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1. Some mathematics 



1.1.  Fractional derivatives 



but  for non-integer orders 

0 so 

is no zero  (see the picture) 

1.2. Something  unexpectedéu 



Name 

Left Riemann-Liouville derivative 

Right Riemann-Liouville 

derivative 

Caputo derivative 

Hadamard definition of derivative 

Generalized Cauchy's formula 

Left Gruenwald-Letnikov 

derivative 

Right Gruenwald-Letnikov 

derivative 

Left Marchaud derivative  
 

Right Marchaud derivative 
 

Marchaud derivatives  

Riesz derivative  

Riesz derivative  

Feller derivative 

 

Symbol 

 

Formula 
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1.3. Various definitions 



1.4.  Fractional equations 



1.5. Fractional Poisson process 



1.6. Fractional ballistic regimes 

ballistic regime 

Ŭ < 1 
superballistic regime 

subballistic regime 

Levy-Smirnov 

ʈʝʰʝʥʠʝ ʪʦʞʝ 

ɤ < 1 



1.7. Fractional Laplacian 



1.8. Fractional diffusion regimes 

Symmetrical Levy-stable densities  

Bifractional diffusion equation  

Ŭ 
ɓ 



This is an eigenfunction of  the fractional differential operator 

1.9. Physical interpretation of FTD 



Interplanetary 

Intergalactic 

Interstellar 

1.10. Interémedium 



1.11. Kolmogorov turbulence 

P 



Molecular 

(local) 

To nonlocal  

operator 

Monin (1955) 

1.12. Physical interpretation of FL 



1.13. Further reading 
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2. Cosmic ray spectrum 



2.1. Fermi model 

Acceleration 

The knee problem 



The Galaxy The Sun 

The observed energy spectra of cosmic rays are  
remarkabl y similar  everywhere they are observed.  
 

2.2. Cosmic rays spectra 



Where the drift velocity due to the large scale 
curvature and gradient of the average magnetic field is:  

)  Diffusion  

)  Convection w. plasma  

)  Grad & Curvature Drift  

) Energy change 
      ɬ electric field  

) Source 

2.3. The Parker transport eq. 



2.4. What is wrong with it ? 

 

Å   Independence of increments. 

Å   Infinity of path length 

Å   Gaussian form of solutions. 

Å   Absence of the front  surface.    



2.5. Magnetic correlations 

MHD turbulence 

2D 

3D 



2.6. How we improve it 

 

Å   Independence of increments  

                                involving the turbulence 

 

Å   Gaussian form of solutions 

   the turbulence yields Levy distribution               

   

Å   Absence of the front  surface 

                        -- later    



2.7. Fractional turbulent diffusion 



 
 

In 2000 (Lagutin, Uchaikin, Preprint of Altai State University) ,  

the nonlocal integro-differential  equation 

Limit equation for 

 a uniform medium 

-- local equation 

Limit equation for fractal medium ï nonlocal equation 

Definition of fractional Laplacian 

2.8. Non-local diffusion equation 



Uchaikin, Zolotarev 
Chance and Stability 1999 

L.Dorman. 2006 

voids 

2.9. CTRW and bifractional equation 



2.10. Propagators 



2.11. Results, buté 



2.12. Possible explanations of the knee 

Upper end of galactic CR sources [Peters (1961)] ? 

The two-component hypothesis: for 

example, a major component due to 

diffusive shock acceleration of the ISM and 

another smaller component due to a recent 

local SN nearby [Erlykin and Wolfendale 
(1997)]? 

 

Maximum energy attained during the 

acceleration at supernova remnant shock 

waves [Stanev et al. (1993)]? 
 

Leakage of particles 

from the Galaxy during the propagation 

process [Swordy (1995); Ptuskin 

et al. (1993)]? 
 

Interactions of CRs with the background 

light [Karakula and Tkaczyk (1993)? 
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3. The Sun and around  it 



3.1. The Sun 

 As the plasma is released  from the sun, 

it can be trapped by the magnetic fields 

and  pulled  back to the sun in a giant arc 

Solar flares are releases of plasma 

from the sun. They look like giant 

flames stretching out from the 

surface. If there were a large 

magnetic field nearby, these could 
easily turn into a prominence. 



gamma= 1.47 ï 1.68 

Abramenko et al/ 2011 

3.2. Superdiffusion  

in photosphere 



3.3. Origin of solar CRs 



3.4. Schematic of heliosphere 



3.5. Solar magnetic field lines 



35 

Isotropic  (super-Alfvenic) 

turbulence 

Anisotropic  (sub-Alfvenic) 

turbulence 

Xu and Yan, 2013 

Magnetic field  lines 

Leading centrum  

CR trajectories 

 3.6. Different types of MF 
turbulence 



3.7. Quasi-linear MF 



3.8. The Ptuskin-Chuvilgin eqn 



2.8. Magnetohydrodynamics 



3.9. FBm of  magnetic field lines 



3.10. Non-linear compound diff. 



3.11. Voyagers 



Electron transport is superdiffusive. 

Proton transport is normal diffusive. 

(Perri and Zimbardo,  

Adv. Space Res. 2009) 

3.12. SCR concentration 

 measured by spacecraft  

Classic  

diffusion 

Classic 

diffusion 



Uchaikin, V., Sibatov, R., & Byzykchi, A. (2014). 

 Commun in Appl and Ind Math, 6(1).  

3,13. Asympt. and exact solutions 
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4. One-dimensional  V-process 



4.1.Telegraph equation 

Propagator 



Here R and T are uncorrelated  

Now R and T are fully correlated 

T 

4.2. Implementation of  

R-T correlations 



In one-dimensional case: 

solution of this equation is expressed via elementary functions  

For homogeneous states: 

In stationary problems 

One-dimensional symmetric case 

4.3. Fractional telegraph equation 



4.4. Difference in formé 



Ballistic limitation 

for speed of packet spreading 

Comparison with the results 

of Monte Carlo simulation 
Levy flights and Levy walks  

Zolotarev, Uchaikin & Saenko 1999, Zaburdaev & Chukbar 2002,  

Sokolov & Metzler 2003, Uchaikin & Sibatov 2004 

 4.5. 1-dimensional V-propagators 



4 



4.6. 3D fractional diffusion equation 



4.7. V-explanation of the knee 
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5. Astronomical problems 



5.1.Interstel., Intergal., and interclust. medium 

SCATTERING 



5.2. Pulsars 



5.3. Scattering in turbulence 



5.4. Interstellar scattering 



5.5. Broadening of radio          

sources 



5.6. Broadening GCP pulses 



5.7. Fractional vs Normal 

Solid curve: Best-fit model =1 

Dotted curve: Best-fit model =2 

Both: Extended, homogeneous medium 



5.8. Image processing 



5.9. Example results 
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6. Fractional cosmology  



THE STATISTICS OF THE GRAVITATIONAL  FIELDé, 

Chandrasekhar S., von Neumann J.,  

1942, ApJ 95, 489 ; 1943, ApJ 97, 1 . 

Pred     

               (Wertz 1970) MANDELBROT, B.B. Correlation et texture 

dans un nouveau modele  

d'Univers hierarchise, base sur les 

ensembles tremas. Comptes Rendus 

(Paris).  
1979, 288A, 81-83.  

6.1. Statistics 



6.2. Fractals and mesofractals 

B. Mandelbrot  
A  fractal  is a geometric shape  (set or measure)  that is not homogenous, yet  

preserves the property that each part is a reduced-scale version of  the whole. 

 

The Universe is a self-similar fractal  only up to a crossover 

scale that satisfies 0<Rcross < Ð, and the crossover between the fractal and  

the homogeneous ranges occurs very sharply. That is, there is no transient 

range of significant width, whose structure would require additional  

parameters in order to be specified. I named this model by term mesofractal ..                      

 

N(R)= { 
~R 

~R 
d 

 

3 

R<Rcross  

R>Rcross 

fractal 

mesofractal 



 

 

 

ɺ ʪʝʭ ʩʣʫʯʘʷʭ, ʢʦʛʜʘ ʥʘʯʘʣʦ ʩʠʩʪʝʤʳ  

ʦʪʩʯʝʪʘ ʩʘʤʦ ʷʚʣʷʝʪʩʷ ʤʘʪʝʨʠʘʣʴʥʦʡ ʪʦʯʢʦʡ, ʚʝʨʦʷʪʥʦʩʪʥʦʝ  
ʨʘʩʧʨʝʜʝʣʝʥʠʝ ʤʘʩʩ ʥʘʟʳʚʘʝʪʩʷ ʫʩʣʦʚʥʳʤ ʨʘʩʧʨʝʜʝʣʝʥʠʝʤ.  

 

 

ʋʩʣʦʚʥʦʝ ʨʘʩʧʨʝʜʝʣʝʥʠʝ ʤʘʩʩ ʦʜʠʥʘʢʦʚʦ ʜʣʷ ʚʩʝʭ 

ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ  ʵʪʦʤʫ ʫʩʣʦʚʠʶ ʩʠʩʪʝʤ ʦʪʩʯʝʪʘ. 
 

 

ɺ ʯʘʩʪʥʦʩʪʠ, ʤʘʩʩʘ ʄ (R), ʟʘʢʣʶʯʝʥʥʘʷ ʚʥʫʪʨʠ ʰʘʨʘ ʨʘʜʠʫʩʘ R, ʷʚʣʷʝʪʩʷ 

ʩʣʫʯʘʡʥʦʡ ʚʝʣʠʯʠʥʦʡ, ʥʝʟʘʚʠʩʠʤʦʡ ʦʪ ʩʠʩʪʝʤʳ ʦʪʩʯʝʪʘ.  

6.3. Weak cosmographical principle 

Mandelbrot (Fractal Geometry of Nature, 1982) 



6.4. Modeling of mesofractals 



Uchaikin et al Random walk simulation of fractals (1997) 

D=1.0 

uniform 

Uniform Mesofractal 

LATER: Combes é,Simulation by recursive fragmentation (2007)  

D=1.6 D=2.2 

6.5. Some patterns 



Uchaikin GRG 2004 

6.6. Turbulent power spectrum 



The random walk with  

the Levy transition probabiliy 

6.7. Random walk model 



6.8. Correlations in mesofractal 



3/1
),( haloMRRSS

3/1
),( haloMRRSS

Connection to halo mass 

If  > c, the matter within R will collapse 

to form a halo  

c serves as an absorbing barrier  

on the random walk 

dSSndMMn )()(

No. of halos of mass M 

No. of trajectories which 

firstly crosses barrier at S 

6.9. Excursion set halo formation 



6.10.Fractional Br. motion in  EST 



çɻʜʝ ʦʥʠ?è 

2 

ʕʥʨʠʢʦ ʌʝʨʤʠ (29.09.1901-28.11.1954ʛʛ.) 

WHERE  

ARE  

THEY ? 

The Fermi Paradox 



Diffusion of civilizations 



Percolation 



Subdiffusion 



Bifractional diffusion 
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7. Some problems 



7.1. The turbulence operator 



7.2.Fractional gradient problem  



7.3. The natural def of frac. grad 


