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1. Some mathématics




1.1. Eractional derivatives
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1.3.%arious définitions

Left RiemannLiouville derivative

Right Rieman¥Liouville
derivative

Caputo derivative
Hadamard dienition of derivative
Generalized Cauchy's formula

Left Gruenwald-Letnikov
derivative

Right Guenwald-Letnikov
derivative

Left Marchaud derivative
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1.4. Fractional equations

oDy () + b () = po(x)
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Pwuc. 4.11: Tlnoraoctn ¢, (x), v = 0.1(0.1)1.
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1.5. Fractional Poisson process
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Puc. 4.10; Corywaitibie peammammn gyrxmm N, (t): v = 1 (sepxuii rpacik)
v=1/2 (ki rpad).
x"

I'(1-v)

oDLopn(z) = plpn-1(x) — pn(z)] + O0no, 0 <v <1.
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1.6. Fractional ballistic regimes

of (z,1) + oD% f(x,t) = d(z)d(t)

ot
U<1 |
fx,t) = ?5_1/“9+(ﬁ_ua:13; Q). superballistic regime
a=1 |
fle,t) =ttt e —1) =6(x —1), ballistic regime
. of (x,t) t—«
DY f(x,t — = o(x). isti i
¥<l1 oD} f(z.t) + O T(1—w) (z)-  subballistic regime

o f j " j dzd j BIP@IKIETCA Yepe3 yCTONUUBYIO IIIOTHOCTD ¢y (2, w)

flx,t) = l:l?_lﬁ*"_lgjL(t:r_lf“"; w).

1 :
r;1/2) = —a 3/ exp(—1/4x)

47

Levy-Smirnov




1.7. Fraetional Laplacian

Consider the sum . 7( k) + 700 (k) = [(_,-k)v + (k)" 17(k) =
_ [e—i(Wr/Z) +ei(wz‘/2)]| k |V f(k) - 2COS(Vﬂ_/2)(k2)V/27(k)

Inverting yields

| | " d2 vi2
1 LD+ D)) =(-A,) f(x)=(— ] f(x)

2cos(vr/2) dx’
This FRACTIONAL LAPLACIAN 5 * f(x)-
can be represented in an integral (— Al) / f(x)=K(¥) '[ f|( ) 5{5,@ dg
form o | X

The FL is a non-local operator.
When y = 2 it becomes the
ordinary Laplacian



1.8. Fraetional diffusion regimes

Symmetrical Levy-stable densities
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1.9. Physieal interpretation of FTD

Consider an ensemble of particles being in localized states with activation energy &,
which will be called fraps. According to the standard approach, the waiting time 7T,
that is duration of a particle dwell in the trap, 1s a random variable ® with exponen-
tial probability distribution

PO >t|e) = e/,
The mean value of the time is determined by the Arrhenius equation

T(€) = 1oexp(e/kT).

Taking for its distribution the exponential law,

p(€) = (1/&)exp(—¢&/&o).

we get

P(@pr)wr(wa)(%)_a

This is an eigenfunction of the fractional differential operator
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1.11. Kolmogorov turbulence

Magnetic
fluctuations in the
solar wind
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1.12. Phyéﬁcal- interp‘retation of FL

Molecular on(x.1)

(local) =K An(x,t) + S(x,1) in the case Qf ‘rurl.)ulent .difﬁ,lsicrn ﬂ:ge

t motion of neighboring fluid elements 1s
oG |~ correlated, and the tracer motion
EJH?\'- G(k,r)=0(1) To nonlocal continuously affected by the elements 1s

described by the non-local equation (5).
The Fourier image of the correspondent
Green requation reads

0G
0
Relying on turbulence scaling laws and

dimensional analysis, author of [5]
represented this equation 1n the

operator

Unlike the molecular diffusion, when
molecule free paths are small compared
with the characteristic length of
concentration change, and for this
reason the diffusion flux is determined
by the local concentration gradient at

4 2 P(RK)G(k, 1) = 5(7).

the pomnt under consideration, 1n fcrllmimg explicit form
turbulent movement the tracer paths oG + e PGk, 1) = 8(1)

may be on such a large scale that the Ol  emm— ’ '
“transport_depends not_so_much _on_the Later, the original of &% = (k*)"’ has

local gradient of the concentration as on been interpreted as an operator propor-

the distribution of the concentration 1 a

‘ oy . tional to fractional Laplacian A"’[6].
larger area [4]. To amend the equation, tonal to Hactiona’ —ap_acian [6]




1.18- Further ‘reading

Ageyem 2003 2.

VCINEXU ®UZUYECKUX HAVK
ABTOMO/1e/IbHAs aHOMAaJIbHas U PY3Hs H YCTOHYMBBIE 3AKOHBI

B.B. Vuailigkun

B. B. YyalukuH

METO/
APOBHbIX
MPOU3BOAHbBIX

Yyaaiikua B. B.
Meton npobabIX Tpou3BoAHBLIX /| B. B. Vuaiikun — VibsHOBCK:
NznarennerBo « Apruniok», 2008. — 512 c.: ui.
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2. Cosmic ray épectrum




2:1.Fermi model

.

Exrico Fermi

{Received January 3, 1949)

Magnetic
clouds

On the Origin of the Cosmic Radiation

Acceleration

Institute for Nuclear Studies, University of Chicago, Chicago, Illinois

dP = exp(—t/t)dt/t.

!

N(E)dE = N(E; t1)dE

1[ IS(E— Eue‘”)e"*"dr]dE
0

__1__(__“‘5 —l—lfarg“g
at\E E,

E> E,.

The knee problem

Sesaniific American, () 1908
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Log[dj/dT (flux/m? sec st MeV)]

2.2. Gosmic ra&s spectra
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oF m@@% ooa All Particles ] 10"
.
B
@‘
=l
&
i" O - .
B
_20 B
The Galaxy The Sun
® [MP 8 Protons
- 30 =10'? & GOES 7 Protons
SN il O GOES 7 Alphas
5 10 ® GOES 6 Alphas 1
A& 4 aa o aaaanal b aaal P T
~oglT(ev)] 1 10 100 1000 10*

Energy, MeV/Nuc
The observed energy spectra of cosmicC rays are

remarkabl y similar everywhere they are observed.



2.3. ThesParker transport eq.

) Diffusion
U . Vf ) Convectionw. plasma
_Vd Vf ) Grad & Curvature Drift

_I_ \VA U[ f} ) Energy change
dfnp ¢ electric field

_I_Q ) Source

Where the drift velocity due to the large scale
curvature and gradient of the average magnetic field Is:

Va=50 Vx| =V -k



2.4.What is wrong with it ?

A Independence of increments.
A Infinity of path length

A Gaussian form of solutions.
A Absence of the front surface.



2 5..Magnetic correlations

MHD tarbulence

o'y 7
4 A,/

Magnetic confinement



2.6. How we improve it

A Independence of increments
Involving the turbulence

A Gaussian form of solutions
the turbulence yields Levy distribution

A Absence of the front surface
-- later



2 7. Eractional turbulent diffusio

trapping region

transport
region I

exchange region

Coherent

structures ™™  correlations mmmp Im _

-

trapping
event

flight
event

[— o
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o’ (t)~t

P(x,7) =non- Gaussian
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2.8. Nonslocal diffusion equation

In 2000 (Lagutin, Uchalikin, Preprint of Altai State University) ,
the NONIOCal INteqgro-cifferential ecuation

Ofe ! , —r')\ dr’
a]; :g/[ff(r"”)_ff("f’*'m ((r er)) ; 1

Limit equation for fractal medium 7 nonlocal equation

HBII /119 (PpaKTaabHBIX CTPYKTYD,

V(r)~ Ar=3=% 1 = oo,

Limit equation for

a uniform medium BBOJI obozHauennss D = Ao, t = €“7, p(r,t) =
-- local equation = lim f.(r.te™%) 1 nepexojas K npeaenay npm e — 0,

Definition of fractional Laplacian

5
=L — DAp(r,t)
ot

p(r'. ) — p(r,t)

dr'= —D(—A)*/?



2.9. CTRWand bifractional equation

Uchaikin Zolotarev
Chance and Stability 199¢

Magnetic traps of CR in space

| 1.10.1. Types of CR magnetic traps and main properties
CR in space are essentially confined within magnetic traps

of one or another scale and fail to propagate freely

(excluding for CR y-quanta and neutrinos

L.Dorman. 2006

-
-

"




2*10: Propagators

Hractionally stable statistics

-

afG T hakin. olotarcv, 9 |

—— = —D,(— AV G{r. ) +6(r)d3(1)

-~ IN FRACTAL ISM

nonlocal equation

oN
g DA.’V(!‘, 1)+ S(r, 1)
¢ local equation r

¢ LIN UNIFORM ISM
G("’) — Dfﬂ. _3;'.’1.},‘}1,,‘}')( xEDlﬂ‘—]'X) A |

10 0 |

l[’ 2 sotapand  paasuel oporaunad pcraaadd o osaarat oo araeasl osaniu
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A new kind of statistics -
fractional stable

distributions
(Korolev, Uchaikin 2001)

Figure 5. Threc-dimensional sotropic fractionally stable densitacs,
fi =08 Curves I-Scomrespond tox=03,05, 10 14, and 1 7




N211.Resul ts.

3 STV \Adeb SERED A4 B G A4 BERGD A SIS 4t
Levy motion : :

(fractal ISM) . s
nonlocal modeI:

N(E) n't

Brownian motion
(homogeneous ISM)
“r + localmodel ‘- .-

0

E = const / &a/



2.12. Possible explanations of the kn

Upper end of galactic CR sources [Peters (1961)] ?

The two-component hypothesis: for
example, a major component due to
diffusive shock acceleration of the ISM and
another smaller component due to a recent

Cosm'c'ray RRENTy local SN nearby [Erlykin and Wolfendale
spectrum (1997)]?

- From S:':‘:m“;:_ Maximum energy attained during the

acceleration at supernova remnant shock

?
Possibly waves [Stanev et al. (1993)]~

frorp another £
galactic source? | Leakage of particles

From extragalactic | tra from the Galaxy during the propagation
- process [Swordy (1995); Ptuskin
et al. (1993)]7?

Number of cosmic rays (logarithmic scale) —3»

Interactions of CRs with the background
light [Karakula and Tkaczyk (1993)?
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3. The Sun and around it




é.“l. The Sun

Solar flares are releases of plasma
from the sun. They look like giant
flames stretching out from the
surface. If there were a large
magnetic field nearby, these could
easily turn into a prominence.

As the plasma is released from the sun,
it can be trapped by the magnetic fields
and pulled back to the sun in a giant arc



3'2. Superdiffusion

In photosphere

Turbulent Diffusion in the Photosphere

Abramenko et al/ 2011

(AD*(1) = eT”.
— Trajectories (red) of all BPs detected from the QS data set and persisted lon '

eps. Background is the first image of the data set.

-t can be derived from the be
280 T T T T T T 175 ] 43[];‘ ) ) )
278} ol 1 a20f » plot. Then the diffusion coet
276} w65l | a0p i) — Y 4
2 o74f $ 2 a00f (1) = =7 :
= g 1680F ] = E 4:
=8 - (=} [= 8 E
= 272f = 1 = 390f ) i
270} 1 155 380} 3 and 4, we obtain a relatio
268 1 0 | arof
2660 e M5 360 bttt oy
598 600 802 604 606 608 610 612 635 640 645 650 655 660 B65 430 440 450 460 470 4 - - f / , —_
x, pixels . pixels woixels I (Al = T({mjﬁﬁ;)ﬁ D

Fig. 2— Typical trajectories of BPs.The time intervals between adjacent measurements (circles)
is 10 seconds. Blue circles mark the start point of the trajectory. gamma= 1.471 1.68



3.3.'©rigin of solar CRs

Origin and propagation of SEP

Trapped Release
articles on open
3 « field lines

in loops

SOURCE

Flare site Expansion

and loo in magnetic
g bottle Schatten & Mullan, 1977




3.4. Schematic of heliosphere

Bow Shock
G Heliospheric Shock
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—————— ”~
g /’-’
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Local 4

My
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Interstellar Heliotail

Medium

\\‘\\’

RS » Outer / Inner Heliosheath
Hydrogen Wall

.

Upwind | Downwind

e Basic plasma motions in the restframe of the Sun

 Principal surfaces (wavy lines indicate disturbances)



3.5 Soiar-magnetic fleld lines

Interplanetary propagation I

A small

Mean free
path A

a) ,ORDINARY" DIFFUSION

——

— —

A finite

b),SCATTER-FREE" PROP
(WITH REFLECTING
BOUNDARY )

A< oo
but large

2

c) FOCUSSED TRANSPORT

( FOCUSING AND PITCH
ANGLE SCATTERING)

Strong turbulence

Magnetic moment conserved

Weak turbulence




3.6.Bifferent types of MF

turbulence
Xu and Yan, 2013

Isotropic (super-Alfvenic) Anisotropic (sub-Alfvenic)
turbulence turbulence

-l i
500
400 %
By o\ s
300 R - S
P A ~ ) -
~N

200

100 -

Magnetic field lines
Leading centrum
CR trajectories 35




3.7 Quasi-lin‘ear MF

Particle Trajectory

Scattering

Collisional transport across
magnetic field

%

Turbulent transport

Particle trajectory

Magnetic field

Turbulent eddies




3.8. The‘Ptuskin-CHuviIgin egn

the authors of [14, 15] considered the equation

vy + 0 2L

at ' ap

= R,

The authors of [14] obtained the equation (Egn (B11) in
[14])

ON | {rl ) 1 [ ),u‘L2 a9
- \.r . —_— ! . - 1 J."' P — \
Py DA [r (r, 1) 5 Jl V(r_! ” )J d}] =0,

(46)

for the perpendicular diffusion of charged particles in a
magnetic field with relatively small fluctuations

[97]. where the transverse diffusion equation was represented
in the fractional differential form

]
ON | ol/

Y =D, YIIE AN, (I’| _,I) + N l{l’| ._U)()I[f) s

which, after applying the operator (3/d7) /%, vields the

equation
E’l“:lzf\"fl
arl/2

= DJ_&J_J':"I‘TJ_(]'J_._I}+J’\'T_{rj_,0}{3]f.':(f]. (4?}



2.8. I\/Iégnetohydfodynamics

d
<2+ pdiv 7 =0, (8.4.7)
W gradp+ [ tﬁﬁ} (8.4.8)
pdf = gracd p 4?1_ ro . . LA,
oH - c? -
TT ot |7, H} AH, 4.
a [T il Ry (8-4.9)

PaccmoTpuM BHavaJje cjiy4ail, Korja ujeajibHasd I[IPOBOAAINAS KH]I-
KOCTH (IJ1a3Ma) HAXOAWTCS B COCTOSHUU IOKos, Torja U = (). YpaBuenue
(8.4.9) B 3TOM CJIyUae IPUHUMAET BH]T

OH 2 -
5% = 4WJ.&H, (8.4.11)

OIIChIBAIOMAN 0OBIKHOBeHHYIO Judppy3mio. Marauraoe 1ose, cocpeaioTo-

HeHHoe nepponavaJ/ibHO B HCKDTDprI DEIJIELCTH, PacCIlJIbBIBaAcCTCH 110 ITPOCTpPaH-
CTBY, YMCHLIIAACH 11O BCJIHYMHCE. Mozkno ONECHHTL BpPEM:A T, 3a KOTOPOC
MaArHUTHOE I10JIe MOXKeT B OCHOBHOM BBIUTH 3a mpeaeJibl obJ1acT ¢ Xapak-
TEPHLBIM pasMEpOM L, C MOMOIIBKO CJEAVIOIIECTo IIpHeEMa, YaCTO HCIIONb-



3.9. FBm of magneiic field lines

and write the distribution of the coordinate x of a point s of a
planar field line in the form of the usual Gaussian density
distribution

f(x,5) = (44

] x2

This distribution satisfies the normal diffusion equation witk
the variable diffusion coefficient

off(x,s) sy O (x,s)
and the initial condition
H(x,0) = d(x).
1 ¥ ]
(B"(s51)B"(s5:)) = 5 (151 4 |s2)™ = |51 = s21™)

N

i

Random walking magnetic field line.
The mean field <B> lies along the z-axis

B

BI—Il

Samples of three stochastic processes B(!), B and B(-1),



3.10. Nonslinear compound diff.

@ Describe FLRW via a statistical-mechanical model;

o ldentify the asymptotic FL wandering (L Bg) regime,
viz.

((Az(2)) ~~ 2

FL
where:
e [Brr = 1: Diffusion
o [Apr < 1: Subdiffusion
o [pr > 1: Superdiffusion

@ Associate FLRW with particle random walk in space;
o ldentify the random particle (L Bg) motion regime, viz.

((Az()*) ~ t7r

.I'J

@ — Anomalous particle transport in turbulent plasmas
(cf. cosmic plasmas, fusion plasmas, ...).



3.1 Voygagers

, Voyager 1

vd
Voyager 2

\

Heliopause



particles/(cm? s sr MeV)
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3.12: SCR concentration

measured by spacecraft

Fw

761-1223 keV

protons

------

12 Sep 1992

Classic
diffusion

a)

10

100
At (hours)

100

particles/(cm? s sr MeV)
o

| Illlllll I IIIIIIII I

- an 1997
42-65 keV 10 Jan 1992

wy
fray

"y
"
.......
LT
"
.
.

.....

.....
L'
-

i

65-1223 keV

|

— Wil —
- T -
i Classic e
- diffusion 7]
~  electrons S il
Lol Lol |
1 10 100
b) At (hours)

Electron transport is superdiffusive.
Proton transport is normal diffusive.

(Perri and Zimbardo,
Adv. Space Res. 2009)



particles/(cm? s sr MeV)

3,13. Asjmpt.- and exact solutions

Uchaikin, V., Sibatov, R., & Byzykchi, A. (2014).

Commun in Appl and Ind Math, 6(1).

Perri & Zimbardo, 2008

100: T T TTTI] | T TTTIT] | = 1BD: I I IIIIII| I | ||||||| [ I =
: 10 Jan 1992 - = [ 10 Jan 1992 -
. 2205 keV 1% | 42-65keV 92
I \\ . 1 = e, -
i \\{‘ ) "6 i E | |

TOge T TN G
10 651223 keV ™m0 Y A = @ e,
— . N J1 £
= et S, 4 B 10k
[ N> d o —  65-1223 keV
L -~ ‘“‘é{:{n“_ R —
. T ¥ "“‘R = e R
23 B :
—  electrons s =
L] _H |
1 Ll Ll ! — -
1 10 100 o - electrons 1
At (hours) =
1 | |||||||| | J||J||l| | |

1 10 100
b) At (hours)
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4. One-dimensional V-process




4.+ Telegraph equation

0? 0 0
(Tvm + E) o(t,z) =DVo(t, x).

Propagator

o~ (t—=t0)/(270)

5 {5[|T — x| = v(t —1g)] +

0(¢%) t 1(€)
27,V [Iﬂ(g)-l_ 27, & ]}

1/2

f-._ I|fﬂ: I[]) =

Here, we have abbreviated

_1 f—fﬂ 2 Ir —1=Iy 2
$ = 2 To TV

and the modified Bessel functions of the first kind, I,(z), are defined by

- 1 >\ 2k+v
L(z) = Z L(k+v+1) k! (5)

V= (@/TU)UE._




4.2 Jmplementation of
R-T correlations




4.3. Fractienal telegraph equation

0 v v
For homogeneous states: (a + vﬂV) ®(Q,t) = _oDy ®(R2,1)
In stationary problems (% + vQV) ®(r, ) —» v(QV)"®(r,N,1),

One-dimensional symmetric case

In one-dimensional case:

(Gvm) *(5itom) [P0 = g B - +i+on

solution of this equation is expressed via elementary functions

2sin o (1- :L'2/'l)2t2)a_1
® (1—z/vt)2e+ (1+z/vt)2>+2(1 — 22/v2t2)% cos o’

p(z,t) =



]

? o)
“
~
N’

2

1E-4

1E-5

p(x.0)

1E-3

1E-4

1E-5

4.4.™

D |

p(x.0)

-

IR e.n c e

] a=B=0.25 ] a=p=0.5
] = = ]
— - L ad
OA ® .o .
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4.5. 1-dimensional V-propagators

Ballistic limitation | Time , ‘ A0
for speed of packet spreading |‘ : J
I
\Vo(x,t)_ + ean ,,
1.2 —
1.0
0.8 H
0.6 H
0.4 + ? * a=0.5 '4
0.2 === I . I . I — * X/t . .
1.0 -0.5 0.0 0.5 1.0 Comparison with the results

Levy flights and Levy walks of Monte Carlo simulation

Zolotarev, Uchaikin & Saenko 1999, Zaburdaev & Chukbar 2002,
Sokolov & Metzler 2003, Uchaikin & Sibatov 2004
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<(ﬂ +vv)a> N(r.t) = Su(r.t), 0<a<1;

lgt N Q?ZR) <(8 +Vv)a>w N(r,t) =

:—S&rjtj 1<(]{<2?
Ry )

6 i (9 a a—1
(&+VV) N(r,t) = (&+VV) (8t+vV) N(r,t) =

o, t N(r—v(t—7),7)
(8#+VV)b C(1— o) — 7)o dr.
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4.7. V:®<planation of the knee

- » Present
l time

Earth

Galaxy
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5. Astronomical problems




5.1.Interstels.Intergal., and interclust. mediu

M How to test General Relativity?

* need extreme gravity ~~ black hole
* precise measurements ~~ time ~- pulsar

The ICM is also magnetized and turbulent
SCATTERING



N5.2. Puls:étrs

The basics of pulsars

Pulsars are rapidly rotating neutron stars.... etc., and so
on... You've heard it a zillion times before.

ROTATION
AXIS

el For the purposes of this talk the only important thing is
that:

We receive sharp pulses of radiation from
pulsars.

RADIATION
BEAM

Y (kpc)
(

The pulsars are

observed all over the
Galaxy (or actualy o
the "our half" of it). o wm -

10




5.3. Scéftering In turbulence




5.4, Interstellar scattering

Interstellar scattering

e turbulent plasma causes delays

/
.<\‘>
Source

e phase fluctuations ~~ subimages

~~ scatter-broadening ‘ 0 o A2 ‘

Weak diffusion *x | < parcsec to >arcsec

7
Screen

e subimages interfering

~ Interstellar scintillation

e observed in

i * compact AGN, masers
Strong diffusion * pulsars
[ Moniez (2003) ]

0. Wucknitz 2015



5.5.Broadening of radio

SOources

aff rhe
BOWYWAL ASTRONMOMICAL SOCTETY

MMNRERAS 446, 23702379 (2015)

Scatter broadening of compact radio sources
radio source . medium: prospects for detection with Space°
Kilometre Array

J. Y. Koay'-** and J.-P. Macquart?

In this paper, we estimate the angular broadening of a compact
continuum radio source due to various components of the IGM for
a range of source and scattering screen redshifts. The models are
based on an extension of the thin screen scattering model of the ISM
to cosmological scales, assuming Kolmogorov turbulence for the

IGM

IGM. The model predictions were used together with observational
constraints obtained from the most compact extragalactic sources
known to discuss the feasibility and prospects of detecting scatter
broadening in the IGM. The main conclusions can be summarized

ISM /observer \

Figure 1. The geometry of angular broadening in the IGM, demonstrating
he lever-arm effect. See the text in Section 2.2 for a description of the
sarious symbols used.



Galactic centre with pulsar VLBI :

5.6?Broadening GCP pulse

pulsars in centre of Milky Way?
a magnetar near the GC
temporal and angular broadening
a one-baseline VLEBI experiment

analysis

+ scattering properties
* distance of screen

x|
L
o
=
—
=
;‘n_ -
S
W
o
V]
L.
L
a E
=
g
|
]
N [ roT [ ]
= 610 MHz -
400 [— ]
T 300 —
= N ]
o - 1
2 ]
w 200 -]
=
s N 1
= - -
E - .
100 — ]

250 300 350 400

Time (ms)

Temporal broadening of the pulse from PSR B1834-10



5.7‘.W‘:ractional vs Normal

Amplitude

0.25 0.30 0.35 .40
Pulse Phase

Solid curve: Best-fit model g=1
Dotted curve: Best-fit model =2
Both: Extended, homogeneous medium



5.8-lmage processing

®  Diffusion Based Model

* Consider multiple scattering events to be
analogous to random walks of ‘light rays’
propagating between scattering sites:

: 9,
2 - —_—
DV<I(r,t) = atl(r,t), reV.

* Image plane solution (for an infinite domain) is & Fractional Diffusion

- 2 02
Lo 9) = - lD exp [ ((ﬁ» 4gy ))] @9 Iy(x,y) Problem: How can we model intermediate
T Dt t scattering processes (not weak or strong)

« Solution: Consider a fractional diffusion
model compounded in the fractional PDE

4
ot4
D1 =1/ qell,2

V3 (r,t) — ot

I(r,t) = Ip(r,t)



,% 5:9. Example resuilts

Diffusion Fractional Diffusion
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6. Fractional co'smology
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™ 6.1. Statistics

THE STATISTICS OF THE GRAVITATIONAL FIELDé |,
Chandrasekhar S., von Neumann J.,
1942, ApJ 95, 489 ; 1943, ApJ 97, 1.

A THEORY OF THE SPATIAL DISTRIBUTION OF GALAXIES

J. NEYymMAN AND E. L. ScorTt
Statistical Laboratory, University of California
Received February 18, 1952
Pred . ks

MANDELBROT, B.B. Correlation et texture (Wertz 1970)
dans un nouveau modele
d'Univers hierarchise, base sur les
ensembles tremas. Comptes Rendus
(Paris).
1979, 288A, 81-83.

Ern
nint

luction from Wertz (1970, p. 25) of a rough sketch cross-sec



0.2. Fré(}tals and mesofractals

B. Mandelbrot

A fractal is a geometric shape (setor measure) thatis not homogenous, yet
preserves the property that each part is a reduced-scale version of the whole.

The Universe is a self-similar fractal only up to a crossover

scale that satisfiesO<Rwess< B, and t he crossover Db
the homogeneous ranges occurs very sharply. That is, there is no transient
range of significant width, whose structure would require additional

parameters in order to be specified. | named this model by term mesofractal ..

~R ‘ R<Rcross
N(R): { ""R ’ R>Rcross

mesofractal

. Ry
%" N\ fractal



6.3. Weak cosmogfaphical princ

Mandelbrot (Fractal Geometry of Nature, 1982)

] sj° fMazyows, CscHO dOyOds fdMmlsj d'
skMyjlsO MOBEs Wodv jlsM¥ &OljicdOd dats?2 Istsys
ttOM toj HJ dzj dzd § d3CENfifozspOdEOE) @ jols MY dzj dzd § 3.

vzt o dets ] wWOMYtejHj dzj dedj BOMM HJEZOCE B |
PHiso dzj Iso StoW dshsfzy b idztseo % MdMmlsj &5 slsmyjlso

Il yOmlkdesmisd, &BOMMO [ (R), L OC dz¢ yj dedzOw
Mz yO2dets?2 o jdzdyddes?2, dzjL Qo dmddBs?2 ls Mmdf



6.4. I\;Iodeling of mesofractals

J. Math. Phys. 38 (5), May 1997

Levy flight applied to random media problems
V. Uchaikin and G. Gusarov

Ulyanovsk State University, 42, Leo Tolstoy Str., 432700 Ulyanovsk, Russia
(Received 29 January 1996, accepted for publication 8 October 1996)

A random-medium model being the correlated distribution of points positioned 1n
E-dimensional Euclidean space 1s considered. The construction of the medium
starts from noncorrelated (Poisson) uniform distribution of parent particles; each of
them initiates the finite Marcov chain of its descendants. The complete collection of
correlation functions of all orders within the scope of the model has been obtained.
The use of three-dimensional stable laws (Lévy laws) as transition probability
density allows one to express the correlation functions of all orders in terms of two
point ones only. Some numerical results are presented and discussed in connection

IF THE UNIVERSE WERE A LEVY-MANDELBROT FRACTAL...

Vladimir V. Uchaikin' (Gravitation & Cosmology, Vol. 10 (2004), No. 1-2 (37-38),
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6.5."Some patterns

Uchaikin et al Random walk simulation of fractals (1997)

. e \’- |
o Sk e
¥ orm e"sofractal D=1.0

’ - ’ | ) Figure 11.5 Two-dimensionnl frects] set with & turmower to bomogenesty Figare 11.7: Two-dimensioanl point fectal distribetion with o
Figare 11.6: Two-dimensional point distribution: Poison's enseanhle o = 1}

LATER: Combes é, Si mulation by recursiyv

—

'-e‘.;. 5




6.6. Turbulent power spectru

The Mesofractal Universe Driven
by Rayleigh-Leévy Walks uchaikin GRG 2004

plk)
|

-5 , . -
1077 3 10

FIG. 2. Power spectrum p(k) from the Lick Observatory
catalog. The dashed line shows p(k) ~ k™ with n = —1.41 for

5 < k < 30.

PHYSICAL REVIEW
LETTERS

11 JULY 1994

r

Gravity, Bias, and the Galaxy Three-Point Correlation Function

J. N. Fry*
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lfJI.'[l | | L1

10.00
k

Figure 2. Powerspectrum P (k) (dots with error bars). The solid curve is
approximate formula fore = 1.5, b = 0.018, 4 = 10—2 and ¢ = 0.99.
The dashed curve corresponds to the law P(k) o k141
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6?7~. Random walk model

P(k) = A/[ePP" — ¢],

and 0 < ¢ < 1 can be chosen 1n an appropriate way. The p
‘ourier transformation of (6.1) gives the integral equation

E(r) = (A/B°)p(x/b) + (c/b) f E(Ix — X )p(x /b)dx,

p(x) =q(x;a) = (2n)~> fe'"“'kadk.

The random walk with
the Levy transition probabiliy
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6.8. Correlations in mesofractal

r{Mpc)

Figure 7. The structure function s(r) = 1 4 £(r), plotted as a function of linear scale
r. The open circles and asterisks represent subsample S65 of the CfA redshift survey
after different procedures for the edge correction (see [44]). The dotted line is the power
law, the full line is a result of the mesofractal model.



6.9. Excfn‘sion set halo formation

_ | 1f 0 > dc, the matter within R will collapse
ok 1 toform a halo

I -'*Wu ‘*'--*ﬁ‘-'ww1 &= OCserves as an absorbing barrier
= | ] on the random walk
| «MM

No. of halos of mass M

'- !

o l 4 n(M)dM = n(S)dS

|
AU
=1 I~ ll

Connection to halo mass : : :
S=9S(R),Rc M 1/3 No. of trajectories which

halo firstly crosses barrier at S
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6.10.Fractienal Br. motion in EST

Astronhvs Soace Sci (20131 343:755-T761

Multiplicity functions of dark matter haloes from fractional

Brownian motion
M. Hiotelis
2 The fractional Brownian motion

Let {X(t).t € T} be a random proce:
ity space. We call it FBM if the inc
follows a normal distribution with zer
a2 =2D|t — 5| . Thus:

X(r)— X(s) ~N(0,2D[t — 5]")

where H 1s a Hurst exponent and D
delbrot and van Ness 1968). Thus, the
[X (1) — X (5)]? is given by

E[(X(1) — X(5)) ] =2D|t —s]¥

We use the FBM kind of evolution of overdensities in the
Universe in order to study the formation of dark matter
haloes. We found that for a moving barrier of the form pro-
posed by Sheth et al. (2001)

Bec(S.2) = p(z) +q(2)§7 (25)

where y = 0.613, the functions p and g given by the rela-
tions,

p(z) = 0.762Bsc (2) (1 + 2)0
2y — —0.23,_ L =0.0115 (26)
g(z) =0316B¢~"(z)(1 + z)

and H = 1.05 the resulting multiplicity functions are in ex-
cellent agreement with the results of N-body simulations.



The ‘Eermi Paradox

WHERE
ARE
THEY 7?

G dztsc{s:ts ANjtedBd2§ 2D1 0D9EHOE. )
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Diffusion of civilizations

Journal of the British Interplanetary Society, London, Volume 51, page 163-166 (1998

The F ermi Paradox: An Approach Based on
Percolation Theory Geoffrey A. Landis
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The Fermi Paradox, Self-Replicating Probes,
and the Interstellar Transportation Bandwidth

Keith B. Wiley

Unre aof Waskinglon, Dept. of Asfromoony, Sox 250550, Seattle WA 987495, 54

O_O®0 ( GALACTIC CIVILIZATIONS: POPULATION DYNAMICS AND

INTERSTELLAR DIFFUSION
William I. Newman® and Carl Sagan

December 1978



Percolation

[n inhomogeneous media with irregular, porous. large-grain,
and winding structures, the slowed down diffusion (subdiffu-
sion) of a liquid can be observed (percolation). There are
several models of such a process leading to fractional
differential equations [33]. One of them involves a periodic
lattice cach of whose sites can be either occupied or free with a
certain probability, A set of neighboring free pomts forms a
cluster. Lines (paths) connecting these points can be either
conducting (with their ends coming out to the cluster surlace)
or blind. We take one conducting line and stretch it along a
straight line, accurately directing other lines coming out of 1ts
sites perpendicular to it Those lines can, 1in turn, branch or,
on the contrary, break; without going into further details, we
assume for simplicity that they are unbranching infinite lines.
In this wav. we obtain a ‘comb’ (Fie. 1.



Subdiffusion

b
i

Figure 1. Percolation process (a) and its comb model (b).

b

stopped at this point for some time (captured in a trap). then
continued to diffuse along the x axis with the coelficient I, .
then was again captured in the same or neighboring trap and
remained in it for a different time, ete. In the himit of small
distances between traps, such that

flnx
— — [ =10,

-

=N

where 7 15 the mean diffusion time between hitting the traps.
this process 1s described by the integral equation

o

| A=l A v _ ]
WIHU_T} DAf(x,r)dr, f 3

Flx, 1) = olx) +

whose kernel reflects the delay in the diffusion of the
coordinate x caused by the residence of the particle outside
this axis.



Bifractionaldiffusion

Ce

§  F
-

CORRELATION !

Uniform d.istribution Fractal distribution
(milk) curds in whe
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7.1. The turbulence operator

mocJjeanee BbIpaykKeHHe HEeCOBMECTHMO C HPHUBEIEHHDLIM
BpIIIe orpanmdenmeMm. (CamMo Ke 5TO OrpaHmdeHue
IIPOUCTEKAET U3 TOI'0, YTO TYpPOYJIEHTHOCTH 00JIaJ1aeT
CTEIIEHHBLIM CIIEKTPOM AUWUD 6 UHEPUUOHHOM JUANA30He
60AH08uT wuces k € |kmin, kmax]. Kak BugHO u3 11.2.5
Haliero ob3opa, JAPOOHBIN JIAILJIACHAH OIIPeIe/IsieTCs
Tapamanans  omavmnantuojf  ((DYHKIUA ~—1Ipodera B
' 9Ta 00JIACTH M HUCKJII0OYaeTCsd
wta. llosTomy moxkazarenn o
e eJUHHUILI B HEIPEPbIBHO

E(k)

k~1/



7.2.Ffactional gradient proble

MHorvne nuwyT
Vef(z,y) = £ (2, 9)e. + £ (@, y)e,

1 O /y f(x yf)dyf Pa3Hble KOMMNOHEHTbI rpagmneHTa
s

BbIYMCMAKTCA NO PasHbIM
TPaeKkTopusaM, 4YTO AenaeT HeBo3-
U A “ MO>XHOW (PU3NYECKYHO

f"Vf MHTepnpeTaumm

f(x',y)da'

- “F(l—& 8$/ (x — ')

O.I‘I




7.3. The natural def‘of frac. grad




