ0 > 0 è âûïîëíåíî óñëîâèå:
0 < τ <

2 σ0

2 m σ0 r + 1
. (24)Òîãäà îïåðàòîð T , îïðåäåëÿåìûé ñîîòíîøåíèÿìè (8)�(10), ÿâëÿåòñÿ íåðàñòÿ-ãèâàþùèì.Áîëåå òîãî, äëÿ ëþáûõ p, q ∈ Q ñïðàâåäëèâî íåðàâåíñòâî

‖Tq − Tp ‖2
Q + δ (A0q0 − A0p0, q0 − p0)V +

+
1

τ (1 − m τr)
‖(1 − τr)

(

q0 − T0q − (p0 − T0p)
)

− τ(A0q0 − A0p0)‖
2
V +

+ r

m
∑

i=1

∥

∥

∥
qi − BiT0q −

(

pi − BiT0p
)

∥

∥

∥

2

H
≤ ‖ q − p ‖2

Q, (25)ãäå δ = 2 − τ/
(

σ0(1 − m τr)
) .



Î ÑÕÎÄÈÌÎÑÒÈ ÈÒÅ�ÀÖÈÎÍÍÎ�Î ÌÅÒÎÄÀ 95Äîêàçàòåëüñòâî. Ïî óñëîâèþ òåîðåìû A0 � îáðàòíî ñèëüíî ìîíîòîííûéîïåðàòîð ñ êîíñòàíòîé σ0 > 0 , òî åñòü âûïîëíåíî (1).Â ñèëó óñëîâèÿ (24) âûïîëíåíû íåðàâåíñòâà τr < 1/m è δ > 0 , à çíà÷èò, èç(25) è (1) áóäåò ñëåäîâàòü íåðàñòÿãèâàåìîñòü îïåðàòîðà T .Äîêàæåì íåðàâåíñòâî (25). C ó÷åòîì (3) ïåðåïèøåì ðàâåíñòâî (8) â âèäå
T0q = (1−m τr) q0 − τA0q0 + τf − τ

m
∑

i=1

B∗

i (qm+i − rqi) = Sq0 − τ
m

∑

i=1

B∗

i (qm+i − rqi),ãäå îïåðàòîð S : V → V îïðåäåëÿåòñÿ ñîîòíîøåíèåì
Sq0 = (1 − m τr)q0 − τA0q0 + τ f.Èñïîëüçóÿ (1), ïîëó÷àåì

∥

∥ Sq0 − Sp0

∥

∥

2

V
= (1 − m τr)2

∥

∥ q0 − p0

∥

∥

2

V
− 2τ(1 − m τr)

(

A0q0 − A0p0, q0 − p0

)

V
+

+ τ2
∥

∥ A0q0 − A0p0

∥

∥

2

V
≤ (1 − m τr)2

∥

∥ q0 − p0

∥

∥

2

V
−

− τ
[

2 (1 − m τ r) −
τ

σ0

]

(

A0q0 − A0p0, q0 − p0

)

V
. (26)Äàëåå,

∥

∥ T0q − T0p
∥

∥

2

V
=

(

T0q − T0p, Sq0 − Sp0 − τ

m
∑

i=1

B∗

i

(

qm+i − pm+i − r(qi − pi)
)

)

V
=

=
(

T0q − T0p, Sq0 − Sp0

)

V
− τ

(

T0q − T0p,

m
∑

i=1

B∗

i

(

qm+i − pm+i − r(qi − pi)
)

)

V
.(27)Äëÿ ïðîèçâîëüíîãî ÷èñëà ε èìååì ðàâåíñòâî

1

2ε

∥

∥ a − εb ‖2
V =

1

2ε

[

‖ a ‖2
V − 2 ε ( a, b )V + ε2

∥

∥ b
∥

∥

2

V

]

=

=
1

2ε

∥

∥ a
∥

∥

2

V
− ( a, b )V +

ε

2

∥

∥ b
∥

∥

2

V
,îòêóäà ïîëó÷àåì

( a, b )V =
1

2ε

∥

∥ a
∥

∥

2

V
−

1

2ε

∥

∥ a − ε b ‖2
V +

ε

2

∥

∥ b
∥

∥

2

V
. (28)Èñïîëüçóÿ ðàâåíñòâî (28) ñ a = Sq0 − Sp0 , b = T0q − T0p , ïðåîáðàçóåì (27):

∥

∥ T0q − T0p
∥

∥

2

V
=

1

2ε

∥

∥ Sq0 − Sp0

∥

∥

2

V
+

ε

2

∥

∥ T0q − T0p
∥

∥

2

V
−

−
1

2ε

∥

∥

(

Sq0−Sp0

)

−ε
(

T0q−T0p
)
∥

∥

2

V
−τ

(

T0q−T0p,

m
∑

i=1

B∗

i

(

qm+i−pm+i−r(qi−pi)
))

V
.



96 È.Í. ÈÑÌÀ�ÈËÎÂ, È.Á. ÁÀÄ�ÈÅÂÎòñþäà ñ ó÷åòîì (26) âûòåêàåò, ÷òî
∥

∥ T0q − T0p
∥

∥

2

V
≤

1

2ε
(1 − m τr)2

∥

∥ q0 − p0

∥

∥

2

V
−

−
τ

2ε

[

2 (1 − m τ r) −
τ

σ0

]

(

A0q0 − A0p0, q0 − p0

)

V
+

+
ε

2

∥

∥ T0q − T0p
∥

∥

2

V
−

1

2ε

∥

∥

(

Sq0 − Sp0

)

− ε
(

T0q − T0p
)
∥

∥

2

V
−

− τ
(

T0q − T0p,

m
∑

i=1

B∗

i

(

qm+i − pm+i − r (qi − pi)
)

)

V
.Ïîñëå óìíîæåíèÿ ïîëó÷èâøåãîñÿ íåðàâåíñòâà íà 2/τ èìååì

2 − ε

τ

∥

∥ T0q − T0p
∥

∥

2

V
+

1

τ ε

∥

∥

(

Sq0 − Sp0

)

− ε
(

T0q − T0p
)
∥

∥

2

V
≤

≤
(1 − m τr)2

τε

∥

∥ q0 − p0

∥

∥

2

V
−

1

ε

[

2 (1 − m τ r) −
τ

σ0

]

(

A0q0 − A0p0, q0 − p0

)

V
−

− 2
(

T0q − T0p,

m
∑

i=1

B∗

i

(

qm+i − pm+i − r(qi − pi)
)

)

V
.Âûáèðàÿ â ýòîì íåðàâåíñòâå ε = 1−m τ r , íà îñíîâàíèè îïðåäåëåíèÿ îïåðàòîðà Sïîëó÷àåì

1

τ (1 − m τ r)

∥

∥ (1 − m τ r)
[

(q0 − T0q ) − ( p0 − T0p )
]

− τ
(

A0q0 − A0p0

) ∥

∥

2

V
+

+
(1 + m τ r)

τ

∥

∥ T0q−T0p
∥

∥

2

V
≤

(1 − m τ r)

τ

∥

∥ q0 −p0

∥

∥

2

V
− δ

(

A0q0 −A0p0, q0 −p0

)

V
−

− 2

m
∑

i=1

(

T0q − T0p, B∗

i

(

qm+i − pm+i − r (qi − pi )
)

)

V
=

=
(1 − m τ r)

τ

∥

∥ q0 − p0

∥

∥

2

V
− δ

(

A0q0 − A0p0, q0 − p0

)

V
−

− 2
(

m
∑

i=1

Bi(T0q − T0p ), qm+i − pm+i

)

H
+ 2 r

(

m
∑

i=1

Bi(T0q − T0p), qi − pi

)

H
. (29)Ïðèìåíÿÿ ðàâåíñòâî (28) ñ ε = 1 , a = qi − pi , b = Bi(T0q − T0p) , i = 1, 2, . . . , m ,ïðåîáðàçóåì (29) ê ñëåäóþùåìó âèäó:

1

τ (1 − m τ r)

∥

∥ (1 − m τ r)
[

(q0 − T0q ) − (p0 − T0p )
]

− τ (A0q0 − A0p0 )
∥

∥

2

V
+

+ r

m
∑

i=1

∥

∥

∥

(

qi − BiT0q
)

−
(

pi − BiT0p
)

∥

∥

∥

2

H
+ δ

(

A0q0 − A0p0, q0 − p0

)

V
+

+
(1 + m τ r)

τ

∥

∥ T0q − T0p
∥

∥

2

V
≤ ;

(1 − m τ r)

τ

∥

∥ q0 − p0

∥

∥

2

V
+ r

m
∑

i=1

∥

∥ qi − pi

∥

∥

2

H
−

− 2

m
∑

i=1

(

Bi(T0q − T0p), qm+i − pm+i

)

H
+ r

m
∑

i=1

∥

∥

∥
Bi

(

T0q − T0p
)

∥

∥

∥

2

H
. (30)Äàëåå, èç (9) ñ ó÷åòîì æåñòêîé íåðàñòÿãèâàåìîñòè ïðîêñèìàëüíîãî îòîáðàæå-íèÿ äëÿ i = 1, 2, . . . , m èìååì, ÷òî

∥

∥ Tiq − Tip
∥

∥

2

H
≤

(

BiT0q +
1

r
qm+i − BiT0p −

1

r
pm+i, Tiq − Tip

)

H
,



Î ÑÕÎÄÈÌÎÑÒÈ ÈÒÅ�ÀÖÈÎÍÍÎ�Î ÌÅÒÎÄÀ 97îòêóäà ïîñëå óìíîæåíèÿ íà 2 r ïîëó÷àåì
2 r

∥

∥ Ti q − Ti p
∥

∥

2

H
≤ 2 r

(

Bi(T0q − T0p ), Ti q − Ti p
)

H
+

+ 2
(

qm+i − pm+i, Ti q − Ti p
)

H
. (31)Èç (10) äëÿ i = 1, 2, . . . , m ñëåäóþò ñîîòíîøåíèÿ

1

r

∥

∥ Tm+iq − Tm+ip
∥

∥

2

H
=

1

r

∥

∥ qm+i − pm+i

∥

∥

2

H
+ r

∥

∥Bi (T0q − T0p)
∥

∥

2

H
+

+ r
∥

∥ Ti q − Ti p
∥

∥

2

H
+ 2

(

Bi(T0q − T0p ), qm+i − pm+i

)

H
−

− 2
(

qm+i − pm+i, Ti q − Ti p
)

H
− 2 r

(

Bi(T0q − T0p ), Ti q − Ti p
)

H
. (32)Ïðîñóììèðóåì ñîîòíîøåíèÿ (31) è (32) ïî i = 1, 2, . . . , m , à çàòåì ýòè ðåçóëü-òàòû ñëîæèì ñ (30):

(1 + m τ r)

τ

∥

∥ T0q − T0p
∥

∥

2

V
+ 2 r

m
∑

i=1

∥

∥ Ti q − Ti p
∥

∥

2

H
+

1

r

m
∑

i=1

∥

∥ Tm+i q − Tm+i p
∥

∥

2

H
+

+
1

τ (1 − m τ r)

∥

∥ (1 − m τ r)
[

(q0 − T0q) − (p0 − T0p)
]

− τ (A0q0 − A0p0 )
∥

∥

2

V
+

+ r

m
∑

i=1

∥

∥

∥

(

qi − Bi T0q
)

−
(

pi − Bi T0p
)

∥

∥

∥

2

H
+ δ

(

A0q0 − A0p0 , q0 − p0

)

V
≤

≤
(1 − m τ r)

τ

∥

∥ q0 − p0

∥

∥

2

V
+ r

m
∑

i=1

∥

∥ qi − pi

∥

∥

2

H
+

1

r

m
∑

i=1

∥

∥ qm+i − pm+i

∥

∥

2

H
+

+ r

m
∑

i=1

∥

∥

∥
Bi

(

T0q − T0p
)

∥

∥

∥

2

H
+ r

m
∑

i=1

∥

∥

∥
Bi

(

T0q − T0p
)

∥

∥

∥

2

H
+ r

m
∑

i=1

∥

∥

∥
Ti q − Ti p

∥

∥

∥

2

H
−

− 2

m
∑

i=1

(

Bi(T0q − T0p ), qm+i − pm+i

)

H
+ 2

m
∑

i=1

(

Bi(T0q − T0p ), qm+i − pm+i

)

H
.(33)Ó÷èòûâàÿ ïðè ýòîì, ÷òî â ñèëó óñëîâèÿ (3)

m
∑

i=1

∥

∥Bi

(

T0q − T0p
)
∥

∥

2

H
= m

∥

∥ T0q − T0p
∥

∥

2

V
,ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé íåðàâåíñòâî (33) ïðåîáðàçóåì ê âèäó

(1 − m τ r)

τ

∥

∥ T0q − T0p
∥

∥

2

V
+ r

m
∑

i=1

∥

∥ Ti q − Ti p
∥

∥

2

H
+

1

r

m
∑

i=1

∥

∥ Tm+i q − Tm+i p
∥

∥

2

H
+

+
1

(1 − m τ r)

∥

∥ (1 − m τ r)
[

(q0 − T0q ) − (p0 − T0p )
]

− τ(A0q0 − A0p0 )
∥

∥

2

V
+

+ r

m
∑

i=1

∥

∥

∥

(

qi − Bi T0q
)

−
(

pi − Bi T0p
)

∥

∥

∥

2

H
+ δ

(

A0q0 − A0p0, q0 − p0

)

V
≤

≤
(1 − m τ r)

τ

∥

∥ q0 − p0

∥

∥

2

V
+ r

m
∑

i=1

∥

∥ qi − pi

∥

∥

2

H
+

1

r

m
∑

i=1

∥

∥ qm+i − pm+i

∥

∥

2

H
,òî åñòü íåðàâåíñòâî (25) ñïðàâåäëèâî. Òåîðåìà äîêàçàíà.



98 È.Í. ÈÑÌÀ�ÈËÎÂ, È.Á. ÁÀÄ�ÈÅÂÍàïîìíèì (ñì. [8℄), ÷òî îïåðàòîð T : Q → Q íàçûâàåòñÿ àñèìïòîòè÷åñêè ðåãó-ëÿðíûì, åñëè T k+1q − T kq → 0 ïðè k → +∞ äëÿ ëþáîãî q ∈ Q .ÑïðàâåäëèâàÒåîðåìà 4. Ïóñòü A0 : V → V � îáðàòíî ñèëüíî ìîíîòîííûé îïåðàòîð ñêîíñòàíòîé σ0 > 0 , âûïîëíåíû óñëîâèÿ (1), (24), çàäà÷à (2) èìååò ïî êðàéíåéìåðå îäíî ðåøåíèå, èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü {

q(k)
}+∞

k=0
, ïîñòðîåííàÿïî �îðìóëå q(k+1) = Tq(k) , q(0) ∈ Q � ïðîèçâîëüíî çàäàííûé ýëåìåíò. Òîãäà ýòàïîñëåäîâàòåëüíîñòü ñõîäèòñÿ ñëàáî â Q ïðè k → +∞ , åå ïðåäåë q∗ ÿâëÿåòñÿíåïîäâèæíîé òî÷êîé îïåðàòîðà T è ñïðàâåäëèâû ðàâåíñòâà

lim
k→+∞

∥

∥

∥
y
(k)
i − Bi u(k)

∥

∥

∥

H
= 0, i = 1, 2, . . . , m, (34)

lim
k→+∞

∥

∥

∥
q(k+1) − q(k)

∥

∥

∥

Q
= 0. (35)Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ íåðàâåíñòâîì (25), ïîëîæèâ â íåì q = q(k)è ñ÷èòàÿ p íåïîäâèæíîé òî÷êîé îïåðàòîðà T (â ñèëó òåîðåìû 2 ñóùåñòâóåò õîòÿáû îäíà òàêàÿ òî÷êà). Ó÷èòûâàÿ, ÷òî ïî îïðåäåëåíèþ èòåðàöèîííîé ïîñëåäîâà-òåëüíîñòè Tq(k) = q(k+1) , à äëÿ íåïîäâèæíîé òî÷êè ñîãëàñíî òåîðåìå 1 âûïîëíåíûðàâåíñòâà pi − Bi T0p = pi − Bi p0 = 0, i = 1, 2, . . . , m , p0 − T0p = 0 , ïîëó÷àåì

∥

∥ q(k+1) − p
∥

∥

2

Q
+ δ

(

A0u
(k) − A0p0, u

(k) − p0

)

V
+

+
1

τ (1 − mτr)

∥

∥ (1 − m τ r)
(

u(k) − u(k+1)
)

− τ
(

A0u
(k) − A0p0

) ∥

∥

2

V
+

+ r

m
∑

i=1

∥

∥ y
(k)
i − Biu

(k+1)
∥

∥

2

H
≤

∥

∥ q(k) − p
∥

∥

2

Q
. (36)Èç íåðàâåíñòâà (36) ñëåäóåò, ÷òî îãðàíè÷åííàÿ ñíèçó (íóëåì) ÷èñëîâàÿ ïîñëå-äîâàòåëüíîñòü {

‖ q(k) − p ‖Q

}+∞

k=0
íå âîçðàñòàåò, è ñëåäîâàòåëüíî, èìååò êîíå÷íûéïðåäåë:

lim
k→+∞

∥

∥ q(k) − p
∥

∥

Q
= λp,è çíà÷èò, âûïîëíåíû ñîîòíîøåíèÿ:

lim
k→+∞

(

A0u
(k) − A0p0, u(k) − p0

)

V
= 0, (37)

lim
k→+∞

∥

∥ (1 − m τ r)
(

u(k) − u(k+1)
)

− τ
(

A0u
(k) − A0p0

) ∥

∥

2

V
= 0, (38)

lim
k→+∞

∥

∥ y
(k)
i − Biu

(k+1)
∥

∥

H
= 0, i = 1, 2, . . . , m. (39)Èñïîëüçóÿ (37) è (1), ïîëó÷àåì

lim
k→+∞

∥

∥ A0u
(k) − A0p0

∥

∥

V
= 0. (40)Èç (38) è (40) ñëåäóåò, ÷òî

lim
k→+∞

∥

∥ u(k) − u(k+1) ‖V = 0. (41)Äàëåå, èñïîëüçóÿ (39), (41), (3) è íåðàâåíñòâà
∥

∥ y
(k)
i − Biu

(k)
∥

∥

H
≤

∥

∥ y
(k)
i − Bi u(k+1)

∥

∥

H
+

∥

∥ Bi u(k) − u(k+1)
∥

∥

H
, i = 1, 2, . . . , m,
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y
(k)
i − y

(k+1)
i =

(

y
(k)
i − Bi u(k)

)

+
(

Bi u(k) − Bi u(k+1)
)

+

+
(

Bi u(k+1) − y
(k+1)
i

)

, i = 1, 2, . . . , m,ñëåäóåò, ÷òî
lim

k→+∞

∥

∥ y
(k)
i − y

(k+1)
i

∥

∥

H
= 0, i = 1, 2, . . . , m. (42)Íàêîíåö, èñïîëüçóÿ (10) è (34), èìååì

lim
k→+∞

∥

∥ λ
(k+1)
i − λ

(k)
i

∥

∥

H
= r lim

k→+∞

∥

∥ Bi u(k) − y
(k)
i

∥

∥

H
= 0, i = 1, 2, . . . , m. (43)�àâåíñòâà (41)�(43) îçíà÷àþò, ÷òî óñëîâèå (35) âûïîëíåíî, è, ïîñêîëüêó q(0) ∈

∈ Q � ïðîèçâîëüíûé çàäàííûé ýëåìåíò, òî îïåðàòîð T ÿâëÿåòñÿ àñèìïòîòè÷åñêèðåãóëÿðíûì. Êðîìå òîãî, îïåðàòîð T ÿâëÿåòñÿ íåðàñòÿãèâàþùèì, è ïîýòîìó èòå-ðàöèîííàÿ ïîñëåäîâàòåëüíîñòü {

q(k)
}+∞

k=0
ñõîäèòñÿ ñëàáî â Q ïðè k → +∞ è ååïðåäåë q∗ ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé îïåðàòîðà T . Òåîðåìà äîêàçàíà.Îòìåòèì, ÷òî åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 1, òî èç òåîðåì 2, 4 âûòåêàåò,÷òî ïîñëåäîâàòåëüíîñòè {

u(k)
}+∞

k=0
, {

y
(k)
i

}+∞

k=0
, ïîñòðîåííûå ñîãëàñíî (4)�(6), ïðè

k → +∞ ñõîäÿòñÿ ñëàáî ê u â V è ê Biu â H , i = 1, 2, . . . , m , ñîîòâåòñòâåííî, ãäå
u � ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà (2).�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåí-òàëüíûõ èññëåäîâàíèé (ïðîåêò � 06-01-00633-à).SummaryI.N. Ismagilov, I.B. Badriev. On the onvergene of iterative method for solving avariational inequality of the seond kind with inversely strongly monotone operator.In the paper the onvergene of the iterative method for solving a variational inequality ofthe seond kind with inversely strongly monotone operator in Hilbert spae is investigated. Thefuntional ourring in this variational inequality is a sum of several funtionals. Eah of thesefuntionals is a superposition of lower semi-ontinuous onvex proper funtional and a linearontinuous operator. Suh variational inequalities arise, in partiular, during mathematialmodeling of stationary problems of �ltration of a non-ompressible �uid follows the nonlinearmulti-valued anisotropi �ltration law with limiting gradient.Ëèòåðàòóðà1. �îëüøòåéí Å.�., Òðåòüÿêîâ Í.Â.Ìîäè�èöèðîâàííûå �óíêöèè Ëàãðàíæà. � Ì.: Íà-óêà, 1989. � 400 ñ.2. Áàäðèåâ È.Á., Èñìàãèëîâ È.Í. Èññëåäîâàíèå íåêîòîðûõ íåëèíåéíûõ êðàåâûõ çàäà÷ñ âûðîæäåíèåì ïî ãðàäèåíòó // Ñåòî÷íûå ìåòîäû äëÿ êðàåâûõ çàäà÷ è ïðèëîæåíèÿ.Ìàòåðèàëû 6-ãî Âñåðîñ. ñåìèíàðà. � Êàçàíü: Êàçàí. ãîñ. óí-ò, 2005. � Ñ. 50�53.3. Áàäðèåâ È.Á., Èñìàãèëîâ È.Í. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ñòàöèîíàðíûõ àíè-çîòðîïíûõ çàäà÷ òåîðèè �èëüòðàöèè ñ ìíîãîçíà÷íûì çàêîíîì // Âåñòí. Óäìóðò.óí-òà. Ìàòåìàòèêà. � 2007. � � 1. � Ñ. 3�8.4. Áàäðèåâ È.Á., Çàäâîðíîâ Î.À. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ âàðèàöèîííûõ íåðà-âåíñòâ âòîðîãî ðîäà ñ îáðàòíî ñèëüíî ìîíîòîííûìè îïåðàòîðàìè// Èçâ. âóçîâ. Ìà-òåìàòèêà. � 2003. � � 1. � Ñ. 20�28.
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