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ITpeaucinosue

Knwnra nanmucana Ha 0CHOBE JIEKITHUIT 110 aJiredpe U TeOMeTPUn, KOTOpbIe
YUTAIOTCS JIJIsI CTYJIEHTOB IIEPBOI0 Kypca NHCTUTYTa BHIYNCIUTEILHOMN Ma-
TeMaTUKN U NHMOPMAIMOHHBIX TexHo 0rnilt KDY, crennaan3upyonmxcs
B 00J1aCTU TPUKJIAIHON MaTeMaTuku 1 nHgopMaTuku. MHOIrme BOIpochl,
3aTPOHYTHIE B KHUTE, aKTUBHO OOCYXKJAJIUCH C COTPYIHUKAMU Kadep
IPUKJIAIHON 1 BeIYucanTe bHoi MaremaTtukn KDY, ABTOpbI HIpUHOCAT
UM CBOIO MCKPEHHIOIO MPU3HATEIbHOCTh. PyKoNnuch KHUTH ObLIa MTPOUN-
tana FO.A. Anbnunbiv, H.B. ILiemuackum, E.JI. Cronoeim, M.P. Tu-
mepbaesbim, P.P. [larupymmabiv. ABTOPBI ¢ 0J1ar01apHOCTBIO YU X
3aMedaHus.

Mpr GaromapHbl BceM 4YUTATEe/IsIM, MTPUCJIABITIM CBOM OTKJINKN Ha,
nepBoHAYAJIbHBIN BapuanT KHUru. Ocodyio NMPU3HATE/JLHOCTH BbIparkKa-
em B.B. Anapeery, A.B. I'yiuny, A.C. Uinbunckomy, FO.I. Cmupnosy,
E.JI. Cronosy, E.B. Ymxouxkosy, C.I. CosnosbeBy, M.P. Tumepbaesy;,
yKa3aBIINM Ha PsAJ] HETOYHOCTEN 1 HEeJ0CTATKOB, KOTOPbIE MbI IIOCTapa-
JINCH YCTPAHUTD.



[IABA 1
KoMiLiekcHble uynciia

§ 1. KomriekcHbIe 9mciia, ajredOpandeckne orepanu HaJl
KOMIIJIEKCHBIMU YUCJIAMU

1. U3 mxoabHOTO Kypca MaTeMaTUKN M3BECTHO, YTO HE BCIKOE KBa/I-
parHoe ypaBHeHue nmeeT perienne. CaMblil IpOCcTOii TpUMEP — ypaBHEHUE

2> 4+1=0. (1.1)

OueBnIHO, HUKAKOE BEIECTBEHHOE T HE MOYKET OBITH KOPHEM 3TOI0 ypaB-
Herust. CuTyarust MEHsIETCsl, €CJIM BBECTH B PacCMOTPEHUE HOBOE YUCJIO,
TaK Ha3bIBaeMYIO MHuMy0 edunuyy. Bymem obo3HadaTh ee depes ¢ 1 I0-
JlaraThb, 4TO

i2 = —1.
Torya ypasuenne (1.1) 6yger umeTb KOpeHb p = i. KcrecTBeHHO 1M0JI0-
xuth, urto (—i)? = (=1)%* = —1. Torga u uucio ay = —i sB/sercs

KopteMm ypasHenusi (1.1), 7. e. ypauenue (1.1), Kak 1 aHAJIOTHYHOE YDaB-
HeHue
22 —1=0,

IMeeT JBa Pa3/JIMIHBIX KOPHsI. PaccMmarpuBasi ypaBHeHne
2> +q=0,
riie ¢ > 0, ecTecTBeHHO IPUHSITH, YTO OHO UMEET J[Ba KOPHS
a1 =1/q u o= —i/q.

Yucua Buja 1b, rie b — BelecTBEHHOE YUCJI0, HA3BIBAIOT MHUMBLMU.
Paccmorpum Tenephb ob1ee KBajJpaTHOE ypaBHEHHUE, 3aIUChIBasl €ro
I yA00CTBa B IIPUBEJIEHHOM BHUJIE:

z? — 2px 4 q = 0. (1.2)
DieMeHTapHbIe IPeoOPA3OBAHMS JTAI0T
(x=p)°+q-p* =0

Bysem cunrarh, uto ¢ — p? > 0, T. e. juckpumuHaHT ypasHenns (1.2)
OTpUIATEIEH.



§ 1. Kowmiiekcrsle qucjia, aJIF66paI/IquKI/I€ onepannuu Ha/l KOMIIJIEKCHBIMHA 9HUCJ/IaMH 9

Terepb ecTECTBEHHO MOJIOKUTH, 9TO KOPHIME ypaBHeHust (1.2) saBis-

IOTCYd YlUCJia
o =p+iNg—p ar=p—ivq—p* (1.3)

D10 uncia HOBOH npupobl. OHu umeroT Bu a + tb, rjie a u b — Be-
IecTBEHHbIE Yncya. VX Ha3bIBAIOT KOMNAECKCHOLMU “Yuciamy. B qacTHOM
caydae, Korjia b = 0, cauTaroT, 4To KOMILJIEKCHOE YUCI0 a + b coBnaaeT
C BEIeCTBEHHBIM YHCJIOM a, & Ipu a = 0 — ¢ MHUMBIM 9UCJIOM 2b.

Kaxk npaBuio, KOMILIEKCHOE YUCI0 OyjieM 00o3HaYaTh OYKBOI 2:

z=x+1y.

[oBOpAT, UTO T — GewWECMBENHAA 4ACMDH KOMILIEKCHOI'O YHCIaZ, a Y —
ero muumas wacmov.z Obosnaunm x depe3 Re z, a y — depes Im z. Takum
o0pa30M, MOXKHO HaIIICATh, 9TO

z=Rez+1Imz.

ITo olpeneJIeHnIo JABa KOMIIJIEKCHBIX YHCJIa paeHbt, €CJIN COBIIaJdalOT
COOTBETCTBEHHO UNX BeEHIICCTBCHHbLIC 1 MHUMbBIEC YaCTU.

2. EcrecTBeHHO Telepb IOIBITATLCS IPOBEPUTH, YTO UHUCIA (v, (X9,
onpesnesennbie B (1.3), — kopun ypasaenus (1.2), T. e. Ipu MOJCTAHOBKE
X B paBeHCTBO (1.2) mocsennee obparaercs B TOXKecTBO. st 9T0rO0
HaJI0 YMETh BBIIOJHSITEL a.A2ebpauveckue onepayuy, HaJ, KOMILJIEKCHBIMUI
ypcjiaMi. JajguM coOTBETCTBYIOIINE OIIPeIe/IeHU.

ITon cymmotli KOMIIEKCHBIX YuCel 21 = X1 + Y1 U 29 = To + 1Yo
IMIOHUMAETCS KOMILJIEKCHOE YUCJIO0 2 = T +1Y, TJe T = T+ T2, Y = Y1 + Yo:

Re (21 + 22) = Rez; + Re 29,
Im (21 + 22) = Im 21 + Im 25.
Pa3rocmuro KOMILIEKCHBIX YHCEN 2] W 29 HA3BIBAETCS UHCJIO
z = (r1 — x2) +i(y1 — Y2)-

dcHo, uTo ecan z — PasHOCTH KOMILIEKCHBIX YNUCET 21 U 29, TO Zo+ 2 = 27.
Hanpumep, cymma KOMILIEKCHBIX duces 21 = 1 4142 u 29 = 3 + 14 paBHa IuCTy
z=(14+142)+ 3+4+4)=(1+3)+i(2+4) =4+ 6,
a UX Pa3HOCTb — YHUCJLY

2=(14i2)— (3+id)=(1-3)+i(2—4) = -2 —i2.



10 I'nmaBa 1. Komiiekcaple ynucia

Kowmmiekcnoe uncio suga 0 + ¢ 0 nazwpiBaercs nyaesvim. bymnem 00o-
3Ha4YaTh €ro cuMBoJioM 0. st JITo00ro KOMIIJIEKCHOTO YUCIa 2 CIIPABE/I-
JINBBI paBEHCTBa,

z2+0=2 042=z2

Omnpenesisist npoudsedenue KOMILIEKCHBIX dnces, OyjaeM J1eiicTBOBaTh,
KaK TIPU TEPEMHOXKEHUN OOBIYHBIX JIBYUJECHOB, YUUTBIBas IMPU ITOM,
urto i = —1. [TosydaeM, TakuM 06pazoM,

2129 = (21 + 1) (22 + iy2) = 2172 — Y1y + i(x1Y2 + T2u1),
T. €. II0 OHpeﬂeﬂeHI/HO

Re (z129) = Re z1Re 2o — Im 211m 29, (1.4)
Im (2129) = Re z1Im 25 + Re zoIm 2. (1.5)

Beraucianm, nanpumep, mpousBegenne aucesna zp = 1 +12 1 zo = 3 + 14:

szg=(1442)-(3+id) = (1-3—-2-4)+i(1-4+3-2) = —5+i10.
JLst 1106010 KOMILJIEKCHOI'O YHC/Ia 2
z0 =0z =0.

YTIPAYKHEHUE. Y0eIuThCsl, YTO OIPeJIe/IEHHbBIE BBIIIE OTICPAIIIH CJI0-
JKEHUS U YMHOYKEHUsT KOMILJIEKCHBIX THCeJT 00/1a/Ial0T TeMU YKe CBOHCTBa-
MU, 9TO U COOTBETCTBYIOIIUE OMEPAINI HAJ| BEIECTBEHHBIMU THCIAMIE:

1) 21 4 29 = 20+ 21, 2122 = 2221 — KOMMYMAMUSHOCTV, WIH NepPe-
CMAMOB0UHOCTY,

2) (21 + 22) + 23 = 21+ (22 + 23), (2122)23 = 21(2223) — accoyuamue-
HOCTD, WIH COYEMAMENLHOCTID,

3) (21 + 22)23 = 2123 + 2923 — ducmpubyMuUBHOCb, WIN pacnpede-
AUMEALHOCTD,

[To ompegenennio 2" = zz - -+ z JJisi HATYPATBHOTO N, TJIe COMHOXKH-
Teslb 2 HoBTOpsteTcst m pas, 20 = 1, 27" = (1/2)",

VIPAYKHEHUE. HenocpecTBeHHON MOJICTAHOBKON OKA3aTh, YTO
dbopmyier (1.3) mator kKopHu ypasuenus (1.2).

KoMIuiekcHoe 9nce/io 2z HazoBeM 4acmivim OT JeneHus KOMILICKCHOTO
qncsIa zp Ha 2o, €CJIH
229 = 21. (1.6)

[Tokazkem, uto eciu zo # 0, T0 2z Kak perierne ypasaerust (1.6) cy-
IIECTBYET U ONpeJIe/IAeTcs eMHCTBeHHBIM 00pasoM. B camom Jeste, uc-
nosib3yst popmyitbt (1.4), (1.5), sammmem (1.6) Gostee mogpodHO:

xxo — YYo + i(Tys + T2y) = 1 + Y1 (1.7)
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HpI/IpaBHI/IBaH COOTBETCTBECHHO BEIIECTBECHHbBIC 1 MHHUMbIC 9aCTH, II0JIYINM

TTy — YYo = T1, (1.8)
TYo + YTo = Y. (1.9)

EHCTBEHHO BOBMOYKHBIM PEIIeHNeM 9TOil CHUCTeMbl YpaBHEHUI Oy1eT

o= D12 Y1y (1.10)
x5 +y; '
oY1 — T1Y2
— 2g g2 1.11
Y ey (1.11)

Dopmyuiet (1.10), (1.11) ompeiesistior TpaBuIo deseHuA KOMILIEKCHBIX -
celt.

Pazmennm, HampumMep, KOMILIEKCHOE 9IUCTO 21 = 1 + 42 Ha 29 = 3 + i4:

s 1+4i2 1.3+42-4 . 3.2-1-4 11 2

> 3+id . 32142 'T32ra2 " o5 tlay

Ba:kao mouepKHyTh, 9TO BCE BBEJCHHBIE HaMH OIEPalli B caydae,
KOT'/Ia OIl€paHJIbl BEIIECTBEHHbI, COBIA/IAIOT C COOTBETCTBYIOIIUM Ollepa-
[USIMU HAJT BEIIECTBEHHBIMU ducjaMu (posepbre!).

Takum oOpa3zoM, MHOXKECTBO KOMILJIEKCHBIX YHCEJT MOYKHO CUHTATh
paciImpeHneM MHOYKeCTBa BEIIECTBEHHBIX YHUCEJI.

§2 OHepaHI/IH COIIpAXKEeHndA, MOAYJIb KOMIIJIEKCHOI'O 9HCJIa

1. Ywmcno Z = x — iy HA3LIBAIOT CONPAHCEHHDIM TIO OTHOIIEHUTO
K KOMILJIEKCHOMY YHUCIY 2 = & + iy (9acTo TOBOPAT, YTO YUCIA 2 U Z
KOMNAEKCHO Conpascervt). SlcHo, aTo

z = 2y 21+ 29 = 51 -|-§2, 2129 = 5122. (21)
OrmeTnM TakzKe, 4To
z2+Z2=2x, z—Z=12y, zZ=a"+YyY".

2. BemectBennoe HeoTpuIaTeIbHOE NCIO |z| = V2Z = /2% + y?
HA3bIBACTCA MOJY.AeM KOMILIEKCHOTO Yucaa z = x + iy. O4ueBuIHO, 9TO

ectnt |z =0, Tox =0, y=0, T e. 2=0. (2.2)

SﬂeMeHTaprIe BBIYUCJICHN ITIOKa3bIBaIOT, 9TO JAJIf JITOOBIX ABYX KOM-
IIJIEKCHBIX 49MCEJI 21, Z9 CIIpaBed/IMBO PaBCHCTBO

‘2122| = ‘Zl”Zz‘ (23)
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Puc. 1. K nepasencrsam (2.4), (2.5)

YTIPAYKHEHUE. Mcrob3ys XopoIo W3BecTHOEe HeEpaBEHCTBO
2 2
20wy < (27 +y7),

CIIpaBeJIJINBOE JIJIsl JTIOOBIX BEIIECTBEHHBIX YUCEN T, Y, YOS TUTHCs, UTO JIJIst
JIIOOBIX KOMILJIEKCHBIX JHCEJT 21, Z9 CIPABEITUBO HEPABEHCTBO

‘21 + 22| < ‘21| + |22’ (24)

Cootnomenust (2.2) —(2.4) MOKa3bIBAIOT, 9TO C MOJLYJIEM KOMILJICKCHO-
O 9ICJIa MOYKHO OIEPUPOBATEH TaK 2Ke, KaK 1 € MOJIYJIEM BEIEeCTBEHHOTO
qUCTA.

Bamernm, 9To |z1| = |21 — 29 + 20| < |21 — 20| + |22, creHOBATEMBHO,

21| — |22 < |21 — 2.

Touno Tak ke
20| — [21] < |21 — 2.

Taxum obpaszom,
|[22] = [21]] < [21 — 22]. (2.5)

§ 3. I'eomeTpuveckasa mHTEpHpeTanud. TpuroHomerpmiecKas
dopMa KOMILIIEKCHOTO YHCJIa

1. Hanmomuum, 4To ¢ KazKJIbIM BEIECTBEHHBIM YHCIOM T MOXKHO CBf-
3aTh TOUYKY Ha YUCI0BOI IpsMoil. Anajorndnast (HO 6oJiee CJI0zKHasI) eo-
MeTpHUYecKas MHTEPIPeTaIys 0/Ie3Ha U JJIsl KOMIUICKCHBIX YHCelL.

BeejieM Ha IJIOCKOCTH JIEKAPTOBY CUCTEMY KOOPJAMHAT (T, Yy) U 1oCTa-
BUM B COOTBETCTBHE KazKJIOMY KOMILIEKCHOMY YHCIY Z = & + 4y TOUKY C
KoOpuHaTaMu (T, 7).

[Tpu 9TOM MOYJIb KOMILIEKCHOTO YUCJIA — 3TO PACCTOSIHHIE OT TOY-
K (x,y) J10 Hada/ia KoopuHat (cenaiire pucyHOK!).
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0 X

Puc. 2. K tpuronomerputieckoit popme KOMILJIEKCHOTO YHUC/Ia

BsauMHOCONPsIZKEHHBIC YUCJa CUMMETPUYHBl OTHOCHTEJILHO OCH X
(cesmaiire prcyHOK!).

HanmoMHuM, 9TO HpH CJIOKEHUHM BEKTOPOB HX OJHOMMEHHBIE KOOP-
JIMHATHI CKJIaJbIBaloTed. [losToMy cymMmupoBanue duces z; = &1 + i
U 2o = Ty + iYys COOTBETCTBYET CJIOXKEHUIO BEKTOPOB (r1,¥y1) u (T2, Yys)
(cesaiire prcyHOK!).

Hepagenctsa (2.4), (2.5) MOKHO HHTEPIPETHPOBATH TEIEPh KAK XO-
POIIIO U3BECTHBIE HEPABEHCTBA, JIJisi CTOPOH TPEYroJbHUKa (CM. puc. 1).

2. Kax/joe KOMILIEKCHOE Yucjo (KpoMe HyJis) MOYKHO OJJHO3HAYHO
OXapaKTEepPU30BaTh JIByMs I1apaMeTPaMI: MOJYJIEM U YIVIOM (o, OTCUUTBI-
BaeMbIM OT 10JIO?KUTEJILHOI'O HallPABJIeHUs OCH T IIPOTUB 4acoBOil cTpeJ-
Ki (cM. puc. 2). ¥Yrosa ¢ Mmensiercss B mpejiesiax ot 0 10 27 1 Ha3bIBAeT-
cel ap2yMenmom KOMILIEKCHOIO ducjia 2. JacTo UCHOJIBb3YIOT 0Do3Haue-
HUA @ = arg z,

p=lz|. (3.1)
[Tostyunm siBHOE BbIpazkenue z 1epes |z| u arg z. Vmeem

z = |7| il
ElIE
[Ipu stom (cm. puc. 2)
L~ cos ©, Y — in ©, (3.2)
2] 2]
T. €
z = p(cosp + isin ). (3.3)

Coornomenust (3.1)—(3.3) maroT Tak HA3BIBACMOE MPULOHOMEMPULECKOE
npedcmas.aerue KOMIIEKCHOTO JHCIA.

3. Tpuronomerpunyeckas 3aich KOMILJICKCHBIX UNCEJT IIO3BOJIAET 10~
HOBOMY B3IVISHYTH Ha, ajrebpandecKue orepamuy HaJl HUMU U IIOJIYYUTh
PsLJT TIOJIE3HBIX (POPMYII.
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Puc. 3. K YMHOZKEHNIO KOMIIJIEKCHBIX YN CEJT

[Iyctb 21 = p1(cos¢r +isin@y), 2o = pa(cos g +isin @y). [lepemuo-
JKasl 9TU YUCJIa U UCIOJIb3Yd U3BECTHBIC TPUTOHOMETPUUECKIE COOTHOIIE-
HUA, TTOJIYIUM

2129 = p1p2 (cos(p1 + p2) + isin(pr + ¢2)), (3.4)

T. €. IPM YMHOKeHUH KOMILJICKCHBIX YHCe]T MX MOJLYJIM IIePEMHOMKAIOTCH,
a apryMeHThI CKJIa IbIBAIOTCS (CM. puc. 3).

BroruuciiuM, Hanpumep, IpOU3BEICHIE TUCET

3< 7T+. . 7T) 2( 7r+, . 77)
= — 11n — = — mn — .
21 0052 18 > n 29 cos4 18 1

ITo dopmyste (3.4) umeem

4

3ech Hy?KHO OTMETUTh, YTO YUCJIO (1 + (09 MOXKET BLIATH U3 OTPE3-
Ka [0, 27, HO BCJI6ICTBUE TIEPUOJNIHOCTH TPUTOHOMETPUIECKUX (DyHKIHT
MBI MOYKEM OTOZKJICCTBJISATH UX aPIyMEHTbI, OTJIMYAIOIINECd Ha BeJMINHY,
KpaTHYIO 27. DTO 3aMedyaHue JIaeT BO3MOYKHOCTH KOPPEKTHO OIPEE/JUTh
ApPryMEHT IIPOU3BEIEHUs] JIBYX JIIOOLIX KOMILIEKCHBIX YUCesI. AHaJIornd-
HOE OTHOCUTCA U K JPYIHM OIleparysaM HaJ KOMILICKCHBIME YUCJIAMH,
IIPEJICTABICHHBIMI B TPUIOHOMETPUYIECKOiT (popme.

Barurem ypashenne (1.6), HCHONB3YsT TPUTOHOMETPUIECKOE ITPE/I-
CTaBJIeHIe KOMILIEKCHBIX ducest u (opmyiy (3.4)

3m .. 3w
2129 =6 (cos4 + 2sin > .

pp2(cos(p + p2) +isin(e + @2)) = p1(cos g1 + isin ¢y). (3.5)

Orcrona .
7 = _1 — ﬂ(COS(QD1 — 902> -+ isin(gm - @2))7 (36)
) P2
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T. €. IIpU JeJICHNN KOMIIJIEKCHBIX YMCEJI UX MOAYJ/IN OEJIATCA, a apr'yMEHTbI

BbIUUTAIOTCA.
Pazenrum, HaIrpuMep, KOMILIEKCHOE YHUCTIO
z1=3 (cosz —i—isinz) HA 29 =2 (cosI +isinz) .
2 2 4 4
ITo dopmyie (3.6) nmeem ;
Z1

o i)
— = — | COS — 81 — | .
zo 2 4 4

[Toyunm popMyJIy JIIsT BLIYHCICHUS CTeIleHell KOMIIJICKCHOTO YUCIA.
Ucnonbayst (3.4), HEMOCPEJICTBEHHO MOJTyYaeM, 9TO

2* = 22 = p*(cos 2p + isin 2p),

11, BOOOIIIE, JIIsT JTOOOTO TIEJI0T0 Incia N ( BKJII0Yast HyJIb i OTPHUIATEIbHbIE
TeJIble IrcIia)

2" = p"(cosnp + isinny). (3.7)
Dopmyity (3.7) maspiBator dopmyaot Myaepal).

Boseenem, nampumep, KOMILIEKCHOE 9HCIIO

—3(cosz+'s' E)
z = 1 zm4

B TPETbHIO CTEIICHDL:

3 3
23 = p? (cos 3 + isin3p) = 27 <cos Zﬂ- + isin I) .

§ 4. lI3BjIeveHne KOpHS W3 KOMIIJIEKCHOTO YMCJIa

ObpatumMcs K 3ajiatde U3BJIedeHns] KOPHs CTelleHn n, n > 1 — 1eJoe,

13 KOMILJIEKCHOTO dncyia z = p(cos ¢ +isin ), T. €. K OTBICKAHUIO TAKOTO
anciia Z = p(cos @ + isin @), 9ro

2" = p"(cosng +isinng) = p(cos @ +isiny). (4.1)

[TonsiTHO, YTO IOCTaB/IEHHAs 3aja4da Oy/IeT pelleHa, eCJId MOJI0KUTh

p=1/p, no=p+2rk, k=0,1,...,

IJie 110J] KOPHEM U3 p ITOHUMAeTCs apudMeTHYecKoe 3HaYeHre KOPHsI U3
HEOTPUIIATEILHOTO Ynciia. TakuMm odpa3oM, IOKAa3aHO, YTO IUCJIa
© 27k

2 = /p(cospr+isingg), op=—+—, k=0,1,....,n—1, (4.2)
non

U A6paxam me Myasp (Abraham de Moivre; 1667 — 1754) — amrymiickumii MareMaTnk bpamiys-
CKOTI'o HpOI/ICXO)}{ﬂeHI/IH.
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¢/4

=
=y

Puc. 4. K Bblunc/ieHnio KOpHsI CTEIIEHN N M3 KOMILIEKCHOTO 4dncia z = p(cos¢ + isiny).
Bnech n =4, 2z = {/p(cos gy +isingy), op = /4 +kn/2, k=0,1,2,3

SBJIAIOTCS KOPHSMU CTereHn n 13 ducia z. [Ipugasas k 3nadenus, 601b-

mue, 9eM 1 — 1, B CuJIy NepuoMIHOCTH TPUTOHOMETPUIECKNX (DYHKITUI

MBI OyJ/IeM TTOBTOPATH NUKJIMYECKU Y2Ke HalljleHHbIe 3HaYeHus KOpPHEl.
Hamnpumep, kopHu 4eTBepTOil CTEIIEHN U3 KOMILJICKCHOTO YHCIa

—3<cosz+'s' z)
z = 5 zm2

BBIYUC/ISIIOTCS 10 (POPMYyIaM
m
8

Nrak, y 1106010 KOMILJIEKCHOTO 4YuC/Ia (KpoMe HyJsl) CYIIeCTBYeT 7
pas3/IMYHbIX KopHeil crenenu n > 1. Bee onn paciosiozKenbl Ha, OKPYZKHO-
CTH PaJMyca {/p C IIeHTPOM B Hada/ie KOOPJMHAT U JIe/IAT ee Ha 1 PABHBIX
qacreit (cm. puc. 4).

EcrecTBeHHO HOCTABUTL BOIPOC, MOXKHO JIM yKa3aTh KOPHHU U3 HIC-
J1a zZ, OTJIMYHbIe OT HaiijieHHbIX. OTBeT oTpulaTe/Ibubiil. YToObI yOe mTh-
Csl B 9TOM, HaJI0 0OPATUTHCSI K MYHKTY 3, . 24, TpakTyst npu 31oMm (4.1)
KaK ypaBHEHNE JIJIs OTBICKAHUS KOPHEM OJMHOMA CTEIeHH 1.

Dopmyity (4.2) 4acTo 3aMnChBaOT B HECKOJIbKO nHOI dopme. [Toso-
JKIM

zp = V3(cospp +isingg), @ =—+kr/2, k=0,1,2,3.

2k 2k
qy = cos— +isin—, k=0,1,2,....,.n—1.
n n
Ouesnnno, g =1 ga k =0,1,2, ...,n—1, . e. ¢ — KOPHHU CTELEHN 7

u3 eauHuIbl. HeTpyaHo npoBepuThb, 4To

2 = 20qr, k=0,1,2,...,n—1.
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Taxum 0Opa3oM, BBIUNCINB KOPEHb

2o = {/p(cosp/n+isinp/n),

BCE OCTAJILHBIC MOXKHO IIOJYUUTH IIOCACIOBATEILHLIMUA CABATAME HA,
YIOJI 270 /1 TI0 OKPYKHOCTH.



[JIABA 2
MHoro4J,jieHbl

§ 1. Anrebpamdeckne orepanuu HaJ MHOTOYJIeHAMN

1. Mnozounenom (nosunomom) Ha3BIBAIOT (DYHKIMIO BUIA
P,(2) = ag + a1z + asz® + - -+ + ap2". (1.1)

3/ech ag, - . ., 0, — PUKCUPOBAHHDBIC KOMILJICKCHBIC YNC/Ia, Ha3bIBACMbIE
Koapduryuenmamu Maorodtena. Eenn a, ne nyib, To menoe duciao n = 0
HAZBIBAIOT NOPAJKOM WU CMENEHbI0 MHOTOUJIEHA, 4, HA3BIBAETCI CMaAp-
wum Koapduyuernmom MHOTOUICHA, TIEPEMEHHAsT Z MOYKET IIPUHIMATH
JIIOObIE KOMIIJIEKCHBIC 3HAYCHIS.

Muorounenst P, (2), Q,(2) paBHbl, Korja Bce uX KOI(MhOUIMEHTHI Tpu
OJIMHAKOBBIX CTEIEHSIX COBIAJIAOT.

Mmuorousien paBeH HyJIIO, €CJin Bce ero KoddgdunnenTsl — Hyau. Mna-
e roBOPsi, — 9TO IOCTOsIHHAST, paBHAST HYJIIO0. TaKOMy MHOTOUIEHY HEJIh3sI
IPUITICATh HUKAKOl crereHn. Mbl Oy/ieM Ha3bIBATH €0 HYAE6bLM U 000~
3Ha4YaTh cuMBOJIOM (.

Cymma MuHOrouieHoB Py, (2) 4+ @ (2z) — MHOTOWIEH, IpUYeM CTeleHb
ero He OOJIbIIIE MaKCUMAaJbHOIO M3 YHUCET M U N, WIH — 9TO HYJIEBOil
MHOTOYJIEH.

[Ipomsseerne MuorowienoB P, (z)Qy,(z) — MHOTOWIEH, CTeNeHb Ko-
TOPOI'0 €CTh CyMMa CTelleHeil, T. e. m + n.

Cuiozkenne J1000ro MHOrOUJIeHA ¢ HYJIEBBIM HE MEHSIeT 9TOr0 MHOIO-
gyjena. [IponsBeienne gByX MHOTOUJIEHOB — HYJIEBOI MHOT'OYJIEH TOT/IA 1
TOJILKO TOTJIa, KOTJIa OJINH U3 COMHOYKUTEJIEN — HYJIEBOIl MHOI'OUJICH.

BBejem u uccieyem onepaimio JiejeHust MHOIOU/I€HOB.

2. Teopema. /las mobvr deyr muozousernos P(z) u Q(z) mootcro
natimu mnozouneno, q(z) u r(z), 2de r(z) umeem cmenenv, MeHLULYIO
cmenenu mrozouaena Q(z), uiu ABGAACMCA HYAEGHIM MHO20YAECHOM, Ma-

| P(2) = Q(2)q(2) + 7(2). (12)

Mnozourenve q(z) w r(z), ydosaemsoparoujue YKa3AGHHOIM YCAOBUAM,
onpedeasromes no muozounenam P(z), Q(z) odnosnauno.

JTOKA3ATEJIBLCTBO. Ilpeanonoxum cuadana, uro P(z) — HyseBoii
MHOTOYJIEH WJIM €r0 CTEIEHb MEeHbIe crernenn Muorodwiena Q(z). B srom
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ciaydae paBeHCTBO (1.2), 09eBHHO, MOKET ObITH BBINOJHEHO JIHIIH TP
yesioBrn, 9to ¢(z) — HyJeBoit Muorowren, a r(z) = P(z).

[Tostoxkum Temepb, 4To MHOrOWIeH P(z) mmeer crereHb 7, MHOIO-
w@ieH (Q(z) umeer crerneHb m, npudeM n > m. Jljist yrnporerust samnmceit
OyJeM CIUTaTh, 9TO CTapIInil Koo PUIeHT MHOTOUIeHa () paBeH eJINHI-
ne. Ciyyaii, Korjua 3ToT Ko3h@UIEeHT — IIPOU3BOILHOE HEHYJIEBOe TIC-
JI0, TpebyeT OYeBU/IHBIX U3MEHEHWIT B BBIIMCHIBAEMbIX HUKe (DOPMYyJIax.
Urak, mycThb

P(2) = ap2" + a,_ 12"+ - + ag,

Q(2) = 2™+ by_12™ -+ by,

Q(Z) = Cpm2" "+ Cn—m—lznimi1 + -+ 0o,
7(2) = dp 12"+ dyp 222 4 -+ dy,.

Kosddurmentor muorowienos P, () ganbl, a KodMPUIMEHTH MHOIMOY1e-
HOB ¢(2), 7(2) Tpebyercst Haiitu. [IpoBojist S1eMeHTADHbBIE BBIKJIAIKH, CO-
OepeM KO3 PUINEHTBI TIPH OJINHAKOBBIX CTEIEHsIX 2 B paBoil yacTu (1.2)
1 IPUPABHSIEM HX COOTBETCTBYIOIUM Koddduimentar MHOrodaena P:

Upn = Cn—m,;

ap—1 = Cp—m-1+ Cn—mbm—la

Ap—2 = Cp—m-2 + Cn—m—lbm—l + Cn—mbm—27

Ay, = o + C1bm—1 + c2bp—2 + - 4 cbo,

am—1 = dm—l + CObm—l + Clbm—2 + Cm—lbOa

[TosrydeHHbIe COOTHOMIEHUS TIPEICTABIIAIOT COOOI cucTeMy ypaBHEHUI OT-
HOCUTEJIbHO KOIDPUIMEHTOB MHOTOWIEHOB ¢(2), 1(2). DTa cucreMa JIerko
pentaercd. CHavajla HaXxoAdaTcd KOI(PMUIUEHTHI ¢, I0CIe/I0BATEIbHO, B
HOpsiJIKe yObIBAHUS MHIEKCOB:

Cn—m = Qnp,

Ch—m—-1 = Qp—1 — Cn—mbm—h

Cn—m—2 = Ap—2 — Cn—mflbmfl - Cnfmbmf% (13>
Co = QA — C1bm—1 — Cabp—2 — - -+ — cybo.

3aTeM ¢ UCIOJIb30BaHUEM YyzKe HallJIeHHBIX 3Ha4YeHHH ¢; BBIUUC/IAIOTCA
KoaduienTs! d;:

dmp—1 = -1 — cobp—1 — c1bj—2 — -+ — c—1by,
dpp—2 = -2 — cobp—2 — c1by—3 — - -+ — c—2bo, (1.4)

do = ag — C()bo.
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3aMeTHuM, 9TO C;,_,, HE PaBeH HYJIIO, IIOCKOJIbKY @, HE paBeH HYJII0, KO3(]-
cdurenTsl osimHOMa 7(Z), BOOOIIE TOBOPs, MOTYT OBITH HY/IsAMIE. [
3zech u gajiee cuMBoJl [ obo3HaYaeT KOHEIl JOKa3aTeIbCTRA.

OnuncaHHbBIN B X0O/Ie JI0KA3aTeIbCTBa TEOPEMbI CIIOCO0 BBHIYNCIEHIS KO-
5 PUIIEHTOB MHOTOUICHOB ¢, T HasbiBaeTcs cxemoti [oprepal). Omna mm-
POKO IIPUMEHSIETCSI Ha IPAKTUKE.

Dopmyity (1.2) uHTEPIPETUPYIOT KaK deaeHue MHOTOWIeHa P Ha MHO-
rouwieH (); ¢ — wacmmoe OT jejieHusi, r — ocmamok. B ciaydae, Korma
MHOTOYJIEH T OKa3bIBAETCSI PABHBIM HYJIIO, TOBOPSAT, YTO MHOTOUWIeH P de-
AUMCA Ha MHOTOUJIEH () (MHOT/Ia TOBODAT, UTO JeAUMCA HAYEAO).

SAMEYAHUE. 13 dpopmyJ1, MOJIYUIEHHBIX B X0/I€ JIOKAa3aTe/IbCTBA TEO-
pPeMbI, 0YEBUIHO, CJIEAYET, YTO ecaiu P, () siBIAI0TCA MHOTOUYJICHAMU C J1eii-
CTBUTEJIbHBIMI KO3 puimenTaM, 1o KodpPUIneHTbl MHOMOYIEHOB (,
r — JeficTBUTEIbHbIE TNCIA.

[TPUMEP. B kauecTBe npuMepa IMPUMEHEHUsI CXeMbl [ OpHEpa pasiesinm
Pyz) =222 =322+ 422 = 5246 ma Qq(z) =22 —32+1,
T. €. HaﬁﬂeM TaKN€e MHOI'OYJI€EHBI
q2(2) = 02 +c1z4+c n r(z) = d1z + do,
9TO BBIOJIHSIETCS] PABEHCTBO

Py(z) = Q2(2)q2(2) + r(2).

B namem npumepe n = 4, a m = 2. Cravamna no dopmynam (1.3) Beraucanm kodddurmen-
ThBI C2, C1 U Cp:
Co=ay =2,
1 =a3—cbp = -3 —2(-3) =3,
Cozag—clbl—CQb0:4—3(—3)—2‘1:11.

Barem no dpopmysnam (1.4) naitgem koadbdurmenTsr di u dy:

d1:CLl—C()b1—Clb0:—5—11(—3)—3‘1:25,
d0:a0—6050:6—11'1:—5.

Taxkum obpazom,
@(2) =222+ 32+ 11, r(z) =252 — 5.

3. EcrecTBenHo mocTaBuThH BOIPOC: OYIYT JU KOIMDPUIUEHTHI TIOJIH-
HoMOB P, (2), Qn(2) coBmagaTh, ecim 3HAYCHNS ITUX MOJTUHOMOB COBITA-
JIAIOT TIPU BCEX Z, NHBIME CJIOBAMU, OYJIyT JiIN Bce KOIMDPUITUEHTHl MHO-
rovujeHa paBHbI HYJIIO, €CJIM caM MHOTOYJIEH TOXK/IECTBEHHO PaBeH HYJIIO.
DTO JEfiCTBUTEILHO TaK, HO JOKA3aTEIbCTBO yJI0OHO OY/IET BLIOJHUTD
HECKOJIbKO T03ke. Kak Hu cTpaHHo, HamboJiee MpocTO OHO TPOBOJIUTCS
pU U3YYEHNN CHCTEM JIMHEHHBIX ajrebpamdecknx ypabHenuit (cm. §5,

1. 5, c. 86).

DVunbsam Txopmx Toprep (William George Horner; 1786 — 1837) — anrsmiickuii MmaremaTuk.
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§ 2. Kopam MHOTrO4/71€HOB

Kopnem vuorowiena P, (z) HasblBaeTCs TAKOe THCJIO (r, BOOOIIE T0O-
BOPsi, KOMILTeKCHOe, uTo P, () = 0.

1. Teopema Besy!). [Tycmv n > 1, a — npoussoavtoe komnaekc-
noe wucnao. Toeda mnozounen P,(z) — P,(«) deaumes na z — a.

JIOKABATEJILCTBO. Ilo Teopeme 2, c. 18,
P,(2) — Py(a) = gn-1(2)(z — a) + T,

riae r — dncjio (MHOrOWIeH HyseBoii crerenn). [losarast B 9ToM paBeH-
CTBE 2 = «, noJjiyuuM, 4ro r = 0, T. e.

P,(2) = Py(a) = gp1(2)(z — ). O
13 Teopembl be3y oueBHIHBIM 00PA30M BbITEKAET

1.1. CaeacrBue. Mnozounren P, mozda u moavko mozada deaumca
HG Z — Q, K0200 (0 — KOPEHDH IM020 MHO2OYUNAEHA.

Yucno « HaszbiBaerca KopHeM kpammocmu k > 1 muorownena P,
ecin P,(z) nennres na (z — a):

Po(2) = (2 = @) qu-r(2),

a qn—k(2) He gemmresd Ha (2 — @v), T. €. (v HE SIBJSETCA KOPHEM MHOTOMIIe-
Ha ¢k (2).

Ecim kpaTHOCTH KOpHSI paBHa €MHUIE, TO KOPEHb HA3BIBAIOT NpO-
CTNDIM.

2. Uccnenyst cBoiicTBa KOpHEl MOJMHOMA, JIJIS YIIPOIIEHHUsI 3alnceit
OOBITHO MEPEXOJIAT K NpusederHomy (4acTo TOBOPIT HOPMUPOSAHHOMY )
OJINHOMY, IOJIYUAIOIMIEMYCs JIeJIeHeM BceX KO3(MMUIIMEHTOB NCXOHOTO
[IOJINHOMA, Ha €ro cTapiiuil Ko3huIneHr.

OueBnjiHO, UTO J1I00OI KOPEHb HCXOJIHOIO IOJIMHOMA, SIBJISETCS KOp-
HEM IIPUBEJeHHOrO IOJIMHOMA 1, HA0OOPOT, JII000I KOPEHb IIPUBEIEHHOIO
IOJIMHOMA, — KOPEHb HCXOJIHOI'O MTOJIMHOMA.

2.1. Teopema (ocHOBHasi Teopema ajaredpsbl). Beaxul noiunom

P(2)=2"+apn12" "4+ - +ap, n>=1,

umeem xoms v, 00uH KOpeHd.

D9rpen Besy (Etienne Bezout; 1730 — 1783) — dpanmysckuii MaTeMaTuK.
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JIOKABATEJILCTBO. DBynem obosHadarh JeKapTOBbI KOODIMHATHI
TOYEK Ha ILJIOCKOCTH Yepe3 Xy, To. Llyers © = (21, x9) — TOUYKA Ha ILIOC-
KOCTHU, Z = X1 + 19 — COOTBETCTBYIONIEE €ii KOMILIEKCHOE YHCJIO.

PasencrBo f(x) = |P,(z)| onpenensier byHKIuio f IBYX BENECTBEH-
HBIX IEPEMEHHBIX. JTa (DYHKIM HEOTPUIATEILHA IIPU BCEX .

Ecmu ynacress qokasaTh, 9TO CYIIECTBYeT TOUKa T = (1, T2) Takasd,
aro f(x) =0, To uncio z = x1 + ixs Oyjer KopHeM mnojauHoMa P,

JoxkazkeMm, mpezkjie Beero, uro pyHKIus [ HeIPEepbIBHA Ha BCEi I10C-
kocTu. s siio0bIx 1ByX ToUek x, T BesejacTsue (2.5), ¢. 12, mmeem

1£(Z) = (@) = |Pa(2)] = [Ba(2)]] < [Pa(2) = Pu(2)]-

31ech Z = Ty + 129. [lonoxxum h = Z — z. Torna

Py(2) = Pu(z + h) =
= (z4+h)"+ ap1(z+h)""+ - Far(z+h) +ag. (2.1)

)

[To bopmysie 6Guroma Hbrorona™ s sroboro neoro k > 1

(z+ R =2" 4+ O th4 o CE LR 4 AR
[TpuBosst moobHbIe B paBoii wactu (2.1), Haiigem, 910
Py(z+h) = Py(2) + cth+coh® + -+ ¢ B+ B, (2.2)

npudeM K03 UIUEHTHI C1, . . ., Cy_1 3aBUCIT TOJIBKO OT 2 U KO3 PUI-
entoB nojimaoMma, P,. [lpumensis (2.3), (2.4), ¢. 12, HETPY/HO HOJIYYUTh,
970

[f(@) = f(@) = |Pu(z + h) = Pu(2)| < L+ [R]* + -+ [R]"), (2.3)

rje L 3aBUCHT TOJILKO OT |z|, u Mojyiieit koadurmenTos nouHoma b,
Boibupast TOUKy T J0CTAaTOYHO OJU3KONH K X, TMPaByl0 YacTh HepaBeH-
ctBa (2.3) MOXKHO CJIeJIaTh MEHbINel JIDOOTO HAIepe] 33JaHHOTO TT0JI0-
JKUTEJILHOIO YUC/Ia. DTO U O3HAYAET HENPEPLIBHOCTD (pyHKIUU f.
Mozkno cuantarsb, aro f(0) = |ag| > 0. B mporusroMm ciryuae Hyib —
KopeHb nojimaoma. Iloctpoum kpyr Br pamguyca R ¢ 1eHTpoM B Hada-
Je kKoopauHat. Obo3HauYMM 4epe3 Sk OKPYKHOCTh, I'DaHUIy Kpyra Bpg.

I[Iyctb € Sk. Bamumenm f(x) BBuge f(x) = [2"—(—a,_12" 1= -—ap)|.
Beneniersue (2.5), ¢. 12, oTciofia BBITEKAET, 9TO
F@) = 12" = lanallo[" =+ = lag] = R" = |an—1|R"™" =+ — ao| =

DWcaak Heioron (Isaac Newton, 1643 — 1727) — anrsmiickuii (hbusnK, MATEMATHK U aCTPOHOM.
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= Rn(l - |an_1\R_1 — |CLO|R_n).

[IpaBasg 4acThb MOJyYEHHOTO HEPABEHCTBa CTPEMUTCHA K OECKOHEUHOCTU
npu R — o00. [lostomy, BeiOupas R moctaTouno 0OJLIINM, MOXKHO JTO-
OUTHCST TOTO, UTO

f(x) =22f(0) Vxe€ Sg. (2.4)

[To noxazamnomy Bbinie yHKIMS f HeNpepbiBHA Ha BCEH IJIOCKO-
CTH, 3HAYNAT, 10 Teopeme Beiteprmrpaccal) oma jocTiraer MUHIMAILHOIO
3HAUeHUs B HEeKOTOpoil Touke ! Ha sambikannn Kpyra Br. Ouesujno,
f(x') < f(0), no roryma Benegcreue onenku (2.4) Touka x! He Morer
JexkaTh Ha SR, CJAEOBATEIbHO, OHa — BHYTPEHHsIA TOUKa objactu Bp.
Bysiem cuurars, uro f(z') > 0. B nporusnom ciyuae Touxka z' coorser-
CTBYeT KODHIO ToJimHOMa B,

[Iycts h = hy + iho. Eciu |h| mocratodno mas, To ToUKa

272 = (I% + hl,x% + hg)

nexxut suyrpun Br. Tlo onpejenenuio f(z?) = |B,(z! + h)|. Ucnonn-
sya (2.2), nosnyunm, uto P,(z! + h) = P,(2') + cih + coh® + -+ + h",
npuaeM Ko3hQHUIIEHTHI Cp, . . ., Cp—1 3aBUCAT TOJBKO OT z' 1 Koabdu-
nuenTos nojunoMa P,. Tlo npenosoxenuto By, (21) ne myib, nostomy
Pu(z' + )
————==14+dih+---+d,h".
Cpenu uncen dy, . . ., d, X0Ts ObI OJIHO He HYJIb, II0 KpaiiHe Mepe, I0C/Ie]I-

nee Takopo. Ilycrb dj, # 0, a Bce uncsa d; ¢ MEHbIIUMU HOMepaMu —
ays. Torma mist goboro ¢ # 0

Bzl + 1) A s P dp 10
P,(2}) =1+ E(Ch) F(Ch) T C_"(Ch) . (2.5)
Bribepem ¢ Tax, 4T0o0bI cF = —dj.. Tlomoxum v = ch. Torma

P PR
R

dj; d

+1 n p—

rae b(v) = v+ 4+ 0" ¥ BoiGepeM Teneps b Tak, 4TO U — Belle-
c c

CTBEHHOE MOJIOKUTEJILHOE YNCJI0, MeHbIiee equnuiibl, a |b(v)| < 1/2. [lpu

TaKOM U, OYEBUJHO,
f(z?) vt

<l-— <1,

f(zt) 2

DCwm. kype maremarnueckoro anaimsa. Kapi Teonop Buibrensm Beiteprrpace (Karl Theodor
Wilhelm Weierstrass; 1815 — 1897) — Hemenxuii MaTeMaTuK.
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a 9TOro OBITH He MOXKET, TaK KaK &' — TOoYKa MUHHMYyMa (YHKIHH f

Ha 3aMbplKannu Bpr. [losyunmn nporusopeudne. OcraeTcss NPUHATH, YTO
fx) =0, r e 2! = 2} +ixd — xopenn nomunoma P,. O

3. Ilyerb Py(2) = 2" + ap_12" 1 + -+ 4+ ap, n > 1. Tlo ocHosHoi
TeopeMe ajreOpbl nojuHom P, nmeer koperb. O603HAUNM €ro 4epes .
[Tycthb 9TOT KOpeHb nMmeer KpatHoctb ki = 1. Torna

Po(2) = (2 = a1)"gu-p, (2)-

Ecm ky = n, 1O, oueBUJIHO, ¢p—k, = 1. B 1npoTuBHOM cilyyae I0JIH-
HOM ¢y, (2) umeeT Kopenb. Obo3HaMNM ero depe3 aw. [lorsaTHo, aro ay
SIBJISIETCA KOPHEM ToJIMHOMa F,, NnpudeM 10 IMOCTPOCHUIO OTJIUIHBIM
ot 1. [lycTh KpaTHOCTH (9 (KAK KOPHST IOJIMHOMA ¢y, k, ) paBHa ko. Tora

An—k; (Z) - (Z - a2)k2qn—/€1—k‘2(z)7

cJje10BaTeJIbHO,
Pﬂ(z) - (Z - al)kl (Z - &2)k2qn—k1—k2(z)'

fcHo, 9T0 k9 — KPaTHOCTH (9 KaK KOpHs rosimaHoMa P,. [Ipomgosnkast sToT
IIPOIIECC, TMOJYINM, ITO

Po(2)=(z—a)"(z — ) (2 — )™, (2.6)

rne ki, ko, ..., k, — lLejble ducjia, He MEHBIINE €IMHUILI, U TaKHe,
910 k1 + ke + -+ + ky, = n.

Takum oOpa3oM, BCIKUii IOJIMHOM CTEIIEHH 1 UMEeeT 1 KOPHeit (c yue-
TOM UX KPATHOCTH).

3.1. Teopewma. [loaurom P, cmenenu n = 1 me mootcem umemo
boavwe wem n KopHed.

JIOKA3ATEJILCTBO. B camom gere, mycts P,(a) = 0 u o He coB-
NaJaeT HI C OJHUM U3 YUCEN O, . . . , Oy, OTIPEJICJICHHBIX B IIPEJIBLILYITIEM
nynkre. [lo ciencrsuio u3 teopembr Besy nmeem P, (2) = (2 — a))q,—1(2),
OTKy/Ia Ha ocHoBaHuN (2.6) mosydaem, 4To

(z — al)kl(z — Oég)kQ o (z— am)km = (z — a)qn-1(2).

[IpaBas wacTh 9TOro paBeHCTBa NPU 2 = « paBHA HYJIIO, a JeBasd He
paBHa Hys10. IloyderHoe mpoTuBopedne o3Ha4YaeT, 9TO HUKAKOE YHUCJIO,
OTJINYHOE OT (1, .. ., Qy, HE MOXKeT ObITb KOpHeM IoJjnHoMma F,. [
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4. Tlyerb Q,(2) = ap+arz+ a2+ - -+ a,2" — NPOU3BOMIBLHBIIL 1O-
JINHOM CTEIIeHU N, O, . . .,y — KOPHU HoJmHOMA ), k1, ko, ..., Ky —
uX KpaTHocTH, npuieMm ki + ko + - -+ + k,, = n. Benencrsue pesyiibra-
TOB, HOJYYEHHBIX B IIYHKTE 3, MOJMHOM (), MOXKHO IIPEJICTABUTL B BHJE
Qu(z) = A(z — )" (2 — ap)®2 -+ (2 — ayp)¥™, Tne A — Hexoropas 110-
CTOSTHHAS.

5. 3aHyMepyeM KOpPHHU IOJUHOMA [P, IeJbIMU YucjiaMu oT 1 Jio n,
HIOBTOPSsIsI KayK/Iblii KOPeHb CTOJIbKO pa3, KaKOBa €ro KPaTHOCTh, U 3alll-
mem (2.6) B Buze P,(z) = (z — aq)(z — ag) - -+ (2 — ). PackpoiBas
CKOOKM B IPaBOil YaCTH pPaBeHCTBA, NPUBOJIS I000HBIE U IIPUPABHUBASI
KO3 PUIMEHTHI TIPU CTEIEeHAX 2z COOTBETCTBYIONUM KO3 duIiimeHTaMm B
JIEBOI 9acTH, MOJIYydIuM (DOPMYJIbI, BbIpazKaromine Ko3MMUINEHThI 1011~
Homa P, depes3 ero KOpHU:

ap-1=—(a1 +as+ -+ ay),

Ap—2 = 109 + Qg + -+ 100y,

ag = (—1)"o1ag - - - .

3aKOHOMEPHOCTh 00pa30BaHus STUX (POPMYJT OUEBUHA: B KaK 0 T10-
cyieiyIonieit cTpoke KoJIM4ecTBO COMHOXKHUTE e yBeIMINBaeTCsI Ha € INHI-
Iy, CKJIQJIbIBAIOTCS BCEBO3MOYKHBIE ITPOM3BEICHIST PA3TUIHBIX COMHOYKHI-
TeJIeil.

[Tostyuennbie bopMyJIbl HA3BIBAIOTCS opmysamu Bvema (dacto mu-

mryT Buera)l.

§ 3. MHoro4jieHsl ¢ JeicTBUTEJIbHBIMA KO3(dPDUIIMEeHTAMU

1. Ilycrs Bce KO3 DUIMEHTHI TOJIUHOMA
Py(2) = 2"+ an_12" '+ ... +ag

€CThb BeIeCTBEHHbIE YUCJa, TOTJA €CJIN (¢ — KOPEeHb 3TOr'0 IOJUHOMA, TO
U CONPsIzKEHHOE YNCJIO & — KOpeHb MoJInHOMa, F,.
JlokazaTe/IbCTBO 9TOI0 YTBEPXKICHUSI cpa3dy BbITEKaeT U3 (DOPMYJIbI

P,2)=7"+a, 2" '+ ... +ap,

MOJTyvaroIeiicss HeMoCpeICTBeHHBIM TIPUMeHeHneM cooTHormennii (2.1),

c. 11, u Toro oueBnznoro caxra, aro ecan P,(a) =0, o u P,(a) = 0.

D®pancya Buer (Francois Viete; 1540 — 1603) — dpaniy3ckuil MaTeMaTuK, OCHOBOIOJIOKHUK
cuMBoOsIIIecKoit arebpor. [lo obpaszoBanuio m OCHOBHO# TPOMECCuu — IOPUCT.
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Ilycts Temepsb aq, g, ..., Qg — BCE BEIECTBEHHbIE KOPHU ITOJIMHO-
Mma P,. Oboznaunm depes ki, ko, ..., ks ux xparnoctu. ITomoxxmm

r=ki+hkod o+ ke Qr(2)=(z— )" (z—ag) (2 — )k

Torna

Pa(2) = Qul2) R o(2). (3.1)
OueBniHO, 9TO Bee KOI(PDUIMEHTH MHOTOUWIeHa (), BEIeCTBEHHBI, 110~
9TOMY U BCe KOI(DDUIMEHTH MHOTOWIeHA R, _, BEIECTBEHHBI (CM. 3aMe-

qanne Ha c. 20). [To mocrpoeruto muorowien R, , MOXKET UMETb TOJBKO
KOMILJIEKCHBIE KOPHU. 3aMETUM, UTO IIPH JIIOObIX Z, (¢

(z—a)(z —@) =2"+pz+q,

e p=—a—a=—2Reaq, ¢ =aa = |a|* — semecrsennnie uucia. lo-
9TOMY, €CJIN (¢ — KOMILJIEKCHBIH KOpeHb HoJuHOMa P, a CJIeJ0BaTe/IbHo,
1 KOpeHb nosmaoMa Ry, ., 1o u3 (3.1) BbITEKAET PABEHCTBO

Pu(2) = Q(2)(2* + pz + Q) Rur2(2),

puyeM 9HUcja P, ¢ BEIECTBEHHBI, 3HAYUT, TIOJIUHOM R, ,_9 IMEET TOJILKO
BelecTBeHHbIE KoaddurmenTsl. [IpotozKkas 3TOT mporiecce, Moy IuM, ITo

P.(z)=(z — al)]ﬁ(z _ CQ)kz (2 — &S)ks(zﬂ Fpiztaqn)-
(P pztq). (32)

3/1eCh § — KOJIMYECTBO PA3INYHbLIX BEIeCTBEeHHBIX KOpHeil momnoMa b,
a t — KOJMYECTBO Iap KOMILICKCHO COIPSIZKeHHBIX KOPHE 3TOro I10JIMHO-
Ma.

U3 nipejicranienust (3.2) cpa3y »Ke BbITEKAET, 9TO y MOJTHHOMA C Belle-
CTBEHHBIM KO3 UImenTaMi HEYeTHOIO HOPsJIKa CYIIEeCTBYEeT 110 Kpaii-
Hell OJINH BeIeCTBEHHDBI KOPEeHb.

[Tosiarast, 4T0 z B paBeHcTBe (3.2) — BeIIECTBEHHOE UKCJIO, MOYKHO
CKA3aTh, YTO HOJMHOM C BEHIICCTBEHHBLIMU KO3(MMUIMEHTAME JIOIYCKACT
IPEJCTABICHNAE B BUJIEC IPOU3BEICHN JIMHEHHBIX 1 KBAJIPATUIHBLIX Belle-
CTBEHHDIX COMHOZKUTEJIC].

I[TPuMEP. Herpyno BuieTh, 9TO OJHUM U3 KOPHEH MOJMHOMA,
Ps(z) = asz> + a2 +arz+ag=2>—62+9
siBJIsieTcst aucyio o = —3. Paznesnum muorounen P3(z) Ha
Q1(2) =2+4by =2+ 3,
T. €. HallJleM TaKOU MHOT'O4JIeH

@ (2) = 22 + 12 + o,
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YTO BBIIIOJIHAETCA paBeHCTBO
Ps3(2) = Q1(2)q2(2)-

Boruuciienus mpoBejieM ¢ momoripio cxeMbl ['opaepa. Ux ynobHo odopMuTh B Bujie TabDJIUIIBL:

a3:1 CLQZO a1:—6 a0:9
50:3 CQbOZ Clb(): Cob(]:
—1.3=3 —(-3)3=-9 | =3-3=9
co=az3=|c1=ay—cabp= | co=a1—cibg = | ro = ap — cobp =
— — 3 —3 —0

Nraxk,
¢@(2) = 2% — 32+ 3,

a OCTATOK g PaBeH HYJIIO, IOCKOJIbKY MHOrouieH Ps(z) Hameso menurcst Ha z + 3:

2
Ps3(z) = (2 +3) (2* — 32 + 3).
OueBnjHO, YNCI0 v = —3 He SBJSETCs KOpHEM TojmHOMa g2(z). ITlostomy o — mpocroit
KopeHb nosmaoMa Py(z). st Toro, uTobbl HAfiTH OCTaBIIMECS {BA €10 KOPHSI, HAJIO0 PEINTh

KBa,H,paTHoe ypaBHeHI/Ie
22—-32+43=0.

JMCKPUMUHAHT STOIO ypaBHEHUS PaBeH —3, CJIeI0BATE]bHO, OHO HE MMEeT BEIECTBEHHDBIX
kopHeii. Takum 06pa3om, OJMHOM TpeThero nopsiyika Ps(z) ¢ BemecrBeHHbIME KO3bbUIHN-
€HTaMU MBI TIPEJICTABUJIN B BUJIE IPOU3BEICHUSI JIMHEIHOTO U KB IPATUIHOTO BEIECTBEHHBIX
COMHOXKATEJICH.



[VIABA 3
OHpeg:Le.HI/ITeJII/I BTOPOI'O U TpeThero nopsaaKoB

§ 1. Onpenennrean BTOPOTO MOPSIAKA

Paccmorpum cucreMy JIByX ypaBHEHUI ¢ IByMsI HEM3BECTHBIMU

a1 xy + appre = by, (1.1)
a91°1 + agrs = b. '

311ech a1, A12, a1, U292, by, by — 3agannbIe, BOODIIIE NOBOPST, KOMILIEKCHDBIE
qucsa, T, o Tpedyercs HalTH.

Pertum 3Ty cucremy, MCHOJIB3YsI METOJl MCKJ/IIOUEHUs] HeM3BECTHDIX.
DTOT METOJI OOBIYHO HA3LIBAIOT Memodom 1 aycca”. [Tonenunm obe yacTu
IIePBOTO YPABHEHUST HA (11

a2 b1
T+ —2T9 = —.
aii aii
3aTeM yMHOXKUM I10JIy9eHHOE YPaBHEHHUE Ha, d9) ¥ BHIYTEM IIOUYJIEHHO 9TO
ypaBHEHUEe U3 BTOPOIO YPaBHEHUsI CUCTEMBI:
ai2 by

Aoy — —ag91 | T3 = by — —ag.
aii aii

Orcrona
baair — ag1by

22011 — Q12021
[TojcraBisist HaiijleHHOE BbIpayKeHue Jijisi To B [IEPBOE YPABHEHUE CUCTE-
MBI (1.1), Jlerko HafiTH BBIpaKeHUE JIst X1

biagy — aj2bs

Ir1 — (13)

a22011 — Q12021
[Tongro, aro dopmysnsr (1.2); (1.3) umeroT cMmbIic, ecin
aiiage — a12a21 7# 0.

Dopmyuer (1.2), (1.3) mosesHo 3amcarh B HECKOJIBKO HHOM Bu/ie. Bae-
JIeM COOTBETCTBYIOIIUE OlLpeJlesIeHIA 1 0003HAUCHUS.

Dorann Kapa @punpux Tayce (Johann Carl Friedrich Gauss; 1777 — 1855) — nemerkuii Mmare-
MaTHK, aCTPOHOM U (PUBHK.
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Tabauiy

a a

A — 11 Q12 (1_ 4)
ao1 Aa22

Ha3bIBAIOT MAMPUUET 6MOPO20 nopﬂﬁm. Bem/IqI/IHy

A = aj1a — a12a9 (1.5)

Ha3bIBAIOT onpedesumenem marpuiibl A. Jlist ompeieturesist NCIoIb3y0T
caeyionue 0603HaYCHIA:

det(A) = [A] = | "1t %2

as1 Q22

=A.

Pagenctra (1.2), (1.3) Terepb MOXKHO 3aInCaTh B BUJIE

A Ao
Tl =——, Tog=——,
L7 A 2T A
riue
b1 aps apy; b
Ay = . A
1 bo a9y 2 as by

TTostyucHubie GOPMYJIbI HABBIBAIOT opmyaamu Kpamepal).
Dopmysts (1.2), (1.3) He UMEIOT CMBICIIA, KOT/IA

\A| = a11022 — 412021 = 07
NN
an a2

- 9

a21 a22

T. €. CTPOKHU ompejiesresisi |A| mporoprnonaibabl. e npu sToMm n

by ap
9

by  ax
TO IlepBoe U BTopoe ypasHeHus cucrembl (1.1), hakTuuecku, CoBIaIAIOT,
1 OHa nMeeT GeCKOHeTHOe MHOXKecTBO permennii. Eceaun |A| = 0, Ho
by, an

7 )
bo a2

TO ypaBHeHust cucreMbl (1.1) IPOTUBOPEYUBEI, CUCTEMA HECOBMECTHA, HE
UMeeT HU OJIHOTO PeleHuns.

DT a6pmasrs Kpamep (Gabriel Cramer; 1704 — 1752) — mBeiiiapcKuii MaTeMaTUK, OIUH U3 CO3/a-
Teseit TUHEeRHON aJredphl.
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[TPUMEPBHL. 1) OnpeesnnTesib MATPUIBI CHCTEMBI

1+ 2x9 =5,

3x1 + 4x9 = 6,
paBen

1 2

Cucrema nmMmeer C€IMHCTBCHHOEC pelIcHnue

5 2 1 5
4 20— 12 3 6 6—15 9
xr1 = = = *4, T = = = —
1 2 —2 1 2 —2 2
3 4 3 4
2) OmpeiesiuTesib MaTPUIBI CUCTEMbBI
T + 229 = 3,
2x1 + 4xo = 6,
paBed
1 2
L T
ITpu sTom

bl a2 3 2

bg N ago N 6 4'
YpaBHEHUsI CUCTEMBI, (paKTUIeCKH, coBagaT. CucremMa nMeer GECUNCIEHHOE MHOXKECTBO
pelienuii.
3) Cucrema
1+ 229 = 2,
2x1 + 4x0 = 6,

He MMeeT PeIleHnil, Tak KaK ee OIpeJlesInTe/b PaBeH HyJlo, HO by /by # a12/ags.

§ 2. OnpegennTem TPeThbero NOPSIIKAa

1. Obparmmcs K cucrteme Tpex YpaBHEHUI ¢ TpeMsl HeN3BEeCTHBIMU

a11°1 + a19Ts + ay3rs = by, (2.1)
a2171 + G222 + a3 = bo, :
as1 1 + asaTe + as3rs = bs. (2.3)

3 ee kK03hPUIIMEHTOB MOXKHO COCTABUTDL MAMPUUY MPEMBHE20 NOPAJKA

ailr aiz2 a13
A= 21 A922 Q923 . (2.4)
as; azz2 as3
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[Tosyamm popMyJIbI JJIs1 pEIIeHNsI CHCTEMbBI, BHOBb HCIIOJIB3YsI METOI
laycca. [lopenum obe wactu ypasuenus (2.1) Ha ajp. [onyuennoe ypas-
HEHUEe YMHOXKUM Ha (2] M BbIUTEM MOUIEHHO U3 ypaBHeHust (2.2). Auajio-
IUYIHO TIOCTYTINM ¢ ypaBHeHnueM (2.3). B pesysibrare cucrema (2.1)—(2.3)
npeodpasyercs K BUJLY

a2 a13 by
T+ —T9+—xz3=—, (25)
a1 a1y a1
a2 a13 by
<a22 — —CL21> To + (a23 — —ag | 3 = by — —apy, (2.6)
ai ai a1
ai192 a3 bl
<a32 - —CL31> T + (&33 — —az1 | x3 = b3 — —as;. (27)
ai ai a1

Teneps u3 ypasuenuit (2.6), (2.7) HCKIIOUNM HEU3BECTHYIO Lo IO aHAJIO-
U ¢ TeM, KaK MbI HCKJIIOYaJIN Hem3BecTHyIo 21 n3 cucreMbl (1.1). TTocite
9JIEMEHTAPHBIX [IPE0OPA3OBAHNIT TTOJIY M

ag1 G22 b a1 a2 b ailr a2
— 09 + 03
aszy asg asy as2 as1 a22 (2 8)
Ty = . .
a a a a a a
(13 21 Qa22 — a3 11 Q12 T ass 11 Q12
asy as2 as; as2 ao1 Aa22

YIIPAYKHEHUE. Beisectu pasencrso (2.8).

SHaMeHaTeJIb [I0JIyIeHHOIl IPo0K Ha3bIBAIOT 0NPEICAUMENEM MATPH-
el A, T. €. 110 oIpeIeIeHnIo

ailp ai2 ais
Al = | a21 a2 ags | =
az1 a3z2 ass

ar ap; a2 aj; a2
= a3 — Qg3 + ass . (2.9)

asy asz asy as2 a1 a22
3aMeTnM, 4TO YUCIUTeNb Jpodbu B mpaBoil wactu (2.8) aHajorudeH
3HAMEHATEJIO, & UMEHHO, MHOKUTEIU P OLPEJICJUTEIAX BTOPOro II0-
psijika 3aMeHeHbl Ha by, b, by coorBercTBeHHO. DoOpMysie (2.8) mosTomy

MOKHO TIpUJIaTh BUJT

a;n ajp by
as ag bo
as; azz b3

3 (2.10)
a11 12 Aas
Q21 Q22 Q23

a3y a3z as3
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3nast BeIpazkeHne i r's, U3 ypasHenus (2.6) mafijieM BbIparkemnue
JUIST T, & 3aTeM TIpH ToMomH ypasHenus (2.5) — g xp. Moxuao 13-
OeKaThb 9TUX TPOMO3KNX BBIYUCJIEHNU{, JIEfCTBYS CJAE/IYIONIM 00PA3OM.
Bammmem cucremy (2.1)—(2.3) B Buge

a11°1 + a1373 + ajpre = by,
2171 + G23%3 + AT = bo,
a31T1 + A33T3 + A32T2 = b3.

Tenepb, dakTHaeckn, BHOBL UCIOJIB3Ys hopmyiy (2.10), mosryamm

ai; aiz by
asz azs bo
aszi asz b3
T9 = . (2.11)
a11 a3 a2
21 a23 A22
a3; 33 Aas2

Anajiornuno,
a2 a13 b1
azy azz by

ass ass b
PO il 0 O (2.12)
12 a3 aii
(22 Q23 A2]1
a3z 33 A3l

Dopmystbl (2.10) —(2.12) UMEIOT CMBICII, €C/TH OPEIeIUTEh MATPUIHl A
He paBeH HyJ10. [[oJIHOE HCCIe0BaHe PA3PEINMOCTH JTHHEHHBIX CHCTEM
C TpeMsl HeM3BECTHBIMU B CJIydae, Korja olpejennresb |A| paBeH Hyso,
JIOBOJIBHO CJIOXKHO. [1032Ke MbI PACCMOTPHUM 9TOT BOIPOC IIPUMEHUTE/THHO
K CHCTEMaM C [TPOU3BOJIBHBIM THCJIOM HEH3BECTHBIX.

2. @opmynam (2.10)—(2.12) Ml npumaauM B JgagbHeiinem Gosee
CUMMETPUYHBIN BHJ, HO CHAva/ja IIPEJICTABUM OIpee/iuTe/ib B OoJiee
YJIOOHOM JIJIs MaJIbHEHIINX MccieoBaHnii hopme.

Berauncum Bxogstnie B (2.9) onpejenTein BTOPOro Mopsijika, pac-
KPOeM CKOOKM M cobepeM BMecTe CjiaraeMble ¢ OJIMHAKOBBIME 3HAKAMII.
[Tomyanm:

|A| = arnagass + ajpaszas; + ajzasiass—
— (13022031 — (12021033 — G11023032. (2.13)
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st Toro, 9T00bI MOAMETUTH 3aKOHOMEPHOCTL PAacCTAaHOBKHU 3HAKOB
B 9TOIl cymMMe, HAM TI0JIe3HO OYJIeT BBECTU HEKOTOPBLIE HOBBIE MOHATUS U
00O3HaYEHNS.

Tpu nenwrx uncia 1,2, 3 MOXKHO pacloIOKUTh IEeCThIO PA3JTMTIHBIMI
CTIOCODAMI:

123, 231, 312, 321, 213, 132. (2.14)

Muave roBops, U3 Tpex UMCEJ, MOYKHO COCTABUTH IIECTb PA3JIUIHBIX Ne-
PECMAHOBOK.

B nmanbreiiem OynieT y00HO 3alUChIBATH IIEPECTAHOBKM B BHU-
Jie niNong, OJApa3yMeBasg Mo n; oo u3 unces 1, 2, 3. [Ipuuem, Konedno,
BCe YHUCJa N, No, N3 CINTAIOTCH Pa3JIMIHBIMU.

PaccMoTpuM HEKOTOPYIO KOHKPETHYIO MIEPECTAHOBKY 71171973 U COCTa~
BUM BCe Iapbl 4uces n;n;, rjae ¢ < j. Ilonarno, uro Ttakux map Bcero
TPU: M1Ng, NN U Nen3. ['oBOPAT, UTO Iapa duces n;n;, riet < j, obpasy-
eT uneepcuto, ecau n; > n;. KaxkJoil nepecraHoBKe COOTBETCTBYET OIlpe-
JleJICHHOE KOJIM4YecTBO mHBepcuil, a mmenno, 0, 1, 2, mwim 3. KoaudecTBo
MHBEPCHil B IIEPECTAHOBKE M1Nong OyaeM 0003HAUaTh Yepe3 o(ny, e, n3).

[lepecTaHoBKY ningng OyaeM Ha3blBaTh “emHOl, €C/IN el COOTBET-
CTBYET YeTHOE KOJIMIEeCTBO MHBepCUil (Hy/Ib CANTAETCST I€THBIM TUCJIOM ).
B nporuBHOM cirydae mepecTaHOBKa Ha3bIBAETCA HeuemHod.

Herpynto yoeauTbest, 9T0O mepBble TPU U3 MepecTaHoBok (2.14) wer-
Hble, & OCTaJbHble HeUeTHDIE.

Kazkoe caraemoe B BbIpazkenun ompesesnnress (2.13) nmeer Bu

ialnl A2 A3n5,

IpUYeM 3HaK ILIIOC CTAaBUTCS B TOM CJlydae, KOIJa IIepecTaloBKa 1711273
deTHasi. B mpotuBHOM citydae craBuTes 3uak Munyc. PaBencrso (2.13) ¢
HCIIOJIb30BAHIEM BBEJICHHBIX 0003HAYEHNH MOXKHO 3allCaTh B BU/IE

|A‘ = Z (—1)0(n1n2n3)a1n1a2n2a3ng, (2‘15>

ninansg

rjie CUMBOJI Y, O3HAYAeT CyMMUPOBAHUE, KOTOPOE PaCIpPOCTPAHSIETCsI

ninang
Ha BCEBO3SMO2KHbLIE IIEPECTAHOBKU T11719713.

J1 151 3ammoMuHaHUS C1I0CO6a PACCTAHOBKHN 3HAKOB B (2.13) moJie3no nc-
M0JIb30BATH CXeMY, TPEJICTABICHHYO Ha puc. 1.
ITPUMEP.

=1-5-94+2-6-7+3-4-8-3-5-7—-4-2.9—-1-8-6=

~ =~
Cco Ot N
O O W

=454+84496 — 105 — 72 — 48 = 225 — 225 = 0.
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g (3%

Puc. 1. IlpaBuio paccTaHOBKH 3HAKOB B OIPEIEINTETIE TPETHETO MOPSIIKA,

§ 3. CBoiicTBa onpejeanTesieii TpeTbero MopsiIKa

1. Marpumna
11 G21 asi
Al = 12 G2 (32
a3 a3 ass

Ha3bIBaeTCs MaTpUIEil, MpaHcnoHuposaHHol 10 OTHOIIEHUIO K MaTpu-
e A.

Matrpuna AT cocrour u3 Tex ke sj1eMeHTOB, 4TOo M Marpuia A, HO
PACIIOJIOZKEHHBIX B JIpyroM mopsiike. Ilepsbiit cronber marpunbsl AT co-
CTOUT U3 9JIEMEHTOB I1ePBOil CTPOKU MaTpuilbl A. AHaJOrnIHOE ClIpaBe/-
JIMBO U JJIsL TIOCJIEYIOMNX CTosIOnoB Marpuisl AL

Berauncisst o dopmyite (2.13) onpejenuresb MaTpUIb AT nomydanm

T
|A” | = a11a90a33 + as1azaa13 + azrainasz—

— 31092013 — (21012033 — G11032023. (3.1)

Cpasnusas |AT| n |A|, 1erko saMeTnTh, 4TO OHU PABIMYAIOTCS TOJIBKO
MOPSJIKOM CJIEJIOBAHNS COMHOXKUTEE B COOTBETCTBYIOINX CJIaraeMbIX I
MOPSIKOM PACIIOJIOXKEHNS ITUX C/IAraeMbIX.

Taxum obpazoM, onpeieTuTeTb He MEHIeTCs MPU TPAHCITIOHUPOBAHNN
MATPUIIBI.

Bcee paspHeiimme cBoiicTBa onpeaeanTeseii (opMyaupylOTcs B Tep-
MuHax nx cTpok. Ilo TosbkKo 4TO JoKazamHOMy cBOICTBY 1 oHU OymyT
CITPABE/IJINBBI U JIJIST CTOJIOIOB.

2. Henocpecrsernto usz dopmysbl (2.15) BbITEKaeT, 9TO eCu Bee
9JIEMEHTBI HEKOTOPOH CTPOKU OIpEJeJIUTeNst — HYJIU, TO OIPEIeUTENDb
paBeH HyJIio.

3. Ecim sjieMeHTBl HEKOTOPOIT CTPOKHU OIpeJIeUTe s TpeicTaBIe-
HbI B BUJIE CYMMbI JIBYX CJIaraeMbIX, TO OIPEJIE/NNUTE/b IIPEJICTaB/IsIeTCsI
B BHUJE CYMMbI OIpejeuTeieil. 3aluiemM cooOTBETCTBYIONIYIO (DOPMYILY
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[IPUMEHUTEJIBHO K IEPBOIT CTPOKE:

ai; + b1 a2+ b2 aiz + b3 ail a2 ai3 b1 bia bi3
as1 a9 as3 = | a1 G2 G23 |+ | Q21 Q22 a93
asi aso as3 asr ase ass asy ase ass

CrupaBeJ/IMBOCTD JAHHOIO CBOWCTBA IIPOBEPSIETCS] HEITOCPEICTBEHHBIM HC-
moJsib3oBaHeM Gopmysibl (2.15):

Z (—1)U(mn2n3)(aln1+b1n1)a2n2(13n3: Z (_1)o(n1n2n3)a1nla2n2a3n3+

ningnsg ninang

+ Y (=17, ag,, ag,.

ninans

Anasormuno JOKa3bIBaeTCdA, YTO O6H.[I/Iﬁ MHOXKUTEJIel 3JIeMEHTOB
CTPOKH MOZKHO BBIHECTH 3a 3HaK OIIPEIC/INTEJIA:

aapp ala Gai13 ailr a1z ai3
asi a2 as3 = Q| Q21 QA2 a23 |,
a31 aso as3 a31 azz2 ass

1, BOOOIIIE,

aary + Bbi aaig + Bbia aars + Bbig

a21 a2 as3 =
asi asz ass
ailr a2 ai3 b1 bia bi3
= | ay axp a |+ 0| axn axp as
a3y azz2 ass a31 azz2 Aass

DTO CBOICTBO 4YacTO (DOPMYJIUPYIOT TaK: OIPEIEIUTEb AUHEEH II0
KazKJI0il CTpOKe.

4. Ecnu B onpejiesinTesie B CTPOKN COBIAIAIOT, TO OH PaBeH HYJIIO.
Bynem cunrarh, 9TO COBHAIAIOT JIBE TepBble CTpoku. g apyrux map
CTPOK BBIKJIQJIKU MOJHOCTHIO aHAJOTUYHBI. 3aluiieM paseHcTBo (2.13),
3aMeHss 3JIeMEHTBI BTOPOIi CTPOKM Ha PaBHbIE UM 3JIEMEHTHI IEPBOIi CTPO-
KHU:

|A| = arnaisass + apaizasy + ajzaase—
— (13012031 — (12011033 — G11013032. (3.2)
JIerko 3aMeTHThb, 4TO JIJIS KazKJI0r'o CJIaraeMoro co 3HaKOM ILIIOC HAXO/UT-

Cs1 OJIHO CJIaraeMoe, COCTOsIIIEee U3 TeX yKe COMHOXKHUTE/IEH, HO CO 3HAKOM
muHyc, 3HaanT, |A|l = 0.
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5. Eciam B ompenennTese MOMEHATH MeCTaMH JBE CTPOKH, TO 3HAK
€ro U3MEHUTCS Ha IPOTUBOIIOJIOXKHBII, HAITpUMeED,

a1; Aaiz2 ais 21 Q22 A23
a1 Q22 G23 | = — | a1 a2 a3 |. (3.3)
azy az2 33 asy Gz2 ass

rZLGIQ/JICTBI/ITG.HBHO7 B CJIy TOJIBKO 9TO JOKa3aHHOI'O cBoiicTBa 4 numeeM, 9T1o

ail +ag1 aia + aze a3+ ass
ay; +ag a2+ ax aiz+ag | =0.
asi aso ass

[TocsieroBaTEIEHO NCMIOIB3YS CBOMCTBO 3, JIEBYIO YaCTh 9TOTO PABEHCTBA
MOKHO 3allICaTh B BUJE CYMMBI Y€TBIPEX CJaraeMbIX:

ai] + a1 Q12 + G2 @13 + Q23
ail +ag1 Qi + ax a3+ as3 | =

asi as32 ass
aii aig ais asy a22 ass
ail +as1 Qg+ age a3+ ass |+ | aip+as ap+ asx a3+ asg | =
asi asg ass asi1 aso ass
ail aiz2 a3 ail aiz2 as a21 QA2 (23 as1 Q22 G23
ail] 12 @13 |+ | a1 Q92 Q23 |+ | A11 Q12 Q13 | + | Q21 Q92 @93
az1 a3z ass asp azz2 ass a31 a3z ass azy az2 as3

BesesieTsue cBoiicTBa 4 mepBoe n MocJie/iHee caaraeMble 3TO CyMMBbI paB-
HbI HYJIIO, TTO3TOMY

ailp a1z a13 as1 Q22 Qg3
a1 Qo2 Q23 |+ | a;1 ajp aiz | =0,
31 azz2 ass a3y azz2 ass

T. €. PaBeHCTBO (3.3) cIpaBenBo.
[lepecraBnstst cronbipl onpenesaureseii, (2.11), (2.12) moxHo 3a1mm-
CaTh B BUJIE

a;p by ags by a2 as
as by as3 by ag a93
as; bs ass bs azy ass
T = y T = . (34)
ail a1z ais ailr aiz2 ais
o1 Q22 @23 as1 Q22 G923
a31 a3z ass azy az2 as3
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Dopmysiam, TalomuM perienne cucreMsr (2.1) —(2.3), MOXKHO MpHIAThH
Terepb KOMIAKTHBII BIJY

zi=— i=1,2,3 (3.5)

rie A = |Al, a A; moaygaerces u3 |A| 3aMeHoii i-Toro cTosibia cToI6IoM
npaBofi qactu cucrembl (2.1)—(2.3). @opmysnst (3.5) HA3BIBAIOT GHopmy-
aamu Kpamepa.

[Tpoo/KIM U3yUeHne CBOHCTB OlIpeAeIuTe/Iell TPeThero mopsijiKa.

6. OmupesennTess He M3MEHUTCS, €CJIM K HEKOTOPOIl ero cTpoke Jo-
6aBUTD JIPYTYIO, YMHOYKEHHYIO Ha IPOU3BOJIbLHOE Yncyio. OndTh MpoBeaeM
JI0Ka3aTe/IbCTBO, PACCMATPUBas 1epBYI0 M BTOPYIO cTpoku. Vcmosb3ys
CBOICTBO 3, MOJIy4nUM

a1 + aag ajg + qaz a3 + ags

a21 a9 ass =

asq asg ass

ail a2 ai3 ao1 Q22 G23
= | as G2 Q93 |+ Q| Q21 Q92 a23

azy a3z as3 azy a3z as3

[Tocneanuit onpejienTe b paBeH HYJII0, TaK KakK €ro I1epBast U BTOpPas
CTPOKU COBIIQIAIOT.

7. Tlomyanm meobXoMMOe U JOCTATOYHOE YCJIOBUE PABEHCTBA OIpe-
nemaresist | Al wyso. Byjiem roBopuTh, Y4TO CTPOKE ONPEIeTUTeIs AUHET-
HO 3G6UCUMDYL, €CJIN CYIIeCTBYIOT YnCIa «, [3, 7y, He Bce paBHbIE HYJIIO, 1
Takue, 9To

aayj + Bag; +yaz; =0, 7 =1,2,3.

B nanbheiimeM GyeM sl ONPEIEIeHHOCTH CUHTATh, uTo o # 0.
Torna
a1 = crag; + ca3j, j =1,2,3, (3.6)

rie ¢ = —f3/a, ¢a = —v/a. [oBopsT, 94T0 B 9TOM CjIydae mepBasi CTPOKa
eCTh AUHEHaL KoMOUNaUUA BTOPOii 1 TpeTbeil CTpoK.

[Tokazkem, 9TO onpesesuTeb |A| paBen Hy/ 0 TOrIa U TOJILKO TOT/IA,
KOI'JIa €r0 CTPOKHU JIMHEHHO 3aBUCHMBI.

[TycTh /151 CTPOK OIpeIe/InTe st BBIIOJHEHO yeaoBue (3.6). YMHOKUM
BTOPYIO CTPOKY OIpEJe/IUTe I Ha —C1 U IpubaBuM K 1eppoil. Beanuunna
ONPEeCTUTE IS He M3MEHUTCs. Y MHOYKIM TPEThIO CTPOKY Ha —Co U IIpuba-
BUM K IIEPBOIi CTPOKE MPe0dPa30BAHHOr0 OIPEICINTEIA. BHOBD BeIMInHAa
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OIpeieTUTe sl He W3MEHUTCsI, HO MepBasi CTPOKa OIPeIeTNTes, OUeBH/I-
HO, OyJeT CcoJiepzKaTh TOJIBKO HYJIEBbIE 3JIEMEHTHI I IOTOMY OIIPEIe/INTE b
OyIeT paBeH HYJIIO.

[Iycrs ompegenurens |A| pasen mysmo. Paccmorpum Bee ompejie-
TEJIN BTOPOTO MOPsijIKa, MoJIydaformecs n3 |A| BbluepKIBaHHEM OHOIO
cTOJIOIA ¥ OJHOI CTPOKHU, HAIIPUMED,

ailr a2
as1 Q22

Eciu we Bce sieMenTs! onpenenntess |A| paBHb HyJiO (B TAKOi CH-
TYaIu JIOKa3bIBaeMOe yYTBEePXKJIEHNE BBIIOJHAETCA TPUBUAJIBHBIM 00pa-
30M), TO BO3MOXKHBI JIBa CJlydasi: 1) BCe 9TH OIPEIeUTEe/ N BTOPOro 110~
psijiKa PaBHBI HYJTIO, 2) XOTst Obl OJINH M3 HUX OTJIMIEH OT HYJIS.

PaccmoTrpum BTOpoit ciayuaii. [lepBrrit paccmaTpuBaeTcs: aHAJIOTTIHO,
IpUYeM PaCCyKJIeHUsI OKa3bIBAIOTCs Oojiee MpocThiMU. ByaeM cunTars,
YTO OIPEJIE/TUTEND

21 A22
asy as2

HE paBeH HYJIIO, YTO HE CHUKAET OOIIHOCTU PACCYZKJICHNUIT, TaK KaK 3TOr0
BCEr/Ia MOKHO JJOOUThLCA, IIEPECTAB/ISAA CTPOKU U CTOJIONDBI U HE MEHSIS 1PN
9TOM Bemmunnbl onpeesnrens A. JleiicTBureabsHo, Takue epecTaHoBKI
MOI'YT U3MEHUTD JIMIIb 3HAK OLPEJIEIUTe s, & OH, KAK MbI I10JIaraeM, pa-
BEH HYJIIO.

Bocmosbzosasmmucs dbopmyiioit (2.9), oTciona mostyanm, 9ro

13 = C1G23 + C2a33, (3.7)
rie
ailp a2 ailr a2
asp as2 as1 Q22
(o=77—7——, (= —7T""—"—
as1 Q22 as1 a22
asp as2 asy as2

Iamnee, onpenennTeib
a1 a2 a2
21 Q22 A22
asr as2 as2

paBeH HYJIIO, TaK KaK Yy Her'o ABa II0CJ/IeJHNUX CTOH6H& COBIIaJaloT. Samn-
CbiBagd I9TOT OIlIpeAe/nTe/Ib I10 (bopMyﬂe (29), IIOJIYIUM KaK N paHblIIe,
qTo

12 = C1092 + C2G32. (38)
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Hakomner, paccmaTpuBast Hy/1€BOi ONpeIenTe b

ailr a2 an
a1 A9y Q21 |,
asp agzz asi

IIoJIy4mm, 49T0
a11 = C1Qa91 + C2031. (39)

Pagencrsa (3.7) — (3.9) o3navaior, 9T0 IIE€pBast CTPOKA OTPE/ICTNTEIS CTh
JINHEeTHasi KOMOMHAINS BTOPOIl 1 TpeTheil CTPOK.

8. TlosyunMm Tak Ha3bIBaEMYIO (DOPMYITY PA3IOKEHUS OMPEICTUTES
o crpoke. Vcronb3ys cBoiicTBO 4), 3ammiiem cJie/Iyole paBeHCTBA:

aj; aiz Qais ai 0 0 0 a9 0 0 0 a3
21 Q2 Q23 | = | Q21 Q22 Q23 |+ | Q21 Q22 Q23 |+ | Q21 Q22 Q23 | =
az1 as2 ass az1 as2 ass az1 as2 ass az1 as2 ass

1 0 O 0O 1 0 0O 0 1
= a1 | Gz1 Q22 Q23 |+ ajo| Q21 Q22 Q23 |+ ai3| Q21 Q22 Q23

asp as2 ass asr as2 ass az1 as2 ass

Ob6o3Ha4mB uepe3 Aj; MHOKUTEJIN IIPH COOTBETCTBYIOMINX IeMEHTaX Iep-
BOfi CTPOKH ompejienTess |A|, MoKeM HAINCAThH

|A‘ = an A1 + aAp + CL13A13. (3.10)

IIpeobpasyem omnpenenurenun Ay, j = 1, 2, 3. YMHOXKIM HEpBYIO
CTPOKY A11 Ha @91 U BBIUTEM U3 BTOPOIL, 3aT€M YMHOXKIM HEPBYIO CTPOKY
Ha @3] 1 BblYTEM u3 Tperheil. [lomyunm B pesysbrare

1 0 0
A1 =10 azn a
0 asz ass

Anajiornaso,

0O 1 0 0O 0 1
App=|axn 0 as |, Aiz=|ax axp 0
az; 0 ass as; asy 0

Onpenesnrens Aj; Ha3bIBAETCS A.A2€0PAUMECKUM JONONHEHUEM STIEMEH-
Ta ayj.

Omnpegemmrens M BTOporo mopsjxa, nojydaromuiics n3 Aj; Bbl-
JepKHUBaHUEeM IE€PBOl CTPOKU M j-TOTO CTOJIOIA, HA3BIBACTCI MUHOPOM,
COOTBETCTBYIOIINM 3JIEMEHTY @1 OlpejesnTeis |A|.
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Boobe, anrebpandeckoe gomnoaHenne A;; sjeMeHTa a;; OlpeenTe-
ast |A] nonmydaercs 3amenoii B |A| ssementa a;; einHuIEl, BCEX 0CTalb-
HBIX 9JIEMEHTOB 2-TOI CTPOKU U J-TOI'O CTOJIONA HYJISIMI.

Munop M;; sneMenTa a;; onpejesuress |A| — onpejesnresb BTOporo
MOPsAJTKA, MOJTydatoruiicst u3 |A| BeldepKuBaHUEM i-TOif CTPOKH 1 j-TOTO
CTOJIOIA.

YVCTaHOBUM CBSI3b MKy aJIredparndecKiM JOIOJHEHISIMI U MIHOPa-
M. MeHsisi MecTaMy IIePBbIil 1 BTOPOii CTOJIOEI, HOJIyInM, YTO

1 0 0
Alg =—10 ao1 A93 | . (311)
0 az1 as3

AHAJIOrTIHO, BBITIOJIHSISI JIBE [IEPECTAHOBKN CTOJIOIOB I IIOTOMY HE MEHSISI
3HaKa, MOJyYUM, YTO

1 0 0
A13: 0 21 A99 | . (312)
0 as as

Tenepn, IIOHATHO, YTO JOCTATOYHO HAYYUTHCS BLIYACIATL OLPEIC/IN-
tesib App. Ucnonbsys dopmyiy (2.13), mosyamnm

Benenersue (3.11), (3.12) 6ymem nmets, aro Ajs = — Mg, A3 = Mis.
Dopumyite (3.10) MOXKHO IPUIATH BT

|Al = ay My — a1oMig + a3 M3.
Herpyano coobpa3urh, 4To crpaBe/inBbl 001I1e (OPMYJIbI
Al = anAin + aipAi + aizAjs, (3.13)
|A| = a1 (—1) My + ain(—1)""2 Mo + ai3(—1)"" M;s (3.14)

pasnodicenus onpedesumens no 1-mot cmpoke, viae 1 = 1,2, 3.
MorkHO HallcaTh U aHAJOIUYHYI0 (DOPMYILY PaA3A0AHCEHUSA ONPEIENU-
MeAA N0 CMOoAOUY

|A‘ = ali(—l)Hth- + agi(—l)i+2MQi + agi(—l)i+3M3i, (315)

rie ¢ =1,2,3.
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[Tomuepkuem, aro 3Haku B dopmyrax (3.14), (3.15) ompemessorcst
KOJIMYECTBOM [IE€PECTAHOBOK CTPOK U CTOJIOIOB B aaredpamdecKOM JI0II0JI-
Hennn A;;j, HeOOXOJUMBIX JI/Isl TOTO, YTOOBI [I€PEMECTHTD €[HHUILY Ha I10-
3UINIO TIEPBOrO 3JIEMEeHTa IIePBOil CTPOKN.

[TPUMEP. BeraucauMm ompeaenTesb Pa3aozkKeHueM 0 IePBOMY CTOJIOIY:

5 6
8 9

2 3
8 9

2 3
5 6

ISR
co Ut N

2:1.' ‘—4-’ ’+7-‘ ‘:—3—4(—6)+7(—3):O.
9

Tot ke omnpee/InTeNb BHIYUCIAM PA3J/I02KEHIEM 10 BTOPOi CTPOKE:

2 3
8 9

1 3
79

1 2
78

ATy
co Ut N

2:—4' ‘+5.’ ‘—6-‘ ‘:—4(—6)+5(—12)—6(—6):0.
9

Ucmonb3yeM Ternepb CBOHCTBO 7) 71T BBIYUCJICHUSI TOTO YK€ OIPEIETUTENA. Y MHOKIAM
CcHAaYaJ/I1a MepPBbIi CTOJIOeI] HA JIBa U BBIUTEM U3 BTOpPOro crosbia. [Ipumem Kk paBeHCcTBY

1 2 3 1 0 3
4 5 6|=|4 -3 6
78 9 7 —6 9

BareM yMHOXKHUM IEPBBIN CTOJIOEI] Ha TPU U BBIYTEM U3 TpeThero crojbua. [lomyanm
1 0 3 1 0 0
4 -3 6|=14 -3 —6].
7T —6 9 7 —6 —12

Pazraras mocyienuuit onpeemTesb 10 IEPBOil CTPOKe, HalIeM ero 3HaUYeHue:

1 0 0
4 -3 -6 :1-‘:2 __162':0.
7 -6 —12

Ormerum, uto Ha dopmyny (2.9) MOKHO CMOTPETH Ternepb Kak Ha,
pasJiozKeHne OIpeIesINTeNs 110 TPETbeMYy CTOJIOILY.

9. Ilycrb @ # k. Torma
ait Ak + ainApe + aizAgs = 0. (3.16)

JeiicTBure/ibHO, BhIpazkeHue B j1eBofi yactu (3.16) MOKHO HHTEPIPETHPO-
BATh, KAK PA3JIOKEHUE ONPEICTUTeNs 110 k-Toil CTpoKe, KOTOpast COCTOUT
13 9JIEMEHTOB i-Toii crpoku. Oupeeauresb ¢ AByMs PABHLIMU CTPOKAMI
paBeH Hy.JIio.

Coornomtenusim (3.13), (3.16) mosesno npujgath o061y hopmy

ainAg1 + ainAie + aisAgs = |Aldik, 1, k=1, 2, 3, (3.17)
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rie

0, ik,
S :{ v Zﬁk (3.18)

TaK Ha3bIBAeMbIH cumeon Kponekepal).

D Meomnomsx Kporexep (Leopold Kronecker; 1823 — 1891) — Hemenkwuii MaTeMaTHK.



['VIABA 4
BBe,ZLeHI/Ie B QHAJIMTUYIECKYIO reoMeTpulio

§ 1. BekTopsnl. Arebpanmvdeckne olepanu HAJl BEKTOPaMU

1. B sroii riase Mbl 6y1eM HCIOIL30BATH TOJILKO BEIECTBEHHBIE YIC-
sa. PaceMarpuBaeTcest TpexMepHOe eBKIIII0BOY mpocTpancTso. Bromures
dexapmosd® cucmema xoopdunam. to o3madaer cienyomee. OuUKCHpy-
eTcsi HeKOTOpasi TOYKa IPOCTPAHCTBA (B JaJibHiillleM OHa Bcerja Oyjer
obosHauarcs cuMBojioM 0 (HOJB)). OHa HA3BIBAETCS HAUAAOM CUCTIEMbI
Koopduram. 3aal0TCsi TPHU ONAPHO OPTOrOHAJIbHBIE MPSIMBbIE, TTPOXO/Is-
mue 4depes Touky 0. 3ajaercd euHKUNA JJIMHLI U HAIPABJIEHHIE OTCUETa,
oT Toukn 0 Ha KaxKJIOi MpsAMOii.

[Tostozkenne ToueK Ha 9TUX IPSIMbBIX OYIeM OIPEAE/ISITh BEIeCTBeHHbI-
MU 9UCJIAME T1, To, T3 (T. €. OyJieM MHTepIpPeTUupoBaTh ITU NPAMbIe KaK
BEIeCTBEHHBIE OCH ). ByjieM Ha3bIBATH UX B JATbHEIIEM ocAMU K0opdu-
Ham.

[ToHsATHO, UTO Teleph IOJIOKEHIE KAKI0i TOUKH B IIPOCTPAHCTBE B3a-
VIMHOO/IHOZHAYHO OIPEE/ISIeTCS 3aJaHieM TpexX YUCesl I, Lo, T3, HA3blBa-
eMbIX K0OpAUHAMaMYU Moyky (Te€OMETPUIECKUiT CMbICT KOOPINHAT MOSIC-
HsieTCs Ha puc. 1, a).

Touku npocrpancTsa 6yaeM 0603HAYATH MAJILIMU JIATHHCKAMUI OyKBa-
MIL: X, Y, Z, ... DYIyT HCIHOIB30BATHLCA 1 0003HAYCHNUSI C ABHBIM yKA3AHN-
eM KOODJIMHAT, Harpumep = = (1, T2, r3). VHOTIA HAM TpUIETCS HyMe-
pOBaTh pas3JIMdHble TOUYKH IPOCTPAHCTBA. B 9TOM cirydae HoMep (MHJIEKC)
Oyjiem mucaTh cepxy, Hanpumep, ot = (z1, 2l zl).

Kak 00bIvHO, HallpaBJIeHHbIE OTPE3KU OyJIeM HA3BIBATH GEKMOPAMU.
Ha pucynkax (npu HeoOXOANMOCTH) HAIIPABJIEHNE BEKTOPa OyIeM yKas3bl-
BaTh CTPEJIKON. BekTopbl, mMmerolye pasible JUIMHLL 1 OJMHAKOBLIC Ha-
MpaBJIeHHsl, CUUTAIOTCsT paBHbIME (cM. puc. 2, a). C KaxK 0t ToUKOoii
IIPOCTPAHCTBA, B3aMMHOOHO3HAYHO CBA3aH BEKTOD, COCIUHSIONINI ee ¢
HadaoM KoopjamHat (cm. puc. 1, b). Konrowm sroro BekTopa cunmraercs
TOYKA, .

Bekrop, coorsercryiomuii Touke 0, OyueM Ha3bIBATDL HY.ACEbLM.

D Eskmi wmm Dk (ox. 300 1. 710 H. 3.) — ApeBHErpedecKuii MaTeMaTiK. MIpOBYIO H3BECTHOCTD
pro6pest 61arojapss COTMHEHNIO 110 OCHOBaM MaTeMmaTukn «Hawamas.

2)Pene Jlexkapr (Rene Descartes; sar. Renatus Cartesius — Kapresnii; 1596 — 1650) — dbpamirys-
cKMit MaTeMaTuK, purocod, Gu3nK u GU3UOJIOT, CO3TATETH AHATUTHIECKON TeOMETPUN U COBPEMEH-
HOH aJireOpanvecKoil CHUMBOJIMKH.
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<,

‘/x2 % g«

a

Puc. 1. lekapToBbl KOOpAuHATHL TOYKK - = (X1, X2, x3) (a). Bekrop x (b)

BekTops! Oy/ieM 0003HaYATh TEMU K€ CUMBOJIAMHU, YTO U COOTBETCTBY-
IOIUE UM TOYKH IPOCTPAHCTBA.

Koopuaarsl ToUKr & OymeM Ha3bIBATH JeKapmosvimu KoOpouHama-
MU 6EKMOPa T. I eOMETPUYIECKUIt CMBICII JIEKAPTOBLIX KOOPANHAT BEKTOPA,
OYeBUJIEH. DTO JIINHBI MPOEKIUIl BeKTOpa & (€ yIeToM 3HaKa) Ha COOT-
BETCTBYIOIUE OCU KOOD/IMHAT.

JIiuHy BEKTOpa T 9aCcTO HA3BIBAIOT MOJyAem U 0003HAYAIOT Yepes ||.
JINmb oguH BEKTOp MMeeT HyJeByIo JmHy. 9To BekTop 0. M3 Teopembl
[Tudaropa cpasy ke BbITEKAET, ITO Jist JTIOOOr0 BeKTOpa & = (X1, T2, T'3)

2| = \/x%+x%+x§

2. OmpejenmM Tenepb TakK Ha3bIBAEMBIE AA2€0PAUYECKUE ONEPALUUL
nad sexmopamu. Byaem ornuparbest IPU 3TOM Ha 3HAKOMBIE 13 IITKOJIBHOI'O
Kypca pU3MKN IpaBuia AefiCTBUSI ¢ CUJIaMU, MPUJIOKEHHBIMUA K MaTepu-
aJIbHOII TOYKe.

1) Ymnoorcernue sexmopa 1a wucao. IycTs 3a1aHbl BEIIIECTBEHHOE THUC-
JIO @ 1 BEeKTOp x. BeKTop y Ha3bIBaeTCs NMPOU3BEJIEHNEM U T (nmueT—

Ly 3

X X3

3
X
ox
X X

Ry
-
=
o
=
S 2

Puc. 2. Pasubie Bektops! (a). Kosumnaeapubie sektopsr, « > 0, 5 < 0 (b)
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Puc. 3. Cinoxenune sekropos. IIpaBuio napasenorpamma (a) u npasuio Tpeyroiabauka (b)

ety = aux), ecn |y| = |al|z|, a Hanpasenue y coBmagaeT ¢ HapaB/IeHN-
€M BEKTOpa & IIPU MOJIOYKUTETbHOM (v U TIPOTUBOIIOJI0KHO HAIIPABJICHUIO T
[IPU OTPHUIATETHHOM (.

[TosicHnM, 9TO yMHOXKEHHE JII0O0r0 BEKTOpa Ha HYJIb JlaeT HYyJIeBOil
BEKTOP, YMHOKEHIE JII0OOI0 INCjIa Ha HYJIEBOIl BEKTOD TaKKe J1aeT HyJle-
BOIl BEKTOD.

BekTopsbl, Jexkarme Ha OJHON MPAMOil, Ha3BIBAIOT KOAAUHEADHLMU
(em. puc. 2, b). TlonsiTHO, TIpH JIFOOBIX (v U T BEKTOPBI iy = U U X KOJI-
JmHeapHbl. Haob0poT, ecit BEKTOPHI ', Y KOJJINHEAPHBI, U XOTs ObI OJINH
U3 HUX He HYJIb (HAIPUMED, X ), TO HAllIeTCs TaKOe YHUCIIO (v, UTO Y = QL.

2) Caoorcenue sexmopos. Bekrop z HasbBaeTCst CyMMOI BEKTOPOB &
u y (nuiercst z = r—+y), €cii Ol 00pasyer JINAroHa b apasiiesorpaMma,
IIOCTPOEHHOTO Ha BEKTOpax &, i (cMm. puc. 3, a).

Hetpynno Buners, uto © +y = y + , T. €., K&K TOBOPSAT, OllePaIlsd
CJIOZKEHHST BEKTOPOB KOMMYMAMUGHA (Nepecmaro6ouHa).

YTIPAYKHEHUE. MuTeprperupyiite npaBuio CJI0KeHUsS BEKTOPOB B
peIeTbHOM CTydae, KOrja cjaraeMble KOJJINHEeAPHDI.

MHOI‘,&& y;L06Hee OIIMCBhIBaThb TO K€ CaMO€ IIpaBHUJIO CJIOZKEHUA BEK-

0 Y

X+ y+2N\S?

e

Puc. 4. Cnoxenne BekTopos: (a) cymMMa Tpex BeKTOPOB; (b) K HmpaBmly accOIaTHBHOCTH
w=z+y+z=(x+y)+2z=u1a+(y+ 2); (c) BeIunTAHNE BEKTOPOB, T + (—y) = = — ¥,
r=y+(z—y)
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Puc. 5. K qucrpubyTuBHOCTH YMHOXKEHUsT HA CKaJsip (@) U 1O CJI0KeHNI0 BeKTOPOB (b)

TOPOB MHAYe: OT KOHIA BEKTOPA T OTKJAJLIBACTCS BEKTOD Y, BEKTOD 2
3aMbIKAET TPEYyTOJbHUK (CM. puc. 3, b).

AHAJIOrNYHO MOXKHO ONUCATE MPABUJIO CJIOKCHUA HECKOJIBKHIX BEKTO-
poB (cM. puc. 4, a).

Herpyauo BuseTh, 94To onepanust CJI0KEHNsI BEKTOPOB ACCOUUAMUCHA
(em. puc. 4, 0), . e. (x+y) +z=2+ (y+ 2).

BekTop z HazbIBAETCSA PA3HOCMbIO BEKTOPOB T U Yy (CcM. puc. 4, c),
ecin © = z + y. Howuarwo, uto z =z + (—1)y = = + (—y).

3 puc. 5 cpasy yeMaTpUBaIOTCs CJIEAYIONINE CBONCTBA, CBI3LIBAIO-
IIMe ONepaAly CJIOKEHUST BEKTOPOB U YMHOXKCHUST BEKTOPA HA, YUCJIO:

(a4 B)x = az + fuz,
alr +y) = axr + ay.

DT cBOWCTBA HA3BIBAIOT CBOHCTBaME ducmpubymusrocmu (pacnpedent-
MEALHOCTNU).

3. bBasuc. Pasaooicernue eexmopa no baszucy. Bynem roBopuTh, UTO
BEKTOPBI KOMNAGHAPHDL, €CJIA OHU JIEXKAT B OHOI 110cKoCcTH. PUKCHpyeM

2 1 2
X,e" +xe——_ X,e i

Puc. 6. Pazioxkenne Bekropa 10 6asucy, © = r1e! + zoe? + r3e’
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Puc. 7. K mokazare/qbCTBYy €IMHCTBEHHOCTU PAa3JIOXKEHUs BEKTOPa IO HEOPTOTOHAJILHOMY
6asucy (a). dexapros 6azuc (b)

IIPOM3BOJIbHBIM 00Pa30M TPHU HEKOMILIaHapPHBIX BeKTOopa. O603HAUNM X
gepes el, e?, e3. OueBuHO, UTO 1000 BEKTOP 2 MOYKHO IPEICTABUTH B
Brje (cM. puc. 6)

xr = :L'lel + 513262 + 93363.

Bynem nucars Takxke x = (1, T2, T3).

ToBopsT, uTO BeKTOPHI €', €2, e3 0bpazyioT 6aszuc mpocrpancraa. Ymc-
J1a T1, T, T3 HA3LIBAIOT KOOPAUHAMAMU 6eKmopa 6 3ToM basuce. OHU 0J1-
HO3HAYHO OIPEJESIIOTCA BeKTOpoM ¥ (ecyin Oasuc ukcuposaH). [leii-
CTBUTEJILHO, €CJIH IPEIIIOJ0KATE, YTO BO3MOXKHO elle OJHO Pa3JIoyKeHue

r = /.CC\1€1 + /.1'\262 + /3?\363,
TO
(5]\1 — 331)61 + (ZC\Q — 5172)62 + (36\3 — 563)63 = 0.

CiieioBarenibio, BekTopbl (T1 —x1)el, (To—x9)e?, (T3 —x3)e® obpasyior
TPEYTOJBHIUK U, 3HAUNT, JIEXKAT B OJHOI IIOCKOCTH (CM. puc. 7, @), 9ero
HEe MOZKET OBITh, TAK KaK 110 YCJIOBHIO BeKTOPHI e, €2, €3 HekoMITanapHsl.

Ocobyto poJib urpaer 6as3uc, CoCTaBAeHHBIN 13 TPeX MOIapPHO OPTOro-
HaJIbHBIX BEKTOPOB €JIMHIIHOMN JInHbL (eM. puc. 7, b). OHu 0bpasyror Tak
Ha3bIBaeMBbIil dexapmos 6asuc. Ml Gynem obo3HauaTh ero uepes i, 2, 5.
Koopaumaarsl BeKTOpa B 9TOM 0as3nce ecTh ero JIeKapTOBbl KOOPIMHATHI.

Baswuc, cocraBieHHbBI 13 TpeX MPOU3BOIbHBIX HEKOMILIAHAPHBIX BEK-

TOPOB, UHOTJIa HA3BIBAIOT 0000WEHHILM JeKapmosvim ba3UCOM.

Hayiee B aTOM naparpade Ioji KoopJguHaTaMi BEKTOPa ITOHUMAIOTCSI
0000IIIEHHBIE JIeKAPTOBLI KOOpinHaThL. Cjrydan, KOrja UCHOJIb3YIOTCs J1e-

KapTOBbI KOOP/IMHATHI, OI'OBAPUBAIOTCSI 0CO0O.
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v
v

a ¥ b

Puc. 8. ¥Yrou 1 Mexity Bekropamu x u y (a). Yrou ) = m— 1 Mexay Bekropamu & 1 —y (b)

4. IIpedcmasaenue anzebpauveckus onepayud wepes Koopounamol.
I[lycth o — nmpousBobHOE Unc10. Venonb3ys CBOHCTBO ANCTPUOY TUBHO-
CTH, TOJIY UM

az = (ax))e! + (amy)e? + (axs)e’,

T. €. IIpU YMHO2KEHNHN BEKTOPa Ha YHCJIO KOOPAMHATBI BEKTOPa YMHOXKa-
I0TCA Ha 9TO 2K€ 4YUCJIO. ByﬂeM TaKzKe IIncCaTb

ar = (axy, axs, axs).

Tanee, myctb © = €' + x9e? 4+ x3e3, y = y1e! + y2e? + yse3. Torna,
OIMPAasiCh Ha CBOMCTBA ACCOIUATUBHOCTHU U JUCTPUOYTUBHOCTHU, HOJIYIIM

T4y = (1 + yl)el + (22 + 92)62 + (23 + y3)63,

T. €. TIPU CJIOZKEHUU BEKTOPOB UX KOMIIOHEHTHI CKJIAIbIBAIOTCS.
bynem Takxke nmcathb

T4y = (T1 + Y1, T2 + Y2, T3 + Y3),
1, BOoOIIIE,

ax + By = (axy + By, axs + Bya, axs + [ys).

Hanpumep, ganbr Bekropel x = (1,2,4), y = (5,6, 7). Beraucimm Koop/iuHaTBl BEKTO-
pa z =2z —y. Honyuum z = (2—-5,4—6,8 —7) = (—3,-2,1).

§ 2. CkangpHoe IIpou3BeleHre BEKTOPOB

1. Ckaaapmvim npouseederuem 6eKmMopos & N Y Ha3bIBAETCS UKICIIO

(z,y) = |z[|y| cos(x, y).

31echb cos(x, y) — KOCHHYC yTriia MeKJly BeKTopamu ., y. [Toj yriom mex-
1y JBYyMsl BEKTOPaMU II0JPa3yMeBaIOT TOT YIoJI, KOTOPbI HE MPEeBOCXO-
aut m (eM. puc. 8, a).
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y
0 = | H
0 Ol (£ X =_| (x’e)
(x,0) =I5 2.9
(x+y,e) o
a b

Puc. 9. ITpoekrus BekTopa (a). K moka3areabcTBy aiuTHBHOCTH CKAJSIPHOTO IIPOU3BE/IC-

uust (b)

[TousiTre cKaJgPHOTO MPON3BE/ICHNST BEKTOPOB BOSHUKACT, HAIIPIMED,
B (bU3MKe IPU MPOCKTHPOBAHUN CHJIBI HA 33[aHHOC HAIIPABJICHHE.

Jnna npoekyuy (€ yIeToM 3HaKa) BEKTOpa T Ha IIPSIMYIO, HapaJi-
JIEJIBHYIO BEKTOPY € eJMHUIHOf JITTMHHBI, PaBHA CKAJISIPHOMY TTPOU3BE/Ie-
mnio (z,e) (cm. puc. 9, a):

(z,e) = |x||e| cos(z, e) = |z||e| cos a = |z| cos .

O4eBUIHO, UTO JJISE OPMO20HAAYHOCTIU JBYX HEHYJIEBLIX BEKTOPOB
HEOOXOUMO U JIOCTATOYHO, U4TOOBI MX CKAJSPHOE IIPOU3BEICHNE PABHSI-
JIOCH HYJIIO.

Eciin oun 13 COMHOXKUTEICH — HYJIb, TO U CKAJIAPHOE IIPOU3BEICHIE
PABHO HYJIIO.

CkaJigspHoe poussejienue ob1a1aer CaeAyIOmuMI CBOCTBaAMMY:

1) (z,y) = (y, ) ayist JTEOOBIX BEKTOPOB T, Y — CUMMEMPUA,

2) (az,y) = a(x,y) m1st JOOBIX BEKTOPOB &,y U Jis JI000T0 Belre-
CTBEHHOI'O YHCJIa O — 00HOPOOHOCMND,

3) (x4 vy,2) = (x,2) + (y,2) st JIIOOBIX BEKTOPOB T, Y, Z2 — addu-
MUBHOCTNY,

4) (x,z) = |z|* = 0 sz ymoboro Bekropa x, n eciu (z,r) = 0,
10 £ = 0 — NOAOHCUMEALHAA ONPEJEAEHHOCTIVD.

3aMeTnM, 4TO U3 CBOHCTB 2), 3) BBITEKAET, YTO

(ax + By, 2) = alz, 2) + 8(y, 2)

JIJIsT JTIOOBIX BEKTOPOB X, ¥, Z 1 JIJIsT JIIOOBIX BEIIECTBEHHBIX YHCe &, 3. DTO
CBOICTBO 9acTO HA3BIBAIOT CBOMICTBOM AUHEUHOCTU CKAJISTPHOTO TPON3Be-
JIEHUST BEKTOPOB 110 TIEPBOMY apr'yMeHTY.

Yb6emmmcest B cripaBeyInBOCTH CBOICTB 1) —4).

CpoiicTBO 1) — HENoCpeICTBEHHOE CJIJICTBUE OIPEJIEICHISI.
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Caoiicto 2) mpu v = 0 odeBuIHO, a mpu a < 0 HAJIO 3aMETUTD, YTO
YMHOXKeHWEe OJTHOTO BEKTOPa Ha OTPUIATETbHOE YNCIO MPEeBPAIIAeT Yol
MeZKJIy BEKTOpaMU B JOMOJHUTEIbHBIN JIO 7T U, CTAJI0 ObIThH, MEHSIET 3HAK
KocuHyca yriaa (em. puc. 8, b).

Eciu z = 0, T0 ¢BOicTBO 3), OYEBUIHO, BBITOIHACTCS JIJIsT JTIIOOBIX T
u y. Ecin z # 0, 10, UCo/ib3ysi CBOHCTBO 2), MOy M

(z+y,2)=|z|(z +y,e),

riie e = |z| 71z, npuuem, ouesuno, |e| = 1. Tenepb 10CTATOYHO OKA3aTh
PaBEHCTBO
(z +y.e) = (x,¢) + (y.€).

CJieBa B 9TOM PaBEHCTBE — IMPOEKINS BEKTOPA T + Y Ha IPIAMYIO, IapaJl-
JIQJILHYIO BEKTOPY €, a CIIpaBa — CyMMa, [IPOEKIINl BEKTOPOB X U Y Ha 3Ty
xKe npsimyto (em. puc. 9, b). [ToHATHO, YTO JBE 3TU BEJUYNHbBI COBIIAJIAIOT.

CBoiicTBO 4) BBINOJHAETCA OUEBUHBIM 00PA3OM.

OrMmeTuMm ere, 4To Jist JIOObIX X, Y CIPABEeJINBO HEPABEHCTBO

(2, )| < [z[|y].

DTO HEPABEHCTBO HA3BIBAIOT Hepasencmeom Kowu'. OueBnano Takxe,
YTO JIJIs1 JIFOOBIX X, Y CIPaBeJINBO HEPABEHCTBO

lz +y| < |z + |yl

HA3BIBAEMOE HEPABEHCMEOM Mmpeyeosvhuka (eM. puc. 3, b).

2. VkaxkeM pOpMyJly BBIUNCICHUS CKAJSPHOTO IIPOU3BEICHUS BEK-
TOpoB = = (1,2, 3), ¥ = (Y1, Y2, y3) Uepe3 UX KOOPAUHATHI. Bocmosib-
30BABIIUCH YCTAHOBJICHHLIME TOJILKO YTO CBOHCTBAMU CKAJISIPHOIO IIPO-
W3BEJICHIA, TT0JTY YUM

3
(2,y) = (z1€' + 206> + 236", y1€" +ype” +y3€”) = Z zy(eh, el). (2.1)
k=1

Hcnonb30BanibIe 3/1€Ch CUMBOJIBI O3HAYAIOT CYMMUPOBAHUE 110 BCEM 3Ha-
qeHusM uHjIeKcoB k, [ = 1,2,3 (Bcero — JeBATh caraeMbix).

[Tonyuennast popMmyJia MOKA3LIBAET, YTO JIJIs BLIYUCIEHUSA CKAJIAPHO-
IO MPOU3BEICHNUSI JIBYX JIOOBIX BEKTOPOB HAJI0 3HATH CKAJIAPHBIC IIPOU3-
BeJIeHNsT BeexX (1ecTn) map O6a3uCHbIX BEKTOPOB.

DOrrocren JIyn Komm (Augustin Louis Cauchy; 1789 — 1857) — dbpaniysckuii MaTeMaTHK.



§ 3. Bekrtopnoe npousseenue o1

[Iporre Bcero BuIUnC/IgeTC CKAJIIPHOE TTPON3BEeHNE BEKTOPOB 110 NX
JIEKapTOBBIM KoopauHaTaM. JleficTBUTE/IbHO, B 9TOM C/Iydae (ek , el) = Ok,
CJIEJIOBATEJILHO,

(T, y) = T1y1 + Tayo + T3Ys3. (2.2)

[IpuBejieM B 3aK/OUeHNE OYEBHUHYIO, HO IOJIE3HYIO, (DOPMYJIY, BbI-
pazKarllyo KOCUHYC yIJla MeK/Iy BEKTOpaMU depe3 UX JIeKapTOBbl KOOP-
JIMHATHI:

cos(z )_(x,y)_ T1Y1 + T2Y2 + T3Y3
Y _’ || |_ 2 2 2 2 2 2"
LY Vi 4+ @3+ w3y us + Y3

[TPUMEP. TpeyroiabHUK xyz 3aJ@H JeKapTOBBLIMU KOOD/MHATAMU BepIIMH (ciesaiiTe
pucyHok!):
T = (2717_1)> Y= (3727_1)7 = (37170) (23)

Tpebyercst Haiitn yros « upu Bepiruie . CHadaIa HAXOIUM BEKTOPLI
y—x=(1,1,0) u z—xz=(1,0,1).

Barem BLramHCIAeM ux JHAEB |y — | = V12 + 12 = /2, |z — x| = V12 + 12 = /2, ckasapmoe

npoussesierne (y—x,z—x) = 1-14+1-040-1 = 1 u, HaKOHeIll, KOCUHYC yIJIa P BepIIuHE T:

(y—x,z—:r) 1
cosq = —m— = —,
ly—zflz—=] 2

CJIeJIOBATENILHO, v = /3.

§ 3. BekTopHOe nmpon3BeieHNE

1. Bexmopnoe npousdsedenue 6eKmopos ecTeCTBEHHBIM 00Pa30M BO3-
HUKaeT B pU3NKe, HATTPUMED, MPU BBEJICHUN MOHATUS MOMEHTA CUJIbI OT-
HOCUTEJIbHO JIJAHHOI TOYKMU.

[IycTh B mpocrpancrBe puKcupoBaHa HeKOTOpas Oa3ucHasl CUCTEMa

BeKTOpOB €', 2, e3. BreneMm monaTne opuenmayuu 6a3uca. Bynem roBo-

PUTb, YTO TPOiiKa 6a3UCHBIX BeKTOPOB €', e?, €3 umeer npasyro opuenma-
Yo, eI ¢ KOHIA BEKTopa e3 KpaTdaiimmuii moBopoT oT el k e? cosep-
IaeTcs MPOTUB 4YacoBOil CTpesiKu. B 1poTuBHOM ciiydae Tpoiika MMeeT
aesyro opuenmayuro (em. puc. 10, a).

BeKTOPHBIM IPOU3BEIeHneM BeKTOPa T Ha BEKTODP Y HA3LIBACTCS BEK-
TOD 2, VAOBJICTBOPSIIONMI CICIYIONUM TPEM YCJIOBUSIM:

1) |z] = Jzly| sin(z,y) Y,

2) BEKTOP 2 OPTOrOHAJIEH KayKJOMY U3 BEKTOPOB T 1 ¥,

1)HOC.H8,HHI/II71 MHO2KUTEJIb — CHHYC yTIJla (I\II/IHI/II\'IH,.HI)HOFO) MEZKJ1ly BEeKTOpaMu T 1 Y.
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Puc. 10. K omnpeiesiennio BeKTOpHOTO pousBejieHust: JieBblil 6asuc (a), z = [z,y] (b)

3) BEKTOD z HallpaBJIeH TakK, 4TO TPOiiKa BEKTOPOB I, Y, 2 UMEET Ty
JKe OpHEHTAINI0, 9T0 1 (PUKCHPOBAHHBIN BbIIe Oa3UC IPOCTPAHCTBA (CM.
puc. 10, b).

BekropHoe mpousBeieHne BEKTOPOB X, Yy OyueM 0003HAYaTh ue-
pes [z, y].

Ormerum, 4To [z, y]| paBeH 1IomaIu mapasiesorpaMma, ToCTPOCH-
HOT'O Ha BeKTopax z,y (cMm. puc. 10, b).

gleno, 4To HEOOXOAMMBIM 1 JIOCTATOUHBLIM YCJIOBUEM KOJLIMHEAPHOCTH
JIBYX BEKTOPOB SIBJIACTCS PABEHCTBO HYJIIO UX BEKTOPHOIO IIPOU3BEICHUSI.

BekropHoe npoussejienne 00J1aJ1aeT eIy ONIMIA CBOCTBAMU:

1) [z,y] = —|y,x] aus J0OBIX BEKTOPOB X,y — GHIMUCUMMEMPUY-
HoCmb (KOCOCUMMEMPUYHOCTID ),

2) [ax,y] = afx,y] mst 100X BEKTOPOB X,y 1 JIIOOOI0 BEleCTBeH-
HOT'O YNCIa ¢ — 00HOPOJHOCMH TIO TIEPBOMY apryMeHTY,

3) [+ vy, 2] = [z, 2] + |y, 2] nas m00bIX BEKTOPOB T,y — addumue-
HOC® 110 LIEPBOMY apI'yMEHTY.

Yoemnmcs B cripaseymBocTu cBoiicts 1)-3). IIposepka cBoiicts 1), 2)
aHaJIOTMYHA TPOBEpPKe CBONCTB 1), 2) ckassipHOro mpousBejenus. [Ipu
9TOM HAJI0 yUECTh, YTO €CJIM B TPOIKE BEKTOPOB IOMEHATH MECTaMMU I1€p-
BbIE JIBA BEKTOPA, TO TPOIKa MeHsieT OPUEHTAIIIO Ha [IPOTUBOIOIOKHYIO;
eCJIM YMHOKUTD [EePBbIil BEKTOP Ha OTPUIATEILHOE YHUCI0, TO TPOIKa TaK-
YK€ MEHSIET OPUEHTAIINIO Ha TPOTHBOIOJIOKHYO.

Jl1si IpoBEepKK TpeThero CBOWCTBA 3aMeTuM, 4To npu z = 0 oHO
BBIIIOJIHSIETCsT TPUBHAIBHBIM oOpasoMm. Eciam z # 0, To, nomenns paBeH-
cTBO 3) Ha |z| u UCHOJIB3yst 3aTeM CBOMCTBO 2), HETPYIHO YO UTHCS, ITO
JIOCTATOYHO JIOKA3aTh CIIPABE/INBOCTH PABEHCTBA

[+ y,e] =[x, e] + [y, €], (3.1)

rje € — HPOU3BOJILHBIN BEKTOP €IMHUYHON JIMHbBL. [locTpoenne BeKTop-
HOT'O [TPOU3BE/ICHUS [X, €] MOYKHO ONNCaTh cJepyionmmM obpasom. CHada-
JIa BEKTOP & HPOEKTUPYETCsl Ha IJIOCKOCThL, OPTOIOHAILHYIO BEKTODY €.
3aTeM I0JIyYeHHDII BEKTOD OBOPAYMBACTCA B 9TOM IIJIOCKOCTH TaK, YTO-
ObI OH CTaJI OPTOrOHAJILHBIM BEKTOPY X W IIPH TOM II0JIy9HIACh TPOKa
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Puc. 11. K nokazaresbeTBy a/JIMTUBHOCTH BEKTOPHOIO Npou3sBeieHust. [Iponsse/ieHne Bek-
TOpa T Ha BEKTOD € €JIMHUIHOW JINHBbL, 2z = [r,€], |z| = |z|sina = |z|cos(m/2 — a) (a).
K nokasarenbcrBy pasencrsa [ + y, €] = [z, €] + [y, €] (b)

Hy’KHOI opuenTanuu (cM. puc. 11, a). 3amMeTum, 9T0 BO3MOXKHOCTH Ta-
KOO ONMCAHUSI TIOCTPOEHHsT BEKTOPHOIO TIPOU3BEICHNUST 00ECIIeTNBACTCSI
XOPOIIIO M3BECTHBIM PaBEHCTBOM sin a = cos(7/2 — «). Ilocse BbImONHE-
HUST YKA3aHHBIX TeOMETPUIECKIX MOCTPOEHNi paBeHcTBo (3.1) craHoBuT-
cst oueBAHBIM (cM. puc. 11, b).

2. Tlosyumm Terepb BIpayKeHNE JIJIsi BEKTOPHOTO IIPOM3BE/ICHUST BEK-
TOPOB & = x1€1+x262+x363, Y= y161+y262+y363 qgepes3 X KOOPANHATHI.
[TocieioBaTeIbHO UCTIONB3YsI cBolicTBa 1)-3) u yuurbiBas, 4to [z, 2] = 0

JLJIA JIIOOOTO BEKTOpPa 2, MO>KHO HallCaTb

1 1 2 3 D 1 P 3
[z, y] = x1]e, y1e” + yoe” + yse’] + xaofe”, yre” + yo2e” + yse’|+
3 1 9 3 1 9 3 1
+ x3]e”, y1e” + yae” + yse’] = —x1yie + ype” + yze’, e —
1 2 3 9 1 2 3 3
— Tolyre” + yae” + yse”, €] — x3[yie + yae” + yze’, e’] =
1 2 1 3
= (212 — T2y1)[€, €7 + (w1y3 — w391) [, €]+
2 3
+ (w2y3 — x3y2)[e”, €’]. (3.2)

Taxum obpaz3oMm, JjIs1 TOr0, YTOObI BEIUNC/IUTE BEKTOPHOE IIPOU3BE/IEe-
HUE HpOI/ISBOJH)HI)IX BeKTOpOB7 Hy}KHO yMeTb CTpOI/ITb BeKTOprIe HpOI/IS—
BeJIeHUsI BEKTOPOB Oasuca.

Hpome BCEI'O BbBIYUCJIAIOTCA BGKTOprIe HpOI/ISBeﬂ;eHI/IH BGKTOpOB
nekaprosa Oasuca. HemocpejcTBeHHO U3 Onpejie/ieHns BbITEKaeT (CM.
puc. 7, 0), uro [i},i?] =43, [i},3] = —i%,  [i%,43] = il, caenoparenbho,
B rZLeKapTOBbIX KOOpILI/IHaTaX

[5137 ?J] = (51323/3 - 333y2)"51 - (l"lys - ZCsyl)i2 + (901y2 - $2?J1)i3- (3-3)
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Puc. 12. Cmermannoe mponsse/ieHre BEKTOPOB (T, Y, z). YTOJI v MEXK/Ly BEKTOPaMH [T, Y] U 2
octpsiii (a), Tymoit (b)

rZ[.HH 3allOMMHaHKA 3TOI'O paBEHCTBa II0JIE3Ha CJIEeAYIOollasd 3alllCh:

it i?

[r,yl = | 1 22 w5 |. (3.4)
Yy Y2 Y3

FEciu (dbopMmasibHO) pas/ioxKUTh 9TOT ONPEEUTeNb 110 TEePBOi CTPOKE,
mostyanM (3.3).

[TPUMEP. [lekapToBbl KOODJUHATHI BEKTOPOB I, Y, 2 3ajaHbl pasercTtBamu (2.3). Haii-

JIeM BEKTOPHOE TIPOU3BEJICHIE BEKTOPOB y — &, z — & (caenaiire pucyrok!). ITo dopmyite (3.4)

it

ly—x,z—x|=| 1

1

[\

;3

~

0 | =i —i%2—43,
1

O =

win [y —z,z —x] = (1,—1,—1).

§ 4. CMmenranHoe IMpon3BeJIeHNE BEKTOPOB

1. Cmewannvim npoussedenuem 6eKmopos T, vy, Z Ha3bIBACTCS KC-
70 (x,y,z) = ([z,y], z). Hosicanm, aT0 cHavama cTponTCsa BEKTOp [T, Y],
3aTeM 3TOT BEKTOD CKAJIAPHO YMHOXKAECTCS Ha BEKTOP Z.

CMemannoe npou3BeieHne BeKTOPOB HMeeT OTUETIMBLIA reoMeTpu-
qecKuit cMbics. Ecmn BeKTOpsI [z, y] 1 2 00pasyoT oCcTpblii yros, 310 —
oObeM HapaJuiesIenniesia, OCTPOCHHOr0 Ha BEKTOpax &, Y, z. B nporus-
HOM CJIydae — 3T0 00beM HapaJuleselulie/a, IOCTPOCHHOr0 Ha BEKTO-
pax x, Y, z, B3ATBIN cO 3HAKOM MUHYC (cM. puc. 12).

Orcrozia cpasy BLITEKAET, UTO IIPU [IePECTaHOBKE JIIOOLIX JBYX COMHO-
JKUTeJIel B CMEIIaHHOM [IPOU3BeIeHI abCOMIOTHAA BeJININHA, €r0 He Me-
HAETCsI, & 3HAK MEHSIeTCA Ha IPOTHBOIOJIOKHBIN, HAIIPUMED,

(:an7z) - —(y,x,z), (Cli,y,Z) — —(CE,Z,y).



§4. CmermanHOe IIPOU3BEIeHIE BEKTOPOB 5H

E[CHO7 qTOo H€O6XO,Z[I/IMBIM 1 JOCTaTOYHBIM YCJIOBUEM KOMILJIaHAPHOCTHU
TPEX BEKTOPOB ABJIFAETCA PaBE€HCTBO HYJIIO UX CMCIIaHHOI'O IIPDOU3BEICHMA.

2. HOJIy‘II/IM BbIpazKeHue JIJId CMEIIaHHOI'O ITPpOM3BEACHN A BEKTOPOB

1 2 3 1 2 3 1 2 3
T =I1€ + T2e” + X367, Y =Y1€ +Y2e” +Y3€e", 2= z1€6 + € + 23€

qepe3 ux KoopauHaThl. Vcmonbsyst dhopmyity (3.2), MOKeM HAIMCATH

(33, Y, Z) = ((33192 — 332y1)[€17 62] + (fly?) - 33391)[@17 @3]+
+ (nyS - 3333/2)[627 63]7 Zlel + Z262 + Z363)'

Packpoem 3j1ech CKOOKH, UCIIOJIb3Ys JINHEHHOCTh U CUMMETPHUIO CKaJISTPHO-
IO IIPOU3BE/ICHNUsI, ONMCAHHOE BBIIIE MTPABUJIO M3MEHEHUsT 3HAKa CMeIaH-
HOT'O ITPOM3BEJIEHNS, 8 TaKyKe TOT OUeBUIHBIH (DAKT, ITO €CJIM JBa COMHO-
JKUTEJIT B CMEIaHHOM IPOU3BEJICHUN COBIIQJAI0T, TO OHO PaBHO HYJIIO.
[Tomyanm

(CC, Y, Z) - {(xlyQ - SCle)Zg — (xly?, - $3y1)22—|—
+ (ways — w3y2)21) } (', €2, €%).

Boipaxkenue B (pUTyPHBIX CKOOKAX — pa3JjIoyKeHHe ONpPeJIeTUTE s TPeThe-
o 1OopsJIKa 110 rocie/Heil crpoke. [losaTomy

1 To I3
_ 1 2 3
(l’,y,Z)— 1 Y2 Y3 (6 , € 76)'
Z1 22 23
[TockosbKy (61,62,63) # 0 (BeKTOpPBHI Oasuca HEKOMILTAHAPHBI), TO
OTCIOZIA CPa3y BLITEKAET, YTO HEOOXOAUMOE U JIOCTATOYHOE YCIOBUE KOM-
IJIAHAPHOCTH BEKTOPOB I, ¥, Z €CTh PABEHCTBO HYJIIO OIPEIeIUTE/Is]

X1 X9 XT3

Y1 Y2 Ys |,
21 2 23

COCTABJIEHHOI'O 13 KOMIIOHEHT BEKTOPOB OTHOCUTEILHO JII0O0TO Dasuca.
Ecin 6a3uc jiekapToB, TO, 0YEBUJIHO, (61, 62, 63) =1, T. e. B lekapTo-
BbIX KOOp,HI/IHaTaX
1y o9 T3
(T, y,2) =| 1 Y2 ys |- (4.1)
Z1 722 Z3
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BerunciiuM, HanpuMmep, CMeIaHHOe IIPOU3BEJIeHNe BEKTOPOB &, Y, 2, JEKapTOBLI KOOOD-
JIMHATBI KOTOPBIX 3a/iaHbl pasencrsamu (2.3), ¢. 51. Nmeem (caemnaiite pucyHok!)

21 —-1 21 -1 21 —-1
(r,y,2)=3 2 —-1l=]1 1 0/=[1 1 0/=2
31 0 31 0 20 O

VTIPAKHEHUE. [lycts BekTopnl el e?, e? mexommaanapmbl. Iloso-
xum @Q = (el, 2, e3),

€1 = Q71[627 63]7 €2 = _Qil[ela 63]7 €3 = Qil[ela 62]'

[ToKa3aTh, YTO BEKTOPEI €1, €2, €3 HeKOMILIaHAPHLI, mpudeM (ey, ') = dy.

['oBOpsIT, 4TO BEKTODPHI €1, €3, €3 00pas3yloT e3aummvili ba3uc. Ba-
suc el, e?, €3 HaspIBaloT IIpU 3TOM ocHo6HbIM. PasencTso (3.2), dbakTude-
CKH, JIaeT [PABUIO BbIYUCIEHNs KOMIIOHEHT BEKTOPa [, Y| Ipu pas/ioxke-
HUU €r'0 110 B3aNMHOMY 0a3UCy, €CJIM N3BECTHBI KOMIIOHEHTHI BEKTOPOB X, ¥

PN Pa3JI0yKeHNH UX 110 OCHOBHOMY Oasmcy.

YIPAYKHEHUE. Boranciurs ckassipaoe npoussejierue (,y), pasia-
rasi BEKTOP & 110 OCHOBHOMY 0a3ucCy, a 4 — [0 B3aXMHOMY.

§ 5. IIpumepsn! 3a7ad4, penraeMbIX MeTOIaMi BEKTOPHOM
aJreopsl

1. Paccrognue mexty aByms Toukamu. /lanbl Toukn

x:(xl,an,xg) " y:(yby%?ﬁ)'

Haiitu paccrosinue MexK 1y HUMH.
Mckomoe paccrostune paBHO Jjnie BeKTopa iy — . Ho, Kak Mbl 3HaeM,

Yy — 2= (y1 — T1,Y2 — T2,y3 — ¥3), 1 10 bopmyJie (2.1) momyTaem

3

ly—al=V(r—yz—y) = \ D (=)@ —y)(eb,el).  (5.1)

k=1

B AC€KapTOBBIX KOOpAMHaTax

ly — 2| = V(21— 91)? + (x2 — 1) + (w3 — y3)*



§5. Ilpumeps! 3aja4, permaeMblX METOJaMU BEKTOPHOMH aJireOphl b7

r

%)

[ 0(y— )
o~ x "

a

Puc. 13. K ypasuenuto orpeska mnpsmoii, z = x + 0(y — x) (a). K Berauciaenuro miorman
TpeyrosibauKa xyz (b)

2. Ypasuenne cchepnl. Hanucars ypaHenue cdepbl pajanyca R ¢
nenrpom B Touke 2V = (29, 29, 29).

[To onpesesiennio cepa — 9TO MHOYKECTBO BCEX TOUYEK IIPOCTPAHCTBA,
paBHOyIaJeHHBIX OT JgaHHoil. CregoBaresibHO, s JI0O0H TOUKN X, Je-
JKareil Ha cdepe

lz — 2°)* = R®.
OTO U ecTh ypaBHeHue cdepbl. 3aluiieM ero B KOOpJIMHATHON dopwme.
Ucnonbzyst dopmyiy (5.1), mosydaem

3

S (o — a)(wr — a) (e, ) = R

kl=1
B J1eKapTOBBIX KOOPIMHATAX
(1 — 22 + (23 — 29)* + (23 — 23)* = R%
3. VYpasHenue orpeska npamoii. Jeaenue ompeska 6 0aHHOM 0MHO-
wenuu. Pacemorpum jse Touku & = (21, T2, x3), ¥ = (Y1, Y2, y3). [lojo-

KM

z=z+0y—x), 0<O<LL (5.2)

HerpyuHo BujeTh, 4To npu u3MeHeHuu 6 or HyJ/st 10 eUHUALbLI, TOYKa 2
npoberaer 0TPe30K MPsAMOil, coeuHsomuii Toukn = u y (cM. puc. 13, a).
Tosopst, uto (5.2) — ypaBHeHHe 0Tpe3Ka IpsAMOii (B IPOCTPAHCTBE).
dcno, gro |z — x| = Oy — x|, 1. e. Touka z (upu ganHom 6) geauT
orpe3ok B orHomennn 6 : (1 — 6). B wactroctn, npu § = 1/2 orpesok
JeJTTCs moroJiaM. 3arnuiieM ypasaenune (5.2) B KOOpAUHATHOI (opme

=ai 40y — ), =123 0<60<1.
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[Ipu 6 = 1/2 mosryuaeMm KOOPAMHATBI CEPEIMHBI OTPE3Ka

4. Ilmomaab TpeyrosibHuKa. PaccMOTPUM ILI0OCKOCTH, OTHECEHHYIO K
JEKaApPTOBO crCTeMe KOOPAMHAT T, Lo, U HA STOH ILIOCKOCTH TPEYIOJIb-
HUK C BepimHaMu © = (x1,%2), ¥y = (y1,Y2), 2 = (21, 29) (cM. puc. 13, b).

[TocraBum 3ajady, BHIPA3UTD ILIOMIAL TPEYTOJILHIKA Y€Pe3 KOOP/IH-
HaTBl ero BepmuH. Ham Oyger yao06HO TpaKTOBATDL ILIOCKOCTD 1, Ty KaK
KOOPJIMHATHYIO ILJIOCKOCTh X3 = () TpexMepHOit JIeKapTOBOil CUCTeMbI KO-
OpJAUHAT T'1, Lo, 3.

[TocTponm BeKTOpBI & — 2, y— 2 (cM. puc. 13, b) u cocTaBuM UX BEKTOD-
Hoe npoussejenne. [Toydnm BeKTOp, HAIPaBIEHHBIN BAOIL ocu x3. u-
Ha 9TOr0 BEKTOpa OyJleT paBHa YIBOCHHOI ILIOIAIN TPEYTrOJbLHIK T2 .
Koopauuarsl BekTOpa [ — 2, y — 2| onpejesnnm 1o dpopmyiie (3.3). [Towsi-
HO, YTO CPEJIM HUX TOJILKO OjiHA, TPEThst, OyaeT orindna or Hysas. Ona,
OYeBU/IHO, OyJIeT paBHA

1 — 21 T2 — 22
Y1 — 21 Y2 — 22

CiretoBaTe/IbHO, ¢ TOYHOCTBIO JI0 3HaKA |[x — 2,y — z]| coBmajer ¢ Be-
JIMYUHON 9Toro onpejesmTesnd. OTcioa BBITEKAET, 9TO ¢ TOYHOCTHIO [10
3HaKa IJIOIIA/Ib TPEyTrOIbHIKA PaBHAa

Lz —2 29— 2
1 1 2 2
S—- (5.3)
2|91 — %21 Y2— 2
HacTo NCHoIb3YIOT 1 TaKyio (DOPMY BallliCH:
1 I9 1
VAR 1
[TPUMEP. BeramcsinTs 1ioma/ip TpeyrojbHUKA ¢ BepimHamu B Toukax z = (1,1),
y = (2,2), z = (—1,3). Ucnosbzyem dopmysy (5.4), a 3areM BBIIOJIHUM OYEBUHBIE JJIe-

MEHTapHbIE Hpeo6pa30B aHUd OIIpeaeInTe Id:

YIPAYKHEHUE. [lokaxkure, aro onpenemuresu (5.3), (5.4) copnajia-
FOT.
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4.1. JIns q100bIX BEKTOPOB T, Y TOJIOXKIM

_ (@, 2) (2,y)
Cxx’y)_‘(y,x) (v, y)

YIIPAYKHEHUE. okaxkurte, 910
G(x,y) = 52, (5.5)

rjie S — IUIONIA/Ib HapaJsIeIorpaMMa, IOCTPOEHHOIO Ha BEKTOpax X, /.

s (5.5) Boitekaer, uro G(z,y) = 0 masg Jr0ObIX BEKTOPOB I, ;
G(z,y) = 0 Torma u TOJBKO TOTJA, KOTJa BEKTOPHI &,y KOJJINHEAPHBI.

Iy x’;l

X, p % He

| ) e
X :

i > R
— 13 <4
i *=

0 * 0 G

a b

Puc. 14. [lekapToBbl KOOpAUHATHI TOUKYN & = (X1, x2) 1 BeKTOp Z (a). K ypaBHeHuO 11psiMoii,
poxoigeit depes Touxy z¥ mapasienso sekropy e (b)

§ 6. Pazimaable popMbl ypaBHEHNS NPSAMOil HA IIJIOCKOCTH

OTHeceM ILIOCKOCTL K JIEKAPTOBOIl cHCTeMe KOOpAMHAT T, To. Kak
1 paHee, TOUKN T = (X1, T2) OYIYT OTOXKJIECTBIATHCS € BEKTOPAMU (CM.
puc. 14, a).

1. IIpamo 1, npoxodaugyro wepes mouxy x° = (27, 29) napasresvrio

sexmopy e = (e1, es), 3a1a/uM ypasHeHnueM (cm. puc. 14, b)
r=2a"+0e, —o0<0< o0 (6.1)

2. B kKakKoM-TO cMbIC/€ aJbTepHATUBHBIN CIOCOO ONMUCAHU: TPs-
Masl — 3TO MHOKECTBO BCEX BEKTOPOB, OPTOI'OHAJILHBIX JAHHOMY BEKTO-
py p (IpsiMast, Tpoxoisiiias Yepes3 Hauai0 KOOPAUHAT), CIBUHYTOE MapaJi-
JIJIBHO P Ha paccTosinue d oT Hadaaa KOOpIUHAT (cM. puc. 15), T. e. st
TOYEK IPsAMOIl BBIIIOJIHEHO ypaBHEHUE

(x,p) —d =0, (6.2)
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Ql x?.‘ i
ol
/d//\’ < | 0 X 1r
XL o y
| /o B S A
0
P
a b

Puc. 15. K mHOpManbHOMY ypaBHEHHIO npaMoii: d > 0, yroa o MeKIy BEKTOpAMH p U &
ocTpsiii (a); d < 0, yros o MexK/Iy BeKTOpaMu p 1 x Tytoii (b)

rie p = (p1,p2) — 3aJaHHDbIT BEKTOp eJIMHUYIHON JuHbI. [losgcHuMm,
9TO d — TPOEKIUS T Ha HAIpaBJIeHUEe P, OJHA W Ta ¥Ke JIJis BCeX TO-
qek TpsiMoil. 3HAK d MOKa3bIBAET, B KAKYIO CTOPOHY (110 OTHOIIEHUIO K D)
BBITIOJTHSETCsT ¢iBur (cM. puc. 15). Ypasrenue (6.2) HAZBIBAIOT HOPMAADL-
1ot popmoti ypasnenus npamot. Hy»>KHO HAIOMHUTD, 9TO MOCKOJBKY MbI
10JIb3YEMCsl JIEKAPTOBBIMU KOODIMHATAMU, TO (T, D) = P11 + Poa.

3. BamuceBast ypasuerus (6.1), (6.2) B KoopjuHATAX, TOJIydacM
VDaBHEHUsT TPAMOit B pOpMax, 3HAKOMBIX 13 MKOJbHOM MaTeMaTHKI:

(9 — 29) = k(x1 — 2%), k=ey/e, (6.3)
axy + bre +c =0, (6.4)

[eomerpuiecknii cmbicsa yaactByomux B (6.3)—(6.5) kosdbdunnenrosn
TaKKe XOPOIIO 3HAKOM IHTaTe 0. HAOMHIM TOJBKO, 9TO kK — TaHIeHC
yIyia HaKJIOHa IIPSIMOI K OCHU Z7.

4. U3 ypaBrenus npsmoit B sir060it u3 dopm (6.3) —(6.5) smemenTap-
HBIMU 3KBUBAJICHTHLIMU [IPE0OPA30BAHUSIME HETPYIHO Oy YUThH YpPaBHe-
aue B gopme (6.1) uau (6.2). [osyunm, Hanpumep, HOpMaIbHOE ypaBHe-
HIUe TTPsIMOii U3 ypaBHEHNUS B + TakK HasbiBaeMoil obwet gopme (6.4). s

9TOr0 TojieuM obe dactu ypasrenus (6.4) va v/a? + b? 1 mosoxum

pr=a/N\a?+ b, p=b/\Va2+b, d=—c/\a>+ b

TTockosbKy p+p3 = 1, To nostyuennas bopMa 3aIicu ypaBHeHs PSMOil
OyJIeT HOPpMAaJILHOIA.
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Puc. 16. K Bbraucienuo paccTosinust 0T ToUKH 10 npsamoii: d > 0 (a), d < 0 (b)

§7 Baﬂa“ll/l O B3aMMHOM PacCIIOJIO2ZKEHHUEM IIPAMDBbIX M TOYEK Ha
IIJIOCKOCTHN

1. Onpegemum paccmosanue om mouku z° = (29, 23) do npamoti 1.

[Ipore Beero sTa 3a1a4a peIaeTcs, Koraa IpsaMas | 3a1aHa HopMaJlb-
HbIM ypasrenuem (6.2). JeiicTsurebio, nockoibKy |p| = 1, To (z¥, p) —
BeJIMUIHA TPOEKINN BeKTopa ' Ha IpAMYIo, Hapa/ule/buyo p, c/e1oBa-
TesbHO, Besmunna § = (20, p) — d ecth oTKj0HEHNEe TOUKH 2V OT IPsAMOi |
(em. puc. 16). Tlpuuaem 3HaK 0 MOKA3BIBAET, 10 KAKYIO CTOPOHY OT Ipsi-
Moil | pacnosozkena Touka V. Paccrosmme or Toukn x' 10 mpsmoit [
pasto |(z",p) — d].

[TpuMEP. Haitti paccrosme ot Toukn 20 = (1,—2) 1m0 npsmoit 3z — 429 — 26 = 0

4 26
(cnenaiite pucynok!). CHauasa IpuBeieM IPSMYIO K HODMAJIbHOMY BUILY: —I'1 —plrm e = 0,
T. e. p = (3/5,—4/5), d = 26/5. Teneps Bbrancaum 6 = 3/5+ 8/5 — 26/5 = —3. Paccrosinue

TOYKH OT IIPAMOU PABHO TPEM.

2. Jlanbl gBe npsmble [ 1 lo, onpejesseMble YPaBHEHUSIMI

a11r1 + ajpxrs = by,

7.1
as1 + a99T9 = bQ. ( )

Tpebyercs nccieioBaTh 63aUMHOE PACNOAONCEHUE ITUX NPAMDBLET, T. €. Bbl-
SICHUTD, [I€PECEKAIOTCsI JIM 9TH TIPSIMbIE, 1 YKa3aTh TOUKY UX [epecedeHusl.

OTa 3aja4a ObLIa HaMU TOJHOCTHIO perieHa B 1, c. 28. JleiicTBu-
TeJIbHO, (DAKTHUYECKH, [OCTaBJIEeHHas 3ajada dKBUBAJEHTHA HCCJIEI0Ba-
HUIO YCJIOBUI PA3peIMMOCTH CUCTeMbI JIMHEHbIX ypaBHernii (7.1). 31ech
HAJI0 pas3jinyarh TPHU CJIydasl.



62 I'maBa 4. BBesenne B aHAIUTHIECKYTO T€OMETPHIO

1) Ompepenurennb
ap a
A | @1 a2
21 a22

He pasen Hys0. Tora cucrema ypasaenuit (7.1) umeer e iMHCTBEHHOE Pe-
IMeHUE X1, To TP JIOOBIX by, by. Touka x = (x1, 9) — TOUKa TIE€pecedeHs
IIPSIMBIX.

2) Onpenenurens A paBeH HYJIO, HO ONPEIETUTEb

. b1 a
Al - )
by a
a CJIeJ0BATEeJIbHO, U OIPEJICINTEITH
ay by
Ay =
as by

otsmaHbl 0T Hysst. Torga cucrema (7.1) He mMeer perieHuii, T. e. Hpsi-
Mble [y, l9 TTapaJsiie/bHbI.

3) Bee tpu onpegenurenss A, Ay, Ay — Hysu. DTO yCioBUe SKBUBa-
JIEHTHO CYIECTBOBAHUIO uncyia « 7 () TaKoro, 4ro

as) = Qajy, G = qaje, by = ab;

Cucrema (7.1) nmeer GecKOHEUHOE MHOYKECTBO perieHuii (hbakTudeck,
VDaBHEHUsI CUCTEeMBI cOBIAIAioT). [Ipsambie [1, [y coBmagaor.

3. Haitnem yzon meorcdy npamoimu y = kix+by uy = kox + by (oM.
puc. 17) Tak kak Y = a9 — Qq, tgal = ]{1, thdQ = k’g, TO
tgae —tgar ke — ki
1+ tgastgar 1+ kiky'

tgp = tg(ay —a1) =

e
o |y
>

]

Puc. 17. Yron mexty npsiMbIMu
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F 3
Ay
”‘Tﬁ_ﬁ_k_—" 5
N o oo : 2
~ L ™ —Q 1€ el 2¢
q=xp)7 e
DI 3
I s
I % \\ X 1
. e Thg
X

Puc. 18. K ypaBHEHHIO ILIOCKOCTH, IIPOXOJIIel uepes Touky &0, HATSHYTOI Ha BEKTODHI €'

1 €2; a Takyke K HOPMAJbHOMY YPABHEHHIO IIocKocTH (z,p) —q = 0

VIIPAYKHEHUSI.

1) Haiiinre KocuHyc yrita MK Ly JIBYMsI IIPSIMBIMI, 33 [AHHBIMU yPaB-
werusiMu Bujia (6.1).

2) Haiiiure KocHHyC yryia MeK/Iy JIBYMsT IIPSIMBIMIL, 33 IAHHBIMI Y DaB-
HerusiMu Bujia (6.2).

3) Wcnonb3yst BbIpaykeHue Jjisi TAHTEHCA YIJIa MEKJLy MPSIMbBIMI, T10-
KayKuTe, 4To 1pu ki = ko npgMble HapaJuiesbHbl, upu kiky = —1 opto-
IOHAJIbHBI.

§ 8. Pazamunbie bopMbl ypaBHEHUs IIJIOCKOCTHU

PaccMaTpiBaeTcss TpeXMEpHOE €BKJIMJIOBO IIPOCTPAHCTBO. 1lycTh el

1 e? — HeKOJUIMHEeapHBIC BEKTOPBI B TPEXMEPHOM IPOCTpaHCTBe, a 2’ —

MIPOM3BOJIBLHBIN BEKTOP. Y paBHEHNE

=12+ ajel + awe’, —oo < g, s < 00, (8.1)

OIIPEJIEIISIET NAOCKOCMD T, NPOTOOAWYIO YEPE3 MOUKY To. 1 OBOPST, UTO
9Ta IJIOCKOCTL Hamanyma na eexmopni et, e? (cu. puc. 18).

[IycTs p — emHNYHBIN BeKTOP. Y paBHEHNE

(z,p) —q=0 (8.2)

OIpeJIesisieT MHOXKECTBO BEKTOPOB, KOHIIBI KOTOPBIX MPUHAJIEKAT TLI0C-
KOCTHU, OPTOrOHAJILHON BEKTOPY P U OTCTOLAINEC OT Havdaja KOOpAWHAT
Ha paccrostine ¢ (cM. puc. 18). 3HaK ¢ onpejie/isieT HalpaBjIeHue CJBIra
IJIOCKOCTH (110 OTHOIIEHUIO K HAIIPABJICHIIO BEKTODPa p). Y pasHenue (8.2)
HA3BIBAIOT HOPMAALHHM YPAGHENUEM NAOCKOCMU. HATTOMHIM, 9TO HOD-
MaJIbHOE ypaBHEeHIe IpsAMoii (6.2) mMeeT aHAJIOTMIHBI BT,



64 I'naBa 4. Beenenme B aHAJIUTHIECKYIO T€OMETPHIO

BammeMm ypasaenue (8.1) B koopanHaTHON bopMme (3/1ech 1 1ajiee jio
KOHIIA TJIaBbI UCIOJIB3YIOTCS TOJBKO JEKAPTOBBI KOODIMHATHI)

0 1 2
T — T = 1€y + ey,

0 1 2
Ty — Ty = (\1€5 1+ (€5,

0 1 2
T3 — T3 = 1€z + Qes.

[Tonaras, uto & # x¥, paccMOTPUM OIpe e/ THTe b

1 — 1) el €

A(z) = |23 — 2 €} €3

r3— 1) e} €3
Pagenctsa (8.3)—(8.5) o3HavarOT, 4TO €C/iM TOUKA T HPUHAJJICIKUT
IJIOCKOCTH 7, TO CTOJIOIBI TOr0 ONPEJIEINTE/ s JIMHEHHO 3aBUCUMbI, CJie-
JI0BaTEJIbHO, OH paBeH HyJi0. HaobopoT, paBeHCTBO HYyJIIO TOrO OIpejie-
JIUTEJIs 03HAYAET, YTO €ro CTOJOIBI JINHEHO 3aBUCUMBI 1, TIOCKOJIBKY BEK-
Topbl e, e JnmHeiiHo He3aBUCHMbI, TO BHIIOJIHEHbI paBeHcTBa (8.3)—(8.5).

Taxum obpazoM, ypaBHEeHUE

x) — ) ei e?
Ty — ) ed e3| =0 (8.6)
z3— 1) el €3

eCThb YpasHenue naockocmu (B KOOpAUHATHON dopme), nporodawet we-
pes mouky x° u namanymoti na eexmopus et e?. PackpbiBas ompeiesn-
tesib A(z) (Hapumep, 1Mo MepBOMY CTOJIOIY ), 3alUIleM YpaBHEeHHe T1I0C-
KOCTU T B BUJE
axy + bro + cxs+d = 0. (8.7)

3pech uncia a, b, ¢, d oueBHITHBEIM 00pa30M BBIPAYKAIOTCS Ue€pe3 KOOP/IU-
natbl BekTopos el, €2, 20, Vpasuenue suga (8.7) HasbIBAIOT 06ULUM YPaG-
HeHUue NAOCKOCTNA.

AHasiornaHo ypaBHeHuto npsivoii ypasaenus (8.1), (8.2), (8.7) MoxkHO
9KBUBAJICHTHO 1IpeoOPa30BbIBATL U3 OJHOI (POPMBI B JPYIYIO.

YTIPAYKHEHWSI.
1) IIpeobpasoBarb ypasrenue (8.7) K HOpMAJIbLHOMY BHLY.
OTBET:
1 d
p = (a7 b7 C)7

N SN/

2) Iokazarb, anagu3upyst obiee ypaBHEeHHe MJIOCKOCTH, ITO:



65

§ 8. Paszsmmunbie ¢(popMbl ypaBHEHUS IIJIOCKOCTH

T e —
\ \TC ﬂ\\
.
X
N\ —d/c N
o Z=dla \
\\ \\ =
\0=4/p %
. N
N\

Puc. 19. Toukn rnepecevdeHud IJIOCKOCTU € OCAMHU KOOpJAWHAT

ecin a = 0, b = 0, TO IJIOCKOCTH TapaJsljie/ibHa KOOPANHATHOM I1JI0C-

KOCTH I1, To;
ecin @ = 0, TO IJIOCKOCTb HapaJiie/ibHa OCH X1;

eciin d = 0, TO IJIOCKOCTH HPOXOJIUT Yepe3 HauaIo KOOPIAMHAT.
3) Ilokaszare, uro @ = —d/a, = —d/b, v = —d/c — KOOpUHATHI
TOYEK IepecevdeHtsl MIOCKOCTH ¢ OCSIMU T, Ta, T3 (CM. puc. 19), mpoana-

JIM3UPOBATH CJIydau, KOrJla COOTBETCTBYIOIINE 3HAMEHATE/IN — HYJIU.
4) TlokazaTh, 9T0 KOCHHYC yTJIa (¢ MEXKJY ILJIOCKOCTSIMHU, 3a/1aBaeMbl-

MM YpaBHEHHUAMN

a171 +b1xe +cixz3 +dy =0,  aswy + bawo + cow3 + dy = 0,

MOZKHO BBLIYHC/IUTD 110 (POPMYJIe
aias + b1by + c1c9 (8 8)

COS Y = .
Vai+b+ /a3 + b3+ 3

5) Ucnosib3yst ypasuenue (8.6), Hanucarb ypaBHeHHe [JIOCKOCTH, TPO-
XoJldIIell yepes Tpu 3ajannble Toukn. [Ipoananmusuposars caydail, Korjua

9TU TOYKU JIezKAT Ha OJHOU MPAMOIL.
6) Vcmosb3yst HopMabHOE ypaBHEHHe MI0CKOCTH (8.2), HafiTn OTKJIO-

HEeHue rZLaHHOI(/JI TOYKU 330 OT IIJIOCKOCTHU.
[TPUMEP. JlaHbI IJIOCKOCTH 7] U T, ONUCHIBAEMbIE YPaBHEHUSIMI

2x1 — a9+ 223 —3 =0, (8.9)
61 + 229 — 313+ 8 = 0, (8.10)
u touka z¥ = (1,1,8). Onpese/nTh BEIMYNHY TOIO YIIa MKy MJIOCKOCTAME 71, o, KOTO-

POMY NPUHAIEIKUT TOUKA X°.
[Tpusenem ypasuenus (8.9), (8.10) k HopmasbHOMY BHIY. VMeem
V22+12422=3, 62+224+32=T,

cJIeIoBaTeNIbHO, HOPMAaJIbHBIH BUL ypasHenus (8.9) ecrb

(pl,l') —q1 = 07
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Puc. 20. ILmockocTn 7y, o

1
e pt = §(2, —1,2), g1 =1, a ayist ypasuenus (8.10) nosyuaem
(pzax) —q2 = 07

1
—(6,2,—3), go = —8/7. Bamerum nasee, 910

rie p? = -

1
(pl,xo)—ql:§(2~1—1-1—|—2-8—3)=14/3>0,
2 0 1
(p°, )—q2:?(6-1+2‘1—3-8+8):—8/7<0.
[TosTomy Komen BekTopa p' u Touka ¥ JIexKaT 110 OJIHY CTOPOHY OT ILIOCKOCTH 71, 8 KOHEII
BekTOpa p? M Touka x JIesKaT 10 pasHble CTOPOHLI OT IUIOCKOCTH T2 U, CJIEOBATEIHHO,
TOYKa TIPUHAIEKAT YTy ¢ (cm. puc. 20). Yros ¢ paBeH yriy Mexkiy BekTopamu pl, p2.
Ucnonbayst dbopmyay (8.8), mosyaum

2:6—-1-2—-2-3 4
cos Y = 37 =57 p =~ 0,447.

§ 9. YpaBHeHUs IPAMOIl B IIPOCTPAHCTBE
YpaBHeHne
z=2"+0e, —o0<6 < o0, (9.1)

OTIPEJICIISICT NPAMIYIO, NPOTOOAUWYI0 YePe3 MoKy L0 Napasieavro 6exmo-

py e = (e, es,e3) (em. puc. 21).
Barumem ypasuenue (9.1) B KoopauHaTax

r) — 20 = ey, (9.2)

Ty — 19 = ey, (9.3)

T3 — xg = fes. (9.4)



§ 10. 3aja4m o B3aHMHOM PACITOJIOZKEHUH TOYEK, IIPSIMBIX, IJIOCKOCTEI B IpocTpaHcTBe 67

0 X

Puc. 21. Ilpamas B mpocTpaHcTBe

Vckiouas u3 3TuxX ypaBHeHH napaMerp @, mosyanm

v — 1) wy—a) w3 —af

9.5
€1 €2 €3 ( )

MHoxkecTBO Beex ToUeK = = (1, Ta,T2), KOOPIUHATHI KOTOPBIX YJIOBJIE-
TBOPAIOT ypaBHeHusiM (9.5), 00pa3yIoT MPsAMYIO, IIPOXOISIILY0 dYepe3 TOU-
Ky z¥ mapasiesbHo BeKTOpy €. YpapHenus (9.5) HazbIBAIOT KaHOHUME-
CKUMU YPASHEHUAMU NPAMOT.

YTIPAYKHEHUE. UaTepnperupyiiTe ciydail, Korja Kakoi-ubo 3Ha-
MeHates b B (9.5) obparaercs B HyJTb.

§ 10. 3agaym o B3aMMHOM PaCHOJIO>KEHUU TOYEK, IPAMBIX,
IJIOCKOCTeil B IIPOCTPAHCTBE

1. Haiitu paccrosinume d ot npsimoii [, 3agantoil ypasaeruem (9.1),

10 Toukn x! = (21, 23, 21).

I1cKOMBIM pPacCTOSTHUEM SBJISIETCS JITMHA [EePIeHINKYIIsipa, OIIyIIeH-
HOTO U3 TOYKK o1 Ha 1psmyio [ (eM. puc. 22, a). PaceMoTpum napajiiesio-
rpaMM, TIOCTPOEHHBI Ha BekTopax e n o' — V. Il1oma/p sToro mapas-
nesorpamma pasta |[e, zt — 29)|, crenosarensho, d = |[e, zt — 2°]|/|e].
st Toro, 4ToObI BLIPA3UTL BXOAAIINE CIOJA BEJIUUIUHBL Yepe3 KOOPInHAa-
TBI ToeK 2, &1 1 KOMIIOHEHTHI BEKTOpa €, Hy»KHO, B 9aCTHOCTH, BOCTIONb-
30BaThCst (hopMmyJIoit (3.3), ¢. 53, /1T KOMIIOHEHT BEKTOPHOTO MTPOU3BEIe-

HN.

2. Haiitu paccrosgaue d Mek 1y HenapaJieTbHLIMI TPAMbIMU 1 1 [o,
3aJIAHHBIMI yPABHEHUSAMU

r=zal+0e!, —oo <8< oo,

r =2+ 0, —oo < B < 0.
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Puc. 22. K BbIUHCIEHUIO PACCTOSIHUS OT TOYKH JI0 NPAMOi (a) 1 MexK 1y npsimbivu (b)

lckoMoe paccrognue, 04eBUIHO, €CTh JJINHA OTPe3Ka, IIPSIMOil, KOTo-
pblit opToroHasien [y u ls, KOHIBI €ro Jjiexkat Ha [y u ls (cM. puc. 22, b). Tlo-
CTPONM TIapaJiyIesieliie]] Ha BekTopax e', e? u 22 —z!. [TonsatHo, uto d —
BBLICOTA, 3TOT0 NMapaJLICICIIUIIC A U, CJICI0BATEILHO, d €CTh OTHOUICHNE €ro
o0beMa K ILIOIIA U OCHOBAHMSI.

Taxum obpasom, d = |(e!, €2, 22 — z1)|/|[e!, €?]|. Ocranoch BbpazuTh

BCe BXOJIAIINE B 9Ty POPMYJIY BEJIMUINHBI Yepe3 KOOPANHATH! TOUeK T, 2

1 KOMIIOHEHTBI BeKTopoB el e? (em. (3.3), c. 53, u (4.1), c. 55).

3. Haiitu yron ¢ mexy npsmoit [, 3agannoit ypasaernem (9.1), u
IJIOCKOCTBIO 7, 3aJaHHON HOPMaJIbHBIM ypaBHeHueM (8.2).

V10T (p ABJIA€TCS JOMOJTHUTETBHBIM K YIUTY 1) MEXKTY HAITPABJIAIONIAM
BEKTOPOM IIPAMOI1 € 1 HOPMaJIbHBIM BEKTOPOM ILJIOCKOCTH P, CJIe/I0BATE  b-
HO,

Slngp = COS¢ = COS(@,p) — (e7p) _ €1P1 + €2D2 + €3P3

Clellpl e r e+ e+ kR

4. OnpejennTh 001IIe TOUKH MPsIMOTi [, 3a1arHoi ypasaernem (9.1),
¥ TJIOCKOCTH 7, 3aJ[aHHOf ypaBHeHneM (8.7).

[TogcraBum 3navenust xp, T2, x3 n3 (9.2)-(9.4) B ypasuenne (8.7).
[Tocste smeMenTapHBIX TPEOOPAZOBAHMUI HOJLY UM

az + bxd + cxl + d + 0(ae; + bey + ce3) = 0. (10.1)

Bo3MOXKHBI cireytoriie ciydan.
1) aey + bes + ceg # 0. D10 o3HAUTAET, ITO TpsiMasi | He mapaJiieibHa
miockocTn 7 (modemy?). VI3 ypasnenust (10.1) naxommm

az) + b + cx + d

0 =0, —
! ae + beg + ces
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a b

Puc. 23. K onpezenenuto Touku nepecedenus: upsimoit u mrockocru (a). Ipsmas [, napas-
JesbHast iockocT 7 (b)

Touka zt = 2° + e — Touka mepecedenus HPAMOI U IIOCKOCTH (CM.

puc. 23, a).

2) aeq + bey + ces = 0, no az + b + cal +d # 0. Ypasuenne (10.1)
He nMeeT perrennil. [Ipsmas [ npoxoqut yepes Touky x, He mpunae-
JKAIYTO TJIOCKOCTH 7, MAPAJIIeIbHO TIOCKOCTH 7 (CM. puc. 23, b).

3) aey +beg+ces = 0, ax+bxd+cx+d = 0. JTioboe € (—oo, 00) —
perenne ypastenus (10.1). [Tpsimast [ jie2kuT B 1mI0CKOCTH 7T

5. BroisicHuTb yc10Bus, Ipu KOTOPBIX JIBE IIpsiMble [1 U [9, 3a/1aBaeMble
ypaBHEHUSIMU
r=z'+0e', 0¢c(—o0,00),

r=1>+0e* 0¢c(—o0,00),

JlexKaT B OJIHOM IIJIOCKOCTH.
Eciin npsimble [} 1 [y JIesKaT B OJIHOM IIJIOCKOCTH, TO BEKTOPBI 22— x

el, e nexar B oaHoll miockoctu (cM. puc. 24, a), nHAYe TOBOPS, KOM-

maanapusl. O6paTno, ecim BexTopsl o2 — x!, e, e? xkomIaHapHbl, TO
npsimbie [y, [y Jjexkar B ojHOI 11ocKocTu. Vcemosb3yst pesysiabrarsl § 4,
HETIOCPEJICTBEHHO TIOTyYaeM, UTO JJIsI TPUHAJIEZKHOCTH TPAMBIX 1, [ 01
HOIT 1 TOW Ke TIJIOCKOCTH HEeOOXOJMMO U JIOCTATOYHO, YTOOBI CMEIAHHOEe

npoussesenne (z2 — xt, el e?) pasusiiocs myJo.

6. Hanucarb ypaBHeHUe NpsMOil [, gBJIsTIoNIelics IepecedeHneM JIBYX
Pa3JIMYHbIX U He TapaJlIe/IbHBIX IJIOCKOCTEN 71, Ty, 3a/laBacMbIX YDaBHe-
HUSIMU

a1x1 + bi1xo + crrs+dy =0, asry + bexo + coxs + dy = 0. (10.2)
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Puc. 24. K rommmanapuoctn npsameix [ u lp (a). K mocrpoennio ypaBHeHust mpsimoii, 1o
KOTOpOIl 1epecekatoTcst jge miockocTu (b)

Haiizem cHagasia Kakyio-a1ubo TOUKY, IPUHAJJIEKAILYIO 00enM I1JI0C-
kocTsiM (cM. puc. 24, b). Uubivu ciioBamu, HaifjleM Kakoe-TO perle-
HUE X1, To, T3 cucreMbl ypasueruii (10.2). [To ycaosuio miockoctu He ma-
paJLIeIbHbI, CJIe/I0BATEILHO, BEKTOPI

al = (al, bl,cl) u CL2 = (CLQ, 52702)7

HOPpMaJIbHbIEe K HUM, HE€ KOJIJIMHECAPHDbI. SHAYNUT HE BLIIOJIHICTCS XOTS ObI

O/IHO U3 PaBEHCTB
aj by C1

a2 by C_z
[Tpumem st onpeaeneHHOCTH, 9TO a1by — asby # 0. Ilosoxum x3 = 0,
torga u3 (10.2) mosmyaaem

a1ry + bixy = —dj,
asxy + boxo = —ds.

Pemast 3Ty cucreMy, TpuXoJ M K BBIBOJLY, YTO TOUKA

20— bidy — bady  asdy — ards 0
a1by — asby’ aiby — ashy’

HPUHAJJIEYKUT IIPSIMOI [, 110 KOTOPOIl 11epeceKaroTcst IJI0CKOCTU Ty, M.
Haiiiem Ternepnb HATTPABIILIONINIT BEKTOP € 3TOI MpsiMoii. BekTop e op-
TOTOHAJIEH KazKJIOMy U3 BEKTOPOB a' 1 a2, cjei0BaTeIbuo, MOKHO B34Th

BEKTOD €, PABHBIM UX BEKTOPHOMY IIPOU3BEJICHUIO:

it i? 43

e:[al,az]: a; by ¢ |. (10.3)
a9 b2 Co
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Puc. 25. K BoIBOjly ypaBHEHUS MPSMOii, 10 KOTOPOH I1€PECEKAIOTCS TIJIOCKOCTH 71, T2

Taknum o6pasoM, HafieHbl ToYKa 2V, IpHHAaIesKAIIAs IPAMO [ I BeK-

TOP e, NapaJijie/IbHbII 9TOM NPSMOIl, cieJJ0BaTe/IbHO, ypaBHEHNE IPSIMOil [

MOKHO 3alIliicaTh, HanpumMep, B Buje (9.1).
I[TPUMEP. HaiineM ypaBHEeHUE MPAMOI, 10 KOTOPOU MHepeceKaloTcs MJIOCKOCTH 71, M9,
onpeessieMble ypasHerusiMu (8.9), (8.10) (cm. puc. 25).

[Monoxkum x3 = 0 B ypasHenusix (8.9), (8.10), mosyunm cucremy ypaBHEHHUs Jjisi OThIC-
KaHUs TIEPBBIX JBYX KOODJIMHAT TOYKHU, IPUHAJJIEIKAIIEH IePeceYeHuIO IIOCKOCTER 71, To:

2%1—%2—3:0,

6x1 + 229 +8 = 0.

Pemnrenne 3toit cucremer: x1 = —1/5, x9 = —17/5, 7. e. Touka ! = (—1/5,—17/5,0) npumas-
JIEXKUT mepecedenuio mrockocreii (8.9), (8.10). Bekrop e, mapasuresibHbIH HCKOMOIT TIPSIMOIA,
ompeeanM 1o (opmysie

it i2 1
e=|2 -1 2 |=—i'+182%410i3 (10.4)
6 2 -3

wm e = (—1,18,10). ITo dopmyme (9.1) MHOKECTBO TOUEK MCKOMOII MPSMOIl OIHUCHIBACTCS
ypasraenuem = = (—1/5,—17/5,0) + 0(—1,18,10), 6 € (—o0, 00). Bosee noapobHo,

ry=-1/5—-0, x3=-17/5+180, x3=100, 6 € (—o0,00).



[JIABA 5
CucreMbl JUHETHBIX ypaBHEHMIA,
MaTPUILbI, ONPeAeJINTENN

§ 1. IlepecranoBku

1. Pacemorpum MHOXKecTBO N 1iesibix unces: My, = {1,2,3, ..., n}.
OTH 4ncjaa MOYXKHO pacliojaraThb B pa3judHOM Topsijike. Kaxkjoe Takoe
pacIoIoyKeHne Ha3bIBAIOT nepecmaroskoti. Hamprumep, BO3MOXKHBI TIepe-

CTaHOBKMH:
1,2,3, ....n, (1.1)

2,1,3, ...,n. (1.2)

Boo0iiie, nmepecraHoBKy OyjeM 3alliChbIBaTh B BHJIE
N1, Mo, « vy My (1.3)

Kaxkjias repecraHOBKa OIpeJessieT B3auMHOOIHO3HAUHOE OTOOparkKeHne
muoxkectBa M, na ceds. [Ipu sToM orobpaxkenun ducyy 1 cooTBETCTBYET
YUCJIO Nq, YUCJIY 2 COOTBECTBYE N U T. JI.

MozkHo mocTpouTh rpaduk Takoro orobparkenusi. OH OyaeT mpej-
CTaBJISITh COOOI 1 TOYEK, PaCIOJIOKEHHBIX B y3JlaX IHeJIOUNCIeHHON pe-
meTku. [IpuieM Ha KakJ10i1 BePTUKAJILHON JIMHUN 9TONH PEMIETKN JIEXKUT
POBHO OJiHa TOYKa rpaduka, U Ha KaxKJ0il ropu30HTAIbHONI JUHUKM STOI
peIIeTKN JIeXKUT POBHO OjlHa ToUYKa rpacduka (cMm. puc. 1, a). Ilonsrho,
YTO IIePecTaHOBKa OJHO3HAYHO OIpejiesisieTcst ee rpaduKoM 1, Ha0OOPOT,
3aJiaHre rpadrKa OJHO3HAYHO OIpeJIesisieT epeCTaHOBKY (3allulinTe Ie-
PECTaHOBKY, M300parkeHHyio Ha puc. 1, al).

KosmmuecTBo Beex repectaHoBOK MHOXKecTBa M, IPUHSATO 0003HAYATH
cumBosioMm P,. TTokazkem, 9T0

P, =123---n. (1.4)

316ech 3aI1cano MPOU3BEIeHNe BCEX MePBLIX 1 4WICHOB HATYPAJILHOIO Psi-
na. [punsito obosuadenue 123 - - -n = n! (unraercst n-gaxmopuan).
Hnsgn =1un =2 dopmyna (1.4), oueBuyno, cripasejinsa. Boc-
IOJIL3YEMCA METOJIOM MaTeMATUIeCKONH MHAYKIMU. IIpeanomoKum, d9To
paBerctBo P, 1 = (n — 1)! Bepro. Bo3bMem Teriepb HEKOTOPYIO Tepe-
CTAHOBKY MHOKecTBa M, 1 u nobapum K Heil sjaement n. Ero moxkmno
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12345678910 12345678?10
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9 : 0
10 10
a b

Puc. 1. TIpumep nepecranoBku u3 jecstu 3aeMentos (a). [lepecranoska b mosydena us ie-
pecTaHOBKHU a TpaHcrnosunueir (4,8)

IOCTABUTH MEPBBIM, BTOPBIM, 1, HAKOHEII, TOCJICIHUM, T. €. n-biM. [lo-
HSTHO, ITO TAKNM OOPA30M MOKHO CO3JIaTh 7 MEPECTAHOBOK 110 KazKJIOi
nepecTaHoBKe MHOKeCTBa M, 1, 1, TIOCKOJIbKY 110 WH/YKTHBHOMY MPEJI-
nosioxkennto P, = (n — 1)!, o dopmyna (1.4) nokaszana.

2. Byuem rosoputs, 4TO 3j1€MeHTEL N, N, § < j, lepectanosku (1.3)
0bpasyloT uneepcuro, ecan n; > nj. Hanpumep, B nepecranoske (1.1) mer
wHBepCHii, a B nepecraHoBke (1.2) TOJIBKO OJ[HA WHBEPCHsI, ee 00pa3yroT
9JIEMEHTEBI N, M. 110JIE3HO OTMETUTE, 9TO €CJIU COCIUHUTL OTPE3KOM Ha,
rpaduke I1epecTaHOBKE TOUYKE (4,7;) u (j,7n;), TO OH Oyuer uMers oTpu-
IATEJILHBI HAKJIOH JIJId TOYEK, 00pPA3yIOINX NHBEPCUIO.

KoJ/imgecTBo Beex uHBepcuii JanHoi epecTaHoBKU OyaeM 0003HadaTh
yepes

o(ny,ng, ..., ny)

1 HA3BIBATDL CUZHAMYPOT NEePECTAHOBKH.

[lepecranoBka Ha3bIBACTCS “eMHol, €CJU ee CUHIHATYpa — YeTHOEe
9ues1o (HyJb, KAK OOBITHO, TTOJIAraeM 9eTHBIM YUCI0M ). B mpoTuBHOM CJty-
Jae IIepecTaHOBKa HA3BLIBACTCA HEUemHOL.

Taxum ob6pasoM, Bce IepecTaHOBKHU Pas3OMBAIOTCs Ha JIBA HEIIYCThIX
KJIacCa: YeTHbIE IEPECTAHOBKY U HedeTHbIe ltepecTanoBKu. Hamnpumep, me-
pecranoBka (1.1) derHas, a nepecraHoBka (1.2) HedeTHast.

[oBOPAT, UTO B LEPECTAHOBKE BLIIOJIHEHA MPAHCNO3ULUS, €CITA 110~
MEHSIJIN MECTaMHU JIBa ee 3j1eMeHTa. st Toro, 4robbl OlpeIeuTh TPaHC-
HO3UIINIO JAHHON IIepecTaHOBKHU, HYKHO 3aaTh HOMEpa JBYX [IE€PECTaB-
JIIeMBIX 3JieMeHToB. Hampumep, MOXKHO cKa3aTh, 9TO mepectaHoBKa (1.2)
noJtyIeHa u3 nepectanoBki (1.1) rpancrnosurueit (1,2). Emie ojun mprmep
TPAHCIO3UIINN [IOKA3aH Ha puc. 1.
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2.1. Teopema. Bcakxasa mparcno3duyus MEHAEM YeMHOCMb nepe-
CMAHOBKU.

JTOKABATEJILCTBO. Paccmorpum chadasa ciydail, Korja BBITOJ-
HSIETCSl TPAHCIIO3UITNS COCETHUX 3JIEeMEHTOB IepectaHoBkKu. ObOo3HaUNM
ux n; 1 N;jy1. O9EeBUIHO, YTO NAPhI, COJEPXKAIINE OJINH U3 SJIEMEHTOB 7
WJIN Njy1, B COBOKYITHOCTH HE IPHOOPETYT U He HMOTEPSIOT MHBEPCUU IIPU
TaKOl TPaHCIIO3UINNA (OHa CMOZKET JIUIIb [epeiTr OT OJIHON Iapbl TaKo-
ro copra K apyroit). HBepcust [i7is1 ap, He COMEPKAIUX HU N; HUA M1,
U3MEHUTBhCs BOoOIEe He cMmoxkeT. Ilapa n;, n; 1 obs3aTebHO JIMOO TTPH-
obperet, OO MOTepsieT MHBEPCUI0. DTO O3HAYAET, UYTO CUTHATYPA Iepe-
CTAHOBKW TPU TPAHCIO3UIMU COCEJIHIX 3JEMEHTOB U3MEHUTCA POBHO HA
eJIMHUILY.

[IycTh Terneph BBIMOJIHSIETCS TPAHCIIO3UINS JIBYX POU3BOJIbHBIX 316~
MEHTOB. lJIsl IPOCTOTHI 3allceil MOYKHO CUUTATh, UYTO MEHSIFOTCS MeCTaMu
9JIEMEHTBI N U Nk, k > 2. DTy TPAHCIO3UIUIO MOXKHO, OUYEBHHO, pea-
JIN30BATDH IIyTEM TIOC/IE/I0BATE/ILHBIX TPAHCIO3UITUI COCETHIX SJIEMEHTOB.
CravaJia IepeMecTUM IepBBIil 3j1eMeHT Ha k + 1 MecTo, MeHsIsT ero Me-
CTaMU II0CJIEI0BATEILHO CO BTOPBIM, C TPEThUM U T. JI. 9JIEMEHTaMU. JTO
MOXKHO cjies1aTh 3a k — 1 maros. 3aTeM mepeMecTuM k-it 3JIeMeHT Ha, I1ep-
BOE MECTO, IepecTaBiigd ero ¢ k—1, k—2 1 T. JI., CO BTOPBIM 3JIEMEHTOM.
1o norpedyer k — 2 maros. Urak, Bemoaaus 2k — 3 = 2(k — 1) — 1
(HeTeTHOE KOJIMYIECTBO) TPAHCIIO3UINI COCEHIX SJIEMEHTOB, MbI TOMEHSI-
eM MeCTaMU 3JeMEHTBI Ny U Nj.

Takmm obpaszom, cuUTHATYypa MEepPecTaHOBKU IPU JIIOOONH TpaHCIIO3M-
mun (i, k) MeHseTCsl Ha HeYeTHOe YHCJIO, ¥ MOTOMY YeTHOCTH IepecTa-
HOBKM MeHsieTcd. [

2.2. Teopema. I[lpu a0bom n KOAUUECTNEA YEMHDIT U HEUETVHDIT
NEPECMano8okr cosnadarom.

JIOKABATEJILCTBO. U3 npejbliyiieii TeopeMbl BHITEKAET, 9TO BCs-
KYI0 9eTHYIO II€PECTAHOBKY MOYKHO IIPEBPATUTbL B HEYETHYIO, IOMEHSB
MecTaMi KaKnX-J1mbo JiBa ee 3jiemeHTa. ClpaBejnBo U 00paTHOE. JTO
O3HAYaeT, 9TO MEYKJy MHOXKECTBOM BCEX UETHBIX I1€PECTAaHOBOK M MHO-
JKECTBOM BCEX HEUETHBIX MEPECTAHOBOK (MHOXKecTBa M) MOYKHO YCTAHO-
BITH B3aUMHOOIHO3HATHOE COOTBETCTBIE. DTHU JIBA MHOYKECTBA KOHEUHBI,
II09TOMY HUMeIOT paBHbIE KOJIMIECTBa 3JIeMeHTOB. [
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§ 2. Onpeaennrtesin NTPOU3BOJIHLHOTO MOPSAIKA

1. Keadpammnoti mampuuyetd; nopsijika n Ha3bIBAeTCs TabJIMIA, COCTO-
silasi 13 N CTPOK U N CTOJIOIOB

ain a2 ain
asy G ... Q
A= 21 22 2n . (21>
an1  Gp2 Qnn
3xaech a;j, 4,7 = 1,2, ..., n, — 4ducja, BooOIIe ITOBOPsA, KOMIIJIEKCHBIE.

OmnpejienTe b MATPUIIBI IIOPSIIKA 7 MOYKET OBITH BBEJIEH 110 aHAJIOTUN
C OIIPEIEINTEIISIMI BTOPOTO I TPETHET'O IMOPSIKA B XO€ PEIIeHNsT CICTEMBI
JINHEHBIX ypaBHeHUil ¢ n Hem3BecTHbIMU. OJHAKO HAM OyIeT yrao0Hee
OIIPATHCs HEIOCPEICTBEHHO Ha 0bobIeHue dopmyist (2.15), ¢. 33.
Onpedesumenem MaTpuiibl A HA30BEM BEJTNINHY

|A‘ = Z (—1)0(711,712,. . .,nn)a1n1a2n2 e Q- (22>

ning .. .My

Bynem ncnosnb3oBaTh Ciie1yomnye 0003HAUECHNA:

ailr a2 Q1n
A =det(A) = |4 = | 92 - G (2.3)
ap1 Ap2 Apn

[Togicnum, 4To onpeje/auTeseM MaTPULBL IOPAKa 1 ABJILAETCH CyM-
Ma n! caraeMbIX, COCTaBJIeHHAs CJIELYIOMIM 00Pa30M: CJIaraeMbIMUI CJIy-
JKaT BCEBO3MOKHBIC IIPDOUBBEJICHUSA 70 3JIEMEHTOB MaTPULDI, B3ATBIX 110
OJHOMY U3 KazKJIOfl CTPOKM M U3 KasKJ0I'o CTO/IOIA, IPUYEeM CJlaraeMoe
OepeTcs €O 3HAKOM ILIIOC, €CJIM IEPECTAHOBKA Ny, Mg, . . . , Ty, Y€THAS, U CO
3HAKOM MUHYC — B IIPOTHBOIIOJIO?KHOM CJIyYae.

Besegersue TeopeMbl 2.2 KOJTUYECTBO caaraeMbix B (2.2) co 3HAKOM
IJTIOC PABHO KOJIMYECTBY CJIAra€MbIX CO 3HAKOM MUHYC.

OTMmeTuM Takrke, YTO SJIEMEHTBI MAaTPUIBl, yJacTBYIOIINE B CJla-
raeMOM OIIPEJICJINTeJId, COOTBETCTBYIOUIEM IIePECTaHOBKE M1, M2, . . . , Ny,
M300pazkaoTCs ToukaMi rpaduka 9Toii mepectanoBku (cMm. puc. 1, c. 73).

['oBOpAT, YTO 3JIEMEHTBI A1y, A2py, - - - 5 App, COCTABJISIIOT JUALOHANAD
MaTpulpl. Jlnaronasnb HasblBaeTcA wemHod, ecliu IepecTaHOBKa Ny, . . ., My,
geTHad U Hewemrol — B IPOTUBHOM CJIydae.
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YIIPAYKHEHME. /lokakKute paBeHCTBO

1 0 ce 0 922 A923 ... QA9op
a21 Q99 ... QA9p o azo asz ... Asp <2 4)
anpl Gp2 Ann ap2 ap3 Unn

[TosichmMm, 9TO ciieBa — omnpeleJuTesb HMOpsiIKa 1, a CIIpaBa — IOPIA-
Kan— 1.

§ 3. OcHoBHbBIE CBOIiCTBa ompeeanTesieit

[TepexomuM K m3y4eHNIO OCHOBHBIX CBONMCTB ompejiesinTesieil. Bee onm
SIBJISTFOTCSI 0O0DIIEHEM CBOWCTB OIIpejiesiuTe el TPeThero Mmopsijka, n X
JIOKa3aTeTbCTBA 3a9aCTYIO He TPeOYIOT JOTOJTHUTETHHBIX CKOJIHLKO-HUOY/IH
CJIOZKHBIX paccyxkjeHnil. B 9Tux ciydasx Mbl OrpaHMYNBAEMCS TOJIBKO
dopMyITMPOBKAMI COOTBETCTBYIOIIIX YTBEPXKICHUIA.

1. Ecim onna w3 cTpok (M OfuH U3 CTOJIOIOB) ONMPEIETUTE ST CO-
CTOUT TOJILKO W3 HyJIeil, TO 3TOT olpeaeauTesb pasen Hymo. Jlokasa-
TEJILCTBO CPa3y zKe CJIeJAyeT U3 TOro, YTO KarK/asl JUaroHalb MaTpuilbl A
COJICPZKUT B 9TOM CJIyUae HYJICBOI 3JIEMEHT.

2. Ompenemesib JINHEEH 110 KaZKJI0 CTPOKE (110 KayKI0MY CTOJIOIY ).

3. FEcuu B onpesesintesie jiBe cTpoKH (MJIM JiBa CTOJIONA) COBIIAJIATOT,
TO OH paBeH Hy0. [IycTh coBIIaa0T CTPOKKM ¢ HOMepamu k u [, k < [.
MuoKecTBO Beex mmaronajeil Marpuibl A MOXKHO IPEeICTABUTL B BHJIE
00'beIMHEHNsT MHOZKECTBA I1ap

Alngs A2ngyy - "7a’knk7 . "7a’lnl> .. '7annn7

a1n17a2n27 s 7a’km7 LR 7alnk7 .. -7annn-

Jnaronanan KakKjoil Takoil Iapbl UMEIOT IIPOTUBOIIOJIOXKHBIE YETHOCTH,
TaK KaK COOTBETCTBYIOIIUE UM I€PECTaHOBKHU I10JIYUYEHbI OJHA U3 JPYToil
P TIOMOITN TpaHcrosunuu (ng, n;). [IponsseeHnst ke 31 MEHTOB 9TUX
JiMaroHaJieil copnajgatoT, Tak KakK I10 ITPeJIII0JIOKEHUIO

Akn;, = Alnyy,  Akn; = Alpy-

DT0 03HATAECT, UTO caraeMblie B (2.2), OTBedalolie KazK 10l Takoil mape, B
cyMMe JIafoT HyJIb, ciejgoBaresibho, |A| = 0. lokasaresbcTBO paBeHcTsa
HYJIIO OIIPEAEIUTEIst, Y KOTOPOro JiBa CTOJIOA COBIAJIAIOT, IIPOBOJINTCH
AHAJIOTTIHO.
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4. Tlpu mepecTaHOBKe JIBYX CTPOK (CTOJIOIOB) OMPEIETUTEh MEHIET
3HaK.

5. OmupenennuTesb He I3MEHUTCs, €CJIM K HEKOTOPOIt ero cTpoke j100a-
BUTH JPYTYIO, YMHOXKEHHYIO Ha ITPOU3BOJILHOE Uncao. To ¥Ke caMoe cIipa-
BEJIJINBO U JIJIsI CTOJIOIOB OIPEICTTEIS.

6. DBsejennblie paHee MOHSITHS AA2€0PAUYECKUT JONOAHEHUT, T MU-
HOPOS JIOCJOBHO TIEPEHOCATCS Ha Cydail orpepeure/ieil Ipou3BoIbLHOIO
nopsika. bes kaknx OO0 n3MeHeHnil MPOXOIUT U JTOKa3aTeTbCTBO (POP-
MyJIbl, aHasgoruanoit popmysie (3.17), ¢. 41. Ilpu 9TOM HYZKHO HCIOJIB30-
BaTh paBeHCTBO (2.4). Takum obpasom, jijist J060r0 onpegenuTesst |Al

anAp1 + aipAge + - - + ainAin = |Aldir, 1, E=1,2, ...,n, (3.1)

rie 0;; — cuMBOJI KpoHekepa.
CupapeinBa 1 OPMYJIa Pada0HCceERUA Onpedesumens 1o CTOJOIY:

aliAlkj + a2iA2k +oeee aniAnk - |A’52ka (3 k= 17 27 sy N (32>
[TPUMEP. BoruncanM ompenenTesb IsITOTO MOPSIIKa,
-2 5 0 -1 3
1 0 3 7 -2
A=| 3 -1 0 5 -—5|.
2 6 —4 1 2
0o -3 -1 2 3

Cuadaja 106beMCcsI TOTO, ITOOBI BCE 9JIEMEHTHI TPETHEIO CTOJI0IA, KPOME ITOCIEIHEr0, ObLIN
HyJIsiMH. [Ij1s1 9TOro yMHOXKHUM ITOCJIEIHIOI0 CTPOKY Ha TpU W IpUOABUM KO BTOPOIi, a 3aTeM
yMHO)KI/IM II0CJIC JTHIOIO CTpOKy Ha YeTbIpe U BbIYTEM U3 LIeTBepTOIL/'I CTPOKH. HO.HyLII/IM

-2 5 0 -1 3
1 -9 0 13 7
3 -1 0 &5 —=9.
2 18 0 -7 -10
0 -3 -1 2 3

A =

Pazstaras sror onpejiesnTesb 110 TPETHEMY CTOJIOILY, IOy IUM

-2 5 -1 3
1 -9 13 7
3 -1 5 -5
2 18 =7 -—-10

A= (-1 (1)

[Ipeobpaszyem Ternepb onpeaeuTe b TaK, YTOOBI BCE JIEMEHTHI IIEPBOTO CTOJIOIA, KPOME BTO-
poro, 6buin Hyssimu. C 9TOM 1eJIbI0 YMHOXKUM BTOPYIO CTPOKY Ha J[Ba U IPUOABUM K IIEPBOIA,
3aTeM YMHOXKUM BTOPYIO CTPOKY Ha TPU U BBIUTEM U3 TPEThell 1, HAKOHEIl, YMHOXKUM BTOPYIO
CTPOKY Ha JIBa M BBIYTEM U3 IMOCJIEIHEN, TTOJTYIIM:

0 —-13 25 17
1 -9 13 7
0 26 —-34 -26|°
0 36 —-33 —-24

A=—
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Pazsrarast ToT oripejiesinTesNib 110 epBOMY CTOJIOIY, Oy/IeM UMETD

-13 25 17 |-13 25 17
A=—(-1)*"1| 26 —-34 —26/=| 26 —34 —26.
36 —33 —24 36 —33 —24

Brraucanm OoIIpeJieJINTeJIb TPEThEero nopdjaKa, pa3jiozKuB €ro 110 TpeTbefI CTPOKE:

25 17 —13 17 —13 25
A =36 '—34 —26’ = (=33) ‘ 26 —26' +(-24) ’ 26 —34‘ =
= 36(—72) — (—33)(—104) 4 (—24)(—208) = —1032.
7. Marpumna
ailp a1 ani
a a . a
AT _ 12 22 n2 <33)

A1p A2n ... QApp

Ha3bIBAETCS MATPUIEH, mpancnonuposanhotl 1o ornomennio K A. Ilo-
gcHnM, uTo MaTpunbl A n AT cocrodT M3 OIHHX M TEX Ke 3JIeMEHTOB.
Ileppas crpoka maTpuisl AT cocrapiena 13 91€MEHTOB EPBOTO CTOJIOIA
MaTpUILl A, BTopas CTpPOKa — U3 3JIEMEHTOB BTOPOIO CTOJIONA MaTpH-
ol A u T oo

Ompenennrern marpur, A u AT conanator.

JlokazkeM 3T0 yTBepzKjeHue UHIYKIUei 110 IMOPAKY OIPEeIe/INTeI.
Jlnst oupejiesnTesnst BToporo nopsiaka pasenctso |A| = |AT| soimosms-
eTcs OYeBMTHLIM oOpa3oM. [IpenrnonoKum crpaBeImBOCTL 3TOTO PaBEH-
CTBa JIJIs1 IIPOM3BOJILHOIO OIIPEJECJINTEIsI OPsiiKa 1 — 1 1 [OKazKeM, 4To
TOJIa, OHO BEPHO U JIJIs IIPOU3BOJILHOIO OLIPeIeIuTe s HopsiaKa n. IIpe-
craBuM |A| B Bujie pas/ioyKeHus 10 TePBOil CTPOKe:

|A‘ = a1 My —appMips + -+ -+ (—1)"+1a1nM1n. (34)
Oupenemurens |AT| pazioxum 1o nepsomy crosoy:
|AT| = CLHME — &12M211 + e 4 (—1)"+1a1nMnT1. <35)

T T .
3necy M;; — munop onpeneurens |A”], COOTBETCTBYIONIIH S/1EMEHTY
9TOTO ONPEJIENTENIS, HAXOAMErocs B o3uinu i, j. [1o mpemoozKenno
mHyKIn uveeM, uto M5 = Mj;, caeposarensho, |[AT] = |Al.
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8. DByaem rosoputhb, uro cTpoknm mMarpuibl A aunetino sasucumbl,
€CJIN CYIIECTBYIOT YHUCIA (1,3, ..., Q,, HE BCE OJHOBPEMEHHO paBHbLIE
HYJII0 U TaKue, 9To

a1a1; + Qeag; + -+ apan; =0, 7=1,2, ..., n.

[t Toro, 4TOOBI OlpeIenTe/ b MaTpullbl A ObLT paBeH HyJi0, HEOO-
XOJIUMO U JIOCTATOYHO, YTOOBI €¢ CTPOKHU ObLIN JINHEHHO 3aBUCUMBI.

To, 9T0 U3 JIMHEHHON 3aBUCKIMOCTH CTPOK BBITEKAET PABEHCTBO HYJIIO
OIpEJIe/INTEIsA, JOKA3BIBACTCA TOYHO TaK »Ke, KaK U JIJIsi OIpeJeTuTe s
TPETHErO TMOPSIIKA.

Hokaxkem obpaTHOE YTBEpXKJIEHUE, T. €. JOKayKeM, 9TO €CJU CTPO-
KU MaTPHIIB! JIMHEITHO HE3ABUCHUMBI, TO OIIPEJIe/INTE/Ib MATPHIIBl He paBeH
uyst0. [lycrs |A|=0. Paccmorpum Bee ompesesrenn nopsiaka n — 1, Ko-
TOPBIE OJIYUYAIOTCS BbIYEPKUBAHUEM OJHON CTPOKU U OJHOI'O CTOJIONA U3
MaTpUIbl A.

Ecyn Bce oHI OKaKyTCsl pABHBIMI HYJIIO, TIEPEiIeM K OIPe e/ TNTe IsIM
Hopsiika n — 2 u T. JI. B KoHIle KOHIIOB, OO BCe 9JIeMeHThl MaTpHUIsl A
OKayKyTCsl PABHBIME HYJIIO, U TOIJIa JIOKA3bIBAEMOE yTBEpXKjeHue Oyjer
BBITIOJTHEHO TPUBUAIBHBIM 00pa30M, JIHOO HAMIETCA OIPeIe/INTE b HOPSIJI-
Ka k > 1, oTIndHbIi OT HYJ/ISI U TOJTyYeHHBI BhIUepKUBAHIEM 1 — k CTPOK
1 cTOJIONOB MaTpuilsl A, a Bce onpeesnTesn OOJBIIEro Mopsijaka OymLyT
nyasiMu. [TockobKy 1Ipu 1iepecTaHoBKe CTPOK U IIPHU IIepecTaHOBKE CTOJI0-
OB MEHSIETCS JINIIb 3HAK OIPEJICTUTEIsI, TO, He OIPAaHUIIBasi OOIHOCTN
paccyKJIeHI, MOXKHO CIUTATH, UTO ITOT OMpEIeUTeb (0603HATIM €ro
qepes dj,) COCTABJIEH U3 9JIEMEHTOB MePBBIX k CTPOK U MEePBBIX k CTOJIOIOB
MaTpUILl A.

Paccmorpum onpenesintesib diy1, COCTaBJIEHHBIH M3 TEpBbIX k + 1
cTpok u 1epBbix k + 1 crosbrnos marpuibl A. [lo mnpejnoniokennto o
paBeH HyJI0. Pas3jioyKuB 9TOT Ompejie/InTe/b 10 SJIeMEHTAM IT0CJIeTHEro
CTOJIOIA, ITOJIYUUM, UTO

Q1G k11 + QoGop+1 + -+ + arOrp+1 + dpakrip+1 = 0. (3.6)

[Tomuepkuem, aro dp # 0, a ducia g, ..., ap — ajaredpandeckue Jio-
IIOJIHEHUST COOTBETCTBYIOIINX 3JIEMEHTOB ITOCJIEHEN0 CTOJIONA OIpPe eI~
Tesid dy 1. BaykHO OTMETHTD, 9YTO OHM 3aBHUCST TOJBKO OT 3JIEMEHTOB IIeP-
BBIX k cTOJIOIOB onpeaeantTess dy 1.

[lepecrapiisist cTosOIBI onpeieuTesst |A|, Mbl MOXKEM COCTABUTH IO-
cJIeHUi cTosiber onpeaeuTe st dy 1 13 SJIEMEHTOB

ayj, 25, .., QAkj, Ak+1j, j:k+2,k—|—3, ...y N
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[To mpearnonoKenunio STOT onpeaeuTe b paBeH HYJII0. BhImongsa pas/io-
JKEHHe 110 ero I0CJIeIHEMY CTOJIOILY, IIOJIYyIUM, 9TO

aayj+agag+- - agapj+dpagy; =0, J = k+2, k43, ..., n. (3.7)

Haxowerr, nomecrus Ha mecto k + 1 crosibua onpejenuresns |A| ero
»Ke cToJIber ¢ HoMepoM j < Kk, Mbl [IOJIydUM HYJIEBOI ornpejiesinresib (Kak
OTpeiesInTe b ¢ paBHbIMU cTosbaMu). TTo Tofi »Ke npudrHe 1 OIpeIe/u-
Tesib djy1 OyJeT paBeH HyJ0. BHOBb BBINOJIHSISI PA3/IOKEHUE 10 MOC/Ie]I-
HEMY CTOJIOILY 9TOTO OINPeIeINTEIst, MOy IiM, 4TO

aiarj + aag; + - +ogag; +dragi; =0, 7=1,2, ...,k (3.8
Tenepb MOXKHO HaIMCATD:
a1a1; + Qoag; + - -+ apag; + dkakﬂj- +0- py25 + -+ 0- Qnj = 0,

rmej=1,2, ..., n;d; # 0, T. e. cTpokn MaTpuibl A JMHEHHO 3aBUCHMBI.

3AMEYAHUE. [Tockosbky |AT] = |A|, To, ouesuano, ji/1st TOrO, UTO-
ObI oIpeie/InTeN b MATPHUILl A ObLT paBeH HyJII0, HEOOXOINMO I JIOCTATOY-
HO, 4TOOBI ee CTOJIONBI ObLIN JTUHEIHO 3aBUCHMBI.

§ 4. IIpumepbl BbIYUCJIEHUS ONpe/iesinTe e

[IpuBegemM mpuMepbl BBIYUC/IEHUS OIPE/IeIUTe e, YacTO BO3SHUKAIO-
X B PA3/JUYHBIX pasjesax ajredphl.

1. Ounpenenurens TpeyroibHoit MaTpuilbl. Marpuiyy A HasbiBaioT
sepxnell mpeyzoavnot, ecm a;; = 0 upu ¢ > j. Marpuiy A naseiBaior
Hustchet mpey2oavhoti, ecan a;; = 0 npn ¢ < .

Ecnan marpuma A Tpeyrosbhasi, TO

|A‘ = a11a92 " * - Apnp- (41)

JlokazkeM 3TO yTBEpyKJEHHE NPUMEHHTEILHO K BEPXHEH TpeyroJib-
woit Mmarpurie. Cripae yinBocTb hopMyibt (4.1) jjis1 HIZKHE TPeYroIbHO
marpuisl A cpasy BbiTekaer usz toro, uto |A| = |AT| u AT — pepxuss
TpEyroJbHasd MaTpUIa.

J1j1st MaTpuIl IEPBOTO 1 BTOPOro MOPsiIKOB opmyita (4.1), ouesu/iHo,
crpasenBa. Jia JokazaTeaneTBa 3Toi pOpPMYJIbI P IIPOU3BOJILHOM 7
MCIIOJIB3YEeM METOJ MATeMATHIeCKON NHAYKIINA, T. €. IPEIIOJIO0MKIM, ITO
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1ist onpeiesntesieit (n— 1)-ro nopsijika OHa yrKe JOKa3aHa, U PACCMOTPUM
OIIPeJIC/IUTED

ai 12 ais cee Ain

0 a99 923 ce Q9on,

‘A| = 0 0 ass . asn
0 0 0 . (nn

Pazarast onpesemuress |A| o mepBoMy cTOJIOIY, TOTY UM

a22 a3 ce a2np,
0 ass c. asn,

|A’ = an
0 0 . Ann,

K onpenenurenio, cTosimeMy B IIPaBoil YacTH, TPUMEHUMO IPEIII0I07Ke-
HUe UHJYKIUHU, T. €. OH paBeH IIPOU3BEJIEHUIO (22033 . . . Upy, 1IOITOMY

|A’ = a11a9220433 . . . App.

2. Onpedeaumens Bandepmonda?) . TaK HA3BIBAIOT OIPEICNTE/b Bli-

Ja
1 1 1 e 1
al a9 as . (7%
_ 2 2 2 2
d=1| aj a, as ... a,
n—1 n—1 n—1 n—1
ay a,  ay " ... a,

[Tokaxkem, aTo npu JboM n > 2 oupejennTe/b BanjaepMoHa paBeH
IPOM3BEJICHIIO BCEBO3MOZKHBIX pasHocTelt a; — aj, e 1 < j <@ < n:

d= H (CLZ' - Clj).
1<j<isn

JlokasbiBaemasi popmyJia, O9eBUJIHO, clipaBeyinBa 1pu n = 2. Boc-
OJIb3YEMCsI METOJIOM MaTeMaTHdIecKoil muyKiuu. [IpesmnosoxKum, 1o
1ist onpejiesintesieit (n — 1)-ro mopsiaka dopmyiia yxke JI0Ka3aHa, T. e.

1 1 ... 1
a9 as e (075
= H (ai — aj).
n—2 _n—2 n—2 2<j<isn
CL2 a3 e ay

D Anekcanap Teodbun Bammepmor (Alexandre-Theophile Vandermonde; 1735 — 1796) — ¢dpan-
ILySCKHfI MY3BIKaHT 1 MaTeMaTUK.
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Paccmorpum onpejienresib d. YMHOXKUM IIPEJIIIOCIETHIO CTPOKY
Ha a1 U BbIUTEM 13 mocseHeil. 3arem BerareM u3 (n— 1)-it CTPOKH CTPOKY
¢ HOMepOM (n — 2), YMHOKEHHYIO Ha a1, U Tak jajee. HakoHer, yMHO-
JKIM IIE€PBYIO CTPOKY Ha @1 M BBIUTEM u3 BTOpoil. B pesynbrare Taxoit
110CJIEIOBATEILHOCTU TIPe00PA30BaHUl MOy IIM

1 1 1 . 1

0 as — ay as — aq a, — aq
d=1| 0 a3 — ayas a3 —ajaz ... a:—aa,

0 a’gfl — a1a§*2 agfl — alagfz . aﬁ‘l — alaﬁ_Q

Paznarast onpejesnrens d 10 [HepBOMY CTOJIOIL, MOJYIHM OIPE/IeN-
Tesib (n — 1)-ro mopsjka:

as — a1 az — ap a, — a1
2 2 2
d— ay — a0 as — a1a3 RN a, — ajln
n—1 n—2 n—1 n—2 n—1 n—2

3aMeTM, 4TO OOIINM MHOXKUTEJIEM BCEX 9JIEMEHTOB IIEPBOI0 CTOJIONA SIB-
JISIeTCST a9 — A1, OOIIUM MHOXKUTEJIEM BCeX 3JIEMEHTOB BTOPOIO CTOJIOIA
saBjsgeTcd az — ap 1 T. 7. [loaromy

1 1 1

a a a
d=(ay—a)(as—a)...(ap—a)| 2 7 T

a;LQag—Z GZ_Z

rJie TOCJIeIHINA MHOXKUTEIhL — ompejenTesb Bangepmonga (n — 1)-ro
nopsiyika. CiiejoBaTe/bHo,

d=(ay—ay)(az —ay)...(a, —ay) H (a; — a;) = H (a; — aj).

2<j<i<n 1<j<isn

§ 5. KpamepoBckue cucreMbl JIMHEMHBIX YpPaBHEHMIA

1. B sr1om naparpade OyiieMm paccMaTpuBaTbh CUCTEMbI JTUHEHHBIX
ypaBHEHMII, Y KOTOPBIX KOJMYECTBO HEM3BECTHBIX PABHO YHC/IY ypaBHE-
HUT:

a;ry + ajprs + - - + a1, T, = by,
A2171 + A22T2 + -+ - + A2 Ty, = b2, (5.1)

Ap1T1 + Ap2To + « - + AppTy = bn
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Marpuna
ai; a1 ... QAip
a1 A9 ... Qa9
A= no| (5.2)
ap1 Ap2 ... QApp

cocTaBjeHHasT 13 KOI(MMUINEHTOB ypaBHEHNI, HA3BIBACTCS MaMpuyed
cucmemut (5.1). Bymem npennonarars, aro |A| # 0. B arom ciydae cucre-
My ypastenuii (5.1) HazbiBatoT kpameposckot. Habop uncen by, bo, ..., by
Ha3BbIBAIOT CMOAOUOM NPasots wacmu (W TPOCTO NPasoti 4acmvio) Cu-
crembl (5.1). Eciam mpaBasi gacTh cucreMbl HyseBas, T. e. b; = 0 s
Becex ¢ = 1, 2, ..., n, TO cucTeMa Has3blBaeTcss 00Hopodnot. OmHOPOI-
Hasl CHCTeMa ypaBHEHUI Bcerja nmeer pemrenne. Hampumep, MOXKHO 1O-
JIO)KUTb T1, X9, ..., L, = 0. Takoe pelrenne HA3LIBAIOT MPUSUANLHBLM.

1.1. Teopema. Odropodnas Kpameposckas cucmema YpasHeHu
MOIHCEM. UMEMD MOALKO MPUBUANDHOE PEULEHUE.

JIOKABATEJILCTBO. [Ipeanonoxkum nporusHoe. Torma it HEKOTO-
poro Habopa 4nucea i, To, ..., Ty, CPEIN KOTOPHIX 110 KpaitHeil Mepe 0JIHO
HE paBHO HYJIIO, CIIpaBe/JINBbI PABEHCTBA

ailxry + aia2x2 4+ ...+ ATy = O,
9171 + A2 + . .. + agpx, = 0, (5.3)

Ap1T1 + apoxs + ... + appxy, = 0.

DTO MOKA3LIBAET, YTO CTOJIOILI MATPUILI A JIMHEIHO 3aBUCHUMBIL, T. €. €€
OIpPeJIeTTETh PABEH HYJIO, HO MO YCJIOBUIO TEOPEMbI OTpeIeuTeNb | Al
HEe PaBEH HYJII0. SHAUYUT, IIPEJIITOJI0KEHNE O HAJIMINI HeTPUBUAJIBLHOI'O pe-
IeHNs y OJIHOPOAHOI KpaMepOBCKOI cucTeMbl ypaBHeHUi HeBepHO. [

1.2. s Toro, atobbl cuctema (5.3) nMesia HeTPUBHAJIBHOE Deliie-
Hie, HeOOXOUMO 1 JIOCTATOYHO, YTOOBI OIpEeIe/JNTe b MATPUIbl A ObLI
paBen Hysr0. ClpaBelJINBOCTb 3TOI0 YTBEPXKIeHUsI HEIIOCPEICTBEHHO BhI-
TeKaeT n3 3aMedanusd Ha c. S0.

1.3. Teopema. IIpu 2100601 npasoti wacmu KpamMePOSCKAL CUCTIEMA
YPABHEHUT, He MOHCEM UMEMD 0BYX PASAUMHBLT PeULeHUT].

JTOKABATEJILCTBO. [IpeanosokuM NpoTUBHOE U MyCTh
11 1
Ty Ty vy Ty

2 .2 2
L1, Loy oo vy Ty,
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PEJICTABJIAIT cOOOIl JiBa pa3JInIHbIX perieHus cucrembl (5.1), T. e.

1 1 1 __
aney + a2y + ...+ aa, = b,
1 1 1 __
217 + A225 + ...+ AonT,, = bg, <5 4)

2 2 2 __
a11xry + apex; + ...+ a1, = by,
2 2 2 __
217 + A225 + ...+ AopT,, = bg, <5 5)

[TostoxxkuMm

1 2 1 2 1 2

1 BBIYTEM MOWICHHO OJIHOMMeHHbIe ypaBHenus cucrem (5.4), (5.5). B pe-
3yJbTATe MOJYYUM, 9TO T1, T3, ..., Ly — PEIIeHne OJHOPOIHON CHCTe-
Mol (5.3). Ho torma no teopeme 1.1 umeem, uro 1 = 29 = ... = x, = 0,
T. €. TIPEJIIOJIOKEHIE O HATTMIUN JBYX PA3INIHBIX perernii cucremsr (5.1)
HepepHO. [

1.4. Teopema. Kpameposckas cucmema ypasrerut npu A1000% npa-
60U “acmu uMeem peulerue.

JIOKABATEJ/ILCTBO. PakTu4ueckn, Mbl CKOHCTPYUPYEM pellieHne Cu-
crembl (5.1), onmpasice Ha dopmyrty (3.1), ¢. 77. Bysem pasbickuBarh
pemierne cucrembl (5.1) B Bujie

r; = ciiby + ciobs + - -+ cinby,, 1=1,2,...,n, (56)

rie Koo uIumenTsl ¢, 1, k = 1,2, ..., n, nomiexkar onpeaeaennto. [1oj-
craBJisAs Beipaxkenus (5.6) B ypasHenus cucteMbl (5.1) u cobupast B JIeBbIX
JaCTAX 9TUX ypaBHEHUN KOI(M@MUITMEHTHI IIPU OJIMHAKOBBIX b;, TOJIYIIM

bi(aiici + ajcar + - - - + QinCn1)+
+ ba(aiicra + aincoa + - -+ + QipCpa) + -
ot biancn + aipco + o Aincp) + -
o+ by(aincin + aican + -+ QinCan) = b (5.7)

g ¢ = 1, 2, ..., n. [longarao, 9To ecim BeIOpaTh KOIMDPUIUEHTHI C;f
TaK, YTOObI BBLITIOJTHSINCH YCJIOBUA

a;1C1k + Qiacop + + + - + QinCpk = ik, (5.8)
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e i, k = 1,2, ..., n, 6 — cumBosn Kponekepa, 1o dopmynbt (5.6)
OymyT nasath perrenne cucteMmbl (5.1). CpaBauBas coornormenus (5.8) ¢
dbopmynamu (3.1), ¢. 77, HETPYJIHO 3aMETHUTD, YTO €CJIH TOJIOKUTh

Api

p= k=12 . . .n, 5.9
Cik A i n (5.9)

T0 yesoBust (5.8) OyayT BeiosHeHbl. [lojcTaBiiss HaiijeHHbIC BbIpazKe-
Hust Jist ¢ B (5.6), mosyanM ciieytoriie popMyJIbl JJisT EIieH s CHCTe-
Mbl (5.1):

z; = (Apby + Agiby + -+ Ayby) /|4, i=1,2,...,n.  (5.10)

Ucrob3yst pasiozkeHne orpeenTe st o ctooiy, coorHommenns (5.10)
MOZKHO IIepeluncaThb B 0oJjiee KOMIIAKTHOM BU/IE:

Ti=— i=1,2...,n (5.11)

3aech A = |A|, A; — onpenennTesib, KOTOPBIH MOIYIAETCsS 3aMEHOMN §-1'0
crosibna onpeeanTens A mpaBoii yacTbio cuctembr (5.1). O
Dopmyiisl (5.11) HasbBaoT dopmysamu Kpamepa.
[TPUMEP. Pertum tipu momormu dopmysr Kpamepa cucremy ypaBHEHHII
T+ T3+ 13 = -2,
T + 3x9 — 204 = —4,

201 +x3 — x4 = —1,
2x9 —x3 — 314 = —3.

HO,ZLC‘{I/ITaeM COOTBETCTBYIOIINE OIIPpEIC/IUTEIIN:

1 0 1

11 1 1
13 0 -2 1 30 —2 |} 3 -2 |14~ 4 -1
A= _ ~1 -1 —1l=]1 0 o= —4
2 0 1 -1l 1 10 -1 Ty U D 4 ol =%
02 -1 -3 |1 30 -3
2110 2 Ll 0, 4 o s 1 6
43 0 -2/ |-4 3 0 -2
A = _ |1 -1 <1l=] 1 0 o|l=4
10 1 -1 T Tl A Sl (N
392 -1 -3 |-5 3 0 -3
L2 1 0 L =21 0 . ol s
1 -4 0 -2 1 -4 0 -2
Ay — _ 1 1 —1l=01 0 ol=-4
2 -1 1 -1~ 10 -1~ | & U7 0]
0 -3 -1 -3 |1 =5 0 -3
11 -2 0o 1 0 0 0 s o > 0 o
13 -4 -2 1 2 —2 -9
Ay — _ —|2 3 —1|=|-2 1 -3]=-3
9 0 -1 —1|=]2 -2 3 -1 S A
02 -3 -3 o 2 -3 -3
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11 1 -2 |1 11 -2
SR P S U R SV | B - N A
02 -1 -3 |1 30 =5

ITo dpopmynam Kpamepa
1 =A1/A=1, zo=A0Ay/A=—-1, x3=A3/A=-2 x4=A7A4/A=1

SAMEYAHUE. B Bblunc/imTe/bHON TpakTuke popmMysibl Kpamepa nc-
OJIB3YIOTCsI OUEHb PEJIKO. Hale Jijisl peleHns CUCTeM JIMHEHHbBIX aJired-
panydeckux ypaBHEHUI MPUMEHSIOTCS pa3/imdHble BapHaHThl METOJa UC-
KJIIOUEHHsT HEM3BECTHBIX (MeTojia [aycca) WM HTepallmoHHbIE METO/IbI.
[Topobmee 1o aTomy moBoiy cMm. ¢. 99, c. 289.

2. B kadecTBe nmpumepa mpuMeHeHUsd TEOPUU KPAMEPOBCKUX CUCTEM
IOCTPONM TaK Ha3bIBAEMYIO MHTEPIOIAINOHHYIO (popmysty Jlarpamxka.

2.1. Teopema. I[lycmov zy,21, ...,2, — NONAPHO PA3AUNHDBLE HUC-
Aa, ho, hi, ..., hy, — npoussosvrvie wucaa. Tozda cywecmseyem, u npu
MOM MOALKO 00UH, NONUHOM Pn(z) =ap+ a1z + a222 + -+ a,2" ma-
K0U, 4o

Pu(z)) =hj, j=0,1,...,n. (5.12)

JJOKABATEJILCTBO. Yemosus (5.12) mpencrasisior coboii cucre-
My JIMHEIHBIX YpaBHEHUI OTHOCUTEIbHO KOI(MDMUIMEHTOB ouHoMa b,.
Ompenesinesib 9TOi cucTeMbl — OIpeeTnTe s Bamiepmonia (eMm. ¢. 81).
OH, 04eBHUJIHO, HE pABEH HYJIIO, TO9TOMY crucTeMa ypaBaeruit (5.12) nmeer
eJIMHCTBEHHOE pellleHne Ipu Jiodoii npasoit gactu. [l

2.2. Tenepsb sicHO, ITO €C/IM TOJMHOM CTEIEHN M. BCIOAY (HA CaMOM
Jesie, o Kpaifaeit Mepe B n + 1 pas3jIMaHbIX TOYKaX) PABEH HYJIIO, TO BCe
ero KodpGUIMEeHTbl — HYJIH.

2.3. Herpyuno nmocTpouTh B SIBHOM BHJIE HOJIMHOM, YIOBJIETBOPSIO-
it yesaoBusaM (5.12), a UMEHHO, peIeHne 3aJIaqi JIaeT UHMEPNOAAUU-

onnas popmyaa Jazpanca’
P.(z) = ho®o(2) + hi®P1(2) + - -+ + h,D(2), (5.13)
rjie ¢, — MOJIMHOM CTEIEHH N, Y/0BIECTBOPAIONIHIT yCIOBHIM
Oi(z) =0, k=0,1,....5-1j+1,...,n, (5.14)
D,(z) =1, (5.15)

D3¥Kozed JIyu Jlarpamx (Joseph Louis Lagrange; 1736 — 1813) — dbpanmysckuii MaTeMaTuk,
ACTPOHOM U MEXAHUK UTAJIbIHCKOTO MPOUCXOK JICHUSI.
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g 7 =0,1,2...,n.
Kak mokazano B 1. 3, ¢. 24, TOJIMHOM CBOMMU KOPHAMU OIPE/Ie/AeTCs
C TOYHOCTDIO JI0 TIOCTOSIHHOI'O MHOXKUTEJIS, CJIeJI0BaATEIbHO,

B5(2) = Aylz — 2)(z = 21) - (2 = 2 1)(2 = Z5a1) o+ (2 — 20,
Ucnonpayst (5.15), HaiijeMm 3HadMeHne TOCTOSHHOI:
1

(2 — 20) (25 — 21) -~ (25 — 2j—1)(25 — 2j+1) -+ (25 — 2n)

Y

A; =

(z—2)(z—21) - (2 —z-)(z = 2j11) - (2 — 20)
(2 — 20)(z5 — 21) =+ (25 — 2zj-1) (2 — zj31) -+ (25 — 2a)

re 7 =0,1,2, ..., n.

®i(2) =

§ 6. Marpunpsl. Oniepanum HaJ| MATPUIAMA

1. DBoime ObLIO BBeJIEHO IOHSITHE KBaJIpaTHON Marpuilbl. IIpsamo-
yzorvonotll mampuuet A pasmepa m X n Ha3bIBAETCS TAOJIUIA, COCTOSIIIAS
U3 M CTPOK U N CTOJIOIOB:

ay; a2 Q1n
a a ... Qa

A _ 21 22 2n ' (61)
Am1 Am2 Amn

DiteMeHTaME TAOJIUIIBI CIIYKAT YUC/IA @;; (BOODIIE FOBOPS, KOMILIEKCHBIE).
Wnorpa OymeMm sIBHO yKas3biBaTh pasmepbl MaTpullbl A m obo3HadaTh ee
aepes A(m,n).

OTrmeTuM HEKOTOpPBIe YacTHbIe ciaydan. [Ilpu m = n nosydaem keaod-
pamnyro mampuyy. Ee pasmep (roBopsiT Takzke nopadox) Oyaem 0bo3Ha-
JaTh OJHOI OYKBOIL N.

Eciu m = 1, a n npousBOJIbHO, MOJIyIaeM Mampuy-cmpoky (Ui,
IIPOCTO, CMPOKY)

r = (x1, T, ..., Tp). (6.2)

[oBOpAT, 4TO 3Ta CTPOKA UMEET JAUHY N.
Eciu n = 1, a m 1pousBoJibHO, TIOJIyIaeM Mampuiy-cmoabey; (Wi,
IIPOCTO, CMoAbey,)
I

=7 (6.3)
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['oBopsaT, uro sror crosber, nmeer dauny m. IlogaepkHem, UTO npn 3a-
MUCH CTPOK U CTOJIOIIOB BTOPOI WHAEKC 0ObIYHO He Uity T. CToI0IbI WK
CTPOKM 4acTo OyJieM HA3bIBaTh BEKMOPAMIU.

Marpuiia Ha3bIBAETCSI HY.AEG0T, €CIU BCe ee djaeMeHTbl — Hy/n. Hy-
JieBast MaTpuiia 0bo3HadaeTcss cuMBOJIOM 0.

2. OmuieM HEKOTOpPBIE CIIeNNa/IbHbIE BIIbI KB IPATHBIX MATPHII.

2.1. ToBopsaT, 4TO 3JIEMEHTBI @11, (29, . . ., Apy OOPABYIOT 2.4G6HYH0
Jduazonans KBaaparHoil maTpuibl A. KBajparHas matpuia D Ha3biBaeT-
ca duazonanvroti, ecin di; = 0 pu ¢ # j, wim, 1ojpoduee,

dll O ... 0
0 0 . dpp

st mraroHa/ibHOM MaTPHITLI Oy/IeM HCIIOJIb30BaTh TaKxKe 0003HAUYCHHE

D = diag(dll, dQQ, Ce ,dnn)

[naronanbHas MaTpuila HasbBaeTcd edunuunol, ecau dy; = 1 g
Beex ¢ = 1, ..., n. Exuanmanyio matpuily Oyjgem obo3HavyaTh OyKBOit [:
10 ...0
7 — 01 ...0 . (6.5)

2.2. Martrpuna Pj; Ha3bIBACTCS MAMPUUEt NePecmarosry, eCcii OHa,
MOJTyYeHa U3 €IMHIIHO MaTPUILbI IIEPECTaHOBKOI CTPOK ¢ HOMEpaMH ¢, k.
Hamnpumep, Mmarpumamum nepecTaHOBOK TPEThEro MOPSIKa SIBISTFOTCS MaT-

PUILbI

Py = , Pi3= Py =

O = O
o O =
_— o O
—_— o O
o= O
o O =
o O =
—_ O O
o= O

2.3. Hamomuumm, uTo KBaJipaTHas MaTpuria L Ha3bIBAETCI HUMNCHE
mpeyz0abHot, €CJIN BCE €€ 3JIEMEHTDI, CTOAIINE BbIIIE TJIaBHO uaronaJn,
paBHBI HYJIIO:

I, = lgl l22 , (66)
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KBaipaTHasg MaTpuiia U Ha3biBaeTcd geprreti mpeyz2oavrot, eCial Bee ee
9JIEMEHTBI, CTOSIINE HIUZKE IJIABHON JMaroHaJIl, PaBHBI HYJIIO:

Uil U2 ... Ulp
U _ 0 U292 ... U2p . (67)
0 0 Unn,

1 0O 0 - 0
AR lkk,() ...... :

Lr=10 b1 1 0 (6.8)
0 e 0 - 1

HA3BIBACTCA AEMEHMAPHOT HuxMCcHel mpeyzorvorot. Iloscaum, 910 T4
MATPHUIIA OTJNIAETCS OT €JIMHUYIHON MaTpPUIILI JIUIIbL dJeMeHTaMi k-TO
cTOJI01IA.

3. YMHOXKeHHMe MaTpUIlbl HA YUC/I0, CJIoxKeHue Marpull. [Ipouseede-
HUEM MaAmpuyvt A U “ucAa @ HA3bIBAETCS MaTpPUIIA

aa1r «alg2 ... Qg

aa aa ...ooaa
aA = 21 22 2n

Al CQm2 OQmn

(Bce a/eMeHThI MaTPHUIbl A yMHOXKAIOTCS Ha THCTIO ().
Cymmoti dsyx mampuy, A, B 0OMMHAKOBBIX PA3MEPOB HA3BIBAETCSI MaT-
putnia C' Toro ke pasmepa ¢ 3JieMenTaMu ¢;; = a;j+b;;. [nmyr: C' = A+-B.

YIPAKHEHUE. Y06eauTbcsd, UTO BBEJEHHBIC OIlepaluul 00J1aJIaioT
CJIEYIOIINM CBOVICTBAMU:

1) A+0=A,

2) (A+B)+C=A+(B+0C),

3) A+ B=B+ A,

4) (a+ B)A = aA + GA.

OTmeTnM, 9TO CyMMa JIBYX HIPKHUX (BEpXHHUX) TPEYTOJHHBIX MaT-
pUIl — HIDKHsAST (BEPXHsisl) TPEyTroJibHas MaTPHIA.
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4. YwmHOXKeHUe cTpokn Ha crosider. [lo onpenenennto npoussedenue
CMPOKYU T U cMoAOUA Y OJUHAKOBON JIJIMHBI 1 €CTh YUCJIO

)1 .
Y2
(z1,29, - y@) | 7| = Z kY- (6.9)
' k=1
Yn

ITPUMEP.

-1
-2
3
4

(5 -1 3 1) —5.-(=1)+(=1)-(=2)+3-3+1-4=10.

5. YMHOXKeHHe MaTpuibl Ha BeKTOp. [Ipoussedenuem mampuuyove A
pasmepa m X n u 6eKmopa T IJINHBI 1 HA3bIBACTCS BEKTOP Y JJIMHBI 1M C

JJIEMEHTaMU
n

Y; = E Qi Ty, i=1,...,m.
j=1

CUMBOITIECKN 9TO 3AMMCHIBAIOT TAK:
y = Ax.

Horma OyneMm npuMeHsiTh 6oJjiee MoAPOOHYIO 3alllCh:

[2A1 ail a1 ... Qi Ty
Y2 o 91 a9 a9, X2
Ym m1 Am2 ... Qmp Ty

[Tosicnnm, 9T0 yMHOYKEHTE MATPUIHI HA BEKTOP BBITIOJIHAETCS CJIETY-
IOIUM 00pa30M: CTOJIOEI] T MOCIeI0BATEIbHO HAKJIa/IbIBAETCS Ha CTPOKU
MaTpHuIlbl A, COOTBETCTBYIOIIE JIEMEHTHI IIOIAPHO MTEPEMHOKAIOTCS, a
3aTeM IOJyYeHHbIe N BEJIMINH CYyMMUPYIoTcd. B pesynbrare morydaroTces
3JIEMEHTBI BEKTOPA Y.

IIPUMEP.
0 -3 1 3 8
2 1 5 2| = 14
—4 0 -2 2 —16

HermocpeacTBeHHo u3 onpejie/ieHnsl BbITEKAET, UTO st JIFOOBIX |-
ceJt «v, B 1 Jijist JIIOOBIX BEKTOPOB ', Y (MOAXOJIAIIElH JIJINHBI) CIIPABEJIITBO
pPaBEHCTBO

Aoz + By) = aAx + BAy. (6.10)

FOBOpS{T IIO9TOMY, 9TO OlI€Epalysl YMHOXKEHN I MaTPUIbl Ha BEKTOD AURET-
Ha.
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6. YwmHOXKeHMe CTPOKHU Ha MaTpuily. [Ipoussedenuem cmpoky x 1Jin-
HBI M U Mampuyv, A pasMepa m X n Ha3bIBAE€TCS CTPOKA Y JJIMHBI 1 C

AJIEMEHTaMU
m

yjzzaij%, j=1,....,n.

1=1
CI/IMBOHI/IquKI/I 9TO 3allChIBAaIOT TakK:

y = xA.

Wnorpa Oyaem npuMeHATH 60j1ee 1m0 IpOOHYI0 3aIHCh:

ayjp ap2 ... Qin

21 Q929 ... QA9n
(ylay27 cee 7yn) — (1'1,372, R 7xm)

Am1 Am2 Amn

YMHOXKEHIEe CTPOKHN Ha MaTPUILy BBIIIOJJHSIETCS CJIEYIOINM O6pa30M:
CTOJIOIIDLI MaTPUILbI A 1HocJIeJ0BAaTEe/IbHO HAaKJIaJIbIBAIOTCA Ha CTPOKY I,
COOTBETCTBYIOHINE JJIEMEHTHI IIOIIAPHO IIEPEMHOXKAIOTCA, a 3aTeM IOJIYy-
YEeHHbIE 1M BEJINIUH CYMMUPYIOTCH. B pe3yJsbTare 1IO0JIYyYal0TCsl 9JIEMEHTDI
CTpOKH Y.

I[TPUMEP.

W =N

(510 -3 = (11 -1).

0

—4

1

0 -1

HemnocpencrBenno u3 onpejiesieHUsT BBHITEKAET, YTO JJIsl JIIOOBIX 9H-
cenm o, B u Jjist JOOBIX CTPOK 2, Y (MOAXOJSIIEH JITMHBL) CIPABE/TNBO
paBEHCTBO

(ax + Py)A = axA + GyA. (6.11)

['oBOPAT 1MO3TOMY, UTO Ollepaliisd YMHOKEHN CTPOKN Ha MATPUILY AUHET-
HQ.

7. C ucnosb30BaHWEM BBEJCHHBIX ONEpaIil cucTeMa 1 JIMTHEHHBIX
ypaBHeHuil ¢ n HeusBecTHbIME (5.1) MOXKeT OBITH 3alllCaHa TaK:

Az = b, (6.12)

e A — 3ajaHHasi KBaJpaTHasi MaTpuia, b — 3aJaHHBII BEKTOP, T —
UCKOMBIIl BEKTOD, WU B BUJIE

rA =b, (6.13)

rje b — 3ajlannas CTpoKa, T — UCKOMas CTpoKa. B jajbHeemM Mbl dalie
Oy/1eM 10Jb30BaThCst (popmoit 3armcu (6.12).
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8. VYMHOXkKeHHe TPsiMOYTOJIbHBIX MaTpuil. [lycrs A — maTpuia pas-
Mepa m X n, B — marpuna pasmepa n X p. Marpuna C' pazmepa m X p
HA3BIBAETCS npoudsedenuem mampuy, A, B, eciu ee 3jieMEHTHI OIpe/ie-
JISTIOTCS TIO TTPAaBUTY

Cij =Y aighy, i=1,...,m, j=1..p (6.14)
q=1

[Tumyr C' = AB, nnn, 60jee 1moapo0Ho,

Ci1 €12 ... Cip
C21 (€22 Cop .
Cml Cm2 Cmp
ayj; a2 Ain bi1 b2 blp
o asr Q922 ... Qa9pn b21 b22 b2p (6 15)
Aml Am2 - Qmn bpi bna ... by

[Tos1e3H0 MOSICHUTD, YTO SJEMEHThI KarKJ0r0 cToJ1011a MaTpuiibl C' Bbi-
YUCJISIOTCS KaK pe3y/IbTaT yMHOYKEHHUsT MaTpHUIlhl A Ha cCOOTBETCTBYIOMIHIT
crosiberr MmaTpuiibl B. TouHO Tak »Ke 3JIeMeHThI KazKJI0i CTPOKH MaTpH-
16l C' 110JIyJaroTest KaK pe3y/ibTaT YMHOXKEHUsI COOTBETCTBYIOIIEH CTPOKI
marpuipl A Ha MaTpuny B. OTMeTHM TakzKe, UTO 3JIeMEHT C;; €CTh pe-
3yJIbTAT YMHOXKEHUsI 1-if cTpoKn Marpuiibl A Ha j-it cTosber maTpuibl B.

IIPUMEP:
-1 3 0
5 —1 3 1\ [-2 1 11 (10 15 =5
2 0 -1 4 3 0 -2  \11 10 10/°
4 1 2

[IponsBeiene MaTpUI 3aBUCUT OT TOPsIKa coMuozkuTesneit. Hampu-
Mep,
1 2 12\ (3 4
3 2 1 1) \5 8)’
1 2 12\ (76
11 3 2) \44)"

Marpuner A, B HasbBaioT nepecmanosounvmu, ecin AB = BA.
[TepecTanoBounbie MaTPUITHI CYIECTBYIOT. Harmpumep,

7 —12\ (26 45\ (26 45\ [ 7 —12\ (2 3
—4  7)\1526) " \15 26)\ -4 7) 7 \1 2/
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st 0601t KBaApaTHOi MaTpunl A
Al =T1A = A.

OTrmeTuM cJjiejiyIoniue CBONCTBA OlepAIi YMHOYKEHUST MaTPHIL:

1) (A+ B)C = AC + BC,
2) C(A+ B)=CA+CB,
3) A(BC) = (AB)C.

[TorsaTHO, YTO pasMepbl yYaCTBYIOMINX 3/6Ch MATPHILL JOJKHBL ObIThH
COIJIACOBAHbBI TaK, YTOObI BCE ONEPAIUN UMEJIH CMBICI.

DieMeHTapHO IpoBepsiercst, uTo 1), 2) ciaemytor u3 (6.11), (6.10) coor-
BeTcTBeHHO. JI/1sT jToKa3aTebeTBa CBOCTBA 3) 3aMETHM, YTO 3JIEMEHTHI
marpunsl D = A(BC) ecrs uncia suna d;; = a;(Bcj), rie a; — i-as
crpoka Marpuiel A, ¢; — j-it crosber marpuipl C. DJleMeHTBl MaTpu-
upt F' = (AB)C — sro uncia f;; = (a;B)c;. llosromy jocTaTrodno jio-
KazaTh, 910 x(By) = (¢B)y ms a060it cTpoKN x 1 J11060ro croJbia y.
[TorsiTHO, YTO UX JJIMHBL JOJZKHBI OBITH COIJIACOBAHDLI C pa3MEpaMU MaT-
punbl B. Byjem nosarath, 9To MaTpuiia B nMeer m CTPOK U 1 CTOJIOIOB.
DJIeMEeHTAPHDIC BLIYUCICHHIA JIAIOT

x(By) = Z T; Z bijy; = Z Z bijriyy, (6.16)
-1 =1

i=1 j=1
aHAJIOTMYHO,

(xB)y = Z Y Z bijaji = Z Z bijxiyj. (6.17)
j=1 =1

j=1 i=1

Cymmbl (6.16), (6.17) oTiH9aIoTCs JIHIID TOPSJIKOM CJIEI0OBAHNS CJlarae-
MBIX H IIOTOMY COBIIAJIAIOT.

VYIIPAYKHEHU .

1) Ilycrs Py, — marpuna nepecranoBku (cum. c. 88). Ilokasars, aTo
BeKTOp Pjpx 1ojiydaeTcss U3 BEeKTOpa & MepecTaHOBKOI 3JIEMEHTOB ¢ HO-
mMepamu 7, k.

2) Kak criejicTBue moKkasaTh, 9T0 MaTpuiia P A mojaydaercs u3 Mar-
puiisl A mepecTaHOBKOIT CTpOK ¢ HOMepaMmiu 4, k.

3) Ilokazarh, uto ecju L, M — HUKHIE TPEYTOJbHBIE MATPUIIBI, TO
matpunia LM — nmxkusag TpeyroibHad. [TokazaTs, 4To anajiorndnoe Bep-
HO U JIJIT BEPXHUX TPEYTOJILHBIX MATPHIIL.

4) TlokazaTh, 4TO HUYKHsIsI TPEYroJibHas MaTpuiia L paBHA TIPOM3-
BEJICHUIO 9JIEMEHTAPHBIX HUKHUX TPeyrobHbix Marpull Li (cMm. (6.8)),

T.e. L = L1L2 s Ln_an.
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YKABAHUE. [IpoBenTe BoIUNCIEHNST B COOTBETCTBAM CO CJIETYIOTIEH
paccranoBKoit ckobok: L = Ly(Lg--- (Ly_o(Lyp_1Ly)...), T. e. cHaYATA
epeMHoOXKbTe Ly, _1L,, pe3yabraT YMHOXKbTE cjieBa Ha L, _o 1 T. JI.

5) [okazarnb, aro jyist JE0O0I KBaJIpaTHO# MaTpuIisl A

det(PrA) = det Py, det A = — det A.

6) [Tokazarh, aTo mj1s M000i KBaapaTHOi MaTpunbl A 1 sjemeHTap-
HOII HUZKHEH TpeyroJibHOM MaTpUuIlhl Ly

det(LkA) = lkk det A. (618)
PEIIEHUE. Ilycts a = (a,as, ...,a,) — BEKTOp. DjieMeHTApHbIE
BBIUNCJIEHUS JTal0T
[ a0
a2
ak—1
Lka = lmak

i1 10k + Qg
lkto.kar + apio

\ ln,kak:+an )

Taxoit Bug OyayT mMmeTh croJoisl Marpuilbl L A. Iloaydennoe papen-
CTBO MOKa3bIBaeT, 4To onpeneanteab det(LiA) MoxkHO mpeobpas3oBaTh
CJAeYIONUM 00pa3oM: u3 k-0if CTPOKM BBIHECTH OOIINIT MHOXKUTENb [,
3aTe€M YMHOXKUTb 3Ty CTPOKY Ha lj; 1 BBIYECTb U3 j-Oil CTPOKU I110CJIe10-
BaTeJIbHO JIsd Becex ] = k+ 1, K+ 2, ..., n. B pe3syabrare, nosyaum
pasercTBO (6.18).

7) Onumpasich Ha TPEJBLIYINNE YIPAYKHEHNS U MPABUIO BHIUUC/ICHHSI
OIpeJIeJIUTeIs TPEYTOJIbHO MaTpuIlsl (cM. ¢. 80), OKA3aTh, YTO JIJIs JIHO-
Ooit KBajIpaTHON MaTpuIlbl A 1 JI000i HUXKHEN TPeyrobHO MaTpUIlbl L

det(LA) = det L det A. (6.19)
[Tokazarh, uTo eciim R — BepxXHsdsd TpeyroJbHas MaTpHIla, TO

det(RA) = det R det A. (6.20)

9. Tpancnonuposarue mampuy. Oupejesiennas Ha ¢. 78 onepalus
TPAHCIIOHUPOBaHUS KBaIPATHBIX MaTPUIL €CTECTBEHHBIM 00pa30M PaCIIPO-
cTpaHdgeTcd Ha MPAMOYTOJIbHbIE MATPUIIHI.
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[TorsaTHO, YTO HpPM TPAHCIOHUPOBAHUK pas3MepPbl MATPHUIILI MEHS-
I0TCSI MecTaMi. B 9acTHOCTH, MATPHIA-CTPOKA CTAHOBUTCS MaTpHIEii-
CTOJIOIIOM.

OTMeTHM OCHOBHBIE CBOICTBa, OIepaliiyl TPAHCIOHUPOBAHIS.

1) s mo6oit marpunst A cipaseyiiso pasencrso (AT)T = A.

2) st sirobbIx amcest o, 3 u Jiiobbix MaTpuil A, B OIMHAKOBBIX pas-
MEPOB

(A + 8B)" = aA" 4+ pB"

(IO9TOMY TOBOPSIT, UTO OTEpaliis TPAHCIIOHUPOBAHUS AUHCTHA).

3) Eciu onepanust ymuoxkerust matpuii AB mMeeT ¢MbIC, TO: a) oTre-
parus ymuoxkenuss BT AT taxoke nmeer embicr; 6) (AB)T = BT AT,

Bece cdopmynupoBaHHble 31€Ch YTBEPXKIEHUsI, KPOME YTBEpIKJie-
HisT 3, 6), HEMOCPEJICTBEHHO BBITEKAIOT M3 OIPEJIEIeHI, I UX POBEPKA
IpeIaraeTcs IUTaTeo.

Jokaxkem yTBep:kjeHue 3, 6). DJEMeHT ¢ HOMepaMu i,j MaTpu-
el (AB)T — 970 pesyabTar ymHOMKeHHs j-if cTPOKH MaTpuibl A Ha i-if
crosber] MaTpuipl 3. DieMeHT ¢ HOMepamu 4, j Marpuisl BT AT — sro
PEe3YJIbTAT YMHOMKEHHS i-if CTPOKH MaTpuipl BT 1 j-ro cTosbia MaTpu-
bt AT, DjieMeHThI 4-it cTpoku MaTpuIbl BT COBIANAIOT C 9JIEMEHTAMI 4-I'0
cTosIbIa MATPHIBL B, a 3j1eMeHThl j-ro crosbna Marpursl AT cosnajator
¢ sj1eMeHTaM j-oif crpoku maTpuilbl A. [Tocsienee 3aMedanue 3apepiiaer
JIOKA3aTeIbCTBO YTBEPKIeHNsT 3, 6).

§ 7. ObparHasg maTpuria

B sroMm naparpade Mbl Oyj1eM MUPOKO UCIOIB30BATD PE3YJIHLTATHI TEO-
pun KpamepoBckux cucrem (em. 5, c. 82).

1. Ksagparnas marpuna A HasblBaeTcs 6upootcdennoti, ecin ee
OIlpeJIe/INTE/Ib PaBeH HyJo. B mpoTuBHOM ciiydae marpuiia A Ha3bIBa-
eTCsT HEBBLPOIAHCIEHHOT.

[Ipu obocHOBaHUM JIBYX MOCJIEAYIONIUX YTBEPKICHUIT OYIeM OITPaTh-
cd "Ha 11. 1.2, c. 83.

2. Ecmu A, B — HeBbIpoxkjeHHbIe MaTpuilbl, marpuiia C' = AB
TaK»Ke HeBbIpOXKjeHa. [l Toro, 9ToObl B 9TOM yOEAnThCs, JOCTATOUHO
[I0KA3aTh, 9TO OJHOPOJHAS CUCTEMA JTMHEHHbIX ypaBHEHUIT

ABx =0 (7.1)

nMeeT TOJIbKO TpuBHasbHOe perrenne. [locieanee BepHO, TaK Kak, IIO-
CKOJIbKY MaTpuiia A HeBbIpoxKjieHa, To Bx = 0, a 10CKOJbKY B HeBbI-
poxjena, To x = 0.
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3. Ecmm omgma uz marpun A, B Beipoxkaena, To marpuna C' = AB
TaKyKe BbIPO:KJieHa. /lelicTBUTEIbHO, B 9TOM CJIydae JIOCTATOIHO YCTaHO-
BUTDH, 9TO cucreMa (7.1) mmeer HerpuBmajbHoe pererue. [lycrb maTpu-
1a B BoipokieHa. Toraa cyriecrByer BekTop o # 0 Takoit, uro Bx = 0,
sHauntT ABx = 0.

[Iycts Teneps A Boipoxkiena, a B HeBbIpoxkaeHa. CyIecTByeT Bek-
Top y # 0 takoii, uro Ay = 0. Tak Kax B HeBLIPOXkKJeHa, CYIIECTBYET
eJINHCTBEHHBINT BEKTOp T Takoii, 9T0 Bxr = y, NpuieM T He paBeH HYJIIO,
Tak Kak y # 0. Buosb nosyuaem, uro ABx = 0 npu x # 0.

4. Matpuna X masbiBaeTcs npasoti 06pamHoti K KBaJIpaTHON MaT-
putie A, ecin
AX =1. (7.2)

Marpumna Y HazbiBaeTcs ae60l obpammotll K KBaApaTHON Marpuiie A, ecym
YA=1. (7.3)

BripoxKkaeHHast MaTpuila He UMeeT [IpaBoil oopaTHoil MmaTpuilsl. /leii-
CTBUTEJILHO, €CJIM IIPaBad odpaTHas MaTpuila X CYIIeCTBYET, TO

det(AX) = det(]) = 1.

C apyroii croponbl, det(AX) = 0, tak kak A BbIpokaeHa. TouHO Tak
JKe JI0Ka3bIBAETCS HEBO3MOKHOCTD CYIECTBOBAHMSA JIeBOiT 00paTHOMN y BbI-
POXKJIEHHON MATPUILHI.

5. Eciu det(A) # 0, ro npasast obpaTHasi K Marpuiie A cyIiecrBy-
eT W ONPEJIe/IIeTCs €IMHCTBEHHBIM obpa3oM. [leficTBUTE/IbHO, 0003HATIM
gepes ¥ cTonbbl MaTpuibl X, a depes i — crosbipl MaTpuipt 1. Ypas-

rerne (7.2) pacmajaercs Ha COBOKYITHOCTb CHCTEM YpaBHEHMUIT
Azt =i k=1,2,...,n. (7.4)

[Tockosibky marpuiia A HEBBIPOXKEHA, Kaykjas M3 9TUX CUCTEM HMeeT
eJIMHCTBEHHOE PelleHHe.

Touno Tak »Ke JIOKa3bIBAETCs CYIIECTBOBAHNE U €JIMHCTBEHHOCTD Jie-
BOI 0OpaTHOI MaTPUIHI.

6. Ha camom jsiete, ipaBast u jieBas 0OpaTHbIE MATPHUIbI COBIIAIAOT.

Heiicreurenpno, ecim YA=1, 7o YAX =X, no AX =1, 1e Y =X.

7. B coorBercTBuN C BbhIIIECKa3aHHLIM MaTpuily X OyaeM Ha3bIBaTh
obpammnoti mampuuet Kk marpuie A, ecin AX = I. ObpaTHyio MaTpuIly
K Marpure A oboznauator uepes A1,
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8. VYkakeM aBHBIT Biy MaTpuisl A~!. BBeseM B paccMoTpeHne Tak
Ha3bIBaeMYIO npucoedurerHyro K marpuie A mampuuy

Ay Ay oo Am
Ag Ay .. Ay

3nech A;j; — anrebpamdeckoe JOIOJHEHNE 3J1eMeHTa a;; MaTpunbl A. @op-
MyJibl (3.1), ¢. 77, MOYKHO 3alucaTh B MATPUIHOM BU/IE

AA = |A|L (7.5)
Orcroia BeITEKaeT, 9to ecym |A| # 0, To
A= |AITMA (7.6)

ecThb MaTpuia, ooparHas marpuie A.

[TPuMEP. TTocTpouMm MaTpuiry, 0OpaTHYIO K MaTPUIIE

3 -1 0
A=|-2 11
2 -1 4

Berancianm caagasia olpeae/JauTe/Ib MaTPUIbI A, pa3Jjiaras ero 1o HepBOﬁ CTPOKE:

1 1, -2 1

’A’:?"—l 4‘*' 2 4

-5,

Tenepsb nojcunTaeM anaredbpandeckue JONOJHEHUs 3JIEMEHTOB MaTpUlbl A:

1 1 -2 1 -2 1
Ay = 1 4 = 5, A = — 2 4 =10, Az = ‘ 2 _1‘ =0,
-1 0 3 0 3 —1
An=—|_1 4= 4 An= 9 4| =12 A23=—‘ 9 _1‘21,
-1 0 3 0 3 —1
A31 = 1 1 = _17 A32 = - -2 1 = _37 A33 = ‘_2 1‘ =1
ITo dopmyie (7.6)
1 A1n Aar Asz; 1 4/5 —1/5
A7l = 7 Ajg Ay Az | = (2 12/5 —3/5
Al \ Ay Ay Ass 0 1/5 1/5

9. OrmMmeTuM HEKOTOPbIE CBOWCTBa 0OPATHON MaTPUIIHI.

1) Marpuna A™! mesbipoxena, (A7)~ = A. Dro yreepxienne —
odeBHIHOE clIeacTBHe pasencTBa AA™! = 1.

2) Eciim marpunbt A, B HEBBIPOKJIEHDI, TO

(AB) ' =p1tA"
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Heiicrsurensio, AB(B1A™Y) = A(BB YA ' = AA1 =1
3) Ecin marpuna A nesbipozkjiena, To Marpuiia AT nepbipokiena un

(A7) = (A7)

Hepbiposk iennocts Matpuiisl AT — crejcrsue pasencrea |AT| = |A.
Ucnosb3yst coiicto 3 6), ¢. 94, MOKeM HAIICATH

(ANAT) =(AA) =T" =1,

1. e. marpuna (A~1)T obparna xk AT.
YIPAKHEHUSI.

1) IIycrs marpunst Ay, Ag, ..., A, nHeBbipozkjiensl. [lokazars, 1To
(e A = A AT A

2) Ilycrs Py, — matpura nepectanoBku. [lokazaTs, aro Pigl = P;.
3) Ilycte Lj ecTb sjieMeHTApHAsI HIDKHsIST TPEyroJibHAsi MATpHIA
u . # 0. Ilokazath, 9T0

1 0 0 . 0
|0 Wy 00
k 0 ... _lk—f—l,k/lk,k 1 ... 0
0 _ln,k/lk,k 0 1

4) Tlycrh L — HUKHSIST TPeyToJibHAsT MATPHIlA, Y KOTOPOIt BCe 3/1eMeH-
TBI [VIABHOII JMATOHAIN OTJINYHBI OT Hyss. Ilokazars, uro Marpuma L~
CYTIECTBYET W sABJIsIeTCA HIUZKHEN TpeyrobHoit maTpureil. [Tokazars, 9To
AHAJIOTMIHOE BEPHO U JIJII BEPXHE TPeYTOJbHON MaTpPUITH.

5) Ilycrs kBajparnast Marpuiia A umeer obparuyio, B — Mpon3BoJib-
Has KBaJlpaTHasi MaTPHUIla TOTO Ke MopsjiKa. [lokazaTh, 4To cyiiecTByeT
g0 > 0 rakoe, uro s Beex € € (0,e9] marpuria A 4+ €B Takxke nmeer
00paTHYIO.

Pemenue. Ilycth x — permenne cucremMbl ypaBHeHUIT

Az +eBx = 0. (7.7)
Torja © — perenne cucreMbl ypaBHeHuUii

r=—cA 'Bux. (7.8)
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[Iycts ¢ # 0 u |z;| = max |zg|, rae n — mopsgox marpurbt A. [Tosoxmm
1<

\k\

C = {cij}ij—1 = A7'B. U3 (7.8) oueBnnbM 06pasoM MOy daem

n

|z;| < |zi|e max g |Crjl-
1<k<n
j=1
[IycTh € BBIOpaHO TakK, YTO

n

£ max E |cri| < 1. (7.9)
1<k<n ~
j=1
Torna |z;| < |;|, aro neneno. 3uaqaut, npu BbIoaHEHNN yeaoBus (7.9)
cucreMa (7.7) MOXKET UMETH JIMIIb TPUBHAIBHOE PEIICHIE, CJICIOBATE b

HO, MaTpHIla A + eB HEBLIPOXKJICHa [JIgd BCEX NJOCTATOYHO MaJlbIX £.

§ 8. Metox I'aycca perienust cucrteM JUHETHBIX
ajrebpamviecKknx ypaBHEeHUIA

1. B ocnose merona 'aycca, Kak, BpoueM, I MHOTUX JAPYTUX METO-
JIOB pelleHnsl CIUCTeM JIMHEHHBIX aJredpandecKuX ypaBHEHMI

Az =D, (8.1)

JIEZKUAT CJIeTyIolIee yTBEPXKIeHUE.
[Iycts MmaTpuna B HeBbIpoKieHa. Torga cucreMa ypaBHEHM

BAx = Bb (8.2)

SKBUBaJeHTHa cucreme (8.1), T. e. pemenne cucteMbl (8.2) — perenne
cucrembl (8.1) u, HaobopoT, permenne cucreMbl (8.1) — perenue cucre-
MBI (8.2).

HeficTBuTesbHO, MycTh & — perienne cucrembl (8.2). Tora
B(Az —b) =0,

HO Marpuila B HeBBIpO)KJeHa, ciegoBareabno, Ar — b = 0. Obparnoe
YTBEPKJIEHNE OYEBHU/IHO.

Marpuiia B BeiOupaercs Tak, 9To0bl MaTpuiia BA Oblia mpolie Mar-
puribl A u perrierue cucreMbl (8.2) HAXOJUIIOCH Jierde, YeM pelleHne CU-
crembr (8.1).

B meroje aycca maTpumia B KoHCTpynpyeTcsa MpU MOMOIIN 3/IeMeH-
TapHBIX HIZKHIX TPEYTOJIbHBIX MaTpHUIl Tak, 9ToObl MaTpuiia BA Oblia
BepxHeil TpeyrosibHoil. Tora perenne cucrembl (8.2) CTAaHOBUTCS TPUBU-
aJIbHOI 3a/1a4veil.
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2. Ilepexoaum K ommcaHuto memoda [aycca perieHns KpaMepoB-
CKHIX cHCTeM. BpIibepeM cpean 3JIeMEeHTOB IIepBOTO CTOJI0Ia MaTpuibl A
MaKCUMAJILHBIN 110 MOAY/I0. IIycTh 9T0 ecThb semenT a;1. OH He MOXKeT
OKa3aThCs paBHBIM HYJIIO, TaK KaK TOTJIa BCE 9JIEMEHTHI IIEPBOIO CTOJIONA
marpuiibl A — nysn u, 3uadnT, |A| = 0, HO cucTeMa MO MPEJITOTIOKEHNIO
KpaMepOBCKasi, T. €. OIIPeIe/INTe b MATPUILl A He HYIIb.

YMHOKUM 00e YacTH ypaBHEHUsl Ha, MATPUILy IIepecTaHoBKU Fj.
B naspreiinem Oyem 0obo3HaYATEH 9TY MATpHUILy Yepe3 Py (3amernm, 910
OHa, PaBHA €IMHUYIHOI, eCJIM MaKCUMaJIbHBIH 110 MOJIYJIIO 9JIEMEHT IIePBOTO
crosibra Matpuibl A ectsb aqp). Tlomyamm

Az = b, (8.3)

rie Ay = P A, b' = Pb. Toscany, uto marpuna A; moaydaercsa n3
Marpuibl A nepecraHOBKOI 1epBOil 1 i-if CTPOK, CTOJIOEI] bt [IOJIy 1aeT-
¢ U3 CTOJIONA b IepecTaHOBKOI IIEPBOIO U 4-I'0 3JIEMEHTOB. JIEMEeHTbI

1
MaTpHIBl A; 0603HAUNM uepes a](d), semMenTsl crosibna bl — uepes by

[To nocrpoennto a§11> # 0.
YMHOKUM 00e dacTn ypaBHeHUsi (8.3) Ha 3J€eMEHTApHYIO HIZKHIOK
TPEYTOIbHYIO MATPUILY

liah 00 00
loy 10 00
Li= ... : (8.4)
lp—11 00 ... 10
lny 00 ... 01
rie 1 = 1/a§11), loy = —ag?/aﬁ), N —agl)/agll). [Tosty M
Ay = b7, (8.5)
rne Ay = L1 Ay, b* = Lib'. Beruncnsasa npoussenenne Ly Ay, naiineM, 9T0
2 2 2
1 a%; aégi - a%;
0 2 @ e

Ymvuoxkenne Ly Ha A; paBHOCHJIBHO CJIEIYIOIIEMY PeodPa3oBaHUIO

(1)

MaTpHIbl Aj: Bce 97IeMeHTEBI IIepBOii CTPOKN MaTpHIbl A; nerarces Ha aqy

. 1
3aTeM JIJId BceX ¢ = 2, ..., N llepBasgd CTOKa yMHOYKAaeTCs Ha, al(.l) U BBIYUTAa-
eTcsl U3 i-i CTPOKH MaTpHIbl Aj. AHAJIOIHYHO, 3J1eMEHTHI cToJIONa b? BbI-

qncaAoTea 110 bopMmyIam b3 = b%/agll), b? = bl — b%ag), et =2,...,n.
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[TomuepkueM, 9TO BCe 3JIEMEHTHI IIEPBOTO CTOJIONA MATPHUILI Ao, KPO-
Me TIEPBOr0, OKa3bIBAIOTCS MMPU 3TOM PaBHBIMU HYJIIO.

2) (2 (2)

BribepeM cpesint 3JIEMEHTOB Qgy , Agy 5 - - -, Gpg MAKCHMAJIBHBII 110 MO-

2
aymo. Ilyers 9ToT 3/1eMeHT ecThb aEQ). On He MOMKET PaBHATLCS HYJIIO.
. 2) (2 2
JeiicTBUTEIBLHO, €I OH PaBeH HYJII0, TO BCE YUCIIA ag;, agz), o agﬁ)
HYJII 1 TOTJIa, Bhlancsst det(As) pasyioxkeHueM 110 epBOMYy CTOJIOILY, T0-
ayaum, aro det(Ay) = 0. C apyroii cTOPOHBI, UCHOJIB3Ys TO, 9TO L —
SJIeMeHTapHasl HUZKHdAsL TPeyroJibHasl MaTpula, a P — jmbo e uHndHasn

MaTpHIla, JUO0 MaTPHUIA IIePEeCTAHOBKM, MOYKEM HalllCaTh, UTO

det(As) = Iy, det(PLA) = det(PLA) /'Y = + det(A)/al} # 0.

YMHOKHUM 00e dacTu ypashenust (8.5) Ha marpuiy P = Py, T. e,
IOMEHSIEM MECTaMK BTOPYIO U i-10 CTPOKH MATpuibl As. TToaydamm

Asx = P,Ly Pyb, (8.7)
rie
2) (2 2
1 a%ﬁ a%}; aég;
Ay = PyAy = 0 Gy Gpz ...
RRRPRSEIORERRELES o
o aly Al Ak

YMHOKUM 06e dacTu ypaBHeHust (8.7) Ha 9/IEMEHTAPHYIO HIZKHIOW TPe-
YTOJIbHYIO MaTPUILY

1 0 00 ... 00
0 o 00 ... 00
L |0 B2 1o 00l
0 ly12 00 10
0 ls 00 01
rae log = 1/&522), [30 = —dé?/&é?, R —&%/d%. [Tosryaum

A3:1: = L2P2L1P1l),
rie Ay = LoyAy = LoPyL1 P A. Herpynsao ybeguTbest, 910

2 2 2

(I

0 1 a%) a;?;l)
o0l
0 0 o ... ¥
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Bazkno [MOYEePKHYTh, 9TO BCE 3JIEMEHTLI BTOPOIro CTOJIOIA MaTPUIIHI A3,
KpOMe IIEePBbIX JIBYX, — HYJIU.

HpOﬂOﬂ}Kaﬂ 3TOT HPOIECC, B KOHIE KOHIIOB, IIOJYYNUM CUCTEMY ypaB-
HEeHUuM

Ur=f (8.8)

(091eBUIHO, SKBUBAJIEHTHYIO HCXOJIHOT), TJ1e
U=L,P,L, 1P,_1---L1PA, (8.9)
f - LnPnLanPn—l te L1P1b7

puyem
(1 ag) af .ooap, ap) )
0 1 aé‘? e agi)_l agjl)
U — 0 0 1 ... ai(’jl)—l agi) (8.10)
o0 o0 ... 1 a"
\0 0 0 ... 0 1

eCTh BEPXHsisl TPEYTOJIbHAS MATPUIA C eIMHUIIAMI Ha [VIABHOI JHArOHA-
Jm.

Pemerne cucremsr (8.8) me BbI3biBaeT 3arpyaHenuil. V3 mocseanero
VDaBHEHHsI 9TOI CHCTEMBI HAXOJNUM Ty, = f,, U3 TIPEJIIOCIETHETO Oy dar-
eM

Tp1= fn_1— afln_)ljn:cn (8.11)

U Tak Jlajiee, HAKOHEIl, U3 11ePBOr0 YPaBHEHUS HAXOIUM

T = f1— a%:@ — a%azg — .= af}lxn. (8.12)

Taxum obpasoM, peasmsaliyst MeTojia laycca cocTOUT U3 JBYX dTa-

noB. Ha mepBom sTarie, HazbIBAEMbIM npAMoiM Todom memoda [aycca,

NCXOJIHAs cucTeMa Ipeobpa3yercs K CUCTeMe C TPEyroJbHON MaTpullei.

Ha BTOpOM 3Tame, HazpiBaeMbIM 0Opammvm xodom memoda laycca, pe-
[raeTcsd CUCTeMa C TPEYTroJbHON MaTpPUIIei.

SAMEYAHUE. Bribop MakcuMasbHOTO TI0 MOJIYJIIO 9JIeMEHTa CTOJI01a,
IIPU BBIIIOJIHEHUN TIPSIMOTO X0/1a MeTo/la ['aycca MUHUMUBUPYET BJIUSTHUE
ommbOK OKPYyIJIEHWs] B pacdeTax Ha Komiibiorepe. Eciim He 3a00THTHCS
00 omubKax OKPYIJIEHUS, TO Ha OYePETHOM Iare MpsMoro Xoja MeTojla
[aycca MOYKHO BBIOMPATH JTI000# HEHYJIEBOI 3JIeMEHT CTOJIOIA.
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3. Beruancienne onpepennrens metogom Layeca. U3 (8.9), ucmosb3yst
opmyIbl U3 yrpakHeHuit Ha c. 98, moydaem

A=PL'RL'--P,L;'U, (8.13)

OTKY/a, UCIOJIL3Ysd (DOPMYJIbI U3 yIpakKHeHuil Ha ¢. 93, OyneM nMeThb
det A =det(P Ly ' PLy" -+ P,L,'U) = [ [ det P [ [ det ;' =
i=1 1=1

=+ [JdetL;". (8.14)

1=1

[Ipu srom Mol yasu, aro det U = 1. Herpyao yoemurbest (eM. yrpazHe-
aue 3 Ha ¢. 98), 9To

-1 _ ~(4)
det L; " = a;;,
cJIeJJ0BaTE/IBHO,

det A = +alVal) - al) (8.15)

nn-:
3HaK 371eCh ONpeIesIeTCs KOTNIECTBOM MIEPECTAHOBOK CTPOK, BBHITIOIHEH-
HBIX B XOJIe peajin3aIun npaMoro xoja Metojia laycca. Ecin ono 1gerHo,
BBIONpaeTcs 3HaK IJIIOC. B TpoTuBHOM ciiydae — MUHYC. Takum oOpasoM,
orpele/InTe/ b MaTpuilbl A MoyKeT ObITh BBIUNCIEH B XOJ€ pean3aliiin
MeTtoj1a [aycca.

4. O1ueHuM KoJITYecTBO apudMeTHIecKIX olepalnii, TpedyeMbIX J1/1s1
peleHns CUCTEeMbI ypaBHeHUiT MeTo oM [aycca.

Ha nepBowm mmare npsimoro xoja Mmetoja ['aycca ctpontesa matpuna L.
910 TpedyeT BBINOJIHEHUs 1 onepaluil. 3areM MaTpuiia Li YMHOXKaeTCst
Ha Mmarpuiny A;. Herpynno mpoBeputhb, 9T0 yMHOXKEHIE MaTpUIbl L1 Ha
crosiber; Tpedyer 2(n — 1) + 1 = 2n — 1 onepanuii. Beero crosbios n.
3HaunT, yMHOMKeHHe MaTpullbl L Ha A; Tpebyer 2n? — n oneparrmit.

Kpome Toro, marpuiia L yMHOXKaeTcs Ha cToJioer; Ppb.

Takum obpa3oM, peasu3allisi MEPBOTO IMara MpsaMOro Xoja MeToja
laycca Tpebyer 2n? + n — 1 oneparuit. B

Ha Bropowm miare, T. e. nmpu yMHO>KeHnn MaTpuil Lo, As, KaKk HETPYIHO
yoenuThCsi, Mbl (DAKTUYECKN UMeeM JIeJI0 ¢ MaTPUIaMU IHOpsijaka 1 — 1.
[ToaTomMy peasu3aliusi BTOPOro Iara npsMoro xoja metoja [aycca Tpe-
oyer

2(n — 1)+ (n —2)

oneparuit.
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D70 03HAYAET, UTO peasn3alus IpsAMoro xoaa Meroma [aycca Tpeby-
er 2(12 +22 + ..n?) + (1 +2+ ... + (n — 2)) onepanuii. Xoporo
M3BECTHO, YTO

1+24+ ... +n—-2=(n-1)(n—2)/2,
?4+22+ ... +n*=n(n+1)(2n+1)/6.

Taxum obpaszoM, HpsiMoil xoj1 MeTojia ['aycca MOXKHO BBITIOJHUTD, 3a-
TpaTuB
nin+1)2n+1)/34+ (n —1)(n — 2)/2 ~ 2n*/3
apuMeTHHecKIX omepanuii (Mbl IpeHedperaeM ClaraeMbIMU ITOPAIKa 12,
CUUTAST 1 JIOCTATOYHO OOJIBITINM ).

Herpysno takzke BujeTh, 9TO BbIUmcjaeHust 1o dopmyaam (8.11)-
(8.12) Tpebyior

2(n—1)+2n—2)+ ... +2=2(1+ ... +n—1)=n(n—1) = n?

orepariii.

Wrak, perienue cucTeMbl JIUHEHHBIX ypPaBHEHUII ¢ 1 HEM3BECTHBIMU
MeTosioM Laycca Tpebyer mopsika 2n’ /3 omepailyii. T0 CyIIECTBEHHO
MeHbIIIe, YeM IIpH Uciob30Banun popmya Kpamepa. Ix nenocpeacTeen-
HOE IPUMEHEHHe TpebyeT, 04eBHIHO, n’n! apudMeTHIecKUX OIepalliil.
Herpy o nojcuntaTs, 9To ecan, nanpumep, n = 20, To n?n! ~ 9,7-10%,
a2n3/3~5,3-10%

ITPUMEP. Pemum Merogom ['aycca cucremy ypaBHEHUI

3x1 + 629 + 1523 = 60,
3x1 + 229 + 93 = 34,
921 + 62 — 3x3 = 12.

Broimuiiem MaTpuily cucTeMbl ypaBHEHU U CTOJIOEI] IIPaBoil JacTu

3 6 15 60
A=(3 2 9], b=|34
9 6 —3 12

MaKCI/IMaJIbeIfI QJIEMEHT IIepBOI'O CTOJI6LLB, MaTpHUIIbI A €CTb as3; = 9 B COOTBETCTBUU C

OIIMCaHHBIM BBIIIE€ aJITOPUTMOM MaTpHUIla Al n CTOJI6€H bl PaBHBI COOTBETCTBEHHO

9 6 —3 12
Ar=132 9|, b=|[34
36 15 60

(IIOMeHsIJI MeCTaM¥ EPBYIO U TPEThIO CTPOKU MATPHIIbI A, TIEPBBIN U IIOCIETHUN 3/IEMEHTBI
crosibna b). lemum nepByto cTpoky marpulibl A; Ha 9, yMHOXKaeM ee Ha 3 U BBIYMTAEM W3
BTOPO# U TPeTbell CPOK; JEIUM MEPBBIN 3JIEMEHT CTOJIOIA b! na 9, 3aTeM yMHOXKaeM ero Ha 3
I BBIYUTAEM U3 BTOPOI'O U TPETHETO 3jeMeHTOB cTos01a b, B pesynbrare mosydaem

1 2/3 —1/3 4/3

A, =[0 0 0], v»=130
0 4 16 56
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2 (2 (2)

MakcumaabHBIM U3 HHCEN Ugy , G35 ABIACTCS U3y , IO3TOMY MEHSIEM MeCTaMH BTOPYIO U
TPETBIO CTPOKN MaTpuIpl A2, a Takske BTOpOil U TpeTwmii smement crosbna b?. Ilosyumm

) 1 2/3 —1/3 ) 4/3
Ay =10 4 16 |, =156
0 0 10 30

JlesmM BTOPYIO CTPOKY MaTpuiibl Ao 1 BTOpOit aement crosbia b? Ha 4. Ioaygaem

. 1 2/3 —1/3 o [4/3
A, =0 1 4], b=|14
0 0 10 30

= =2
Haxkownerr, geinM OC/IeIHIO CTPOKY MaTpuibl Ao 1 mocjieanuil sieMenT crodma b ma 10.
[Tosyaaem

1 2/3 —1/3 4/3
Az=[(0 1 4 |, ¥=| 14
0 0 1 3

IIpsmoit xom meroma Iaycca 3akonden. Temepb BbIOHSIEM 0OpaTHBIN X011 MeToaa laycca.
[MocnenoBarenbho HaxoquM 3 = 3, x9 = 14 —3-4 =2, 21 =4/3-(2/3)-2+(1/3)-3 = 1.

B xope peanuzanuu merosa l'aycca Mbl, (hpaKTUIECKH, TOACTUTAJNA U ONPEIETUTEb MAT-
punpl A. ITo dopmyse (8.15) ero abcosoTHasi BeJMYUHA PaBHA [IPOU3BEIACHUIO 6E0YULUL
9JIEMEHTOB MeTo/a laycca, T. e. TeX 4ucesi, Ha KOTOPbIe MPUXOIUI0Ch BBHIIOJIHATH JI€JICHIE
IpU [NPUBEIEHUN MaTpUlbl A K TpeyroabHOMy Buay. B paccMarpuBaeMoM IPHMEPE — 3TO
9,4,10. BLIo BBIIOJHEHO JIBE TEPECTAHOBKU CTPOK, CJIEOBATEILHO, OIPEIeIUTEb PABEH

npousBejieHnIo BeLyux nemenTon: det(A) = 360.
5. SAJIAYN.

1) Onpenenurenn

ajp a2 Ain
ailr a2 as1 Q22 ... Q2p
Alzan, AQZ g e e ey An:‘f”:
Ao1 A9 " 7 e e
apl Qp2 Ann

HA3BIBAIOTCSI 2A06HbMU Muropamu Marpuiibl A. [Tokazars, 9To ecsm
BCE IJIABHBIE MIHOPBI MATPUIIbI A OTJIMYIHBI OT HYJIA, (8.16)

TO, peaymn3ys MeTos ['aycca, MOXKHO ToJaraTh Bce MaTpuinl P, ..., P,
pPaBHBIMH €JIMHUYIHOI MaTpHUIlle, T. €. OIyCKaTh Ollepalliio [TOMCKA MaKCH-
MaJIBHOTO TI0 MOJLYJIIO dJIEMEHTa B COOTBETCTBYIONINX CTOJ/IONAX.

2) Ilokasarh, uTo ecim BbimojHeHO yeiaoBue (8.16), To marpura A
[IpeJICTaBUMa B BHJIE

A=LU, (8.17)
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rne L — HUDKHsIST TpeyroJibHasl MaTpUIla ¢ HEHYJIEeBBIMI JIEMEHTaMU Ha
rytaBHoOl auaronasn, U — BepxHssd TPeyrobHas MATPHUIA C eINHUIAMEA
Ha TJIABHOI JIMaroHaJIu.

PasencrBo (8.17) ompesiesisier Tak Ha3bIBAEMOE MPEY20ALHOE PA3A0-
otcenue MaTpurbl A.

3) Ilokazars, aro Marpuiiel L, U ¢ yKazaHHBIME CBOTICTBAMU OIpejie-
JISTFOTCsT paBeHCTBOM (8.17) ojiHO3HATHO.

4) Tlokazats, uto yciosue (8.16) HeOOXOANMO Jjist TOTO, ITOOBI MaT-
puiy A MOKHO 6bLIO TIpejicTaBuTh B Buje (8.17).

§ 9. Omnpenenurenb TPOU3BEIEHUS MATPUIL

1. Teopema. Onpedesumenv npoussederus NpPou3cONLHHIL KEaAO0-
pamnvir mampuy, A u B pasen npousdsedenuro ux onpedesumeneti:

det(AB) = det Adet B. (9.1)

JTOKABATEJILCTBO. Ecin marpuma A BBIPOXKJEHA, TO, KaK OBLIO
YCTAHOBJIEHO BhiIle (M. 1. 3, ¢. 96), maTpuiia AB TakKe BHIDOXK/IEHA, U B
9TOM Cjrydae paBeHcTBO (9.1) TpuBHAILHO BbINOJHSAETCs. Eein marpuria A
HEBBIPOKJICHA, TO, IpuMeHsist (8.13), moyryanm

AB=PL'BL'-- P,L'UB.

B sToM nponsBejieHnn KayK Iblii COMHOYKUTEIb, KpoMe B, ecTb Jinbo MaT-
puIla [IepecTaHOBKMU, JINOO TPeyroJibHasi MaTpulia, cjeloBaTeIbHo,

det(AB) = H det P, H det L; * det(U) det B =
i=1 i=1

:ﬁdetﬂﬁdetL;ldetB,

=1 =1
1o (cm. (8.14))
H det P, H det L7! = det A,
=1 =1

T. e. paBercTBo (9.1) mokazano. [

2. U3 dopmyner (9.1), oueBHHO, BBITEKAET, YTO ecau Marpuia A
nesbipozkiena, To det(A™1) = 1/ det(A).
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§ 10. HekoTopble Kjaccbl MaTPUIL

B stom naparpade OyyT onmcanbl KJIacChl MATPUIL, YaCTO BOSHIUKAIO-
X B Pa3/IMIHBIX 33/la9ax JIMHEIHoN aaredpwl. Mbl puBejieM 1 HEKOTO-
phble IpocTeiiiie cBOICTBa ITHX MATPHIl. BoJiee 1oipodHoe nccaeoBaHme
Pa3/IMIHbBIX KJIACCOB KBaJIpATHBIX MATpHIL Oy1eT mpoBejaeHo B 1. 10.

1. Ilycts A — npamoyronbnas marpuiia. Marpuna A* = (A)T naswr-
BaeTCst conpasxcennoli o orHomenuio K Marpuie A. [Tosicaum, uro siie-
MEHTBI MATPUIIBl A KOMIIJIEKCHO CONPSZKEHBI 110 OTHOIIEHMIO K 3JIeMEHTAM
marpunpl A. Herpyano Bugers, uro

(A=A, (adA)"=aA*, (A+B)"=A"+ B~
2. Ksajparnas marpuna A HazsBaeTcs apmumosott) (camoconpa-
orcennotl), ecim A = A*. Kpagparnast marpuiia A HA3BIBAETCST KOCOIPMU-
mosot, ecin A = —A*.
Omnpenennrenb S5pMUTOBOIl MaTPHUILI — BeIeCTBEHHOE Yucji0. B ca-

Mom jiefte, nockoubky det(A*) = det((A)T) = det(A) = det(A), To ans
spmuToBoii MaTpurpl det(A) = det(A).

3. Jliobas kBajpaTHast MaTpuiia A mpeacTaBuMa B BUIE
A= H + iH>, (10.1)
snech Hy, Hy — SpMUTOBBI MATPHUILI, ¢ — MHUMAas eaunHuia. Marpu-

el Hy, Hy ognosnauno onpejensiorcs marpuneii A. BosMmoxkHOCTD mpei-
crapyenns (10.1) BeITEKAET U3 OYEBUIHOTO TOXKIECTBA

1 1
A=—-(A+ A" —(A— A"

(A A7) i (A4 - A7)

11 JIETKO IIPOBEPsIeMBIX COOTHOIIEHUI
(A—f—A) ZA—f—A, —(A—A) Z—.(A—A).
1 1
Eciu nipenonoxuTs, 9to Hapaay ¢ (10.1) BO3MOXKHO TpejicTaB/IeHIe
A= ﬁl + iﬁQ

C SPMUTOBLIMU MaTpPUIAMU H 1, I:TQ, TO

(Hy — Hy) +i(Hy — Hy) = 0.

DIMTapas Dpmur (Charles Hermite; 1822 — 1901) — dpaniyy3ckuii MareMaTuK.
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[Tepexonsd K cOnpsizKeHHBIM MaTPUIAM, MOy INM
(H, — H) — i(Hy — Hy) = 0.

CkiaJbiBasg HOYIEHHO JIBa, IOCIEJIHUX PaBEHCTBA, OyJeM HMETh, YTO
Hy = Hy, vo torna u Hy = H, T. e. npencrasienne (10.1) ogrosnatIHO.

4. Marpuiibl, y KOTOPBIX BCE 3JIEMEHTHI BEIeCTBEHHDI, HA3LIBAIOT
BEULECTNEEHHDLMU MATPUIIAMIA.

BemecrBennast apmuToBa Marpuia A HA3bIBACTCS CUMMEMPUYHOT.
Jlns rakoit Marpunsl A = AT

Bermecreennast mMarpuna A Ha3BIBAETCA  KOCOCUMMEMPUYHOT, €C-
mA=—AT.

5. s 10000 KBaJApaTHON BeIeCTBEHHON MaTpPHIbl CIIPABEIINBO
[peJicTaB/ieHune

A=A+ AQ, (102)

rne A1 — cummerpuanasi, Ay — KococuMMeTpuUHas MATPHUIBI. Takoe
peJicrTaBjaeHne eJIMHCTBEeHHO,

1%:5A+N) @:%M—Aﬂ

6. Ksajparnas matpuna A HazbiBaeTcs yHumaprot, ecoim AA* =1,
MHBIMEI citoBaMu, ecim A~' = A*. U3 sToro onpejesicHus cpasy Ciery-
eT, ITO OIPeJIe/INTE/Ib YHUTAPHONW MaTPHUILI 10 MOJIYJII0 PABEH €JIMHUIIE.
[IpousBejienne yHUTAPHBIX MATPHIL sIBJISIETC YHUTAPHON MaTpueit (1o-

KazKmuTe!).
BazkHbIM TPUMEPOM YHUTAPHOI MATPUIIBI SIBJSETCS JHArOHAJIbHAST
MAaTPUIIA, HArOHAJb KOTOPOH COCTOUT W3 YHCEI G, G2, - - ., (n, DABHBIX

eJIMHUIIE TI0 MOJIYJIIO, 1. — HOPsAJI0K Marpuilpl. [IpoBepka yHurapuoctn
9TOI MaTPUIIBI dJEMEHTapHa U MIOPYYaeTCsd YUTATEJIO.

7. BemecTBennas ynutapHas MaTPUIa Ha3bIBAETCA 0PMO20HaANbHOU
matpurieit. OnpeennTe/ib OPTOrOHAJIBHON MAaTPUIIBI MOYKET ObITh paBeH
TOJILKO ILIIOC €JINHUIE WM MUHYC ejunuiie. [I[puMepbl opToronabHBIX
MAaTPUIL: MATPUIA [I€PECTAHOBKU Py, MaTpHUIla BTOPOIO MOPSIKA

cos —sinp

Qa(p) = ,

sinp  €os @

rjie ¢ — Jo00e BeIeCTBEHHOEe THCJIO.
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8. Ksajparnas marpuna A Ha3bIBaeTCsT HOPMAALHOTU, €CJIN OHA TIe-
pecranoBouHa ¢ Marpuneit A* 1. e. AA* = A*A. Herpyano ybequrbest,
9TO SPMUTOBBI, KOCOIPMUTOBBI M YHUTAPHbIE MATPUIIBI — HOpMaJbHbIE
MATPHUIIDL.

1 -1
1 1

HIPpUHAIJIE2KUT HU K OJHOMY M3 IIEPEIUC/ICHHBIX BBIIIC KJIAaCCOB.

[TPUMEP. Marpuma A = sIBJIIETCST HOPMAaJIbHOII, HO He

§ 11. Biounble MaTPUITHI

1. Bo mmuorux ciydasgx oKa3bIBaeTCd IOJE3HBIM «Pa3pe3arby MaT-
puily Ha OJIOKH, T. €. IIPEJICTAaBUTDb €€ B BUJIE

A= , (11.1)

Aml AmQ Amn

rjie sJeMeHTbl A;j, B CBOIO ovepellb, ABJIAIOTCH MaTPUIAMU.

Pasmepsr 0JI0KOB TIpeoiaraloTcsd COrJIacOBAHHBIMU, T. €. Bce 0J10-
KU, CTOSIINE B OJIHOI CTPOKE, JTOJKHBI UMETH OJMHAKOBOE YNCJIO CTPOK,
Bce OJIOKH, CTOSIIIE B OJHOM CTOJIONE, JOJKHBI UMETh OJINHAKOBOE UNC-
J10 cTosibnoB. OaHa U Ta »Ke MaTpHUlla MOKET ObITL pas3duTa Ha OJIOKH
Pa3IUIHBIMU criocobamu (CM. puc. 2).

oo
=1
o)
~

o0
=1
—_—
-

1
3
1

e wr|oo

1
3
1

Puc. 2. Ilpumepnr pazdbuenusi MaTpuilbl Ha O6JIOKH

HerpyiHo yoeuThest, 9TO ¢ OJIOUHBIMU MATPUIAMKI MOXKHO JIeHCTBO-
BaTh 110 TeM ke (PpOpMaJIbHBIM IIpaBmjiaM, UTO 1 ¢ OOBIIHBIMU. Tak, ecn
Hapsiy ¢ Marpureii (11.1) BBecTH B pacCMOTpEHIE MATPHILY

B= , (11.2)

HpudeM TaKylo, 9TO JjIsi Ji00Oi Iapbl MHJEKCOB i,] pa3Mepbl 0J10-
koB A;j, Bj; coBnaaior, To Marpuiia C' = A+ B MoxeT ObITb IIpejicTaB/Ie-
Ha Kak Osounad ¢ oimokamu Cjj = A;j + By, i =1,...,m,7=1,... n.
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Eciu

B= , (11.3)

Bui By ... B

to marpuiia C' = AB MoxKeT ObITh IIpeJIcTaBIeHa KaK OJI0THAsT ¢ OJIOKAMU

CZ]:ZAquQJa Z:l,2,,m,j:172”p (114)
q=1

IIpu sToM, KoHeqHo, TpebyeTcs, 4ToObI Bee npousselenud A By nmenn
CMBICJI, T. €. TOPU30HTAJIbHbBIE T BEPTUKAJILHBIE PA3MePhI TIePEeMHOKAEMbIX
OJIOKOB JIOJIZKHBI OBITH COTJIACOBAHbI.

2. Tlosyumm HEKOTOpPBIE TTOJIE3HBIE (DOPMYJIBI JI/IsT BBITHCICHUS OIpe-
neauTeseit OJIOTHBIX MATPHII.

2.1. Paccmorpum cHadaJjia caMblil mpocToii ciay4daii. Ilycrs

o I A12
A= (O A22> (11.5)
ecTb Oj10uHast 2 X 2 MaTpuna, I — eguHIIHas MaTpuiia, A — KBagpaTHas
MaTpuia, Ajg — IPsIMOYTOJIbHASI, BOOOIIE roBopst, MaTpuiia. Torma
4] = A, (11.6)

CrpasemnBocTh paBercTsa (11.6) J1erko ycTaHaBIMBAeTCs PA3I0KEHTEM
110 TIePBOMY CTOJIOIY. AHAJIOIMYIHO, eCJin

Ay A
A:<0” 112) (11.7)

riae Ajp — KBajparHas marpuna, 1o |A| = [Ap].

2.2. Teopema. [lycmov

(A Ap
A= < 0 A22>, (11.8)
2de Ay, Ass — xeadpammnovie mampuyvt. Tozda
|Al = [An|[Asz]. (11.9)

JIOKABATEJILCTBO. [lokaxkeM crauasia, 9T0 ecjan MaTpuia Aqq Bbl-
poxjiera, 1o |A| = 0. ObozrauuM depes ny MOPsIOK MaTpuilbl Aqy, de-
pe3 ng — MOpsAJIOK MarTpuilbl Ag. Ecmu |Ajp| = 0, To cymecrByer Bek-
Top ! JUIMHBI Ny, He paBHBI HYIIO, 1 Takoil, uro Azt = 0. Torna mis



§ 11. Burounbrie MaTpHIibl 111

Henysiesoro sektopa x = (21,0, ..., 0) JIMHBL Ny + N, OYEBUJIHO, UMe-
em Ax = 0, crenosarenbro, |A| = 0. Takum obpasom, mokasaHo, 4TO
ecim |Aqp1| = 0, To pasercrBo (11.9) BBINOJIHSIETCST TPUBHATBHBIM 00pa-
soMm. Ilycrs Tenepns |Aqp| # 0. Herpyano ybeanThbesi, 9To CrpaBe/inBo

PABEHCTBO
A Ap\  [(An 0\ (T AllAp,
( 0 A22> = ( 0 I> (o Asy (1L.10)

1, CJeJI0OBaTEJIbHO,

|A‘ _ ‘AH 0| |] A;llAlg

0 1[0 Ago

s 3aBepiienns J0Ka3aTe/ILCTBA JJOCTATOTHO BOCIIOIH30BATHCA PE3YJ/Ib-
TaTaMU IpPEeIbIIyIero myakTa. [

YTIPAYKHEHUSI.
1) Iycrn
An Ar Ars e At
0 AQQ A23 e Agn
A= 0 0 A33 C A3n
0 0 0 . Ann
ecTb OJIOYHO TpeyroJibHasi Marpuna, A, ¢ = 1,2, ..., n, — IPOU3BOJIb-
Hble KBapaTHbie MaTpuibl. Jlokazars, aro |A| = |A11||Age| - - [Aunl.
2) Ilycro
A A
A=
<A21 Ago
ecTb Ojounast Marpuna, Ay, Ao — KBaJpaTHble MATPHUILI, IPU-

dem |Aqp| # 0. Ilokazars, ato
|A] = |Ap1]| Az — A21A1_11A12\- (11.11)

YKA3AHUE. BoraucnTh 1nmponssejienne MaTpPUI

A A\ (I —AAp
Az A ) \0 I '
BAMEYAHUE. Pasencrso (11.11) MoxkHO paceMaTpuBaTh Kak 0000-
1meHne GpOpMyJIbl JIJIsl BBIYHCIEHUS OIPE/IeJINTENsT BTOPOro MOPs KA.



[JTIABA 6
BeKTOprIe IIPOCTPaHCTBa

[Ipn m3ydenun omepamuii HaJ BEKTOpaAMH TPEXMEPHOTO €BKJIMIOBA
npocrpancTBa (eM. §1, mi. 4) 6bLI0 TOKA3aHO, 4TO, (DUKCUPYST B IIPO-
CTPaHCTBE HEKOTOPBIN 0a3mc, MOYKHO YCTAHOBUTH B3aUMHOOTHOZHATHOE
COOTBETCTBUE MEXKJy BEKTOpPAMU M YIOPSJIOYEHHBIMU TPONKaMU Bellle-
CTBEHHBIX 1HCesT (KOOpIMHATAME BeKTOpa B 9TOM Oasuce). [Ipu srom ore-
paluu HaJ[ BEKTOPAMHU MOTYT OBbITh, (DAKTUIECKH, 3aMEHEHbI OITePAITIIME
Ha/l UX KOOPJUHATAMHU.

AnajiorngyHasi cuTyalidsl BOSHHKAET U BO MHOIHX JIPYIHUX pasjienax
MaTeMaTHKH U ee MPUJIOKEeHU, KOraa MPUXOJAUTCI UMETh JeJI0 ¢ 00beK-
TaMU, OIMUCHIBAEMBIMI KOHEUHBIMI HADOPAMU BEIIECTBEHHBIX, & 3a4aTyI0
1 KOMILJIEKCHBIX, duces. [Ipr 9ToM ecTecTBEHHBIM 00pPa30M BO3ZHUKAET I10-
HATHE MHOI'OMEPHOI'O KOOP/IMHATHOI'O ITPOCTPAHCTBA KaK MHOXKECTBA yIIO-
PSIIOYEHHBIX HAOOPOB 4HCeJI C BBEJEHHBIMU Ha 9TOM MHOXKECTBe ajredpa-
NYECKUMU OllePaIusIMU.

B sroit rytaBe MbI OyJieM cUCTeMaTHIeCKH 3aHUMaThCAd KOHCTPYHUPO-
BaHUEM U M3ydIeHHeM Takoro poja rnpocrpancTs. CHadasia OyierT BBeIeHO
npocTpancTBo R”, mpejcrapiisdioliee codoii MHOXKECTBO YIIOPSII0UYEeHHBIX
HAOOPOB U3 M BEIIEeCTBEHHBIX 4nces, moToM mpoctpancTBo C", cocrosi-
1ee U3 YIopsJ09eHHbIX HADOPOB KOMILIEKCHBIX unce/. Mbl orpaHuInMcst
[IPU 3TOM JIUIIIb OlIpeJie/IeHUsIMU U OIIUCAHUEM ITPOCTENRIINX CBOMCTB 3TUX
IIPOCTPAHCTB, IIOCKOJIbKY B JaJIbHeleM OyayT BBeJIeHbI I N3y UeHbl D0Jiee
o0I111e JINHelHbIe IPOCTpaHCcTBa. Pe3y/ibrarsl, KOTOphbie OYAYT I10J1yYeHbI
JIJIsl 9TUX [IPOCTPAHCTB, PAcIpoCTpaHsioTes u Ha npocTpancrea R, C".

§ 1. IIpocrpancrBa R" u C"

1. Ilpocmpancmeo R™ — 3T0 MHOXKECTBO BCeX YIOPsI0UEHHBIX HA0O-
poB x = (1,2, . ..,T,) BEIMIECTBEHHBIX TnceT, n > 1 — GukcupoBanHoe
1eJI0€ YHCJI0. DJIeMEHTHI TpocTpancTBa R™ Oyaem Ha3bIBaTh 8EKMOPAMIU,
W moukamu, 9ucia xx, k= 1,2, ... n, — KOMNOHEHMaMU BEKTOPA T.

JBa BekTOpa x,y € R" Oyiem cuutaTh paéHuLMU TOLJA W TOJBKO
Torja, Korma xrp = Y s Bcex k = 1,2, ...,n. Bekrop, y KoTOoporo
BCE KOMIIOHEHTBI paBHbI HYJII0, OyJieM Ha3bIBaTh HY.AEEbLM 1 0003HAYATH
cumBoJioM 0.
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B
o *=(0,...,0,1,0, ...,0),
k—1 k

y KOTOPOI'0 KOMIIOHEHTa, ¢ HOMepOM k paBHa €JIMHUIIE, a BCE OCTaJIbHBIC
KOMITOHEHTBI — HYJIU, Oy/ieM Ha3bIBaTh edunuyunvm. B mpocTpancrse R”
eCTb POBHO 7. €IMHNYHBIX BEKTOPOB: 7', 2, ..., i".
Ha mpocrpancree R" BBOAATCA JUHEHHbIE ONEpAIUN: YMHONCEHUE
BEKMOPOS HA BEULECTNEEHHDIC YUCAG (CKATISIPBI) U CAOMCEHUE BEKMOPOE.
Menno, 1o omnpejesenuio JJis JIIoOOro BEIMIeCTBEHHOTO YUCIa o 1

Joboro r € R™ nosioxkmm
ar = (axy, axe, ..., Qx,).
s mobwbix x,y € R™ o onpejeiennio
vy = (v +y, T2+ Y2, o T+ Yn)

OTmeTuMm ciieyione CBOJCTBa BBEJIEHHLIX onepanunit. st Jro-
ObIX T, Yy, 2 € R™ u 151 J1100BIX BENIECTBEHHBIX YHCe]T v, (3:

) x4y =y+r— KOMMYMaMuEHOCMb ONEPAITIH CJIOXKEHUS;

2) (z4y)+2z = x4+ (y+2) — accoyuamuenocms ONepaIni CJIOKEHHS;

3) x + 0 =z — nedmparvrocmov HYJIEBOIO BEKTODA,;

4) z+(—x) = 0, rae o onpesenenuto —r = (—1)z, — cyiecrBoBaHme
JUIS KazKJI0r0 BEKTOPa NPOmuEonos0HCcHO20;

5) alr +y) = ax + ay — ducmpubymusrocms 10 CIIOKEHUIO BEKTO-
pOB;

6) (a+ f)xr = ax + fr — ducmpubymuenocms 10 CIOKEHIIO CKATs-
POB;

7) (af)x = a(fzx) — accoyuamusrocmy O YMHOKEHUIO CKAJISIPOB;

8) 1z = x — medmpasrvrocms eMHIIHOTO CKATISAPA.,

ToxkectBa 1) —8) HA3BIBAIOTCS AKCUOMAMU AUHETHO20 NPOCTPAH-
cmea. VIX crpaBei/InBoCTh OYeBUIHBIM 0OPA30M BBITEKAET U3 OIPe/Ieie-
HU JIMHEHHBIX omnepanuii Ha | sjaeMenTamu R™.

Herpy1Ho 3aMeTUTh, 9T0 aKCHOMBI 1) —8) B TOUHOCTH COOTBETCTBYIOT
CBOMCTBaM JIMHEHHBIX Ollepallnii HaJl BEKTOPAMU TPEXMEPHOT'O €BKJINI0BA
npocTparcTBa (eM. § 1, 1. 4).

Bazkno nMeTs B BHY, 9To R onoBpeMento apigeTca n JTuHeHbIM
IPOCTPAHCTBOM, ¥ MHOMKECTBOM BCEX CKaJIApoB. B naiabHeiiniem Oyaem
obosnadats R! uepes R.

2. BemecrBennoe eBkanmgoBo mpoctpancrBo R". Bymnem roBoputhb,
410 Ha IpocTpaHcTBe R” 3a1aH0 ckaaaproe npoudsedenue, eCau Kazk 1ol
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nape BeKTOPOB Z,y € R M0CTaBIEHO B COOTBETCTBUE BEIECTBEHHOE YHC-
710 (,y) U IPU 3TOM BBIIOJHEHbI TAK HA3BIBAEMBIE GKCUOMbL CKAAAPHOZ0
npoussederus (COOTBETCTBYIOIINE CBOCTBAM CKAJISIPHOTO [TPOU3BE/ICHsI
BEKTOPOB TPEXMEPHOTO €BKJINJIOBA IPOCTPAHCTBA):

1) (x,z) = 0 mrs moboro x € R", pasencrsa (z,2) = 0 u xz = 0
9KBUBAJIEHTHbI;

2) (x,y) = (y,x) ast 06bIx x,y € R™;

3) (ax + By, z) = a(x, z) + By, z) ans awbbix z,y, 2z € R" u Jio-
obIx a, # € R.

U3 2), 3) oueBuIHBIM 0OPA30M BBITEKALT, UTO

4) (z,oy + Bz) = alx,y) + Bz, z) aus mobbix x,y,z € R™ u jto-
obix o, O € R.

Ecin wa npoctpatctse R” BBeJIEHO CKaIIPHOE TIPOU3BEJIEHUE, TO €ro
HA3BIBAIOT GEULECNEEHHVLM EBKAUIOBBIM NPOCTPAHCINGOM.

MoxkHO yKazaTh GecuncjieHHOe MHOXKECTBO CHOCOOOB BBEJIEHHUsI CKa-
JIIPHOTO IIPOU3BEJIeHUsT Ha npocTpaHcTBe R™, Hampumep, MOXKHO IOJIO-
KUTh

n
k=1

Taxoe ckajsipHoe npoussejerne Ha R" HazpBaiorT cmandapmusim. IIpo-
BepKa akcuoM 1)—3) i CTaHJAPTHOTO CKAJSIPHOTO MPOU3BEJICHUsT He
BBI3BIBACT HUKAKNIX 3aTPYIHEHMII.

VKazkeM elne meJblil KJacce CKaJsIpHbIX IIpou3BegeHuii. Dukcupyem n
MOJIOYKUTEIBHBIX YUCET P1, P2, - .., Pn 1 ITOJIOXKIM

(@,9) = > prays. (1.1)
h-1

CrpaseiyinBocTh akcuoM 1)—3) odeBujna. MeHsist qucia pi, p2, - - -, Pn,
I10JIy4aeM pas/InuHble CKaJsipHbIE TIPOU3BEICHNUS.
MozKHO MOKa3aTh, ITO €CJIi onpeaenTsb dauny (Modyab) BekTOpa |Z|

IIPU [OMOIIH COOTHOIeHus |z| = +/(x, ), To mauHa BekTopa u3 R" Oy-
7eT 06/1a/1aTh CBOHCTBAMI, aHAJIOPMIHBIME CBOHCTBAM JIJTMHBI BEKTOPA B
TPEXMEPHOM €BKJIHJIOBOM HPOCTPAHCTBE, & UMEHHOY:

1) |z| > 0 maa moboro BekTopa © € R”, paencrso || = 0 9xkBuUBa-
JIEHTHO paBeHCTBY ¥ = (;

2) |ax| = |a||z| mag mobbix € R" 1 a € R;

3) |z +y| < |z| + |y| mast m06bix z,y € R”,

DO6ocHoBaHIe HEPABEHCTBA 3) uposeneno B 1. 4 na c. 121.
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HepaBeHcTBO 3) HABBIBAIOT HEPABEHCNGOM MPEY20AbHUKA (HEPAGEH-
CMBoOM MqucoscmaoQ)).

BarkHO 1oHMMATh, YTO, ONpEIe/isds Pa3JIMIHbIMU CIIOCODAMU CKaJIsip-
HOe mpou3BeieHne Ha R™, MBI HoJIydaeM pas/JmdyHble BEIeCTBEHHbLIE €B-
KJIMJOBBI IIPOCTPAHCTBA.

[IpocTtpancTBo R" co cTaHgapTHBIM CKAJSIPHBIM IIPOU3BEICHUEM Ya-
CTO HA3BIBAIOT N-MEPHBIM APUPMEMUYECKUM NPOCMPAHCMEOM. DTO TPO-
CTPAHCTBO UI'paeT BakKHYIO POJIb BO MHOI'MX pa3zjiesiax MaremMaTuku. Ha-
IpUMEpP, OHO CUCTEMATUIECKHU UCIIOJIb3YeTCsl B MaTeMaTUIeCKOM aHAJIN3e
Ipu U3Yy9YeHUN (PYHKINI MHOIUX BEIIECTBEHHBIX ITEPEMEHHBIX.

3. IIpocmparcmeo C" — 3T0 MHOZKECTBO BCEX YIIOPsIOUEHHBIX HADO-
poB = = (Z1, X2, .. .,x,) KOMIUIEKCHBIX dnces, n > 1 — dukcupoBanHoe
1eJ10e IncJIo.

DsemeHTh TpocTpancTBa C" OyaeM Ha3bIBATDL 6EKMOPAMU, I MOY-

Kamu, aucaa rp, k= 1,2, ..., n, — KOMNOHEHMaMU BEKTOPA .
[Ba BekTopa x,y € C" Oymem cuutaTh pPaéHLLMU TOLAA U TOJBKO
Torja, Korjua Trr = Yy JJid Bcex k = 1, 2, ..., n. BekTop, y KOTOpPOro

BCEe KOMIIOHEHTHI PaBHBI HYJIIO, Oy/ieM Ha3bIBaTh HY.A€6bLM W 0003HAYATH
cuMBoJIoM 0.

BekTop ik, y KOTOPOI'O KOMIIOHEHTa ¢ HOMEPOM k paBHa eJIUHUIIE, a BCe
ocTaJibHble KOMIIOHEHTbI — HYJIH, OyJeM Ha3bIBaTb eduHuuHbLM. B 11po-
crpancree C" ecTb POBHO N €IMHUYHBIX BEKTOPOB: i, 12, ..., i".

Ha mpocrpancree C" BBOASATCS JUHEHHBIE OIEpAIUN: YMHONCEHUE
BEKMOPOE MG KOMNAEKCHDBIE YUCAG (CKATISIPBI) U CAOAHCEHUE BEKMOPOG.

ImenHo, 110 onpeeieHuIo i JI000Tr0 KOMILIEKCHOTO YICIa v 1 JIFO-

ooro x € C" nojoxxum

ar = (axy, axe, ..., Qx,).

s mobbix x,y € C" 1o onpejieneHuro

x—l—y=(:l:1—|—y1,x2+y2, 7xn+yn)

OrmernmM, 9T0, (DAKTUIECKH, MBI yrKe BCTPEYAIUCh C TAKUM JITHE-
HBIM IIPOCTPAHCTBOM, & UMEHHO, MHOXKECTBO BCEX MATPUIL pa3Mmepa m X 1
C BBEJCHHBIMM Ha HEM OlepaludgMi yMHOXKEHUs MaTPHUIlbl Ha YUCJIO U
CJIOZKeHHUs JIByX MaTpuly (cM. 11. 3, ¢. 89) ecTeCcTBEHHO HHTEPIPETUPOBATD
Kak rpoctpancTBo C™" BeKTOpPOB JyIHBI mn. BeKTopbl 3alnchBaINCh B
BUJIE TIPSIMOYTOJTBHBIX TAOJIUIl, HO, C TOUYKU 3PEHUs BBHITIOJHEHNs Olepa-
Uil YMHOXKEHUS BEKTOPa Ha YMUCJIO U CJIOKEHUSA BEKTOPOB, 3TO HE UMeeT
3HAYEHUSI.

2)Tepman MunkoBckmii (Hermann Minkowski; 1864 — 1909) — Hemernxuii MaTeMaTHK.
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s nmunefinbIx oreparuil, BBeJeHHBIX Ha mpocTtpancTBe C") Taxke
CIIpaBeJINBBI CBOTICTBA, BhIpaKeHHbIe paBercTBamu 1)—8) c. 113.

Bazkno nvets B By, uro C! ognospemento apisgeTcs n JIMHEHBIM
IIPOCTPAHCTBOM, M MHOXKECTBOM BCEX CKaJsipoB. B nmasbreiimem Oyaem
o6osnadars C! uepes C.

4. Kowmmekcnoe eBk/nioso npocrpancrso C". Bynem rosoputs, 4ro
na npocrpancrse C" 3aaH0 ckaaaproe npoussederue, ecim KaxK o ma-
pe BeKTopoB x,y € C" mocTaBieHo B COOTBETCTBHE IHUCIO (T, Y), BOOOIIE
rOBOP#, KOMILIEKCHOE, 1 IIPU 3TOM BBIIIOJIHEHBI AKCUOMDbL CKAAAPHOZ0 NPO-
useederu:

1) (x,z) > 0 jya moboro x € C", pasencrsa (z,x) = 0u x = 0
SKBUBAJICHTHDI;

2) (x,y) = (y,x) ast 06bix x,y € C", HATIOMHUM, 9TO YepTa O3Ha-
gaeT Mepexo]| K KOMILIEKCHO CONPS?KEHHOMY YHC/IY, U OTMETHM, 4TO B
OTJIMYNE OT BEIIECTBEHHOI'O €BKJ/IMJI0BA IPOCTPAHCTBA CKAJISPHOE ITPOU3-
BeJICHIE B KOMILICKCHOM €BKJINJOBOM IIPOCTPAHCTBE HEKOMMYTATHBHO;

3) (ax + By, z) = a(x, z) + By, z) ans gawobbix z,y,z € C" u Jio-
obix o, € C.

U3 2), 3) oueBmIHBIM 00PA30M BBITEKAET, 4TO

4) (z,ay + Bz) = a(z,y) + B(z, z) wa mobex x,y,z € C* u mo-
obix o, € C.

Ecin na npocrpancrse C" BBeJICHO CKAISPHOE IIPOU3BEICHHE, TO €I
HA3BIBAIOT KOMNACKCHYM EBKAUIOBHIM NPOCTNPAHCMEOM (HACTO TOBOPSIT
TAKIKe: YHUMAPHOE NPOCMPAHCIMEO).

MozkHO yKazarh O€CUMCIEHHOE MHOXKECTBO CIIOCOOOB BBEJICHUSI CKa-
JIIPHOTO npou3sejiennst Ha npocrpancrse C", nanpumMep, MOKHO IOJIO-

KUTbH n
(z,y) = Z TEYg-
k=1

Takoe ckassiproe npoussejenne Ha C" HaspiBaroT cmandapmivim. IIpo-
BepKa akcuom 1)—3) He BbI3bIBaeT HUKakux 3arpyanennii. Ha C" rakxke
MOKHO BBECTHU CKaJISIpHOE IIpou3Be/ienne, anagorundnoe (1.1).

Jauny (modyav) BeKTOpa |x| ompesessitor mpH MOMOIIE COOTHOTIe-

wust |z| = /(x,x). [lpu 9Tom BeImoOTHSTIOTCsT cBOficTBa 1) —3) c. 114.

§ 2. OOmme nUHEIHBIE U €BKJINI0BBI IPOCTPAHCTBA

1. Bo muorux pasjesnax MaTeMaTHKU HIIPOKO UCIIOJIb3YIOTCs DoJiee
ob1re KOHCTpyKInu, deM rnpoctpancrsa R u C”.



§ 2. Ob6mime jimHEHHBIE H €BKJIMIOBBI IPOCTPAHCTBA 117

['oBOPAT, ITO MHOXKECTBO X SIBJISIETCS AUHETHBLM NPOCTPAHCIMEOM
HAO NOAEM BEUECTNEEHHVIT YUCEA, WIN TPOCTO BEULLCTNEEHHBIM AUHET-
HOLM NPOCMPAHCMBOM, €CIIN IS JIIOOBIX 9JIEMEHTOB I,y € X olpeieaeHa
orepalsi CJIOXKEeHHs, T. €. OIpeneaeH 3JeMeHT z = x + y € X, Ha3biBa-
eMBbIil CYyMMOT SJIEMEHTOB T, y; JJIsd J0O0ro sjaemMeHTa x € X U J000ro
BEII[ECTBEHHOTO YICJIa (v OIPeesIeH deMeHT o € X, Ha3bIBAEMbI npo-
udsedenuem o u T.

[Ipenmonaraercs:, 4To J1Jist STUX JABYX ONE€PAINil BBHIIOJIHEHBI AKCUOMbL
AUMETIH020 NPOCMPAHCMEa, aHAJOTUYIHbIE CBOiicTBaM IpocTpaHcTBa R”
(em. 1)-8) c. 113):

1) T+Y=Y—+2T— KOMMYMaAMUEHOCMb OllePpAIIUNA CJIOZKCHUSI;

2) (x+y)+2z = x4+ (y+2) — accoyuamuenocms OlepaIii CI0KEHU;

3) cymiecTByer ejnHCTBeHHBIH 3memenT 0 € X Takoit, uto r + 0 = x
JUTST JTI000T0 3sieMeHTa & € X; 3j1eMeHT () HA3bIBAIOT HYAEEbLM INEMEHMOM
IIPOCTPAHCTBA X;

4) st roboro semMenta ¥ € X CYIIECTBYET €MHCTBEHHBIH 3J1e-
MeHT 2’ Takoil, uTo x+2" = 0; 3j1eMenT &’ HA3LIBAIOT NPOMUGSONOAOHCHBIM
SJEMEHTY T;

5) alr +y) = ax + ay — ducmpubymusrocms 10 CIIOKEHUIO BEKTO-
pOB;

6) (a+ f)xr = ax + fr — ducmpubymuserocms 10 CIOKEHIIO CKATISI-
POB;

7) (af)x = a(fzr) — accoyuamusrocmy 0 YMHOKEHUIO CKAJISIPOB;

8) 1z = x — medmpasrvbrocms eMHIIHOTO CKATIAPA.,

Ecin mpu onpejieiennn npocTpancTBa X JOMYCKAETCs YMHOYKEHIe Ha,
KOMIIJIEKCHBIE UNCJIa, TO X HA3BIBACTCS AUHETHLIM NPOCMPAHCMEOM HaA0
NOAEM KOMNAECKCHBOIT YUCEN, WA KOMNACKCHBM AUHETHBLM NPOCMPaH-
cmeom. IIpu 9TOM TIpeonaraeTes, 9To BIIOJHAIOTCS aKCuoMbl 1) —8).

DJIEMEHTBI JIMHEITHOIO MPOCTPAHCTBA X YacTO OyjieM Ha3bIBATH GEK-
mopamu, a caMo IPOCTPAHCTBO — GEKMOPHHIM.

B naabreiiimeM Ha mpoTsixkeHun Beeil KHuru OykBam X, Y, Z 0Oy-
JeM 0003HaYaTh JMHEHHbIE POCTpaHCcTBa. ECan He oroBOpeHo MpOTHB-
HOE, IIPOCTPAHCTBA, Oy/IyT MpeIoaraTbest KOMILIeKCHbIMI. [1o GostbIrei
JACTH, OIIPEJIE/IEHUsT I PE3YILTATHI OUEBUIHBIM 00Pa30M IIEPEHOCITCS Ha
BeIlleCTBeHHbIE [TPOCTpaHCTBa. Te ciydan, Korja BOSHUKAIOT XOTh KaKne-
TO Pa3/IMIrs [IPU IIEepPexojie K BEIeCTBEHHBIM IIPOCTPAHCTBAM, PACCMaT-
PUBAIOTCsT 0CO0O.

1.1. YIPAX>KHEHUE. IIpoBepuThb, 9TO BBOJANMbIE HUZKE MHOYKECTBA,
SIBJISTIOTCS JIMTHEHHBIMU ITPOCTPAHCTBAMU, T. €. JIJIs OIPe/Ie/IEHHBIX Ha HUX
oreparyit BbITOJHAIOTCST akcnoMbl 1) —8). B HeKOTOpBIX cirydasx jesa-
10TCsS HEOOXOIMMbIE yKa3aHUs.
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1) MHOKeCcTBO BCeX BEKTOPOB TPEXMEPHOTO €BKJINI0BA IIPOCTPAHCTBA
C BBEJICHHBIMH OOBIYHBIM 00pa30M OIepalnsMU yMHOMKCHUS BEKTOpa Ha
YUC/IO U CJIOYKEHUs BeKTOpoB (cm. § 1, it 4).

2) MHOKECTBO BeeX BEMIeCTBEHHDbIX (DYHKIMIT BEIECTBEHHOrO mepe-
MEHHOTO, OIpeJIeJIeHHbIX Ha nHTepBase (a,b) BelecTBEHHOI OCH, sIBJIs-
eTCs1 BeIeCTBeHHBIM JIMHEeIHBIM IIPOCTPAHCTBOM, €CJIH OIIPEICIUThL O0bIU-
HBIM 00pa30M IIOHATHE CYMMBI JIBYX PYHKIUIT 1 yMHOKeHne PyHKIMN Ha
BeleCcTBeHHOe YHCIO.

3) MHOXKeCTBO BCeX BENIECTBEHHBIX (DYHKIWH, ONpEJeJeHHbIX 1
HEIIPEPBIBHBIX HA 3aMKHYTOM OTpe3Ke |a, b] BelecTBeHHOl ocu, sBJIseTCs]
BeIlleCTBEHHBIM JINHEHHBIM [POCTPAHCTBOM. DTO NPOCTPAHCTBO 0003HA-
qator yepe3 Cla,b]. Ilpu nposepke Toro, uro Cla,b] — nuneiinoe 1po-
CTPAHCTBO, HAJI0 UMEThb B BUJY, YTO CYMMA JIBYX HEIIPePbIBHBLIX (DYHKITHI
eCTh HelpepbiBHas (PYHKIINS, IPU YMHOKeHNN (PYHKIIMN Ha, JTI000€ Y1CII0
HEIPEePLIBHOCTL (DYHKIMN TaKzKe COXPAHACTCS.

4) MuoxkectBo Beex dynkiuii u3 npocrpancrsa Cla, b], paBHbIX HYJTIO
B HEKOTOPOIT (DUKCUPOBAHHOI TOUKe ¢ U3 OTpe3Ka [a, b|, — BelecTBeHHOe
JIMHETHOE ITPOCTPAHCTBO.

5) MHOKeCTBO BCeX MOJIMHOMOB ¢ KOMILIEKCHBIMU KO3 duImenTamu,
Ha KOTOPOM OOBLIYHBIM 00Pa30M OIpPeJIeJIeHbl OlePallui CJIOKeHNs JBYX
IIOJIMHOMOB 1 YMHOZKEHHsl IIOJIMHOMA HA 9HCJI0, ABJSCTCS KOMILICKCHBIM
JIMHEITHBIM POCTPAHCTBOM.

6) MuoxkectBo Q,,, cocTOsIIEe U3 BCEX MOJUHOMOB CTEIIEHU HE Bbi-
me n, vae n > 0, ecTb PUKCUPOBAHHOE IeJI0e YUCI0, U HYJIeBOIO MHOIO-
qJIeHa, ABJISICTCS KOMILICKCHBIM JIMHEHHBIM IIPOCTPAHCTBOM. 3J1eCh HAJI0
VMETh B BHJLy, 9TO CyMMa IIOJIMHOMOB €CThb IIOJINHOM, CTEIeHb KOTOPOI'O
HE IIPeBOCXO/IUT MAaKCHUMAJILHOM CTeIleH! CilaraeMblX.

1.2. YIIPAYKHEHUSI.

1) PaccMoTpuM MHOXKECTBO BCEX TTOJIOKUTETbHBIX (DYHKIINIT, ompe;ie-
JIEHHBIX Ha BelecTBeHHOM ocu. OnpejieuM Ha 3TOM MHOYKECTBE OIlepa-
U0 CJI0YKeHsT (PYHKIUI f 1 g KaK UX IPOou3BeJieHne, a Olepaluio yMHO-
yKeHns GyHKIun f Ha 4UC/I0 (v KAK BO3BEJICHHE ee B CTeleHb «. Bymaer
JIN OTMCAHHOE HAMW MHOYKECTBO JIMHEHHBIM ITPOCTPAHCTBOM !

2) PaceMoTpuM MHOXKECTBO BCEX UETHBIX (DYHKIIHI, OMpe/Ie/IeHHbIX
ra orpeske [—1, 1]. OnpejesinM Ha 9TOM MHOYKECTBE OIEPAIHIO CJI0YKEHUST
JIBYX (DYHKINI KaK UX IIPOU3BE/ICHNE, & OIEPAINI0 YMHOKEHIA (DY HKITIHHI
Ha 41cJIo OyjieM IMOHUMAaTh OOBIYHBIM 00pa3oM. Byer i onncanHoe HaMu
MHOKECTBO JITHEHHBIM TTPOCTPAHCTBOM !

2. Dbyunem roBopuTb, 4TO Ha BENIECTBEHHOM JIMHEHHOM IIPOCTPaH-
ctBe X BBEJICHO CKAAAPHOE Npouseedenue, eciam KaxKIoh mape 3jeMeH-
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TOB &, Y 9TOIO MPOCTPAHCTBA MOCTABJICHO B COOTBETCTBHE BEIECTBEHHOE
ancao (x,y), U IPH 9TOM BBITOJTHEHBI GKCUOMbL CKAAAPHOZ0 NPOU3EEIe-
nuA, 3aj1aBaeMble cooTHomenusiMu Bujia 1) —3) c. 114, Ecn na jnnefinom
BEIECTBEHHOM TIPOCTPAHCTBE X BBEJICHO CKAJIAPHOE MPOM3BEIECHIE, €0
HA3BIBAIOT GEULECTNEEHHBIM EGKAUIOGVIM TPOCTNPAHCTIGOM.

3. DByzem rosopurb, 4TO Ha KOMILJIEKCHOM JIMHEHHOM IIPOCTPaH-
crBe X BBEJICHO CKaAAAPHOE Npouseederue, eCJIU KaxKJOi Hape 3JeMeH-
TOB %,y 3TOrO IPOCTPAHCTBA HOCTABJIEHO B COOTBETCTBUE, BOOOIE IOBO-
pst, KOMILJIGKCHOE THCJIO (Z,y), W TIPH 9TOM BBIOIHEHBl GKCUOMbL CKa-
AAPHO20 NPOU3GEIEHUA, 3aIaBACMBbIe COOTHOIeHnsAMY Brja 1) —3) c. 116,
Eciin Ha JinHEIHOM KOMILIEKCHOM IPOCTpaHCTBe X BBEJICHO CKaJIpHOE
IPOMU3BEIEHNE, €r0 HABBIBAIOT KOMNACKCHYM e6KAU06BIM (YHUMADHDIM )
NPOCMPAHCNEOM.

4. YTIPAYKHEHUE. [IpoBepuTh, 9TO B paccMaTpUBaEMbIX HUKE ITPH-
Mepax aKCHOMBbI CKAJISIPHOIO IIPOU3BE/IEHUsT BBIIIOJHEHBDI.

1) MHOXkKecTBO BCeX BEKTOPOB TPEXMEPHOIO MPOCTPAHCTBA C BBEJICH-
HBIME OOBIYHBIM 00pa30M JINHEHHBIMI OIEPAIUSIMU U CKAJISIPHBIM ITPO-
usBesienneM (cM. §2) 1. 4) — BeIeCTBEHHOE eBKJIJIOBO MPOCTPAHCTEO.
B nanbreiiniem OyjieM 0003HaYATH 9TO TPOCTPAHCTBO depe3 V.

2) Ilycrs p — mHTErpupyemas MOJOXKUTeIbHas Ha uHTepBaje (a,b)
BeIlleCTBeHHOI ocu BerectBenHas ¢yukius. [Ipocrpancrso Cla, b] mpe-
BpaIllaeTCsl B BEIIECTBEHHOE €BKJINJIOBO MPOCTPAHCTBO, €CJIU ONPEJICTUTD
cKaJIsipHOe IIpousBejieHue sjieMenToB f u g npocrpancrsa Cla, b] o dop-
MyJIe

b
(f.9) = / p(a) f(2)g(x)d. 2.1)

3) Hust mro60it napsbl
P.z)=ap+ a1z + -+ az", Qun(z) =by+brz+ -+ b,2"

9JIEMEHTOB IpocTpaHcTBa Q,, Olpele/nM CKaJsSIpHOE IIPOU3BEJEHUE I10
dopmyite

n
Jj=0
vae po, Pl - - - P — 3aJAHHBIE TTOJOKATEIbHBIC YKcIa. [locie Beegenns

TaKIM 00pa30M CKaJIAPHOIO IIPOU3BEIeHHsI IIPOCTPAHCTBO ), CTAHOBUTCH
KOMILJIEKCHBIM €BKJINI0BBIM ITPOCTPaHCTBOM.



120 I'maBa 6. BekTopHbIe IpOCTpaHCTBA

§ 3. HepaBencTrBo Ko — ByHaKOBCKOrO

1. Toxuecrso Iudaropal). IIyers a, b — BEKTOPBI TPEXMEPHOIO
eBKJINJIOBa, IIPOCTPAHCTBa, V3, IPUYEeM BEKTOPbI @ — b 1 b OpToroHajIbHbI,
1. e. (a — b,b) = 0?. Torna o Teopeme Iudaropa

lal* = |a — b]* + |b]?. (3.1)
[IycTtp Tenepb a, b — BEKTOPHI IMPOM3BOJBLHOTO EBKJIUJIOBA ITPOCTPAH-
crBa X rtakue, ato (a — b, b) = 0. Toxaectso (3.1) (moorcdecmso Huda-
20pa) CIIPABEJINBO U B 9TOM CJIydae, €CJIU MOJIOKUTh, 9TO |[v] = +/ (v, v)

Iist Jiroboro BekTopa v € X. JelicTBUTEIbHO, IIPOBOJIA dJIeMEHTapHbIE
BBIKJIQIKHU, OYJIeM IMETh

la]* = (a,a) = (a —b+b,a—b+b) =
=(a—0b,a—0)+ (b,b)+ (a —b,b) + (b,a —b) =
= (@ —b,a—Db) + (b,b) + (a —b,b) + (a — b, b) =
= (a —b,a —b) + (b,b) = |a — b]* + |b|*.

2. Bektops! a,b u3 yimHeiHOrO IpocTpaHcTBa X OylieM Ha3bIBaTh
KOAAUHEAPHOIMU  ( NPONOPUUOHAALHUMU, NUHETHO 3A6UCUMbLMU), €CJII
CYIIECTBYIOT YHCJIa (v, (3, HE paBHbIC OJJHOBPEMEHHO HYJIIO, TaKUe, 4TO

aa + b= 0.

[TousiTHO, 9TO B 9TOM ciydae qubo a = b, mmubo b = da, tae v, § —
HEKOTOPLIC YUCIIA.

ITPUMEPHI.

1) EnquHuvHbIE BEKTOPBI i*

, i npocrpancrea C" npu k # | HekosutuHeapHbl (J0KasKuTE).
2) Bekroper #! = (1+4,3,2—1i,5), 22 = (2,3—3i,1—3i,5—5i) € C* nponopmuonabHbL,
Tak Kak 2/(14+4)=(3-3i)/3=(1-3i)/(2—1i)=(b—5i)/b=1—1.

3. Teopema. [lycmbv X — eskaudoso npocmpancmeo. Jlas 1100vix
6exmopos x,y € X cnpaseisuso HepaseHcmeo

(2, 9)]* < (z,2)(y, ). (3.2)

Pasencmeo 6 (3.2) docmuzaemces mozda u moavko moeda, ko2da eexkmo-
POl T, Y NPONOPUUOHANDHDL.

Hepagencrso (3.2) masbiBatoT HepaBeHcTBoM Kormn — ByHsKoBCKO-

ro®).

DITudarop Camocckuii (570 — 490 rr. 50 H. 3.) — ApeBHErpedeckuii Hurocod U MaTEMATHK.

2)MOKHO CKA3aTh, ITO BEKTOP b IOJIYUeH IPOEKTHPOBAHIEM BEKTODA ¢ HA IPIMYIO, TTAPAJLIETBHYIO
BEKTODY b.

3)Bukrop fxopesna Bynskosckuii (1804 — 1889) — pycckuii MmaTeMaTk
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JIOKABATEJIBCTBO. Eciu y = 0, To HepaBeHCTBO (3.2) mpeBpailia-
ercst B TPUBUAJbHOE DABEHCTBO, W IpHU JIIOOOM x € X BEKTOPHI T, ¥
ponopIroHabibl, Tak Kak 0z + y = 0. [losromy B jasbHelimem cau-
taem, uto y # 0. Honokum e = |y|~ty. Ouesugno, uro (e,e) = 1,
a (x — (z,e)e, (z,e)e) = 0, sHauntr, B TOkjaecTse (3.1) MOXKHO TOJIO-
KUTh a = 1, b = (x,e)e u noayuuth, uro |r|* = |r — (z,e)el® + |(z, e)|*.
Otcrona cienyer, uro |z[*> > |(x,e)]?. Tlociennee HepaBeHCTBO SKBH-
pasientho (3.2). Ilycrs |z|> = |(x,¢e)|?, T. e. Hepasencto (3.2) mpe-
Bpammaercst B pasencrso. Torga |z — (x,e)el? = 0, oTKyja BbITEKaer,
uro x = (x,e)e, wm x = ((x,y)/|y|*)y, cremosarenbho, BEKTOPH T, Y
IPOHOPIHOHATIBHBL. O6paTHO, /T BEKTOPBI X, Y IPONOPINOHAIBHBI, TO,
KaK HETPYIHO yOejnThes, jieBas u mpasas dactu (3.2) cosnajator. [

4. Bemmanna |x| = \/(z,x) HaseiBaercsa daunoti (modysem) BEKTO-
pa x. HepaBeHcTBo (3.2) 4acTo 3aliChiBalOT B BH/IE

(2, y)] < zlly] Vz,yeX (3.3)

BBesennoe nonsiTue JUMHBI 00J1a7a€T CBOHCTBAMU, aHATOTHIHBIMU
cBOMCTBAM JJIMHBI BEKTOPA B TPEXMEPHOM €BKJIMJIOBOM IIPOCTPAHCTBE, a
MMEHHO:

1) |z| > 0 mua moboro BekTopa x € X, pasenctso |z| = 0 9kBuBa-
JIEHTHO paBeHcTBy x = 0;

2) |ax| = |al|z| gus mobbix € X un a € C;

3) |z +y| < |z| + |y| aa mobbix z,y € X,

HepapeHcTBO 3) HA3BIBAIOT HEPAGEHCMEOM MPEY20sbHUKa (HEpaseH-
cmeom Munkosckozo).

CrpaBe/yinBoCcTh yTBepKeauii 1), 2) oueBnana. [Tokazkem, 1ato Hepa-
BEHCTBO TPEYIOJIbHUKA BbITeKaeT 13 HepasencTa Ko — ByHsikoBeko-
ro. B camom fere,

2 +yl’ = (x+y,x+y) = |z]* +2Re(z,y) + |y|*-

Beneacrsue (3.3) cnpasemnso uepasenctso |Re(z,y)| < |z||y|, orkyma
II0JTy 9aeM, 9TO

@ +y[* < Jof” + 2zlly] + [y* = (=] + |y])*.
[Tocsie/iHee HEPABEHCTBO 9KBUBAJIEHTHO HEPABEHCTBY 3).

5. Ilo amajorum ¢ TpexMepHBIM €BKJIMJIOBBIM IPOCTPAHCTBOM V3
BEKTODBI T, iy €CTECTBEHHO HA3bIBATH 0PMO20HaAvHbiMu, ecn (x,y) = 0.

[TPUMEP. Bekroper i¥, i’ € C* npu k # | opTOroHAIBHBI OTHOCHTEIHLHO CTAHIAPTHOIO

CKaJISIPHOT'O ITPOU3BEJICHUSI.
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6. U3 mepasencrBa (3.3) BbITEKaeT, 4TO ecjim X — BeIECTBEH-
HOE eBKJIMJ0BO Tpoctpanctso, 1o (z,y)/|z|ly] € [—1,1] maa mobbix
HE DAaBHBIX HYJIO BEKTOPOB x,y € X. DTO JaeT BO3MOKHOCTL BBe-
CTH TIOHATHE Y2Aa MeHcOy 6EeKmopamu T,Yy, & UMEHHO, MPUHUMAIOT,

aro cos(z, y) = (z,y)/]z|lyl.

§ 4. Jluneiinass 3aBUCMMOCTh BEKTOPOB

1. B npeapiaymem naparpade ObLI0 BBEJIEHO MTOHATHE JTUHENHO 3a-
BHCHMOCTH JIBYX BEKTOPOB IIpocTpaHcTBa X. O0001Iast 3To 1moHsTHE, 0Y-
JIEM TOBOPUTD, uTo cucteMa Bektopos {a'}™, = {al, a? ... ,a"}, m > 1,
AUMETMO 3a6UCUMA, €CJU CYIIECTBYIOT YUCIa X1, X2,. .., Lm, CPEIH KO-
TOPBIX XOTsI ObI OJIHO OTJIUYIHO OT HYJISI, TAKHE, UTO

ria' + x9a® + -+ x0™ = 0. (4.1)

[TPuMEP. Cucrema BEKTOPOB

5 -1 9 3
at=1| 2|, &= 31, =71, a=[8
1 3 ) 7

U3 IIPOCTpaHCTBa R?’ JUHENHO 3aBUCHUMa, TaK KaK, ITOJIO2KHNB

Tl = 4, Ty = —1, I3 = —3, T4 = 2,
ITOJTY YUM
5 —1 9 3 0
z1at + x0a® + x3a® + x4at =4 2 | — 3 1-31 71142 8 |=(0|=0.
1 3 5 7 0

[Tosrle3HO0 OTMETHUTD, YTO TO HE eIUHCTBEHHBIN HAOOP KOI(PDUINEHTOB T1, T2, T3, T4, IPU
KOTOPOM JIMHEHAasT KOMOUHAIUS :clal + x2a2 + x3a3 + :v4a4 obparraercs B HyJIb. Hampumep,

[

5 _
20t +a*—a*=2[ 2 +

9
- 7]=0
1 5

w w

-1
30> +a®—2a* =3 3 |+

3
-2 8 | =0.
3 7

g ©

OupeneneHnio JUHEHHO 3aBUCHUMOCTH BEKTOPOB YI0OHO MPUIATH
MATPUIHYIO (GOPMYIUPOBKY. ByreM Hcmoanb30BaTh cleayonme 0603Ha-
wenns: A, = {al,d?, ..., a™} — ynopsjoueHnblii HaGOP BEKTOPOB U3
npocrpancTa X; 1t © € C™ mosroxKum

1 2
A =x10° + 290" + - - - + 200",
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MO’KHO CKa3aTh TOT[A, UYTO BEKTOPHI a', a?, ..., a™ Aunetino 3a6ucumo,
ecJm cyulecTByeT HeHyJeBoit Bekrop x € C™ rakoii, 4T0
Anx=0.

Bynem roBoputb, 4T0 BEKTOp @ € X AUMETUHO 6vipadicaemcs depel3
BekTOpbl b1, b2, ... WP, p > 1 (aBaserca aunetinoti xombunayuet STux
BEKTOPOB), ecyin cyriectByer Bektop x € CP rakoii, aro

1 2
a =11 + 220" + - + 07, (4.2)
B MaTPUYHOI 3allUCHU:
a = Byz.
Jluneitnast KoMOGuHAIIST BEKTOPOB (4.2) HA3BIBAETCST HEMPUBUANLHOT, €C-
JI1 XOTsl Obl OJIHO U3 4YUCET X1, T2, ...Tp OTJUIHO OT HYJI.
YTIPAYKHEHUSI.

1) Jlokaszarb, 9TO cuCTeMa BEKTOPOB JIMHEIHO 3aBUCHMA, €CTH OHa
COJIEPYKUT JIMHEHHO 3aBUCUMYIO MOJICUCTEMY, B YAaCTHOCTH, €CJI OHA CO-
JIePZKUT HYJIEBOII BEKTOP.

2) JlokazaThb, 4To I TOrO, Y4TGBl cHcTeMa BeKTopos {a’}™, Oblia
JIMHEIHO 3aBUCUMOIi, HEOOXOAMMO U JOCTATOYHO, YTOOBI OHA COJEPrKAJIA
BEKTOP @, KOTOPBIH JIMHEHHO BBIPAYKAETCA Yepe3 OCTATbHbIC.

2. Tosopsat, uto cucreMa BeKTOpoB {a'}™, aunetino evipascaemcs
uepes cucremy sektopos {0}, eciu cymecrsyer marpuna X (p, m) ra-
Kasi, 4To

A, = B,X(p,m). (4.3)

B 0oJiee 1101poOHOI 3alic 9TO O3HAYAET, YTO
P
) .
a® = g xR, k=1,2,...,m.
j=1

2.1. CsoiictBO mpansumuerocmu: eciu cucrema Bektopos {a'}™,
JIMHEITHO BbIpazKaeTcs uepes cucreMy BekTopoB {b'}_; ) a Ta, B cBoio 0ve-
pejib, — Yepes cucreMy BeKTopos {c'}_;, To CI/ICTeI;/Ia BekTopos {a'}",

= ()
JIMHEIHO BBIPAXKAETCs UePe3 CHCTeMy BeKTOpos {c'}7 ;.
HeiicTBUTENIbHO, 110 OIPEJIeIeHUIO NMeeM

A, =B, X(p,m), B,=C,Y(q,p).
[Tojcrasisiss B 1epBOe U3 9TUX PABEHCTB BbIpaXKeHue Jyis BBy, Hos1yanm
A, =CyZ(q,m),

rje
Z(q,m) =Y (q,p)X(p,m).
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2.2. Cucrembl BekTopos {a'}™, u {b'},_| HasbIBAIOTCSI SKGUBAAEHMN-
HoLMU, eCITH CyTnecTBYOT MaTpuilsl X (p, m), Y (m, p) takue, 9o

Ay =B,X(p,m), B,=A,Y(m,p), (4.4)

T. €. KazK/Iblil BEKTOP O/IHOII CUCTEMbI JINHEIHO BbhIparKaeTcsd 4epe3 BEeKTO-
PBL JIPYTOil CUCTEMDI.

YTIPAYKHEHUE. Hcnonb3ys CBOMCTBO TPAH3UTUBHOCTH, MOKA3ATh,
YTO €CJIM BEKTOp T € X JIMHEHHO BbIparkaeTcsl depe3 CUCTEMY BEKTO-
pos {a'}", , TO OH JIMHEHHO BBIPAXKACTCSA W Y€PE3 SKBUBAJCHTHYIO €if

ip
cHcTeMy BeKTOpOB {b'}._;.

§ 5. JIuHeiino He3aBUCHUMbIE CUCTEMBI BEKTOPOB

1. Byjem ropoputh, 4To cucrema BeKTopoB A, = {a'}™ | aunetino
nezasucuma, ecan n3 papercrsa A,,x = 0 BbITekaer, uto £ = 0.

JIMHeitHO He3aBHUCHUMbIE CHCTEMbI BEKTOPOB CyinecTBYIOT. [IpuBenem
IIPOCTBIE IIPUMEPHI.

1) Jlioboit BekTop a # 0 0bpasyer JMHEHHO HE3ABUCHMYIO CHCTEMY,
COCTOSIIIYIO 13 OJIHOI'O BEKTOPA.

2) Exunuannie BekTopsl it, i2, ..., i" € C*, m < n, anHeiiHo Hesa-
BUCHUMbBI. DTO YTBEPKIEHUE CPa3y 7K€ BHITEKAET U3 TOr0, YTO JI/Isl JIF0OOT0
BekTopa © € C™ BekTOp Z19' + T9i? + -+ - + x,,1™ € C" mmMeeT BUT

(x1, T2, ..., X, 0, ..., 0)

1, cJIeJIoBaTeIbHO, paBeH HyJII0 TOrJIa U TOJLKO Torja, Korma & = 0.

3) Cucrenma BexTopoB wy(2) = 1, 01(2) = 2, ..., pp(z) = 2F roe z —
KOMILJIEKCHas iepeMenHtast, k > 0 — 1e/ioe 4uc/io, JUHEHHO He3aBUCHMA
B IIPOCTPAHCTBE MOJMHOMOB. JIjIst 0Ka3aTebeTBa 9TOr0 yTBEPIK IeHIs
JIOCTATOYHO BCIIOMHHUTB, YTO €CJIU TOJMHOM PaBeH HYJI0, TO BCE €ro KO-
s dunnenter — myau (cM. 1. 2.2, ¢. 86).

Henocpesicrsenno u3 yupaxkuenus 1), ¢. 123 BbITekaer

2. Teopema. Jlwbas nodcucmema SUHETHO HE3ABUCUMOT CUCTEMDL
sexmopos {a'tly aunetino nesasucuma.

3. Teopema. Jlobaa cucmema a', a®>, ..., a", b€ C" usn+1
BEXMOPA NUHETIHO 3A6UCUMA.

JJOKABATEJILCTBO. Ilycrs cucrema Bextopos {a'}l , smmeiino
3aBUCHMa. Torja JIoOKa3biBaeMoe YTBEpKJeHWe BepHO. Kciam BeKTo-
pot {a'}!" | JIMHEHHO He3ABUCHMBI, TO CHCTEMa yPaBHEHMIT

Az =0, (5.1)
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e A — mMarpuia, cToJOINAaMI KOTOPOIl ABJISTFOTCS KOMIIOHEHTBI BEKTO-
poB a¥, k=1,2, ..., n, KpaMepOBCKasl, I IOTOMY HMeeT pellleHne & IpH
JII00OOI TIpaBoii YacTu b, 3HAYUT,

Tt + -+ zpa” =0,

T. €. cucTeMa BeKTopos a', a®, ..., a", b jmuHeitHo 3aBucuMa. [

4. Kak oueBujHOE CJieICTBUE TOJIBKO UTO ,ZLOKaSaHHOFO YTBEPZKJIeHU A
[OJIydaeM, UTo Jiodasl CUCTeMa BEKTOPOB {a ", € C" m > n, mneitHo
3aBUCHMA.

5. Teopema. IIycmwv cucmema éexmopos A, = {a'}™, npocmpan-
cmea X AUHETHO HEe3ABUCUMA U AUHETHO GUPANCAENCA YEPE3 CUCTME-

my By, = {b'}_,. Toeda m < p.

JTOKABATEJBLCTBO. [IpeanosokumM mpoTUBHOE, T. €. IIYCTh M > P.
[To ompenenenuio cymiecTByeT MaTpuiia X pasmepa p X m Takad,
aro A, = B,X. Kak cnencrsue, na modoro sektopa y € C™ nwme-

Any = B,Xy. Cronbupl Marpuibl X — BEKTOPHl U3 IIPOCTPaH-
crea CP. Ux kosimdecTBO M > p, CjejoBaTe/]bHO, OHHU JIMHEITHO 3aBU-
cumbl. [Toaromy cymectByer BexkTop ¢y € C™, He paBHBII HYJIIO U TAKOii,
gyro Xy = 0, vHo Torga u A,y = 0, T. . BOIIPEKN PEJIIOJOKEHNI0 BEK-
Topel al, a?, ..., a™ qumeitno sapucnMel. [

6. CiaeacrBue. Jl1o6vie dee IK6UBANEHMHBLE AUHETIHO HE3A6UCUMDLE
CUCTNEMDL BEKMOPOE UMEIOM. PAGHBLE KOAUMECTNBA GEKMOPOS.

7. Teopema. I[lycmov {ak}zlzl — AUHETHO HE3ABUCUMDBLE BEKIMOPDL.
ITycmy cucmema sexmopos {b¥ 1| aunetino evpasicaemes uepes cucme-
MY BEKMOPOS {ak}};":l, m. e. cyuecmsyem keadpammuas mampuya X no-
padka m maxas, vmo B, = A, X. s mozo, wmobv. cucmema sexmo-
P06 {bk}};”:l OviAG AUHETHO He3a8UCUMOT, HE0OTOoJUMO U JOCTamouwHo,
ymobvt mampuuya X 0v.Aa0 HeBbPOAHCIEHHOTI.

YTIPAYKHEHUE. Criejiysi paccyzK/JIeHIsIM IIyHKTa D, J0Ka3aTh Teope-
My 7.

8. Baxxno ormerurh, 4ro Marpuiia X, durypupyiomas B Teope-
Me 7, OJIHO3HAYHO ONPEJIeIAeTCst 110 cucteMam BeKTopos Ay, By,. B ca-
MOM JIeJIe, €C/IN CYIIECTBYET MaTpHIla X =# X rakas, aro B, = AmX :
10 Ay (X — X) = 0, HO 9TO BCJICJACTBIC JMHCHHO HE3ABICHMOCTH CHCTe-
MbI BEKTOPOB A,;, HEBO3MOXKHO, €CJIN X #+ X.
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§ 6. Panr cucrembl BEKTOpPOB

1. CDHKCpreM B TPOCTpaHcTBe X HEKOTOPYIO CHUCTEMY BEKTO-
pos {a'}™,. Byjem cuuTaTh, UTO He BCe BEKTOPBI TOfl CHCTEMbI HyJle-
BLIE. Toma yKazaHHasg CHCTeMa 00s13aTeIbHO COJIEPXKUT JIMHEHHO He3a-
BUCHMYIO TIOJICHCTEMY BEKTOPOB. B dacTHOCTH, OHA caMa MOXKET OBbITh
JINHEHO He3aBUCUMOIL.

[oncucrema {a™}r_, C {a'}™,, cocrosias us juHeiino He3aBUCH-
MBIX BEKTOPOB, Ha3bIBAECTCS MAKCUMAALHOT, €CTU TobaBIeHIe K Hell Jio-
6oro HoBoro BekTopa u3 {a’}™ | NpPUBOJNT K JIMHEHHO 3aBUCHMOIl cHCTeMe.

ITPUMEP. PaccMoTpum cucTeMy BEKTOPOB

2 1 -2 3
at=| -2 ], =9 ]|, &= 4], o= 7
—4 3 1 ~1

npocrpancTea R3. Bexropsr a',a?, oueBuHO, JIMHEHHO HE3ABUCHMEI U OOPA3YIOT MAKCH-

MaJIbHYIO JIMHENHO HE3aBUCHUMYIO IIOJACHUCTEMY, TaK KaK OIIpeJde/JIUTEe TN

2 1 -2 0 10 —6
—2 9 —4l=|-2 9 —4,
—4 3 1 0 —-15 9
2 1 3 0 10 10
2.9 7=|-2 9 7|,
4 3 —-1| |-0 —-15 —15

COCTaBJICHHBIC U3 KOMIIOHEHT BeKTopoBs a',a?,a® u a',a?, a* coorsercTBEeHHO, PABHBI HYIIIO,

I, CJIeIOBATEIBHO, BeKTOPHL al, a?, a’ u a',a?, a® mneitro 3aBECHMBI.

n\m
Boobrrie rosopsi, cucrema {a'}’; MokKeT cojepKaTh HECKOJIBKO MaK-
CHMAJTBHBIX JINHETHO HE3aBUCHMBIX TIOJICHCTEM, OJTHAKO, CIIPABE/INBA,

2. Teopema. Jhobvie dee MaKCUMAALHBIE AUHETHO HE3ABUCUMDLE
nodcucmemv, cucmemnvi {a’}, codeporcam 0dno u mo gice KOAUMECTNEO
6EKMOPOE.

JTOKABATEJILCTBO. 3aMeTuM, 9TO U3 OIIpeeseHnsT MaKCUMa/bHO
JIMHEITHO He3aBUCUMOW TTOACUCTEMbI HEIIOCPEICTBEHHO BBITCKACT, YTO JIIO-
00t BEKTOD 13 {a —, JIMHEITHO BBIparKaeTCsl Iepe3 BEeKTOPbI €€ MaKCHU-
MaJIbHOI JIMHEITHO He3aBUCUMOI IIOJICUCTEMDbI {a“f}k:l. Benencrsue ouve-
BUJIHOI'O paBEeHCTBA

CIIpaBEIJINBO 1 O6paTHO€ T. €. CUCTEMa {CL 14 Jirodast ee MaKCIMaJIbHast
JIMHEITHO He3aBUCHUMAasd IIOJICUCTEMAa S9KBUBaJICHTHDI. Ho TOor1a, O94€BU/IHO,
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SKBHUBAJICHTHBI 1 JIFOObIE JIBe MaKCHUMaJIbHbIE JIMHEITHO He3aBUCHMbIE 11O/
CHUCTEMBbI CUCTEMBI {ai . Orcrona B cuny ciegersud 6, ¢. 125, BeITeKaer,
YTO JIIOOBbIE JIBe MaKCHUMaJIbHbIE JIMHEHHO HE3aBUCHUMbBIC ITOJCUCTEMbl CHU-
crembl {a’}™ | UMeIOT paBHBbIe KOJMYECTBa BeKTOpoB. [

3. [Tlosyuennnlit pe3ysibTaT MO3BOJISIET BBECTH CJIEIYIOINIEE OIpeie-
jgenune. Paneom cucmemn, 6exmopos pocTpancTBa X Ha3bIBAETCs KOJIU-
4eCTBO BEKTOPOB €€ MaKCUMaJIbHOI JINHEITHO HE3aBUCUMOIl 10JICUCTEMBI.

Hampumep, pamnr cucreMbl BEKTOPOB a1, Gg, G3, (4, IPUBEJCHHO Ha
c. 126, paBen aByM.

KosmiecTBo JimHeiiHO HE3aBUCHMBIX BEKTOPOB IpocTpancTsa C" He
npesocxoanT n. [losromy panr Jiro6oit cucrembr Bektopos u3 C" He mpe-
BOCXOJTHT 7.

deno, uro cucrema BekTopor {a'}™, J06Oro JMHEHHOrO MPOCTPaH-
crBa X JIMHEHHO He3aBUCHMa TOT/a W TOJHLKO TOIJIA, KOTJIA ee PAHT pa-
BEH 7M.

§ 7. OproronajbHbIEe cucTeMbl BeKTOpoB. Marpuna I'pama

1. IlpuBesieM BO MHOTUX C/Iydasx yA00HBIN KpUTEpUil TMHEWHON He3a-
BIUCHUMOCTHU BEKTOPOB €BKJ/IIJI0Ba IIPOCTPAHCTBA.

[Iycts nana cucrema BekTopos {a'}!™, eBK/IMI0Ba MpOCTpaHcTBa X.
[TocTponM KBaJIpaTHYIO MATPUILY

(7.1)

nopsiaxa m. Marpura G maspiBaercs mampuyet I'pama’) cucreMbl Bek-
topos {a'}" .

Ormernm, uto nockosbky (a¥, al) = (al, a*), To marpuna ['pama smo-
Ooit cucreMbl BEKTOPOB — 3pMuTOBa Marpuia (em. ¢. 107).

1.1. Teopema. /[as mozo, wmobv cucmema eexmopos {a'}i, oviia

AUHETHO HE3aB8UCUMOT, HEOOT0OUMO U JOCMamOouHo, ¥mobv, ee Mampu-
ua I'pama O6viAG He6bIPoIHCIerMOT.

JTOKABATEJBLCTBO. Ilycrs marpuiia ['pama G HeBbIpoxk ieHa. Toraa
cucrema BekTopos {a'}” | suHelHO He3aBucuMa. JleficTBuTeIbHO, ecoin

ziat + 290 + - - + za™ = 0,

DTlopren Ieaepcen I'pam (Jorgen Pedersen Gram; 1850 — 1916) — marckuii MaTeMaTnK
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TO
(10> + 290> + - + 2pa™ a") =0, k=1,...,m.

3alucobiBasi 3TH PaBEHCTBa 0oJiee OAPOOHO, IOJIydaeM

zi(a',a) + zo(a®, a®) + -+ 2 (a™d®) =0, k=1,...,m. (72)
Cucrema (7.2) — ofiHOpOJIHASI CHCTEMa YPABHEHUH OTHOCHTEIHHO HEn3-
BECTHBIX X1, L3, ..., Ty, ¢ Marpuneit G. [lockonbky marpuna ['pama G
HEBBIPOK/IEHA, CHCTEMa MMeeT TOJbKO TPUBHAJLHOE PEIIeHne, CIeI0Ba-
TEJILHO, T1, T, - .., Ty = 0. O6paTHo, mycTh cucreMa BeKTOpoB {a’},
JnHelHo He3apucuMa. CocTaBUM JIMHEHHYI0 KOMOMHAIIUIO CTOJIOIOB MaT-
punibl G ¢ HEKOTOPbIM KO3 DUIMEeHTaMI T, Lo, ..., Tpy,. lIpupaBHUBas
9TY JINHEHHYI0 KOMOMHAIIMIO HYJIIO, TOJIYYIM

ri(a',a®) + xy(a® d®) + - xp(@™,d") =0, k=1,...,m. (7.3)

YMHOXKUM IIOYJIEHHO PABEeHCTBO C HOMEPOM k Ha T, 3aTeM CJIOKUM
MOYJIEHHO TTOJTydeHHble paBeHcTBa. [locie semenTapHbIX MpeodbpazoBa-
HUIT CMOZKEM HallncaTb, YTO

m m
g xkak,E zpat | =0,
k=1 k=1

CJIEJIOBATEIBHO,
r1a' + 190”4 - + 0™ = 0. (7.4)

[TockonbKy cucteMa BekTopoB {a’}™ | nnneiino nesapucuma, To u3 (7.4)
BLITEKAET, 9TO T1, X3, ..., Ty = 0. Takum obpaszom, MbI TOJIYUIUIN, ITO
ecJIl JinHeliHasi KoMOMHaIus ¢TOJI0I0B MaTpullbl (G obOpalliaeTcs B HYJIb,
TO Bce KOI(DUIMEHTHI 9TOi JIMHEHHON KOMOWHAIUN PaBHBI HYJIIO. ITO
O3HA4YAET, UYTO CTOJIOIBI MaTpulibl G JINHEHO HE3aBUCUMBI, T. €. MaTpU-
1a G HeBLIpOXKIeHa. [

I[TPuMEP. Uccnenayem Ha JUHEHHYIO 3aBUCUMOCTD BEKTODBI
1 =(1,3,3,1,-2), 2°=(3,3,1,-3,2), 2%=(1,3,-1,1,3)

mnpocrpancTsa R®. BBeseM Ha 9TOM IIPOCTPAHCTBE CTAHIAPTHOE CKAJISIPHOE IPOH3BEICHNE 1
cocrasuM Marpully I'pama Tperbero nopsiaka G = {(z*, z7) Brrmostasist aemMeHTapHbBIE
BBIYUCJIEHUS, TIOJIYIUM

ij=1'

24 8 2 6 2 1 0 —40 —125
G=1| 8 32 14|, det(@)=2"12 8 7[=2"0 -6 — 35|=2%.650,
2 14 21 1 7 21 1 7 21

T. €. BEKTODbI (171, 172, 333 JINHEMHO He3aBUCHUMBI.
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2. Cucrema BEeKTOPOB {a'}/| HA3BIBAETCH 0PMO2ONANLHOT, €CITH BCe
BexTopel a', i = 1,2, ..., m, ne mym u (a’,a”) = 0 npu i # k.

Marpuna ['paMa OpTOroHAJLHON CHCTEMBI — JAMArOHAILHAS HEBbI-
poxkiennas MaTpuia. O4eBnHO, OPTOrOHAIbLHAS CUCTEMa JIMHEHHO He3a-
BUCHMA.

Cucrema BekTopoB {a'}?, HazbIBAaETCA OPMOHOPMUPOGANHOT, €C-
m (a',ak) = 8y, nns i, k = 1,2, o,

Marpuna I'pama 0pTOHOPMUPOBAHHOI CHCTEMBI — €IMHIYHAS MATPH-
na. Bece BeKTOPBI OPTOHOPMUPOBAHHOI CUCTEMBI UMEIOT JIIMHY, PABHYIO
eJIMHHIIC.

§ 8. IIpomnecc oproronam3aiuu I'pama — ITImuara

1. Teopema I‘paMa — IMImuaral). Beakas aunetino nesasucu-
mas cucmema {a' i, sxeusasenmmua HEKOMOPOT OPMONHOPMUPOSAHHOT
cucmeme {b'}7 =1 npuyem eexmop bl mooicno ewbpams nponopyuonant-

HUM 6EKTIOPY CL .

JTIOKABATEJBLCTBO. Ilonoxxum h! = al, h? = x271h1—|—a2. Bektop h'
e HyJb, TIOCKOJIBKY BEKTOpP @' Kak 3/JeMeHT JMHEHHO He3aBUCHMOil CH-
cTeMbl He Hy/b. IIpu J1060M 3HauYeHnn Ta; BeKTOp h? Takxke He HYJIb,
IOCKOILKY h? — snmHeiinas KOMOMHAIS JIMHEHO HE3aBHCHMBIX BEKTO-
POB, MpHUYEM OJIMH U3 KOIDMUIIMEHTOB ITON JUHEHHON KOMOWHAIINN He
paBeH HYJIO (OH PABEH eJIMHHUIIE).

Bribepem Terepb Unciio a1 Tak, 9Tobbl BekTop h? GblLI opToroHasen
BekTopy h'. BamucoiBas 310 yeaosue, noayunm 0 = xo; (ht, hl)+ (a?, hl),

otkyna xo1 = —(a? h')/(h', h'). Nrak, nocrpoensr BexToper h', h* Ta-
kue, uro (hl, h?) =0, h', h? # 0.

IIpe oo KM Terephb, 4To HocTpoeHsl BekTopsl hl, h?, ..., h* Ta-
kue, ato h', k%, ..., RF A0 u (R, W) =0 mnai # j, 6,5 =1,...,k.
Byzem pasbicknsarh BekTop h* ! B BIIIe

k+1 1 2 ko k+1
¥ = zpq1ah + Tpp1oh” + -+ wppph” +d (8.1)

IIpu oObIx 3HAYEHUAX KOIMDOUIUEHTOB Tji11, ..., Thilk BEK-

top h**! e myib. B camoM jesie, 10 HOCTPOEHMIO BeKTOpr h', h?, ..., hF

JIMHEITHO BBIPAZKAIOTCH IepPe3 BEKTOPDHI CHCTEMBbI {a'}m A HpI/I‘{eM TaK, 4TO
B BbIpazKeHUe JIJIs BeKTopa h’ BXOIAT BEKTOPLI CHCTEMBL {a’}™, ¢ HOME-
pamu, He mpeBocxojsduMu j. OTcro/la BBITEKAET, UYTO BeKTop RFF1 ectn

JIMHelHas] KOMOUHAIINS JIMHEHO He3aBUCHMBIX BeKTOPOB a', a2, ..., a¥ !,

D3pxapzs MIvuar (Erhard Schmidt; 1876 — 1959) — nmemenkuii MaTeMaTuK.
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npuaeM BeKTop af ! BxomuT B 9TY sMHEiHYI0 KOMOHHAIIIO ¢ KO3bduIm-

€HTOM, PpaBHbLIM CJIMHUIIC.

BribepeMm umcia Tpi11, Tht1,2, -- -, Thilk TAK, YTOOBI BEKTOD pA+1
ObLI OPTOrOHAJICH Y7Ke TOCTPOEHHbIM BekTopaM h', h?, ..., h*. Tlociemo-
BATE/ILHO BBIIOJHsIsl 3TU yeJloBusd, HaiijieM Ty, 11 = —(a® ™ )/ (kY hY),

_ k1 7,2 2 12 _ k+1 1k k pk
xk+172__(a 7h)/(h7h>7-"7xk‘+1,k__(a 7h)/(h7h)
IIponoszKas onmucannblil Iporecc, HOCTPOUM OPTONOHAJILHYIO CUCTEMY
HenyseBbix BekTopos {h'}" . [lomaras 3arem

b= (Ih)7MhE i=1, ..., m, (8.2)

10JIy4MM OPTOHOPMUPOBAHHYIO CHCTeMy BeKTopos {b'}7 .

Kax ObLI0 ycTaHOBJIEHO BbIlle, cucTeMa BeKTopos {h'}™, muneiino
BbIpazKaeTcs depes cucremy sextopos {a’}L,. @opmyra (8.1) mokasbi-
BAET, UTO CHCTeMa BeKTOpoB {a'}!™ | JIMHEHHO BBIpAasKAeTCs Yepe3 CHCTe-
My BekTopos {h'}™,, dopmysa (8.2) nokaswiBaer, uTo cucrembl {b'}7
{hi}™ | sxkpusaienTHbl. TakuM 06pasoM, Bce TPU paccMaTpUBaeMble CH-
CTEMBI BEKTOPOB TOMAPHO SKBHBAJCHTHEL.

BameTnM, HaKOHell, YTO BeKTOpbl a', b IpONOPIMOHAIBLHBI, TAK KaK

1o nocrpoennto bt = (|at])tal. O

SAMEYAHUE. /lokazaTebecTBO TeopeMbl 1 KOHCTPYKTUBHO. OHO cO-
JIEPZKUT OIUCAHUE CIIOCO0a MOCTPOEHMs 110 JII0OOI JINHEITHO He3aBUCUMOI
cricTeMe SKBUBAJIEHTHO! OPTOHOPMUPOBAHHOM CUCTEMbI. DTOT METOJI Ha-
3BIBACTCA NPoueccom opmozonasuzauuy I'pama — I[HImudma. Cremnyer,
OJIHAKO, UMETb B BHJIy, YTO B BBIYUCIUTE/NbHON MPAKTUKE IIPOIECC Op-
toronasim3arun ['pama — IIMujra ucrob3yeTcss 09eHb PeJIKo, TaK Kak
OOBIYHO OH TIOJIBEPZKEH CUJIBHOMY BJIUSTHUIO MOTPEITHOCTENH OKPYTJICHHS.

[TPuMEP. damb momunomel Qo(z) = 1, Q1(x) = z, Q2(z) = 22 BemecTBennoi MHepe-
MeHoit z. Vcnmonbayst MeTon oproronanmsaiun ['pama — HImuara, mocrponm nosnHoMb P,
Py, P, uyneBoii 1iepBoii u Bropoii cTelenn, COOTBETCTBEHHO, OPTOHOPMUPOBAHHBIE B CMbIC/IE
CKAJISIPHOTO IIPOU3BEEHNUSI, OLPEIE/ISIEMOro (hOPMYJIOi

1

(f,9) = /f(:v)g(x)d:c

—1
[IpoBosst BeruncieHus B coorsercrBuu ¢ Merogom ['pama — [vupgra, monyunm Py = Qg = 1,

1 1 -1

Py(z) = Qi(z) — ]so(x)/Ql(a;)]Sod:c / P2 (z)da =z,

-1 —1

2(2)dx -

.
&
I
O
[N}
o)
|
=
=
O
[N}
&
s
IS8
8
}—‘\H
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1 1
_ Py(2) / Qo () Py / P2(2)de | = a?—1/3,
—1 1
~1/2 1 ~1/2

2a)de | =1/V2, Pi(x) = Pi(a) / P2 (x)de | = x\/3)2,

1

1 -1/2
5 P2 L /5, 9
Py(z) = Py(x) s (z)dx =3 5(3:{; —1).
1
AHajlorndHO, MOXKHO CTPOUTH MOJIMHOMBI Oojiee BbICOKUX cremneneii Py(x), ..., P,(x),
IIPUMeHsIsl TIporiece oproroHaim3armu ' pama — Ivuara K momuaomam 1, 2, 22, ...,z upn
[IPOU3BOJILHOM I1eJIOM TostoxKuTessbHOM 1. [losuaomer Py(x), Py(z), ..., Py(z), . .. Ha3bBatoT

noauromamu Jdescarndpa® . Cupaseymsa Tak HazbiBaeMast gopmyaa Podpuza?

[2k+1 1 dF

YHOPAXKHEHUE. Wcnonb3ys dopmyiny Pompura u dopmyiny WHTErpupoBaHUs MO Ua-
CTSM, 1I0Ka3aTh, YTO

1
/Pk(x)Pl(x)dac:O upu k #1, k,1=0,1,2, ... (8.4)
-1

§ 9. Koneunomepuble JIMHETHbIe TPOCTpPaHCTBa. ba3uchbl

1. Basucer B npocrpancrse C". Besikast inneiiHo He3aBUCHMasT CH-
crema {e*}?_, (cocrosiiiag U3 N BEKTOPOB) HA3bIBAETCA OA3UCOM IIPO-
crpancTBa C". EnnHIYHBIE BEKTOPLI {ik}zzl 00pa3yIoT TaK Ha3bIBacMbIi
ecmecmeentviti basuc npoctpancTea C".

I3 cpoiicrBa 8 onpejenureseii (cm. ¢. 79) BbITEKaeT, 4TO Jist TOTO,
uTo6b1 cuctema {e*}1_, C C" 6biia 6a3ucom, HEOBXOANUMO U JIOCTATOUHO,
9TOOBl MATPHILA, CTOJIOIAME KOTOPOH CJIyzKaT BEKTOpHI €', e, ..., e,
ObLiIa, HEBBIPOXKJIEHHOIA.

Ecnu B npoctpancrse C" BBeIcHO cKaJIIpHOE IIPOM3BEICHIE, TO MOXK-
HO I10JIb30BaThCs CJIEIYIONINM KPUTEPUEM: JIJIsi TOrO, UTOObI CHCTEMa N
BEKTOPOB Oblila, 0a31coM, HEOOXOJIUMO M JOCTATOYHO, UYTOOBI MaTpu-
1a ['pama 9Toii cucreMbl ObLIa HEBBIPOXKIEHHOII.

U A nipuen Mapn Jlexxamp (Adrien-Marie Legendre; 1752 — 1833) — dpanirysckuii MmaTeMaTuK.
2)Bemxxamen OJien Ponpur (Benjamin Olinde Rodrigues; 1794 — 1851) — ¢dpaniysckuii mare-
MAaTHK.
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B nynkre 3, §5, c. 124, daxkrmdeckn, OBLIO IOKA3aHO, UITO e€C-
m &, = {eF}_, ecrb 6azuc npocrpancrsa C", To moboit sektop x € C"
MOZKeT OBITh IPEJICTaBJIEH B BHUE JUHEIHO! KOMOMHAIIIN

=& + 62+ 4 £ (9.1)

Kosdpdurmenrot jinneiinoii kombuaaium (9.1) 0fHO3HATHO OTPeIe/ITIOT-
Cd 110 BEKTOPY & U YJAOBJIETBOPAIOT KPaMEPOBCKON CHUCTEMe JIMHENHBIX
aJiredpandecKnxX ypaBHEHUI

En = . (9.2)

3nech € = (&1,&, ..., &) — crosber; KO3 hDUIIEHTOB Pa3I0KEHNST BEK-
Topa ¥ 1o bazucy {e*}7_,.

2. Koneunomepnnle mpocTpancTsa. JIuneitnoe mpocrpanctso X Ha-
3bIBACTCA KOHEUHOMEPHBIM, €CJIN CYIIECTBYIOT BEKTOPBI

E,={el, % ... "), (9.3)

obpasylolnue JUHEHO He3aBUCUMYIO CUCTEMY B IIPOCTpaHCTBe X, U TaKue,
10 J11000i1 BeKTOp & € X IpeJcTaBUM B BHUJIE JIMHEITHON KOMOMHAIIIN

T = kaek =&, €EeC". (9.4)
k=1

TOBOPAT B 3TOM cJlyuae, 4To BeKTopbl {eF}7_, obpasyior 6asuc npocTpan-
crBa X. Huc/io n Ha3bIBAIOT padmepHocmsio IpocTpancTBa X. JIumHeiiHoe
IIPOCTPaHCTBO X pa3MepHocTu n OyjaeM obo3HadaTh yepe3 X,,. Koaddu-
IUEeHTHI pasyiozkenus &1, &, . . ., &, HA3BIBAIOT K0OPJUHAMAMU BEKTOPA T
B Gasuce {eF}1_,.

2.1. KoopauHatsl j11000ro BekTOopa T € X, OJHO3HAYHO OIIpE-
nensiiorest 1o Gasucy {ef}_ . JleficTBuTesbHo, MycTh HApsy € pas-
noxkenneMm (9.4) cymecrByer pasjoxkenue r = E,€, TOra, OYEBUIHO,
En(& — &) = 0, oTKkyja BCJIeCTBUE JIMHETHONH HE3aBUCHMOCTH CHCTEMBbI
BekTopos {eF}1_, nomyuaem, uro £ = .

2.2. Teopema. B n-mepHoM JIMHEITHOM IMpocTpaHcTBe X, JoOas
cucrema &, = {&"}1_, cocroginas u3 n JMHEHO HE3ABUCUMBIX BEKTOPOB,
SIBJIAETCA Oa3UCOM.

JIOKABATEJILCTBO. JloctarouHo yOeauThecst, 9TO JIHOOOH BEKTOD
x € X, IpeJcTaBUM B BUJie JUHEHHON KOMOMHAIIIN

T = EE. (9.5)
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ITo ompenenenno n-MepHOro MPOCTPAHCTBA B HEM CYIIECTBYeT Oasuc &,.

CirenoBaresbHO, 110001 BeKTOp 13 £, IPEICTaBUM B BUJIE JIMHEIHOM KOM-
OMHaIN BeKTOpoB Oaznca &, MHLIMUI CJI0BaMHU, CyIIECTBYeT KBaJipaTHasl
maTpuna 1 nopsiika n Takad, aro &£, = &,T. Marpuna T HeBbIpOXKIeHa
(em. . 7, c. 125). [ockosbky &, — basuc, cymectyer Bektop & € C" Ta-
Koif, uro x = &,§. [lockonbky mMatpuna T’ HEBBIPOZKIeHa, MOKHO HAHTH
BekTop & € C" Takoit, uto & = TE. B pesysbrare, MoyduM COOTHOIIIE-

Hue T = SnTg = gné Buyia (9.5). O

3. Ecan IIPOCTPaHCTBO He fABJIACTCA KOHEIYHOMEPHBIM, €I'0 Ha3bIBalOT
6€C7§0H6’%HOJ\/L€pH7)LM.

4. Jloboe KOHEUHOMEpHOE JIMHEeiTHOe TTPOCTPAHCTBO X, MOYKHO IIpe-
BPaTUTh B €BKJMJIOBO IIPOCTPAHCTBO. JleiicTBUTEIbLHO, yCTh {ek}zzl —

n n
6asnc mpoctpancTsa X,, r = Y. &el, y = S mpef — anementnr mpo-
crpancTBa X,,. IIpuMeM B KadecTBe CKaJISIPHOIO IMPOU3BECHUS dJIeMeH-

TOB X, Y BEJIMINHY
(z,9) = ) & (9.6)
K1

Herpynno ybenuTbest, 4TO BCe aKCHOMBI CKAJIAPHOTO IIPOM3BEICHUS IIPH
9TOM OYJIyT BBIIIOJIHEHBI.

5. Ilyctb e — Tpom3BOJBHLIN HEHY/IEeBOIl BEKTOp €BKJIHMJIOBa IPO-
crpancTBa X, n > 1. [loHsgTHO, 9TO CyIIecTByeT HEKOTOPLIN BEKTOP fo,
HEIPOIIOPIIMOHAIBHBIN €, 3aTeM MOXKHO yKas3aTbh BEKTODP f3 Tak, 4TOOBI
BEKTOPHI €, fo, f3 ObLIn JinHeitHo HezaBucuMbl. IIpososikast 9TOT 1pO-
1IECC, TOJIYUNM 0a31C IMPOCTPAHCTBA X,,, BKJIIOYAIONIN B ce0sl BEKTOP e.
[Ipumenss 3arem mporece oproronatmsanun ['pama — [MImuara, MoxkHO
IIOCTPOUTL OPTOTOHAJBHBIN Oa3nuc MPOCTPAHCTBA X,,, COJIEPKAINNIT BEK-
TOD e.

6. OrmeruMm, 9TO B IPOCTPAHCTBE X, CYIIECTBYET CKOJBKO YIOJI-
Ho Oasucos. Jeiticrsuresnbno, ecan &, — 06a3uc, TO cUCTeMa BEKTO-
poB &, = &1, e T — npousBoJibHasi HEBBIPOK/IEHHAS MaTPUIIA, TAKKe
sBJIsIeTCst OasnucoM (cM. Teopemy 7, c. 125).

7. IlpuBenem nmpumepbl KOHEYHOMEPHDLIX W OECKOHEYHOMEPHDLIX ITPO-
CTPAHCTB.

1) JIrobble Tpu HEKOMILIAHAPHBIX BEKTOPa MPOCTpaHcTBa V3 06pasy-
ot Oasuc (cm. § 1, rur. 4). [IpocrpancTBo V3 TpexmepHo.
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2) Ipocrpancrea C", R™, odeBmiHO, KOHEIHOMEpHBI. VX pasmep-
HOCTL paBHAa 1.

3) IpocrpancTBo Q, BCeX MOJMHOMOB CTEIEHH HE BBINIE 7 KOHEY-
HoMepHO. KEro pasmepnoctb paBHa n + 1. basumcom B npocrpancTse
IIOJIMTHOMOB CTEIIeHM He BBIIIE 7 SIBJIAETCHA, HAIIPUMEpP, CHCTEMa BEKTO-

poB {1,z, ...,2"}, Tae z — KOMILJIEKCHAs [IepeMeHHAsl.
4) TIpocrpaHcTBO BCeX TMOJIMHOMOB OecKoHeYHOMepHO. JleiicTBuTe b
HO, B HeM JINHEHHO He3aBICHMa cIcTeMa BeKTopos {1, z, ..., 2*} npu smo-

O60M, CKOJIb YIOJIHO OOJIBIIOM, TIeJI0M k.
5) IIpocrpancreo Ca, b] 6eckOHETHOMEPHO, TaK KAK COJEPIKUT TIOJIH-
HOMBI C BEIIECTBEHHBLIMI KO3(MPUIMeHTaMy JTI000r0 IOPsIKa.

§ 10. 3amena Ga3uca

1. Ilycrs & :{ek}zzli E, = {e"}1_, — Gazucwl npocrpancta X,
Kax yxxe ropopuioch, &,, £, — 9KBUBAJIEHTHBIE CUCTEMbI BEKTOPOB, CY-
IMECTBYIOT KBajiparHbie MaTpuiibl 1, T' mopsijika n Takue, 4To

=T, & =ET. (10.1)

Marpuny T" naspisaior mampuyeti nepexoda or basuca &, K bazucy &.
Matpurer 7' u T B3auMHO 00paTHBI. /leificTBUTEIbLHO, IIOJCTAaBJIsISI BbI-
paxkerue jist &, w3 Broporo pasercrsa (10.1) B mepBoe, MoJIy<InM, 9TO

E, =&, TT. Orcrona BejaecTBUe JINHEHHON He3aBUCUMOCTH BEKTOPOB Oa-
3uca BbITekaer (cM. 1. 8, ¢. 125), aro

TT =1I. (10.2)

[IycTb m3BecTHBI KO3(DMUIMEHTHI & pa3/IoyKeHUsT HEKOTOPOI0 BEKTO-
pa x € X, no 6Gasucy {e*}7_,, u nycrb 3ajana marpuna nepexona T
K Oaszucy {ék}zzl. [Tomyaum copmysy g Bbruucienus Kodduimen-
TOB & PABJIOZKEHHsI TOTO K€ BEKTOPa X 110 OA3HCy {e¥}1_ . B coorser-
creun ¢ (9.4) mveer z = E,§, 1o &, = E,T = &, T (em. (10.1), (10.2)),

CJIeIOBATEJILHO, T = SNnT_lf , & 9TO 03HAYaCT, YTO
£=T71¢. (10.3)

ITPuMEP. Ilycrs BekTOpsl €, €2, €3 06pasyror 6a3nc B TpexMepHOM ITpoCTpaHCcTBe Xa3.

Paccmorpum BekTOpBI

el = bel —e? — 263,

&= 2 +3e
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&3 = —2et e+ €3
SannceiBasg 3TH PABEHCTBA B MATPUIHOM BUJE, ITOJIYIHUM £ = ET, tue E = {61,62,63},
£ ={el, e? e},
5 2 =2
T=1[-1 3 1
-2 0 1

Herpynuo Buners, 9To

5 2 -2 |12 -2
detT=|-1 3 1|=[1 3 1|=1,
20 1 0 0 1

1 52 =3

caeoBaTesbHo, Marpuna 1’ HeBbipoxkeHna. [losTomy BeKTOpBI €, €%, €° Takyke 00pa3yroT
6asuc mpocrpancTBa Xs. Paccmorpum BekTop a = el + 4e? — e3. Koopaunaramu sToro
BeKTOpa B basuce £ spisiiorcst uncia &) = 1,§ = 4,83 = —1, .e. a = EE, tie € = (&1,82,&3).
Haiinem Koop/iuHATHI TOrO K€ BEKTOpa, HO B Hazuce €. Boruucium marpuiy 7. Toxyunm

3 -2 8
Ti=(-1 1 -3},
6 —4 17
1, CJIeI0BaTeIbHO,
~ 3 -2 8 1 —13
E=T1=|-1 1 -3 4 = 6],
6 —4 17 -1 —27
T. e. ¢ = —13&" + 662 — 27&3. Mpl namumu, TaKuM 06Pa30M, IIPEJICTABICHIE BEKTOPA ¢ B

basuce £.

2. Marpuna T nepexoja oT JIHOOOI0 OPTOHOPMUPOBAHHOIO Oa3u-
ca {ef}1_| x gpyromy oproHopmuposannomy 6azucy {éF}7_, esxiu-
JIOBa IIPOCTPAHCTBa X, sBJSIeTCs yHUTApHO. B camoMm jese, 3ammchbl-

n
Bast Bropoe pasenctso (10.1) Gosee nojgpo6ro, nostyuum ¥ = S tipel,
j=1

k =1,2,...,n. Berencreue oproHOpMUpOBaHHOCTH Oasuca &, OTCIOJA
[OJIy9aeM, 4To

n n
thkej,ztﬂej = (ék,él) :5kl; k,l=1,2,...,n.
j=1 j=1

[Ipeobpazys jieByI0 9acTh MOCIEHEr0 PABEHCTBA C yIETOM OPTOHOPMU-
poBanHocTu Oasuca &,, OyneM NMeThb, 9TO

n
thkz_fjl:cSkl, k‘,l:l,Z, oo, n,
Jj=1
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a 9To 1 o3HadaeT, yTo Marpura T yaurapaa (cm. c. 108).

BayKHO OTMETHTDL, UTO, KaK CJIEAyeT U3 TOJLKO UYTO BBIIOJTHEHHBIX
BBIK/IAJIOK, CIPABEJIMBO U 00paTHOE yTBEPZKJICHUE, a UMEHHO, ecu Ga-
suc &, OpTOHOPMUPOBaH, a MaTpuia 1 yaurapha, To 6asuc &, = &,T
TaKzKe OPTOHOPMUPOBAH.

§ 11. PazjoxkeHue BeKTOpa mo 6a3mcy e€BKJIUI0BA
IMPOCTPAaHCTBA

B eBxkimoBoM mpocTpaHcTBe X, BBIYUCIEHIE KOYMQUINEHTOB pa3-
jnozkennst Bektopa ¥ € X, 1o Jobomy Gasucy {ef}_ | mozxHO cecTn K
PEIIeHnIo KPaMepOBCKOI CHCTEMbI JIMHEHHBIX aredOpaniecKux ypaBHEHHT
C 9PMUTOBOI MaTpuiieii. leficTBUTE/IbHO, YMHOXKUM 00€ YacTU PaBeHCTBA

fret &P+ e =1

CKAJIAPHO Ha BEKTOp €', 3aTeM Ha BEKTOp e’ ; T. JI. 1, HaKOHell, Ha BeK-
top €”. Ilomyunm cucremy ypaBHeHNI

(617 en)& + (627 en)€2 +oeet (en, en)gn - (xa 6n)7

MaTpuieil KoTopoii ciyxkut Marpuiia Ipama Gazuca {e*}7_,. Haubosee
IIPOCTO 3Ta, CHUCTeMa pelaeTca B cjydae, Korja 0a3uc opToroHaJjeH, T. e.
Korja Marpura ['pama JuaronajbHa. B 9ToM ciaydae moaydaem

&= (z,e")/ (" "), k=1,2, ... n. (11.1)

Kospdpurmenter (11.1) naspisatorcs xoadduyuenmanu Pypve?) Bexro-
pa & OTHOCUTE/IHLHO OPTOrOHAIBLHON CUCTEMbI {ek}Zzl. Otmernm, 9TO ec-
au 6asuc {ek}gzl OPTOHOPMUPOBAH, TO JJIsI JIIOOOTO BeKTopa T € X,
CIIPABEJIJINBO PA3JIOYKEHHE

n

xr = Z(aﬁ,ek)ek. (11.2)

k=1

D3Kan Barucr YKozed ®ypoe (Jean Baptiste Joseph Fourier; 1768 — 1830) — dbpammysckumit
MaTeMaTuK U PU3NK.
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§ 12. BprumciieHue cKaJIIpHOTO MPOU3BEAEHUS

1. Ilyctb &,y — BEKTOPbI €BKJNJIOBA MPOCTPAHCTBA X, W IIYCTh
u3BecTHbI BeKTOphI &, 711 € C" Ko3ddunnenToB pas3ioxkeHuit x, y 1o da3u-
cy E, e x =&, y=E&E,n. Torna

(o) = (D&, Yome) = 2 Gmlet,e) = (G&m),  (12.1)

k=1

rjie G — marpuna ['pama 6a3uca &, ckoOkaMu B MpaBoil 9acTi paBeHCTBa,
0003HAUEHO CTaHJIAPTHOE CKaJisipHoe IpousBejienne B npoctpanctee C”,
CJICJIOBATETHLHO, JIJIsl BBIYUCJICHUST CKAJISPHOTO IpousBeaeHus (x,y) mo-
CTATOYHO 3HATH KOI(MMUIIMEHTHI Pa3/IoXKeHus BEKTOPOB T, Y 10 0a3ucy u
maTpuiy ['pama sToro 6asuca.

2. B cayuae, Korjia 6a3uc OpTOHOPMHUPOBAH, MOJIyJdaeM
n
(2,9) = Y &l (12.2)
k=1

Taxum obpaszoM, cKaJsipHOE IPOU3BE/IeHIE BEKTOPOB MOXKHO IOJICUUTATH
KaK CTaHapTHOE CKaJIIPHOE IIPOU3BejieHne KoM (MDUINEHTOB Pa3/I0zKeHNsT
9TUX BEKTOPOB 110 JTIOOOMY OPTOHOPMHUPOBAHHOMY Oa3UCY.

§ 13. IIpumepnbl 6a3ucoB

1. IIpumepnl opToroHa/bHbIX 6a3ucoB B npocrpancrse C™.

1) Ecrecrsenupiii 6azuc {i*}7_,. On opToHOPMUPOBAH OTHOCUTE/IHLHO
CTAHAPTHOTO CKAJISPHOTO TpOn3BeieHus (mokazxuTe!).

2) Basuc @ypve. Ham yno6HO OyieT HyMepoBaTh ceiidac KOMITOHEHTHI
BeKTOpa n OasucHbie BeKTophbl oT 0 10 n — 1. Ilycrh

2k 2k
k. = (cosi+z'sini), k=0,1,...,n—1,
n n

eCThb KOPHU CTereHr k 13 eJIMHUIbI, ¢ — MHIMas ejnania (em. § 1, rr. 3).
kyn—1

Beejiem B paccMoTpenue cucteMy BeKTOpoB { "} }—0> KOMIIOHEHTDBI KOTO-

PBIX BBIYUCIAIOTCS 10 (DOPMYIaM

eh=ql, j=0.1,...,n—1, (13.1)
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kn
[TokazkeMm, 4ro BeKTOpPBI {®"}}_; 00pa3yI0T OPTOrOHAJIBHYIO CHCTe-
My OTHOCHTEJIHLHO CTAHJAPTHOIO CKAJSIPHOIO MPOU3BEIEHNsT B IIPOCTPAH-
cree C". BaMeTnm TIpexie BCEro, 9TO ¢y = qF, G@p = ¢ ¥ Tosromy,
BLIYNCIIAS cKasgpHoe npousseenne (¢F, o!), momyamm

n—1
() =S a1 (@) @)+ @) (13.2)
j=0

e p = k— 1. Ilpu k = [, 7. e. upu p = 0, cupaBeJInBO PaBeH-
crBo (9%, ) = n. Ecom p # 0, To cymma B mipasoii gactn (13.2) ectb
PeOMeTpUYeCcKasl TIpOrpeccus co 3HaMeHareseM ¢ . [Ipudem, MOCKOJIb-
Ky |p| = |[k—1] < n, 1o ¢ # 1. Ucnonssys Gopmy.ty jiist CyMMBI TIEPBBIX N
9JIEHOB T€OMETPUIECKOI MTPOTrPEeccnu, TOTyInM

1 n
(qp)]:(qu) —1
< ¢ —1"

n—

(13.3)

<

Ho (qt)? = ¢! = 1, cneosarennno, (¢, o) = 0 npu k # [.
Koaddurmentor Pypoe & pasioxkenus Jjobdoro sekropa r € C” 1o
basucy (13.1),

n—1
vi=Y &aql, j=0,1,....n—1, (13.4)
k=0

B coorBeTcTBUN ¢ (11.1) BBIYHCIAIOTCS, TAKUM 00pa3oM, o (hopMyiam
1 n—1
= (z, o)== g’ k=0,1,...,n—1. (135
&k = (@, 00)/(or, 1) = ; ik (13.5)

Basuc {¢"}1-} npuugaro naswisars asucom Pypve. OH IMIPOKO UC-
TOJIL3YETCsI, HATpUMED, pH MudpoBoil 00paboTKe CUTHAJIOB (3BYKOBBIX,
BIHJICO).

B peasibubix 3ajauax n (310 jjinHa 06pabaThIBAEMOrO CUTHAJA) Be-
JMKO, B CBSI3M C 9Y€M MHCIOJIBb3YIOTCS CIICHUAJBHBIC HPUEMBI 3KOHOM-
HOro BhrumcIeHust cymM Bujia (13.4), (13.5), Ha3bIBaeMble AIropuTMa-
mMu GbicTporo juckperaoro npeobpazosanust Oypee (FFT, Fast Fourier
Transformation).

2. Ilpumepn! 6a3ucos B npoctpancTse Q,, MOJIMHOMOB ¢ KOMILIEKC-
HBIMU KO3 PUImeHTaMu CTereHr He BhIIIe Nn.

1) Ecmecmsernvim 6a3ucom B 3TOM MPOCTPAHCTBE HA3BIBAIOT HA3MNC,
COCTaBJIEHHBIIT U3 cTeneneil HezaBucnMoii iepemennoit {1, z, ..., 2"},
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2) Kak mokaszano Ha c. 86, TIOJIMTHOMBI

B(2) = (z—2)(z—2) - (z—2-1)(z—zn) (2= 2) |
! (27— 20)(z5 — 21) -~ (2 — 2-1)(2 — 2zj41) -+ (2 — 2n)
7 =0,1,2, ...,n, rue z9, 21, ..., Zn — IPOU3BOJIbHbIE IIONIAPHO Pa3-
JINUHBIE KOMILJIEKCHBIE UHC/Ia, TakKyKe 00pasyioT 0asnc B MPOCTPAHCTBE
[IOJIMHOMOB. DTOT 0a31c NPUHATO Ha3bIBATL basucom Jlazpanoica.

3) [Mokazkem, 4TO MOJTUHOMBI

po(z) =1, o1(2) = (2 — 20), pa(2) = (2 — 20) (2 — 21), - - -,
on(z) =(z—20)(z —21) -+ (2 — zp—1), (13.6)
rJIe 20, 21, - - . , Zn — HPOU3BOJIbHBIE IIOMAPHO PA3JIMIHBIE YHCIa, 00Pa3yIOT
bazuc. Kak u B ciydae basuca Jlarpan:ka, 10CTaTOYHO yCTAHOBUTD, ITO
cucTeMa ypaBHEHUl
copo(z;) + c11(z) + -+ enpo(z5) = hy, 7=0,1,2,...,n, (13.7)

uMeeT eJIMHCTBEHHOe pelleHne npu Jiroobbix hg, hy, ...h,, HO 9T0 0YeBUI-
HO, TaK Kak cucrema (13.7) Tpeyrosbha;

Co = h07
co + c1(z1 — 20) = hy,
(&) + 01(2’2 — Z()) + CQ(ZQ — Zo)(ZQ — Zl) = hg, (138)

co+ci(zn—20) + 4 cnlzn — 20) (20 — 21) -+ (20 — 20-1) = Ao,

npuydeM Kodp@UIIMEHTDI, CTOAIINE Ha JUaroHaJM, OTJUYIHbI OT HYyJId. ba-
suc (13.6) wazwiBaior 6azucom Hviomona.

3. llpumepnl opTOroHaJLHBIX 0a3UCOB B IpocTpaHcTBe P, moanHo-
MOB C BellleCTBeHHbIMU Kodddunnentamu. PaccMaTpuBaeTcs MHOYKECTBO
BCex ToJIMHOMOB Bujia P, (x) = a,z™ +a, 12" 1+ ... +ag, rae koaddu-
IIUEHTHI ag, A, - .., Gy — IPOU3BOJILHBIE BEIIECTBEHHBIE UNC/Ia, T MOYKET
IPUHUMATD IIPOU3BOJIbHBIE BellleCTBEHHbIE 3HaUeHus1, n > 0 — dbukcupo-
BaHHOe I1ej10e ducj0. OUeBUIHO, YTO yKa3aHHOEe MHOYKECTBO IIOJIMHOMOB
€CTh BeIlleCTBEHHOE JIMHEHHOe MPOCTPAHCTBO, €CJIM IHOHMMATh OIIepallun
CJIOYKEHUsI JIBYX MOJTMHOMOB U YMHOYKEHHSI ITOJIMHOMA Ha IUCI0 OOBITHBIM
obpazoM.

3.1. Ilomumnomnr Jlexkanapa. Omnpenenum B npoctpanctse P, cka-
JIIpDHOE IIPOU3BejieHne 110 popMyJIe

(f.9) = / f(@)g(x)dz ¥ f,g € P, (13.9)
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Torpma mosmnombr Jlexkauapa Py, Py, ..., P, (em. (8.3), (8.4), c. 131)
00pa3yIoT OPTOroHabHBLIN Oasuc B mpocTpancTse P,.

3.2. Tlomunomsr Yebbimesal). OmpeesnM Tenepb CKassIpHOE TPo-
n3BeJIeHNe B IIpOCTpaHcTBe P, Ipn MOMOIIM COOTHOIIIEHMST

)= [ f@al)==ds VgeP  (1310)

-1

Bsesiem B paccMmorpenne noauromsv. dedviwesa, Tax HA3BIBAIOT OJINHO-
MBI, BBIUHCJ/IIEMbIE [P TOMOIIH CJIEIYIOMNX PEKYPPEHTHBIX (DOPMY.I:

To(x) =1, Ti(x) = x, (13.11)
Tk+1 = QZETk(Qf) - Tk,1($), k= 1, 2, . (1312)

31ech k — cremneHb OJIMHOMA.

Ham morpebyercst siBHast popMmysia Jjisd MOJUHOMOB eOnbImeBa. by-
sieM pasbicknBath snadenne Ty (z) B Buge Ti(z) = AF. Ucnombsya sTo
peJIcTaB/IeHe B peKyppeHTHoit dopmyiie (13.12), mosydum

)\kJrl — 237)\k . )\kfl
OTKYy/a, Iperoaaras, 97o A # 0, IPUXoanM K KBaJIPATHOMY ypPaBHEHIIO
M —22A+1=0

IUIs1 ortpejesiernst A. KopHu sToro ypaBHeHust

)\172 :lez‘\/xQ— 1,

109TOMY (DYHKITHN Tk(/,l)(x) = (x+ Va2 — 1)¥, T,EQ)(x) = (z — V22 - 1),

a CcJIeJIoBaTeIbHO, 1 (PYHKIIUN
Ti(z) = TV (@) + T\ (z),

k=0,1,..., rae ¢, ¢y — IPOU3BOJIbHBIE ITOCTOSIHHBIE, YIOBJIETBOPSIOT
peKyppeHTHOMY cooTHoteHno (13.12). Beibepem ¢;, ¢ Tak, 4T00bI ObLIHN
BBITIOJTHEHBI yeaoBust (13.11):

c1+cy=1,

(61 + CQ)I’ + (61 — 62)\/ 2 —1=nux.

DTladuyruii JIsposua YeGbimren (npousHocurcs Kak «Yebbiués»; 1821 — 1894) — pycckuii ma-
TEeMATUK U MEXaHUK.
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Orcrofia mosrydaeM ¢; = ¢y = 1/2, T. €. TOJIMHOMBI

1 o1 k
Tk(x):§<x+\/:c2—1> +§<:1:— :132—1>, k=0,1,2, ...

VJIOBJIETBOPSIIOT PEKYpPpPeHTHOMY cooTHorennto (13.12) u yeiobusm (13.11).
[Ipu |z| < 1 nosmnomam YebpireBa MOKHO TIPHIATH 00JIce KOMITAKTHBII
BuJI. [losioxkuM B 3TOM citydae x = cos . Torna

1 1
Ti(x) = 5 (cos p + isin )" + 5 (cos g — isin )",
OTKy/la, ucrojb3ysa ¢opmyay Myaspa (em. (3.7), c. 15), moaydm,
aro T (z) = cos ki, mimn

Ti(z) = cos(k arccos x). (13.13)

[Tonmuaombr YebblmeBa OpTOrOHAJIBHBI B CMBIC/IE CKAJSPHOIO IPOU3-
Besenus (13.10). deitcrBurtesbio, ncnosn3yst npejcrasienne (13.13), mo-
JKEeM HallUCaThb, YTO

1
/ cos(k arccos x) cos(l arccos x)
“1

[lorarasg © = cos ¢, HETPY/HO MOJICINTATD, ITO
1
(Ty, T)) = /cos ko coslpdp = 5 /(cos(k‘ + 1) + cos(k — 1)p) dp = 0
0 0
upu k # 1.
Taxum obpazom, nmoymmHOMbI Hebnimena 1g, 11, ..., T, obpa3yioT op-

TOrOHAJIBHBIN OAa3UC B CMBIC/IE CKaJIsTpHOTO mponsseennst (13.10) B mpo-
crpancrse P, MOJMHOMOB ¢ BelecTBeHHBIMU KOIDDUIIHEHTAM.

§ 14. IloanpoctpancTtBa. CymMmMa u 1mepecedyeHue
MOAIIPOCTPAHCTB

1. MnuoxkecTBO L BEKTOPOB JIMTHEHHOTO MPOCTPAHCTBA X HA3BIBACTCH
noonNpPoOCMPAHCMBOM, €CJI U3 TOTO, YTO BEKTOPHI X,y NpUHaIexKaT L,
BBITEKAET, UTO BEKTOD ax + By IpHU JIOOBIX KOMILIEKCHBIX YHCIaX v, 3
TaKKe MPUHAJIEKIT MHOXKECTBY L.
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TpusuanrvHvie TPUMEPDI TOAITPOCTPAHCTB: BCe TPOCTPAHCTBO X SABJIS-
€TCs IOIIPOCTPAHCTBOM; MHOXKECTBO, COCTOAIIEee TOJILKO U3 OJ[HOTO BEK-
TOpa, paBHOI'O HYJIIO, ABJIACTCA HOAIPOCTPAHCTBOM.

[TockoTbKy TIO OTIpeiesIeHnIo HaPsLy ¢ BEKTOPOM X MOJAIPOCTPAHCTBY
JIOJIZKEH TIPUHa/IezkKaTh U BeKTOp 0z, TO BCsKOe MOIPOCTPAHCTBO COJlep-
JKUAT HYJICBOII BEKTOD.

VIIPAYKHEHUS.

1) Iycrs at, a?, ..., a™, m > 1, — npousBoJILHLIM 06pa3oM (UK-

CUPOBaHHBIE BEKTOPBI TpocTpancTBa X. JlokaxkuTe, 4T0 MHOYKECTBO BCEX
JIMHEHHBIX KOMOMHAITIIT x1a1+x2a2+- 4,0 — nognpocTpaHcTBO. [0-
BOPAT, YTO 3TO MOUIPOCTPAHCTBO HAMANYMO Ha 6exmopvl at, a®, ..., a™

2) Ilycrs al, a® — BexTopsl npocrpancrsa X, npuueM as # 0. Muo-
’KecTBO L BEKTOpOB BHJa a' + aa?, Tae a mpoberaeT MHOMKECTBO BCEX
KOMIIJIGKCHBIX 9HCEJI, HA3BIBACTCS NPAMOT, TIPOXOJIATIeil depes TouKy a'
B Hanpasjennn sekTopa a’. [TokasaTh, 4TO MHOXKeCTBO L fBJIAeTCS 11071
IIPOCTPAHCTBOM TOTJIa 1 TOJLKO TOTJA, KOIUla BEKTOPHI al, a? jmmeiino

3aBUCUMDI.

2. Ilycrv L1, Ly — moampocTpaHcTBa mpocTpaHcTBa X. Mmuoxke-
cTBO L Beex BeKTOpoB Buja a'+a?, rue a' € Ly, a®> € Ly Ha3BIBACTCA CYM-
Mot nodnpocmparncme Ly, Lo. Ucnonw3ytor obosuauenne: L = Ly + Lo.

Taxk onpejiesierHoe MHOYXKECTBO L — TOAIIPOCTPAHCTBO. JlelicTBUTE hb-
HO, IIyCTh BEKTOPHI T, y € L. DTO 03HA4YaeT, 9TO CYIIECTBYIOT BEKTO-
pel a', b' € Ly, a?, b* € Ly takue, uro x = a' + a?, y = bt + b2
[Tycthb @, B — 1npoun3BojibHbIE KOMILIEKCHBIE Ync/ia. Toria

az + By = ala' +a*) + B(b' +v?) = (aa' + Bb') + (aa® + Bb%).

[TockonbKy Li — mopmpocTpanctso, Bektop aa' + B3b' nmpunasesxnt L.
To4HO TaK ke, BEKTOp aa’ + [b? npuHAIEKUT Lo, CJIeJ0BATEILHO, BEK-
Top axr + Py npuHagiexRuT L.

3. Ilepecevenue nodnpocmparncme Ly, Lo, T. €. MHOXKECTBO BCex
BEKTOPOB, IIPUHAIEKAIIX KaK L1, TaK 1 Lo, TakyKe SIBJISIETCSI ITOIIPO-
crpaHcTBOM. JleficTBUTE/IBHO, IIYCTh BEKTOPHI T,y € L1 M L. st jir060-
ro KOMILIEKCHOTO YHUCJIa (v BEKTOP Qv TPUHAJIEKUT Kak L1, Tak 1 Lo,
T. e. ax € L1 N Ly. Anajsornyno, jist jiroboro 3 Bektop Py € Ly N Lo, HO
TOra, OYeBUIHO, 1 ax + By € Ly N Lo.

4. Cucrema sexropos {e*}7" C L uasbiBaercs 6asucom noonpo-
cmpancmea L, ecin ona JMHEAHO He3aBHCHMa U JI000iT BekTOp = € L
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NpeJICTaBuM B BHUJie JinHeiinoil koMGunanun sexropos nz {ef} . Uuc-
JIO M TIPU 3TOM OyJIeM HA3BATL PaA3MEPHOCBI0 noonpocmpancmea. Pas-
MEpHOCTbH To/pocTpancTa L obosnadator depe3 dim(L).
[ToanpocTpancTBy, COCTOAIIEMY TOJILKO U3 HYJIEBOIO BEKTODA, Oy1eM
IIPUIIICBIBATE PA3MEPHOCTD, PABHYIO HYJIIO. DTO MOIIPOCTPAHCTBO Oy1eM
obosnadarh depes {0} u HA3BIBATL HYACBHIM NOONPOCTPAHCTIGOM.

YTIPAKHEHUE. OnmcaTb CyMMBI W TI€peCceYeHUsT BCEBO3MOXKHBIX
TIOJIITPOCTPAHCTB TTPOCTPAHCTBA V3.

5. [ljst Toro, 4TOOBI MOAITPOCTPAHCTBO L KOHETHOMEPHOTO ITPOCTPAH-
cTBa X,, COBIIAAAJIO0 ¢ X,,, HeOOXOINMO U JJOCTATOTHO BBIITOJTHEHISA paBeH-
crBa dim(L) = n. CupaBeIiBOCTL 9TOTO YTBEPK/ICHHUs CPa3y CJIeIyer
13 TOTO, YTO JTIOObIE N JIMHEITHO He3aBUCUMBIX BEKTOPOB ITPOCTPAHCTBA X,
obpasytor ero 6asuc (cMm. Teopemy 2.2, c¢. 132).

6. Ouesuno, uto 6azuc {eF}7  moboro nognpocrpancrsa L uz X,

MOZKHO JIONOJIHUTE J10 6asuca {eF}7_, Beero npocrpancrsa X,,. Touno Tax

xe, ecin Ly u Ly — nognpocrpanctsa it Ly C Lo, 1o dim(L) < dim(Ls),
n 6a31C MOANPOCTPAHCTBA L1 MOXKHO JIONOJIHUTD 10 Oa31ca MOAIPOCTPAH-
crBa Lo.

7. Cymma nognpocrpanctB Lq u Lo HazbBaeTCss npAmot, ecjn
ns moboro Bektopa @ = x' + 22 € (L + Ly) ero cocrassioniue
x! € Ly n 2?2 € Ly onpesensioresa oanozHadno. IIpsMas cymma T10ji-
npocrpancTs Ly n Ly obosnagaercs depes Ly -+ Lo.

7.1. Teopema. /[aa mozo, umobwv, cymma nodnpocmparcms Ly, Lo
oviAa Npamot, 1eobrodumo u docmamouro, ¥moodv, U3 PaseHcmesa

'+ 27 =0

ona xt € Ly, 2% € Ly ewmexano, wmo ' = 0, 22 = 0.

JIOKABATEJBLCTBO. Ilyers us pasencrsa z!' + 22 = 0 g o' € Ly,
22 € Ly cuenyert, uto ' = 0, 22 = 0. [TokazKkeM, 9T0 TOrnIa AT JIHOOO-
roxz = x' +x* € (L1 + L) cocrapnstomme v € Ly, 12 € Ly oupeensior-
csl OTHO3HAYHO. [Ipe/InoIoKiuM, 4To CyIIECTBYET €Ile OJHO Pa3/IozKeHHUe
BeKTOpa T, T. €. £ = Z' + &2, &} € Ly, T3 € Lo. Toruma, oueBUaHO,
(zt — 7 + (2* — #*) = 0. Hockonbky zt — 7! € Ly, 2* — % € Lo, T0O
ol — 3! =0, 22 — 3* = 0, caenosarenbho, ' = !, 2 = #2. O6paTHO,
IIyCTh coCTaBJisIomIe J1106oro BekTopa & = o + 22 € (L1 + Lo) onpe/e-
JISI0TCA OJIHO3HAUHO, U IyCTh o' + 22 = 0 j1a kakux-to 1 € Ly, 2% € L.
[Tockosbky 0 + 0 = 0, To orcioza BeITeKaeT, uto ! = 22 = 0. [
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7.2. Teopema. /las mozo, umobv. cymma nodnpocmparcme Ly, Lo
OviAG NPAMOT, 1eobTodumo u docmamouno, wmobw, Ly N Le = {0}.

JIOKABATEJILCTBO. Ilyers Ly N Ly = {0}, 2! + 2% = 0, 2! € Ly,

22 € Lo. Iockosbky 2! = —22, 10 2! € Ly, 3naunt, ' € L; N Lo,

ciaeoBaTenbho, £ = 0, Ho Torma, odesuaHo, n 2 = 0. O6parTHO, IyCTh
x € LiNLy. Tormax € Ly, x € Lo, kpome TOrO, 09eBUIHO, T+ (—2) = 0,
a Tak Kak cymma Lq u Lo npsiMasi, TO BCJIEJICTBIE TEOPEMBI 7.1 moJrydaeM,

aro x = 0, ciegoBarensho, Ly N Ly = {0}. O

7.3. YIPAXKHEHUE. Ilycts L — mpomnsBosibHOE MOIPOCTPAHCTBO
KOHEUYHOMEPHOI'0 JIMHEHHOIo mIpocTpaHcTBa X,. [lokaxkure, 910 CyIie-
creyer noanpocrpancrso M C X, Takoe, uro X,, = L + M.

8. DByunem ropoputh, uro mnojnpocrpaHcTBa L4 m Lo €BKIMJIOBA
IPOCTpaHCTBA 0pmozonaavis (numyt Lyl Lo), ecmun (z,y) = 0 mud
BeeX ¢ € Ly, y € Ly. CymMMy OPTOTOHAJILHBIX MOJIIPOCTPAHCTB OyIeM
Ha3bIBATL 0PMO20HAALHOUT N 0003HAUATEL Yepe3 Ly & Lo.

OproronajibHasi CyMMa sIBJsieTcs IpsiMoii. B camom nese, mycThb
L1 Ly, o' € Ly, 2> € Ly u ' + 22 = 0. B ciuty oproronassaocTn o', 22,
ouesmino, |x! + 22% = |2!? + |2%|?, nosromy |z'|? + |2%? = 0, crenosa-
TesbHO, ! = 22 = 0.

9. llonsTHs NPsIMOIT 1 OPTOTOHAJBLHOI CyMM €CTECTBEHHBIM 00Pa30M
IIEPEHOCSTCs Ha cyIydail JF000ro KOHEYHOI'O JHC/a HOAIPOCTpaHCTB. Tak,
cyMMa oanpocTpancTB Ly, La, . .., Lj Ha3bIBaeTCss OPTOrOHAJILHOI, ecin
OHa €CTh MHOZKECTBO BCEX 3JIEMEHTOB BUJla T = ol 42?4 ~—|—xk, = Lj,
J=12, .. kuLl;LL;nnai#j,i,7=12, ..., k. Teopema 7.1 1erxo
0000IIIaeTCs Ha CIydail JIFo60ro KOHEUHOI'O YNC/Ia IMOAIPOCTPAHCTB.

VIIPAYKHEHUSI.

1) Tlokaxkure, 9TO OPTOrOHAJBHASI CyMMa JIIOOOTO YHC/IA MOMIPO-
CTPAHCTB SBJISICTCS IPSIMOIL, T. €. CoCTaBIsonue 2/ € Li,j=1,2,...,k,
OIIPEJICJIAIOTCS 110 JIIOOOMY X OJIHO3HAYHO.

2) Bepho Jin yrBepzKieHne: cymMma moanpocTpacts Ly+ Lo+« -+ Ly,
k > 2, saBjigeTcs IpgaMoil, ecjin UX IepecedeHrne — HYJIeBOe IOAIPOCTPaH-
CTBO?

§ 15. PazmepHOCTb CyMMBbI MOAIPOCTPAHCTB

1. Teopema. ITycmv L=Ly + Ly + -+ + L, — npamas cymma xo-
newnomepnuix noonpocmpancme Ly, Lo, ..., Lj aunetinozo npocmpan-
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Puc. 1. K Teopeme 2

cmea X. Toeda

dim(L) = dim(Ly) + dim(Ly) + - - - + dim(Ly). (15.1)

JTOKABATEJILCTBO. IIposesem ero jura ciayvas k = 2. g npous-
BOJIBHOTO Kk paccyzxkKaeHnund IIOJIHOCTbIO aHaJIOI'MYHbBI. HyCTb

f17f27"'7fp; g17g27"'7gq (15'2>

ecTh 0a3muchl MoAIpocTpancTB Ly u Lo, coorBeTcTBeHHO. Torma oOben-
HEHHME STUX CHCTEM BEKTOPOB eCThb 6aszuc mojpocTrpancTsa Ly + Lo.
HeiicTeurensno, mus goboro x € Ly + Ls crpaBejnBo IpeacTaBe-
Hie r = o' + xz, riae

' =i f tagfi ot ff € Ly, 2 = Bigt 4+ Bog? + -+ B,9" € Lo,

npudeM, ect ¢ = 0, To ' = 0, 22 = 0, mockosnbKy cymma Ly + Lo

npsmast. Besesersue toro, uro { fFY_ . {g"}1_, — Gasucel, orciona Bbi-
TEKAeT, YTO BCE YUCTIA O, O, - . ., O, B1, B, ..., By — nyin. Taxum obpa-

30M, crucTeMa BeKTOpoB (15.2) jmHeiiHo He3aBucuMa. Terepb cOBEpIIEHHO
scro, uro dim(Ly + Le) = p+q. O

2. Teopema. [Tycmv Ly, Ly — npoudgosvhvie KOHEWHOMEPHDLE NOO-
npocmpancmea auretino2o npocmpancmsea X. Tozda

JTOKABATEJILCTBO. IIpocrpancrso G = L1 N Ly, 04eBUIHO, KOHEY-
nomepno. Ilyers G = {¢'}._, — 6asuc G, u nyctb BekTOopsl Fi = { f}F
JOTIOJTHSIIOT €ro 0 Oasuca mpoctpanctsa Ly, a BeKTopsl H,, = {h'}I", —
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110 6a3uca nmpocrpaHcTBa Lo. O603HaUNM Yepe3 F' moanpocTpaHCcTBO IIPO-
cTpaHcTBa X, HATAHYTOe Ha BEKTOpPBI JFi, a depe3 H — nargnyToe Ha
BeKTOPHI H,,. [lokazkem, 4T0

Li+Ly=F+G+H. (15.4)

JleficTBUTEIbHO, et & € Ly + Ly, To v = o' + 22, rne 2' € Ly, 2 € L.
deno, uro 2t = f+g , 22 =h+g ', tne f € F,h e H, g*,g € G,
careJloBaTesibio, = [+ g+ h, e g = g7 + g- € G. Takum obpaszom,
x € F4+ G+ H. Eme upome jokassiBaercs, uro ecyit © € F+G+ H, o
x € L1+ Ly. Cymma B mipaBoii gactu paBerctsa (15.4) npsmast. B camom
nene, nyctb f+g+h =0,tme f € F, g € G, h € H. [lokaxkem, 910
toraa f,g,h = 0. Umeem f+ g = —h. dcho, uto —h € Lo, a f+¢g € L,
ciepoBaresibio, f +¢g € G, h € G. lonoxkum h + g = g. [onyua-
em f+¢g = 0, npuuem g € G. Ilockonbky cucrema BekTopoB Fi U G
JINHETHO He3aBucuMa, oTciojia BbiTekaeT, ato f = 0, g = 0. CoBepIienHo
aHAJIOTUYHBIC paccyxkjieHns nokasbiBaior, 4yto h = 0, g = 0. Ilo Teope-
me 1 renepb umeeM, uro dim(Ly + Le) = dim(F+ G+ H) = k+1+4+m, Ho
dim Ly = k+ 1, dim Ly = [ +m, dim(L; N Ly) = [. Ocraercs 3ameTuTs,
aro k+1l+m=(k+0)+({+m)—1 0O

3. Caencrsme. [lycmv Ly, Ly — nodnpocmparcmea n-meproz0
npocmpancmea X, npuuem dim Ly + dim Ly > n. Toeda Ly N Ly # {0}.

JTOKABATEJILCTBO. [lockonbky L1 + Ls — TOJIIPOCTPAHCTBO IPO-
crpancrBa X, To dim(Ly + Lg) < n, #o torma (em. (15.3))

§ 16. OpToronajibHas MPOEKIsI BEKTOPA Ha MOANPOCTPAHCTBO

1. Ilyctb L — momampocTpalcTBO €BKJIMIOBA MPOCTPAHCTBa X, & —
BekTOp M3 X. BekTop y € L Haz0BeM HAUAYYWUM NPUOAUNCEHUEM K
BEKTOPY X, €CJIn

lx —y| < |z — 2| ams moboro z € L. (16.1)

2. Teopema. /J[is 2106020 x € X 6 21000M KOHEUHOMEPHOM NOONDO-
cmpancmee L C X cyuwecmsyem eQuHcmBeHHoe HaAUAYYULEE NPUOAUIHCE-
HUe.

JJOKABATEJIBCTBO. Eciim L = {0}, exunHCTBEHHBIM HAMIIY UM
npubsmkenneM K x Oyjer Hyjaesoii Bekrop. Ilosromy jasee mosaraem,
aro L # {0}. Ilycts y, 2 — aBa nponsBosibHbIX BeKTOpa n3 L. [Tosoxknm
h =y — z. fcno, aro h € L, npuiem
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Puc. 2. K jokazarenbcTBy TEOpeMbI 2

(x—z,x—2)=(@—2—h+hor—2z—h+h)=
=(x—y+hx—y+h)=
=(xr—y,z—y)+2Re(x —y,h)+ (h,h), (16.2)

4TO MOYKHO 3aIlUCATH TaK:
lz — 2> = |z —y|* + 2Re(z — y, h) + |h|*. (16.3)
Hepasencrso |z — y| < |z — 2| 9KBUBaJIeHTHO HEPABEHCTBY
2Re(x —y, h) + |h> > 0. (16.4)

Taxum obpazom, Jjist TOro, YTOObI BEKTOP 4 € L OBbLI HAMIYYIINM IpH-
OJIMKeHneM K BeKTopy & € X, HeOOXOJUMO U JOCTaTOYHO, YTOObI JIJIsi
moboro BekTopa h € L BeimosnHsioch HepaeHcTso (16.4). Hepasen-
ctBo (16.4) BeITIOJHEHO J1J1s1 Beex h € L, cie1oBaTe/IbHO, OHO COXPAHSETCST
npu 3amene h Ha thy, tiae hy = (x — y, h)h, a t — BelecTBeHHOE TUCIIO.
[Tpu Takoit 3amene HepaBeHcTBO (16.4) MpUHUMAET BUT

2t|(z — y, h)|* + t*|he|* = 0. (16.5)

Hepagenctso (16.5) M0OKeT ObITH BBIIOJTHEHO /IS BCEX BEIECTBEHHBIX ¢
JINITb TIPU YCJIOBUH, 9TO JUCKPUMUHAHT KBaJPATHOIO TPEXUIEHA B €0
JIEBOI YaCTH HEMOJIOKUTEICH. DTO IKBUBAJEHTHO TOMY, 9TO (x—1y, h) = 0.
Urak, misg Toro 9ToObI BEKTOp ¢y € L ObLT HAMIYUIIUM TPUOTHKEHTEM
K BeKTOpy * € X, He0OXOMMO U JIOCTATOYHO, ITOOLI

(x —y,h) =0 s m0boro h € L, (16.6)

MHBIMU CJIOBAMU, BEKTOD T — ¥ JOJIZKEeH ObITH OPTOrOHAJICH MO IIPOCTPAH-
crBy L. [eomerpuuecku 9TOT BBIBOJ[ BIIOJIHE OY€BHJIEH (CM. puc. 2).

Bekrop y, ymosiersopsioniuii yesiouio (16.6), oHO3HATHO OIpe-
JIeJIsIeTCsT 110 BeKTOpY Z. B caMoM jiesie, IyCTh CyHNIeCTBYeT elHle OJIMH
BekTOp § € L Takoii, uro (r — ¢,h) = 0 mia moboro h € L. To-
ria (y — g, h) = 0 s oboro h € L. Monaras h = y — ¢, noydmnm,
qTo Y = .
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JlokazkeM Terephb, 9TO CYIIECTBYET BEKTOP Y € L, yIOBIETBOPSIO-
muit yesiosuto (16.6). Tlyers {e¥}7 | — 6asuc noanpocrpancrsa L. Yeiio-
e (16.6) SKBUBAJIEHTHO TOMY, 4TO

(x—y, e =0 k=12 ...,m. (16.7)

m .
Bynem uckarh y B BuJe pasjiokenus mno basucy: y = > n;e'. Torma
i=1

n3 (16.7) nosydaem, 9To

(Zmei,ek> = (z,e"), k=1,2,....m.
i=1

Bosee moapobHast 3alnch 9TUX yCJIOBUIl jlaeT CUCTEMY JUHEHHBIX ypaB-
HEHUI

m
Zm(ei,ek) = (z,€"), k=1,2,...,m, (16.8)
i=1

JIUI OTBICKAHUS N1, N2, - - ., Nm. MaTpuiia 3Toit cucteMbl — MaTpuia [ pa-

Ma, cooTBeTcTBYyIoMas Gazucy {e¥} . Dra MaTpua HeBLIPOKIeHa (CM.
teopemy 1.1, ¢. 127), ciegoBarenbio, cucrema (16.8) omHO3HAYHO pas-
permnma ipu JoboM € X, T. e. yeaosue (16.6) 1m03BoJISIET MOCTPOUTH
BekTOp ¥. [

SAMEYAHUE. BekTop y BhIUHUC/IsIeTCs HamboJiee IIPoCTo, Korja Oa-
suc {ef}M | noanpocrpancTa L OPTOHOPMUDOBaH, a UMEHHO, B 9TOM
m
cryqae y = (x,eF)er.
k=1
3. Bexkrop y, yrnosiersopstomuii yciaosuio (16.6), ecrecTBeHHO Ha-
3BAThH 0PMO20HAALHOT NPOEKUUET BEKTOPA X Ha MOAIPOCTPAHCTBO L, BeK-
TOP 2 = & — Y — NEPNneHouryAAPOM, ONYIIIEHHBIM U3 TOYKH X Ha MOJIPO-
crparcTBo L (cM. puc. 2).
Bamerum, uro (x — y,y) = 0, mockoIbKy y € L, ciepoBaTenbHo,
cripaBeTBO TOXK1ecTBO [ludaropa (em. m. 1, ¢. 120)

2 = |z —y* + [y]”. (16.9)

s (16.9) cnenyer, uro |y|? < |z|?. Dro — Tax HasbBaEMOe HeEpaceH-
cmeo Becceas), noxaspisaoliee, 4To [UIMHA IPOEKIMN BEKTOPA HE Ipe-
BOCXOJTUT JIINHBI BeKTOpa (cM. puc. 2).

D®puapux Buisreasm Beccens (Friedrich Wilhelm Bessel; 1784-1846) — memenxuii MaremaTux
U aCTPOHOM.
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4. Ecau cucrema sektopos {e}1 | oproHopmupoBana, To HepaBe-
cTBO Beccenst mpuHnMaer Buj

D @, P <2 YeeX (16.10)
k=1

Pagencrso B (16.10) jocturaercst Torja u TOJIbKO TOrIa, Korga x € L,

m
T. e. Korga x = Y (z,eF)er.
k=1
Ormernm, aro HepaBeHcTBo Kommm — Bymsikockoro (3.2), c. 120,
MOYKHO TPaKTOBATh KaK YaCTHBIN ciydaii HepaBeHcTBa Beccers (16.10),
KOTJIa, OPTOHOPMUPOBAHHAS CUCTEMa BEKTOPOB COCTOUT TOJILKO U3 OJIHOIO

BekTopa el = |y| "y, y # 0.

[TPUMEP. Ilycts L — moMmpocTpancTBo apudMeTHIeckoro mpocrpancTsa R, marsamy-
Toe na BekTophl a' = (—3,0,7,6), a® = (1,4,3,2), a® = (2,2, —2, —2). Haiizem oproronain-
HYIO IpoekImio Bekropa © = (14,—3,—6, —7) Ha HOAIPOCTPAHCTBO L W INEpIeHUKYJISD,
OIIYIIEHHBIH U3 TOYKHU T HA MOJIIPOCTPAHCTBO L.

Bekrops! a', a? juneiiHo He3aBUCHMBI (He IIPONOPIMOHAJIBHBI), BEKTOD a® — numeitHas

KoMOuHaIMs BeKTOpoB a', a2, a umenno, a® = (—1/2)al + (1/2)a?. Tlostomy BexTopnt a', a?

MOXKHO TIPUHSTH 3a 6a3uc moanpocrpancTsa L. KoMIIOHEHTHI 7)1, 72 BEKTOpa Y — HPOEKIINN

BexTOpa T Ha L B 6asmuce a', a? — MOryT GLITH HafiJleHb KAK PelieHne CHCTeMBI ypaBHeHHit
m(at,at) +m(a® a') = (z,a"), (16.11)
m(at,a?) + ne(a?, a?) = (z,a?). (16.12)

Boraucsisas ckaaspHble nponsseenust, moayanm (ab,al) = 9+ 49 + 36 = 94, (a?,a') = 30,
(a?,a?) = 30, (z,a') = —126, (x,a?) = —30. Pemas cucremy (16.11), (16.12), naiizem, aro
m = —3/2,m = 1/2, 7. e. y = (=3/2)a’ + (1/2)a® = (5,2,—9,—8) — oproronambHas
[POEKIMsI BEKTOPa & Ha MoAnpocTpancTso L, z = x —y = (9, —5,3,1) — neprenukyJisp,
OIYIIEHHBI{l U3 TOYKU X HA IOIIPOCTPAHCTBO L.

5. Heymaunbrit Beibop 06a3mca MOXKET BbI3BATH OOJIBITIE BBITHC/IN-
TeJIbHbIE TPYIHOCTH TPHU (PAKTUIECKOM ITOCTPOCHUN 3JIEMEHTa HAMJIYyd-
I1ero NPUOJIMYKEHNUS.

[IpuBejiem cooTBeTcTBylOINii npuMmep. B mpocTpancTBe dyHKIMIT
C'[0, 1] BBegem crassiproe mpoussesenne mo opmyre (2.1); c. 119, mo-
narag, 9ro p(xr) = 1. PaccmoTpum B 9TOM MPOCTPAHCTBE MSATHMED-
HOE TIOJIITPOCTPAHCTBO, HATAHyTOe Ha Oa3uc, oOpa3oBaHHBIN (DYHKIINA-
i go(w) = 1, pi(a) = @, polw) = 2, a(a) = o, @) = 2,
HafijieM Hamydinee npubmkenne K Gynxkuun ¢(r) = 2°,

Matpuma ['pama B 9TOM ciiydae BBIYUC/ISAETCA 3JIEMEHTaPHO:

/gpk(x)gol(x)d:z: =1/(k+1+1). (16.13)
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Crosiber paBoii gactu cucrembl (16.8),; odeBuiHO, cocTonT n3 quces 1/6,
17, 1/8,1/9, 1/10.

ByneMm cuutarh, 9To IpU BLIYACIEHUH OCIEIHEr0 3JIEMEHTa CTOJIOIA
PaBOil YacTH JOMyIeHa ormmbKa, u 3amernM dnciao 1/10 na (1/10) + €.

3

y

0 X
Puc. 3. K npumepy mourn jimHeiiHO 3aBUCHMOrO Oa3mca: CILIONIHASA JIUHUA — (DYHKINAA @,
cuMBosIOM “47 momeden rpaduk IPUOIIZKAIONEro moanHoMa npu € = 5 - 1074, cumso-
oM “¥” — mpu e = 2- 1074

Ha puc. 3 nokasanbr rpacduku byHKIuN @(x) 0 TpUOIUKAIONIErO ee
nosmnoma Py(x) = 1+nz+new? +n32° +nyxt npu pasinunbx sHadeHn-
gax €. Bujno, 910 MaJIbIM MOTPENTHOCTAM, JTOMYIIEHHBIM TPU BLIYNCICHITH
npaBoil dacT (Hen30€KHBIM Ha MPAKTUKE), COOTBETCTBYIOT 3HAUNTE/Ib-
HbIE MTOTPEITHOCTH MPUOIMKEeHUsT PYHKIUN .

[IprawHa KpoeTcs B TOM, 9TO BHIOpaHHBIN HaM1 Oa3uc cTereneil Hesa-
BHUCHUMOII IepEeMEHHOI Ha, CAMOM JIeJIe COCTOUT U3 PYHKITUI, TOITH JIMHE-
HO 3aBUCUMBIX. J[719 TOTO, YTOOBI YyOEIUTHCS B 9TOM, JIOCTATOYHO B3TJIs-
HyTh Ha rpadukn dysknuit 2, p = 1,2, ... Ha orpeske [0, 1]. daxe
npu He oveHb OoJbIMuX P 3Tn rpacdukn O6ym3ku. [losromy marpura cu-
crembl (16.8) okazanmach B JaHHOM CJIydae OJU3KOI K BRIPOXKICHHOMN I,
KaK TOBOPAT, ILJIOXO 00YCTOBJICHHOM.

Marpura ¢ smementamu (16.13), 1. e. MmaTpura Bujga

1 n

Hn — - . 4
nasbiBaeTcst mampuyets Nuavbepma’). Ona 4acTo BCTpedaeTcst B PasiIm-

HBIX pas3jejax MaTeMaTuKu. Y:ke npu n > 10 3Ta MaTpuia okas3bBacTCs

D Hasug Tuas6epr (David Hilbert; 1862 — 1943) — Hemerkuii MaTeMaTHK.



§ 17. OproronajibHOE pa3jio:KeHue eBKJIH0BA IPOCTPAHCTBA 151

HACTOJILKO TIJIOXO OOYCJIOBJIEHHOI, UTO PEINTh Ha KOMIILIOTEPE CHCTEMY
JIMHENHBIX ypaBHEHUII ¢ TaKOIl MaTpUlleil, IpakTUuIeCK, HeBO3MOZKHO.

SAMEYAHUE. O6b1uHO, pub/nzKasi PyHKINN MTOJTHOMAME, UCTIOJIb-
3YIOT OPTOrOHAJILHBIE DA3UCHI, HAIIPUMED, TTOJTMHOMBI Jlexkanapa uan e-
obimeBa (M. c. 131, ¢. 139). B stom ciryuae cucrema (16.8) cranoButcs
JAnaroHaJibHOI.

§ 17. OpToroHajibHOe pa3JioXKeHIe €BKJINJ0Ba HPOCTPAHCTBA

1. Ilyctb L — moJampocTpaHCTBO €BKJIMJIOBA ITpocTpancTBa X. MHO-
JKeCTBO BCEX BEKTOPOB U3 X, OpTOTOHAIBLHBIX L, HA3BLIBAETCS OPTOTOHAb-

HBIM JIONOJIHEHIEM ToIpocTpancTsa L n obosnadaerca depes L. Tlo-
ustHo, uro (L)t = L.

VIIPAYKHEHUE. Jlokazkute, uTo L+ — HOIIPOCTPAHCTBO ITPOCTPAH-
cTtBa X.

2. Teopema (06 opToroHajibHOM pasjoxkenuun). I[lycmo L —
KoHeurnomeproe nodnpocmpancmeo eskaudosa npocmpancmea X, LT —
opmozonasvroe donoanenue nodnpocmparcmea L. Tozda

X=LoL". (17.1)

JTOKABATEJILCTBO. Ilo Teopeme 2, c. 146, jis sroboro x € X cy-
mectByer y € L takoit, ato (x — y, h) = 0 gist siroboro h € L, cienosa-
TeJIBHO, 2 = & — Yy € LT u o = y + z, 4T0 03HAYAET (em. 1. 8, c. 144)
cipaseuimBocTh (17.1). O

[Iycts e € X, e # 0. Obo3nauum depe3 m, MHOXKECTBO BCEX BEKTO-
POB MpocTpaHcTBa X, OPTOrOHAIBHBIX €. HeTpyHo yoemThest, 9To T, —
HOJIITPOCTPAHCTBO IIPOCTPAHCTBA X. DTO HOAIIPOCTPAHCTBO HAZBIBAIOT 2U-
NePnAOCKOCMbIO, OPTOTOHAJILHO BEKTODY €.

Puc. 4. K teopeme 3
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3. Teopema. [lycmov x — npouzsoaviivill, € — HEHYAEB0T 6EKMOPD
eskaudosa npocmparcmea X,. Cyuwecmeyrom 6exmop y € Te U YUCAO [4
makue, wmo

r = pe+vy, (17.2)

npusem [ Uy 00Ho3HaHO onpedessromes no eexmopy . Kpome mozo,
lz —y| < |x—2z| das mobozo =z € T, (17.3)

M. €. Y — INEMEHM HAUAYUULE20 NPUOAUNCEHUA K BEKMOPY T U3 NOINPO-
cmpancemea m, (cm. puc. 4).

VTIPAYKHEHUE. Ciiejiys I0Ka3aTeJIbCTBY TEOPEMbBI 2, JIOKAXKUTE TE€O-
pemy 3.



[VJIABA 7
JInHeiliHbIe orepaTopbl 1 MAaTPUIIbI

§ 1. JIuneiinbie onepaTopsl. /lelicTBust Haa omepaTopamMu

1. Ilycrs X, Y — Jmneiinble NpPOCTPAHCTBA. DyjieM TOBOPUTH,
qTO 33JIAHO 0MOOPadcEnue @ TPOCTPAaHCTBa X B mpocTpaHcTBo Y (Iu-
myT o : X — Y), ecin KayKJI0My BEKTOPY & 13 X MOCTaB/IEH OJTHO3ZHATHO
B cooTBeTCTBIE BEKTOD () u3 Y. ['0BOpAT TakzKe B 9TOM CJIydae, 9To Ha
npocrpancTBe X 3ajaHa GyHKYUA @ CO 3HAUECHUSIMU B IIPOCTPpaHCTBE Y .
[TogepkHeM, 9TO MPH 9TOM, BOOOIIE IMOBOPs, HE KaXKJbIil BeKTOp 13 Y
JTOJIZKeH ObITH pe3yJibTaToM OTOOparKeHnusl HEeKOTOPOro BeKTopa x nu3 X.

OrobparkeHne  Ha3BIBACTCI AUHETUHBIM, €CTN T JTIOOBIX X,y € X
u 00X «, € C

p(ax + By) = ap(z) + Bo(y). (L.1)

B nuneitHoit ajirebpe, mOUTH NCKIIOYNTEIHHO, PACCMATPUBAIOTCS JIN-
HeftHbie oToOparkeHus. OObITHO, MX HA3BIBAIOT AUHETHLIMU ONEPAMOPa-
mu (MM IpocTo omepaTopamu) U 0003HAYAIOT OOJIBITMHU JIATHHCKUAM
oykBamu. CKOOKM B 0003HAUYEHUSIX JICHICTBUS OllepaTopa Ha BEKTOP, €CJIn
9TO He NMPUBOJUT K HejopasyMmeHusiM, He mummyT. Tak, pasencrso (1.1)
IPUMEHUTENBHO K orepaTtopy A samumercs B BUIE

Alax + By) = aAx + B Ay.
I3 onpeenennst JTMHEAHOrO 0TOOPasKEeHNs CPa3y BLITEKAET, UTO
A0=0

J1st Jiroboro omeparopa, A.

Ecym ontepatop JeficTByeT m3 MpocTpancTBa X B MIPOCTPAHCTBO X, TO
IOBOPSIT, 9TO OH JIefiCTBYeT B IIPOCTPaHCTBe X WJIN sIBJISIETCS Npeobpaso-
8aHUEM TTPOCTPAHCTBA X.

[IpuBenemM mpuMepsl OepaTopoOB.

1) Hynesoit omepaTop. DTOT o11epaTop MepeBOUT BCe BEKTOPHI MPO-
cTpancTBa X B HyJeBOI BeKTOp IpocTpancTBa Y. Hysesol omepaTop
obosnagaoT cuMmBoJioMm 0, Tak uro Ox = 0 st Beex x € X.

2) Epunnanbiii (ToxKiectBerHblit) oneparop. Omnepartop, JeficTBYIO-
i B IpOCTpaHCcTBE X, HA3BIBACTCS eJUHUYHBLM, €CJIT OH OCcTaBJisieT 6e3
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N3MEHEHHUsI BCe BEKTOPHI IIpocTpaHcTBa X. EMHUYHBIN orepaTop Oyaem
obosHagarh yepes 1.

3) Omueparop mpoekTupoBatus. IlycTh JMHENHHOE MPOCTPAHCTBO X
ecTb mpgaAMasi cymma mojnpoctpanctB Ly u Lo, Torga KaxKiblii Bek-
top x € X upejicrasuM B Buje ¢ = x' + 22, 2! € Ly, 2% € Ly, npuuem
BEKTOPB! ', o OJHO3HAMHO OIpEeAIoTcsa 10 BeKTopy x. Omnpeneanm
onteparop P, neifcreytomuit 3 X B Ly, nonarasg Pz = z'. [oBopsT, uTo
orrepaTop P ecTb omlepaTop Npoexmuposanus MPOCTPAHCTBA X Ha IMOJI-
npocTpancTBO Ly (mapasiebHo moanpocTpancTtBy Lo). Ecin X — ep-
KJINJIOBO IIPOCTPAHCTBO 1 OHO IIPEJICTAB/IEHO KaK OPTOrOHAJIbHAS CYMMA
nojipocTpancTB Ly u Lo, TO oneparop P HaA3bIBAIOT OIIEPATOPOM 0PMO-
201ANBH020 npoexmuposarus. JlokaxkeMm. uro oneparop P juneen. [IycThb
v,y € Xux="Pr+az% y=Py+y® (3recs 22, y* € Ly). Torna ais
JIIOOBIX 4McesI <, (3, O9eBUIHO, CIIPABEIINBO PABEHCTBO

az + By = aPx + fPy + ax® + By

Benencrsue Toro, uro Li, Ly ecTb HOIIPOCTPAHCTBA, IOJIyYaeM, YTO
aPx+ Py € Ly, ax®+ By? € Lo, nosromy Pax + fy) = aPx + BPy.

4) YMHOXKeHIe MaTpuIbl Ha BeKTOp. Ilycts A(m,n) — npsMoyrosib-
nast Mmarpuna. IloctaBum B coorBercTBUe KazKjaoMmy BekTopy x € C" Bex-
top y € C™ npu nomoru pasencrsa (eM. 1. 5, ¢. 90)

y = Ax. (1.2)

Omnepaliust YMHOYKEHUSI MaTPUIILI Ha BEKTOD — JIMHefiHas olepalust, 1o-
9TOMY cooTHoIenne (1.2) ompesesiseT JUHEHHBI OmepaTop, IeicTByo-
it u3 C"* 8 C™.

2. Ilose3no oTMeTHTh, YTO €cjil B NpOCTpaHcTBe X, PUKCHpPOBaH
HeKOTOpbIi Gasnc {€’}7_;, To onpesensas junefinblit oneparop A, nocra-
TOYHO OIIMCATHL €ro JeficTBIe Ha BEKTOpLI Oasuca, Tak Kak s JIH0O0ro

n . n .
BekTOpa T = » ;¢ nmeem Azx = ) £;Ae’.
=1 =1

3. JeitcrBus max oneparopamu. Ilycrs A, B : X — Y — smHelinbie
oneparopsr; «, f — [dncia. Oneparop ad + B : X — Y, HazbiBaeMblii
Aunetinotl Kombunayueti oneparopos A, B, ompeiesisieTcst COOTHOIIEHUEM

(A + B)x = a(Ax) + (Bx) Vze X (1.3)

[lycrb A - X — Y, B:Y — Z, A B — nuneiinble onepaTopsbl.
Omneparop BA : X — Z, onpeessieMblii COOTHOIIIEHIEM

BAx = B(Ax) Ve X, (1.4)
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HasbIBaeTCsa npouseedenuem onepamopos A, B.

VIIPAYKHEHUE. [Tokasars, yTo orobpazkenusa oA + B, BA — nn-
HeTHbIe OIlepaTOpPBhI.

Anasorndno (1.4) MOXKHO ONpEJENTE TPOU3BEICHNE JTHIOOOT0 THC/Ia,
OIIEPaTOPOB.

YTIPAYKHEHMUE. [lokazars, aTo ecian mpousseaerne omneparopon C,
B, A onpeneneno, To

CBA =C(BA) = (CB)A.

§ 2. O6parHbIii onepaTop

Bynem rosoputs, uro smaelinbiii oneparop A: X — Y umeer obpam-
HLll, ecan cylecTByeT Takoit onepatop B: Y — X, uTo

BAr =z VzeX, (2.1)
ABy=y VyeY. (2.2)

O6parHblii onepaTop, ecjii OH CYIIECTBYET, TaKyKe ABJISAETCS JIMHEHHbIM
omepaTopoM. B camom gene, nyers vy, y?2 € Y, «, B € C. Iomoxnm
vl = Byl, 22 = By? Torma Az! = ABy! = y', A2x? = ABy? = o2
Orcrona

B(ay' + py?) = B(aAxr' + fAx?) =
= BA(ax' + B2*) = ax' + B2* = aBy' + BBy*.

Ecim oneparop A nmeer oOpaTHBIN, TO OH OCYIIECTBJISIET B3aUMHO-
OJIHO3HAYHOE 0TOOparkKeHmne MPOCTPaHCTBa X Ha MPOCTpaHcTBoO Y. [leii-
cTBuTesbHO, ycTh o1, 22 € X, ! # 2. Torna n Ax! # Az?. B camom
e, ecal MpeanoaokuTh, uyto Azt = Ax?, o BAz' = BAx? u, 3na-
ant, ' = 22, Janee, ecim y € Y, To, nonaras r = By, HosydmM,
qro Ax = ABy = y, T. e. BCsIKuil BEKTOp U3 Y SIBJISETCS PE3YJILTATOM
neiicTBust oneparopa A Ha HEKOTODPBIN BEKTOD U3 X.

YIPAKHEHUE. IloxkakuTe, 4UTO JIMHEHHBIH olepaTop He MOXKeT
UMETh JIBYX Pa3JIMIHbIX 0OpATHBIX OIEPaTOpPOB.

O6parHsblil K oneparopy A 6ynem obosradars depes A~!. Hemocpes-
CTBEHHO W3 OIpejle/IeHns BEITEKaeT, uTo ecim oneparop A~ cymecrsyer,
to (A1)~ = A. Oneparop, umeromuii o6paTHbIil, Oy1eM Ha3bIBATL 00-
PATNUMDBLM.
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[Ipumephr.

1) Equauanblii onepatop uMeer obpaTHbIil, mpudem [ 1=1.

2) HyseBoii omeparop, 09eBIJIHO, HE UMeET OOPATHOIO.

3) Omepatop mpoekTupoBanust P Ha MOJIPOCTPAHCTBO L Tpu yciio-
BUM, YTO IOJIIPOCTPAHCTBO L He COBIIAJAET CO BCEM ITPOCTPAHCTBOM X,
HE mMeeT 00paTHOro (jokazkure!).

4) Besikast kBaJiparHas MaTpura A nopsijika n onpejessier JuHelHbIi
orepaTop, neficrBytomuit B npocrpanctse C". Ecin marpuna A HeBbI-
POKJIEHA, TO 9TOT OllepaTop MMeeT 0OpaTHBINH U OH TOPOXKJIACTCA MaTpPH-

neit A~! (em. §7, ¢. 95).

VIPAYKHEHUE. Ilyetb A : X — Y, B : Y — Z — obparu-
Mble oriepaTopbl. [Tokazars, aTo Torma u oneparop BA obpaTum, mpudem

(BA)~! = A8

§ 3. Oneparop pa3JjoxKeHus 10 6a3ucy

[Iycts &, = {ek}Z:1 — Oasuc npocrpancTa X,,. Oupegeanm omepa-
Top, geiicrBytomuit u3 C" B X,,, IpU IOMOIIU COOTHOIIEHHSI

x=EE EeCn (3.1)

OteBn/IHO, UTO TAK OLPE/IE/ICHHBIT oepaTop Juteet. Byiem 0603HaIaTh
9TOT oreparop depes &.
Tockosbky {e*}1_, — Gasuc, To KaxKjoMy * € X,, OJHOZHAUHO CO-

n

orsercTByeT 31eMent & € C" Takoit, uto v = Y. &.eF. Ykazannoe coot-
k=1

BETCTBUE IIOPOKIACT ONEPAmMop pPassodicenus no 0a3ucy, NeiCTBYIONil

13 X,, B C". O6ozHadnm 10T onepaTop 4depes £ 1.
-1
Hemnocpeacreernno u3 onpenpenenns: oneparopoB £ u £ BbITEKAET,
9710

ElEe=¢ veEeC, E€r =2 VzeX,,
T. e. onepaTopsl £, £ B3auMHO 0OpATHSL.

SAMEYAHUE. Berancienne Kod3OPUIMEHTOB Pas3/ozKeHUsT BEKTOpa
110 Oa3ncy 4acTo MPUBOJAUT K HEOOXOIMMOCTHU PEIICHUST KPAMEPOBCKUX CH-
cTeM JIMHEHHBIX aarebpandeckix ypaBaeHnii (M. mpumepsl Ha ¢. 131, 136,
139). Haubosiee mpocto K03 DUIMEHTHI PA3JIOXKEHsT BEKTOPA BHITUCIsI-
I0TCs JIJIsT OPTOHOPMUPOBAHHBIX 0a3MCOB B €BKJIMJIOBBIX IPOCTPAHCTBAX
(em. (11.2), c. 136, a Taxzke mpumepsl Ha c. 137, 139).
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§ 4. NI3oMmopdu3mM KOHETHOMEPHBIX ITPOCTPAHCTB

1. Jluneitnbie npoctpancTBa X, Y Ha3bIBAIOTCA U3OMOPPHHOLMU, €CITH
cyliecTByeT obparumMblit jauHeiinblil oneparop A : X — Y. Uubimu ciio-
BaMU, JIMHEHHbIE TPOCTPAHCTBA N30MOPMHBI, €CJIM MEXKLy HUMU MOYKHO
YCTAHOBUTD JIMHEIHOE B3aMMHOOTHO3HAUHOE COOTBETCTBUE.

[TonsiTHO, YTO OTHOIIEHKME M30MOpU3Ma 00J1a/1aeT CBONCTBOM TpaH-
3UTUBHOCTU, 1, 3HAYHUT, ecjIu 1pocTpancTBa X, Y M30MOP(MHBI IPOCTPaH-
CTBY Z, TO OHU U30MOPQHBI JAPYT JIPYTY.

2. Teopema. Bce koxewHoMepHblE AUHETHDIE KOMNAEKCHDIE NMPO-
cmparcmea 00not u Mot sHce PazmepHoCmu U30MOPPHHL.

JTOKABATEJBLCTBO. OrHortenne n3omopdusma Tpaa3uTubHO. [lo-
9TOMY JIOCTATOYHO YCTAHOBUTH, YTO JIH0OOE KOMILJIEKCHOE JIMHEIHOE PO-
crpaHcTBO X, m3oMopdHo npoctpancTey C". Kak cieayer u3s § 3, jinHeii-
HOE B3aMMHOO/IHO3HAYHOE COOTBETCTBIE TTpocTpancTB X, u C" ocyrecTs-
JISIeT OIIEPATOP Pa3JI0XKEeHUsI 110 JII000MY (hUKCHPOBaHHOMY Oasucy &, 1po-
crpancTBa X,,. [

Touro Tak Ke MOKa3BIBAETCS, IYTO BCE BENECTBEHHbIE JIMTHEITHBIE TTPO-
cTpaHcTBa X, M30MOp(MHBI pocTpancTBy R”.

3. Teopema. Ecau xoneurnomeproie npocmparcmea X, Y udomopgph-
Hol, MO UT PA3ZMEPHOCTIU COBNADAIOM.

JTOKABATEILCTBO. Ilycrs {e¥}7_, — 6asuc npocrpancrsa X, a jin-
HeltHbIl omepaTop A ocylecTB/IsieT B3aNMHOOIHO3ZHATHOE OTOOpasKeHme

n
npocTpancTBa X Ha mpocTpanctso Y. V3 pasencrsa Y. apAer = 0 BbI-

k=1
n
texaet, 9o A > ape’ = 0. JeiictBys Ha 0fe 4acTu MOC/IeHEro paBeH-
k=1
n
crBa omneparopom A~L Gyrem mmern . ape® = 0, orkyaa nosydaem,
k=1
4TO i, g, . ..,0, = 0, T. €. BEKTOPHI {Aek}gzl JIMHETHO He3aBUCUMBI,

U pa3MepHOCTb IIPOCTPaHCTBa Y He MeHbIle 4eM n. MeHsist B 9TOM pac-
CYZKJIEHIN MeCTaMH IIPOCTPAHCTBa X 1 Y, NPUXOJUM K TOMY, UTO UX
pa3MepHOCTH coBlaaoT. []

Taxum obpas3oM, clpaBeInBa

4. Teopema. /s moz20, 4mobv. KOHEUHOMEPHDIE KOMNAEKCHDLE (UAU
BEULECMBEHHBIE) NPOCTPAHCTNGA ObLAU USOMOPPHDL, HE0OT0UMO U Jo-
CMAMOYHO, YMobvL UL PA3MEPHOCTNU COBNAJAN.
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5. Ecan ycranorien nzomopdusM npocTpaHcTB X U Y, TO ¢ TOYKI
3peHNs BBIIOJHEHNS JTUHEHHBIX Olepamuil HaJl nX 3JeMEeHTaMU OHU OKa-
3BIBAIOTCS SKBUBAJIECHTHBIME. TaK, JIMHEHbIC OlepaIlui HaJl JeMEHTaMI
JII0OOT0 KOHEYHOMEPHOTO ITPOCTPAHCTBA, IIyTEM BBEJIEHNsT KaKOTO-T100 Oa-
31Ca BCErJa MOYKHO CBECTU K JIMHEHHBIM OIlepaliisiM Ha IPOCTPAHCTBOM
ancsioBeix ¢Tpok (R" min C"). Takoit mogxo, hakTHIeCKH, HAME yKe
npuMensics B § 1 1. 4, rje ObLIO YCTAHOBJIEHO B3aUMHOOIHO3HAUHOE CO-
OTBETCTBUE MEKJIy BEKTOpaMu (HAIPABICHHBIMI OTPE3KAMHI) U UX KOOD-
JIMHATAMU 1 [IOKA3aHO, YTO JIMHEIHbBIE Ollepalliil HaJl BEKTOPAMI SKBUBa~
JIGHTBI OTlepalisaM HaJl UX KOOPANHATAMI.

§ 5. Obpas oneparopa. fapo omeparopa

1. Ilycts A — smHelHbIH omepaTop, AeCTBYIONINI U3 JMHEHHOIO
IpocTpaHcTBa X B JIMHEIIHOE IIPOCTPaHCTBO Y .

MHOo>KecTBO Bcex BEKTOPOB Y U3 IIPOCTpaHCTBa Y Takux, 9To y = Ax
JJIT HEKOTOPOro & € X, Ha3bIBACTCHA 004acmbio 3HAYEeHUT UAU 00pa3om
omepartopa 1 obosHadaercs depe3 Im(A).

MuoxkecTBO Beex BekTOpoB € X Takux, 9ro Axr = 0, HazbBaeTcs
adpom onieparopa A u obosuadaercs: depe3 Ker(A).

2. Teopema. Mnoowcecmeo Im(A) — aunetinoe nodnpocmparcmeo
npocmparcmea Y .

JOKABATEJILCTBO. Ilyers yb,y? € Im(A). Torma cymecrsyior
o, 2? € X rakue, uro y' = Azt y? = Ax?. Jna moobix a, 8 € C orciona
nostyuaeM, urto ay' + By? = adAx! + SAz* Oueparop A numeen, ciejo-
parenbno, ayl + By? = A(az! + Bz?), noromy ay' + By* € Im(A). O

YIPAKHEHUE. [lokaxkure, uro Ker(A) — muneitnoe noampocTpan-
CTBO IIpoCTpaHCcTBa X.

3. Pasmepnocts nognpocrpanctsa Im(A) C Y, HasbiBaeTcss pan-
eom oneparopa A n obosznadaercs depes rank(A).

Pasmepnocts ajipa oneparopa A HasbplBaeTcs dediekmom oneparo-
pa A u obosnauaercs depes3 def(.A).

4. Teopema. /[asa arwb020 aunetinozo onepamopa A : X, — Y,

rank(A) + def(A) = n. (5.1)

JTOKABATEJIBLCTBO. Ob6o3nauum depe3 M 1OAIPOCTPAHCTBO IIPO-
crpancrBa X, Takoe, uro X, = Ker(A) + M (cm. ynpaxuenune 7.3,
c. 144). Ilo reopeme 1, c. 144, umeem n = def(A) + dim(M). Temneps ¢



§6. Marpura oreparopa 159

y4IeTOM TeOpeMbI 4, ¢. 157, 70CTaTOIHO yCTaHOBUTD, 9TO IIpocTpancTa M
u Im(A) nzomopdubr. st npoussosbioro € X, umeeM z = x° + 1,
rie 2° € Ker(A), 2t € M, cienoparensno, Ar = Ax'. Takum obpa-
30M, Bestkuit smement n3 Im(A) — obpas mekoroporo sjementa u3z M.
Ocrasoch nokasarh, yro ecau Ax' = Ax” nna o' 2" € M, to 2/ = 2,
T. e. omneparop A 0CymecTBIgeT B3aMMHOOAHO3HAYHOE oToOpaxkenue M
na Im(A). Pasencrso A(z' — ") = 0 osnauaer, uro 2’ — 2" € Ker(A).
C apyroii croponsl, M — nogupocrpancTso, nosromy x' — x” € M. Tlo
Teopeme 7.2, ¢. 144, orciona noiaydaem, uro ¥’ — 2’ = 0. O

§ 6. Marpuna oneparopa

1. Ilycrs A : X, — Y, — JauHeiinblil oneparop. @ukcupyem B
npocrpatctse X, 6asuc &, = {e"}1_ | a B upocrpancree Y,, — 6azuc

_ kym
Om =1{q }kzl' .

[TpeacraBum Kazkapiii BekTop Ae’, 1 = 1,2, ..., n, B BIJe pa3joxKe-
Hust 110 6asucy Q,,:

At =3 "d, i=1,2,...n. (6.1)

J=1

Brejiem B paccMoTpeHmne MaTpUILY

ooy
Aoy = ay’ Ay’ ... ay, (6.2)
and ayd . il

(koadburnmenTs passoxenus sekTopa Ae' 1o 6asucy Q,, o6pasyior i-ii
crosber; marpuipl Ag,). Marpuiy A., Ha3bBAIOT Mmampuyets onepamo-
pa A. Ona ogHO3HAYHO onpeessercs onepaTropoM A u basucamu &£, Q,,.

OnepaTop 1 COOTBETCTBYIONIYIO eMy MaTpuIly OygaeMm 0003HavaTh OJI-
HOIT 1 TOIl »ke OYKBOII, HO HabOpaHHOI B pa3HbIX HmipudTax. HuxkHue mH-
JIEKChI B 0003HAYEHNN MaTPHIILI OIIEpATOPa YKa3bIBAIOT Ha OA3MChI, NC-
I0JIb30BAHHBIE JIJIs €€ [TOCTPOEHMUSI.

Coornorrennst (6.1) MoxkHO 3amucaTh 60/1ee KPATKO:

A&, = OpAe. (6.3)
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2. Ilycts x = &£, € X,,, £ € C". IlpeacraBum Ax B Buje pasioxke-
Hus 1o basucy: Axr = Q,,n, n € C™. Torua, ucnosbays (6.3), mosyaum

an = Az = -Agn€ = QmAeqfa

CJIeJIOBATE/ILHO,
N = A (6.4)

Dopmyita (6.4) moka3blBaeT, Kak CBsI3aHbl KOIMQUIHEHTHI PA3ITIOZKe-
HIsT BeKTOPoB & 1 Ax 110 6azucam mpoctpaicTs X, Y,,, COOTBETCTBEHHO.

I3 (6.4) BeITeKaet, uTo ecam Marpuna A., omeparopa A nssecria,
TO 10 3aJIaHHOMY BeKTOpy & € X,, BeKTop Ax € Y, MOXKHO TOCTPOUTH
CJIEYIOIIIM 00Pa30M.

1) Haittu Bekrop & € C" koadpduiineHToB pasjioxkenus  1mo 6a3u-
cy &,. DTO MOXKHO IIPEJICTABUTE B onepaTopHoM Buje: & = £ L.

2) Ymuoxkus Marpuny A, Ha BeKTOp &, nosyuuth Bekrop n € C™
K03 duImenToB pasiaoxkenns saemenTa y = Ax € Y, no 6asucy Q,,.

3) Bbraucmurh 3/ieMeHT y 110 HailIeHHOMY BEKTODY 7], ITO OISATH MOK-
HO 3allucaTh B orepaTopHoii hopme: y = On.

3. CkaszaHHoe BbIIIE O3HAYAET, UTO, UCIOJL3yd oneparopbl &, Q,
OpozK ieHHbIe Oasucamu &£, Q,,, coorHorerne (6.3) MOKHO MPEJICTABUTh
B CJICAYIONINX SKBUBAJICHTHBLIX (POpMAax:

Ay =Q'AE, num A= QA" (6.5)
[TosicauMm, 9To
Al =QTAEE VEEC",  Ar=QA, L 'r Yz eX, (6.6)

Pagenctsa (6.5), (6.6) WLTIOCTPUPYIOT CJIEIYIONHE TUAIPAMMBI:

X, 2. v, X, 2. v,
I A N
cr — C™ cr — C™

€q €eq

Taxkum obpa3oM, eciin B TpocTpaHcTBaxX X,,, Y, (PUKCHPOBAHBI HEKO-
Topble Oasucol &,, Q,,, TO BCIKOMY JHHeHOMY omneparopy A, neicTBy-
formemMy u3 X, B Y,,, OJIJHOBHAYHO COOTBETCTBYET JIMHEHHBII orepaTop,
neficreytomuit u3 C" B C™ (oneparop ymuozxenns Ha marpuiyy Ag, orepa-
topa A B 9Tux 6asucax), u, Ha0OOPOT, BCestKOit MaTpuiie A pazmepa m X n
OJIHO3HAYHO CcOOTBeTCTBYyeT omeparop A, neiicrsyromuii u3 X, B Y, 1
orpeiesieMelit 1o gopmyiae 4 = QAEL.
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4. Ecm A: X, — X, T0
Agn - gnAe; (67)

nJjin

A, =ETTAE, (6.8)
rne A, — marpuna oneparopa A B 6asuce &,.

5. OrmeTuMm JiBa OYEBUIHBIX CJIydasi, KOTJa MaTpUIla OllepaTopa He
3aBUCUT OT BbIGOpa Gasuca: 1) HyJeBoOil orepaTop, ero MaTpura mpu JIo-
6oM BBIOOPE HA3UCOB B IIPOCTPAHCTBAX X, Y, HyJIEBast; 2) TOXKJIECTBEH-
HBIIl ornepaTop, ero MaTpuila — eJUHUYHas MaTpuiia B JiloOoM Oas3uce
IIPOCTpPaHCTBa X,,.

B nampreiimem (cm. teopemy 10, ¢. 164) Oymer gokaszano, dhaxkTmde-
cKHi, obpaTHOe yTBepKaeHne: ecian Marpuia omneparopa A : X, — X, He
3aBHICUT OT BBIOOpa Oasuca, TO CYIIECTBYeT Takoe dncio «, ato A = al,
T. e. oneparop A — 9T0 orepaTop yMHOKEHUsI HA TUCTO (CKAAAPHDIT OTIe-

paTop).

6. Il3 ompejenennst MaTpUILI OEPATOPA CPa3y YK€ BBITEKAET, UTO
nutst 100bIx oneparopos A, B : X, — Y, u g mobwix «, 3 € C

(@A~ BB)eg = aAeq + BBey, (6.9)

T. €. JIMHECHHBIM olepanusAM Ha/J oll€epaTOpaMM COOTBETCTBYIOT JIMHEIHbIEe
Oolepalumn Hal UX MaTPpUIlaMU.

7. Amnajorndnoe Ipu OIpPEIEJEHHBIX YCAOBUSX CIPABEIJINBO U JIJIsl
npoussejienus oneparopos. [Iycts A: X, = Y,,, B:Y,, = Z, A B —
JIMHEIHbIe onlepaTopbl. bynem cuurarh, 4To B ipocTpancTBax X, Y, 4,
sajannl Gasucet {e" 11 {¢" 1, {r*}¥_,, coorsercrenno; Ao, — mar-
puna oueparopa A, By, — marpuna oneparopa B, (BA)., — marpurna
oneparopa BA : X,, — Z,. [lokaxewm, 4To

(BA)ST = quAeq; (610)

T. €. MaTpulla IPpOU3BeJIeHNs OllePATOPOB paBHA IIPOU3BEJIEHUIO MaTPUIL
onepatopos. [leiicTBuresibHO, ipuMensist (hopMyibt (6.5), mosydum

(BA)er = RTBAE = R™'RB; Q™ QAL E™'E = By Aey.

BaxKHO MO UepKHYTh, 9TO 3/1eCh I[PU OMPEJEJIeHN MATPUL OlePATO-
pos A u B ucnonbsosaics ojun u tor ke 6asuc {¢"}, C Y,,. Vka-
3aHHOE COIVIacoBaHue 6a3MCOB OOBITHO MPEJIIIONArAeTCs BBITOJTHEHHbBIM,

IIPUMEPHI.
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1) Onpenenm oneparop A : C* — C* ipu momormu cooTHomenmst
Az = (22,21, 23 + 4, 24)

n1s moboro x = (w1, T2, 23, £4) € C*. IocTpoum MaTpuiy oneparopa A B ecTecTBeHHOM Ga-
suce (cM. c. 131, 115) mpocrpancrsa C*. Mmeem Ai' = (0,1,0,0) =2, Ai% = (1,0,0,0) = ',
A = (0,0,1,0) = 3, Ai* = (0,0,1,1) = 3 + i*, cremoBarenspno, MaTpuna omneparopa A
uMeeT BUJL

2) B TpexmepHOM JinHEHHOM TpocTpancTBe Qo BCEX TOJMHOMOB CTEIIEHU HE BBIIIE JBYX
¢ KOMILJIEKCHBIMU KO3 PUIUEHTAMI OTPEIETUM oreparop 7 mpu TOMOIIU COOTHOIIEHUST
T q2(z) = q2(z+ h) st mo6oro ssementa g € Qg. 3mech h — GUKCHPOBAHHOE KOMILIEKCHOE
qucao (casur). [Tocrponm marpuiyy oneparopa 7, npunmMas 3a 6asuc mpocrpancTBa Qg
mommHOMBL o(2) = 1, 1(2) = 2, pa(2) = 2% Mmeem To = po, T1 = hpo + 1,
Ty = h%pg + 2hp1 + @9, Clle0BaTeILHO, MATPUIla olepaTopa 7 paBHa

1 h h?
0 1 2h
00 1

[osTomy, ecimut qo(2) = ag + a1z + azz?, To Tqa(z) = by + b1z + baz?, re

bo 1 h h? agp aop + hay + h2a2
bi ] =10 1 2h al | = a1 + 2has
by 0 0 1 a2 a2
YIIPAYKHEHUS.
1) Onpenenum B npocrpancree C" Tak HasbiBaeMblil omneparop 7
MUKJIMIECKOTO ¢IBUTa, mojiarast 7x = (X1, Xa ..., Ty 1, To) JJIST KAZKIOTO
r = (xg,x1, ..., Tp—1) € C". locTpourb MaTpPHUILy TOTO ONEPATOpa B

basnce @ypoe (eM. c. 137).
2) Ilycrs T,, — Jsiuneiinoe npocrpancTBo (DYyHKINH BUIA

fo(2) = ao + Z<ak cos kx + by sin kx),
k=1

rie n > 1 — dukcupoBanHoe 1ejoe 4uciIo, ag, ar, b, k =1, ...,n —
IIPOU3BOJIbHBIE BEIECTBEHHBIE YHC/Ia, T MOXKET IIPUHUMATH JIIOObIE Bellle-
cTBennble 3Hadenns. Oneparun cioxKennst GyHKINT 1 yMHOXKeHnus PyHK-
UM Ha YUCJIO Olpejie/IeHbl OObIYHBIM 0OpasoM. [lokasarh, 4To (DyHKINK

1, cosz, sinx, cos2x, sin2x, ..., cosnz, sinnr

obpasyloT Oasuc 3Toro mnpoctpancrsa. [loctpoutrs maTpuily oneparopa
muddepennuposanus Df, (z) = f)(x) B 9TOM Oazuce.
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3) Ilycts P,, — jmHeliHOE TIPOCTPAHCTBO TTOJIMHOMOB CTEIIeH! He Bbi-
e n ¢ BeliecTBeHHbIMU KO3 dunmentamu. Ompeie/iuM Ha 3TOM TTPO-
cTpaHCcTBe JinHeitHblin oneparop A, nonarast Ap,(z) = apl,(x) + bp, s
qoboro p, € P,. 3nech a, b — npousBoJibHBIM 00pa3oM (HUKCUPOBAH-
Hble BellecTBeHHbIe uncia. [loctponts marpuily omneparopa A B 6asu-
ce {1,z,2% ... 2"}

4) Tloctpouth Marpuily orneparopa A, OMUCAHHOIO B IIPeJIbIIYIIEM
npuMepe, mojarag npu 3toM b = (0, TpaKTysl BOBHUKAIOIIUI ollepaTop
Kak oneparop u3 P,, B P,,_1 u npunnmas 3a 6asuc npocrpancrsa Py 0Oa-
suc Teitnopal) {1, (x—c), ..., (z—c)*}, ¢ — npoussosbHOE BemecTBeRHOE
JUCJIO.

5) Ompegennm onieparop K, neiicreytomuit u3 P, 8 P, 1 o dopmyiie

T

Kp,(z) = /pn(t)dt.
0
[locTponts MaTpuiy oneparopa K, npunnmas {1,z, ..., 2"} 3a 6asuc B

npoctpancTse Py.
6) Onpeenm Tak Ha3bIBAEMbIT PA3HOCTHBIN orieparop Ay, 1eicTBy-

fommii u3 Q, B Q,_1 1m0 dpopmyiie
AhQn(z) - QH('Z + h) - Qn('z)a

Q) — IPOCTPAHCTBO HOJMHOMOB CTelleHH He BhIlle k ¢ KOMILIEKCHBIMU KO-
s durmentamu, h — NpPou3BOIbHLIM 00pa30M (PUKCUPOBAHHOE KOMILIEKC-
Hoe unco. [locrponts MaTpuiy onepatopa Ay, npuanmas {1, z, ..., 2%}
3a 0asnc B npoctpancTse Q.

8. Marpuma omeparopa A : X, — Y, ompejeisiercss 3aIaHIeM
6a3ucoB MPOCTPaHCTB X, Y. BBIACHIM, KaK OHA M3MEHSAeTCd MPU W3-
merernn 6Oasucos. Ilycts Hapsity ¢ Gasmcanm {eF}n_ "y, sanann
6azuco {F}7_ {G*}m, u Az — marpuna onepartopa A B 3Tux 6azucax.
Bynem cuntarh m3BecTHBIMU MaTpHUIlLl 1', R miepexoia K HOBBIM DasncaM,
tak arto (cm. §10, c. 134)

En=&T, Qn=QuR. (6.11)

CorJiacHo (6.5), c. 160, umeem A = QAeqé’_l Azg = é‘lAg cJe10Ba-
TesbHO, Azg Q 1QAeq€ 1€ Ha ocropanuu (6. 11) 1tst jioboro € € C”
nMeeM Snf EnTE, nosromy £ = ET, orkyna nonyuaem, ato £~ 1E=T.
AnaJjiornyaso, 010 = RL. Takum obpaszoM,

Asg = RA,T. (6.12)

DBpyk Taiiop (Brook Taylor; 1685 — 1731) — anrmiicknii MaTeMaTuK.
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9. B BaxkHOM 4YacTHOM cjIydae, Korja ornepatop A orodpazkaeT 1mpo-
CTPAHCTBO X,, B celsl, TIOJTydaeM

A; =T AT (6.13)
Kpanparabie marpuiibl B, C, cBa3aHHbIE COOTHOIIIEHIEM
B=D7'CD, (6.14)

rjie D — HeBBIPOXK/IeHHAS MATPHUIA, HA3BIBAIOT nodobHbuMmu. ['oBOPAT erle,
gTo Marpuia B monydena u3 marpuilbl C' IpH HOMOIIH NpeodpasosaHus
nodobu.

Coorrorierne (6.13) mokasbiBaer, 9T0 MATPUIIBI OJHOIO U TOTO Ke
oneparopa A : X,, — X,, B pa3ubIx 0a3ucax 10o00HblI.

10. Teopema. Ecau mampuua onepamopa A : X, — X,, He 3a-
sucum om evibopa basuca 6 npocmparcmee X, MO CYWECMEYEM MaAKOE
wucao o, wmo A = al.

JTOKABATEJILCTBO. Ob6o3naunm depe3s A marpuily omeparopa A B
HeKoTopoM 6aszuce. [ToCcKOIBLKY MaTpHIlbl OJHOIO M TOIO K€ OIepaTo-
pa B PasJIMUHbIX Oasmcax 10100HBl, To A = BAB™!' u, cienosarein-
Ho, AB = BA nna mo60it HeBbIpoxKiennoit marpunnsl B. Ilycts Ejp —
MaTpUIa, y KOTOPOH sjieMeHT B nosuliun (i, k) paBeH eJIUHUIE, a BCe
ocTa/IbHbIE 3JIeMeHThl — Hysn. Marpuna Fj, + 1 — TpeyrojbHas MaTpuia
C HEHYJIEBLIME dJIeMEHTaMI Ha, TJIABHON IMaroHaJil ¥ IOTOMY OOpaTHMA.
Buaunt, A(E;, + 1) = (Ey, + I)A, crenoarenbho, AE;, = Ej A. Bynem
CUINTaTh, 9TO ¢ # k. B JIeBoit yacTu moc/ie{Hero paBeHCTBa, KaK HETPY/IHO
BIJIETH, — MaTPHIla, Y KOTOPOIl TOJILKO k-ii ¢TosIOEI] OT/InYeH OT HYJIsl U
OH COCTOUT U3 3JIEMEHTOB a1, (i, ..., (p;. B MaTpuie, 3alncanHoii B
IpaBoil YaCTU 3TOro K€ PaBeHCTBA, TOJLKO i-s1 CTPOKA, OTJIMIHA OT HYy-
JIsl U OHA COCTOUT U3 JIEMEHTOB (i, A2, - .., Aky. L1O3TOMY yKasaHHOE
PABEHCTBO MOYKET OBIThH BBINOJIHEHO JIMIIL B CJIydae, KO 4 = (g, a
BCE YYACTBYIOIIHE 3/1€Ch 9JIEMEHTHI ¢ PA3IMIAIONINMUICT NHICKCAMI PaB-
HbI HYJI10. Besencrsue nponsBOILHOCT HOMEPOB 4, k 9TO O3HAYAET, UTO
maTpuiia A auaroHajibHa U BCe ee JUaroHaJIbLHBIE 3JIEMEHTBI COBIALAIOT
MexK Ty coboii, T. e. A = al, Ho Torma, oueuano, u A = al. [

§ 7. Marpuma odbpaTHOro oreparopa

1. Tlockosbky det(D™1) = 1/det(D) mis so6oit HEBBIPOZK ICHHO
MaTPHIBL D, TO ONpe/e/uTesN TTOJ00HBIX MATPHUIL COBITJIAIOT. B ¢Bs3H ¢
9TUM MOXKHO Ha3BaTb onpedeaumenem onepamopa A : X, — X, oupe-
JICJTUTENb MATPUIIBI 9TOr0 orieparopa. Takast xapaKTepucTuka orneparopa
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He 3aBUCHUT OT BbIOOpa Oasuca B IPOCTPAHCTBE X, T. €. SABJISIETCI UH-
sapuarmom omneparopa. Omupenennresns oneparopa A Oyaem 0603HAYATE

qepes det(.A).

2. Byunem nasbiBath oneparop A : X, — X, He8uPOHCIEHHBIM, €C-
m det(A) # 0. dyst 106010 HEBBIPOXKIEHHOTO orepaTopa A cytiecTBy-
eT obpatubiit. /leficrBurenbno, pukcupyeM HEKOTOPDIN Ha3uc {ek}zzl u
orpejie/iuM orepaTop B COOTHOIIEHIEM

B=¢cAle"

[Tockombky A = EAL™Y, o BA = AB = £I1€7! = I, 3naunr, onepa-
Top B — obparublii omeparop K omeparopy A.

3. Kak, dakruaecku, ciaejyeT U3 IpeIblIyIIX PACcCy K IeHNI, B JIO-
O6oM Dasice IpocTpaHcTBa X, MaTpuUIlla 00pPaTHOIO olepaTopa odpaTHa K
MaTPHIE NCXOIHOI'O OIIEPaATOpA.

4. Teopema. Ecau onepamop A : X, — X,, umeem obpammoviti, mo
OH HEBBIPOIHCIEN.

5. Teopema. /1 mozo, umobwv. onepamop A : X,, — X,, umen 00-
pamuwiil, Heobxodumo u docmamouro, umobvt ypasuerue Axr = 0 umeno
MoAvKo mpusuasvroe pewenue x = 0.

YTIPAYKHEHUE. /lokaxxute TeopeMbl 4, 5.

§ 8. Panr marpunsr

1. Ilycrs A(m,n) — mponsBosbHAs IPSMOYTOJbHAS MaTpuna. By-
JIeM TPAKTOBATDH ee CTOJIONBI KaK CHCTeMy BeKTOpoB mpoctpanctsa C™.
Panr sroit cucrembr BekTopoB (cM. §6, ¢. 126) Ha30BEM parzom mampu-
uv, A(m,n). Paar marpuner A Oymem obosHadars depes rank(A).

2. Teopema. IIycmv A : X,, — Y,,,, Ay — mampuya onepamo-
pa A OmMHOCUMEABHO NPOUSEBONBHBIM 00PA30M PUKCUPOBAHHBIT 6A3UCOE
{er}t_y € X, {@}ly C Y, Toeda rank(A.,) = rank(A).

JTOKABATEJILCTBO. Ilycts x = &, € X,,. Torna Ax = Q,,n, rue
n = A& (em. 1. 2, c. 160). [lorsiTro, 9TO BEKTOD 1) IPUHA/JIEZKAT IIOIIPO-
crpancTBy npocrpancrsa C", naranyroMmy Ha croJiOpl MaTpunsl A., u,
CJIe/I0BATEIbHO, HMEIOIeMy pasMepHOCTb, pashyto rank(A,). ITockosb-
Ky JIMHeiHbIil onepaTop Q obpaTuM, TO, OYEBUJIHO, YKa3aHHOE IIOJIIPO-
cTpancTBo n3omopduo Im A, ciaemoBarenbHo, B CIIy TeopeMbl 4, ¢. 157,
pasmeprocts Im(A) pasua rank(A.,). O
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3. Taxum obpaszom, paHT MaTPHUIlLI OIIEPATOPA MHBAPHAHTEH 110 OT-
HOIIIEHUIO K BBIOOPY 0a3UCOB, BHIOUPAEMBbIX IIPH €€ IOCTPOEHUH, I MOXKHO
ObL7I0 OBl JIaTh SKBUBAJIEHTHOE OIpe/IeIeHne paHra OlepaTopa Kak paHra
ero MaTPUIIBI.

4. Marpuiy A(m,n) MOXKHO TPAKTOBATH U KAK CHCTEMY CTPOK U3
npocrpancTBa C". Panr 310l cucTeMbl CTPOK 0003HAYUM Yepes 7.
CupaseinBa, ciejyonast, Ha IepBbIi B3IJIsLI, HeOKHIaHHAasT

5. Teopema. /Jlaa moboti mampuyv, A(m,n) 6binNOAHEHO PAGEH-
cmeo s = rank(A(m,n)).

JTOKABATEJILCTBO. He orpannunBast oOITHOCTH paccy KAeHUT MOK-
HO CYUTATh, YTO MEPBBIE Ty CTPOK MaTpuiibl A(m,n) JMHEHHO He3aBUCH-
MBI, a KaKJas U3 MOCJIeAYIONNX JUHEHO BbhIParKaeTcsl Yepes MepBhle I
crpok Marpuiisl A(m,n). [lycrs A(rs, n) — MaTpuna, cocTosmast u3 mep-
BBIX 7'y CTPOK Marpuiibl A(m,n). Ucnosb3yem jist ipeobpasoBaHus MaT-
putibl A(7,m) aJropuT™, COBIAJIAONINI, (DAKTUIECKH, ¢ IPSIMBIM XOJ0M
metosia [aycca (em. ¢. 99). Boibepem B mepsoii crpoke matpuisl A(rg, n)
HEHYJIEBOH 3JIeMEHT. DTO BO3MOXKHO, TaK KaK HU OJIHA CTPOKa MaTpH-
bl A(rg,n) He MOxkKeT ObITh HyJeBoil. [lepectaBum cTOJMOIBI MATPUIIBE
A(rs,m) Tax, 9TOOBI CTOJOEI, CoJep KAInil YKa3aHHbBI HEHYJIeBOil 3/1e-
MEHT OKa3zaJicsi mepBbIM. CoXpaHUM 3a IIPeodpPa3oBaHHOi TaKIM 00Pa3oM
MaTpuiieii mpezkHee 0bo3HaTeHNe. Y MHOKIM TI€PBYIO CTPOKY HA —da1 /G11
1 CJIOZKIM CO BTOPOii. 3areM aHajOrmyHble peobpa3oBaHmsl IPOe/IaeM
CO BCEMU TIOCIE Y IOIUMU cTpokamu MaTpuiiel A(rg, n). B pesyibrare mo-
JIYIUM MaTPUILY, Y KOTOPOii BCe 3JIEMEHTBI [IEPBOTO CTOJIOIA, KPOME 3JIe-
MEeHTa a1, PaBHBI HYJII0, ipudeM aj; # 0. Bropas crpoka npeobpasobam-
HOII MATPHILI €CTh HeTpUBUAJIbHAS JMHEeHAS KOMOMHAIUS IIEPBLIX JIBYX
CTPOK, II03TOMY OHA OTJINYHA OT HyJs. IloMeHsaB MecTaMu Py HEOOXO11-
MOCTH BTOPOIi cTos16er npeobpa3oBaHHO MaTPUIILI ¢ OJHIUM U3 [TOCTIELY-
FOLIIX, MBI IIOJIYYUM MATPHILY, Y KOTOPOI 3JIEMEHT (g9 HE HYJIb. Y MHOKIM
BTOPYIO CTPOKY Ha —as3s /@9y M CJIOKUM C TpeTheii. AHAJIOrUIHbIE TPe0s-
pa30BaHUs MPOJIETAEM U C MOCTEAYIONIMI CTpOKaMu MaTpuilsl A(rg, n).
[Ipomo/zkast Takue peobpa3oBaHus, Mbl, B pe3y/bTaTe, MPUIeM K Mar-
puIle, KOTOPYIO MOYKHO IPEICTaBUTEL B OJIOYHOM BHJIE

(A(TSvrs)aB(T&n - Ts)); (8.1)

rje fl(rs, T's) — BEPXHsIs TPEYTOJIbHAsI MATPHIA C HEHYJIEBBIMU 5JIEMEH-
TaMi Ha IyiaBHOI JiuaroHaju. OnucaHHbIe BbIIIE 1Peodpa30BaHIsS HE MO-
IyT «COPBATbCA», TAK KaK B XOJC YKa3aHHBIX BBIYUCJICHUI KaKJbIl pa3
BO3HUKAET CTPOKa, KOTOpas dBJIgeTCsd HEeTPUBUAJIBHON JIMHEHHON KOM-
OMHAIIEN MPeIBIIYIIX CTPOK MaTpuilbl A(rs,n), W MOTOMY He MOXKeT
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okazaThcst HysieBoil. O4eBUIHO, YTO, He OTpaHUINBast OOIHOCTH PACCY K-
JEHUI, MOYKHO CYMTATh YTO IEPBLIE g CTOJOLOB MCXOIHON MaTPUILLI
A(rs,m) TAKOBDI, YTO BBIMOJIHSAST OMICAHHDBIE BBIIIE TPEOOPA3OBAHUS U HEe
npuberasi K 1epecTaHoBKe CTOJIOIOB, MbI IPHjIeM K MaTpuile Buja (8.1).
cno, aro det(A(rs,75)) # 0, HOITOMY IEepBbIe 7'y CTOJIGIOB HCXOLHOM
matpuiibl A(rs, n) auHelino #HesaBucuMbl. Ho Torma, u mepsbie 15 ¢TOJIO-
1oB MaTpuiel A(m,n) nuneiino vesasucumbl. [lokazkem, aro gobapienne
K HUM JIE000T0 cTojibma Marpurbl A(m,n) NpUBOIUT K JIMHENHHO 3aBu-
cumoii cucreme. Ilyers A, — riaaBmeli MuHOpY mOpSIKA T MATPHIEI
A(m,n). U3 npeapiaymux paccyzkienuii ciemyer, 9to A, # 0, mosromy
cucTeMa, JIMHEAHBIX ypaBHEeHuil

Zaijxj = Ak, 1= 1,2, oo, Ts, (82)

j=1

umeer pentenne 1pu jobom k= 1,2, ..., n. ITockonbKy KazKJas CTpOKa
MaTpuibl A(m,n) ¢ HoMepoM, OOJIBIIIM T's, JINHEHO BBIPAZKAETCST depes3
epBbIe I’y CTPOK MaTpuilbl A(m,n), To BEKTOD (1, T2, . . ., Ty, ), SBISIO-
IUTCST PEIleHneM CHCTeMbl (8.2), yIOBIeTBOPSIET U COOTHOIIEHUSIM

T's

E Qi 5 = Ak, 1 =Tgr1y .- .,M.
J=1

Taxum 06pazoM, KaxK bt crosibern Marpuiibl A(m, n) ecTh JTUHEHHAST KOM-
OMHAITHST ee TIEPBBIX 'y CTOJIOIOB, caenoBaTesbHo, rank(A(m, n)) = r,. O

6. KBsazparnas maTpuiia mopsjika 1 HEBHIPOXKJEHA TOTJIA U TOJHKO
TOrJIa, KOI'Jla ee PaHI paBeH 7.

7. Jlobas mepecTaHOBKa CTPOK WJIM CTOJIOIIOB MAaTPUIIbI, OYEBUIHO,
He MeHsieT ee paHra. Bojiee Toro, nMeeT MecTo

8. Teopema. Ilycmv A(m,n) — npouseoavras mampuua, a B(m,m)
u C'(n,n) — xeadpammvie nesviposrcdernvie mampuisl. Tozda

rank(A) = rank(BA), (8.3)
rank(A) = rank(AC). (8.4)

JTOKABATEJIBCTBO. /151 mpoBepKu ClipaBe I /TMBOCTH paBeHcTRa (8.3)
JIOCTATOYHO 3aMETUTh, UTO eC/IU MaTpuiia B HeBbIPpOXKIeHa, TO IS JIN-
HeflHOIl He3aBUCUMOCTHU CHCTEMBI CTOJIONOB Ba', ..., BaP HeoOGXoanMo 1

Y HanoMHmiM, 4TO TIABHBIM MEHOPOM TIOPSTKA T HA3BIBACTCS MUHOD, 0GPA30BAHHBI 3JIeMeHTaMMI
MATPHIIBI, CTOSAIMME Ha [IEPECEUCHUN €€ NEPBBIX I' CTPOK U HEPBBIX ' CTOJIONOB (cM. 3azady 1 Ha
c. 105).
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JIOCTATOYHO JITHeHHOM He3aBUCHMOCTH cTONIONOB a', . . ., aP (1mposepbTe!).

CrpaBeyinBoCTh (8.4) yeTaHABIMBACTCS 3aTEM MEPEX0JI0M K TPAHCIOHNU-
pPOBaHHBIM MaTpuram. [

YIIPAYKHEHUE. Ilokazarh, 94T0 JJIs JIFOOBIX JIOIYCKAIOIIMX YMHOZKE-
HIE MIPSIMOYTOJIbHBIX MaTpull A, B cripaBe/i/InBO HEPaBEHCTBO

rank(AB) < min{rank(A), rank(B)}.

§ 9. DaeMeHTApHbBII MeTO/I BHIYNCJICEHUS PaHTa MaTPUIIbI

1. U3 paccyKaeHuil, BBIIOJHEHHBIX IIPU J0KA3aTE/ILCTBE TEOPEMBI D
peabpLIyIero maparpada, ciaegayer, 9To ecan Mmarpuia A mveer panr pas-
HBII 7', TO MOZKHO TaK IIepPeCTaBUTh CTOJIOIBI U CTPOKHU 3TOI MATPHUIIbI, UTO
DJIABHBII MUHODP A, HOpsIAKA T HOJIyIeHHOH MaTpPUIbI OyIeT OTJINYEH OT
HYyJIsI. YKa3aHHBIII MUHODP NPUHATO HA3bIBATH OA3UCHLIM MUHOPOM MaT-
punnsl A.

CdopmynupyeM 1 JI0KazkKeM, B HEKOTOPOM CMbIcJjie 00paTHOe, YTBep-
xkaenne. [lycrs A — npousBosibHAsT IPSIMOYTOJIbHAST MATpHIa, A, — ee
rJIaBHBII MUHOD Topsijika r. Hazosem ruiaBub MUHOD A1 0KGUMAAN-
wyum MuHOpOM st MuHOpa A,.. IlepectaBisis ¢Tpoku n cTOJIOIBI MaT-
puiibl A ¢ HOMepamu, OOJBIINM YeM 7', MOXKHO IIOCTPOUTDH Pa3IHIHbIE
OKAIMJISIONINE MUHOPBI JIJIsI MIHOpa A,.

2. Jlemma. [Tycmov enasnoi mumnop A, mampuuvt A He pasen Hy-
A10, G 6CE OKAUMAANULUE €20 MUHOPbL — HYyAu. Tozda pane mampuuyve A
PAGEH, T

JTOKABATEJILCTBO. [Tockonbky A, # 0, IepBbIe 7 ¢TOJIOIOB MaTPH-
16l A Jnneiino #HesapucuMbl. ITokazkeMm, 9To J11000i cTOI0E1] MAaTPUIlbl A
C HOMEPOM, OOJIBIINM YeM 7', JIMHEHHO BBIPpAXKAeTCsI depe3 ee IepBble T
cToJIOIoB. D10 U Oyier o3uadarh, uro rank(A) = r. Ilpeanonoxum mpo-
tusHoe. Torma, IpucoeanHsIss K IePBLIM 1 cTOJIOaM MaTpuilbl A Heko-
TOPBII cTOJI0€eI], ¢ OOJILIINM HOMEPOM, MbI IIOJIYUYHM, UTO OOpasoBaHHasI
TaKuM oOpa3oM MaTpuiia umeeT panr r + 1. ITosromy ona mmeer r + 1
JINHEITHO He3aBUCUMYIO CTPOKY. [Ipuuem 1epsbie ee r CTPOK JIMHEHO He3a-
BHCUMBI, Tak Kak A, # 0. 3HauuT, HaiijgeTcss CTpoKa ¢ HOMEpPOM, OO0JIb-
UM YeM 7", KOTOpasl He BhIparKaeTcsl JUHEHHO depe3 IepBble T CTPOK.
Henas ykazaunyio ctpoky (r + 1)-it crpokoit mMarpuisl A, mosydnm,
q10 A, 41 # 0, 9ero 1o yc/JoBHIO JIEeMMbI ObITH He MOKeT. [
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3. /lokazarTe/bCTBO JIEMMBbI 2 IPUBOJIUT K CJIEJIYIONIEMY CIIOCOOY BbI-
YUCJICHUS paHra M&TpI/IHI)II).

1) [IpocmaTpuBaeM 3jieMeHTHI MaTpullbl. Ecim Bce oHM — HYJIM, I10-
JaraeM paHI paBHBIM HYJIIO U OCTaHaBJINBaEeM IIPOIECC.

2) Ecmm nafien smeMeHT MaTpPHIbI, OTJIMYHLIN OT HYJIdA, TO, Iepe-
CTaBJIsIsl COOTBETCTBYIOIINE CTPOKU U CTOJIOIBI MATPUIIBI, [IOMEIIAEM ero
Ha, MECTO IIEPBOr'0 3JEMEHTa [IePBOI'0 CTOJIONA.

3) OxkaiimyisieM 3JIEeMeHT 11, T. €. COCTABJISIEM OIIPEIE/IUNTEIN BTOPO-
I'o TIOpsiJIKa, MPUCOEINHSIS K HEMY 3JIEMEHTBI JIPYTUX CTPOK U CTOJIOIOB
(HaHpHMep, 3JIEMEHTBI BTOPOIl CTPOKU U BTOPOTO CTOJI6LLa). Ecnu Bce saTm
Ol peJIe/INTE I BTOPOro HOPsAJIKa — HYJIN, TO, OYEBUJIHO, Y MATPUIILI TOJIb-
KO OJINH JIMHEHO He3aBUCUMbIN CTOJIOEI (1/1 O/IHa JINHEIHO He3aBUCUMAad
CTpOKa). SHAUNT, paHI MaTPUIbl PABEH €IMHUIIE.

4) Eciin obHapy:KeH HeHyJIeBOil olpejenTe/lb BTOPOro MOPsIKa, TO
IIyTEeM IIePEeCTaHOBKH CTPOK M CTOJIOIIOB MATPUIILI IIPEBPAIIacM STOT OIIpe-
JIeJINTEIb B OIPeIenTe/b Buga Ao <O6pa30BaHHbII7I 3JIeMeHTaMU, CTOsI-
MM Ha [epepCcedYeHnn IIepBbhIX IBYX CTPOK M IIEPBLIX JBYX CTOH6HOB>
7 OKaliMJICHIEM CTPOUM OIIPeIeJIMTEIN TPEThero MopaiKa, IoKa He I0JYy-
YUM CpeJid HUX OIPEeJIe/INTe/Ib, OTJINYHBIA OT HYJId, U T. JI.

Ecimm Ha KaKOM-TO IIare ommcaHHOIO aJIOPUTMa IOJIyUeH OIpeIe/n-
Tesib A, He paBHBII HYJIIO, a BCe ONpeeuTeIN HOpsIaKa 1 + 1, mocTpo-
€HHbIe ero oKaiMJIeHneM, — HYJIU, TO 3TO O3Ha4YaeT, YTO PAHI MAaTPUIILI
paBeH 7.

[ToHsiTHO, UTO ONMCAHHBIN IIPOIECC 3a4aCTYI0 MOYKET ObITh YCKOPEH.
VmenHO, 1yCTh y/1aJI0Ch YCTAHOBUTD, YTO OIPEIE/INTENb, 00pa30BaHHbI
3JIEMEHTAaMU, CTOAIINMA Ha IIepeceYeHnr KaKUX-TO 7" CTPOK U KaAKUX-TO T
CTOJIOIOB MATPUIlLI, He paBeH HY/0. CTPOUM OKaiiMIeHHeM 3TOr0 OIpe-
JIeJINTEJIS OlPeae/InTe N mopsijika r+ 1. Ecii cpejin HuX ecTh HEHYJIeBOIl,
Iporece mpojjoszKaeTcsd. Kean Bece Takme onpee/nTe/n — HYJId, TO PaHT
MaTPUILI paBeH 7.

I[TPUMEP. Hajiimem paHr MaTpHIibI

2 -4 3 10
1 -2 1 -4 2
A=1y 1 1 3 1
4 —7 4 -4 5

BamernM, 9TO B MaTpuIile A COIEepKUTCS MIUHOP

-4 3
-2 1

9

-

DB peabHON BEITUCIUTEIHLHON MPAKTUKE OOBITHO ITPUMEHIIOT CIIOCOD OTHICKAHMSA PAHTa MATPHUIIBI,
ormmcaHubIi Ha c. 230.
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He paBHBIN HymI0. MUHOD TpeThero mopsaka

, 2 -4 3 -2 1 -4 3
d' =11 =2 1:21_1—1_1,
0 1 -1

OKAWMJISIONUN MUHOD d, HE paBeH HYJIIO, OJIHAKO, 008 MUHOPA U€TBEPTOrO MOPSIIKA

2 —4 3 1 |20 3 1 20 3 1 5 3 1
1 =2 1 =4[ _|1 0 1 —4_|to 1 —4_ |7 T ,_
0 1 -1 37 o1 -1 3 o1 -1 3 L 5 o
4 -7 4 —4] |41 4 -4 |40 5 -7
2 3 1 2 3 1
=—1 1 —4/=-2[1 1 -4
2 2 -8 1 1 —4
n
2 —4 30 |20 30 [20 30 5 3 0
1 -2 12 _1o 12 _[1o 12_ [{ | o_
0 1 —1 1/7J0o 1 -1 1/7]01 -1 1 L5
4 =7 45 |41 45 |40 54
2 30 2 30
=—1 1 2/=-2@1 1 2],
2 2 4 1 12

oKaiimsonye MuHop d’, 09eBHIHO, PaBHBI HYJIIO, IO3TOMY PAaHT MaTpHILI A paBen Tpem.



['JIABA 8
JInHeiliHble ypaBHEHUS

§ 1. OOiee pereHue JIMHEITHOTO ypaBHEHUSA

B stom nmaparpade Oyiaem cauTaTh, 4TO ypaBHEHUE
Az =y, (1.1)

e A — JimHeiHBI oneparTop, JefcTBYIOMNNA 13 JHHEHHOTO MpoCTpaH-
ctBa X,, B JIMHEIIHOE MPOCTPAHCTBO Y ,,, ¥ — 3aJaHHBI SJIEMEHT IIPO-
CTPAHCTBA, Y, & — HCKOMBII 9JIEMEHT IIPOCTPAHCTBa X,,, IMeeT pelle-
HI€, U OIMIIEM CTPYKTYPY BCEX €ro BO3MOXKHBLIX PelleHuii, MHLIMU CJIO-
BaMH, [OJTy9IUM [peJIcTaB/ienne obuezo perenns ypastenns (1.1).

IIycrs b, 22 — pemenna ypasnennsa (1.1) npu ojHoil u Toi ¥Ke 1Ipa-
Boit wactu y. Toraa, ouesnno, A(x! — 2?) =0, 1. e. 2! — 2% € Ker(A).
Otciofia BBITEKAET, 4TO ecjii (PUKCUPOBATHL HEKOTOPOE pelleHne ypaBHe-
nust (1.1) (o6osnaunm ero yepes z¥ u GyjeM Ha3LIBATL “ACTHBLM Pelle-
HIEM HEOIHOPOTHOTO YpaBHEHHs ), To Jitoboe jpyroe perene (1.1) nmeer
g x = 2" + 7, rie @ € Ker(A). Tyers !, 02, ..., P — neknii 6asuc
B Ker(A). Torna

p
r=2"+ g cre. (1.2)
k=1
Takum 00paszoM, mpejcrapieHne obiiero perenus: ypashenus (1.1)
nosrydeno. Mensia B (1.2) koadpdunuentsr ¢y, ¢, . . ., ¢, MOKIO IOy AT
JI00oe pereHne 3TOro ypaBHeHus.

BexTope! ¢!, ©?, ..., ©P IPUHATO HA3BIBATL PyHdamenmarvnoti cu-

cmemots peuterutl OJJTHOPOJHOrO yYpaBHEHUA
Az =0, (1.3)

~ p k
a T = Y '’ — obuwum peweruem OJHOPOJHOTO ypaBHeHust. VTak,
k=1

obmee pemenne ypasuenusi (1.1) ecTb cymma ero Kakoro-mbo IacTHO-

ro perenns ypapaenus (1.1) u obrmero pereHust OHOPOIHOTO ypaBHe-
nnst (1.3).
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§ 2. CucremMbl JUHENHBIX aJreOpandecKnx ypaBHEHUIA.
YciioBus pa3penimMoOCT

1. Ilpu cpaxkTrIecKoM OCTPOEHUN peIleHnil ypaBHEHU s
Ax =y. (2.1)

HY>KHO BBecTH Hekoropble bazucel £, = {ef}1_ O, = {¢"}7", B upo-
cTpaHcTBax X, Y, U HEpeiiTu K CUcTeMe JIMHEHHBIX aJre0pandecKux
ypaBHEHUIT OTHOCUTEILHO KOI(MDPUIIMEHTOB & Pas3/ozKeHUsT BEKTOPa X I10
basucy &, canTast 3BECTHBIMEI KOI(MMUITIMEHTHI 7] PA3JIOKEHI BEKTOPA Y
o 6asucy Q,,. B pesymnbrare (em. m. 2, ¢. 160), moryanm

Aqu =1, (22)

e Ae, — Marpuna orneparopa A.
Bousee nopobas 3anncs ypasuenns (2.2) maet

n

Sall =m, i=12,...m (2.3)
j=1
[Togaepkuem, aTo KO3 OUITEHTDI agjq) 9TOM CUCTEMBI ypaBHEHU (3J1e-
MEHTBI MaTpHUIlbl oreparopa A) u croyber npaBoii 9actu 7y, M2, - . ., Hn
PEJIOJAraloTCd M3BECTHBIME, a ducia &1, &, ..., &, Tpedbyercd HailTH.
B ormmiane or paccMaTpUBABIINXCST paHee CHCTEM JIMHEHHBIX ajreb-
pandecknx ypasHenuit (cm. §5, ri1. 5) y cucrembl ypaBHenuit (2.3) Kosm-
9eCTBO YPaBHEHU{T 1 YNCI0 HEM3BECTHBIX, BOOOIIE TOBOPSI, PA3/IUIHBL.
Bagaun (2.1), (2.2) SKBHBAJEHTHBI B TOM CMBICJE, 9TO eciau & —
pererne ypashenusi (2.2), to x = &£,& — pemienne ypapaenusi (2.1)
npu y = Q,,1, U HA0OOPOT, ecu x — pererne ypasHenusi (2.1), To Ko-
b GUINEHTB pa3/IozKeHHst BEKTOPOB Z, Y TI0 COOTBETCTBYIONIIM Ha3ncam
CBSI3aHBI COOTHOITIEHNEM (2.2).

2. Ilomyunm neoOXoanMble U JOCTATOUYHBIE YCJIOBUS PA3PENTUMOCTH
CUCTEMBbI JITHEHHBIX aJreOpandecKnx ypaBHEHUT

Az =D, (2.4)

rie A = A(m,n) — 3ajaHHasi NPsIMOYTOJIbHAST MATPHUIA C KOMILIEKCHbBI-
MU, BOOOIIE TOBOPsI, djieMeHTaMu, b — 3ajannbiii Bekrop u3 C™.

O6oznaunm gepes (A, b) marpuity pazmepa m X (n+ 1), mosygarory-
focst ipucoemuenneM K Marpuiie A crosbma b. Marpuiy (A, b) npunsaTo
HA3BbIBATH PACULUPEHHOT MaTpureil cucremsl (2.4).
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3. Teopema Kponekepa — Kamesum). Jas mozo, wmobu cu-
cmema ypasnenuts (2.4) umera pewenue, neobrodumo u doCmMamouro,
umobv, paneu mampuy A u (A, b) cosnadasu.

JTOKABATEJILCTBO. /[lobaBienue cTosida HE yMEHBIIAeT pPaHTa
MATPHUILI, ¥, OYEBUJIHO, YTO PAHI COXPAHSIETCS TOLJA U TOJBKO TOT/IA,
Korja b ecthb smHelHas koMmOuHamus ctosonos marpunbl A. Ilociemnee
9KBUBAJIEHTHO TOMY, 9TO cyiiecTByeT Bektop x € C", apisroniuiicsa pe-
meneM cucremsl (2.4). O

4. Teopema (MaTpuvHasi TeOpeMa (I)pe)ZI;I‘OJ'IbMa2)). s moeo,
UMoobbL cucmema AUHETHOIT Yypashenut (2.4) umera pewenue, HeoOT0U-
MO U docmamouro, 4mobv, Oaf 1100020 pewenus 00HOPOIHOT Cucmemol
ypashenuti zA = 0 svnoanasoce pasencmeso zb = 0.

[HosicauMm, 9TO 3/1€CH b UHTEPIPETUPYETCsl KaK BEKTOP CTOJIOEI, a 2 —
KaK BEKTOP CTPOKA.

JIOKABATEJIBCTBO. JTocTarto a0 cT b [lyers r = rank(A).
He orpanmamnBast 0OITHOCTH PacCcy»KIeHIiT, MOXKHO CINTATh, 9TO IIEePBBIE T
CTpoK MaTpuilbl A jmHeliHo He3aBucuMBbI, [loHATHO, YTO TOrIa U IEp-
Bble T CTpOK MaTpuiibl (A,b) nuneiino HezaBucumbl. Ecim k- cTpoka
MaTpuiibl A JinHeitHO BbIpakaeTcsi depe3 ee MepBble I CTPOK, TO CYIIe-
CTByeT HeHyJieBoil BeKTop z Takoif, uro zA = 0. Torga 1o ycaoBuio Teo-
pembl zb = 0, HO 9TO O3HAYAET, 9TO k-s1 cTpoKa Marpuibl (A, b) juHeitHo
BBIPAYKACTCs Uepes ee mepBbie 1 cTpoK. Takum obpasom, panru marpuil A
u (A,b) coBnagaror, u mo Teopeme Kponekepa — Kamesn cucrema (2.4)
umeer perierre. He o 6 x 0 g1 Mo ¢ T b. [lyers cucrema ypasuenuii (2.4)
uMeeT penieHue, T. €. cymectsyer BekTop x € C" takoit, uro Ax = b. To-
ria i jioboro z € C™ cupasejiuBo pasencrBo zAxr = zb. OueBnjHo,
gro ecn zA =0, o zb=0. O

4.1. IlpusejieM mpuMep UCIOJIb30BaHNA MaTPUUIHOil TeopeMbl Dpei-
rojibMa. /lana cuMmmerpudnas MaTpuUIa

1 2 -1 0 --- --- 0
A= 0O --- —1 2 —1 --- 0
0O -+ -« 0 =1 2 -1

K 0 0 -+ --- 0 —1 1)

D Ansdpeno Kanenm (Alfredo Capelli; 1858 — 1916) — nTasbsHCKEi MATeMATHK.
2)3puk Usap Opexronsy (Erik Ivar Fredholm; 1866 — 1927) — msejckmii MaTeMaTHK.
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nopsiyika n. Tpedyercs HaifiTn panr Marpuilbl A u onucarb ycjoBUs Ha
BeKTOp b € R", HEOOXOMMbBIE U JOCTATOYHbBIE JJI Pa3PENINMOCTb CUCTE-
MbI JINHEHHDIX YPaBHEHUIT

Az =b. (2.5)

Bynem tpakroBarh marpuily A Kax JIMHEHHBIN orepaTop, IeiCTBY Ot
B nipoctpancTBe R". OnumieMm ero sjapo. Paccmarpubasi OHOPOIHYIO CH-
CTeMy YpaBHEHUIl

Az =0, (2.6)
3aMeTUM, 4YTO ee i-e ypaBHeHUe, ¢ = 2,3, ...,n — 1, 3alucbiBaeTcs
TaK: —x; 1+2x;—x;1 = 0, wm x; —x;_1 = T;11—x;. OTCI0/1a, OYEeBUIHO,
BBITEKAET, U4TO €CJIN BeKTOp & — peliierne cucteMbl (2.6), To

Ty =Ty = = Ty,
T. €. AJpo omeparopa A — OJHOMEpPHOE HOIIPOCTPAHCTBO IIPOCTPAH-
crBa R™ Bextopos Buga ' = c(1,...,1), riue ¢ — HPOM3BOJILHOE Be-

mectBeHHoe 4ncio. Orcroja BejejcTBre TeopeMbl 4, c¢. 158, mosydaem,
aro rank(A) = n — 1. Jlanee, nmockobKy Marpuiia A cuvmerpudna, TO
IPUMEHsIsE MATHIHYIO TeopeMy PpeiarosbMa, mojydaeM, 9To JJist paspe-
IIUMOCTH cucTeMbl (2.5) HEOOXOMMO U JIOCTATOYHO BBINOJTHEHUS YCJIO-
pust (z1)7b = 0, e x1 — moboe pemenne ypasnenus (2.6). Takum 06-
Pa30M, HEOOXOJAUMBIM U JOCTATOYHBIM YCJIOBUEM PA3PELIMMOCTH CHCTEMbI
ypashenuit (2.5) siBjisiercst paBeHCTBO by + bg + - -+ + b, = 0.

§ 3. IlocTpoeHne 00ILIETO perleHns CUCTEMbI JMHEMHBIX
aJredopamvecKux ypaBHEHU

Onurem 9JIeMEHTaAPHbIE CIIOCOOBI, KOTOPBII MOXKHO HPUMEHATDH JIJIsI
IIOCTPOEHUS OOIIEr0 PelleHnsl CUCTEMbI JINHEHHBIX aaredpaniecKux ypas-
HeHMﬁl)

Az =D. (3.1)

Bynem onuparbest npu aroMm Ha pesyabrarol § 1. B ganbneiimenm Oyaem
peJioaraTh, 9to cucreMa (3.1) paspermma n 0603HAYATH Y€Pe3 I PAHT
paCIINPEHHON MATPUIILI 3TON CUCTEMBI.

1. Tlocrpoenne uactroro perennst ypasuenus (3.1). Vcnosb3yst or-
CaHHble B IIyHKTe 3, ¢. 169, npuembl BbIUUC/IEHUS paHTra MaTPUILbI, [IPU-
BesieM Matpuily (A,b) K TakoMmy BHJy, UTO IVIABHBI MUHOD HODSIIKA T

DB peasbHOl BBIYUCINTEIBHON IPAKTHKE OGBITHO MPUMEHSIIOT METObI OCHOBAHHBIE HA TTOCTPOE-
HUM TaK HA3BIBAEMbIX CHHIYJIAPHBIX 6a3ucos omeparopa (cu. ¢. 230).
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9TOI MaTPUIIBl OTJIMYEH OT HYyJsI, a BCe CTPOKHU IIPeodpa30BaHHONI MaT-
punpt (A, b) matmmas ¢ (r + 1)-if ecThb JuHeiHbIe KOMOMHAIINI TIEPBBIX T
CTPOK.

BeimosiHsieMble  yKa3zaHHBIM  CIIOCOOOM  ITpeoOpa30BaHMSA  ITPUBOJIAT,
O4YeBHU/IHO, K CHCTeMe JIMHEHHbIX YypaBHEHUl, SKBUBAJEHTHON CHUCTe-
Me (3.1), T. e. Kaxk10e perrerne cucteMbr (3.1) — pererue mpeobpa3oBaH-
HOII CHCTEMBbI, 1, HA00OPOT, KazKJl0e pelleHne mpeodpa30BaHHOl CHCTEMBbI
ectp pererne cucrembl (3.1). [Ipu sToM mocieanne m — r ypaBHeHuit
1IpeoOpa30BaHHOIl CHCTEMbI — CJIEJICTBUS IE€PBBIX I YPaBHEHMIA.

OtbpocumM 3Tu 1ocjeHNe YpaBHEHNS, & B OCTABIINXCs 1" YPABHEHUAX
IepeHeceM cjlaraeMble, cojiepzkaline repemMennbie ¢ (r + 1)-it u jgo n-i
(9TH TIEpeMeHHBIe TPUHSATO HA3BIBATEL C80000HVILMU), B TIPABYIO IaCTh.

[Ipugaaum CcBOOOJHBIM IE€PEMEHHBIM Xyiq, .. .,&L, JIOObIE 3HaYe-
HUst (Jalle BCero, HeT HUKAKUX MPUYUH He OPaTh WX PABHBIMU HYJIO).
B pesysibrare, MOJIydnM CUCTEMY W3 I YPaBHEHUIl ¢ ' HEU3BECTHBIMH,
OIpeJIe/INTENIb KOTOPOIT 110 TOCTPOEHNIO OTJINYEH OT HyJis. Permuns a1y Kpa-
MEPOBCKYIO CUCTEMY YpaBHEHUil, HAIleM X1, Xo, . .., Tyr. TaKIM 00pa3oM,
OyJIeT MOCTPOEH BEKTOD T = (X1, T2, - .y Tpy Tyg1y « - -, Tp), ABIAIONHNCS
perierneM cucteMbl (3.1).

I[TPUMEP. HaiimeM 1acTHOE pellleHre CUCTEMBI yPaBHEHUH

T — T + T3 — x4 = 4, (3.2)
T + 9 + 223 + 34 = 8, (3.3)
2x1 + 4x9 + 5x3 + 1024 = 20. (3.4)
Oupenenuresn
A2:‘1 —1
1 1)’

HAXO/ISIIUICS B JIEBOM BEPXHEM YIJIy MAaTPUIIbI CUCTEMbl YpaBHEHUN, He paBeH HyJ0. Ompe-
JeuTeNn

1 -1 1] 1 -1 =1 |1 -1 4
1 1 2/, |1 1 3, |1 1 8,
2 4 5 2 4 10 2 4 20

oKaftMmJIsTIOITIe ornpeienTesib Ao, — Hysu. [loaTOMy paHr OCHOBHOI MaTpPHIIBI CHCTEMBI yPAB-
HEeHWi PaBeH JBYM, M PAHI PACIIUPEHHON MATPUIBI CUCTEeMbI ypaBHeHuii pasen jasym. Cu-
cTeMa COBMECTHA, IPUYEM IOC/IeIHee YPaBHEHHE — CJICJICTBUE IEPBBIX JABYX yPaBHEHUI CH-
crembl. Taknm o6pasoMm, 4TOOBI HaliTH YacTHOe pernenne cucreMsl (3.2) —(3.4), qocTaTodHO
pemuTh cucreMy JByX ypasHenuil (3.2)—(3.3), upumasasi o3, T4 IPOU3BOJIbHbBIE 3HAUEHUSI.
[Monaras xs = x4 = 0, HaxomuM x1 = 6, xo = 2, ciaegoBaresnbHo, BekTop = = (6,2,0,0) —
perenne cucrembl (3.2) —(3.4).

2. Oo6parumMmcs Tenepb K 3ajade IoCTpoeHns GyHIaMeHTaJIbHON Ch-
CTEeMbI pelIeHnil OJHOPOAHON CUCTEMbI YPaBHEHU

Ax =0 (3.5)
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¢ marpureit pasmepa m X n. Ilycts rank(A) = r. Besencrsue teope-
MbI 4, ¢. 158, 10CTaTOYHO IIOCTPOUTD JIFOObIE 1L — I INHEITHO He3aBUCHMbBIX
peleHnii OJHOPOIHON cucreMbl ypashenuii (3.5). Bymem, ecrectsento,
lpearoJjararb, 4To . > 1.

BoioiHus Te ke JeficTBus, 4To 1 B II. 1, IpUBEIeM CUCTeMY ypaBHe-
auit (3.5) K 9KBUBAJICHTHOI cHCTEME BH/IA

A(r,m)x(r,1) + B(r,n —r)y(n —r,1) = 0. (3.6)

Bnecy A(r,r) — HeBbIpOXKIeHHAs MaTpuia, crosoern y((n — r),1) coor-
BETCTBYET CBOOOJIHBIM IepeMEHHBIM. BbiOepeM BEKTOPbI

yl((n o T)? 1)? yQ((n - T)? 1)? s 7yn_T((n - T)a 1) <37)

TaK, 9T00bl OHN ObLIN JINHETHO He3aBUCUMBI (IIPOIIEe BCErO MX B3sITh KaK
BEKTODBI cTaHgapTHOTO Oasuca mpocrpanctsa C""). [lo sTum BekTOpam
13 ypaBHEHUI

A(r, r)a:k(r, 1)+ B(r,(n — r))yk((n —7),1) =0,
k=1,...,n— 7, OJHO3HAYHO ONPEJICIATCA BEKTOPDI
ot 1), 2%(r, 1), ..., 2" "(r, 1).

O6paszyem Tenepb BeKTOPBI 2¥(n, 1), npunucbibas K KOMIOHEHTAM BEKTO-
pos 2*(r, 1) kommonenTs BekTOpoB y*((n — 1), 1):

Fn, 1) = (@F(r, 1), 9" (n—7r), 1), k=12 ...,n—1

ITo moctpoennio AzF =0 nna k=1, ..., n — r, KpoMe TOro, OYEBHJIHO,
BeKTOpHI ¥, k = 1, ..., n — r, TUHE{HO HE3aBUCHMBI, TaK KaK BEKTO-
pBI cucrembl (3.7) JuHeino nesasucuMbl. TakuM o6paszoM, BeKTOpHI 2%,
k=1,2,..., n—r, obpa3yioT OyHJIaAMEHTATHLHYIO CUCTEMY pelIeHuit
OJIHOPO/THOM crcTeMbl ypashenuii (3.5).

[TPuMEP. Haiinem dbyHIaMEHTATBHYIO CHCTEMY PEIIeHU OJHOPOIHONW CHCTEMBI ypaB-
HeHU

1 — To +x3 — x4 =0, (3.8)
T1 + 9 + 223+ 34 = 0, (3.9)
2x1 + 4xo 4+ dxs + 10x4 = 0, (3.10)

coorBercrBytomieil cucreme (3.2)—(3.4). Paur marpuibl 91oif cucTeMbl, Kak ObLIO IOKA3aHO
IPU PEIIeHUN IPEeJIbILYINero npuMepa, paBeH jByM. [109ToMy HY?KHO OCTPOUTH JIBa JIMHEH-
HO HE3aBUCHMBIX (HEIPOLOPIMOHAIBHBIX) perenus cucremsl (3.8)—(3.10). Kak yxke 6b110
YCTAHOBJIEHO, HOC/IE/[Hee YpaBHEHNE CHCTEMBl — CJIJICTBHE IepBbIX jaByX. [lomaras zg = 1,
x4 = 0 B ypasrenusx (3.8), (3.9), moxyanm

x1 —x9+1=0, (3.11)
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r1+x2+2=0, (3.12)

oTkysa 1 = —3/2, xo = —1/2. Ilonaras xxe x3 = 0, x4 = 1 B ypaBaenusx (3.8), (3.9), 6yuem
umers 1 = —1, 29 = —2. [losromy Bektopsr 2! = (—3/2,-1/2,1,0), 2? = (-1,-2,0,1)
06pasyioT GyHIAMEHTAIBHYIO CHCTEMY pelieHuii cucreMbl ypasrenuii (3.8)—(3.10). JIoboit
BEKTOD

r=rc1(-3/2,-1/2,1,0) + co(—1,-2,0,1), (3.13)

rje ¢1,Co — IPOU3BOJIbHBIE uncia, — pemenne cucrembl (3.8)—(3.10), u Haobopor, j06oe
pererne cucreMbl ypasaennii (3.8) — (3.10) npexcrasumo B Bujie (3.13) npu HEKOTOPBIX €7, C2.
Taxmm obpaszom, obmiee perenne cucreMsl (3.2)—(3.4) MOXKHO IIPe/ICTABUTH B BUJIE

z=(6,2,0,0) + c1(—3/2,-1/2,1,0) + ca(—1, 2,0, 1),

TJie C1,Cy — TPOU3BOJIbHBIE BEINIECTBEHHBIE YNCIA.



['JIABA 9
CTpOGHI/Ie JIMHEMHOT O oreparTropa

§ 1. lmBapuaHTHBIE TOAIIPOCTPAHCTBA

1. Ilyctp A : X — X — jmHeitabiit oneparop. IlogmpocTpan-
ctBO L C X Ha3bIBACTCS UHBAPUAHMHDIM NOONPOCTPAHCMEBOM OLIEPATO-
pa A, eciu oneparop A orobparkaer BesaKuii BeKTOp T u3 L B BEKTOD,
TaKzKe IPUHAJIEXKAIII TOAIPOCTPAHCTBY L.

Tpusuasvrvie mognpocrpanctsa, 1. e. L = {0} u L = X spistrorcst
MHBAPUAHTHBIMI HOJIIPOCTpancTBaMu jroboro oneparopa A : X — X.

[Iycts mpocTpancTBo X — mpsaMmasd cyMma mojrnpocTpancts L u M,
P — omeparop HMPOEKTHPOBAHUS Ha IOIIPOCTPAHCTBO L HapasiiebHO
nognpoctpanctBy M. Torma Px = x pasa yoboro x € L u Pxr = 0
i jioboro x € M, 1. e. L m M — uHBapmaHTHBIE TOJIIPOCTPAHCTBA
oreparopa P.

[IpuBenem mpumep omeparopa, He NMEMOIIero HeTPUBUAJILHBIX MHBA-
PUAHTHBIX TOJITPOCTPAHCTB.

[Iyctb X9 — JByMepHOE BeIeCTBEHHOE €BKJIMJIOBO IPOCTPAHCTRO.
Herpyano ybemutbes, dTo eciam L — HETPUBUAIBLHOE IOJIITPOCTPAH-
ctBO X9, TO L — MHOXKECTBO BEKTODOB BHjia «e, Tje € — (HUKCUPO-

BaHHDBINI HEHYyJIeBOIl BEKTOP, a < MpoberaeT Bce MHOXKECTBO BEIIECTBEH-
HBIX 9dHCesl (MOXKHO CKa3aTh, 9T0 L — mpsiMasi Ha TJIOCKOCTH, MTPOXOJIsI-
mast Yepe3 Havdasio KoopaunHat). Beegem B Xy OpTOHOPMUPOBAHHBIH Oa-
suc e, e?. Ilycts Q @ Xy — Xy — omeparop, 0TOOparKaloNHil KasKIblil
BekTop o = &1el + &e? B BekTop Yy = —&et + £1€2. BexTopn! @, y opTo-
IOHAJILHBI, U ITIO3TOMY $ICHO, UTO ecjiii [, — HeTpUuBUAIbHOE IO/ IIPOCTPAH-
ctBo Xo, To 1yt & € L sextop Qu € L+ u, ciaeposarensno, Qr ¢ L,
ecsim x # 0, T. e. ortepaTop Q He MMeeT HETPUBUABHBIX NHBAPUAHTHBIX

OJIITPOCTPAHCTB.

2. Ecin usBecren 0a3nc MHBAPUAHTHOTO TOJIPOCTPAHCTBA, TO BU]L
MaTpHUI[bI OllepaTopa MozKeT ObITh yrporien. Umenno, myers {eF}_ —
Oasuc npocrpaHcTBa X,,, L — MOAIPOCTPAHCTBO X,,, UHBAPHAHTHOE OT-
HOCHUTE/IbHO onepaTopa A u umeroriee pasmepHocTb m. IlycTh BekTo-
put {e"} | npunamiexkar L. Torga {ef} | — 6asuc noanpocrpancrsa L
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(mokazkure!) n

m n
Aer = Zaﬁ)ej, k=1,...,m, A" = Zagz)ej, k=m+1,....,n.
J=1 J=1
DT paBEeHCTBA OKA3BIBAIOT, UYTO 3JIEMEHThl MaTpuibl A, crodime Ha
[I€PECeUeHN N TIEPBbIX M CTOJIOIOB ¥ TIOCIEJHUX (N — M) CTPOK, — HYJIH,
CcJIeI0OBATENILHO, MaTpula A, MoxKeT ObITH 3amucana Kak Ogo4Has 2 X 2
TPeyroJbHasd MaTPUIA:

(A A
A, = 0 Ag ) (1.1)

rie Aj; — KBaJpaTHasi MaTpuIia pasmepa m, Agy — KBajpaTHas MaTPUIA
pasmepa n — m, 0 — HyseBas Marpuiia pasmepa (n — m) X m, Ajg —
MaTpuIia pasMepa m X (n —m).

Eme Oosbiiee yipomieHne MaTpuilbl A, TOCTHUraeTcsi, Korja Ipo-
CTPAHCTBO X,, MPEJICTABUMO B BIHJIE IPAMOIl CYMMbBI HHBAPUAHTHBIX IIO]I-
npocrpancts L u M oneparopa A, 1. e. X, = L + M u 6azuc {e"}}_,
IIPOCTpaHCTBa X, BbIOpaH TaK, YTO BEKTOPDI {ek}znzl — Dasuc mojpo-
crpancTBa L. Torja, kKak HETPYIHO BHJIETh, B ipejacTaBiernn (1.1) mat-
punia Ao Oymer mysesoit, T. e. marpuiia A, npunumaer 6JI0YHO AHAro-
HaJIbHBIA BU I
A 0

A = 0 A

(1.2)

2.1. OueBuuHO, BepHO 1 0OpaTHOE, a MMEHHO, €CJII MaTpPHIla OIle-
patopa B HekoTopoM Oazuce {eF}?_, umeer 6s0uiyl0 CTPYKTYDY BU-
ma (1.2), To mpocrpaHcTBO X, MPEJCTABUMO KAk ITIpsSMasi CyMMa JIBYX
HOJIIIPOCTPAHCTB, Da3nucaMu STUX IHOIIPOCTPAHCTB OYIYT BEKTOPHI Oa3u-
ca {e*}"_, ¢ HOMepaMu, COBIAJIAIONINMU C HOMEPaMU CTPOK COOTBETCTBY-
IOINX OJIOKOB.

2.2. Boobie roopsi, u mojnpoctpancTsa L u M MoryT paciaiaTbCst
Ha [IPsAMbIE CYMMbI NHBAPUAHTHBIX MOAIPOCTPAHCTB MEHbIIIEH pa3MepHO-
ctu. Torma KojmdecTBO OJIOKOB, CTOAINNX Ha JUaroHaJ i MaTpuibl A,
Oy/eT YBEJINUNBATHCS, a UX pa3Mepbl OYIAYT YMEHbIIATHCA.

2.3. HauboJiee pocTbIM SIBJISETCS Caydaii, KOrja IIpPoCTPaHCcTBO X,
MOKeT OBITH IIPEJICTaBIEHO B BUJE IIPAMON CyMMBbI 1 OJHOMEPHBIX MHBA-
PUAHTHBIX IorpocTpancts oneparopa A. Torna marpuna A, cranoBuTcst
JuaronajibHoit. O HAKO TaKoe IIpejicTaBIeHne BO3MOXKHO JIUIIb JIJI HEKO-
TOPBIX CIIENHUAJIbHBIX KJIACCOB OIIEPATOPOB.
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3. Jlemma. Ilycmv A : X,, — X,, — Hesviposrcdenmviti onepamop.
ITyecmv L C X, — unsapuarmmuoe nodnpocmparcmeo onepamopa A.
Tozda Oan mobozo x € L mnatidemca, u npu mom moavko 0duM, Gek-

mop y € L maxoti, wmo Ay = x).

JIOKABATEJILCTBO. IlommpocTpancrBo L MHBApWAHTHO OTHOCH-
TeJILHO omeparopa A, M03TOMY MOXKHO BBECTH B PAaCCMOTPEHHE Olepa-
rop Ay : L — L, nonarag Arx = Az mus x € L. Oueparop Ap
He BBIpOXKJeH, Tak Kak ecin Arx = Ax = 0, o £ = 0, nockosbKy A
He BBIpOXKJEH (cM. Teopemy 5, ¢. 165). OTcioia BbITEKaeT, ITO ypaBHe-
re Apy = x npu mobom x € L umeer eauHcTBeHHOoe perenne y € L. [

Omneparop Ay, olpejie/ieHHbI B X0Jie JJoKa3aTe/bCTBa JeMMbI 3, Ha-
3BIBAIOT Cyotceruem onepamopa A Ha ero MHBAPHAHTHOE IOIIIPOCTPAH-
cTBO L.

§ 2. CobcTBeHHBIE YMCTIa U COOCTBEHHBIE BEKTOPDI

B nyskTe 2 npenprayiero naparpada ObLaa mokaszaHa ocodasd poJib
OJIHOMEPHBIX MHBAPUAHTHBLIX IOAIPOCTPAHCTB oreparopa. C HOHATHEM
OJIHOMEPHOI'0 MHBAPUAHTHOTO IOAIIPOCTPAHCTBA TECHO CBA3AHO MOHATHE
COOCTBEHHOI'O BEKTOpa OIepPaTopa.

1. Byuem roBoputh, 4To BeKTOp & € X — cobcmeennvili 6eKmop
onepamopa A : X — X, eciin x # 0 1 cyIecTByeT Iucjo A Takoe, ITo

Az = Az (2.1)

Hucsio A ipu 3TOM Ha3bIBaeTCs cobcmeertvim vuciom onepamopa A. To-
BOPSIT, 9TO COOCTBEHHBIH BEKTOD T COOTBETCTBYET (OTBEYALT) COOCTBEHHO-
My qnciy A. CoOCTBEHHBIN BEKTOP M COOTBETCTBYIOIIEE €My COOCTBEHHOE
YICJIO HA3BIBAIOT TaKKe cobcmeennot napoti onepamopa A.

2. Ilycrs x, A — coberBennas mapa omneparopa A. Torma Aaxr = Aax
1ist jiroboro o € C, T. e. oJJHOMEPHOE TIOIIPOCTPAHCTBO IIPOCTPAHCTBA X,
HATSIHYTOe Ha COOCTBEHHBIN BEKTOP oreparopa A, nHBapHAHTHO OTHOCH-
TeIbHO oneparopa A.

3. Ilyctb A — coberBennoe umcsio omneparopa A. fapo omeparo-
pa A — A\l 6ynem obosHadaTh depes Ly 1 Ha3bIBATL COOCTMEEHHBIM NO0-
npocmpancmeom oneparopa A. [oustao, aro Ly # {0}. Beakuit neny-
J1eBOit BeKTOp U3 L) — cobCTBEHHBII BeKTOP omeparopa A, oTBedaroniuii
COOCTBEHHOMY YHCJTY .

DMoKHO CKa3aTh, TAKIM 00PA30M, UTO HEBBIPOZKIEHHBIH OIEPATOP OCYINECTBIISIET B3AMMHOOHO-
3HAYHOE OTOOpAarKeHHe JII0O0I0 CBOEro MHBAPHAHTHOI'O IOAIPOCTPAHCTBA HA ITO K€ IIOIIPOCTPAH-
CTBO.
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4. IlpuBeneM TpoCTHIE MPUMEPHI OMEPATOPOB, UMEIOIINX COOCTBEH-
HbIE BEKTOPDI.

1) st HyJaeBoro omeparopa BCSKHUi HEHYJIEBOH BEKTOP MPOCTPaH-
cTBa X,, — COOCTBEHHBIII BEKTOP, OTBEYAIONINIT COOCTBEHHOMY YHCJTY, paB-
HOMY HYJTIO.

2) st omeparopa al, rane o € C, BesKuii HEHYJIEBOIT BEKTOD MPO-
CTPAHCTBA €CTh COOCTBEHHBII BEKTOP, OTBEYAIOININI COOCTBEHHOMY YUCJTY,
pPaBHOMY .

3) Ilycrb nmpoctpancTBo X — mpsiMasi cyMMa mojnpoctpancts L uw M
U yCcTh P — omnepaTop NPOEKTUPOBAHUs MPOCTPAHCTBA X Ha, TOJIIPO-
crpanctBo L mapasiensuno M. Torpa Px = x g 11000r0 BeKTOpa, X
u3 L, u Px = 0 nys moboro x € M, T. e. Bce HEHYJIeBbIe BEeKTOPHI U3 L —
cOOCTBEHHBIE BEKTOPHI ollepaTopa P U Bce OHM OTBEYAIOT COOCTBEHHOMY
YUCJTY, pABHOMY €JIMHUIE, TOTJA KaK BCe HEHyJeBble BeKTOpbl u3 M —
cOOCTBEHHBIE BEKTOPHI olepaTopa P, orBevdalolye cCOOCTBEHHOMY YHCY,
PaBHOMY HYJIIO.

B BerecTBeHHOM TTPOCTPAHCTBE X, HE Y BCIKOT'O OIIEPATOPa €CTh COO-
CTBEHHbIE BEKTOPBI. Tak, Hampumep, oneparop Q, MOCTPOEHHBIH B MTyHK-
Te 1, c. 178, He mMeeT cOOCTBEHHBIX BEKTOPOB B BEIIIECTBEHHOM ITPOCTPAH-
ctBe Xg. DTO cpasy cjiejlyeT U3 TOro, 4To y oreparopa O HET HETPUBU-
AJIbHBIX MHBAPUAHTHBIX TOJITPOCTPAHCTB.

5. Teopema. Bceaxuii onepamop A, deticmsyrouutl 6 KoMNAEKCHOM
npocmpancmee X,,, UMEEM COOCNBEHHDBIE BEKMOPYL.

JTOKABATEJILCTBO. Hocrarouano yoeauTtbest, aTo cyiecrByer A € C
Takoe, UTO JIMHEIHOe ypaBHEHUE

(A— Az =0 (2.2)

uMeeT HeTpuBHaJibHOe perieHne. OuUKcupyeM B MPOCTpaHCTBE X, HEKO-
Topelit 6asuc &,. Ilyctn A, — marpuna omeparopa A B 3TOoM Oasuce.
Paccmorpum ypaBHeHne

det(A, — AI) = 0. (2.3)

Herpynto nposeputs, uro det(A, — AI) — MOJUHOM TOPSIIKA 71 OTHO-
curesibHo A. [Tosromy ypasrenne (2.3) umeer n KopHeir A1, Ao, ..., An.
Besikmii koperb A, ypaBhenus (2.3) — cobeTBeHHOE "ncio oneparopa A.
B camowm jeite,

(A~ ND)E=0 (2.4

€CThb OJJHOPOJHAasd CHUCTeMa JIMHEHHDbIX ypaBHEHUIl C BBIPOZXKICHHON MaT-
puleil, cjae0BaTeIbHO, OHA NMeeT HeTpuBuaJjbHoe pemlenne. O0o3HaINM
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sto pemtenne 4epes £F. Torma sektop z¥ = &£,6F, oueBmuno, Gyner He
pasen nysmo u 6yzer pemenneM ypasnenns (A — M\ 1)z = 0. O

YIIPAYKHEHUE. Ilycts A — omepatop, AeficTBYIONIIT B KOMILIEKC-
HoM mpocTpancTse X, L # {0} — uHBapuaHTHOE TIO/IIIPOCTPAHCTBO OIle-
paropa A. Ilokazars, uro y omeparopa A ecTb COOCTBEHHBIN BEKTOP,
npuHaJIe KAt L.

6. Omneparopsl A u B, geiicTByiolue B JIUHEHHOM IPOCTPAHCTBE X,
HA3BIBAIOTCSI NEpecmanosourvLmu, ecin AB = BA.

6.1. Jlemma. Ilycmv A, B — nepecmarnosourvie npeobpasosarus
Aunetinozo npocmparcmea X u nycmos Ly C X — cobcmeennoe nodnpo-
cmparncmso onepamopa A. Toeda Ly — uneapuarmmoe nodnpocmpa-
cmeo onepamopa B.

JTOKABATEJILCTBO. Ilycts x € Ly. Torna Ax = Az, ciemoBaresb-
1o, BAx = ABzx, no BA = AB, nostomy ABx = ABx. D10 o3HaYAET,

4TO BeKTOp Bx npuHaie:KuT nojarnpoctpancTsy Ly. [

§ 3. XapaKTepucTuiecKnii IIOJNHOM U XapaKTepPUCTUYIECKne
quca

1. Tommnom det(A — AI) HA3BIBACTCA TAPAKMEPUCTIUMECKUM TLOAU-
nomom mampuys, A. KopHI XapaKTepuCcTHYecKOro MOJHHOMA Ha3bIBa-
IOTCST TAPAKMEPUCTNUNECKUMU (COOCTNEEHHBIMU) YUCAGMU MAMPULUDE A.
MHOXKeCTBO BCeX XapaKTEPUCTHIECKIX THCe/T MATPHIBI A Ha3bIBACTCA ee
cnexmpom n obosuadaercs depes o(A). Kak ycranosieno B xoze JT0Ka-
3aTesIbCTBa TeopeMbl b, ¢. 181, mist oboro ancita A € o(A) cymecTByer
BekTop € C", He paBHBIl HYJIIO, 1 TAKOil, 4TO

Ax = \z.

BekTop = HasbIBaeTCs coOCMBEHHbLIM BEKMOPOM Mampuuv, A, cooTBeT-
CTBYIOIIUM XapaKTePUCTHICCKOMY YUCIY A 9TOH MaTpHUIIbL.

2. Teopema. Xapaxmepucmuveckue noAuHOMbL, G CACO0BAMEALHO,
u cnexmput NodOOHBIT MAMPUY, COBNAIAIOM.

JIOKABATEJILCTBO. Ilycts T° — HeBBIpOXKIeHHAS MATPUTIA, MATPHU-
na B = T-' AT nono6na marpune A. Torna s soboro A u3 C

B—MNM=T"'"AT — X[ =T (A-\T.
TTockosbky det(T1) = 1/det(T), To det(B — M) = det(A — A\I). O
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2.1. Marpurisl ornepaTopa B pa3idHbIX Oa3nucax moJo0Hb! (eM. 1. 9,
c. 164), mosTOMYy XapaKTepUCTHIeCKUil TTOJIMHOM MATPHUIIBI OllepaTopa 1
ero KOpHH He 3aBUCIT OT BbIOOpa Oa3mca B IpocTpaHCTBe X,. XapakTe-
PUCTUYECKUI ITOJIMHOM MaTPHUIIBI OllepaTOpa eCTeCTBEHHO Ha3bIBATH I10-
STOMY TAPAKMEPUCTNUYECKUM NONUHOMOM ONEPAMOPA.

XapakTepucTuyecKne 4ucja MaTPHUIbl OllepaTopa Ha3bIBAIOTCS Ta-
PAKMEPUCTNUYECKUMU YUCAGMU IM0o20 onepamopa. OHI, TAKIM 00pa3oM,
SIBJISIOTCSl MHBAPUAHTAMU OIIEPATOPA.

MHOKecTBO BCeX XapaKTephuCTHIecKnx duces oneparopa A (dacro
Ha3bIBAEMOE €ro cnexkmpom) oymem 0bo3HadaTh depes3 o(A).

3 nokazare/bcTBa TEOPEMBI O BBITEKAET, UTO JIJIS OlepaTopa, Jeli-
CTBYIOIIEI'O B KOMILJIEKCHOM IIPOCTPAHCTBE X, OHATHUST XapaKTEePUCTUIE-
CKOI'0 ¥ COOCTBEHHOI'O Ync/ia, pakKTHIeCKH, He pa3InJdaroTcs, U ITPUMeHNU-
TeJIbHO K TaKIM OIIePaTOPaM COOTBETCTBYIOIINE TEPMUHBI UCIIOIb3YOTCs
KaK CUHOHUMBI.

§ 4. IIpusnak auHEIHO HE3aBUCUMOCTI COOCTBEHHBIX
BEKTOPOB

1. Jlioboit onepatop, JeficTByIONUil B MPOCTpaHCTBE X,,, TMEET He
boJiee UeM N Pa3INIHBIX COOCTBEHHBIX YHCE/I.

2. Teopema. IIycmv Ai, Aa, ..., A\, — cobcmeennvie wucaa one-
pamopa A : X, — X,,. Ilycmv sce onu nonapro pasiuuvv. Ilycmo,

danee, xt, %, ..., P — cobemeennvie sexmopu. onepamopa A, npu-

wem Ax¥ = \2®, k= 1,2, ...,p. Tozda sexmopw x', 22, ..., zP au-
HETMO HE3ABUCUMDL.

JIOKABATEJILCTBO. Ilpeamosioxkum, 9YTO BONPEKU YTBEPXKICHUIO
TeopeMbl CHCTeMa BeKTOpoB ', 22, ..., xP nuHeitno 3aBucuma. He orpa-
HUUINBasi OOIIHOCTU PACCYXKJIEHUI, MOXKHO CUYNTaTh, UYTO €€ MAaKCU-
MaJIbHYIO JIMHEHHO HE3aBHCHMYIO IIOJICHCTEMY O0OpPa3yloT BEKTODPHl !,
22, ..., 2", r < p. ObosHaunM depe3 L, IOAIPOCTPAHCTBO HPOCTPAH-
ctBa X,, HATAHYTOe Ha BEKTOpH ', x2, ..., x". OHO nMeer pasmep-
HOCTb 7" ¥ HHBAPUAHTHO OTHOCHUTE/IBHO onieparopa A. [lycts Ap — cyxe-
uue oneparopa A na L,. Torma umciaa Ay, ..., A\, — cOOCTBEHHBIE YNC-
na oneparopa Ay . Bee onu nonapuo pasianunbl. Hemysesoii Bektop z/
npunaexut L, u Ay, 2" = A" = N\ 2" e A1 — cobersen-
HOe uncJio oneparopa Ay, _, HO oneparop Ay jeficTByeT B IIPOCTPAHCTBE
Pa3sMEpPHOCTU 7 U IIOTOMY HE MOYKET MMETb OOJIbIIle YeM 7 Pa3/IMIHbIX

CcOOCTBEHHBIX 4nces. [
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2.1. I3 cka3aHHOTO BBIIE BBITEKAET, UTO ecjm y oneparopa A Bce
COOCTBEHHbBIE YHCJIa OKA3hIBAIOTCS PA3JIMIHBIMU, TO COOTBETCTBYIOIIIE M
cobcTBeHHbIe BeKTOpHl =¥, k = 1,2, ..., m, obpasyioT 6a3muc IpocTpa-
crBa X,,. [To nmocrpoenuio

A =\, k=1,2,... 0,

nosTomy Marpuiia oteparopa A B 6azuce {z*}1_ — nuaronanbuas mar-
puIia, 1Mo JUaroHaJ M KOTOPOil pacloJIoXKeHbl uncia g, k= 1,2...,n.

ITPuMEP. HalimeMm Bce cOOCTBEHHBIE YMCJIA U COOCTBEHHBIE BEKTOPHI MATPHUIIBI

4 =5 7
A= 1 -4 9
-4 0 5

XapaKTepHCTquCKOG YpaBHEHUE UMEET BU/L

4—-A -5 7
9

1 —4 -\ = 0.
—4 0 5-2X
BbI‘II/ICHHH OonpeaejnTes/b, IMoJayIuM
N BN+ 17TA — 13 =0. (4.1)

Ouesnro, A = 1 — KOpeHb 3TOr0 ypaBHeHusi. HeTpyaHo mpoBepuTh, 910
N BN 1T =13 = (A — 1)(\2 — 4\ + 13).
Kopun ypasuennss A2 — 4\ + 13 = 0 ecrs 2 + 3i. Taxum o6pazowm,
AM=1 X=24+3i, A3=2-3i
€CTh COOCTBEHHBIE UNC/Ia MATPHUILL A.

Koop/innarsl cobcTBEHHOIO BEKTOPA, OTBEYAIONIETO A1, €CTh PEIIeHUe OIHOPOIHON CcH-
CTEMBbl ypaBHCHUNI

3x1 — bxo + Txz = 0, (4.2)

x1 — dx9 + 923 =0, (4.3)

—4x1 +4x3 = 0. (4.4)

Onpenennresib 1 :g # 0. ITosromy panr marpuiibl cucreMsl ypasHenuit (4.2) — (4.4) pasen

JIBYM H, CJI€IOBATEIBHO, 3Ta CUCTEMA YPABHEHUI MOXKET MMETh JIUIIhL OJHO JIMHEHHO He3aBu-
cumoe perrrerre. [lonoxkum x3 = 1 u Haiinem 1, xo, pemias cucreMy ypasuennii (4.2) —(4.3).
[Momyunm 1 = 1, x9 = 2. Takum obpasom, Bekrop (1,2,1) — perienue cucrembl ypas-
Henuit (4.2)—(4.4). Orcroa BbITEKAET, YTO MHOXKECTBO BCEX COOCTBEHHBIX BEKTODOB, OTBE-
AKX COOCTBEHHOMY YHCIy A1 = 1, €CTh MHOXKECTBO BEKTOPOB Buja c(1,2,1), rue ¢ —
[IPON3BOJIBHOE KOMILIEKCHOE 9HCJIO, HE paBHOE HYJIIO.

KoopamaaTel coBCTBEHHOTO BEKTOPA, OTBEUAIOIIETO Ao, €CTH PEIeHrne OIHOPOIHON CH-
CTEMbl ypaBHEHU

(2 —3i)x1 — bxg + Txz =0, (4.5)
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x1 — (6 4+ 3i)zg + 923 = 0, (4.6)
—4x, + (3 - 3i)$3 =0. (47)

2—-3i -5

1 —(6 + 3i)
nem, pemiast cucreMy ypasuennit (4.5)—(4.6) npu z3 = 1. Iomyunm z; = (3 — 3i)/4,
x9 = (b — 3i)/4. Takum 06pa30M, MHOKECTBO BCEX COOCTBEHHBIX BEKTOPOB, OTBEYAIONINX
COOCTBEHHOMY YHCJIY A2, €CTh MHOXKECTBO BEKTOPOB Buja ¢(3 — 31,5 — 3i,4), riae ¢ — npous-
BOJTbHOE KOMILIIEKCHOE YHCJIO, He paBHOE HYJIIO.

AHaoTnYIHbIe BEITUCIEHUS TTOKA3BIBAIOT, UTO MHOYXKECTBO BCEX COOCTBEHHBIX BEKTOPOB,
OTBEYAIONIMX COOCTBEHHOMY YHCJIy A3, €CTb MHOYKECTBO BeKTOpoB BHa ¢(3 + 51,5 + 3i,4),
rJie ¢ — TPOU3BOJILHOE KOMILJIEKCHOE YHCJIO, He PABHOE HYJIIO.

B paccmarpuBaemoMm mpumMepe Bce COOCTBEHHBIE Yucja pa3iaudHbl. COOTBETCTBYIONINE
MM COOCTBEHHBIC BEKTOPBI 00pasyioT 6aszuc npocrpancrsa C3. DTo BHIHO M U3 TOrO, 4YTO
OTIpEeJIE/TUTEND

Ornpenenuresib = 0. ITosroMy KOOpAMHATHI COOCTBEHHOTO BEKTOpa Haii-

1 2 1
3-3i 5—3i 4,
34+5i 5+3i 4

COCTaBJIEHHBIN 13 WX KOODJWHAT, HE PABEH HYJIIO.
B ciay4ae, korga xapakTepucTudecKnii MoJmHOM oneparopa A mmeer
KpaTHble KOPHU, COOTBETCTBYIOIINX UM JIMHEHO HE3aBUCUMbIX BEKTOPOB

MOXKET OKaz3aTbCs MEHbIIIe, 9eM 7, U OHH He OyayT 0a3ucoM IPOCTpaH-
crBa X,,.

[TPuMEP. Haiinem Bce coOCTBEHHBIE UHCIIa U COOCTBEHHBIE BEKTOPBI MaTPUITHI

2 -1 2
A= 5 =3 3
-1 0 -2

Xapakrepucruaeckoe ypasaerne ectb A3 4+ 3\ 4+ 3\ + 1 = 0. Kopru sroro ypaBHeHus ecrsb
A1 = Ay = A3 = —1. Cucrema ypaBHEHUH JJisi OTBICKAHUST KOOPJAUMHAT CODCTBEHHOTO BEKTOPA
UMEET, CJIeJI0BATETHHO, BU/T

3r1 —x2 + 223 =0, (4.8)
921 — 2x9 + 3x3 =0, (4.9)
—x1 —23=0. (4.10)

5 —2
U JIMHEfHOe mpocTpaHCcTBO pernenuii cucreMsbl (4.8)—(4.10) oxnomepro. HerpynHo BuzeTh,
qro BekTOp & = (1,1,—1) — permenne cucremsr (4.8)—(4.10). CiemoBaTebHO, MHOKECTBO
BCEX COOCTBEHHBIX BEKTOPOB MAaTPHUIIBI — 9TO MHOXKECTBO BeKTOpoB Buja ¢(1,1, —1), rme ¢ —
IPOM3BOJIbHOE He paBHOe Hyso 4ucio. [lomarmno, 9To cobCcTBeHHBIE BEKTOPBHI MATPHIBI B
paccMaTpUBaeMoM ciydae He obpasyior 6asuca B mpoctpanctie C3.

Ornpenenuresib He paBeH HyJI0. [lo3TOMY paHT MaTpHITHI 3TOI CHCTEMBI PABEH IBYM,
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§ 5. I'eomeTrpuieckas n aaredpamdeckasi KpaTHOCTH
COOCTBEHHBIX YHCeJI

1. PasmepHocrb cobCTBEHHOTO HOJIIPOCTPAHCTBa orneparopa A, or-
Bevalolero cobCTBEHHOMY YHCJIy A 9TOIO ollepaTopa, Ha3bIBAeTCs 2€0-
MEMPUYECKOT KPAMHOCMBHIO COOCTBEHHOTO THCIA .

KparnocTb uncia A Kak KOpHs XapaKTePUCTUIECKOTO YPaBHEHUA OIle-
paropa A HasbIBaeTCs aA2e0pauveckoti KpamHocmsio cOOCTBEHHOIO UNC-
Ja .

2. Teopema. Jlas aobozo onepamopa A, deticmesyrouezo 6 Koneu-
HOMEPHOM NPOCMParcmee X, 260MEMPULECKAA KPAMHOCMD A100020 COO-
CMBENHO020 YUCAG He NPECOCTOOUM €20 AA2EOPAUYECKOT KPAMMHOCTU.

JOKABATEJILCTBO. Ilycrs L), — cobcrBenHOe HOAIIPOCTPAHCTBO
oreparopa A, orBedaroriee ero coOCTBEHHOMY 4HCITy Ao, dim(Ly,) = m,

1 BekTope! f1, f2, ..., f™ obpasyroT 6a3mc 3TOro MoAIpocTpancTBa. Jo-
TTOJTHUM TIPOU3BOJILHO YKa3aHHBI Oasuc BekTopamu ¢, ¢m 2 . g"
110 6a3uca npocrpanctsa X,,. [lockoibky Af¥ = N\of* k=1,2, ..., m,

TO MaTpHuIly omneparopa A B mosydeHHOM 0a3ice MOYKHO TIPEJICTABUTE B
osounoM Buje (cm. 1. 2 c. 178)

Ao A

v (5.1)

rjie Ay — JauaroHaJibHas MATPHUIA IOPSIIKA 1M C dJeMeHTaMI \g Ha, Jua-
rOHAJIA ¥, CJIeJ0BaTE/JIbHO, XapaKTepUCTHIeCKUil moJimHoM oneparopa A
MOYKHO IIPEJICTABUTE TaK:

det(A — M) = (A — 20)" Qu_m(N\),

re Qpn_m(\) — HEKOTODBIii MOMHOM Topsifika 1 — m. Ternepb coBepiieH-
HO OYEBHU/IHO, UTO 1M HE MOXKET MPEBOCXOJNTH KPATHOCTU Ay KaK KOpHs

ypasrenus det(A4 — AI) =0. O

3. Tosopsar, uro omneparop A : X,, — X,, €cTb omepaTop npocmotl
CMPYKMYPoL, €CJIN MOXKHO YKa3aTh Oa3uc MPOCTPAHCTBA X,,, BCE BEKTOPHI
KOTOPOro — cOOCTBEHHBIE BEKTOPHI omeparopa A.

4. Teopema. /[ia mozo, wmobv. onepamop A 6via onepamopom npo-
cmoti cmpyxmypovt, HeobxouMo U doCMaAMOYHO, 4MObLL 260MEMPULECKAA
KpamHocmo xastcdozo cobcmeenHozo wucaa onepamopa A coenadaia ¢ €20
aN2e0PAUMECKOT KPAMMHOCTNBIO.

JTOKABATEJILCTBO 3Toif TeopeMbl Ipe/IjIaracTcd IUTaTesIi0 B Kade-
CTBe yIIpa’KHEHUSI.
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§ 6. MlmBapuaHTBI ollepaTopa

B srom naparpade cymecTBeHHO UCIOIL3YeTCs

1. Jlemma. Jlaa a06020 x € C cnpasedauso pasaoocerue

ail +x a2 . Q1n
. a1 axp +T ... Q2p, -
dlz) = |
an1 An2 ces Qpp t+ T

= 2"+ e P4 e+ ¢, (6.1)

2de
aphpl a’pl,pz te aphpk
Cp = Z Apypr Apapa -+ Apapy, ’ (62)
ISprspasSpesn App,pr Aprpy + -+ Apypy,
k=1,2,...,n. Cymmuposanue 6 (6.2) pacnpocmpansemcs Ha 6ce C”;

onpedesumeneti nopadka k yrazanrozo uda.

Ornpeiesmresin, BXOJSIINE B IPABYIO 9acTh paBeHCTBa (6.2), HA3bIBa-
10Tcs Jua20HAALHIMU MIHOPAMU TIOPSIJIKA Kk MATPHITHI

aip a2 ain
as1 @ a
A — 21 22 2n
ap1  Ap2 Qpn,
OrmeTum, 9TO
aip a2 ... Qip
a21 Q9292 ... QA9n
C1 = Q11+ a2+ -+ app, Cp =
ap1 Ap2 ... App
1. 06 Loa? g
JTOKABATEJILCTBO JieMMbl 1. o3HAYUM dYepe3 a, a°, ..., G
cTOJIONBI MaTpuIlbl A 1 OyneM TpakTOBaTh OIpPeIe/nTe b MaTpuibl A
Kax pyHKImo ee crogonos, T. e. det A = A(al,d?, ..., a"). Torna bynk-

o d(x) MOKHO IPEJICTABUTD B BHJIE

d(z) = Ala* + 2i',a® + xi?, ..., a" + zi"),

e, KaK OObIUHO, 4epes ', 42, ..., i" 0D03HAUCHB! €MHIYHbBIE BEKTOPDI

npoctpancTBa C". Kak MbI 3HaeM, onpejenuTeb JIMHEEH 110 KayKIOMY
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13 CBOUX CTOJIOIIOB, IIO9TOMY, IPOBOJS dJIEMEHTapHbIE BBIUNUCJIEHU, T10-
JIYYUM

d(z) = Ala',a?, ... a")+
+2(AGY a?, . d)F A L a) Al 6P L a )+
+ 22(AG 3 a? . a") 4+ Alah d®, L a" )+
4+ 2" A ). (6.3)

T[TosicHUIM, 4TO MHOMKHTENEM HpH xF dBifeTcd cyMMma Cf; olpe/Jiesu-

Tesiell, KaxKJIblil M3 KOTOPBLIX MOoJIydaeTcsd 3aMenoii k£ cTosjbIoB orpe-
nemurens A(al,a?, ..., a") Ha COOTBETCTBYIOMINE €JIMHUYHBIC BEKTO-
pol. i 3aBeplieHust J10Ka3aTesbCTBA JIEMMbI OCTACTCS 3aMETHUTD,
aro A(il,4%,...,4") = 1, a samensss k cTOJOLOB B OIpeje/UTe-
ne Aat,a?, ..., a") Ha e UHUYHbIC BEKTOPbI C TeMH 7K€ HOMEDPAaMU, Mbl
IOJIy9aeM COOTBETCTBYIOIINI JUMaroHaJIbHbIi MUHOD HOPSAIKa 1 — k MaT-

punnl A. [

2. XapakTrepucTuuecKnii moauHom Marpuisl A, omneparopa A ¢ Tou-
HOCTBIO J10 3HaKa coBnajaer ¢ det(A — A.). 3anucbiBast STOT OIpPeIesu-
TeIb B BUJIE PA3JIOKEHUS 110 CTEHEHAM A, [OJIY9IHM

det(M — A,) = P,(A\) = A" =T\ P+ A" 2 4 oo+ (=1)"T,. (6.4)

Kak yze ormedanoch, K03UIMEeHTE HoJUHOMa, P, ABIAIOTCS UH-
sapuarmamu onepamopa A. Bee onn BBIpasKaroTcsl 9epes 3J1eMEeHThI MaT-
PUIILI OIIEPATOpa, HO IPH 9TOM BazKHO HMOMHHUTL, 9TO HUKAKOE Ipeodpa-
30BaHKe Oasnca UX 3HAUCHUI He MeHsieT. B ¢BA3M 9THM NPUHATH 0003Ha-
gernst I, = Zr(A), k = 1,2, ..., n. Ucnonbsys dopmyisl (6.1), (6.2),
HETPY/IHO TIOJYUUTH CJIeyIOline BbipazkeHus Jist uaBapuanToB Zi(A)
oreparopa A 1depes sjeMeHThl MaTpuIbl A,

i iy e Qi
(A = Y T Tiaio -+ T | (6.5)
1<) <ig<--<ip<n ¢ oAb, ... d,
k=1,2,...,n, B9aCTHOCTH,
Ti(A) =af, +aSy +---+a,, Z,(A)=det A, (6.6)

npudeM Bestejcrue opmyst Boera (em. 1. 25, ¢. 25)
ajytas+--Fal, =M\ +X+--+ A, detA. =M\, (6.7)

rje A, Ag, ..., A, — XapakTepucTHieckue ducia omneparopa A. Boob-
e, Zp(A) ectb cymMMa BCEBO3MOXKHBIX MPOU3BEJIEHUIT k pas/IMIHbIX Xa-
PaKTEPUCTUIECKUX YHcesT oreparopa A.



§ 7. UuBapuaHTHBIE ITOJIIPOCTPAHCTBA OIIEPATOPA B BEI[ECTBEHHOM ITpocTpaHcTBe 189

3. [Ilone3no oTMeTUTh, 9TO, IIOCKOJLKY BCAKAS KBAJpaTHAs MaT-
punia A = {a;;}{,_; NOPOKIAET JMHEHHbI omepaTop (yYMHOMKEHUS Ha
BEKTOD), JieficTBytonuit B ipocrpancTse C, eif MOKHO OTHECTH BEJINYU-
uol Z(A), k = 1,2, ..., n, Beranciasgembie mo dopmyaam Buga (6.5) ¢
saMeHoil af; Ha ajj. [IOHATHO, 9TO STH BEJMYMHBI HE MEHAIOTCS HU HPH
KaKOM II0JOOHOM IHpeo0pasoBaHund MATPHILI A U IOTOMY HA3LIBAIOTCS
UHBAPUAHMAMU MAMPUUDL A.

4. Teopema. [Tycmo A — onepamop, deticmeyowuti 6 Konewnomep-
nom npocmpancmee X,,. Tozda cywecmseyem noioHcumesbHoe 4ucio €
maxoe, wmo ecau |e| < ey u e # 0, mo onepamop A + el obpamum.

,ZLOK&B&TGJIBCTBO 9TOM TEOPEMDBI IIOPYyYa€TCdA YUTATE/JIO B Ka4d€CTBE
YIIpazKHEHW .

5. Bemmunny Z1(A) = afy + a5 + -+ a5, = M+ X+ -+ N\,
Ha3bIBAIOT caedom omeparopa A u obosnadaror depes tr(A). Ormernm
CJIeYIOITHE TTOJIe3HbIE (DOPMYJIBL:

tr(ad + 6B) = atr(A) + Str(B), (6.8)
tr(AB) = tr(BA). (6.9)

Baech A, B — npousBoJibHbIE JIMHEHHBIE OIEPATOPbI, JIEfiCTBYIONINE B KO-
HEYHOMEPHOM JIMHEHHOM HPOCTPAHCTBE, v, 3 — IPOU3BOJILHBIE YUC/IA.

PagenctBo (6.8) HENOCPEJICTBEHHO BBITEKAET U3 OIPEJIEIeHUsI CJIe/Ia
onepatopa. PasernctBo (6.9) Jierko mpoBepsieTcst epexo oM K MaTPHUIIAM
OIIEPATOPOB U MPSMbBIME BHIYUCIEHISAMI BEJIMUNH, 3alIICAHHBIX B €10 IIpa-
BOIT U JIEBOII YaCTIX.

§ 7. leBapuaHTHBIE TOANPOCTPAHCTBA OllepaTopa B
BEINIECTBEHHOM NPOCTPAHCTBE

1. Ilycrs Tenepn onepatop A jeiicTByeT B BEIECTBEHHOM ITPOCTPaH-
ctBe X,,. Marpuna A, oneparopa A B 06om Oasuce &, BeleCTBEHHA.
Ypapuenue (2.3), c. 181, 1. e. XapaKTepUCTUIECKOE yPABHEHNE MATPHIIbI
A., — anrebpamdeckoe ypaBHEHIE € BEIIECTBEHHBIMI KO(DDUITTEHTAMIL.
Omno, BoOOIIIe TOBOPs, NMEeT KaK BeleCTBEeHHbIE, TaK U KOMILIEKCHBIE KOP-
HIL.

Eci A — BerecTBeHHBINH KOPEHb ypaBHeHus (2.3), To cucTeMa ypas-
HEeHMIT

(Ae = AE=0 (7.1)
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MMeeT HeTpHUBHAIbHOE BellecTBennoe peenne &, u it Bekropa © = E,&
BBITIOJTHEHO paBeHCTBO Ax = Ax, T. €. £ — COOCTBEHHBIII BEKTOP Ollepa-
topa A. Takum o6pa3oM, Bce BellleCTBEHHbIE XapaKTEPUCTUIECKUE YHCIIa
marpuibl A, — coberBennbie yncsia oneparopa A.

Eciin 4ncio A He cOBIAJAET HU C OJHUM U3 BEIIECTBEHHBIX KOPHEN
ypasHerust (2.3), To cucrema ypaprenuii (7.1) He MOXKeT UMETh HETPH-
BHAJILHBIX BEIECTBEHHBIX PEIIEHUl, II03TOMY, €CJIi BCe KOPHU ypaBHe-
Hust (2.3) — KOMILJIEKCHBIE THCIa, TO oneparop A He nmeer coOCTBEHHbBIX
BEKTOPOB.

Taxum obpasoM, JIMHEHHBIH OIepaTop, JIeiCTBYIOMINI B BEIeCTBEeH-
HOM IIPOCTPAHCTBE, MOXKET HE MMETh OJHOMEPHDLIX MHBAPUAHTHBLIX I10]I-
IIPOCTPAHCTB.

2. Kaxk10My KOMILIEKCHOMY XapaKTePUCTUICCKOMY YHUCIY MATPH-
el A, COOTBETCTBYET JBYMEPHOE MHBAPUAHTHOE IIOJIIPOCTPAHCTBO Olle-
paropa A.

eiicTBurennno, ecim A = « + i — KOMILIEKCHOE XapaKTePUCTUIC-
ckoe ancyio maTpuiibl A., o det(A, — AI) = 0, u cucrema ypaBHeHuit

(A = A)§ =0 (7.2)

nMeeT HeTpUBHAJILHOE KoMILIeKcHoe pertenne & = ¢+ 7). [Hosgcanum, uro
1 1) — BekTOpbl u3 R"™. BoJiee mojpobuas 3anuck cucremsl (7.2), ¢ yaeTom
TOrO, uT0 A, — BellecTBeHHAasT MATPUIIA, JAET

Al +iAn = (a+1if)(¢ +in) = af — Bn +i(B¢ + an),

OTKYyda, IIpUpaBHHNBasA BEIIECTBEHHLIE 1 MHUMbBIC 9aCTH, IIOJIYyYacM

Al = a = fn,
Aen = B¢+ an.
[Tonarast x = &,(, y = &,n, OylieM uMeTh
Ax = ax — [y, (7.3)
Ay = Bz + ay. (7.4)

Obpasyem HOAIPOCTPAHCTBO L, HATSIHYTOE Ha BEKTOPHI T, Y. 11ycTh Bek-
Top 2z € L. DT0 o3HadaeT, 9T0 z = 7YX + 0y JJIsI HEKOTOPBLIX ¥,0 € R.
Torna Az € L. B camom jieute,

Az = vAzx + 0 Ay = vy(ax — By) + 0(Br + ay) =
= (ay + B0)x + (ad — Bv)y € L.
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Taxum obpasom, L — mHBapHaHTHOE IIOIIPOCTPAHCTBO oneparopa A.
YTIPAXKHEHUSI.

1) TlokazaTb, 4TO BEKTODBI T, Y, YJIOBJIETBODSIOIINE COOTHOIIEHI-
siv (7.3), (7.4), TuHETHO HE3ABUCUMBIL, T. € OIIPOCTPAHCTBO L JIByMEPHO.

2) Ilycrs X,, — BermecTBeHHOE TPOCTPAHCTBO. [loKazaTh, 9T0 B J10-
6oM mojrnpocTpancTse L, C X,,, pa3MepHOCTH M > 2, UHBAPUAHTHOM
orHOocuTesbHO oneparopa A : X,, — X,,, oneparop A nmeer jmbo oHO-
MepHoe, JT00 JIByMepHOe MHBAapUAHTHOE IO/IIIPOCTPAHCTRO.

§ 8. IIpuBenenue maTpuiibl olieparopa K TpeyroJjibHoii ¢popme

1. Teopema. /Jlasa 06020 onepamopa A, deticmeyrouiezo 6 Kom-
NAEKCHOM NPOCMpParcmee X, MOAHCHO YKa3amd makot ba3uc, 4mo mam-
puya onepamopa A 6 amom bazuce mpeyzoivta, NPUYEM N0 ee QUAZOHAAU
PACTOA0ICEHDL BCE cobcmeernble wucaa onepamopa A.

B ocnose JdOKa3aTeJIbCTBa 3TOI'O YTBEP2KACHNA JIC2KUT

2. Teopema Ilypal). ITyemv A — xsadpamnas mampuya nopao-
Kan, A, Ao, ..., Ay — TAPAKMEPUCTNUYECKUE YUCAQ Mampuub, A, 3a-
HYMEPOBarHbvle 8 HeKomopom nopadxe. Cyuecmsyem ynumapras Mam-
puua U maxas, wmo

U'AU =T, (8.1)
ede T — eeprrAas Mpey2orvHas MAMPUYQ 6uda
/\1 ti1g ... tin
_ 0 Ao ... gy
T=1 ot | (8:2)
0 0 ... M\

JIOKA3ATEJILCTBO. Ilyers u! — cobersennbiil BeKTOp MaTpuisl A,
oTBevalonnii cobcrBeHHOMY 4ncyy Aj. CoOCTBeHHBIE BEKTOPbI MATPHUIIbI
OIIPEJICJISAIOTCS ¢ TOYHOCTBIO JIO CKAJISIPHOTO MHOXKUTEIsI, TIO9TOMY MOYKHO
cuntath, uro |u'| =12

[Tocrponm B npocrpancrse C" opronopmuposanublii Gasuc {uf}_,
(em. . 5, c. 133) u obosnaunm vepe3 U; marpwuiry, cTojabIaMi KOTOPOit
CJLyZKaT 3JIeMeHThl BeKTopos {ur}7_,.

DWcait ITyp (Issai Schur; 1875 — 1941) — memenkmii MaTeMaTHK.
2)3nech u satee Ha MPOTSKEHHE 3TOro naparpada Mojl CKaJAPHBIM TPOU3BEICHICM TOHIMACTCS
CTaHJAPTHOE CKaJSPHOe ITpon3BesieHne B npocrpancree C”.
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Boruncmum marpuity U AUy Yurtem upu stom, urto Aul = Ajul,
a (uf,ut) =0 ana k= 2,3, ..., n. B pesyabrare, TOIydmM, 9TO
* _ )\1 *

CupaBa B 9TOM paBeHCTBe — OJiouHasi 2 X 2 marpuna. Ilepsbrii juaro-
HAJILHBI OJIOK COCTOUT M3 OJHOIO dJEMEHTa, PaBHOrO Aj. Bropoit mgua-
roHaJIbHBII OJI0OK — KBaJjipaTHasi MaTpuia pasmepa n — 1. Bjiok B mo3u-
mun (2,1) — myneBoii crosber jymabl n — 1. Byok B mosurum (1,2) —
CTpPOKa JUIMHBI N — 1 ¢ HEeHyJIeBbIME, BOOOIIEe roBops, djgemMeHTamu. O6o-
3HAUEHNs, aHAJOIMIHbIE UCIIOJIB30BAHHBIM 3/1€Ch, OyIyT HPUMEHATbCS U
B JlaJIbHEIIIIEeM.

Marpuna U; AU; nonobua matpuiie A, mostomy (cM. Teopemy 2,
c. 182)

o(UfAUy) = o(A).

C npyroit croponsl, u3 (8.3) Beirekaert, uro o(U{AUy) = A\ Uo(Ay). dus
TOr0, YTOOBI YOCJUTHCA B 9TOM, HY2KHO PA3JIOXKUTH 110 IIEPBOMY CTOJIOIY
onpeenurensb det(A — Uy AUy ). Takum obpasom,

O'(Al) = {)\2, c e /\n}

Paccyxkasg TouHO Tak »Ke, KakK Mpu HOCTpoeHnn MaTpuilbl Uy, MOXKHO
MOCTPOUTDH yHUTapuyio Matpuity Us mopsiika n — 1 Takyio, 4To

. A
Us AUy = (02 j;) . (8.4)

10
w6

Matrpuna V5, Kak HETPYTHO YOETUTHCA, €CTh YHUTAPHAS MaTPHUIA TOPS/I-
ka n. [I[poBojis s71eMeHTapHble BHIYNC/IEHUS, TTOJTYITUM

[TostoxxuM

)\1 * *
0 0 A

[Tongarro, 9T0, TPOIOIZKA ITOT MPOIECC, MOYKHO TTOCTPOUTH YHUTAP-
Hele MmaTpuns! Vs, ..., V1 Takne, 9TO MaTpuIa

Vi VRUTAULV, - Vi
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eCTb BepXHsisi TPEYTroJIbHast MATPHUIIA, Ha [VIABHOMN JHArOHAJII KOTOPOIi T10-
CJIeJIOBATEIBLHO CTOAT YUCIA A1, Ag, ..., A\p. [lonoxxum U = Uy Vo -+ - V4.
Marpuna U yHuTapHa Kak [MpoM3Be/leHNe YHUTAPHBIX MaTpurl (cM. 1. 6,
c. 108), mpuuem U* = V¥ ;- - V5'UT, nosromy it marpunst T = U*AU
crpaBeInBo paBeHcTBO (8.2).

3. CoBepIlleHHO aHAJOTTIHO JIOKA3BIBAETCS, YTO CYIIECTBYET YHU-
TapHasd MaTpuiia V' Takas, 9To

VAV = L,

rie L — HuKHgAg TpeyrojbHas MaTpuila, 10 JUAroHaJ M KOTOPOI pacio-
JIOZKEHBI XapaKTePUCTUIECKUe Yncaa MaTpuibl A.

4. U3 nokazarenbcra TeopeMbl [lypa BugHO, 9TO econ maTpuia A
BEITIECTBEHHA 11 BCE ee XapaKTEePUCTHIeCKne dncia (a, cieoBaTeabuo, n
cOOCTBEHHBIE BEKTOPHBI) BermecTBeHHbl, To MaTpura U B (8.1) MoxeT OBITH
BBIOpaHa BEIIECTBEHHO 1 YHUTAPHOI, HHBIMI CJIOBAMU, OPTOIOHAJBLHOIL.

5. JIOKABATEJIbCTBO Teopembl 1. Ilycts A — npousBosibHBIH Jini-
Helinbiii oneparop, jeficteytonuii B npocrpatnctse X, F, = {fF}_, —
npon3BosIbHO (uxcupoBannbelil 6asuc B X,,. Torna AF, = F, Ay, tae
A; — marpuna oneparopa A B sTom 6asuce (cm. (6.3), c. 159). ITo Teo-
peme [lypa cymectsyer ynutapnas marputia U Taxkag, yro Ay = UTU,
riae T — marpura Buja (8.2), Ar, A9, ..., Ay — XapaKTepUCTHIECKIE THC-
Ja MaTpuipl Ay, WM, 9TO BCe PaBHO, — COOCTBEHHBIE HYHCJIA OLEPATO-
pa A, crenosarenvuo, AF, = F,UTU*, nm AF,U = F,UT. Ilono-
xum &, = F,U. Torna AE, = &,T. Takum obpasom, T — marpuia
oneparopa A B 6asuce &,. [

§ 9. HuabnoreHTHBIIT oniepaTop

1. Omneparop A, jieficTBYIOIINI B KOHETHOMEPHOM ITPOCTPAHCTBE Xy,
HA3BIBAETCS HUABNOMEHMHDILM, €CTTU CYIIECTBYET IeJI0e Yucao q = 1 Ta-
koe, ato AY = (. Hammenbliee ¢, 1jisi KOTOPOrO BBIIOJTHEHO yKa3aH-
HOE PaBEHCTBO, HA3bIBAECTCsI MHJIEKCOM HIJIBIIOTEHTOHOCTH orneparopa A.
AHaJIOrTIHbIM 00pa30M BBOJIUTCS TOHATHE HUJIBIOTEHTHOCTH KBaJIpaT-
HOIl MaTpHUIIbLI.

Benesiersue (6.8), c. 161, umeem A? = E71AIE, nosromy, ecim A —
HUJILIIOTEHTHBIN ONEPaTop, TO W €ro MaTpHIla B JIIOOOM 0Oasnuce HUJIBIO-
TEHTHA C TEM K€ UHJIEKCOM HUJILIIOTEHTHOCTH U, HA00OPOT, €CJIN MaTPUILa,
orlepaTopa B HEKOTOPOM 0asnce HUJIBIOTEHTHA, TO U OIepaToOp HUJIBIIO-
TEHTEH C TeM K€ WHIEKCOM HUJIHIOTEHTHOCTH.
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2. Jlemma. I[lycmv A — mpeyeoavhas mampuuya nopadka n, ece
duazorasvbHble IAEMEHMBL KOMOPoTl pashovr Hyat. Toeda A — wHuawvno-
MEHMHAA MAMPUUA, UHOEKC €€ HUADNOMEHMHOCTNY HE NPEGOCTOIUM, N..

JTOKABATEJILCTBO. s onpeesennoctn OygeM cauTaTh, 410 A —
HIDKHSSL TPEyroJibHasg Marpuia. B ciaydae BepxHeil TpeyroJbHONH Mar-
PUIILI PACCYZKICHUST IIOBTOPSIIOTCS, IPAKTUIECKH, JIOCA0BHO. IlyeTh 2 —
npon3BosbHLI BekTop n3 C". Torna, Kak HETPYHO BUJIETh, IIepBast KOM-
IIOHEeHTa BeKTopa Az pasHa Hy/0. AHAJIOIMYHO IIPOBEPSIETCS, UTO Iep-
BhIe 1B KOMIOHeHTH BekTopa A(Azx) = A%z pasubl nymo. [Ipomon-
JKasl 3TH BLIUUC/ICHUST, TIOJIYYUM, YTO BCEe KOMIIOHEHTEI BeKTopa A"x pas-

HBI HYJI0. BejeacTBue mponm3BOILHOCTH BEKTOPA & OTCIONA BLITEKAET,
gyro A" = 0. J

3. Teopema. /las mozo, umobwv. onepamop A 6bia HuAbNROMEHM-
HbM, HEODLOOUMO U AOCMAMOUHO, 4MobbL 8CE €20 COOCMBEHHBLE YUCAA
OBLAU PAGHDL HIYAI0.

JTOKABATEJILCTBO. Ilycrs oniepatop A HUIBIIOTEHTEH U ¢ — UHJIEKC
ero HuIboTeHTHOCTH. ITycTh A\,  — cobcTBennast mapa omneparopa A. To-
rna Ar = Az, crenosarenbrio, Alr = ANzx. Ilo cuemanHOMy Ipeanoso-
xennio Alx = 0, mosromy Ax = 0, Ho x # 0, 3Hauut, A = 0. Ob6parHo,
IIyCTh BCe cOOCTBEHHBIE Ynca oneparopa A pasubl myo. [lo Teopeme 1,
c. 191, cymecTByeT 6a3uc, B KOTOPOM MaTpHuiia orneparopa A TpeyrosbHa,
IpUYeM BCJIEJCTBUE CJIEJIAHHOTO IPEJIIIOIOXKEHNsI BCe ee JMAarOHaJIbHbIe
9JIEMEHTBI — HYJIM, 3HAYHUT, 110 JIeMMe 2 OHa HUJIbIIOTeHTHa. []

YKazkeM Ha 04eBHUJIHOE

3.1. CuenctBue. Undexc nusvnomenmmocmu onepamopa, oet-
CMBYIOWE20 8 N-MEPHOM NPOCMPAHCINEBE, HE MOACEM NPEBOCTOUMD N.

4. Ilyctp A : X,, — X,, — HWILIOTEHTHLIN OIEPATOpP HHIEKCA (.
Torma, odeBnHO, cymecTByeT BekTop 2’ € X, Takoif, uto A 120 £ 0.

VIIPAYKHEHUE. lokaxure, uro Bekrops! ¥, Az’, ..., A4 120 -
HEHO HE3aBUCUMBI.

§ 10. IIpuBeaeHne MaTpuIlbl olepaTopa K >KOpJaHoBoii ¢popme

B sTom naparpade Oyjier mokasaHo, 9TO JIJId JHO0ro JUHEHHOTO o11e-
paTopa, HefiCTBYIOIIEro B KOMILIEKCHOM IPOCTPaHCTBE X,,, MOXKHO YKa-
3aTh 0a3nc, B KOTOPOM MaTpHUIla ollepaTopa UMEeeT OUeHb IIPOCTYIO (hopMy.
Omna jByxjauaronajbha. [Ipumdem 1o ee ryiaBHOI JuaroHaJn PacIoJiozKe-
HbI BCce COOCTBEHHBIE 4McJia oleparopa. Ha Osmkaiiieil cBepxy napaJi-
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JICJILHOM JIaroHa/ PacioiaraloTcs 3JIEMEHTBI, KOTOPbIe MOIY IIPUHU-
MaTh 3HAYEHWS HY/Ib WM eJuHuia. MaTpuia Takoro BUa Ha3bIBACTCs
orcopdanosoti V. JIjist Toro, 4To6bI HOIYUINTb 2#COPIaH060 NPEOCTNAGACHUE
orepaTopa, Hy>KHO B34Th €ro MaTPHUIy B IIPOU3BOJILHO BBLIOpAHHOM Oa-
31ce, a 3aTeM IIpeodpasoBaHueM I0J00Md IIPUBECTH €€ K 7KOPJIaHOBOI
dbopme. Ykazannas nporpaMma u OyIeT pealn30BaHa B HACTOSIIEM I1a-
parpade.

EcrecTBeHHO, BO3HUKACT BOIIPOC, a HEJIb3s JIH JIIOOYIO MATPUILY [IPU-
BECTH 110J00HDLIM IIpeobpa3oBaHeM K AuaroHajibHoMy Buy. IIpocreiinme
[IpUMeEpPHI [T0Ka3bIBAIOT, YTO 9TO HEBO3MOXKHO. Tak, eciu 1oTpedboBaTh,
uTo6bl MaTpuma SAS~!, e

01

A=1{9 0}

[P HEKOTOPOil HEBBIPOXKIEHHOI MaTpuile S OblIa JUaroHaJbHOM, TO MbI
[IOJIYyYUM ITPOTUBOPEYNBLIC PABCHCTBA.

1. Hawm norpebyercs ciemyiolee onpejesierune. A opdarnosvim 6.40-
KoM WIN 2Hcopdano6oti KAemKkoti Ha3bIBAETCsl BEPXHAS TPEYTOJbHAS MaT-
puna Ji(\), nmerormast Bu

A1 0
Al
Jko\) = . (10.1)
A1
0 A
[Tosicaum, 4ro k — mopsiiok MaTpuilbl Ji(\), Bce 9J€MEHTHI ee IJIaB-

HOl JIMaroHa/IM paBHBI A, IapaJiiejbHO IJIaBHOI JIMaroHaJjn paciiojiara-
erca k — 1 epunun. Bee ocrasnbibie smemeHTbl MaTpuilbl Ji(A) paBHBI
HYJIIO.

2. Ilose3no ormeruThb, 4TO ecjn MaTpuiia omneparopa A :Xp — X
B Gasuce {e'}F ;| ectn kierka Kopmana Ji,(0), To BeKTOpBI 3TOrO Ga-
31Ca, OUEBHJIHO, CBA3aHbI cooTHOmeHusMn O6o3Hauas BeKTOp e uepes
f, nosyunwm, uro Gasuc {e'}F_; obpasosan sexropamu f, Af, A%f, ...,

ALY ppuaen AR f = 0.

CdopmyupyeM Terepb OCHOBHOMN pe3yJibTaT HACTOSINEro naparpada.

DMapu Duvon Kamums (Kavun) ZKopaan (Marie Ennemond Camille Jordan; 1838 — 1922) —
dpaHIy3cKuii MaTeMaTHK.
UB3srhivi B 06pATHOM TOPSIIKE.
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3. Teopema. /s npouseosvroti mampuuv, A nopsadka n cyue-
CMBYem HeBLPOAHCIENHAA MAMPUYG S MAKAA, MO

STTAS = J, (10.2)
2de
Ty (A1) 0
J = Jna (D) ) . (10.3)
0 | T (Ak)
3decvo ni+ng+---+np=n. Qucaa N\;, 1 = 1,2, ..., k, ne obazamesvro

DASAUYHDLE, UCHEPNDIBAIOM 6CE MHOHCECTNEO TAPAKMEPUCTIUMECKUT Y-
cen mMampuivl A (¢ yuemom uT Kpammocma).

3.1. Teopema 3, oueBUJIHO, SKBUBAJICHTHA CJICAYIONIEMY YTBEPXK -
ruto. st mroboro omeparopa A, IefcTBYIOIIEro B KOHETHOMEPHOM KOM-
IIJIEKCHOM IIPOCTPaHCTBe X,,, MOYKHO yKazaTb Oaszuc &,, B KOTOPOM MaT-
pura orneparopa A npunnmaer i (10.3), T e.

AE, = E,J. (10.4)

Baswuc, B KoTopoMm Marpuiia oneparopa NPpUHIMAET KOPAaHOBY (Hop-
MYy, Ha3bIBAETCs oHCOPIaro6biM OA3ZUCOM.

4. HauboJsiee mpocTo J10Ka3aTeJIbCTBO CYIIECTBOBAHUA YKOPJIAHOBA
Oasuca IPOBOAUTCA JJIsi HUJILIIOTEHTHOro omeparopa. OTMeTHM, 4TO B
COOTBeTCTBUNU ¢ Teopemoit 3, ¢. 194, u Teopemoit Illypa s Toro, 9To0bI
orepaTop ObLI HUJIBIIOTEHTHBIM, HEOOXOIUMO U JOCTATOYHO, YTOOBLI MaT-
pHUIla TOTO ollepaTopa B HEKOTOPOM Oa3uce Obljla BepxHEil TpeyroJbHOIl
C HYJIEBBIMH 3JIEMEHTaMH Ha IJIaBOI AuaroHaJId.

4.1. Teopema. [Iycmv X, — KOMNAEKCHOE AUHETHOE NPOCMPAH-
cmeo, A : X,, — X,, — Husvnomermuoii onepamop. Tozda cywecmeyem
basuc npocmparcmea X, 6 Komopom mampuua onepamopa A npuruma-
em otcopdarosy hopmy

I, (0) 0
(10.5)

3decb Ny +ng + -+ + Ny = N

JTOKABATEJILCTBO. [lpunumasg Bo BHUMaHWe CKa3aHHOE B II. 2,
HETPY/JIHO YOEJIUTHCS, UTO JIOKA3bIBaeMOE YTBEPKJICHUE SKBUBAJECHTHO
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cyemyIonemMy: [1Jist Jiro0oro HuablorenTHoro omeparopa A @ X, — X,
CYIIECTBYIOT BeKTOpHl f1, f2, ... f™ Takue, 4TO

f17Af17A2f17 "'7An1_1f17 f27‘Af27‘A2f27 "'7An2_1f27 A
FUAF AT AL (10.6)

ecTh Da3nc MpPOCTPAHCTBA X,,, TPUUEM
AL = A" f2 = = A ™ = ), (10.7)

Cyl1ecTBoBanye UCKOMOIo 0asuca JTOKayKeM WHIYKIeH 10 pa3Mep-
HOCTHU IpoCTpaHcTBa. st ciydas HIJIBIIOTEHTHOTO olleparopa, JeicTBy-
IOIEr0 B OJHOMEPHOM IIPOCTPAHCTBE, JOKA3LIBAEMOE YTBEDXKIECHIE BbI-
[OJIHSIETCST TPUBUAJILHBIM 00pa3oM. IIpenrnosoKim, 4To OHO BEPHO ISt
JII0OOT0 MPOCTPAHCTBA PA3MEPHOCTU MEHbLIIE 7, U IIOKAaXKeM, YTO TOIJa
9TO YTBEP:K/IEHUE CIPABEIJINBO U JIJIsI IIPOCTPAHCTBA PAasMEPHOCTH pPaB-
HOIL N.

Omneparop A mHusbnorenteH, ciepoarenbho, def(A) > 1, mostomy
(em. (5.1), c. 158) rank(A) < n. Ioxmpocrpancrso Im(.A), odesu/iHo,
MHBAPUAHTHO OTHOCUTEILHO omepaTopa A, Io3ToMy B CHITy IIPeInoIozKe-
HUSl MHYKIIIN CYIIECTBYIOT BEKTOPHI u', u?, ..., u¥ Takue, 4TO BeKTOPHI

ut, Aut, A%t AT W A AR L AP

ub, Aub, A2F AP E (10.8)
obpasyior 6aszuc noanpocrpancrsa Im(A), npuaem,
APyl = AP = o= APf = 0. (10.9)

Hna i = 1,2, ...,k Bexropbl u’ npunayiexkar Im(A), cieposareabHo,
CYIIECTBYIOT BEKTOPHI v € X,, Takue, 4TO

u' = Av'. (10.10)

BekTopnl .
AP Nt i =12, ...k, (10.11)

npunajyiexkar 6asucy (10.8), ciemoBaresbHO, OHE JIMHEHHO HE3aBUCH-
mbl. Coornorrernst (10.9) MOKa3bIBAIOT, YTO 9TH BEKTOPHI IPUHAJLIE-
xar Ker(A). Orciofia BbITEKaeT, 4TO MOXKHO HOCTPOMTH BEKTODBI W',
w?, ..., w', nomomnaomue sektopnl (10.11) o Gasuca mommpocTpan-
crBa Ker(A).

Ecym MbI TOKazkeM Telnepb, YTO BEKTOPDI
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ol Avt, o APt 0 AV, L AP o AR, L APRR
1,2 l
ww, ..o w (10.12)
00pas3yloT 0a3uc NPOCTPAHCTBA X,,, TO, OUYEBUIHO, 9TO U OYJIET NCKOMBIM
basucom zKoppana oneparopa A. Cucrema (10.12) copepKuT n BEKTOPOB.
B camowm jiesie, B 9TOil cucreme py + - - - + pi + k + [ 371eMeHTOB, IpuieM

p1+ -+ pr =rank(A), u k+ [ = def(A), a jyis oboro oneparopa A
cripaseyinBo paBeHcTBo rank(A) + def(A) = n. asee, mycrsb

a1 00" a1 AV + - -t ag p AP0+ g0 g 1 AV - - g, AP0
ot agov® o AV 4 g, AP

+ Bt + fow? + -+ + frw' = 0. (10.13)

[ToseiicTByeM Ha 0be YacTH TOrO paBeHCTBa orepaTopom A, yurem co-

ornomennst (10.9), (10.10) u tor daxt, uro wl, w?, ..., w' € Ker(A).
[Toryaum

Ozl’gul + 041’1./41&1 + -+ @1,p171¢4p1_1u1+
+ agou® + g1 Au® 4 -+ gy, 1 AP0
+ o agouf + ap AU+ a1 AP =00 (10.14)

Bekroper (10.8) JmHEHHO HE3ABUCHMBI, CJI€J0BATENIBHO, BCe KOIDMUIN-
eHTBI JinHeitHON KoMOuHanuu B JjeBoit gactn (10.14) — Hyam u paBeH-
crBo (10.13) mpunnmaer Bu

ap p, AP0 g AP0 A -y, AP
+ Brw' + fow? + -+ + ' = 0. (10.15)

B sesoit wactn (10.15) — smneiinas KoMOnHAIST OA3UCHBIX BEKTOPOB T0]I-
npoctpancTBa Ker(A), mostomy Bee KoabGumenTsl 9Toi JTHHEHHON KOM-
OuHanuu paBHbl HyJ10. Takum ob6pa3oM, MoKa3aHO, UYTO Bce KodpduIimeH-
TBI JINHEHOIT KOMOMHAIN B TpaBoii dactu paBercTsa (10.13) MoryT 66ThH
TOJIBKO HYJISIMHE, T. €. cucremMa BeKTopos (10.12) jiuHeiiHo He3aBuCHMA, CO-
JIEPYKUT 7. BEKTOPOB U TIOTOMY $IBJISIETCS 0a31COM IPOCTpaHcTBa X,,. [

HemnocpepcrBennbim 000011ieHEM TeopeMbl 4.1 siBjisieTcs

4.2. Teopema. [Iycmwv onepamop A, deticmsyrowut 6 Komniexc-
Hom npocmpancmee X, umeem eud A = Ay + A, 2de Ay — Huavno-
MEHMHBILT ONEPAMOP, X — NPOU3BOAbHOE wuco. Toeda 6 basuce 2Kopdana



§ 10. IIpuBenenune MaTpuiipbl oliepaTopa K >KOpJAaHOBOIH (popme 199

onepamopa Ag mampuua onepamopa A umeem orcopdanosy dopmy

Iy () 0

Jna() (10.16)

0 ARG

CrpaBeJ/INBOCTh 3TOTO YTBEPXKJICHUS CJIEJyeT U3 TOro, UTO JIMHE-
HBIM OIlepallisiM Ha/l ollepaTopaMi COOTBETCTBYIOT JIMHEIHbIE Olepalinu
HaJ, UX MaTPUIAMU, & MaTPHUIA TOXKJIECTBEHHOTO ollepaTopa B JI000M Oa-
31ce — eIMHUIHAs MaTpPHUIIA.

5. Teopema. [lycmv A — npoudsoivhas KE6AOPAMMHGA MAMPUUA
nopaoka n, A1, Ao, ..., A\ — NONAPHO PA3AUNHDLE TAPAKMEPUCTNUMECKUE
wucaa mampuuvt A xpammnocmetd ny, Ny, ..., Nk, N1 +nNo+---+np =n.
Cywecmeyem nesvipostcoennas Mampuya S maxas, 4mo

Th 0

T
ST1AS = T (10.17)

0 T

ecmb 0404H0 QUA2OHAABHAA MAMPUUA, KAHCOLIT QUa20HANHBIT 000K T; —
BEPTHAA MPEY20ALHAA MAMPUUAL NOPAIKG N;, BCE QUALOHANLHBLE INEMEH-
mot mampuuwt T; pashol A;.

JTOKABATEJILCTBO. CuauaJja, ucnoJib3ys Teopemy Illypa, npube-
JIeM YHUTapHBIM I0700meM Mmarpuily A K BepXHeMy TpeyroJibHOMY BH-
ay 1. Ilpu aToMm xapakrepucTudeckne dncia Marpuibl A Oymem yrops-
JIOUYNBATH TaK, KaK 9TO CJlIeJIaHO B (DOPMYJINPOBKE HACTOLAINEH TEOpEMBI,
T. €. CHaJa/la Ha JMaroHajiu TPEyroJbHON MaTpUIILI OY/IyT PacIoIozKe-
HBI N7 YUCEJ A1, 3aT€M Mo UNUCEJ Ay U T. JI.

st Toro, 4ToObI 3aBEPIINTDH JI0KA3ATEIbCTBO TEOPEMbI, HYKHO IIO-
CTPOUTD IIPeodpa30oBaHue 10I001sI, KOTOPOE «YHHUYTOXKUT JINIIHIE» HEHY-
JIEBBIE 3JIEMEHTBI BEpXHEHl TpPeyroJbHON MaTpUIlLI U IPUBEJET €€ K BH-
ay (10.17).

ckomoe 1peobpasoBaHue OyjieT MOJIyYeHO KaK pe3yJibTaT MOCJIe0-
BaTeJIbHBIX 3JIeMEHTaPHBIX IIPpeodpa30oBaHuii 1101001, OCHOBAHHBIX Ha UC-
noJb3oBannu mMatTputl Bujia I + a kb, e, nanomunMm, F,.s — mMaTpuna, y
KOTOPOiT 3JIeMeHT B mo3uriuu (7, s) paBeH eIMHUIE, a BCEe OCTAJbHBIE 316
MeHThI — HyJn. HeTpyaHo yOennThbesi, 910 ecjim 7 # S, TO HpHU JIF0OOM
« crpaseyiuBo paserctso (I + aF,s)(l — ak,s) = I, 1. e. Marpuiipl
(I + aF,s), (I — aF,s) B3auMHO 0OPATHBI.
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[IpoBosst aemenTapHble BRIYUCIEHNS, HETPY/IHO MTPOBEPUTD, ITO JIJIs
JII000I BepxXHell TpeyroabHON MaTpuIisl 1T’ MaTpuIa

(I —aE)T(I + aByy) (10.18)

npu r < § OTJIndaeTcs OT 1’ TOJTBKO dJeMeHTaMU, CTOSIUMUI B 7'-if CTPOKe
npaBee S-TO CTOJIONA, W 3JIEMEHTaMM, CTOSIIUM B S-M CTOJIOIE BBIIIE 7'-
i CTPOKHM, a TaKyKe JIEMEHTOM B MO3UIUE (7, S), KOTOPBIl MpUHIMAET
3HaveHne, paBHoe t,s + a(t,. — tss). Ecau t,, # tg, TO momaras o =
—trs/(ty — tss), mpeobpazoBarnem noaobus (10.18) mosyanm maTpmiry,
KOTOpasd, Kak u 1, — BepXHss TpeyroJjibHas MaTpUIla, ee JuaroHasbHble
9JIEMEHTBI Takne ke, Kak y T', a 9JieMeHT B MOo3uIun (7, $) paBeH HyJIiO.

OobpaTtumcst Terepb K BepxHeil TpeyrosbHoil MaTpurtie T, 1101y YeHHOId,
KaK y2Ke TOBOPIJIOCH, n3 MaTpuiibl A mpu momorniu Teopembr [ypa. Bymgem
nepedbuparhb JIEMEHTHl MaTPUIbl 1' 110 CTPOKaM B CJIEIYIOIIEM IOPSIKe:
(n_la n)7 (n_27 n_1)7 (n_27 n)7 (n_ga TL—Q), (n_ga n_1)7 (n_37 ’fL), s
Ecym ipr 9TOM OKazKeTcst, ITO COOTBETCTBYIONINE 3JIEMEHTHI L, U tgg pa3-
JINYHBI, TO 3JIEMEHT t,s IPEBPATUM B HYJIEBOIl IPU IIOMOIINA OIMUCAHHOTO
BbIle peobpasoBanns 1oa00us (10.18). BaxkHo mogu9epkHyTh, HA KaxkK-
JIOM IIIare TakKoro IIpeodpa3oBaHUs HYJIU, MOJYYEHHBIC Ha, ITPEIbIITYIIIX
marax, He OyJIyT «IIOPTUThCsI». B pesyibrare OyjieT mocTpoeHa MaTpuiia,
nojobnast Marpurie A u umeronias suj (10.17). O

VTIPAYKHEHUE. Onupasich Ha TeopeMy 5, JJOKayKUTe, 9T JjIs JF000-
ro omeparopa A, IefiCTBYIOIEro B IPOCTPAHCTBE X,,, CYIIECTBYIOT TaKie
ero mHBapuanTHeIe noupocrpancTsa M u N, aro X,, = M+ N, cyxenne
oreparopa A Ha mogmpocrpancTBo M ecTh HUIBIIOTEHTHBIN OIepaTop,
cyzkenne omneparopa A Ha moanpocrpancTBo N — oOpaTuMBbIil omepaTop.

6. JIOKA3ATEJILCTBO Teopembl 3. [Ipeacrasienne (10.2) mosyqa-
eTCs KaK pe3yIbTaT MoCaeI0BaTeIbHOTO BBITTOJTHEHNS CJIETYIONINX STAIIOB.

1) Onupasice Ha Teopemy Illypa, HaXogUM BEPXHIOW TPEYTOJBHYO
MaTpuily 1’ yHUTapHO 0J00HYI0 MaTpuie A.

2) Ucmonb3yst MeTOJi, ONUCAHHBIA B Teopeme 5, MPUBEJIEM MaTpH-
iy 1' K 6J109HO JuaroHajbHoMy Buy. Kazkiblii 0J10K 3/1ech OyIeT BepxHeil
TPeyroJLHOI MaTpUIleil, y KOTOPOil Bce auaroHaJjibHble 3JIEeMEHTHI PaBHbBI
MeXKIy Cco0OOil M COBIIAIAI0T ¢ HEKOTOPHIM XapaKTePUCTUIECKUM UHCIOM
MaTpuIbl A.

3) [pumensst Teopembr 4.1, 4.2, Kaykipiit 6JIOK, IOy IEHHDIH HA BTO-
poM sTare, He3aBucumo npusegeM K suiy (10.16). O

[Ipu nuccienoBanuy eIMHCTBEHHOCTH »KOPIAHOBOM (DOPMBI HAM TTOTPE-
oyercst
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7. Jlemma. /s oicopdanosoti kaemku Ji(0) cnpasedausot caedyio-
wue COOMHOWEHUA:

(J(0)F =0, (10.19)
(Jp(0)) #0, j=1,2,...,k—1. (10.20)

JIOKABATEJIBCTBO. Cnpaseymocts (10.19) cpasy ciemyer us3
aemmbl 2, c. 194, (10.20) Jierko mpoBepsieTcsi HEMOCPEICTBeHHBIME Bbi-
qucJieHusIMA. 1Ipu 9ToM 1moJIe3HO OTMETHTh, UTO IPHU IOC/IEI0BATEILHOM
yBemaeHnn crenern MaTpuilsl Ji(0) ee HEHyJIEBbIe CTOJIONBI «BbITECHS-
10TCsT» BIIpaBo. [

8. Teopema. 2Kopdanosa mampuya (10.2) onpedessemes no mam-
pure A 001o3nauro (¢ mourocmvlo do nepecmarno8or HCopodaHoBHLEL K.ae-
MoK Ha 240610 JUALOHANL).

JIOKABATEJILCTBO. /JIBe BO3MOYKHBIE KOPJIaHOBBI (POPMBI MaTpPH-
1161 A 10100HBI MaTpuIie A 1 moToMy 00/18/1aI0T OJIHIM I TeM Ke HaDOpOM
XapaKTEePUCTUIECKUX THUCENT (C yUIeTOM UX KPATHOCTEIT), MO9TOMY ocTaer-
sl JINIIDb JIOKA3aTh COBIAJEHIEe Pa3MepPOB YKOPIAHOBBIX KJIETOK, COOTBET-
CTBYIOIIIX HEKOTOPOMY (PUKCHPOBAHHOMY XapaKTEPUCTUICCKOMY UHCITY
MaTpUIbl A.

Crosiniyto 1epeji HaMHI 3aJa4dy MOYKHO cOPMYJINPOBATh Tak: yoe-
JINTHCSI B COBIQJIEHIHI PA3MEPOB >KOPIAHOBBIX KJIETOK JIBYX BO3MOZKHBIX
YKOPJAAHOBBIX (DOPM JIJIsT MaTPUIILI, 00JIaJIaiomeil eJUHCTBEHHbIM XapaK-
TEPUCTUYIECKUM JHUCJIOM. BoJjiee TOro, MCIOJIb3ysl PaCCyzKIeHUsT U3 J0Ka-
3aTeIbCTBa TeopeMbl 4.2, HeTPYIHO 3aMeTUTb, YTO MOXKHO OIPAHUINTCS
paccMoTpeHneM MaTpuilbl Ag, KoTopas nMeeT eIuHCTBEHHOE XapaKTepH-
CTUYECKOE YNCJIO, PABHOE HYJIIO.

Urak, mycTnb

T (0) 0 T, (0) 0
J(0) = , J(0) = -
0 T, (0) 0 T, (0)

eCTh JIBe BO3MOKHBIE »KOPJIaHoBbI (bopMbl MaTpunbl Ag. Bymem cunrarh
JKOPJIAHOBBI KJIETKU YIIOPSIOUEHHBIMEI 110 HEYObIBAHUIO PAa3MepOB (3T0-
r0 MOXKHO JIOOMTBCSI IIPU IIOMOIIM COOTBETCTBYIOIIEH HyMmeparun 6asu-
co zKopnana), Tak 910

ng=2ng Z--2ng, Ni+ng+---+n,=n,

mp Zmg = Z2My, Mi+Myg+---+m =n,



202 I'maBa 9. Ctpoenune JimHEHHOIO ollepaTopa

n — nopsok MaTpunnl Ag. IIpeamnonoxknm, 1o nepsbie [ —1, [ > 1 xKop-
nanoBbix kietok marpui J(0) m J(0) coBnagaior. Ilo mpesmosmoxkenmo
CYIIECTBYET HEBBIPOXK/ICHHAS MATPUIA S Takas, ITo

J(0) = SJ(0)S™. (10.21)

Beseacrsue cie/1aHHOIO IPEIIIOI0XKEHS O COBIIaIeHNH IePBhIX [ — 1 KJie-
TOK MaTpuiia S J0/KHA UMETh CJIeIYIONIyI0 CTPYKTYPY:

_ (L 0
(i al)

rjie ]p — eJINHIYHAST MATPHUIA IOPSIIKA P = Mg+ -+ - +Nj_1. DTO JaeT BO3-
MOYKHOCTH, (DaKTHIECKH, CINTATh, ITO paccMaTpuBaioTcs Marpuiibl J(0)
u J(0), ye mepsbie 610k KOTOPEIX, T. €. Jy, (0), Jyu, (0), He coBmaaor.
Eciu MbI yecTaHOBHM, ITO 9TO HEBO3MOXKHO, TO TeopeMa Oyler JoKas3a-
ra. [1o0KuM U1 ONpeIeIeHHOCTH, 9TO Ny > M1 U BO3BEJEM 00e JacTi
pasercTBa (10.21) B crenenn my. Homyunm

(J(0))™ = S(J(0))™SL, (10.22)

[To memme 7 umeem, aro (J(0))™ = 0, mo Toit xe semme (J(0))™ # 0.
[TostyuenHoe MpoTUBOpEUNE 3aBEPIIAeT JIOKA3aTeJIbCTBO TeopeMbl. [

§ 11. Crpykrypa 6a3uca 2Kopaana. KopHeBble 1 IUKJIMYIecKe
MO POCTPAHCTBA

1. Marpuna ZKopgana umMeer GJI0THO JAMATOHAJBHYIO CTPYKTYDY,
CJIEJIOBATEILHO, MTPOCTPAHCTBO X, MOKHO TIPEJCTABUTL B BUJIE TIPSIMOI
CYMMBI HHBAPUAHTHBIX TOJITPOCTPAHCTB orieparopa A, COOTBETCTBYOIIIX
stuM OsokaM (cM. 1. 2.1, ¢. 179). TlommpocTparcTBo, oTBevaroiiee 6,10~
Ky Jn,(A;) B npencrapaenun (10.2), HasbIBaeTCA YUKAUMECKUM TIOIIIPO-
crpancTBoM. [Ipsimast cymma Beex IMUKJIMIECKUX MOIIPOCTPAHCTB, OTBE-
FAIOTIIX OJJHOMY I TOMY K€ COOCTBEHHOMY 1HCJIy A ornepartopa A, Hasbl-
BACTCSA KOPHEGDIM TIOJIIIPOCTPAHCTBOM.

Uccneayem nompobiee CTPYKTYPY MUKINIECKIX I KOPHEBBIX TTOAIPO-
CTPAHCTB.

1.1. Ilycrb coberBenHoMy dmciy A oreparopa A oTBedaeT nmuKJ/Imde-
CKOE TIOJIITPOCTPAHCTBO pasMepHocTH m. IlycTs 115t onpejiesennocTn emy
COOTBETCTBYIOT BeKTOpbI {ef 1 | 6asuca &,. Beneacrsue (10.4) nosrydaenm

Ael = Nel, Ae? = e 46!, .., A" = Ne™ + ™ (11.1)
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OTciofa cpa3y BBITEKAET, YTO BEKTOP €' — COOCTBEHHBII BEKTOD oIepa-

Topa A, I OCKOJIBKY BEKTOPHI e, €2, ..., €™ ! KoHedHO, He HyJH, TO

BC€ OCTaJIbHbIEC BEKTOPLI 62, 63, cey e He ABJIAIOTCI COOCTBEHHBIMU BEK-

Topamu oneparopa A.

1.2. Kaxkmoe mukImiecKoe moAIpoCcTPAHCTBO COACPXKUT POBHO OJIMH
cobcTBeHHbBIN BekTOp orneparopa A. B camom jiesie, eciiu IpenoioKuTh,
9TO BeKTOp & = &1t +&e? + -+ - +&,,e™ — cOBCTBEHHbIH BEKTOP OIIepaTO-
pa A, 10 J(AN)E = X, e € = (€1, &, ..., &n)T. Tlocnenee paBeHcTBO
9KBUBAJICHTHO TOMY, 9TO J,,,(0)§ = 0. Panr marpurst J,,(0) pasen m — 1,
tak Kak det J,,(0) = 0, a MHHOD, MOJTyYAIONIHIACS DU BBIYEPKUBAHUI
[IePBOrO CTOJIONA U TOCjeiHell cTpokn Marpuilbl J,,(0), paBen eauHuIe.
[Tosromy pasmepHocTb sijipa Marpuiibl J,,(0) paBHa ejuHuIe.

1.3. IlongaTHo, 4TO ecam KOpPHEBOE IOJIPOCTPAHCTBO, OTBEYAIOIIEe
cOOCTBEHHOMY YHCIy A omeparopa A, ecTh npsiMast cymma k MNKINIeCKIX
MO/ITPOCTPAHCTB, TO OHO COJICPXKUT POBHO k JIMHEIHO HE3aBUCHMBIX COO-
CTBEHHBIX BEKTOPOB oreparopa A, oTBedarommnx coOOCTBEHHOMY UHCIY A.

B coorBeTcTBUM € 3TUM KOJMYECTBO IMUKJINIECKIX IMOIIPOCTPAHCTB
JIAHHOT'O KOPHEBOI'O TIOIIIPOCTPAHCTBA COBIAJIAET ¢ FeOMETPUIECKOI KpaT-
HOCTBIO COOCTBEHHOI'O YHCTIA .

CyMmMma pazMepHOCTell BeeX NMUKJIMIECKUX MOJIIPOCTPAHCTB, COBIIA/Ia-
FOITIas ¢ KPATHOCTBIO A KaK KOPHSI XapaKTEePUCTUIECKOIO YPABHEHUS Olle-
patopa A, ecTb ajredpandeckast KpaTHOCTb COOCTBEHHOIO UMC/IA A.

1.4. Uz (11.1) oueBuHBIM 06pa30M BBITEKACT IEIMOTKA, CJICTYIOMINX

PaBEHCTB: o
(A—=Xl)e =0, j=1,2,...,m. (11.2)

Herpynno sugers, uto (A — M )Pe/ # 0 npu p < j. Llenoe uucio j
NIPUHATO B CBSA3U C 3THM HA3BIBATL 6LLCOMOT UUKAUYECKO20 BEKTODA €.
B uacTHOCTH, COOCTBEHHBIII BEKTODP €CTh HUK/IMYECKUIl BEKTODP BBICOTHI,
paBHOIl eJIUHULIE.

HerpyiHo gorajiaThest, 9To eciin [ — pasMepHOCTb KOPHEBOT'O TIOITPO-
CTPAHCTBA, OTBEYAOIIEr0 COOCTBEHHOMY YHCIy A omeparopa A, To s
JIIOOOT0 BEKTOPa T 3TOr0 IOJIIPOCTPAHCTBA CIIPABEJJINBO PABEHCTBO

(A— X'z =0. (11.3)

SAMEYAHME. Basuc ?KopjaHna, KOHEUHO, HE OIPEIEJISIETCS OIHO-
3HaqHO 110 oneparopy A. Bosee Toro, nmest nekuii 6asuc 2Kopnana, MoK-
HO JIEIKO IIOCTPOUTH 110 HeMy Jipyroii 6asuc zZKopaana. Hampumep, ecin
B Gasiuce &£, 3aMEHNTH BEKTOP e’ BEKTOpoM €2 = e + ael, rme a — Jiio-
0oe 41cy10, TO JIJIg TaKoro Oasuca, Mo-IpexKHeMy, Oy/IyT BBIIOJHEHbI Pa-
serncTBa (11.1), T. e. 9T0 Tak:ke Oyjer KopjaHoB Gaszuc omeparopa A.
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O/1HAaKO, TOCKOJIBKY YKOPJ/IaHOBa MATPUIIA OIIpeJIe/IsieTcs 110 onepaTopy A
OJIHO3HAYHO (C TOYHOCTBIO JI0 TEPECTAHOBKHU JIHATOHAJBHBIX OJIOKOB), TO
Bce Oasuchl ZKopjana OyyT IMETh ONUCAHHYIO BLIIIE CTPYKTYPY.

§ 12. Teopema Kaau — 'amuiabToHA

1. Teopema Kosau — Tamuabronal). ITycmo
Po(A\) = X" ap A" ag (12.1)
ecmov xaparmepucmuveckutd noaurom onepamopa A. Tozda

Py(A) = A" +a, A"+ +agl =0. (12.2)

JTOKABATEJLCTBO. Ilycth A1, Ao, ..., Ay — IOIAPHO Pa3/IMIHbIE
KOpHH moJmHOMa Py, ny, ng, ..., np — ux kparnocru. Torma (cm. (2.6),
c. 24)

PoA) = A =A)" (A=) ... (A= )™

CupaBe/InBO PaBEHCTBO
P.(A) = (A= D))" (A= XI)"2 .. (A= N\ I)™. (12.3)

st Toro, 4ToOBI YOEUThCS B 9TOM, HY>KHO PACKpPbITh CKOOKM B IIpa-
Boit wactu (12.3), mpuBecT MOMOOHBIE M BOCIIOJIB30BATHCs 3aTeM (hop-
myiamu Boera (c. 25). IlycTb remepb @ — mpousBOJIbHBIT BEKTOD TIPO-
crpaHcTBa X,,. [TockobKy mpocrpancTBo X, MPEJICTaBIMO B BHUJE TIPsI-
MOI CyMMBI KOPHEBBIX HOJIPOCTPAHCTB L; omepartopa A, 0TBEYalONINX
coOCTBeHHBIM 4ncjiaM Aj, 7 = 1,2, ... k, oneparopa A, To BeKTOp T
MOYKHO 3aIlCaTh B BHJIC

v=a'+2%+- +aF
rie o’ € L;, j=1,2, ...,k CiuenosaresbHo,
P(A)z = P,(A)z' +---+ P, (A"

Omnepartopst (A — Aol)", (A — Aol)™ npu 106b1x §,t = 1, ..., k sBJIsI-
FOTCS TIOJTMHOMAMI OT oreparopa A 1 o3ToMy, Kak HeTPYIHO yOenThes
HEIIOCPEJICTBEHHBIMI BBIUNC/IEHUSIMI, OHI IePECTAHOBOYHDI, 3HAYUT, JIJIsI
moboro j = 1,2, ...,k clipaBe/yIMBO paBEHCTBO

Po(A)2? = Qo (A)(A = )"l

D Apryp Ko (Arthur Cayley; 1821 — 1895) — anrmmiickuii Maremaruk, Yuibaym Poysi Damuin-
ron (William Rowan Hamilton; 1805 — 1865) — upJanackuii MaTeMaTnk u QU3NK.
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3nech Qp—n,(A) — nomunom ot A crenenn n—n;. Benencrsue (11.3) mve-
eM (A — NoI)"%z/ = 0, mosromy B,(A)z; = 0, a snaunr, P,(A)z = 0.
[TOCKOJILKY @ — HPOM3BOJILHBI BEKTOP IPOCTPAHCTBA X,, HOJIydaeM,
aro P,(A)=0. O

I3 TeopeMbl 1 BBITEKAET MPOCTOE, HO BayKHOE JIJIsi IPUJIOYKEHWIT, Ha-
[IpUMEDP, B MEXaHUKe

2. CaeacrBue. [Iycmv onepamop A : X, — X,, obpamum. Tozda
cywecmsyem noaunom Qn_1, cmenenu ne sviwe wem n— 1, marxod, ¥mo

Al = Qn—l(A)

ZLOKASATEHBCTBO 9TOI'O YTBEP2KACHUA ITIOPYIa€TCA YUTATEJIIO.

YIPAYKHEHUE. Jlokaxkure Teopemy 3, ¢. 194, (B yacTu j10cTaTOIHO-
ctn), onupasich Ha Teopemy Ksom — ammibroHa.

§ 13. Cxoxasmiuecss MaTPUIIbI

1. Xopomuio u3BecTHOE YUTATENIO U3 KypCa MATEMaTHYECKOIO aHa-
JIN3a TOHATHE IIPEJIesa MOCIeI0BATEILHOCTI BEIICCTBeHHBIX YHICesI eCTe-
CTBEHHBIM 00pa3oM 00001maeTcss Ha II0CIe0BATETbHOCTH KOMILIEKCHBIX
qncest. Vimenno, ropopsrt, 4to nocsieioBarenbHocThb {2 1o 3 C exomut-
et Kk z m3 C, eciu |z — z| — 0 nmpu k — oo. [lousiTro, 9To mocsesoBa-
TEJILHOCTD { 2% 7| CXOJUTCS K 2 TOIVIA 1 TOJIBKO Torja, korjga {Re 2,122,
cxomurest K Rez, a {Im 25,172, cxoaures x Im 2.

OueBnIHO, YTO JIJIsi TOTO, YTOOBI klim ¢" = 0, re ¢ — KOMILIEKCHOE,
— 00

BOOOIIE TOBOPS, THCJI0 HEOOXOIMMO U JOCTATOTHO, ITO0BI |g| < 1.
EcrecTBeHHO TIONBITATHLCA HCCIIC0BATH AaHAJOIMYHYIO CUTYAINIO JIJ1s

marputl. Byjgem rosoputh, uto Kpajparnas marpuna A = {a;}i;_; ¢

KOMILJICKCHBIMHE, BOOOIIE TOBOPS, 3JICMEHTAME SIBIACTCH CTOOAUETCA, €C

o AP — 0 npu p — 00, TOUHee TOBOPs, AT JII0ObIX 4, = 1,2, ..., n

BBIIIOJIHEHO IIp€JIeJIbHOE COOTHOIIeHHe lim az@) = 0, rue yepes aif 000-

k—oo W
3HaUYeHBI dj1eMeHThl MaTpuibl AP. Bosee 001110, Oy/1eM TOBOPUTD, UTO 11O~
crenosarenabocts Marpury A® | k= 1,2, ..., cxomurest Kk Marpuie A,

()

ecan lim a;;” = a;; s Beex 4,7 = 1,2, ..., n.
k—oo
zydenne ycaoBuii, TP KOTOPHIX MATPHUIIA OKA3bIBAECTCS CXO/IsIICH-

Cs1, TIOJIE3HO JIJIST MHOTHX IPUJIOYKEHUH JIMHeHHON asrebpbl, HApUMEp,
U UCCJICIOBAHIN UTEPAIIOHHBIX METOJOB PEIICHUsT CHCTEM JIMHEHHBIX
ypaBHenuii (cM. . 15).
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2. Ilyctp A1, Ao, ..., A\, — Bce coOCTBEHHBIE 4YHCJIa MATPHUIL A.
HeoTpunarenbioe 1nc/io

p(A) = max || (13.1)

1<j<n
Ha3bIBaECTCA CNEKMPANOHBIM pa@uyco./w MaTpHUIbI A

3. Teopema. /13 mozo, wmobv, mamuya A bviaa crodswetica Heoo-
200UMO U AOCMAMOYHO, YMOOLL €€ CNEKMPANLHBLT Paduyc ObA MEHBULE
eOUHUDL.

JIOKABATEJILCTBO. Ha ocnoBanmu TeopeMbl 5, ¢. 199, meTpysamno
HOJIYYUTDh, 9TO IIPHU JIIOOOM II€JIOM HEOTPHUIIATEJIbHOM P CIPABEJINBO pPa-
BEHCTBO

7 0
TP
AP =S 2 S (13.2)
0 7
rje Kaxkjplit us osokos 1, j = 1,2, ...k, — TpeyrojbHas MaTpu-

112, BCE DJEMEHTHI TJIABHOM JIMaroHaJjim KOTOPOMl paBHbI MEXKIy cobOit
1 PaBHBI OJHOMY U3 COOCTBeHHBIX umces mMarpuilbl A. IIpm srom Bazk-
HO IIOMHUTbH, 94TO OObEIMHEHUE 3JIEMEHTOB IJIABHBIX JUaroHaJieil MaT-
pun, 175, 7 = 1,2, ..., k, ucuepuniBaeT Bce COOCTBEHHbIE YHC/Ia MaTpH-
el A. Herpynno Bugers, uto AP — 0 npu p — 00 TOIja U TOJIBKO
TorjIa, KOrja ij — 0 upu p — oo g Beex § = 1,2, ..., k. Takum
obpas3oM, MoBejieHne cTeleHeil MaTpuibl A e imKoM ompejiesisieTcs moBe-
JleHneM crereneit marpun Bujga 1' = A\l + R, rie A — cobcTBeHHOE YNCIIO
maTpuiibl A, R — TpeyrojbHasi MaTpuiia, ¢ HYJeBbIMU dJeMEHTaMI Ha
riaBHoil anaronasn. Ilo jemme 2, ¢. 194, umeem R' = 0, rie | — nopsiiok
MaTpuibl R, ciaegoBaTe/bHO, i Jitoboro p > [ — 1

TP = NPT+ CINTIR 4. 4 CF NIRRT (13.3)

BameTnM, 4To KaxKaas u3 Marpun R, R?, ..., R'™' — Tpeyroabnas (kax
CTeleHb TPEYTOJIbHOM) HUJIBIIOTEHTHAST MATPHUIIA, [IOITOMY BCE ee JINAro-
HaJIbHbIE 3j1eMeHThl — Hysu. CejgoBaresbHO, JHaroHaJbHbIE 3JIEMEHThI
marpuibl 1P paBubl A’. OTciojia, 09eBUJIHO, BBITEKAET, 4TO JJIsi TOIO,
qT0OBbI MaTpuia 1’ ObL1a cxoasieiicss, HeoOX0IMMO BbIIIOJIHEHIE HePaBeH-

crBa |A| < 1. st iroboro k = 0,1, ..., 1 — 1 umeem
w_pp=1)---(p—k+1) Ly

DMer mostaraen, uro A # 0, Tak Kak B IpOTHBHOM caydae TP = 0 st p > | — 1.
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1o pF|A[P — 0 mpu p — oo, ecam |A| < 1. Takum obpasom, T — cxozgria-
scst MaTpuna, ecan |A| < 1. I3 stux paccysKjeHuil, 09eBUHO, CIIe/Iyer
CIIPABEeVINBOCTD JIOKA3BIBACMOIT TeopeMbl. [

Xopormio uzsectHo, 4ro ecin |g| < 1,10 (1—¢) P =1+q+¢*+---
Anasiornanoe yTBepzKJeHue ClpaBejinBo 1 I MaTPHIL.

4. Teopema. [lycmv A — crodawanca mampuya. Tozda mampuua,
obpammnas x mampuue I — A, cyuecmeyem u npedcmasuma 6 sude pada

(I—A)'=T+A+ A+ (13.4)

ITOKABATEJILCTBO. Herpynno yoeanTbesi, 4To €cjii A — COOCTBEH-
Hoe uncyio Mmarpunsl I — A, 1o 1 — X\ — cobcTBeHHOE YNCI0 MaTPHUIbl A.
13 TeopemMbl 3 BBITEKAET, YTO HU OJIHO COOCTBEHHOE UHCJIO MATPHUILl A He
pPaBHO eMHUIE, 3HAYUT, CPeIl COOCTBEHHBIX drces1 MaTpuibl I — A Her
HYJIEBBIX, TIO9TOMY €€ OIIPeJIeNTe b He HYJ/Ib, U, CJIe0BATEILHO, MATPHUILA
(I — A)~! cymecrsyer. @uxcupyem HekoTopoe mejoe k > 1 u samuiiem
ouesniHoe pasenctBo (I —A)(I+A+- -+ AF) = I— A1 Orcrona noaty-

k
qaem, uto Y Al = (I—A) ™ — (I —A)"LA*L TTockonbky A — cxonsmast-
i=0

sl MATPUILA, TO IIPEJE/I IIPABOil 4ACTHU MOCIeIHEr0 paBeHCTBa Ipu k — 00
cymectryer n pasen (I — A)™! Ho Torja nm npesies MpaBoii YacTH 3TOro
paBeHCTBa CYIIeCTBYeT, T. €. coorHorenne (13.4) mokazauno. [



['1ABA 10
OnepaTopr B €BKJIJIOBOM IIPOCTPaHCTBE

§ 1. JImneiinbie PyHKITMOHAIBI

1. Jluneiinoe otoOparkeHue HPOCTPAHCTBA X B OJHOMEPHOE IIPO-
crparctBo Y = C maszwBaerca aunetnom Gyrkyuonaiom (auneinot
dopmoti). Tlomguepkuem, aTo JmHeiiHbIH (DYHKIMOHAT CTABUT B COOTBET-
CTBHUE KayKJIOMYy BEKTOPY T € X YHCJIO.

2. Teopema Puccal). ITycmov | — aunetinod gynryuoran, 3a0am-
MOl 1A KOHEYHOMEPHOM eskAudosom npocmparcmee X,,. Toeda cywe-
cmeyem u npu mom moavko 00ur eexmop u € X, maxot, 4mo

[(z) = (z,u) VzeX,. (1.1)

JIOKABATEJILCTBO. YbeauMcs cHavdasa, 4To BEKTOP U OIPeIe/IsIeT-
cd 110 pyHKIroHa Iy [ ojHo3HaYHO. JleficTBUTE/IbHO, €C/In IPEIII0I0KUTD,
qTO CyIecTBYeT emle oanH BekTop u' € X, Taxoif, 9To

I(z) = (z,u') VzeX,, (1.2)
TO, BeIYnTas paBercTsa (1.1), (1.2) mowseHHo, moayInm, 9To

(r,u' —u) =0 VzecX,.

B yacTHOCTH, B TIOCJICTHEM PABEHCTBE MOYKHO HOJIOZKHTH T = Ul — u, 1

torpa (u! —u,ul —u) =0, 1. e ul = u.

Jlist oKasaTesqbeTBa  CYIECTBOBAHUS BEKTOPA U, OIPEIETsIeMOro
toxectBoM (1.1), dukcupyem B mpoctpatcTse X,, HEKOTOPBIiT OPTOHOD-
n
muposanublit 6asuc {ef}_ u nyers x = Y &ek. Torma Benejcrsue -
k=1
HefiHocTn (pyHKIMOHAJ [ TIoJTydaeM

l(x) = &l(e"). (1.3)
k=1

Monozkum u = > I(e¥)er. Tpumensisi popmyay (12.2), c. 137, Gyuem
k=1
nMeTh, 910 [(x) = (z,u) s moboro x € X,,. [

DPuce ®pupern (Riesz Frigyes; 1880 — 1956) — BeHrepckuii MaTeMaTuK.
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§ 2. Conps>KeHHBIIT ollepaTop

1. Ilycrs X,,, Y,, — eBkaujgoBsl npocrpancrsa, A : X, — Y, —
nuHeitHbii oreparop. Oneparop A* 1 Y, — X,, HA3bIBAETCSI CONPANHCEH-
noLm K oneparopy A, ecin

(Az,y) = (x, A"y) g mobbix 2 € X, ny € Y. (2.1)

Koneuno, B 1eB0Oi1 YacTl 3/1eCh MMEETCS B BUJTY CKaJSIPHOE TTPON3BEJIEHNE
B IIPOCTPAHCTBE Y,,, & B IIPaBOil YacTH — B IIPOCTPAHCTBE X,,.

2. s mob6oro oneparopa A : X,, — Y, CONpsizKEeHHBIN olrepaTrop
cymecrByeT. B camom jese, doukcupyem BeKTop y € Y,, U OylIeM pac-
cMaTpuBaTh CKaJspHoe mpoussejenne (Az,y) Kak DYHKIMOHAT HA TTPO-
crpancTBe X,,. U3 jmmneitnoctu oreparopa A u JIMHEHHOCTH CKaJISIPHOTO
IIPOUBBE/ICHNUsT 110 1IEPBOMY apryMEHTY BBITEKAET, 9TO 3TOT (DYHKITHOHAJ
JuHeeH. 3HAYNT, IO TeopeMe Prcca cymecTByeT n Mpu TOM TOJIHKO OJUH
BEKTOp g € X,, TaKoil, 9T0O

(Az,y) = (z,9) VzeX,.

Takum 00pazoM, omnpejiesieHo OoToOparkeHue, CTaBdAIEee B COOTBETCTBUE
KaKJIOMy BEKTOpY 4 € Y, BeKTop g € X,,. Obo3HaIUM 3TO OTOOpaKeHe
gepe3 A*. Torma MOXKHO HammcaThb, 9TO

(Az,y) = (2, A'y) VxeX,, y€ Y. (2.2)

OcraJioch JI0Ka3aTh, uTo oTobpazkenue A* muneitno. Iyers 4t y? € Y,
a, 8 € C. Torna

(Az, ay' + By?) = a(Az,y') + B(Az,y*) =
= a(z, A'y') + Bz, Ay?) = (z, A%y + BA"Y). (2.3)
C apyroit cTOpOHBI, 110 OmIpejieseHnto oTobparkerunst A* nmeem
(Az, ay' + By*) = (z, A*(ay' + By)). (24)

CpasuuBas (2.3), (2.4) u ucrosb3yst IPOU3BOJBLHOCTb BEKTOpa & € X,
TTOJIy TaeM
Aoy’ + By") = a A’y + Ay
I3 onpejesieHnst CONPSIZKEHHOIO ONEPATOpa, OYEBHJIHO, BbITEKAET,

aro (A*)* = A.
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VIIPAYKHEHU .

1) Jlokazkure, 9TO KazKJIOMY OIEPATOPY COOTBETCTBYET TOJIBKO OJINH
COIPAKEHHDII oriepaTop.

2) Hokaxkure, uro ecom A, B : X,, — Y, — JiHeliHble OMEPATOPHI,
10 (A + BB)* = aA* + 3B* s mobbix a, 3 € C.

3) Mokaxure, uro (AB)* = B* A* nyst mr06bix onepatopos A, .

4) Hokazkure, aro ec/u juneiitbit oneparop A : X,, — Y, obparunm,
T0 oneparop A* Takke obparum, npudem (A*)7t = (A71)*.

§ 3. Bourumcienue MaTpuiibl oriepaTopa B €BKJIMJI0BOM
MIPOCTPaAHCTBE

1. Ecmum npoctpancTBo Y, €BKJINJI0BO, MOXKHO yKa3aTbhb IMOJE3HYIO
opmyiy [71s BeIUnCIeHss MaTpuiibl oneparopa A : X,, — Y,,. NMenHo,
nycrb &£, — 0as3uc npocrpaHcTBa X,, Q,, — 06a3uc npocrpaHcTBa Y,
Gy = {(¢/,¢")}}=; — marpuna I'pama, coorsercrByiomast Gasucy Qp,
matpuiia G 4 olpee/isieTcss paBeHCTBOM

(Ael,q") (Ae?q') ... (Ae, ')
(Ae',¢®) (A ¢®) ... (Ae",¢?)

Ga=

Torna
Ga =G Ay (3.1)

JleiicTBUTE/IBHO, YMHOXKasI CKAIApHO 0be dacTu ypasaerust (6.1), c. 159,
Ha ¢!, mosrydnmuM

m

(Ae', q") = Za§§q)(qj,ql), i=1,2,...,n, l=1,....m.  (3.2)
j=1

@opmyia (3.1) — 9o MarpudHast 3anuch pasencts (3.2). Marpuna ['pa-
Ma (G, HEBBIpOZKJIeHa, Tak KakK @, — 0aszuc, cjie/loBaTe/IbHo,

Aeq = Gq_lGA. (3.3)

B ciyuae, xorja 6asuc Q,, oproHopMupoBaHt, T. e. Marpuna G, eIuHny-
Hasl,

Auy = Ga. (3.4)
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2. Ecmm n npocrpancrso X,, eBkinjgoso, A* 1Y, — X,, — comupsi-
JKeHHBIH K orepaTopy A, To TOUHO Tak »Ke, KaK B IPeJbIAYIIEM IIyHKTE,
MOJTy9aeM, UTo

ge>
e Ay, — marpuna oneparopa A* oTHocHTEIbHO 6a3ucoB Oy, &y, Ge —
matpuiia ['pama bazuca &,, marpuiia G 4+ OnpeesaseTcss paBeHCTBOM

(A*ql,el) (.A*qQ,el) (.A*qm,el)
(A*q1,€2) (A*q2,€2) (A*qm7€2)

[ockombky (A*q',el) = (¢', Ae!) = (Ael, q"), To marpuupl G4 1 Gy
B3anMHO conpsikenbl. [Tosromy u3 (3.1) nonyuaem G g = (Aey) Gy, 01-
KyJ1a BesencTsue (3.5) BBITEKAET, 9To

Aze - Ge_l(Aeq)*Gq- (3.6)

Dopmysia (3.6) yeraHaBIMBaET CBSA3b MEXKJIy MATPHUIIAMHU OlepaTopos A
u A*. B gactnoctn, ecian 6a3uce £, u Q,, OPTOHOPMUPOBAHBI, TO MATPHU-
161 oriepaTopos A n A* B3auMHO CONPSIZKEHBI.

§ 4. JIuneiinble ypaBHeHUS B €BKJIMJOBOM ITPOCTPAHCTBE

1. Teopema. IIycmo X,,,Y,, — esxaudosv. npocmparcmea. s
A106020 aunetinozo onepamopa A : X,, — Y, npocmpancmeo Y, donyc-
Kaem cAedyrouiee opmo20HaNbHOE PA3NOHCEHUE!

Y,, = Ker(A*) @ Im(A). (4.1)

JIOKABATEJILCTBO. Ilycrs y € Im(A), y' € Ker(A*). Toraa cyre-
crByer © € X, Takoif, uto y = Ax, cenoBaTesbHo,

(y.y") = (Az,y") = (z, Ay") =0,

T. e. y oproronanen Ker(A*). Ecin xe Bekrop y € Y, oprorona-
ner Im(A), To (y, Az) = 0 aa moboro x € X, u torga (A*y,z) =0
st moboro x € X,,, mosromy A*y = 0, 1. e. y € Ker(A*). Dt paccyx-
nernst mokasbiBaoT, 9To Im(A) — oproronanbhoe mononuerne Ker(A*),
cJIeIOBATEIHHO, 110 Teopeme 2, ¢. 151, pasenctso (4.1) Beinosaero. [

()‘IGBI/L[LHO7 9dTO UMeeT MECTO U cJIeayroniee 1IpeacTraB/JICcHUE:

X, = Ker(A) & Im(A"). (4.2)
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2. Teopema. [lycmv onepamop A deticmeyem us konewrnomeprozo
esKAUdO6a NPocmpancmea X, 6 KOHEUHOMEPHOE e6KAUO60 NPOCTPaH-
cmeo Y,,. Tozda

rank(A) = rank(A"). (4.3)

JTOKABATEJILCTBO. Oneparop A ocyiecTBisier n30MOPMU3M mpo-
crpancts Im(A*) u Im(A). HeiicrBuressro, Beaeacrsue (4.2) s Jio-
6oro x € X, nmeem Az = Azx', rie ' € Im(A*), 1. e. moboit 3e-
mert Im(A) — obpas nekoroporo siementa u3 Im(A*). Tlpeanonarast,

aro Az’ = Ax" pns wmecosnagaromunx ', x” uz Im(A*), noaydnm,
aro A(x' — 2") = 0, caenosarensio, (z' — 2”) € Ker(A). Iockomn-
Ky Im(A*) — nuneitnoe nognpocrpanctso, 1o (x' — ") € Im(A*). Brosb
ucrosib3ys (4.2), nomyuaaem, uro ' — x” = 0. Takum obpasom, KoHeu-

rHomepuble mpoctparctBa Im(A) u Im(A*) uzomopdubr, mostomy (cM.
Teopemy 3, ¢. 157) ux pazmepHOCTH COBIagaoT. [

HemnocpencTBeHHbIM clieACTBIEM TeOpeMbl 1 sBjsgeTcd

3. Teopema ®pearoabma. [lycmo X, Y, — €68KAud06v Npo-
cmparcmea, A @ X, — Y, — aunetinoid onepamop. as mozo, umobwl
ypasrenue Ar =y umeno pewenue, He0bxodumo u doCmamouHo, 4mobw.
€20 NPasas 4acmov OvbLAG OPMO20HAALHA A0OOMY PeULeHUO 00HOPOOHO020
ypasnenus A*z = 0.

SAIOAYA. [dokaxkure Teopembl 3, 4, §2, 1. 8, onupasich Ha Teope-
My @pejrosibMma.

§ 5. llceBaopenienne JIMHEITHOTO ypaBHEHUS

1. Ilyctb oneparop A jeiicTByeT U3 €BKJINIOBA IIPOCTPAHCTBA X, B
eBKJIMIOBO TTPOCTPAHCTBO Yy, ¥ — (PUKCUPOBAHHDBIN BEKTOP U3 Y 1y, T —
IPOM3BOJILHBIN BeKTOp 13 X,. Bekrop Ax — y HasbiBaercs HesA3kol,
COOTBETCTBYIOIIEl YpaBHEHUTIO

Ar =y. (5.1)
BemecrBennast pyHKIUsT
F(z) = |Az — y[?,

olpejiesieHHast Ha IIPOCTpaHcTBe X,,, Ha3biBaeTCs (ynkyued (Pyrryuo-
nasom) neeaszku. Ecmn Az # y, T. e. BEKTOp T He SIBJSETCS PEleHneM
ypasuenus (5.1), To F(x) > 0. EcrecrBerno nomsItaThest HANTH BEKTOD &,
KOTODBI{T JI0CTaB/IsIeT MIHUMAIbHOE 3HaUeHe (DYHKITHH HEBSI3KU.

Bekrop x € X,,, MuHIMU3HpYIONil (byHKINIO HEBA3KH, HAZBIBAIOT
ncesdopewenuem ypasenus (5.1). Ecin ypasuenne (5.1) pasperntumo, To
1000€ €ro PeIeHne sBJACTCS TICEBIOPEITCHNEM.
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2. llceBiopelnenne cyuiecTByeT Npu JH0OOOI IIPaBoil YacTu ypaBHE-
mnsg (5.1). B camom jere, B coorBercTBHn ¢ pasioxenuem (4.1), c. 211,
IPEJICTABUM BEKTOD ¥ B Bujie Yy = y1 + o, re y1 € Im(A), yo € Ker(A*).
Torpa pist moboro x € X, sexrop Az — yb npunagiesxur Im(A), u,
CJICIOBATE/ILHO,

F(z) = Az —y' | + [y
OueBuIHO, 4TO MUHIMa/IbHOE 3Hadenue dynknuu F pasno |y°)? n gocru-
raeTcst Ha BEKTOPE I, ABJISAIONIEMCS PEIICHNEM YpaBHCHHsI

Ar =5 (5.2)
[Tockonbky y' € Im(A), ypasnenue (5.2) paspermmo.
3. Ilpu ymobom y € Y,, ypaBHeHue

A" Az = Ay (5.3)

paspernmo. Besikoe ero perierne — ricejioperiierne yparaenuns (5.1).
Heiicreurensho, Tak Kak A*y? = 0, To ypasnenne (5.3) 9KBUBaJEHTHO
YPABHEHUIO

A" (Az —y') = 0. (5.4)

Ypasuenue (5.4) paspeniuMo, Tak Kak Kaxkjioe perierne ypapaenus (5.2)
ectb perierne ypapuerust (5.4). O6parTHo, ecjim ' — pelieHne ypaBHe-
nus (5.4), To sexrop Ar — y! € Ker(A*) u, ciepoparensro (em. (4.1),
c. 211), oproronanen Im(A), no, ¢ apyroii cropons, Az — y' € Im(A),
snaunt Ar — yt = 0, 7. e. z — pemenne ypasuenus (5.2).
Ypasuenue (5.3) HazbBaOT mpanchopmaruets Iaycca ypasuennus (5.1).

Tpancdopmanust [aycca 1100010 JMHEHHOrO ypaBHEeHIs IPUBOJUT K pas-
PEIIIMOMY yPaBHEHUIO.

§ 6. CaMocomnpsi>KkeHHbIIT 1 KOCOIPMUTOB ONEPaTOPhI

1. Omneparop A : X,, — X,, HA3bIBACTCS CAMOCONPAACEHHbIM (9D~
MumoswviM), ecn A* = A, HHBIME CJIOBAMHU, €CJIN

(Az,y) = (z, Ay) Vz,y € X,. (6.1)
Omneparop A : X,, — X,, Ha3bIBaeTCA K0COIPMUMOGuiMm, ecan A* = — A,
TO €CThb

(Az,y) = —(z, Ay) Vaz,y € X,. (6.2)

VIIPAYKHEHUE. Ilokasarn, uro eciau omeparop A caMOCOIpszKeH,
TO cKaJjisipHOe nponsBejierne (Ax, ) BelecTBeHHO Jij1s1 J1i060ro o € X



214 I'maBa 10. OnepaTopbl B €BKJIHI0BOM IIPOCTPAHCTBE

ecsin omeparop A KOCOIPMUTOB, TO CKassgpHoe npousseenue (Ax,z) —
MHIMOe 9HCJIO JIJIsI JII000ro & € X,,.

[TocKoJIbKY B JII0OOM OPTOHOPMUPOBAHHOM 6a31ce MATPHUIILI B3AUMHO
COTIPSIZKEHHBIX OIEePaTOPOB B3aUMHO CONpsiZKeHbl (cM. 1. 2, ¢. 211), To
MaTPHIIA CaMOCOIPSZKEHHOIO OllepaTopa B JII0OOM OPTOHOPMHUPOBAHHOM
basuce SPMUTOBA, MATPUIIA KOCOSPMUTOBA OIIEPATOPa KOCOIPMUTOBA.

VIIPAYKHEHUE. [lokazars, uTo ecin maTpuila omneparopa A B HEKO-
TOPOM OPTOHOPMUPOBAHHOM 0asuce SpMUTOBa, TO orneparop A camoco-
Ipsi?KeH, ecJii MaTpuiia orneparopa A B HEKOTOPOM OPTOHOPMUPOBAHHOM
basmce KOCOSPMUTOBa, TO orepaTop A KOCOSPMUTOB.

1.1. IIpumepoM caMOCONPSZKEHHOTO OllepaTopa ABJISIETCA OIepaTop
OPTOrOHAJILHOrO mpoekTuposatust). JeifcTBuTesnbio, mycts P — omnepa-
TOP OPTOrOHAJBHOIO ITPOEKTUPOBAHMS €BKJINI0BA IIPOCTPAHCTBa X Ha
nognpocTpancTso L C X, x,y — NponsBobHble BeKTOphl n3 X. [To ompe-
JIEJICHUIO OIlepATOpa OPTOrOHAIHLHOTO TTPOEKTUPOBAHIS MOYKEM HAINCATD,
ato y = Py+1y%, x = Pr+2?, e 22, y> — BexTOpHI, opTOronajnubie L.
[Tostomy (Px,y) = (Px, Py). Touno tax xe (x, Py) = (Px, Py), cie-
nosaresbho, (Px,y) = (y, Px).

1.2. Paccy:ktagd TOUHO Tax »Ke, Kak B 1I. 3, ¢. 107, HeTpy1HO yOe InTh-
cs1, 970 JTI000i1 omepaTop A, meiicTByIOil B €BKJINIOBOM IIPOCTPAHCTBE,
OJIHO3HAYHO IIPeJACTaBUM B BUJE

A=Hy + M, (6.3)

rje ¢ — MHUMas eJUHUIA,

1 1
Hi=~(A+ A", Ho=—(A— A"
2 21
CyTh CaMOCOIIPsI?KEHHbIE OIlePaTOPHI.

1.3. Teopema. [lycmv A — aunetinoii onepamop, deticmeyrouut
6 esraudosom npocmparncmee X,,. Ecau

(Az,z) =0 VzeX,, (6.4)

mo A = 0.

JTOKABATEJILCTBO. Ilpeanonoxum cuadasa, 9to A — caMocoIpsi-
»KeHHbIiT oniepaTop. Torma st Jo0bX x, Yy € X, ClIpaBeI/InBO PABEHCTBO

(A(x +vy),z+vy) = (Az,z) + (Ay, y) + 2Re( Az, y).

HCwm. orpejiesienre Ha c. 154.
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Orcrofia, ucnosb3ys yeaosue (6.4), moaydaaem, aro Re(Az,y) = 0. [lo-
cJieJiHee PABEHCTBO BBINOJIHEHO I Jiioboro y € X,,. Ilosromy moxkHO

sameHuTh ¥y, Ha iy, Ho Re(Az,iy) = Im(Az,y). Takum obpasom, mo-
aygaeM, 9to (Az,y) = 0 maus mobeix z,y € X,. Ionaras y = Az,
Oyzmem mMmerb, ato |Az| = 0 gis goboro x € X, T. e. A = 0. Urak,

B CJIy4ae caMOCOIPSKEHHOro orneparopa A yTBep:KeHne TeOpeMbl J0Ka-
3ano. Ilycrs remepb A — npousBosibhblil oneparop. Ecmu (Az,x) = 0,
To BesiesictBre (6.3) ¢ ydIeToM caMoCOIpsizKeHHOCTH oriepatopoB Hi, Ho
nosyaaem, 9to (Hiz,x) = 0, (Hox,z) = 0 gy siroboro x € X,,, OTKyIa,
BHOBb YYHUTBIBAS CAMOCOIPIZKEHHOCTH 011epaTropos Hi, He, MOy IHM, U4TO

Hi, Hy =0. O

1.4. Jlemma. FEcau das onepamopa A, deticmeyrowezo 6 e6xAuUd0-
som npocmpancmee X, ckaraproe npoudsedenue (Ax, x) sewecmesermo
npu abom x € X,,, mo onepamop A camoconpaicen.

JIOKABATE/IBCTBO. Ecim (Ax,x) — BelecTBeHHOE YHCIO, TO
3 (6.3) caenyer, uro ((A* — A)x,z) = 0, orkyma mo teopeme 1.3 1o-
ayaaem, ato A" — A =0.

COBepLHeHHO aHaJIOTTYIHO JOKa3bIBacTC:d

1.5. JlemMma. FEcau das onepamopa A, deticmeyrouiezo 6 e6KAU-
dosom npocmpancmee X, ckaaaproe npoussedenue (Ax,x) npu aio-
bom x € X,, — MHUMOE 4ucro, mo onepamop A Kocoapmumos.

Taxum obpaszom, crpaBejinBa

1.6. Teopema. /Jlrs mozo, umobw. onepamop A, deticmeyroujuti 6
eskaudosom npocmparcmee X, OvlA camoconpascer, Heodbrodumo u Jo-
cmamoywno, Ymobv, crasaproe npoussedenue (Ax, ) 6wva0 seuecmeen-
HoLm npu Ar0bom x € X,,. Has mozo, umobwv, onepamop A, deticmeyrouyud
6 eskaudosom npocmpancmee X,,, Ovla KOCOIPMUMOE He0OLoduMO U do-
cmamoywno, wmobvl ckaraproe npoussedenue (A, x) 6bia0 MHUMBLM NPU
a0bom x € X,,.

§ 7. HeorpuriarenbHbIii 1 MOJIO>KUTEJIBHO OITpeIeJIeHHbII
oriepaTopbl

CamoconpstzKeHHbBII orepaTop A Ha3bIBaeTCst HEOMPUYAMENDHDLM, €C-
JIN

(Az,z) >0 VzeX,. (7.1)
CamoconpsizkeHHBI oriepaTop A HA3bIBAETCS NOAOHCUMEALHO ONPE-
deneHHbiM, eCIIH

(Az,z) >0 Vaz#0u3X,. (7.2)
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OpmuroBa Marpuiia A mopsiKa n HA3BIBAETCS HEOMPUUamMesbHol,

ecJin
n

(A.CU,SC) = E ;i TT; >0 VzeC <73)
i,j=1
DpMUTOBa MaTpuIla A MopsijiKa 1 HA3BIBACTCS NOAOHCUMEALHO ONpe-
deaernot, ecym

(Ax,z) = Z ajjr;z; >0 Vo #0mu3C". (7.4)

i,j=1

B aByx mociegHux onpejie/IeHIsIX CKOOKaMi 0003Ha9eHO CTaHIapTHOE
cKaJisipHoe mpoussejenne B npocrpancrse C”.

VIIPAYKHEHUSI.

1) ITokazxkure qto, ecin A : X,, — X, — MOJIOKUTEJHHO OIIPEJIeIeH-
HbIi orlepaTop, To paBeHCTBO (z,Yy)4 = (Aw,y) omnpejeiser ckajisipHOe
Ipom3BeJieHne Ha MPOCTPAHCTBE X,,.

2) Tlokaxure, uro jyisi joboro oneparopa A : X, — X, omnepa-
top A* A camoconpsizken n neorpunaresen. Eciau oneparop A : X, — X,
obparum, To oneparop A*A mosoKuTEILHO OIIpeIeIeH.

3) Ilycrs omeparop A JeificTByeT B €BKJIMJIOBOM MIPOCTPAHCTBE X,,.
Hokazkure, uro eciau oneparop A + A* 1mojgoKuTe/bHO OIpejieieH, TO
oneparop A HeBBIPOZKIEH.

4) TMokazkuTe, 9T0 MATPUIIA MOJOKUTEIBHO OMPEIEJCHHOTO OlIePATO-
pa B JIIOOOM OPTOHOPMUPOBAHHOM 0a31ce MOJIOKUTEIBHO Ollpeje/IeHa.

5) [okaxkuTe, 970 BCE 9JIEMEHTBI [VIABHOMN JAUATOHAJN TOJIOKHUTETHHO
OIpeIeIEHHON MATPUIIBI ITOJIOKITEIHHEL.

6) Ilokaxkure, aro marpura ['pama Jr060I CHCTEMbBI BEKTOPOB B €B-
KJIII0BOM [IPOCTPAHCTBE HEOTPUIATEILHA.

7) Tlokaxkure, 9TO JIMHEHHAS HE3ABUCUMOCTD CHCTEMbBI BEKTOPOB K-
BIBaJIEHTHA, IIOJIOKUTEILHON ONpeeIeHHOCTH MaTpuIlbl ['pama 9Toit cu-
CTeMbI BEKTOPOB.

§ 8. YuuTapHbBIil ortepaTop

1. Omueparop A : X,, — X,, Ha3bIBACTCSI YHUMAPHBLM, ECIII

AA* = AA=T. (8.1)
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YIIPAYKHEHU .

1) Iokazkure, 910 Jjist TOrO 4TOOBI OIEPATOP OBLT YHUTAPHBIM HEOD-
XOJIMMO U JIOCTATOYHO, YTOOBI €ro MaTpHUIla B JII0OOM OPTOHOPMUPOBAHHOM
Oasuce npocrpancrsa X, Oblia ynurtapaa (cMm. c. 108).

2) [okazkuTe, 9TO OMpPEIEIUTETH YHUTAPHOIO OIEPATOPA, IO MOJLYJTIO
paBeH eINHNUIIE.

3) [MokaxkuTe, 9T0 NPOU3BEJIEHNE YHUTAPHBIX OIEPATOPOB — YHUTAD-
HBII omepaTop.

2. Ecmun omeparop A yamTapeH, To s JIOOBIX T,y € X, HMeeM
(Az, Ay) = (z, A" Ay) = (x,y), T. e. yHUTAPHBIN ONEPATOD HE MeHSsI-
eT CKaJIIPHOI'O IPOU3BEJECHUS BEKTOPOB, U, CJIEIOBATEIbHO, YHUTAPHBII
olepaTop He MeHsieT JJINH BeKTOPOB.

3. OobparHo, ecjn JUHEHHBII ollepaTop He MeHSeT CKaJsIPHOI'O IIPO-
U3BEJCHU JIIOOBIX IBYX BEKTOPOB U3 X,, TO OH YHHTapeH. B camom jie-
I * .
ne, u3 pasercrsa (Azx, Ay) = (z,y) Bbirekaer, uro (z, A*Ay) = (x,y).
Herpynno yoeanThbest, 9T0, MOCKOJIBKY IOCJEHEE PABEHCTBO BBIIIOJIHEHO
JUIs JIIOOBbIX T,y € X,,, TO

A A=T. (8.2)

Hoxkaxkem, uro pasencrso AA* = [ rtakke Bbiosnsiercs. 13 pasen-
crBa (8.2) BeiTekaet, uto det(A) # 0, cienoBareibHo, oneparop A nme-
er obpaTHBIil. YMHOXKasi 06e JacTn paBeHCTBa (8.2) cieBa Ha A, a 3aTem
cipasa na A1, momyunu, uro AA* = 1.

YIPAYKHEHUE. Ilokakurte, 4To ecsu Jyisd Jitoboro x € X,, BbIIOJI-
HeHO paBeHCTBO |Ax| = |z|, To A — yHUTApHBIA OmepaTop.

4. Takum obpazom, oneparop A : X,, — X,, sIBJIZ€TCs] YHUTAPHBIM
TOrJla M TOJILKO TOI'Ja, KOrJa OH He MeHdAeT JJIMHbI HIUKAKOTO BEKTOpa
MIPOCTPAHCTBA X,,.

§ 9. HopmaJsibHBIIT onepaTop

1. Omueparop A, neficTBytonuii B €BKJINIOBOM IPOCTPAHCTBE X,,, Ha-
3bIBaETCST HOpMaavhom, ecim AA* = A* A. CamoconpsizkeHHbBIi, KOCOIP-
MUTOB U YHATAPHBINA OIEPATOPHI, OUEBUIHO, — HOPMAaJbHBIE OIIEPATOPLIL.

st Toro, urodsr oneparop A ObLT HOpMaIBHBIM, HEOOXOINMO 1 JI0-
CTATOYHO, YTOOBI €r0 MaTPHUILa B JIIOOOM OPTOHOPMUPOBAHHOM Oas3uce mpo-
crpancTBa X, O6blia HOpMaJbHOM (cM. ompenesenue Ha ¢. 109).
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2. Teopema. I[lycmv A : X,, — X,, — HOPMaAHWIT onepamop.
Toeda Ker(A) = Ker(A").

JTOKABATEJILCTBO. Ilycts Az = 0. Toraa
0= (Az, Az) = (A" Az, z) = (AA 2, x) = (A*z, A*x),

ciejoBare/bio, A*r = 0. DTu Ke BLIKJIAJIKHU IOKA3LIBAIOT, YTO €CJIH
Az =0, 10 Az =0. I

13 Teopembl 2 n Teopemnl 1, c. 211, HEMeAJIEHHO BBITEKAET

3. CaeacrBue. [lycmov A : X, — X,, — HOPMAALHVIT 0ONEPATNOP.

Tozda X,, = Ker(A) & Im(A) = Ker(A*) & Im(A*), Im(A) = Im(A").

4. Teopema. [Iycmv A : X,, — X,, — nopmasvnwil onepamop, ,
A — cobemeennasn napa onepamopa A, m. e. Ax = Ax. Toeda x, N —
cobcmeennasn napa onepamopa A*.

JTOKABATEJIbCTBO. HerpyaHo ybeaurbest, uro ecin A — HOpMAaJIb-
HBII oreparop, To npu Jobom A € C oneparop A — Al — Takke HOP-
Masibblil onepatop, npuiem (A — A)* = A* — X, cienoBaresbho,
Ker(A — AI) = Ker(A* — A\I). O

5. Bce cobcTBeHHBIE YMC/Ia CAMOCOIPSZKEHHOT'O OllepaTopa Bellle-
cTBeHHBbI. Bce coOCTBeHHBIE UMCJia, KOCOOPMUTBA OllepaTopa YKMCTO MHIH-
Mble. JleficTBUTeIbHO, BCIKII caMOCOIPSIZKEHHDII ortepaTop A siBistercs
HOpMAaJILHBIM, IIO9TOMY, €CJIi T, A — cobCTBeHHasl Iapa omeparopa A,
10 Av = A\xr nu Ax = Mz, cieposarensno, (A — Az = 0, HO BeKTOp ,
KaK COOCTBEHHBIIl BEKTOD, HE PaBeH HYJIO, 3HAYUT, A = \. AHAJIOIMYHO,
ecsi o, A — coOCTBeHHasd Iapa KOCOIPMHUTBa oliepaTopa A, To BbIosHs-
forcs paBencTBa Ax = Az, Ar = — Az, ciegoBareibHo, A = —\.

6. Bce coberBennble uncsa yHUTAPHOIO OLEPATOPA 110 MOJLYJ/IIO PaB-
Hel euaIIe. B camom nene, eciin Az = Az, x # 0, TO IMOCKOJIBKY JIJIsT YHU-
tapHoro orneparopa |Azx| = |z| (em. 1. 4, ¢. 217), 1o |A||z] = |Ax| = ||,
T. e. |A| = 1.

VKazkeM Ha OYeBHIHOE, HO [0JIE3HOE

7. CaeacrBue. VYV 6cakoli apmumosoti Mampuyv, 6Ce Taparmep-
CMUYECKUE YUCAA BEULECTNBEHHDL, 1 BCAKOU KOCOIPMUMOBOT MAMPULD
8CE TAPAKMEPUCTNUYECKUE YUCAL YUCTNO MHUMDBIE, Y 8CAKOT YHUMAaPHOT
MAMPUUDBL BCE TAPAKMEPUCTNUYECKUE YUCAG N0 MOOYAI PABHDL EOUHUUE.

YIIPAYKHEHME. TlokaxkuTe, 4TO ONpeIeIMTE/b CAMOCOIPAZKEHHOIO
oreparopa — BellecTBeHHoe Yuciio (eM. Takxke 1. 2, ¢. 107).
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8. Teopema. Cobcmeernvie 6eKmMOpvL HOPMANLHO20 ONEPAMOPA, O~
BEUAIOULUE PASAUMHBIM COOCTNEEHHDIM YUCAGM, OPMO20HANDHDL.

JTOKABATEJILCTBO. eiictBuresnnbno, nmycrs A — HOpMaILHBIA OI1e-
patop, Ar = Az, Ay = py, A # p. Torna M(x,y) = (Az,y) = (z, A™y).
[To teopeme 4 mmeem A*y = fy, ciaenoarensho, (x, A*y) = u(z,y),
snaant, A(z,y) = p(z,y). Hockonbky A # p, to (x,y) = 0. O

9. Teopema. Ilycmv A — aunetinvit onepamop, deticmeyrowuti 6
npocmpancmee X,,. Jlasa mozo, wmobvl cyu,ecmeosans opmoHOPMUPOSAH-
HuLl basuc {ek}zz1 C X,, maxoti, wmo Aef = \ee¥, k = 1,2, ..., n,
Heobxodumo u docmamouro, 4mobv, onepamop A Obla HOPMANLHBIM.

JTOKABATEJIBCTBO. He o6 x o 1 mw M 0 ¢ T b. Marpurpl B3a-
HUMHO COIIPSI?KEHHBIX OIIepaTOPOB B OPTOHOPMUPOBAHHOM 6a3nce B3aUMHO
corpsizkenbl (eM. 1. 2, ¢. 211). [Tostomy, econ

Ae = diag()\l, )\2, ceey >\n)

ecTh MaTpuna oneparopa A B oproHopmuposannom 6azuce {eF}r_ | To
Marpuieit oneparopa A* B 9T0M ke Hasnce OyeT MaTpuIa

Az = diag(j\l, /_\2, cey )\n)

Marpuiia nponsBeieHnst OIepaToOpoOB eCTh MTPOM3BEICHNE UX MATPHUIL (CM.
. 7, c. 161), nuaroHajbHbIE MATPUILBI, OUEBHJIHO, IEPECTAHOBOTHDI, CJIe-
JTIOBATEILHO,
(A*A), = AZA, = A AL = (AAY),,

oTkyja BeiTekaet, uto A* A = AA* 1. e. A — HOpMaJIBHBIN OIIEPATOP.

HNocTaTouHOECTb. Ilyeth €', \; — cobcrBeHHAs napa orle-
paropa A. Bynem cuurtars, uro |e!| = 1. Tlo Teopeme 4 e!, A\ — cob-
cTBeHHas napa omneparopa A*. Obosuadum depes L, 1 MOAIPOCTPAHCTBO
BCEX BEKTOPOB U3 X,, opToroHaibHbIX e'. [ToanpocrpancTso L, ; nHBa-
pPHAHTHO OTHOCHTE/NbHO oneparopa A. [eiicrBurenbro, ecim x € L, 1,
T. e (z,e') = 0, o u (Ax,e') = (z,A%!) = M\(z,e!') = 0. Touno
TaK »Ke JIOKa3bIBaeTCsl, ITO IOAIPOCTPAHCTBO Ly, 1 HHBAPHAHTHO OTHOCH-
tesibHO oniepatopa A*. [Tostomy (em. yrparknenne Ha c. 182) cyriecTByer
HOPMMPOBaHHBIN BEKTOD e? € L, n 4ucio \s Taxue, 4ro Ae? = g€,
A*e? = \ge?. Ilycers Tenepnb Liy,_s — HOIIPOCTPAHCTBO IIPOCTPAHCTBA X,
cocTosIee W3 BEKTOPOB OPTOTOHAIBLHBIX ojHoBpeMento el u e?. Touno
Tak ’Ke, KaK 1 PaHbIIe, OKayKeM, ITO CYIIeCTBYeT HOPMUPOBAHHBI BEK-
Top €2 € L, o u uncio A3 takme, aro Aed = Aged, A'e? = ses.
IIponomxas 9TOT Hporece, Mbl HOCTPOUM OPTOHOPMUPOBAHHYIO CHCTe-
My Bextopos {ef}i_ C X, takyio, uro Ae* = \e¥, A*et = e,
E=1,2,...,n. U
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SAMEYAHUS.

1) B Teopeme 9, dakTuuecku, yTBEPKIAETCSI, ITO JIJIsST KA¥KJIOT0 HOP-
MAJILHOT'O OIlepaTopa CYIIECTBYET OPTOHOPMUPOBAHHBIN 0a3nc, B KOTO-
POM ero MaTpuIlla TPUHUMAET JUATOHAJILHBIN BUI, TPUYEM Ha JTHAroHa Il
MATPHIIBI PACIIOJIOZKEHBI BCe COOCTBEHHbIE YICJIa 3TOT0 onieparopa. Takmm
00pa30M, BCSIKUIT HOPMaJbHBIN OIEPATOp €CTh OIepaTop MPOCTON CTPYK-
Typh! (cM. 1. 3, c. 186).

2) YacTo OKa3bIBAETCsI MOJIE3HOM CJIe/lytolas IKBUBaJIeHTHAsT (Hop-
MYJIIPOBKa YKA3aHHOTO PE3yJbTaTa: IYCThb fi1, 42, - .., Msy, S < N, —
BCe IIOIIAPHO pa3JInyHble COOCTBEHHBIE YMCJIa HOPMAJILHOTO OIllepaTopa
A: X, —-X,, L,,7"=1,2,...,5 — COOTBETCTBYIOIIE COOCTBEHHbIE
nopocTpancTsa oneparopa A. Toraa

X” - Lﬂl @Luz'”@l’lts' (91)

VIIPAYKHEHUSI.

1) Ilycts A — BerecTBeHHAsT KBajIpaTHasi MATPHIIA MTOPSIIKA 1 TAKAsI,
uro ATA = AAT. Onupasich Ha Teopemy 9, HOKa3aTh, UTO CYIECTBYET
CHCTEMa, BEKTOPOB {ﬁk}};‘:l C C", oproHOpMUpOBaHHASI B CMBICJIE CTaH-
JAPTHOIO CKAJIsIpHOrO npomsBegerns npocrpancrsa C", n Takme [mciia
A, Agy oy A, aro A& = N, k= 1,2, ..., n. Ilpuuem, ecn auciao Ay
BEIIECTBEHHO, TO U BEKTOD & MOKHO BBIOPATH BEIECTBEHHDIM.

2) JlokazkuTe, 9TO €CI Y HOPMAJBHOIO OMEPATOpa Bee COOCTBEHHBIE
JICJIa BEIECTBEHHBI, TO OH — CaMOCOIPSIZKEHHBII oIepaTop; ecan y HOp-
MAJILHOI'O OIlepaTopa BCe COOCTBEHHBIE YMCJIa YHCTO MHUMBIE, TO OH —
KOCOSPMUTOB OIIEPATOP; €CJN Y HOPMAaJILHOI'O Olleparopa Bce COOCTBEH-
HbIE YNCJIa 110 MOJLYJIIO PABHBI €IMHNIE, TO OH — YHUTAPHBII omeparop.

10. Teopema. /Jlasa mozo, umobv. Hopmasvrvie onepamopu, A, B
ObLAU NEPECMAHOBOYHBIMU, HEODXOOUMO U JOCTAMOYHO, YMOObL Y HUL
OvLA 00WUTE OPMOHOPMUPOBAHHBLT OA3UC CODCMBEHHBLT BEKMOPOE.

JIOKABATEJIbCTBO. JTocTaTounocT b Hyers {e/}7_, —
0b1nit 6a3nc coBCTBEHHBIX BEKTOPOB oneparopoB A, B, T. e. AeF = \zeF,
Be* = pupe¥, k=1, ..., n. Torna BAe*=\.ure®, ABe* = e’ nna
k=1, ...,n, T. e. Ha BeKTOpax Oasuca omneparopsl AB, BA cosnamaior,
HO TOIJIa OHHW COBITQJIAIOT U Ha JIIOOOM BEKTOPE IMPOCTPAHCTBA X, .

Heo6xo0oguwMmocT b Bocrosb3yemes mnpejicraBjieHIeM IPoO-
crpaHcTBa X, B BHJE OpTOrOHaJbHON cymMMbl (9.1) cOOGCTBEHHBIX MOJI-
IIPOCTPAHCTB oreparopa A, oTBedaronux MonapHo Pa3InIHbIM COOCTBEH-
HBIM JmcjIaM 3Toro oneparopa. 1o jemme 6.1, c. 182, KaxKji0e U3 mMopo-
cTpaHCTB L, nHBapuanTHO OTHOCHTe/IbHO onepaTopa B. [Tockonbky B —
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HOPMAaJIBHBIN OIEPaToOpP, TO B 9TOM MOJIIPOCTPAHCTBE CYIIECTBYET OPTO-
HOPMHUPOBAaHHBII 6a3Mc cOOCTBEHHBIX BEKTOPOB omeparopa B. Obben-
HEHIE BCEeX YKa3aHHBLIX 0a3MCOB, OYEBUJIHO, 0Opa3yeT Oa3uc IPOCTpaH-
cTBa X,,, TPUYIEM I10 ITOCTPOEHUIO BCE BEKTOPBI 3TOr0 Ha3uca — coOCTBEH-
HbIe BeKTOpbI oneparopa A. [

§ 10. BapuammoHHBIE CBOIICTBA COOCTBEHHBIX YMCEJI
CaMOCOIPsI2KEHHOI'O oIeparopa

1. Hamomumwm, ato oneparop A : X,, — X,, Ha3bIBaeTCs CAMOCONDA-
HCEHHDIM, €CJIN

(Az,y) = (z, Ay) Vaz,y € X,. (10.1)

HamomuuM Takzke, 9TO Bce COOCTBEHHBIE UHC/IA CAMOCOIPAZKEHHOTO
oIrepaTopa BeIleCTBeHHBI, CYIIeCTBYeT OPTOHOPMUPOBAHHBIN Oa3nuc mpo-
CTpaHCTBa X,, COCTABJIEHHBII 13 COOCTBEHHBLIX BEKTOPOB omeparopa A,
cOOCTBEHHBIE BEKTOPBI CAMOCOIIPSIKEHHOI'O OllepaTopa, OTBEYalOIIe pas3-
JIMIHBIM COOCTBEHHBIM YHCJIaM, OPTOrOHAIBHBI.

2. Ilycrs A @ X, — X,, — caMOCOIpPSIKEHHBI omeparop, a Ap,
A2, ..., Ay — ero coberennbie uncia, {e¥}_ — opToHOpMUpOBAHHDIIL
6a3uc cOOCTBEHHBIX BEKTOPOB. ByJieM cunmrarh, 4To COOCTBEHHDIC YHC/IA
VIIOPAI0YEeHDI 110 BO3PACTAHUIO, T. €.

A< g < A (10.2)

[ToraepkHEM, YTO MBI paccMaTPpUBAEM KaK cOOCTBEHHbBIE YNC/IA OTlepa-
TOpa BCe XapaKTePUCTUIECKNE YNC/Ia M0 MaTPHUIILI, T. €. KpaTHbIe XapaK-
TEPUCTHYECKUE YNCIa TOBTOPAIOTCA CTOJBKO Pa3, KAKOBa X KPATHOCTD,
[I09TOMY, BOOOIIE FOBODsI, HEPABEHCTBA B (3.4) sIBJISIIOTCS HECTPOTUMIU.

[Tycts p, ¢ — nenble gucia Takne, 9ro 1 < p < ¢ < n. O6o3Ha-
9iM 4epe3 Ly, TOAIPOCTPAHCTBO NMPOCTPaHCTBa X, HATAHYTOE Ha BEK-
Topoi {e” z:p. Ouesnyno, Ly, = X,,.

2.1. Jlemma. /Jlasa ar0bozo x € Ly, cnpasediusol nepasencmea
Mz, 7) < (Az,z) < A(z, ), (10.3)

bonee moeo

Ap = min M, Ay = max M (10.4)
x€Lpg, #0 (:C,LU) 2€Lpg, #0 (ZU,SU)

JOKABATEJ/ILCTBO. /s soboro x € Ly,
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q q
(Az,z) = (Akaek,ngek) =
k=p k=p
q q .
= (Z)\kfkek,Z&{ek) — Z/\k‘fk‘Q (105)
k=p k=p k=p

OueBniHO, 9TO

q

q q
MY LGP <Y MGl <A G D 1alf = (2 2).
k=p

k=p k=p k=p

q
ciaegosaresibio, (10.3) gokasano u jyist jodoro x # 0 u3z Ly, cupaseii-
BbI HEPAaBCHCTBA

)\p < M < /\q_
(z,2)
3amMeTuM Terepb, U4To
(AeP| eP) (Aef, e9)
N — \py TN )\qa
(e, eP) (e, €9)

nostomy pasencrsa (10.4) Takxke jgoka3anbr. [

OueBnIHBIM CJIEJICTBIEM JIeMMBI 2.1 sIBJIsteTCst

2.2. Teopema. /[aa mobozo k=1,2, ..., n
(.AZL‘,ZU) (.A:E,ZL‘)

A\ = i At s A = -~ 7 10.6
F L T M T e ) (10.6)

Ucnonbzosanne Gopmyit (10.6) 3aTpyfHEHO TeM, YTO NP OTHICKAHIN
COOCTBEHHOI'O YHCJIa ¢ HOMEPOM k HYKHO 3HaTh BCE COOCTBEHHBIE BEKTO-
phbI ortepaTopa A, orBedaroliue BceM COOCTBEHHBIM YHC/IAM C MEHBIITIMI
HOMEpaMH, I — Bce cOOCTBEHHBIE BEKTOPHI orepaTopa A, oTBedaroriie
BCEM COOCTBEHHBIM YHCJIaM ¢ OOJIbIINMU HOMEPaMHU.

Cutetytolue JiBe TeOpeMbl JIaf0T He3aBUCHMOE OITICaHIe KazKI0I0 cob-
CTBEHHOT'O UIHCJIa CAMOCOIIPsIzKeHHOro oreparopa A.

2.3. Teopema. /las moboeo k =1,2, ..., n
(Az, )

A = max min —_—. 10.7

F Ro-ii1 @€R,_i1, 20 (T, ) (10.7)

3decv R, 11 C X,, — nodnpocmparcmeso pazmeprocmu n—k~+ 1. Max-

cuMym bepemcsa no ecem NOINPOCMPAHCNEAM NPOCMPAHCNEE X, Pa3-
meprocmu n — k + 1.
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JTOKA3ATEJILCTBO. fcHo, aro dim(R,,_g11)+dim(Ly;) = n+1, mo-
sromy (cMm. caesictire 3, ¢. 146) cyimecrByer BekTop = # (0, mpuHaIexKa-
it Ry, 110 Lyg. Taxmv oopasom (em. (10.6)), B KazK10M MOAIPOCTPaAH-
crBe R, )41 Haifjercst BeKTOp &, 1yist Kotoporo (Ax, x)/(x, ) < Ag. Cie-
JOBATEBHO, JIJIsA JIDOOTO MOIPOCTPAHCTBA 1R, 11

(Azx, x)

min — < A\
xeRn—k-‘rla a:;«éO (x7 :L.)

Ecmm Mbl yKazkeM TOJIITPOCTPaHCTBO R, 11, JJIsT KOTOPOTO

. (Aw, z)
min — =\,
TER, k41, F£0 (LE, SC)
TO 9TO OyJeT o3Ha4daTh BbinoHeHne pasenctsa (10.7). Ilo Teopeme 2.2
HNCKOMBIM TTOJIITPOCTPAHCTBOM R, 11 aBagercd Ly,. [l

2.4. Teopema. /[as moboeo k=1,2,...,n

A; = min max (Az, 7)

. 10.8
Ry z€Ry, x#0 (.CU,SC) ( )

3decv R, C X, — nodnpocmparcmeo pasmeprocmu k. Munumym Oe-
PEMCA NO CEM NOONPOCTPAHCNEAM NPOCMPAHCNEa X, pasmeprocmu k.

JTIOKA3ATEJILCTBO. Ouesuno, uro dim(Ry) + dim(Ly,) = n + 1
1ist J11060ro mojnpoctpancTBa Ry, suauut Ry N Ly, # {0}. Ilo Teope-

Me 2.2 A
T, T
min M = \i,
€ Lgp, ©#£0 (37, $)
IIO9TOMY JIJIs JIFOOOI'O MOAIPOCTPAHCTBa Ry,
Az, x
max g > \p.

TERy, v#£0 (x, ZE)

st 3aBepIIenns T0Ka3aTeIbCTBa TEOPEMbBI OCTAJIOCh YKa3aTh TAKOe MO/I-
IIPOCTPAHCTBO R pasmepHOCTH Kk, 17151 KOTOPOTO

A
max —< %, ) = A\
z€Ry, 140 (1,1)

ITo Teopeme 2.2 TakuM IOAIIPOCTPAHCTBOM sBasseTcd L. [
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3. U3 (10.3) cpasy ke ciiejryer, 94To jijist TOrO, YTOObI CAMOCOIPSI?KEeH-
Holit onepatop A Obl1 Heorpunaresen (em. (7.1), ¢. 215), He0OX0MMO T
JIOCTATOYHO, YTOOBI BCE €ro COOCTBEHHbIE YNC/Ia OBLIN HEOTPUIIATE IbHbI-
MU, & JIJIsE TOrO, 4TOObI CAMOCOTIPSAZKEHHbIIT oriepaTop A ObLT OJI0KUTE b
Ho omnpesese (em. (7.2), c. 215), HEOOXOIUMO U JJOCTATOTHO, ITOOBI BCE
ero COOCTBEHHbBIE YHC/Ia OBLIN MOJIOKUTETHHDI.

VIIPAYKHEHUSI.

1) JlokazaTh, 9TO €CJIi OlepaTop MOJOKHUTEIbHO OIPEJIESIeH, TO €ro
OTIPEIETTUTEITb TOJIOKUTEIEH.

2) Hokazars HepaBeHcTBo Ko — ByHsikoBckoro (cm. Teopemy 3,
c. 120), ncnonpsyst marpuiy I'pama (cm. (7.1), c. 127) cucremsr, cocrosi-
meif 13 JIByX BEKTOPOB &, Y eBKJIMIOBA TPOCTPAHCTBA.,

§11. IIpumepbl NpuMeHEHUsI BAPUAITMOHHOTO OITCAHMS
cOOCTBEHHBIX YUCEJI

1. Ilycts A, B,C : X,, — X,, — CAMOCOIpsIZKEHHbIE OIIEPATOPLI, a
AM(A) < Xa(A) < - < A(A),

M(B) < A (B) < -+ < Ai(B),

A (C) < A(C) < - < A(C)

ecThb ux cobcrBennbie yncia. [lyers A = B + C. Torna

M(C) < M(A) — M(B) < M(C), k=1,2,....n. (11.1)

st ToKazaTe/IbeTBa 9TOr0 YTBEPKICHUS JIOCTATOUHO 3aMETUTh, 9TO,
pukcupys mpousBosibHOE TTOAITPOoCcTpancTBO Ry C X,,, MoydaeM, 9To

(Az,x)  (Bx,x) N (Cz,x)

(r,2)  (2,7) (x,z)

Vo e R, x #0.

Benenersue (10.3)

(Cz, 2) <A\(C) VxeX,, x#0,
(z,2)
IO3TOMY

TERy, x#0 (I, .27) TERy, x#0 (.’E, .T)
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HO TOTJIA I
B
max min (Az,2) < max min (Bz,z) + A (C).
Ry z€Ry, x#0 (l’,x) Ry z€Ry, x#0 (:C,x)

[Tocnennee nepaBencTBO O TeopeMe 2.3, ¢. 222, paBHOCUJIBHO TOMY, 9TO
Ae(A) — e (B) < A (C). (11.2)

Bamernm Ternepb, ato B = A+ (—C). CobcTBeHHBIMU THCIAME OLIEPATO-
pa —C apigiorcs qncia — A (C). Maxkcnmanbibiv 13 Hux 6ygaer —Aq(C).
[TosToMy, TOBTODSIST TIPEJBIILYIIIE PACCY 2K ICHNUS, TTOJIY I1M

M(B) — Ml A) < M (C). (11.3)

O6benunss (11.2), (11.3), mpuxoxnm x (11.1).

Omnenkn (11.1) moJie3HBI T€M, YTO OHU MOKA3BIBAIOT, KAK MOI'YT M3~
MEHHUTbCsT COOCTBEHHBIE UNCJIa CAMOCOIPSIzKEHHOr0 oneparopa B, ecin K
HeMy J100aBUTH camMocolpsizkeHHbIil oreparop C. BujHo, 4To ecjm cooO-
CTBEeHHbIe duca oneparopa C MaJjbl, TO COOCTBEHHbIE YHCIa onepaTopa B
MaJIO MEHSIOTCS.

2. Ucnosb3yeM TOJIYUIEHHBIH pe3yIbTAT JIJIsi ONEHKN BO3MYIICHHUIT
COOCTBEHHBIX {HCET SPMUTOBOM MATDPHIIBL.
— g0 — fen i}
[lyers A = {ai;}};-1, B = {€i}} ;=1 — spmuToBbl MaTpunbl. pes
OJIOKHM, 4TO |g5| <€, 4,7 =1,2, ..., n. Torga

Ae(A) = M(A+E)| <ne, k=1,2,...,n, (11.4)

T. €. MaJIble BO3MYIIEHNUS 9JIEMEHTOB CAMOCOIPSIZKeHHONH MaTPHIIBI IPHBO-
JAAT K MAJIbIM BO3MYIIEHUSIM ee COOCTBEHHBIX THCE.

I3 (11.1) BBITEKAET, UTO JIsd JTOKa3aTenbeTBa orenkn (11.4) mocra-
TOYHO YCTAHOBUTH, UTO

Me(E)| <ne, k=1,2,...,n. (11.5)

Benenersue (10.4) myxkuas orenka cBogurcsa K ornenke |(Ex,z)|. [ox
CKAJIIDHBIM TPOU3BEJIEHIEM 3/1eCh TTOHUMAETCS CTaHJIAPTHOE CKAJIAPHOE
npoussejienne B C". 3anuiiem cHavdasa 09€BUIHOE HEPABECHCTBO

n n
(Bz,2)| = | ) iy < ) legllilla)-
ij=1 ij=1
Ucnosb3yst Tenepsb HepaBencTBo Ko — ByHsIKOBCKOTO (pUMeHHTE Th-

HO K CTaHJIAPTHOMY CKaJIsIPHOMY IPOU3BEIEHIIO B IpocTpancTBe R™ pas-
MEpHOCTH M = n?), IoJIyYnM
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N /2, . 1/2
(B, )] < [ D leyl’ il ) =
i1 i1
n 1/2 n n 1/2 n 1/2
=D leyl’ Sz ) =) el ] (w) <
ij=1 i=1 j=1 ij=1
< ne(z, x).

[Tocnenmss onenka, odeBuHO, obecneunBaet BoimosHenne (11.5).

3. Ilosydennslit pe3yabTaT 0 BO3MYIIEHUSIX COOCTBEHHBIX UUCETT 3P-
MHUTOBOI MaTPHUIILI He PaclpocTpaHseTcsd Ha ITPOU3BOJIbLHBIE MaTPHUIIHL.
[Ipusesem coorBercTBytomuii npumep. Ilycts A — BerecTBenHast JByX-
JIaroHaJIbHast MaTPUIla JecaToro nopaaka. [lo amaronasm 3Toit MaTpuIrbl
PACIIOJIOZKEHbI B IIOpsijiKe yObIBaHus 1esble unciaa 10, 9,8, ..., 1, Bce ae-
MEHTBI Ha OJIMzKaiilieil cBepXy MapaJsljIe/IbHON JIMaroHa Il PaBHbBI JI€CSITH.
[TonsiTHO, 9TO BCe XapaKTePUCTUIECKIE YICa ITOI MATPUIILI €CTh YHICIIA,
cTositye Ha ee auaronasn. Hapsiay ¢ marpuneii A paccMOTpUM MaTPHILY

10 10 0 --- O
O 9 10 --- O
A=|0 0 8 -~ 0]
: 10
e 0 O 1
ImA O
1.
O O
O O
_]_.
[

Puc. 1. K npumepy meycroitanBoii 3aa4n Ha COOCTBEHHDBIE 3HAYUEHUSI: O — XapPaKTEPUCTUIe-
ckue aucia marpuiisl A, [1 — xapakrepuctuieckue qucjia MaTpuiibl A,

OTJIMYAONLYIOCsT OT A TOJBLKO OJHKMM 3JEMEHTOM, CTOSIIUM B IIO3H-
mun (10,1) u paBabiM €. Ha pucynke 1 mokaszaHo pacrosiokeHne Ha KOM-
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IIJIEKCHOM TIJIOCKOCTH XapaKTEPUCTUUICCKUX UUCes MaTpuIlbl A U mMaTpu-
npl A, ipu € = 107°. Bujno, 9To MaJoMy 110 CPABHEHHIO C 3JIeMEeHTa-
MU MATPHUIbI A 3HAYEHUIO £ OTBEYAIOT CYINECTBEHHbIE OTKJIOHEHUs Xa-
PAKTEPUCTUICCKIX Urce/l. Pe3yibrar, BIpoueM, 0XKIIaeMbIil, TOCKOIbKY,
KaK HEeTPY/JHO yOeJUThCsI, pasjaras Olpee/InTe/b 110 MePBOMY CTOJIO-
my, det A = 10!, a det A, = 10! — €10?, u, TOCKOIBLKY OIpeIeInTe b
MATPUIBI €CTh ITPOU3BEJIEHNE €€ XapaKTePUCTUUICCKIX JHCEJ, TO JayKe
IIPU MAaJIbIX € XapaKTepucTuiecknue ducjia MaTpuil A nu A, pasjimdaiorcs
3HAYUTE/THHO.

4. Teopema. [Tycmv A,y = {a;; ?;;11 — NPOU3BONOHAA IPMUMOBE

mampuua nopaokan+1, A, = {a;: Y., — mampuua, coomsemcmeyro-
) n 1] ’L]—l Y

~

WA ee 2Aa6HOMY MUHOPY nopadka n. Llycmo 5\1 < 5\2 << A —
cobcmeertvie wucaa mampuuvt A1, M < Ag < -0 <\, — cobecmeen-
Hole wucaa mampuus, A,. Tozda

M S A S A< A< KA S A, (11.6)

m. e., KaK 2080pam, cobcmeerHble wucaa mampuy, A, u A,i1 nepeme-
ACAIOMCA.

JIOKABATEJILCTBO. B Xojie mocaeyIomnx paccyKJIennii 1moj| cKa-
JISPHBIM TIPOU3BEJICHUEM MMOHUMAETCS CTaHapTHOE CKAJIsIpPHOE TPOU3Be-
Jenne B rpoctpancrse C".

ITycts 1 < k£ < n. B coorBercrBun ¢ Teopemoii 2.4, c. 223,

N . (An+1377 il?)
A1 = min  max ————. (11.7)
Ryy1 zeRy4 1, x#0 (.’I;, x)
3/1ecb MUHUMYM O€peTcss 110 BCEBO3MOXKHBIM IOIIPOCTPaHCTBAM Ry i1
npocrpancrsa C*! pasmepnoctn k + 1.
O6osnaunm vepe3 Ry, C C" MHO)KECTBO BEKTOPOB U3 Ryy1, (n + 1)-s
KOMITOHEHTa KOTOPBIX B €CTECTBEHHOM Oas3uce paBHa HyJio. Torja
(Api1z, 7) (Apz, x)
max -——————> max -———.
©€R1, 220 (T, T) r€Ry, 20 (T, 1)
st obocHOBaHUST 9TOr0 HEPABEHCTBA JOCTATOYHO 3aMETUTDL, UTO CJIEBa
MaKCUMyM OepeTcs 1o H0Jj1ee IMUPOKOMY MHOXKECTBY BEKTOPOB, YeM CITpa-
Ba. Takum obpazom, u3 (11.7) mosryvaem
~ . (An+1l‘,$) . (Anxa ZIL')
A+l = min  max -———— > min max -——
Ri41 x€Rk41, #£0 (ZC, x) Ri x€Rg, x#0 (:c, x)
HO TIpaBasl JacTh 9TOIO HEpaBeHCTBa 1O Teopeme 2.4 paBHa Ap. MTak,
AMer1 = A g Beex E=1,2, ..., n.
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Ob6patumcst Tenepb K Teopeme 2.3, ¢. 222, B COOTBETCTBHHU ¢ KOTOPOIt

. A
A = max min M (11.8)
Rn+2—k xEanLkav x#o (x7 x)

3/1eCb MAKCUMyM OEpeTcs 10 BCEBO3MOXKHBIM MOJIIPOCTPAHCTBAM Ry, 1o 1
npoctpancTsa C" pasmepnoctn n + 2 — k. Ilpn cykenun MHOMKeCTBa
BEKTOPOB, 110 KOTOPOMY BBIYUC/ISIETCS MUHUMYM, ITOCJICHUN HE MOYKET

YMEHbBIINTBLCA, IIOTOMY IIO aHaJIOTMM C IIPEeAbIAYIINM CJIy9acM MOXKeM
HalliCaTb, 9TO

. A
>\k = max min M <
Rn+27k xERn—i-Q—kw 58750 (xg x)
A
< max min (Anz, 2) = Ar. (11.9)

Rn+1fk SCGRTL_H_]C, :E#O (I', .'L')

Taxum obpasom, HepaBeHcrBa (11.6) mokasanbr. [

§ 12. KopeHb 13 caMOCOIPI>KEHHOTO HEOTPUIATEIHLHOTO
onepaTopa

1. Teopema. Ilycmv A — camoconpascentviii HeoOmpuuamesbHoLl
onepamop, k = 2 — uenoe wucao. Toeda cywecmeyem eduncmeennvili ca-
moconpascennviti neompuyamenvold onepamop T marot, wmo TF= A,

Omneparop 7 Has3bIBalOT Kophem nopadka k u3 omneparopa A u 0bo-
suaugaior tepes A/F VA
pes i gepes v A.

JTOKABATEJILCTBO. IlockonbKy oneparop A caMOCONpszKeH, CyIIe-
CTBYeT OPTOHOPMHUPOBaHHLIH Oasuc {e’}}_; ero cobCTBEHHBIX BEKTOPOB.
Omnpenennm oneparop 7 meiicTBIEM Ha BEKTOPHI Oas3uca:

Tel-:(f/)\jei, 1=1,...,n.

Bee cobersennble dncia HeoTpunaTeLHoro oneparopa A neorpunaTesis-
HBI, I09TOMY MOYKHO CUHTAaTh, 9TO BCE 4uCIa v\, 4 = 1,...,n, HEOTPH-
nareabibl. OdeBuHo, 4To oneparop 7 caMOCOIPSXKeH, HeOTpUIiaTeIeH
nTh=A r1e T =AYk

Ocrasoch J0Ka3aTh ¢JIMHCTBEHHOCTL KOPHS IIOPAIKa k U3 OlepaTo-
pa A. C 3T0il 11eJbI0 YCTAHOBUM IIPEJIBAPUTEILHO, 9TO CYIIECTBYeT I10-
oM P, creniennt m < n — 1, takoit, ato 7 = P,,(A). [HeiictBure/in-
HO, IIYCTh Aq,..., A, T < N, — BCE IOMApPHO Pa3/IndHble COOCTBEHHbIE
auciia oneparopa A. Haifigercs (1 mputom TOJBKO OJUH) MOJUHOM P,._q,
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crenenn © — 1, Takoit, uro Pr_1()\;) = /N, i = 1,...,r Y. Jeiicrys
onepatopoM P,_1(A) Ha BeKTOpBI 6asuca e;, MOy UM

P_i(A)e; = P_1(\)e; = Ve i=1,...,n,

T. e. P,_1(A) = 7. Ilycts Tenepb U — IpOU3BOJIBHbIH CAMOCOTIPSIZKEHHBIT
HEOTpUILIATEIbHLI oneparop Takoii, uro U* = A. Torzaa

TU =P, (AU =P, (UNU =UP,_(U") =UT,

T. e. orepatopbl 7 u U mnepecraHoBo4HbI, 110 Teopeme 10, ¢. 220, y Hux
CYILIECTBYET OOIIUil OPTOHOPMUPOBAHHBIN 0a3UC COOCTBEHHBIX BEKTOPOB
(0603HAYMM ero BHOBb 4epes e, . .., €,)

Te; = pi €, Ue; = pieq, i, i 20, 1=1,2,....n.
CiiejoBaTesIbHO,
k k k ~k
T €; = W; €4, U"e; = H; € T = L,2,...,n,

no TH=U* nosromy ¥ = u¥, orkyna soitexaer, uro fi; = pi, i =1,...,n.
Taxkum obpasom, Y = 7. [

§ 13. O6o0menHasa npobyieMa cCOOCTBEHHBIX 3HAYEHU

1. Ilycrs A, B — npousBo/ibHBIE OIIEpATOPLI, JIEeHCTBYIOIINE B IIPO-
crpancTBe X,,. Henyiesoit BekTop x € X,, Ha3bIBaeTCsl COOCTBEHHBIM BEK-
TOPOM 0000IIEHHOIT TPOOJIEMbI COOCTBEHHBIX 3HAYCHUI, €CJIN CYIIECTBYET
YUCJIO A TaKoe, 9TO

Ax = \Bx; (13.1)

YUCJIO A HA3bIBAETCs IPU 9TOM COOCTBEHHBIM HHCJIOM OOOOIIEHHON ITPO-
Os1eMbl cOOCTBEHHBIX 3HauUeHuil. Ecm oneparop B HEBBIPOXK/ICH, TO 3a/a-
wa (13.1), oueBn/1HO, SKBUBAJCHTHA 3a/1a9€ Ha COOCTBEHHBIC 3HATCHUS

B Axr = \r (13.2)

nust oneparopa C = B~ LA,
Haunbosiee npocto 0bo0IenHast mpodJieMa cOOCTBEHHBIX 3HAYCHUI 1C-
CJIeJIyeTcsI B CIydae caMOCOIPsIzKeHHBIX orepaTopos A, B.

DIlonurom Py | MOMKHO 3aIlICATDh B IBHOM BIIE, HCIIO/IB3Ys, HAIIPIMED, HHTEPIIOIAIHORAYIO hop-
mysy Jlarpamxka (cm. c. 86).
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2. Teopema. Ilycmv A — camoconpsoicennviti onepamop, B —
NONOACUMENDHO ONPedeseHHblll ONepamop, Jelicmsyouue 6 e8rAUI0BOM
npocmpancmee X,,. Tozda cywecmeyrom eexmopol {ek}’,;f:l, 00pasyrouLue

basuc npocmpancmsa X, U BCULLCMBEHHBLE YUCAL A1, A2, ..., Ap M-
Kue, 4mo

A = \Bek, k=1,2,...,n, (13.3)

(Bek, e =6, k,1=1,2,...,n. (13.4)

JIOKABATEJILCTBO. Kax1oit mape 31eMenToB &,y € X,, TOCTaBUM B
coorsercTBue dncyio (x,y)p = (Bx,y). Herpynno ybeauroes, 1To 910 CO-
OTBETCTBHUE OIpeJIesIAeT CKAISIPHOe TPON3Be/IeHne Ha MpOCTpaHcTBe X,,.
Omnepatop C = B~'A camoconpsizkeH OTHOCHTEIBHO 3TOTO HOBOTO CKa-
JIIPHOTO ITpon3Be/ienHnst. JleficTBUTEIbHO, JJIst JIIOOBIX T,y € X, UMeeM

(Cx,y)s = (BCx,y) = (Az,y) = (z, Ay) = (z, BB~ Ay) = (2,Cy)s.

[Tostomy 1o Teopeme 9, c. 219, cymectsyior Bektopbl {eF}1_, o6pasy-
tolue 0a3nuc IPOCTPAHCTBa X,,, U BEIeCTBEHHBIE YUCIA A1, A2, ..., Ap
(em. 1. 5, ¢. 218) Taxue, 4TO

Ceb = \pe*, k=1,2,....n, (13.5)

ek GZ)B = 5kl7 ]{I,l = 1, 2, ooy n. (13.6)

Pagencrsa (13.5), (13.6) 9KBUBAJIEHTHBI COOTBETCTBYIOINIIM DPABEHCTBA-

vu (13.3), (13.4). O

§ 14. CuHrynspuble 0a3WChl U CUHTYJIAPHBIE YHCJIa OollepaTopa

1. B »srom maparpade OyjeT mnokasaHo, 4TO JJid JIOOOro orepa-
Topa A, JefiCTBYIONEro 3 eBKJ/IMI0Ba IIPOCTPAHCTBA X, B €BKJIII0BO
IPOCTPAHCTBO Y, MOYKHO YKa3aThb TaKne OPTOHOPMHUPOBAHHBIE Oa3u-
cot {eF}n_ X, u {¢*}", C Y,, uro marpuna oneparopa A npu-
HUMaeT HauboJsiee IPOCTON BUJI, a8 IMEHHO,

Fok<r
Ach = QPR M 14.1
0 ., k>, ( )
e pr > 0, k=1,2, ...,r. Hucna pp HA3BIBAIOT CUHYAAPHOIMU YUCAC-

mu oneparopa A. Bazucer {ef}1_ {g*}m |, obecrieunsaroue BoinosHe-
Hue coorTHorennit (14.1), HA3BIBAIOTCS CUHRYAAPHOIMU OA3UCAMU OTIEDa-
Topa A.
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Kak noxaseisaer (14.1), HenyseBbIME 3/1eMeHTaMu MaTpuiipl A, ore-
patopa A OTHOCUTETTHLHO CHHTYJISAPHBIX OA3MCOB SIBJISAIOTCS TOJIBKO HYNC-
Ja p1, P2, - - -, Pr, PACIOJIOKEHHBIE Ha JUATOHAJN TJIABHOIO (6a3MCHOTO)
MUHOPa MaTpHIbl A,

2. Ilocrponm cuaryasapasie 6asucol oneparopa A. Omneparop A*A
CAMOCOIIPsizZKeH 1 HeoTpuilaTesieH (cM. yrnpaxkuenune 1 wa c. 216), ciemno-
BaTesibHO (cM. Teopemy 9, ¢. 219, u . 3, §10, c. 224), cyIecTByOT OPTO-
HOpMUpOBaHHble cobeTBenHble BekTophl {€f }1_ | oneparopa A*A, Bee ero
cOOCTBEHHbBIE YMCJIa HEOTPUIATEIbHBI. TakuM obpa3oM,

A*Aet = plef, k=1,2,...,n. (14.2)
3nech p2 > 0 — cobersennbie uucia oneparopa A*A. Byjgem nymepo-
BaTh WX TakK, 9TOOLI p; = po = -+ =2 pp > 0, ppig = -+ = p, = O.
[Tonoxum 2¥ = Ae* g k=1, ..., r u 3amerum, 4To

(7, 21) = (Ae?, Ac) = (A" Ae?, e) = gE(e?, ")

[ToaTomy

0
(2 =4 P 7 (14.3)
Py D=4,
CJICJIOBATE/IBHO, BEKTOPBI

" =ptAk k=12, ..., (14.4)

00pa3yioT OPTOHOPMUPOBAHHYIO CICTeMY B IpocTpancTse Y,,. Ecau oka-
JKeTCst, 4T0 7 < 1M, JTOIOJHUM ee IPOU3BOJIBLHO BekTopamu ¢F, k=7 + 1,
r+ 2,...,m, JJ0 OPTOHOPMUPOBAHHOTO Oa3muca MpocTpancTsa Y,,. U3
onpenenenns sekropos {e*}1_, {¢F} | cpasy e BbITekaer cipaseyiu-
BoCcTh (14.1).

3. Us (14.1) nomyuaem, uto Bexktophl {¢F}r_, obpazyior Gasuc
B Im(A), o morma u3 rmeopembl 1, c. 211, BbITEKaer, 4YTO BEKTO-
pbl {¢"}, | obpasyior Gasuc B Ker(A*), cienoBaressto,

A =0 k=r+1,...,m. (14.5)
Hnsa k=1,2,...,r u3 (14.4), (14.2) nony1aaem
A*¢" = p AT Aeh = pret. (14.6)

4. Comnocrasyss (14.6), (14.4), (14.5), 6yaem numerhb, 9T0
AA* G zpiqk, k=1,....r, AA¢ =0, k=r+1,...,m. (14.7)

N3 (14.2), (14.7) BBITEKAET, YTO HEHYJIEBbIE COOCTBEHHBIE UHCJIA OIEpa-
topos A*A nu AA* coBnamaior, T. €. CIEKTPbI 3TUX OIEPATOPOB MOL'YT
OTJINYATHCS JIUITH KPATHOCTHIO HYJIEBOIO COOCTBEHHOIO YUC/IA.
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5. U3 npepiaymux paccyKeHuil TakzKe CJIepyIoT PABEHCTBA
rank(A) = rank(A*A) = rank(AA"),
def(A*A) = n —rank(A), def(AA") =m —rank(A).

6. Ilonarno, uro panr r oneparopa A paBeH KOJUIECTBY HEHYJIEBBIX
CHHTYJISIPHBIX 4nces oneparopa A. DTo HabJIOeHIIe OTKPLIBAET Peaib-
HYIO BO3MOXKHOCTDb BBIUNC/IEHUSI paHra oneparopa A: Hy»KHO PelnThb 3a-
J1lady Ha COOCTBEHHbIE 3HAUEHUsI JIJIsi CAMOCOIIPSIKEHHOIO HEOTPHUIATE b
Horo oneparopa A* A 1 ornpenenTsh KOINIECTBO HEHYJIEBBIX COOCTBEHHDBIX
quces1. VIMeHHO TaKnM c11oco60M 0OBIYHO TIOJIB3YIOTCS B BBIYNC/INTEILHOI
npakTuke. flcHO TakyKe, 9TO COOCTBEHHBIE BEKTOPHI {ei i,41 omeparo-

pa A* A 06pasyioT OpTOHOPMUPOBAHHLINA 6asuc sapa omneparopa A.

7. Ecau cunryngprble 4nciia U CHHIYJIsSIpHBIE Oasuchl oneparopa A
HaliJIeHbl, TO MOCTPOeHNMe TceBopernienns (M. §5, ¢. 212) ypaBHeHUs

Ax =y (14.8)

He BBI3bIBAECT 3aTpyjHenuii. B camoMm jese, Kak ObLIO TIOKA3aHO B 1. 3,
c. 213, moboe pernenne ypaBHEHUS

A" Ax = Ay (14.9)

ecTh 1cepoperenne ypapaenus (14.8). [Ipejcrapiisisi BEKTOPBL T 1 Y B BU-
n m

JIe Pa3JIOZKEHUIT 110 CUHTYJISIpDHBIM Oa3ucam, r = E Epet, y = E nqu , u

k=1 k=1
HCIoJIb3ys 3areM cootHomenns (14.2), (14.5), (14.6), mosyunM Kak cJieji-

crBue ypashenus (14.9), aro

r

Z(Pifk — prei)e” = 0, (14.10)
k=1
OTKYJIa BBITEKAET, 9TO & = Mi/pr i k = 1,2, ..., r. Takum obpasom,
71100011 BEKTOP
T n
v=>> (m/p)e" + > &e, (14.11)
k=1 k=r+1
rie &41, ..., & — IPOU3BOJIBHBIE YHC/IA, €CTh IICEBJIOPEIIeHIe YpaBHe-

nng (14.8).
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Ecm y € Im(A), 1. e. ypasuenne (14.8) paspermnmo, 1o Gopmy-
ma (14.11) maer obmee perenne (em. §1, c. 171) ypasuenns (14.8). eii-

CTBHUTEJIBHO, B 9TOM CJIyHae BeKTOp Tg = Y (N/pr)e” ecTh qacTHOE pere-
k=1

n
nue ypastenns (14.8), a Y. &.eF — obuiee perienne coorsercTByioNero

k=r+1
OJIHOPOJIHOTO yPaBHEHNUS.

8. s smoboro mceoperiennst x© ypasuenus (14.8) nmeem

2P =) (/o) + ) &

k=1 k=r+1

[lonarasg &.41, ..., & = 0, mosyunM rceBiopernienne ¢ MUHAMAILHOM
nimnoit. Takoe rceByiopernienne MPUHATO HA3bIBATH HOPMAALHbM. OHO
OPTOTOHAJILHO sijIpy oreparopa A.

VIIPAYKHEHUSI.

1) Iokaxkure, 9T0 MOJYJIb OINPEJEUTENs JTIOOOr0 OMepaTopa, Jeii-
CTBYIOIIEr0 B KOHEYHOMEPHOM IPOCTPAHCTBE, PaBEH IIPOU3BEICHNIO BCEX
CUHTYJIAPHBIX JHCEJI 9TOTO OIePaTopa.

2) Ilycts A — npousBoJibHASI IPAMOYTOJIbHAs MaTpHuiia panra 7. [lo-
KayKUTe, 9TO CYyHIECTBYIOT yHUTapHble MaTpunbl U, V' Takne, 4T0o

A=UDV, (14.12)
rje
R O3
D= ,
( Ol OM)
ecth Omounast 2 X 2 marpuiia, R = diag(py, pa, - .. pr), BCE JIEMEHTHI

JaroHan I MoI0yKUTeIbHbL, Bee 31eMenTsl MaTpull O 2, O 9 — HyJIH.
Dopmysa (14.12) omnpejiesisier Tak HA3BIBAEMOE CUH2YAAPHOE PABIIO-
JKeHUe MPsAMOYTOJIbHOM MaTPUILbI.

9. CunrynsgpHble 4YHCIa OMEpaTOpa XapaKTepU3yI0T UyBCTBUTEIb-
HOCTDL peHIeHUs JIMHEeHOI0 ypaBHeHUs 110 OTHOIIEHNIO K U3MEHEHUIO ero
npaBoit yactu. Ilycts A — HEBBIPOXKIEHHBII omepaTop, JeficTBYIOMNii B
eBKJIMJOBOM IpocTpaHcTBe X,,. PaccMoTpum HaAps Ty ¢ ypaBHEHUEM

Axr =y (14.13)

ypaBHEHUE

Az = §. (14.14)
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[Tockombky omeparop A HeBBIPpOXK/IEH, 00a ypaBHEHHs OHO3HAUHO pas3-
perumbl. [lyers @ — perenne ypasuenusi (14.13), & — perienue ypasHe-
rng (14.14). Benrnuuny §, = | — Z|/|x| naseiBaior Besmaunoit ommuocu-
MEABHO20 USMEHEHUA PEULCHUA TIPU N3MEHEHUH TTPaBoii yacTu. BeiscHmM,
KaK OHa 3aBUCHT OT 0y = |y — §|/|y| — Besmuuubl ommuocumenvrozo us-
MENENUA NPAGOT 4aACTNAU. HpeﬂCTaBHM BEKTODBI ¥, y B BHJIC PA3JIOZKCHUIT

[0 CUHTYJISpHOMY Oasucy: y = anq y = anq Torna Beste-

k=1 k=1
creue (14.1) nonyumm ¢ = Ay = an FoE Z L e”,
Pk
k=1
[I03TOMY, UCIIOJIb3Ysl HEPABEHCTBA p1 = P2 = -+ = pp > 0, 6yzLeM I/IMeTb,
4YTO .
e — i)
s [ — 7]
) /; Pk Pt /; Pt
o, = — 5 < 5 = —25y. (14.15)
)DL ol
P pz k=1
Taxum obpaszom,
5, < 2o, (14.16)
Pn

Bemmiuma py /p,,, XapakTepusyionas yCTofTNBOCTD PENeHns ypaBie-
rng (14.13) 1Mo OTHOIMIEHUIO K U3MEHEHHIO €ro MPABOil TaCTH, HA3BIBACTC
wucaom obycaosaernocmu oneparopa A n obosnadaercs depes cond (A).
Ouesnyno, cond (A) > 1 s siroboro onepatopa A.

YIIPAYKHEHUA.

1) Tlokaxkure, 9TO HpHU ONpPEJETEHHOM BBIOOpE Yy U {j HEpaBeH-
ctBo (14.16) mpeBpaImaeTcest B paBeHCTBO, W B 9TOM CMbIC/TIe orenka (14.16)
HEYJTy IITaeMa.

2) Ilpusegure mprMepbl OMEPATOPOB, JIJIsI KOTOPHIX YHCIO 00YCJIOB-
JIEHHOCTH PABHO €JIIHHIIE.

§ 15. IlomsapHoe pa3jioyKeHHWe oriepaTopa

1. Ilycms A : X,, — X,, — npousBo/bHbIil oneparop. Onpeaennm,
Kak B 11. 1, § 14, cunrynsapuste 6asucot {eF}1_ {¢"}"_, oneparopa A, a
3areM omnepatopel U, 7, S, 3a/1aB UX JeCTBIEM Ha BEKTOPHI 0A3UCOB:

Ue* = ¢*, T¢" = ppd®, Se¥ = pie®, k=1,2, ... n. (15.1)
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Omneparop U yHUTApHBINA, TaK Kak MEPEBOIUT OPTOHOPMUPOBAHHBIH Ga-
31C B OpTOHOpMUpOBaHHbI 6asnc. Omneparopsl 7, & — caMoCONpsIzKeH-
Hble HEOTPHUIIATEIbHbIE orepaTopbl. JIs Toro, 94robbl yOe nThest B 3TOM,
JOCTATOYHO 3aMeTUTh, uTo dncia (7 x,x), (S, x) HeOTPUIATEIbHBL JIJIsT
Jiioboro r € X,,.

Hasnee, yanreBas (14.1), (15.1), momyamm

USe" = ppd® = Ae", TU" = prg" = A", k=1,2,...,n,

CcJ1eJI0BaTe/IbHO,

A=US=TU. (15.2)

Dopmyiibl (15.2) ompesesisiioT Tak HA3BIBAEMOE NOAAPHOE PA3AOIHCE-
Hue oreparopa A. OHI MOKa3bIBAIOT, UTO JH000E JINHETHOe ITpeobpasoBa-
HUE €CTh Pe3YJIbTAT MOCIE0BATETIHLHOIO BBITOJTHEHNST YHUTAPHOI'O TPE00-
pa3oBaHus, He MEHSIONIEro JJIMH BEKTOPOB, U CAMOCOIPIZKEHHOr0 HEeOT-
PUIATETHLHOTO TPEe0OPA30BAHNSA, BBITOJTHAIONIETO PACTIYKEHIS TPOCTPAH-
CTBa B M MOMAPHO OPTOTOHAJIBHBIX HAITPABJIEHUIX.

Omnepatop S HA3BIBAIOT NPAGHIM ONEPATNOPOM PACTNANCEHUSA, & OlIEPa-
TOp 7 — AEBHILM ONEPATNOPOM PACTNANCEHUA.

2. Us (15.2) nenocpejcrsenno nosydaem A*A = 82, AA* = T~
[Tockosibky onepatopbl S, 7 — caMOCOIpPsSIZKEHHbIE HEOTPHUIATE THHBIE
OIIepaTOPhI, TO ITH PABEHCTBA, TOKA3BIBAIOT, YTO S, 7 0JHO3HAUTHO OIIpe-
JIeJIAIOTCS 110 oreparopy A, a IMeHHO

S=VAA T=vVAA. (15.3)

B ciyuae, korma oneparop A nesbipoxK e, oneparop A* A Takike HeBbI-
POZKJIEH, CJIEJOBATE/ILHO, HEBBIPOXKIEH U oreparop S, HO3TOMY OlepaTop
U = AS™! taxske ompesessieTcs: oHO3HAMHO.

3 dopmya (15.2), (15.3) HEMOCPEJICTBEHHO BBITEKACT

3. Teopema. /s mozo, umobv. onepamop A Ovia HOPMAALHBIM,
neobxodumo u docmamoyuno onepamopu T u S 6 npedecmasaeruu (15.2)
co8nadast, UHLMU CA08aMU, ¥MOobb, onepamopvt U u S bviau nepecma-
HOBOUHDL.



[JIABA 11
OnepaTopr B BeIIleCTBEHHOM €BKJIMJI0BOM
IIPOCTPAHCTBE

§ 1. O6mmume cBeseHUs

OTMeTuM HEKOTOpPbIe OCOOEHHOCTH, CBSI3aHHbBIE C PACCMOTPEHUEM JIN-
HEHITHBIX OIIepaTOPOB, JIEHCTBYIOMNX B BEIIECTBEHHOM €BKJINIOBOM IIPO-
cTpaHcTBe X,,.

B o6oM opTOHOPMUPOBAHHOM 0a3mce MPOCTPAHCTBA X, MATPHUIILI
oneparopos A n A* B3auMHO TPaHCIIOHUPOBAHLIL.

st Toro, 4Tobbl omepaTop ObLI CaMOCOIPSXKEH, HEOOXOIUMO H JI0-
CTATOYHO, YTOOBI B JIIOOOM OPTOHOPMUPOBAHHOM Da3uce IMPoCTpPaHCcTBa X,
ero MaTpuiia ObLIa CUMMETPUIHA.

KocoapmuTos oriepatop, JefCTBYIONINI B BEIIIECTBEHHOM €BKJIII0BOM
IIPOCTPAHCTBE, OOBIYHO HA3BIBAIOT KOCOCUMMeMpPUyHvLM. J st TOrO, 9TO-
Obl orepaTop ObLI KOCOCHMMETPUUHBIM HEOOXOJMMO U JIOCTATOTHO, YTO-
ObI B JTIOOOM OPTOHOPMUPOBAHHOM Das3nce MpOCTPaHCTBa X, €r0 MaTPHUIa
OblJTa, KOCOCUMMETPUIHA.

JTio6oii onepatop A ognosnauno npejcrasuM s suge A = A;+As, rie
A — camoconpsizkeHHbIH, Ay — KOCOCUMMETPUYHBII OllepaTopbl, TPHIeM

1 1

AHaJjiornunble paccyzKjeHus Jiig Marpuil cMm. Ha c¢. 107, 108.

1. Teopemal). /[as mozo, wmobw onepamop A 6w Kococummen-
PUUHBLM, HEOOX00UMO U DOCTNAMOYHO BLINOAHEHUA YCAOBUS

(Az,z) =0 VzeX,. (1.1)
JTOKABATEJIBCTBO. HeiictBurensuo, ecan A = —A*, To
(Az,x) = (z, A'x) = —(z, Az),

T. e. (Az, x) = 0. Jocrarounocts ycaoBus (1.1) BeITEKAET U3 OYEBHIHOTO
roxaectsa (A(z +y),z +y) = (Az, 2) + (Ay,y) + (Az + Az, y). O

D Cpasrnte ¢ Teopemoii 1.3 c. 214.
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2. YHUTapHLII OlIepaTop, T. €. orepaTop A, yI0BIeTBOPSAIONIN YCI0-
Buo AA* = I, geficTByionuii B BeleCTBEHHOM €BKJINIOBOM IIPOCTPAH-
CTBE, HA3BIBACTCS OPMO20HANGHLM. st TOTO, 9TOOBI oniepaTop ObLI Op-
TOMOHAJIBHBIM, HEOOXOIUMO U JIOCTATOYHO, YTOOBI €ero MaTpHilia ObLIa Op-
ToroHaJbHOI (cM. 1. 7 Ha ¢.108) B JIEOOOM OPTOHOPMUPOBAHHOM Oasuce
IIPOCTPaHCTBa X,,.

13 onipejiesieHmst OpTOrOHAJIBHOIO OIlepaToOpa cpasy »Ke BhITEKAET, UTO
OH He MEeHseT JIJINH BEKTOPOB U yIVIOB MexK 1y BeKTopamu. OupeaennTesb
OPTOTOHAJILHOI'O OIlepaTOpa PaBeH ILIIOC WM MUHYC €JINHUIIE.

CobCTBEHHBIM YHCJIOM OPTOIOHAJIBHOIO OIIePaTOPa MOYKET ObITh TOJIb-
KO ILIIOC WA MUHYC eIMHUIIA.

3. HamnomuuMm, [uro omepatop A Ha3bBACTCS HOPMATLHBIM, €C-
m AA* = A" A. CamoconpsizkeHHBI, KOCOCUMMETPUIHBII 1 OPTONOHAb-
HBIIT OIIEPATOPHI — HOPMAJIbHbIE ONepaTOPhI. B /11000M 0pTOHOPMUPOBAH-
HOM basuce &, npocrpaHcTBa X, Mmarpuna A, HopMmaabHOro oneparopa A
SIBJIsIeTCS HOPMAaJIbHOM, T. €. YJI0BJIETBOPSET YCJIOBUIO

A AT = AT A, (1.2)

CrpaBeInBo 1 0OpaTHOE: ecjii B HEKOTOPOM OPTOHOPMUPOBaAHHOM 0a3u-
ce &, npocrpancTBa X,, Mmarpuna A, oneparopa A yIoBIeTBOPSIET yCJIO-
Buto (1.2), To A — HOpMaJIBbHBII OmIepaTop.

§ 2. CTpykTypa HOPMaJILHOTO OIlepaTopa

B srom maparpade Bce omepaTopbl — OIEPaTOPbI, JeiCTBYIOININE B
BEIIIECTBEHHOM €BKJIMJIOBOM IIPOCTPAHCTBE X,,.

1. Teopewma. /[ia mozo, umobwv, onepamop A, deticmsyrouuti 6 ee-
WECNBEHHOM EBKAUNOBOM npocmparcmee X, 0bia HOPMAALHBIM ONEPa-
Mopom, Heobxodumo u oCmMamouHo CYWECMBOBAHUA OPMOHOPMUPOBHH-
Ho20 ba3uca £, npocmpancmea X,, 6 Komopom mampuuya onepamopa A
000410 QUA2OHANDHA:

A, = , (2.1)

uazonaronvie 6,40KU 2MOT MAMPUUDBL MOYM UMEMD  PA3MEDLL AU~
601 x 1, aubo 2 X 2; 6.a0ku pasmepa 1 X 1 — amo sewecmeernvie wucaa,
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Oa0%KU pasmepa 2 X 2 ecmb mampuyst 6uda

= (3 ), 22)

ede auy, By — 6eULLCMBENHDIE YUCAA.

JTOKABATEJILCTBO. T ocTa To 9H o0cT b Henocpencrsen-
HBIMU BBIYHUCJIEHUSMU JIEMKO IIPOBEPSIETCs], YTO MaTpuia A, omumcanHoil B
TeopemMe CTPYKTYPhI yI0BIeTBOpsieT ycaosuio (1.2).

HeobxoagumocrThsb. Ilycts A, — Marpuia HOpMaJIbHOIO OIIe-
paropa A B IPOU3BOJILHO BLIOPAHHOM OPTOHOPMUPOBAHHOM Oasuce &,.
Torna A, ynosiersopsier yeiaosnio (1.2). Kak 6b110 yctaHOBIEHO paHee
(em. ynpaxkuenune 1 na c. 220), o Marpuie A, MOXKHO MTOCTPOUTH OPTO-
nopMuposanuslit 6asuc F,, = { fi }}_; npocrpancrsa C" Takoif, 4To

Aefk = )\k:fkp k = 1, 2, ooy n, (23)

rae A, Ao, ..., A, — XapaKTePUCTUIECKNE THNCIa MATPHUILl A., IpIdIeM
ecJii A\ — BEIECTBEHHOE YHCJIO, TO U BEKTOp fr MOXKHO CUUTATh Bellle-
CTBEHHBIM. Bynem HyMmepoBaTh XapaKTepuCTHIeCKne Jncjia MaTpuibl A,
TaK, 4TO A\ = Qq, Ay = Q, ..., Ay, = Qp, 0 < m < n, BelecTsel-
HbIL, a )\m+j = Qm4j T iﬁmﬁja >\m+j = Om+j — iﬁm—i—ja g =12 ....p
p = (n — m)/2, — KomIIekcHbIe uncia. lorjga cobCTBEHHBIE BEKTO-
pol fr, K = 1,2, ...,m, OyIyT BeNIECTBEHHbIMU, OCTAJbHbIE — KOM-
IJIEKCHBIMU, T. €. fr = gr + thg, vae gr, hy € R", k > m. Ormerum
TakKe, 4TO, IOCKOJIbKY A, — BellecTBeHHasl MaTpUIla, TO €CIU A —
KOMILJIEKCHOE XapaKTepuctudeckoe dncyo marpunbl A, u A.fr = A fx,
10 Aefir = Mifr. Ilo Teopenme 8, c. 219, cobCTBEHHDBIE BEKTOPBI, COOT-
BETCTBYIOIIIE PA3/IIIHBIM COOCTBEHHBIM UHC/IaM HOPMAaJIBHOTO OIepaTo-
pa, OPTOrOHAJIbHBI, cyiegoBaTesibto, (fr, fr) = 0, OTKy/a BbITEKaeT, 9To
(9k, 9x) = (hg, hr), (gk, he) = 0. Kpome Toro, (fi, fr) = 1. OTciona Jjierko
nostyaaercst, 910 (gg, gx) = (hg, hy) = 1/2. Ilycrs, nanee, fi, fi € F,
ecTh KomILlekcHble BekTopbl k # I, fy # fi. Torna (fx, fi) = 0, u
(fe, fi) = 0, oTKyJa Ipu MOMOIIM SJIEMEHTAPHBIX BBIKJIAJIOK MOJTyda-
eM, 910 (9K, g1), (hi,hi), (gx, hi), (hg,g) = 0. Hamomuum (em. m. 2,
c. 190), uro ecim Acfr = Mefr, Nk = g + 0k, fr = gr + ihg, TO
Acgr = argr — Brhi, Achy = aggr + PBrhi. IlocraBum Temepn B co-
OTBETCTBHE KaKJIOMY BEIECTBEHHOMY XapaKTEPUCTUIECKOMY UHCIY Nk
MaTpuilbl A, BemecTBeHHbI BeKTOp fr € Fp,, & KaxKJIoil nmape KOMILIEKC-
HO COTPSIZKeHHBIX XaPAKTEePUCTHUECKUX YHCeT A, A; MATPHUILl A, Berle-
CTBEHHBIE BEKTODbI (j = V2 g, by = V2hi,. B pesyabrare, mosyaum

cucremy F, = {f1, fo, -y fms G1,P1, G2, P2, ..., Gp, Ry}, cocTOsAIIYIO
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U3 N BEKTOPOB IpocTpailcTBa R u Mo jJoKa3aHHOMY BBIIIIE OPTOHOPMU-

~

poBannyio. J[yis1 BeKTOpoB cucTeMbl JF,, BBITIOJIHEHBI PABEHCTBA

Aefk = akfk7 k = 1, 2, <.,y (24)
Acgj = ajg; — Bih; 2.5)
Achj = B;g; + ajhy,
J =1,2,...,p, 13 KOTODBIX, OYEBUJIHO, BBITEKAET, YTO B OPTOHOPMHPO-

BanHoM basuce &, = EF, npocrpancrsa X, omeparop A Oyrer mmerh
matpuity Buja (2.1). Byioku 9roii MaTpuiibl 00pa3oBaHbl COOTBETCTBYIO-
M SJIeMeHTaMu MaTpuinl A,. [

OcraHOBUMCS Ha HEKOTOPBIX BayKHBIX YaCTHBIX cydasx. [Ipu sTom
MBI OyJieM onupaThbCsd Ha cJejcTBue 7, ¢. 218.

2. CamoconpsizkeHHbI ortepaTop. MaTpuiia caMoCOopsizKeHHOT'O Ol1e-
paropa A B J11060M OPTOHOPMUPOBAHHOM 0as3uce CUMMETPUIHA, CJIe0Ba-
TEJILHO, BCE €€ XapaKTepUCTUUeCKNe 4Kcja BellecTBeHHbI. [loaTomy, Bce
ancia (5, j = 1,2, ..., p, B paencrBax (2.5) pasubl Hy/10. TakuM obpa-
30M, CYIIECTBYET OPTOHOPMUPOBAHHBIN Oa31C NPOCTPAHCTBA X, B KOTO-
poM MaTpuiia orneparopa A amaroHasbHa.

3. Kococummerpuunslii orneparop. MaTpuiia KOCOCHIMMETPUIHOTO
oreparopa A B J1000M OPTOHOPMUPOBAHHOM 0a3mce KOCOCHMMETPUYIHA,
CJIe0BATEIbHO, BCE ee XapaKTepUCTUIecKne Jucjia 9ucTo MHMbIE. [lo-
9TOMY, BCe 4HC/Ia v, B paBeHcTBax (2.4), (2.5) paBHBI HYJIIO, 3HAUWT,
CYIIIECTBYET OPTOHOPMUPOBAHHBIN Oas3uc MpocTpaHCcTBa X,, B KOTOPOM
marpuna orneparopa A mmveer Buj (2.1). Tlpu srom Bee quaronajbHBIE
OJIOKI TIepBOr0 TOpsJIKa HYyJeBble, a OJOKM BTOPOTO IMOPsAJIKa KOCOCUM-
METPUYHBI:

_ (0 =5
4= 7d)

i=1,2....p

§ 3. CTpyKTypa OpTOroHaJBHOIO OIlepaTopa

1. Marpuia opToroHaILHOTO OTIepaTopa B JIIOOOM OPTOHOPMUPOBaH-
HOM Oa3uce OpTOroHaJsibHA, CJIeJI0BATEIHLHO, BCE €€ XapaKTepUCTUIECKUe
quc/Ia 1o MOJLYJIt0 paBHbl equnuie. [losromy uncna ag, k=1,2, ..., m,
B COOTHOIIEHUsTX (2.4) MOIYT OBITH PABHBI TOJIBKO ILIFOC € TIMHUIE UJTH MU-
HYC eJJUHNIIE, a qucia oy, 3, j = 1,2, ..., p, B paBeHcrsax (2.5) TAKOBBL,
4TO oz? + BJQ = 1, cile/loBaTeNIbHO, CYIIECTBYIOT YIUIbl ) € [0, 27) Takue,



240 I'maBa 11. OnepaTopkl B BelecTBEHHOM €BKJIHOBOM ITPOCTPAHCTBE

4TO (v = cos j, [j = sin ;. Takum obpazoM, cyliecTByeT OPTOHOPMHU-
POBaHBIN 0a31C MPOCTPAHCTBA X,,, B KOTOPOM MATPUIIA, OPTOTOHAJIHLHOI'O
oreparopa npunnmaer B (2.1). [Ipu srom Bee nmaronasbHbie OJIOKH
IIEPBOTO TOPSIJIKA — 9TO UNCJIa, PaBHbBIE ILIIOC €INHUIE WA MUHYC €JI1-
HUIE, & OJIOKH BTOPOTO MOPSAIKA UMEIOT BI

Cos p; —sinp;
sin @ cosp; )’
Buiaronapst Teopeme 1, § 2, BcsikoMy OPTOTOHAJIBLHOMY HTPEOOPa30Ba-

HUIO BEIICCTBEHHOI'O €BKJINI0BA [IPOCTPAHCTBA MOXKHO IIPUJIATH OTYCTIIN-
BBIIl T€OMETPUYICCKUIT CMBICI.

2. Haunewm c gBymepnoro ciydad. Kak ciaeyer u3 BbIIEN3/I0KEeHHO-
ro Jitsd JTI000TO OPTOTOHAIBLHOIO MPeodpa30BaHUs €BKJINI0BA ITPOCTPaH-

ctBa Xy CyIMIECTBYeT OPTOHOPMHUPOBaHHLIN Gasuc e!, e?, B KoTopoM ero

MaTpuria oyaeT Judbo
-1 0
Ae - ( 0 1) )

cosp —sin
sin CoS

Jb0

.=

B nepBoM ciryuae Beskmit BekTop = = &rel + &e2 € Xy nepeBoauTes
onepaTopoM A B BexTop Ax = —& et + &¢e?, 1. e. onepartop A ocymecTs-
JIsIeT 3ePKaJIbHOE OTPasKeHIe OTHOCUTEIBHO KOOPMHATHON ocu &s.

Bo Bropom ciyuae (Ax,x) = |z||Ax|cose 1. e. oneparop A ocy-
HIECTBJIFIET TIOBOPOT KazKJI0ro BekTopa & € Xg Ha yrou . Hanpasienne
noopota (pu ¢ > 0) coBIaJ@eT ¢ HAIPABICHHEM KpaTUaffIiero moBo-
pota ot el k €2,

3. B TpexmepnoMm ciydae y 1006010 OpTOroHaJBHOTO oneparopa A
CYIIECTBYET XOTd Obl OJTHO COOCTBEHHOE YNCJIO, MMOCKOJIBbKY COOTBETCTBY-
Iolee XapaKTepUCTUUEeCKOe YpaBHEHUE eCTh aJiredpandecKkoe ypaBHEHNE
TPEThero MopsijKa ¢ BelecTBeHHbIMU Kodd duimenramu. I[TosTomy ¢ To49-
HOCTBIO JI0 TIepeHyMepaIlii BeKTOPOB OPTOHOPMIPOBAHHOT0 6aznca el €2,

e3 € X3 marpuna A, MOKeT IPUHATDH OJHY U3 CJIeTYIONIX hopM

1 0 0
A.= |0 cosp —singp |, (3.1)
0 sinp  cosyp
-1 0 0
A, = 0 cosp —sing | . (3.2)

0 sing cos @



§3. CrpykTypa opTOrOHAJIBHOTO OIEPATOPA 241

[Tostcanm, uTo eciu oneparop A nMeeT 0JHO COOCTBEHHOE UNCTI0, YKa-
3aHHbIE [IPEICTABJIEHUs HEIIOCPEICTBEHHO CJIEIYIOT U3 TEOPEeMbl 1, a ec-
s oreparop A umeer Tpu coOGCTBEHHBIX YHC/Ia, TO npejcrasienust (3.1)
i (3.2) TMOJIyUIaroTCs 3a CUeT CHEeNnaIbHOro BeIOOpa yIriia .

Paccyzkaast 10 aHAJIOTUN C IBYMEPHBIM CJIyUYaeM, HeTPYIHO yOeTh-
cst, aTo oneparop A ¢ marpureii (3.1) ocyIecTB/IsieT TOBOPOT MPOCTPAH-
crBa X3 BOKPYT ocu &1 Ha yrou ¢, a oneparop A ¢ marpureii (3.1) ocy-
IECTBJIAET ITOBOPOT IPOCTPAHCTBA X3 BOKPYT och &1 Ha YTOJI  C MOCe-
JYIOIINM OTPasKeHneM OTHOCHUTEILHO ILJIOCKOCTH, OPTOrOHAJIBLHO BEKTO-
py e!. B mepBoM ciyuae onpeennTess oneparopa A paBen eamHuUIe, Bo
BTOPOM — MUHYC €JIUHUIIE.

Oupeienresib oeparopa, Kak Mbl 3HAE€M, He 3aBUCUT OT BbIOOpPa, Ha-
311Ca IpocTpaHcTBa. 1109ToMy Bee opToroHa bHbIE IPe0OPA3OBAHIS TPEX-
MEPHOTI'0O IPOCTPAHCTBA MOYKHO Pa30UTh Ha, JIBa KJIACCA: COOCMBEHHDIE 6Pa-
WeHUA — ITO IPeodPA3OBAHUS C IOJOKUTEILHBIM OIPEIEIUTEIEM, OHNI
OCYLIECTBJIAIOT [TOBOPOT HPOCTPAHCTBA BOKPYI HEKOTOPOil OCH; U Hecob-
CMBEHHbLE BPAULEHIUA — STO MPEOOPA3OBAHNS ¢ OTPHUIATEILHBIM OIpeIe-
JINTEJIEM, OHU OCYIIECTB/ISIOT IIOBOPOT MPOCTPAHCTBA BOKPYD HEKOTOPOii
OCH C ITOCJIEAYIOIINM OTPasKEeHNEeM OTHOCHTEIHHO ILJIOCKOCTH, OPTONOHAJIb-
HOI 9TOI 2Ke OCH.

4. EBKINIOBO MPOCTPAHCTBO X, MPOU3BOJLHON pa3sMepHOCTH B CO-
OTBETCTBHH C TeOpeMoil 1 MOYXKHO IpPEACTaBUTHL B BHUJE OPTOrOHAJILHOI
CYMMbI HEKOTOPOI'O KOJMYECTBa OJHOMEDPHBIX MHBAPUAHTHBIX IIOIIPO-
CTPAHCTB U HEKOTOPOI'O KOJIMYECTBa JIBYMEPHBIX WHBAPUAHTHBIX ITOIIPO-
CTPAHCTB OPTOTrOHAJBHOTO orepaTtopa A. B jByMepHbIX HHBApUAHTHBIX
HOJIITPOCTPAHCTBAX orepaTrop A BBIIOJIHSIET TOBOPOT, B KazKJIO0M, BOOOIIe
roBOPsI, Ha CBOIl yroJj, a B OJHOMEDPHBIX MHBAPUAHTHBIX IOAIIPOCTPAH-
CTBaxX MOYKET U3MEHUTCS JIMIIb HallpaBJIeHIE KOOPINHATHON OCH.

5. YIIPAYKHEHUAI.

1) Onmpasich Ha pesysbrarel § 15, ¢. 234, onucars JinHeiiHble 0TOOPa-
JKEHHST TPEXMEPHOT'0 BEIECTBEHHOIO €BKJINJI0Ba IIPOCTPAHCTBA C TIOJIOZK -
TEJIbHBIM OIPEJIC/INTE/IeM U JIMHEHHbIE OTOOPaXKEeHUsI ¢ OTPUIIATE/ILHBIM
OIpEJIETUTE/IEM.

2) TlokazaTh, 4To BCsiKasl BelleCTBEHHAsI CUMMETpUYHas MaTpura A
OPTOrOHAJILHO 10100Ha AnaronasbHoil, T. e. QT AQ = A, rne A — jumaro-
HaJibHast, () — oproroHasibHas Marpuiibl. CTod1el MaTpuiisl () — coo-
CTBEHHBIE BEKTOPHI MATPHUIIBI A, TI0 JHAroHaJ N MATPUIIBl A PACIIONIOKEHBI
BCe COOCTBEHHBIE THCJIa MATPHUITHL A.

3) Ilycte A — cummerpudnasi, B — MOJOKUTEIBHO ONPEIeIeHHAST
BEIECTBEHHbIC MATPUIIBI OJJHOTO U TOTrO Ke mnopsijika. Onupasich Ha Teo-
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pemy 2, c. 230, mokasaTb, YTO CYIIECTBYeT HEBBLIpOXKIeHHasd MaTpura 1’
taxas, uto TTAT = A, rne A — nuaronanshas marpuna, a 1! BT = 1.

§ 4. Marpunbl BpallieHusI 1 OTPa>KEeHUS

OcranoBumes Ha ABYX 9aCTO HCIIOJIb3YEMBIX B IIPUJIO2KCHHNAX THUIIAX
OpPTOroHaJ JibHbIX MaTpuUL.

1. Marpuna spamenns. BemecrBerHast MaTpuia

Qst(p) ={aj(@)}jm, 1<s<t<n,

HA3BIBACTCS  Mampuued epawenus, ecin ss(@) = qu(p) = cos,
qii(p) =1 upu i # s,t, gse() = —sing, ¢s(p) = sin @, a Bce ocTa/ibHbIE
9JIEMEHTBI MATPUIIBI Q) — Hysn.

Herpyuo Bugers, uro marpura Q) = Qg () oproronanbua. [Topoxk-
JTaeMoe eil mpeobpasoBaHue eBKJINJI0BA IpocTpaHcTBa R™ co crangapT-
HBIM CKAJIAPHBIM IIPOU3BEICHIEM €CTh IIOBOPOT Ha YIOJI (0 B JIBYMEPHOM
nojipocTpancTse (MJI0CKOCTH ), HATSHYTOM Ha BEKTOPHI ¢°, 1! ecTecTBeH-
HOro Gasmca npocrpancrea R™. Marpura Q7 obparHast K (), BbIIOJIHSET
[IOBOPOT B TOIi 7K€ ILJIOCKOCTH B 0OpaTHOM HaIlpaBJIeHU.

[Iyctb x — mnpousBoJIbHBIN BeKTOp mpocTpancTBa R"™. fcho, uro

(Qz); = x; upu i # s,t,
(Qr)s = x5 cosp — x4 8in ¢,

(Qx): = x58in @ + 4 COS Y.

Monoxmm p = (22 + 22)/2 Tlycts ¢ = 0, e p = 0, u cos ¢ = x,/p,

sinp = —x;/p, ecim p > 0. Torga (Qx)s = p, (Qz); = 0.
Tenepb coBepIeHHO $ICHO, YTO €CJAU & — TPOU3BOJILHLIN HEHY-
JIEBOIl BeKTOp TpocTpancTBa R, To BbIOWpas IMOCTIEIOBATEILHO YTJIbI

©ny, Pn—1, ---, P2, MOXKHO MOCTPOUTL MATPHIBI Bpamienns Q1,(¢n),
Q1n-1(0n-1), -, Qi2(p2) Takue, uro Qz = |x|i’. 3necn

Q= Q1,2(902) T Q1,n—1(90n—1)Q1,n(90n)-

Taxmm obpazom, 11000 HeHYJIeBOI BEKTOD TP TTOMOIIN OPTOrOHAJIb-
HOI MaTPUIILI MOZKHO [IPE0OPA30BATh B BEKTOP, COBIAIAIONINI 110 HAIIPAB-
JIEHUIO ¢ BEKTOPOM i1 ecTecTBeHHOro H6asnca.

[IycTs Tenepnb &, Y ABa IPOU3BOJILHBIX HEHYJIEBBIX BEKTOPA IIPOCTPAH-
crea R". Kak TOJBKO 4TO OBLIO MOKA3aHO, CYNIECTBYIOT OPTOrOHAJILHBIC
Marpuisl Q, u Q, takue, uro Q,x = |z|i', Q,y = |yli'. Orciona BoiTeka-
er, uto Qz = (|z|/|y|)y, rae Q = Q;:/FQI, T. €. JIJIsI JIIOOOIi TTaphl HEHYJIEBBIX
BEKTOPOB HaiiJIeTCsl OPTOrOHAILHASL MATPUIA, IIPEOOPA3YIOIast IePBbIil
BEKTOP B BEKTOD, COBIAJIAIOIINII 110 HAIIPABJICHUIO CO BTOPBIM.
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— n
2. Marpuma orpaxenus. [lycts w = {w;}!_; — IPOU3BOJIBHO BbI-
OpaHHBIII BEKTOP eAMHIYHON JynHBI IpocTpaHcTBa R”. Matpuna

R=1—2ww’

Ha3bIBaeTCs Mampuyets ompasicenud. [losgcHIM, 9TO w TPaKTyeTcs 3/1eCh
KaK BeKTop crosiber, Tak 4to R = {0;; — 2wle}Z i1

Matpunia R cummerpuuna. [Tokaxkem, uto ona oprtoronanbua. [lefi-
CTBUTEJIBHO,

RTR = R* = I — 4ww” + dwwTww? =1,
T

Tak Kak wlw = |w]* = 1.
Bamernm, jajee, 9To

Rw=w—2ww'w=—w, Rz=z-2ww'z=z, (4.1)

ecin w!z = (w, z) = 0, T. €. BEKTOPbI W U Z OPTOrOHAJIbHbIY) |

[Iyctp Tenmeps x — mpomsBosbHblil BekTOp. [lo Teopeme 3, c. 152,
OH OJHO3HAYHO IIPEJCTaBUM B BUJE T = QW + 2, IJIe & HEKOTOPOE HIC-
JI0, Z — HEKOTOPBIii BEKTOP, OPTOrOHAJIbHBI w. VI3 paBencTs (4.1) BbiTe-
KaeT, uro Rxr = —aw + 2.

MozkHO cKazaThb, TaKUM 00pa30oM, YTO MaTpuia K BBHIIOJIHSIET OTpa-
JKEHIEe BEKTOPA X OTHOCHTETHHO (1N — 1)-MepHOil MUIepIiocKoCTi, OPTO-
IOHAJILHOI BEKTOPY wW. DTO CBOMCTBO MATpHUIlbl [ 11 1103BOJIsIeT HA3bIBATH
ee MaTpulleii OTpaKeHud.

2.1. Paccmorpum cienytontyio 3ajgady. /lanbl nenyaeBoit BEKTOP a
1 BEKTOP €JIMHIIHON JIUHBI €. Tpedyercs MOCTPONTH MATPHUILY OTparKe-
Hust R, takytoo, uro Ra = pe, rme p — uucio (sicuo, quro |u| = lal,
MIOCKOJIbKY MaTpuiia R OpToroHabHa ).

Herpynto Buzers (caenaiite pucyHok!), 910 perenne 3aa9u — MaT-
puIia oTpazKeHus, onpejaersieMas BEKTOPOM

w = (a —[ale)/]a — |ale] (4.2)

i BekTopoM w = (a+ |ale)/|a + |ale|. Ilpu Bervmciaennsax s mu-
HUMU3AIIN [OTPENTHOCTEll OKPYTJICHUST CJIeyeT BBIOPATH BEKTOD W C
OOGJIBIIINM 3HAMCHATEIIEM.

[Tose3HO OTMETHTD, YTO €CJIN @ — TMPOU3BOJIbHBIH HEHYJIEBOH BEKTOD
TO MaTPUIA OTpayKeHust R MoxKeT ObITh TOCTPOEHA TaK, UTO JJist JTIOOOro
BekTOpa * € R"

(a, Rx) = |a|xg, (4.3)

rae k — sajiaHHOE TesI0e YUCIIo, JexKalee B upejenax or 1 jgo n. dus
9TOrO0, 0UeBMIHO, B hopmyie (4. 2) HYZKHO TOJIOXKUTH € = @

DB cmbicae CTaH/IAPTHOIO CKAJISIPHOI'O MPOU3BeIeHNsT B IIpocTpaHcTBe R”.



[VIABA 12
KBaﬂpaTI/I‘IHbIe cbopMLI N KBaJIpaTU4YHbIE Cl)YHKI_II/II/I

§ 1. Kanonuvyeckwnii B KBaJIPaTUIHON (POPMBI

1. Ksadpamuunot ¢opmoti Oynem Ha3bIBATH BEIIECTBEHHYIO (PyHK-
o F' OT m BeIeCTBEHHBIX [EePEeMEHHBIX T, L9, . . ., L, BAIA

n

F(xl,xg, ,xn) = Zaij:cixj. <11)
1,7=1

3ajlalible BelleCTBEHHbIe YHCIa @;; HA3bIBAIOT KoIPduyuenmamu Kal-
parugHoit hopmMbl. MIX MOXKHO CUNTATH YIOBJIETBOPSIONINMU YCJIOBHSIM
CUMMETPUM ;j = Qji, ©,J = 1,2, ..., n, NOCKOIbKY CJIaraeMble B KBaJl-
paTuuHoil popme, cojepzKaliue KO3MOUIUEHTDI @;j, ¢j;, MOXKHO IIpeJICTa-
BUTH TaK:

Qj + ajj a;; + ajj
aij:z:ixj + CLjZ'LUjiCZ' = —inivj —LUjSL‘z‘.
2 2
3anuireM KBajgparudaayo gopmy B Oojiee KoMrakTHoM Buje. Ilycrhb
A — cuMMeTpuYHag MaTpuna ¢ sjeMeHTaMu a;j, t,J = 1,2, ..., n. Bex-
Top © = (T1,%2, ...,T,) OyIeM cIUTATH JEMEHTOM HpocTpaHcTBa R,

Torna F(z) = (Az,x). 3aech n BCiomy Ha HPOTAKCHUN JAHHON TJIABBI
CKOOKN 0003HAYAIOT CTAHIAPTHOE CKAIAPHOE HPOM3BEJIEHIE B IPOCTPAH-
cree R".

2. llyctb B KBajgpaTu4IHOil popMe BBINIOJTHEHA AUHETHAA 3AMENT Ne-

pPEMEHHVIX, T. €. BBEJICHbI HOBBIE TepeMeHHble Y = (Y1,Y2, - - -, Yn), CBsI-
3aHHBIE CO CTAPBIMU [EPeMeHHbIMU T = (X1, L9, . . ., &) COOTHOIICHNEM
r = Qy, (1.2)

rie () — HEeBBIPOXKJIEHHAsI MATPHUIlA, HA3bIBaeMasi Mampuyet npeobpas3o-
6aHUA NEPEMEHHLT. BBITOIHIB 3aMeHy mepeMeHHbIX (1.2), mosty M

F(Qy) = (AQy, Qy) = (Q"AQy,y) = (By,y) = Y _ bijyiyj,
ij=1

rie yepe3 B obosnadena marpuna QT AQ. Ouesuino, marpuna B cum-
MeTpudHa. Hare Bcero, Marpuily () cTpeMsiTCs 1Moj00paTh Tak, ITOObI
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KBaJIpaTu4dHasl pOpMa B HOBBIX IIEPEMEHHBIX IIpHOOpesa Haubojee MIpo-
CTOIA BUJI.

ToBopsiT, uTo mpeobpazoBanue mnepeMeHHbx (1.2) MpuBoAUT KBaJjpa-
tuanyio gopmy (1.1) K karnonuneckomy cudy, ecan marpuna B = QT AQ
JaroHaJibHa, T. €.

F(Qy) = Z by (1.3)

MoxkHO cKazaTh TakKe, 9T0 KBaaparudtas ¢hopma (1.1) nmpeobpazoBanu-
eM miepeMeHHbIX (1.2) npusedena x cymme k6adpamos.

3. Besxyio kpagpaTuunyio GopMy HEBLIPOXKICHHBIM IPeodpa3oBa-
HUEM IePEMEHHBIX MOYKHO HPHUBECTH K KaHoHmueckoMmy Bupy. JleitcTsu-
TEJILHO, MOCKOJIbKY A — CHMMETPUYHAsl MATPHUIA, CYLHIECTBYET OPTOIrO-
HaJIbHas MaTpuia () Takas, 9To (CM. yrpaykaenune 2 Ha c. 241)

Q' AQ = A,

rie A — JuaronajbHas MATPUIA, 110 JUATOHAJN KOTOPOI PACIIOIOKEHbI
Bce cobcTBeHHbIe unca MaTpunbl A. IIpu Takom Beibope maTpunbl () npe-
obpaszoBaHue epeMeHHbIx (1.2) mpuBoguT kBajparuanyio dopmy (1.1) x

BUAY

F(Qy) = YA (14)

rjie A1, Ag, ..., A, — COOCTBEHHbIE YKCJIa MATPUITLI A.

4. U3BecTHBI 1 ApyTrHUe CIOCOOBI IPUBEIEHNsT KBaAPATUIHON (DOPMBI
K KaHOHI4YeckoMy Buay. OnuiiemM, HarnpumMep, memod Jlazpanostca, Wi me-
mod 8vldeAeHUA NOAHDIT KEadPaMOo6, TPUBEIEHNsT KBAJIPaTUIHON (hOPMbI
K KaHOHNYEeCKOMY BHjy. B xome omnmcanms 9Toro mMeropa, pakTHIeCKH,
OyJ1eT JaHO ele OJIHO, He3aBUCHMOe, JTOKA3aTeJIbCTBO BO3SMOKHOCTH HTPH-
BeJIeHIs JTF000i KBaJApaTHIHON (DOPMBI K KAHOHUYIECKOMY BHU/LY.

Bynem pasmnaars jgsa ciaydas: 1) B kBajgparuanoit popme (1.1) koad-
huIMeHT TpH KBaJ[paTe Kakoii-11bo mepeMeHHoi OTInYeH 0T HyJis, 2) KO-
3 PuUImenTsl Ipr KBaJpaTax BCEX IePEMEHHbBIX — HYJIN.

Pacemorpum cHadasta mepBblil ciaydail, u myctb aj; # 0. Eciam sTo He
TaK, IPUIETCS BBECTH JIPYTYIO HYMEpaInio HEN3BECTHBIX.

Banmmem kBagparnanyio Gopmy (1.1) B Buje

F = afll(anxl + ajpxo + - + alnxn)Q + G, (15)

rie G = F — aﬁl(anxl + ajox9 + -+ + alna:n)2. Herpynno ybemurnest,
qr0 (G HE COMEPXKUT T1, a ABJISAETCs KBaJIpaTUIHON (opMOil TOJIBKO OT
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IIepEMEHHBIX To, T3, ..., Tp. LIoJI0XKIM
Y1 = anri +apry + -+ Gty Y2 =22, .y Yo =T, (1.6)
Torna
F=ayyi +G(yo. - Yn), (1.7)
rie G(ya, - .., Yn) — KBaJIpaTudHast GopMa OT MEPEMEHHBIX ¥, - . ., Y.

Marpuia 3amenb! iepeMeHHbIX (1.6) HeBBIPOXK/IeHA, TaK KaK ee oIpe-
JIeJTATENTh PaBEH (11, & 110 MPEJIIOI0KeHno a17 7 0.

IIyctb Tenepb Bce KO UIMEHTH TPU KBaJipaTax IepPEeMEHHbBIX
B (1.1) paBubl nymo. Torua Oyjem cauTaTh, 4TO XOTst ObI OUH KO3 hU-
[UEHT [PU IIPOU3BEICHUSIX EPEMEHHBIX OTJIMYEH OT HyJIsl, MHade KBa/l-
parmaHas popMa TOXKJIECTBEHHO PaBHa HYJIIO, I OHa UMEET TPUBUATLHBIIT
KaHOHUYECKU BUJI: Bce KOIMDMUITMEHTHI P KBaIpaTax HEU3BECTHBIX —
Hyu. VTak, mpuMeM [JIsl ONpeesIeHHOCTH, ITO a1y # 0, ¥ BBIITOJHUM
npeodpa3oBaHne TePEMEHHBIX 110 (POpMYyIaMm

X1 =21 — 2y, To=21+29, X3=23, ..., Xpn= 2. (1.8)

3ameTnM, BO-TIePBBIX, UTO ONPEIEINTEIb MATPUIlB! TipeobpasoBanus (1.8)
paBeH JIBYM, a BO-BTOPBIX, UTO 2a19X1 Lo = 2a12z% — 2algz§, cJe10BaTe b
HO, B KBaJIpATHUHOI (bopMe HMOABUINCH CllaraeMble, CoAeprKaliue KBaJl-
paThl IepeMEeHHBIX, TTI09TOMY, ITIOBTOPAA PacCy KAeHNUT IPEIbIIYIIEro CIIy-
Yasl, IIPU ITOMOIIN HEBBIPOXKICHHOI 3aMeHbI IePEeMEHHbBIX TPUBEIEM KBa,I-

paTU4IHy0 POPMY K BUJLY
F=ayi + Gy, - Yn)- (1.9)

TaxnuMm 06pa30M, BBIIOJIHSS OJHO WK JBA IIOCJICJI0BATEILHBIX HEBbI-
POKJIEHHBIX [IPeoOpa30BaHusl IEPEMEHHBIX, KBaApaTninyio dhopmy (1.1)
MOYKHO nipuBecT K Bty (1.9).

AHAJOrMYHBIME TPEOOPA3OBAHNAME [IEPEMEHHBIX BBIJICINM OJIHBII
KBaJIpaT B KBaparudHoil hopme G(ya, . .., y,). IIpomomxas mpeobpaszo-
BaHUs, B KOHIIE KOHIIOB TIpHBejieM KBajparndnyto dhopmy (1.1) Kk cymme
KBa/[PATOB.

[TPuMEP. IlpuBemeM K KAHOHUIECKOMY BUJIY KBaIPATHIHYIO (POPMY
F(.%’l, X9, .1‘3) = 2x1T9 — 62013 + 22371 (1.10)

[TockombKy B 9T0# popMe OTCYTCTBYIOT KBaIPATHI IEPEMEHHBIX, BBIIIOJHUM CHAYaJIa [IPe0d-
pa3oBaHue IIepeMeHHbIX

T1=Y1— Y2, T2=Y1+Y2, T3=1Y3.

[Tosyanm
F =2y} — dy1y3 — 25 — Syays.
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ITonoxkum Temnepb
21 =UY1—Y3 R2=VY2, 23=Y3-
Torma
F =222 — 225 — 8zp23 — 222 = 227 — 2(23 + 42923) — 222.

OTCIO,Ha II0CJIE 3aMEHbI IIEPEMEHHDBIX
tl = z1, t2 = 2z9 + 22’3, t3 = z3

OJIyYaeM
F =2t3 — 2t3 + 613, (1.11)

T. e. B IEPEMEHHBIX 11, to, t3 KBaJpaTudIHasi opMa IPpUHUMAET KaHOHIMIecKnii Bul. OueBuI-
HO, KaXKJ[0€ U3 BBLIITOJIHEHHBIX HAMM ITPe0Opa30BaHMil IEPEMEHHBIX UMEET HEBBIPOXKICHHYIO
MarTpuity. Pesyabrupyioree npeobpazoBanue nepeMeHHbIX, KaK HETPYIHO ITPOBEPUTH, TMEET
B/,

t] = %x1+%x2—9€3, to = —%961-1-%9624—2963, t3 = x3,
OTKY/Ia
T 1 -1 3 t1
=1 1 1] (t]. (1.12)
5 0 0 1/ \t

HemnocpencrBennolt mpoBepKoit HETPYIHO yOEIUTHCS, YTO MATpUIlA Peodpa30BaHUS IIepe-
MeHHBIX (1.12) HEBBIPOXKJIEHA, M 9Ta 3aMeHa HePEeMEHHbIX NPUBOJUT KBaJIPATUIHYIO (HOp-
My (1.10) k xkanonmdaeckomy Buy (1.11).

§ 2. 3aKOoH MHepIUN KBaAPATUIHBIX (POpPM

Cpen koabdurimeHToB b;; KaHOHIIeCKOro Bujia (1.3) KBaIpaTuaHoil
dbopmbl (1.1) MOTYT OBITE MOJIOKUTEIbHBIE, OTPHUIATEIbHbBIE TNC/IA, & TaK-
ke — Hyau. Hymepys cooTBeTCTBYIOIUM 00Pa30M IIepeMeHHbIEe, 3alli-
mem (1.3) Tak:

ny nyt+n_
F(Qy) = (By,y) => bayi + > buyi. (2.1)
i=1 i=ny +1
CumuraeM IIpU 3TOM, YTO 4KCIa by MOJOXKUTEIbHBI 1IpH ¢ = 1,2, ..., Ny

U OTpUlliaTeJIbHbl Ipu ¢ =Ny + 1, ..., ny +n_.

Kax MbI y2Ke yOeIiInch, IpuBeieHne KBaIpaTuaHoi (pOPMbI K KaHO-
HIYECKOMY BHUJIy MOYKET OBITh BBIITOJHEHO Pa3JIMIHBIME criocodbamu. [lo-
9TOMY €CTECTBEHHO ITOCTABUTH BOIPOC: 3aBUCAT JIN IUCJIA Ny, N_ OT CIO-
coba MpUBeACHUS KBaIPATUIHON POPMbI K KAHOHUIECKOMY BHJTY !

[Ipu uccsenoBanum 3TOro BOIpoca OYAYT UCHOJIB30BAHDI CJIEJIYIONINE
OlIpe/Ie/IeHUS.

Cummerpudnble MaTpuiibl A 1 B HA3BIBAIOT KOMPYIHMHBIMU, €CITH
CYIIeCTBYeT HeBLIpOKieHHad Marpuia C Taxas, uro B = CTAC.
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C KaxKJoil cuMMeTpUIHON MaTrpuieir A CBsSKEM TPH HEJIbIX HIC-
na: ng(A) — KOJINIeCTBO HYJIEBBIX XapaKTEPUCTHIECKUX THCET MATPH-
bt A, 1y (A) — KOJMYECTBO MOJIOKUTEBLHBIX XapaKTePUCTUIECKUX -
cet, n_(A) — KOJMIECTBO OTPHUIATETHHBIX XapaKTEePUCTHICCKIX THCET
(XapaKkTepuCTHIeCKNe TNUC/Ia TTOJCIUTBIBAIOTCSI C YIETOM MX KPATHOCTH ).
Tpoiika wmcer ng(A), ni(A), n_(A) naspiBaerca unepyuet mampuys, A,
W uHepyueti COOTBETCTBYIONIEl et keadpamuunot gopmol.

1. Teopema. /s mozo, wmobv, mampuuv, A u B 6vuiu xonepy-
IHMHBLMU, HEODTOOUMO U DOCTAMOYHO, 4MODbL UL UHEPUUL COBNAIANU.

JTOKABATEJILCTBO. JocTaTov9HOCTb. Kak ObLIO IIOKa3aHO
BbIIIIE, JIJIS BCSIKOH CUMMETPUYHON MaTpuibl A MOXKHO yKa3aTh OPTOIO-
HAJILHYIO MaTpuily () Takyro, 4To

F(Qy) = (QTAQy,y) = > _ i, (22)
i=1
rjae A1, Ao, ..., A, — COOCTBEHHBIE UnC/Ia MATPUIbl A. 3aMeTuM, 4To

D iyl =) sen(A) iy =D sen(A) (V) =
=1 =1 =1

n ne(d) (A (4)
= sen(\)EE =) - ) . (23)
i=1 i=1 i=n, (A)+1

D1 mpeodpasoBaHmsl MOYKHO TPAKTOBATH KaK HEBBIPOXKIECHHYIO 3aMEHY
nepeMeHHbIX: t; = /| Ai|y;, ecoim A\; # 0, u t; = y;, ecoim \; = 0.

Taxmm 06pa3oM, YyCTaHOBJIEHO, UTO BCsIKasi CHUMMeTpUYIHasT MaTpuia A
KOHIPY9HTHA JMArOHAJIbHON MaTpuile, Y KOTOpoil Ha guaroHasu n (A)
equnntl, n_(A) MHUHYC €MHUII, OCTAJbHBIE 9JIEMEHTHI TJIABHOMN JIHArOHA~
aun — Hyan. Ecan cuMmMerpudnas marpuiia B nMeeT MHEPINIO, PABHYIO
MHEPINNA MATPHUIBLl A, TO OHA KOHIPYSHTHA TOYHO TaKOH »Ke JHArOHAJIb-
Hoit Matpurie. OTHOIIEHIE KOHIPYIHTHOCTH, KaK HETPYJIHO YOEIUThCs,
TPAH3UTHUBHO, CJIeJIOBATEIbHO, MATPHUILl A 1 B KOHIPYy HTHHI.

Heo®6xo0guMo0cTb. 3aMETUM, IIPEXK/IE BCETO, UTO Y KOHI'PYIHTHBIX
MaTPHIL PAHIH, OYEBUIHO, COBIaIai0T. Kpome Toro, st 000 CrMMeT-
puuHOii MaTpuibl A crpaBe/mBo paBercTBo rank(A) = ny (A)+n_(A).
HeitcTBuTe/IbHO, BCsIKast cuMMeTprdHas Marpuna A 1momodHa 1naronab-
HOIT MAaTpuIile, y KOTOPOil IO JAMAroHaJNl PACIOJIOKEHbBI Bce COOCTBEHHDbIE
quesia MaTpuiel A. 13 9TUX paccyKIeHnil BBITEKAET, YTO €CJIH MaTpH-
bl A u B kourpysutHbl, 10 ny (A) +n_(A) =ny(B) + n_(B).
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Takum obOpaszoM, /s 3aBeplIeHus JT0Ka3aTeILCTBA, TEOPEMbBI JTOCTa-
TOYHO YCTAHOBUTH, 9TO ecjin MaTpuilbl A, B KOHTpYy9HTHBI, TO

n(A) = ny(B). (2.4)

Ilyctb A,y = Aot = -++ 2= Ay, 41 — HOJOXKUTEJIbHBIC COOCTBEH-
Hble umcsa Marpunbl A, e ™+l e" — cooTBeTCTByIOIINE UM Op-
TOHOPMUPOBaHHbIE CcOOCTBeHHBIe BeKTOpbl MaTpuilbl A. Ilo mpemrosio-
sennto teopembl B = CTAC, rne C — HeBBIPOXKIEHHAS MaTpHIA,

nwm A = DT'BD, rne D = C~'. Tlockonbky MaTpuia DD HeBBIPOZK-
Jena, BeKTopbl De "+l De" nuneiino He3aBHCHMBI, W HOJIIPO-
CTPAHCTBO S, , HATAHYTOE Ha 3TU BEKTOPBI, NMEET Pa3sMEPHOCTL 7.
[Iycte © € S,,. Torna @ = ap_p, 1 D" ™ + ... + @, De" = Dy,
e y = ozn_n++1e"_”++1 + -+ 4 ape”, u, ucnosbsysa gemmy 2.1, c. 221,
HOJIY UM

(Bz,x) = (D" BDy,y) = (Ay,y) = Ann,1(y, 1). (2.5)

Bamerum tenepb, uto (y,y) = (Cx,Cz) = (CTCx,x). Marpuna C
HeBBIPOKIeHa, noatomy Marpuia CTC monoxuTenbo onpeseneHa (M.
yrnpaxkuenne 1 Ha c¢. 216), cie10BaTeIbHO,

npudem A (CTC) > 0 (31ech, BHOBB, ucnob30Bata JeMMa 2.1, ¢. 221).
I3 (2.5), (2.6) BBITEKAET, ITO

B
min BEY Sy (CTO) > 0,
€Sy, x#0 (SU, ZE) "

109TOMY, TIPUMEHstsl TeopeMy 2.3, ¢. 222, MOy 4uM, 9T0 Ay—p, +1(B) > 0.
D10 03HAYAET, YTO Y MATPUILI B He MEHbIIIe YeM N, MOJOKUTEIbLHBIX Xa-
PaKTEePUCTUIECKUX THce/1, nHade roBopst, ny(B) > ny(A). B Bbiosmen-
HBIX PACCYZKJICHUSAX MATpUIbl A n B MOXKHO MOMEHSITh MECTaAMK. TaKiM

obpasom, ny(A) =n.(B). O

2. CueacrTBue (3aKOH MHEPIUM KBaJApATUIHBIX (hopm). Ko-
AUNMECTNBA NOAOHCUMEAOHDIT U OMPUUAMENLHBIT caczaemuix 6 (2.1) ne
3a68UCAM 0M CNOcoba NPUBEIeHUA HEBBLPONHCIEHHBIM AUHETHBIM NPEOD-
Pasosanuem nepemennuir keadpamuyunot gopmor (1.1) x xanornuueckomy
6U0dY.

JTOKABATEJILCTBO. Kosdbduruentor b; B (2.1) — 910 Xapakrepu-
CTHYECKHE 4nC/Ia JuaroHaibHoil Marpunsl B = QT A(Q, KOHIpysHTHOI
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Marpuiie A, MOITOMY KOJMYECTBA IOJOKHUTEIBHBIX U OTPUIATETHHBIX
ciaaraeMbix B (2.1) ompejesnsiorest nHepimeii Mmarpunbl A un He 3aBHCAT
OT CIIoco0a TPUBEJIEHUS HEBBIPOKIEHHBIM JIMHEIHBIM 1TPeoOpaszoBaHueM
epeMeHHbIX KBajparndaoil ¢popmer (1.1), 1, Kk kaHOHHYIecKOMY BH LY. [

§ 3. IlosoxkuTenbHO OmMpesieieHHble KBaJApaTudHble (pOPMbI

1. Ksagparuanas dopma (1.1) HA3BIBAETCS NOAOHCUMEALHO ONpE-
desennoti, ecii COOTBETCTBYIOIAs eif MaTpuiia A MoJI0KUTE/IbHO OIpe-
nesieHa, T. €.

(Axz,z) >0 s Beex He paBHBIX HyTI0 T € R". (3.1)

Kax usBecrro (em. . 3, ¢. 224), s Toro, 4Tobbl Marpuia A Obl-
JIa TIOJIOYKUTEILHO Ollpe/iesiena, HeOOX0IMMO 1 JIOCTATOYHO, YTOObI BCe ee
COOCTBEHHBIE YKCJIa ObLIN MOJOKUTETbHBI.

[Toste3Hblil TpU3HAK MOJIOXKUTEIBHON OIIpe e/ IeHHOCTH KBa IPATIHIHOM
dopmbl jtaet

1.1. Teopema (kpurepmii Cumibbectpall). Jlas mozo, umoGo.
keadpamuynas gopma (1.1), 1, 6viaa nososcumenvro onpedenena, Heob-
20OUMO U dOCMAMOHo, YMobvl BCE 2AG6HBLE MUNHOPBL MAMPUUD, A Ol
NOAOACUMENLHDL.

JTOKABATEJLCTBO. He o6 x o0 g1 Mo ¢ T b PuKcupyeMm HEKOTO-
poe tiesioe k, 1 < k < n. Boibepem B kadecTBe BekTOpa = B (3.1) BEKTOD
Buia ¢ = (21, ..., 25,0, ...,0) = (v,0, ...,0), rjge y MOXKHO CIUTATH
IPON3BOJILHBIM BekTopoM npoctpancTsa RF. Torna (Az,x) = (Ary,v),
riae A, — MaTpuIa, COOTBETCTBYIONIAS [JIABHOMY MUHODY HOPsAKa K MaT-
puribl A. U3 yenosust (3.1), oueBujiHo, Bbitekaet, uro (Agy,y) > 0 s
1106010 HenyJsieBoro BekTopa y n3 RF . e. mMarpuna Aj H0JI0KNTEILHO
olpejiesieHa, CJIeIOBATEIHLHO, ee ONpeIeINTeNb (IJIaBHbI MUHOD MOPS/I-
Ka k Marpunpl A) mosoKuTesnen (cM. yrnpaxkuenne 1 na c. 224).

HJocrarounocrT b llokaxkem, 94T0 eciu Bce IVIABHBIE M-
HOPBI MATPUIBLl A II0JI0KUTE/ILHBL, TO HOJOKATEILHBI BCE e COOCTBEH-
Hble 4Yncja. Torja moJjioyKuTesbHast OlpeIe/eHHOCTL MaTpulbl A Oyuer
ycranossieHa. Ha caMoM jiesie, Mbl JJOKazKeM OOJIbIee, Mbl TOKAXKEeM, 9TO
COOCTBEHHBIE YHC/Ia BCEX IVIABHBIX MUHOPOB MATPUILI A [OJIOKUTEILHDL.
st MUHOpa [EPBOro HOPsAKa, T. €. JJIS (11, 3TO BBLINOJHSIETCA TPUBU-
aJbHBIM obpasoM. [pemosnoxkum, 9To y Marpuinl Ay, COOTBETCTBYIONIEH
IJIABHOMY MUHOPY HOpsiJKa k, Bce COOCTBEHHBIE YHCIa A\ < -+ - < A 110-
JIOXKUTEJILHDBI U II0KAXKEM, YTO TOrJIa Uy MaTpulbl Ay 1 Bce cobCTBEHHbIE

D Ioxeiinvie zxozed Cumppectp (James Joseph Sylvester, 1814 — 1897) — anruiickuii MaTeMaTnK.
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qucaa A\p < - -0 < Apaq HOJOXKUTETbHBI. B cOOTBETCTBUN ¢ TeopeMoii 4,
c. 227, BBITIOJIHEHDI HEPABEHCTBA,

ALK ALK A <o < A < A

OTKYJIa BBITEKAET, UTO Mg, "'75"%% > 0. IocKo/ibKy 10 YCIOBHIO
det(Agr1) > 0, a det(Axr1) = Ado---Apyq (em. (6.7), c. 188), 1o
nix >0 0

1.2. OgHOBpeMeHHOE IPHUBEJIEHNE IBYX KBaJIPATHIHBIX (DOPM K Ka-
HOHUYECKOMY BUJLY.

YIPAYKHEHUE. Ilycrs (Ax,x) — mnpousBosibHas KBajpaTHIHAsS
dbopma, (Bx,x) — MOJOKUTETBHO ONpe/ie/ieHHasi KBajipaTudHas ¢hopma.
[TokazaTh, YTO CYIIECTBYET HEBLIPOZKJEHHOE MpeoOpa3oBaHue MepeMeH-
HBIX iy = T, KOTOpOe OJHOBPEMEHHO IIPUBOIUT 3TH KBaJApaTuanbie (hop-
MBI K KAHOHUYIECKOMY BHJLY, 4 HMEHHO

n n
(TTATy,y) = diy?, (T"BTy,y)=> v
i=1 =1
YKA3AHUE. Vcnonb3yiiTe pe3yabTaThl yIpaykaHennd 3, c. 241.

§ 4. KBagpaTtuunasi GyHKIMS 1 €€ MHBAPUAHTHI

1. Ilycte A — BemecTBeHHast KBaJpaTHasl MATUIA TOPAIKA 1, 4 —
3aJIaHHbIN (DUKCUPOBAHHBII BeKTOpP IpocTpancTBa R", ag — BelecTBeH-
Hoe uucsio. Oupejesiennast Ha npocTpaHcTBe R” BerecTBeHHAs] (DYHKITUST
BHJIA

F(z) = (Az,z) + 2(a,x) + ap (4.1)

Ha3bIBaeTCA Keadpamuurnoti. MHOKNTENb JIBa Mepej BTOPHIM cJiaraeMbIM
MoCTaBJIeH paJii ypodcTBa 3anucu popMmys B JaibhelinieMm. He orpanm-
auBasi obmuocT (cM. 1. 1, ¢. 244), MOXKHO cYnMTaTh, YTO MaTpuia A
CUMMETPUYHA.

[TorsaTHO, YTO TEOpUs KBaJIPATUUIHLIX (DYHKIMI MOXKET CTPOUTHCS
KaK HEKOTOpOe 0000IIeHe TeOpun KBaJIpATHIHBIX (DOPM.

CBsiKeM ¢ KazKJI0il KBaApaTuaHoil pyHKIneit F' cuMMeTPpUIHYIO MaT-

puiy
A a
B - ( CI,T CLO> . (42)

3/1ech @ TPAKTyeTCst KK BEKTOP CTOJIOEII,
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2. BrinosHuM Tak HasbIBaeMoe addurroe npeobpasosarue mepeMeHt-
HBIX, T. €. ITOJIOZKIIM
r=2"+ Ty, (4.3)
rie 2 — puKcnpoBaHHBI BekTOp npocTpancTsa R™, T — HEBLIPOXKIEH-
Hasi MaTpuiia. VIHoTa 3aMeny nepeMenHbix (4.3) yinobHee 3amuchbiBaTh B
sujie © = T(2° +y), tie 20 = T 120,
Berimosinsst sjieMenTapHble Ipeodpa3oBaHusi, HETPYIHO IOy YUTh, ITO

F(2"+Ty) = Fy) = (Ay,y) + 2(a, y) + do, (4.4)

rie X
A=T"AT, (4.5)

a=T a+ A2, ay=ag+2(T7a, i) + (A2, 2°).  (4.6)

Taxum obpazom, j1000e addunHOE IPeodpa3oBaHNE IIEPEMEHHBIX I1e-

PEBOIUT KBaIPATUIHYIO (DYHKIINIO B KBaJIPATHIHYIO.
Beenem B paccMoTpenue KBaJpaTHbIE MaTPHUITHI

©= (07; 2) U= <OIT 3310> (4.7)

nopsizika n + 1. 3gecs 0 — BexkTop crosiber JInHbl 1, I — eJIuHuIHas
mMarpuia nopsaka n. fAcno, aro det(Q) = det(T), det(U) = 1, 7 e,
maTpuiibl (), U HEBBIPOKIEHBI.

[IpocThble BBIK/IAJIKI ITOKA3bIBAIOT, UTO

B= (1‘% f‘) — (QU)'B(QU). (48)

ag

13 coornomennii (4.5), (4.8) Bbitekaer, uro marpuisl A u A, B u

A~

B, cOOTBETCTBEHHO, KOHI'DYIHTHBI, IOTOMY X HHEPIUH COBHATAIOT (CM.
Teopemy 1, c. 248). MoxkHO cKazaTh, TAKIM 0OpPaA30M, 9TO HHEPIIUI MaT-
pur; A, B g9BASIOTCST appunHbLMU UHBAPUAGHMAMY KBAIPATHIHON PyHK-
I,

3. DByaem cumrarh Temepb, uTo Marpuna 1 opTroroHajbHa, T. €.
TT = T Torma marpuna (), 09eBHHO, TaKyKe OpToroHambHa. 13 (4.5)

B 9TOM CJIydae BbITeKaeT, 9T0 Marpuilbl A n A 1momobHbBI, cje10BaTe/Ib-
HO, UX COOCTBEHHBbIe Ymcsa coBlajatoT. 13 (4.8), o9eBHHO, BBITEKAET,

qro det(B) = det(B).

Takum 06pazom, cobCTBeHHbIE Uucia MaTpullbl A, wHeprus, a ciie-
JI0BATEJIBHO, U PaHT MaTpuilbl B, a Tak:Ke Olpee/uTe/b MaTpuipl B
MOT'YT OBITH HA3BAHBI OPIMO20HAALHOMY UHGGPUAHMAMY KBAIPATIIHON
dbysknnn (4.1). OHu He MEHSAIOTCS TIPH JTIOOOM TPEoOPa30BAHNI [IEPEMEH-
HbIX (4.3) ¢ oproronasbHoil MaTpureit 1.
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§ 5. IIpuBenennasa dpopma kBaapaTudHOl DYyHKITUN

1. Tlokaxkewm, uro, BeIOUpast B (4.3) COOTBETCTBYIONIIM 0OPA30M Op-
ToroHaJIbHyt0 MaTpuiy 7' u BekTop 2, J1100yI0 KBaIpaTndHyI0 QYHKIHIIO
MOYKHO IIPeodpa30BaTh K IIPOCTENRIIEMY TaK Ha3bIBAEMOMY NpUBEIeHHOMY
6U0dY.

Marpuma A cuMMerpudHa, MOITOMY CYIIECTBYET OPTOHOPMUPOBAH-
Helit Gasmc el, €2, ..., e" npocrpancrsa R”, cocTaBeHHbIH 13 COOCTBEH-
HbIX BeKTOpoB MaTpuiibl A. Obosnaumm 1depe3 A1, Ag, ..., A, COOTBET-
CTBYIOIINE UM COOCTBEHHBIE UHCJIa MATPHUITLL A.

Bynem cunrarh 9TO mEPBLIE ' COOCTBEHHBLIX UMCET MaTpuibl A or-
JINYHDBI OT HYJIs, OCTAJILHBIE — HYJIH,

ObozHaumM vepes3 T OpTOroHAJIBLHYIO MATPUILY, CTOJIOIBI KOTOPOIt 00-
pazoBanbl BekTopaMmu e', €2, ..., €. OrTMmeTHM, 4TO NOCJEIHHE N — T
CTOJIOIOB MaTpuibl 1’ IpUHAIEKAT SIIPY MaTpUIbl A.

Boiosinnm 3ameny nepemenubix B byukimn (4.1), mosarast
r = Tu. (5.1)

B coorsercrBin ¢ dopmynamu (4.4)—(4.6) (cMm. Takke yrnpazKkHeHue 2 Ha
c. 241) nmosryaum

F(Tu) = Mui + Aus + - -+ + Al + 2(@ruy + aaug + -+ - + ayuy )+
+ 2(CALT+1UT+1 + &r+2ur+2 + -+ dnun) + agp. (52)

3aMeTumM, 4To

)\ku% + 2apup = /\k(uk + &k/kk)Q — d%//\k

g k=1,2, ... r. [lostomy
rjie
Yk :uk+&k/)\k, k=12, ....r, y= (ur+1,ur+2, .. .,un) c Rn—r’
b= (Grs1,lrra, - 0n) ERT, Gg=ag— Y ap/ M. (5.4)

k=1
Hagee Oyjaem pasznnyarh JiBa ciaydas. [IpeamnosoxKum cHadasia, 9To
BEKTOD b paBeH HYJIIO, U MyCTh

igz_&k/Ak‘u k:1727 - T i‘gzou k:T+17T+27"'7n' (55>
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Torna v =y + 2°,

Tu =Ty + T’ (5.6)
1 paBeHCTBO (5.3) MpUHUMAET BH/I
F(a" +Ty) = \yi + Xy + -+ + \ys + ao, (5.7)
e
2 =T, (5.8)

[Tycrs Tenepns b # 0. Ciieys nmoctpoenusim 1. 2.1, ¢. 243, CKOHCTPY-
pyeM CHMMETPHYIHYIO OPTOrOHAJIBHYIO MaTpuily R mopsiika n — r (Mat-
purly orpazkerust) takyio, uro Rb = |b|(1,0, ..., 0). Bemosaum B (5.3)
3aMeHy ITepeMeHHbIX

y = R, (5.9)

~ I, 0
7= (g &)
I, — enuananag marpuna nopsigka r. Torma (5.3) mpumver Buj
F(Tu) = Mo? 4 Aov3 + -+ 4+ A vf + 2b,410041 + do, (5.10)

rie b1 = |b|. 3ameTum, HAKOHEII, 9TO

20,4101 + o = 20,41 (Ve + G0/ (20,41))-

[TosTomy, mostarast

rje

w=v+ ', (5.11)
e
Th=a0/(2bry1), w =0mpui=1,2....n, i#r+1, (512)

[IOJIY YU M

F(Tu) = Mw? + dows + -+ \w? + 2b, w4 1. (5.13)
13 (5.6), (5.8), (5.9), (5.11) BbiTekaer, uro Tu = &° + Tw, re
T=TR, 7 =2a"—Tz", (5.14)
CJIEJIOBATE/THHO,
F(Z° 4 Tw) = Mw? 4+ Xow? + -+ + Mw? + 2b, 1wy, (5.15)

Matputnia 1" opTorona/ibHa, MOCKOJIbKY SIBJSIETCS TTPOU3BEICHUEM OP-
TOrOHaJIbHBIX MaTpuil. HerpysiHo yOeINThCs TaK»Ke, 94TO IIePBbIe I CTOJI0-
OB MaTpuibl 1’ cOBIAJIAIOT C COOTBETCTBYIOMINMN cTosIoIaM MaTpH-
bl 1', a nocjejHue n — r CTOJOIOB MaTpPUIlbl 1 SIBJISIOTCS JIMHEHBI-
MU KOMOMHAIIUSIME TIOCJICIHIUX 72 — T CTOJIOIOB MATPUILI MaTpPULbLl 1’ 1
IIOTOMY IIPUHA/IJIEYKAT SIJIPY MaTPHUIlhl A.
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2. Taxkum obpas3oM, JIoKa3aHo, 9TO JJIsI JII00OH KBaApaTuIHON PyHK-
mun Bugia (4.1) maiiayres marpuna T, cToI01bI KOTOPOit €CTh BEKTOPBI Op-
TOHOPMHUPOBAHHOTO Oasznca mpocTpancTBa R", 0Opa3zoBaHHOIO COOCTBEH-
HBIMH BeKTopamn MaTpuisl A, n Bextop 2¥ Taxue, uto mmbo

F(2" +Ty) = Myi + Aoys + -+ + Ay + ao, (5.16)

b0
F(a +Ty) = Myi + Aoy + - + Mgy + 2611941 (5.17)
3mechb A1, Ag, ..., A, — BCe HEHYJIeBbIe COOCTBEHHBIE UNCJIa MATPUIbl A,

b,+1 > 0. Ilpencrasienus (5.16), (5.17) HaseiBatoTCst npusedennvimu hop-
MAMU KBaJIPATUIHON DyHKITH.

Paur marpurst B (em. (4.2)), cOOTBETCTBYIOINIEH KBaJpaTHIHON
dbyukiun (5.16), oueBuiHO, paBeH r, ecau Gy = 0, u paBen r + 1, ec-
an ag # 0. Paur matpuiisl B, cooTBeTcTBYyIOIEH KBaJIpaTUIHON (HYyHK-
mmu (5.17), pasen r + 2 (nokaxute!).

CobcrBeHHble Ync/ia MaTpuilbl A n panr MaTpuiibl B mHBApUaHTHBI 110
OTHOIIIEHNUIO K 3aMeHe MepeMeHHbIX (4.3) ¢ 11060 OPTOroHAIBLHO MAaTpH-
neit 7' mo6biM BekTopoM 0. TloaToMy 10601t KBapaTHIHO# QYHKINH
OJIHOBHAYHO COOTBETCTBYET Jinbo mpuseentas gopma suja (5.16), au6o
npusesiennast opma Bujia (5.17).

3. B sTom nynkTe OyaeT mokazaHo, 9TO KOI(DPUINEHTHI TPUBE/IEH-
HOI popMBbI KBaipaTudnoil pyHKImr F' 0JIHO3HATHO OMPEJIETISTIOTCS 110
saeMenTaM MaTpuisl B. Onm He 3aBHCAT OT BHIOOPa BeKTOpa oV 1 OpTO-
roHasibHON MarTpurpl T' B mpeobpasoBaHun mepeMeHHbIx (4.3), parornem
NpUBEJIEHHYIO (POPMY KBaIpATUIHON (PYHKITIH.

Hawm norpebytoTcs B pajbHERIeM HEKOTOPbIEe BCIIOMOTaTe/bHbIE Pe-
3YJIbTATHI.

3.1. Jlemma. [Iycmo

B:(ﬁlp a), (5.18)

a ap

ede A = diag(ayi, ag, ..., an,) — Juazonasvras mampuya nopadka n,
a = (a,as, ...,a,) — sexkmop cmoabey. Ipednorazaemca, wmo Auws
INEMEHBL 11, (22, ... ,0r, T < N — 1, mampuuyvt A omauunve om

Hyana. Tozda

— 2 2\ 1

IT+2(B> = —aj1a9 - - arr(arﬂ + e 4 an) ) (519)
DHanomuum, uro 7, (B), k =1,2,...,n, — uaBapuanT MaTpuilbl B, oupe/eiseMblil 110 ee 3J1e-

MeHTaM 1pu oMot Gopmysibl Buga (6.5), c. 188.
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JTOKABATEJILCTBO. HerpyaHo yoeanThest, 9TO Cpejid JUArOHAJIbHBIX
MIHOPOB MOPsAIKa T + 2 MaTpulbl B JINIIbL MIHOPHI BUIA

Dron = 'gi gg : (5.20)
rje
Dy, = diag(aqy, ase, ..., ar), (5.21)
0 aq
I R (a(jn ‘Zg) ,
0 a,
m=r+1,r+2,...,n, OTINIHBI OT HYJs1. Bce ocrajbHble JuaroHab-

Hble MUHOPBI HOPSIJIKA 7" 4+ 2 COJIEPKAT XOTsI Obl OJIHY HYJIEBYIO CTPOKY (1
crosibert). Ucnonbsyst popmyiy (11.11), ¢. 111, HETPYHO TONYUUTE, UTO
A, = —apiag - - apa2,. Cymmupys Tenepb Bee Munopbl Buja (5.20),
npuxoanMm K (5.19). O

3.2. Jlemma. [lycmv evinosrens, ycaosus semmos 3.1,

rank(B) =r + 1. (5.22)
Tozda
Dy d
ZaB) = | o] (529
ede mampuya D1y onpedeaena pasencmeom (5.21), d = (ay, ag, ..., a,) —

sexKMOp cmoabeu,.

JTOKABATEJILCTBO. Beseacrsue yeosust (5.22) Bce MUHOPBI TOPSIJI-
Ka 7+ 2 Marpuilel B pasubl Hys1i0. [lostomy Z,9(B) = 0, oTKy/1a BeJe-
creue (5.19) BBITEKAET, UTO Apy1, Ari2, .- ., ap—0. Torma, Kak HETPYIHO
yOeIuTCst, Bee JuaroHajbHble MUHOPBI HopsaKa 1 + 1 MaTpuinl B, Kpome
muHOpa Buja (5.23), comepkar XoTst ObI OJIHY HYJIEBYIO CTPOKY. [

3.3. Jlemma. [Tycmo BUINOAHEHDL YCA06UA Aemmbt 3.1, mampuya U
onpedeaena pasencmeom (4.7), B = UTBU. Tozda

~

T, i0(B) = T,.0(B). (5.24)

~

Ecau svinoaneno, ycaosus semmor 3.2, mo L 11(B) = I,41(B).
JIOKABATEJILCTBO. 3amMeTuM, 9TO

A a
BU = (CLT C~L0>7
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rie
gLZ‘ZCLi—l—SAU?CLZ‘Z‘, 1=1,2,...,r, (525)
a=a;, i=r+1,...,n, (5.26)
ELO = ap + Z CLZSIA’J? (527)

1=1

Benencrsue (5.19), (5.26) cipasenymBo pasencTBo Z,2(BU) = Z,19(B).
TouHo Tak »Ke MpOBEpseTCst, YTO yMHOXKeHue MaTpuibl Bujga BU ciesa
na marpuny Ul ne mensier unsapuanta Z,,o(BU). Orciona, o4eBnHo,
BBITEKAET paBeHCTBO (5.24). Bropoe yTBepzKjieHne JJeMMbI ¢ HCIIOJIH30Ba-
rneM cootHorennii (5.25)—(5.27) mokasbiBaeTcs amagorngHo. [Ipu srom
HaJI0 YIeCTh, YTO OmpejeanTenb (5.23) He MeHseTCs IPU Mepexoje OT

marpuilbl B Kk marpune B. [

3.4. Teopema. [lycmv pare mampuuyve A Kkeadpamuunoti @hyrk-
yuu F pasen r, pane mampuysr B ne npesocxodum r + 1. Ilycmo npu
nomowyu samenv, nepemernnur x = x’+Ty ¢ opmozonasvrot mampuuer
T xeadpamuunan dynkyus F npusedena x eudy

F(y) = a1y} + aoys + - -+ any’, + ag. (5.28)

Tozda: 1) m = r, a; = N;, 2de N;, @ = 1,2, ... r, — 6ce HEHYACBDIE
COOCMBEHHDIE YUCAGL MAMPUYLL A; 2) cnpasediuso pasencmeo

ag = ZI,+1(B)/Z.(A). (5.29)

JTOKABATEJ/ILCTBO. Ucnonbsyem dopmyiibr (4.4)—(4.8), cBsi3biBaro-
I1ie MCXOAHYIO 1 IPUBEAeHHYI0 GOPMBI KBaApaTiaHOil GyHKImI. B pac-
cmatpuBaemoM cayaae TTAT = A = diag(aq, e, .. ., ). [lockombky
marpuna T oproroHaibha, To Marpuubl A, A 10106HBI, OTKy1a BbITe-
KaeT CIpaBeInBOCTb yTBepKeHus 1). Vcnonbsyem Temepb TOT akr,
4TO, B paccMarpuBaeMoM ciaydae a = (0. Ilosromy mo jemme 3.2 mosry-
gaeM, 4To LH(E) = Mg+ \ap. Marpuna A umeer poBHO T HEHYyJIe-
BBIX COOCTBEHHBIX UHCes, ciefoBarebio, Z.(A) = A\Ag--- A, (oM. 1. 2,
c. 188). Taxum obpasom, dg = Zy41(B)/Z,(A). Marpuna QT BQ mo-
nobna marpure B. ITostomy Bce ux mHBapuaHThl conajgator. C apyroi
CTOPOHDBI MATPHUILA QTBiQ Y/IOBJICTBODAET YCJIOBUAM JIEMMbI 3.3, 3HAUNT,
Z..1(QTBQ) = Z,.1(B), 1. e. I,41(B) = Z,11(B), n yreepxjenne 2)

TaK:Ke JoKazaHo. [
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3.5. Teopema. Ilycmv pane mampuuve A xeadpamuunotd dyrk-
yuu F pasen v, r < n — 1, pare mampuuv, B pasen r + 2. ITycmo
npu nomowyu 3amenv, nepemennnx = x° 4+ Ty ¢ opmozonasvnoti mam-
puueti T xeadpamuunan pynrxuyus F npusedena x eudy

F(y) = anyf + sty + -+ + i, + 21 (5.30)

Toeda: 1) m = r, a; = N;, 2de N;, i = 1,2, ...,1r, — 6ce HENYAEBDIE
cobemeeHHbE YWUCAL MAMPUYLL A; 2) BOINOAHEHO PABEHCMBO

b2 = —T,49(B)/I,.(A). (5.31)

JTOKA3ATEJILCTBO. CrpaBeyinBoCTb yTBepKjieHust 1) 000CHOBBI-
BaeTCcs TOYHO TaK »Ke, KaK U IPU JoKasaTelbcTBe TeopeMbl 3.4. B pac-
CMATPUBAEMOM CJIydae JIUMTb OJiHa KOMIIOHEHTa BEKTOPa @ OTJIWIHA OT
nyns. Ilostomy no semme 3.1 monyuaem, uro b = —Z,..9(B)/Z(A).

A

PagenctBo Z,19(B) = Z,2(B) noydaeM aHAJOIHIHO JOKA3ATEIbCTBY
IpebLIYIIeil TeopeMbl, HCIoIb3ys nogooue Marpur B 1 QT BQ, a Tax-
ke jemmy 3.3. [



['JIABA 13
KpuBbie BToporo mopsaka

§ 1. IIpuBenenme K mpocreiiliieMy BUJIy ypaBHEHUS KPUBOIi
BTOPOT'O HOPAIKA

1. Kak u B §6, /1. 4, OyjileM paccMaTpUBATh TJIOCKOCTH, OTHECCH-
HYIO K JIEKQPTOBOII CHCTeMe KOODIMHAT X1, To.

MHuozkecTBO Beex ToUeK T = (&1, T2) MIOCKOCTHU, YIOBIETBOPSIIONINX
yPaBHEHHIO

ana:% + 2a19T1T9 + a22x§ + 2a1x1 + 2a9x9 + ag = 0, (1.1)

Ha3BIBAIOT KPUGOT 6MOpo2o nopadka. 31ech a;j, 4,5 = 1,2, a;, ¢ = 0,
1, 2, — BellleCTBEHHbBIE YNCIA, HA3bIBAEMbBIE KOIPPUUUEHMAMU YPAGHEHUA.

st coxpaliiernst 3ammnceil, Kak U B IPeIbIIyINeil TyiaBe, BBEJIEM B
pPacCMOTpEHNEe CUMMETPUUIHYIO HEHYJIEBYIO MaTpPUILY

A= (31 @12 (1.2)
@12 @22

1 BeKTOp @ = (a1, as). Torma ypasuenue (1.1) sanumiercs B puel)
(Az,x) + 2(a,x) + ag = 0. (1.3)

2. B coorBercTBUM C 00mIeil Teopueil KBaJpaTUIHBIX (OYHKIUIT
(em. §4, §5, rur. 12) ymporrieHne 5TOro ypaBHEHUsST MbI Oy/IeM BBITOTHSITH
C TIOMOIIBIO 3aMEHbI TIePEMEHHBIX

r=2"+ Ty, (1.4)
rje T — opTOoroHaJbHAST MATPHIA BUJIA

COS —sin
T=("% 7). (1.5)
sin @ COS
['eomeTpuueckn 3Ta 3aMeHa IIePEMEHHBIX MOYKET OBbITh HHTEPIPETUPOBaHA,
KaK MOBOPOT KOOPJMHATHBLIX OCEll MPOTUB YACOBOH CTPEIKN Ha YTOJI ©,
cCJI1 CHUTaThb HpI/I STOM, qTOo I/ICXOrZLHaH ﬂeKapTOBa cucreMa KOOprZLI/IHaT

DB sroit riase mox CKaJIAPHBIM IIPOU3BE/IEHUEM BCIO/Ly IIOHUMAaeTCs CTaHIapTHOe CKaJIspHOe IIPO-
U3BejIeHNe B npocTpancTee R2.
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npaBas, T. €. OBOPOT OT OCH X1 K OCH Xy — IHOBOPOT HPOTHUB YaCOBOI
crpesiku (eM. 1. 2, ¢. 240), U HOCeIYIONHil MepeHoc HAYAIa CHCTEMBbI
KOOPAMHAT B TOUKY 2.

Brimosinum cnagagia oBOpOT KOOPANHATHBIX OCEH, T. €. 3aMEeHy Iepe-
MEHHDIX

r="Tz (1.6)
B ypastennu (1.3). TIpoBojg s/1eMeHTapHbIE BHIKJIAJKI, OJTY UM
(TTATz,2) +2(a, z) +ag = 0, (1.7)

rie 6 = T7a.

[Toctpoum oproronajbHoe mpeobpazoBaHue 1 Tak, 9TOOLI MaTpPU-
na TTAT npunsiia JIMaroHAIbHBIN BT (em. ynpaskuaenue 2 Ha c. 241).
C 910l 1eIbI0 PelnM XapaKTepUCTUIecKoe ypaBHeHe

A~ | =0.

KOpHI/I €I'0 JICI'KO BDLIIINCBIBAIOTCA B ABHOM BUJIC:

ail + ag = \/(all — ag)? + dai,
. .

Ecmt a1 = 0, To \{ = a1, Ay = ago. Ilostoxkum B 3T0oM ciyuae T’ = 1.
Ypasuenue (1.7) npuanMaeT Bu/

A2 = (1.8)

)\12% + )\22% + 2&121 + 2&222 + ag — 0 (19)

(3mech a1 = ay, Gg = as).
Ecnun a;o # 0, To, oueBnano, A\ # Ao. Haitast Ay, Ao, onpemennm
COOTBETCTBYIONINE UM eMHIYHbIC COOCTBEHHBIC BEKTOPLI e!, e2:

e = (cos gy, singy), k=12,

KaK pelleHns ypaBHeHni
At = \eb, k=1,2,
i, OoJiee 1Mo IpoOHO,
(@11 — A) cos gy + ayasin g = 0,

a12 €08 . + (age — Ag) sin gy = 0,
OTKY/Ia IIOJIy4aeM YPABHEHUA JIJIST OIPeIeICHIs YIJIOB (01, (09:

)\
tg op = —a“a—u’“, k=1,2. (1.10)
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Bynem cuurtarh, aro ¢1,pe € (—m/2,7/2). llpudem, mockoabKy cob-
CTBEHHDBIE BEKTOPBHI CUMMETPUYIHON MaTPUIII, OTBEYAIOIINE PA3JIMIHBIM
COOCTBEHHBIM YHCJIAM OPTOrOHAJBHBI (CM. Teopemy 8, c. 219); To 0bs13a-
TeJILHO

Y1 — P2 = :t7T/2
DJieMeHTapHbIe BLIUNCJICHIA JIAI0T
AL — Ay \/(an — ag)? + 4a?,

tg 1 —tgpr = =
a2 a2

(1.11)

B coorBercTBUN €O 3HAKOM (13 3aHYMepyeM COOCTBEHHBbIE Yucja (U
COOTBETCTBYIOIINE MM YTJIbl) Tak, 9ToObI tg 1 < tg o, T. €.

0y = 1 + /2.

Ucnosb3yst obiue moctpoernst (cM. yipazkHeHue 2 Ha c. 241), mat-
puity 7' COCTABIM I3 COOCTBEHHBIX BEKTOPOB €', e2:

T <(:0ng1 008902> _ (COSSDI _8111901) _ (1.12)

sin ;  Sin @9 sin Cos Q1

[Ipn ykazanHom BbIOOpe MaTpuIiibl 1’ mosydaeM

T _ (M O
TAT_(OAJ, (1.13)

1 ypasaenue (1.7) BHOBbL mpunumaet Buj (1.9).

3. Hasmbreiimme yupormenns ypasaerns (1.3) uCIoab3yoT MePEHOC
HavaJjia CUCTeMbI KOOPMHAT. Byjiem pasjndars jBa ciaydas: det(A) # 0

n det(A) = 0.

3.1. Ilpenmosoxkum, caadana, aro det(A) # 0. D10 ycioBue 3KBUBa-
JICHTHO TOMY, 9TO A1, Ay # 0. I[Ipu BbIIOJIHEHNT 5TOrO YCIOBUA, BbLIC/ISIA
TOJIHBIE KBaJPATHI, T. €. ojaras y = 20+ z, riae 2) = a1 /Ay, 23 = g/ As,
ypasrenue (1.9) MoxKmHO 3amucarh B BUjIE

)\13/% + )\ng + d() = 0. <114>
Biech dg = ag — a3/ 1 — a3/ As.

3.2. Ilycrs tenepnr det(A) = 0. Hamomumm, aro Mbl cuamraem,
qro A # 0. IlonsgTHo, 9T0 B 3TOM ciydae 6o Ay = 0, jqubo Ay = 0.
OJIHOBPEMEHHO A1 U A9 HE MOTYT paBHsIThCst Hy/H0 (modemy?). [Ipesrmo-
JIOZKUM JIsT ottpejiesierrocT, ato A # 0. Torga ypasrenne (1.9) mMoxkHO
IIPEJICTAaBUTh B BUJIE

)\1(21 + &1/)\1)2 + 2&22’2 + do = 0. (115)
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ruae do = ag — d%/)\l

3/1ech OIATH HAJIO0 PA3IMYaTh JBa CJIydast.

1) Ecin ag = 0, nostozxum y = 20+ 2, tiie 29 = a; /Ay, 29 = 0. Takas
3aMeHa [epeMeHHbIX mpuBejeT ypasaerne (1.15) K Buy

Ay? 4 ag = 0. (1.16)
2) Ecin as # 0, npencrasum ypasaerue (1.15) B bopme
)\1(21 + dl/)\1)2 + 2&2(2’2 + &0/(2&2)) =0

u nonoxkum y = 2042, 2% = a1 /A1, 29 = ag/2a,. Torna ypasuenue (1.15)
IPUMET BUJ
Aly% + 2asy, = 0. (1.17)

[Ipeamosarast, aro Ay = 0, a A9 # 0, MOXKHO TOYHO TakK ke Ipeodpa-
30BaTh ypasrerue (1.9) smbo K ypaBHEHHIO

Aays + g = 0, (1.18)

b0 K ypaBHEHUIO
)\Q?J% + 2a1y1 = 0. (119)

4. Taxum obpasoM, momaras, 9ro z B (1.6) pasno —2° + y, rie B
3aBICHMOCTH OT CBOHCTB COOCTBEHHBIX dmces Marpuibl A BekTop 2¥ BbI-
Oupaercs 10 OJHON U3 BbIIE HPHUBEJIeHHBIX (opMmys, a T — marpura
Busia (1.5) TakoBa, uto BeIOHEHO (1.13), mosydmm, 9To obIree ypaBHe-

aue (1.1) KpuBOil BTOPOro TOpsiJIKA MPU TTOMOIIM 3aMeHbI epeMEeHHbBIX

r =2+ Ty, rne 2° = —T2°, MoxxHO peobpazoBaTh K OJHOI U3 Cery-
1onux opm:

Aly% + )\23/% + do == O, )\1, )\2 7é 0, (120)

)\ng + leyl = O, )\2 7é 0, )\1 = 0, (121)

a3 +agr =0, X #0, A\ =0, (1.22)

MYE + 22y, =0, A\ #0, Ay =0, (1.23)

MyZ4+a0 =0, M #0, \=0. (1.24)

BaskKHO HOAUEpPKHY T, YTO YTOI (¢ U BEKTOP 2 OINPEIeIAI0TCS 110 KO-

s dunnentam ypasuenns (1.1) mpu mOMOIM MPOCTBIX ABHBIX (GOPMYJI.
B coorBercTBUN € 0011Iel Teopueil KBapaTHIHbIX (DYHKINI KaxK10e ypaB-
wenre (1.1) npu momoru ipeodpaszoBatus Buja (1.4) MoKeT ObITH OJHO-
3HATHO TPUBEJICHO JINIIb K ojiHOM 13 hopm (1.20)—(1.24).
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5. U3 obumx pesyabTaToB, MOJIy9eHHbIX TP U3y9YeHNN KBapaTud-
HbIX ByHKIHI, caeayer, aro Kosddurnuentsr ypasuennii (1.20)—(1.24) ox-
HO3HAYHO ONPEIEAI0OTCI TPU TOMOIIN TPOCTHIX POPMYI 110 KO3pDdu-
nuenTaM ypasaenusi (1.1), Tak uTo moctpoenne mpeobpasosanust (1.4),
dakTrIecku, TpedyeTcs JUIIb JIJId TOrO, YTOObI YCTaHOBUTH, KAK PacIio-
JlaraeTcsl uccjeyeMasl KpuBasl 10 OTHOIIEHMIO K MCXOIHON J1eKapTOBOM
crucTeMe KOOPIUHAT.

Hapsity ¢ marpureit A, onpejessiemoit cootrorenuem (1.2), BBegem
B PACCMOTPEHNE MATPUILY

ail a2 aq
B=\|ag axn a ],
ap Gz Qo

COOTBETCTBYIONLYIO KBaPAaTUIHON (DYHKINU, OIpeesIsseMoil JIeBoil da-
crbto ypaprerust (1.1), u BbIIUIeM BbIpaykKeHUs JijIsT KOMDhUIHEHTOB
ypasrennii (1.20)-(1.24) (em. Teopembr 3.4, 3.5, ¢. 257):

to = T3(B) /To(A), a1 = as = \/—T3(B)/T1(A), ao1 = T(B)/T1(A).

31ech (eM. obrue hopMyJIbl [T MHBAPHAHTOB orepaTtopa, c. 187)

ay; aiz ai 4 .
IB(B) = det(B) = |a12 asg as|, 1-2(14) — det(A) _ (Y11 d12 ,
Q12 a22
ay az Qo
Zi(A) = tr(A) = a1 + az, Iy(B) = 62111 Z(l) 62222 Z(Q) .

[To cpasuennio ¢ (6.5), c. 188, B Buipakenun Zy(B) Ha OIHO craraemoe
MeHbIIle, IIOCKOJIBKY B paccMarpuBaeMoM ciaydae det A = 0.

§ 2. 'eomeTpuveckue cBOICTBa KPUBBIX BTOPOr0 MOPSIKA

Ommpasics na ypasraenns (1.20)—(1.24), ucciaeayem reomerputdeckue
CBOICTBA KPUBBIX BTOPOIO MOPSJIKA.

st yrporrenns 3amnuceil B JaJibHeiIeM I3MeHIM O09eBUIHBIM 00pa-
30M 00O3HAYEHUS JCKAPTOBBIX KOOPIMHAT 1 KO OUIIMEHTOB yPaBHEHNUIA.
B pesysibrare moryanM, 9To HaM MPEeACTOUT UCCJIEI0BATD TP PA3TNIHBIX
TUIla YpPaBHEHUT

)\15172 + /\2y2 +d=0, A, 75 0, (21)
y* = 2pr,
y?+d=0.
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1. Haunewm ¢ ypaBuenus (2.3). Bosmoxkusr Tpu coyuast: d = 0, Kpu-
Bas COBIAJACT ¢ 0chblo y; d < 0, KpuBasl pacuajaeTcd Ha JABe HapasLie/ib-
Hble mpsiMble ¥ = v/ —d, y = —v/—d; d > 0, MHOKeCTBO TOY€K ILII0CKOCTH,
VJIOBJIETBOPAIONIUX YpaBHEHUIO (2.3), IyCTO, FOBOPSIT, YTO B 9TOM CJIydae
KpUBasd PACHAACTCs Ha 06€ MHUMbBLE NAPAANCALHBLE NPAMDBLE.

2. Uccrenyem ypasuenne (2.1). 3ech HYy:KHO pa3/inuaTh TaKue CJIy-
JAL:

1) 3HAKKM COOCTBEHHBIX YHCET A1, A2 MaTpuibl A COBHAJIAIOT, MPU
9TOM, HE OrpaHUYINBasi OOITHOCTH, MOYKHO CUUTATh, YTO A1, Ao > 0;

2) 3HAKU COOCTBEHHBIX YHUCET A1, Ao PA3/IHIHBL.

KpuBbie, COOTBETCTBYIONINE TIEPBOMY CJIYUAI0, HABBIBAIOT 2AAUNCAMAU.
3J/1ech ONSTH HYXKHO pa3jndaTh Tpu ciaydas: d = (0, KpuBasi BbIPpOXKa-
eTcsi B TOUYKY, COBIIQJIAIONILYIO0 C HadajoM KoopjauHat; d > (0, ypaBHeHUe
OIpEJIETIAT TaK Ha3bIBAGMbIll MHumvlll sssunc; d < 0, B 9TOM ciydae
ypasrenue (2.1) 3amuiem B Bujie

2y
St =L (2.4)
riae
—d —d
¢ A Ay

Kpusyto, onncsiBaemyio ypasaerueM (2.4), HA3LIBAIOT IAAUNCOM.

Kpusble, cooTBeTcTBYIONINE CIyYalo, KOrAa Aj, Ay UMEIOT Pa3/MdHbIe
3HaKHU, Ha3bIBAIOT 2unepboaamu. Bynem s onpesiesleHHOCTH CUUTATh,
gro A1 > 0, Ay < 0 u paccmorpum Tpu ciydast. Eciu d = 0, To ypaBHe-
rne (2.1) MOXKHO 3amucaTh B BUJIE

\/le =+ _>\2y7

T. €. B JIAHHOM CJIydae KpHBasi PaclaaeTcs Ha JBe IPsIMbIe, ITepeceKkaio-
muecst B Hadasie koopanuat. Caydan d < 0, d > 0, dpakTudeckn, MOXKHO
He pa3/indarh, TaK KaK OHU CBOJSITCS OJMH K JIPYTOMY 3a CUET IIepenMe-
HOBaHUS OCEIl KOOPINHAT.

Bynem mis onpenenennoctu cuntarh, 9to d < 0. Torma ypasre-
rue (2.1) MOXKHO 3ammcaTh B BUJE

x2 y2
riue
—d
b=/ —.
_/\2

Kpusyio, onuceiBaemyio ypasaerneMm (2.5), HA3bIBAIOT 2unepbonot.
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3. Omummenm reomerputdeckne cBoiictsa ssumica (cm. puc. 1). Hero-
CPeJICTBEHHO U3 ypaBHeHUst (2.4) BbITEKAET, UTO JJist BCEX TOUYEK JLIUICA
crpaBeInBbl HepaBeHcTBa: |x| < a, |y| < b, T. e. sjunnc — orpaHuyeH-
Hasd KpUBasd, PAcIIOIOKeHHAs B COOTBETCTBYIONIEM IIPSMOYTOIbLHIKE.

Puc. 1. K onucanuio reoMeTputeckux CBOHCTB JIIUIICA

Toukamu nepecedenust 3Toil KpUBOI € OCSIMU KOODJIMHAT sIBJISIOTCS
toukn (+a,0), (0,%b). Onun wazsBatores sepuwunamu dunca. Ocn Ko-
OPJIHAT — 0CU CUMMEMPUY SJUIAICA, TaK KaK ecJin TOYKa (X,y) mpu-
HaJIJIEZKUT SJLTAICY, TO TOUKU (—x, %), (T, —Yy) TakzkKe JiexKaT Ha SJLIHIICE.
Hauasio koopauuar — yewmp cummempuy dJUIANCA, TaK KaK, €CJIU TOY-
Ka (2, y) IPUHAJIEXKUT SJIUIICY, TO U TOUKa (—&, —Y) JIEXKUT Ha SJLTHTICE.

Yucna a, b HA3BIBAIOT JJIMHAMU NOAYocet dJLAnca. Byaem st omnpe-
JIeJIEHHOCTU CYUTATh, 9TO a > b. [lomarno, uro nmpu a = b syumric npe-
BPAIAETCsI B OKPYKHOCTD (pajuyca a). [losoxkum ¢ = v/ a? — b%. Besimuan-
Ha e = c/a = /1 —b?/a? € ]0,1) xapakTepusyer CTerneHb BbITAHYTOCTH
SJLIAIICA, BJIOJIL OOJIBLIION MOJIYOCH 1 HA3LIBACTCS IKCUCHMPUCUMETMOM DJ1-
JIATICA.

Touku (—c, 0), (¢, 0) HasbiBatOTCS hokycamu sumunca. [lyers (z,y) —
IIPON3BOJIbHAS TOUYKA dJLIMIICA. Torjaa, Kak HIKe OyJieT IOoKa3aHo,

V(@ +e)?+y2+(x—c)2+y? = 2a. (2.6)

Pagenctio (2.6) o3Ha4uaer, 4TO CyMMa PACCTOSTHUI OT TOUKH IJIIUIICA,
10 OKYCOB OJlHA U Ta Ke JJIsi BCeX TOYEK 3juiuiica (CM. puc. 2). D1o
CBOICTBO 3JIIMIICA MOXKHO NPUHATH 34 €0 ONpeIeeHne, TaK KakK, NCXO/Id
13 (2.6), 09eBUJIHO, MOXKHO TIOJIYIUTH YDABHEHUE 3JIIUIICA.

JlokazkeM cripaBeJIJTIBOCTb paBeHCTBa (2.6) Jist TOUYeK, MPUHATeKA-
mux asmicy. Wenonbsya pasencrsa ¢ = a® — b2, y? = b? — b*a?/a?,
MOYKEM HAIINCATH

(x4 ) +y* =22 + 2cx +a* — b +b* — b2 /a* =
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¥ @y
/ ——.
-9 0 0 x

Puc. 2. K oupenenenuio sjumrca u runepooibl
= 2%(1 — b*/a?) + 2cx + a® = 2°c*/a® + 2cx + a® =
= (vc/a+a)®. (2.7)

Touno Tak xe
(x —c)? +19° = (—wc/a + a).

BameTum, 910 ¢ < a. YdreM Takxke, uto |r| < a i Joboii TOUKH
ssunica. IlosTomy crpasenBbl HepaBeHCTBA

zefa+a >0, —xzc/a+a >0,

cJjie10BaTeJIbHO,

VE+e)+y2=xc/a+a, (x—c)?+y?=—2c/a+a,
OTKYJIa HEIOCPEICTBEHHO BhITeKaeT (2.6).

4. Omurrem reoMeTpudecKre CBoicTBa rurepOosibl (cMm. puc. 3). 13
ypaBHeHust (2.5) HEMOCPEICTBEHHO BBITEKAET, UTO €CIH TOUKa (X, y) Jie-
JKUT Ha runepbose, To 22 > a?, y? < b2a? / 22, T. e. KpHBag, OINChIBAEMAS
ypasHeHueM (2.5), JIeXKUT BHE IOJIOCHL || < @ U BHYTPU COOTBETCTBYIO-
mux (BePTUKAIBHBIX) YTJIOB, 00pa3oBaHHbIX MpsiMbiMi y = +(b/a)x.

Kak u B ciaydae sjuimica, IIpOBepsieTcst, 4TO KpUBasd CHUMMETPUYHA,
OTHOCHTEILHO oceli Koopaunar. Hauano koopauuar — uyewmp cummen-
puu xkpusoit. Touku (—a,0), (a,0) mepecevdenus: ¢ 0CHIO X HA3BIBAIOTCS
GEPUWUHAMU TUIIEPOOJIBIL.

[Ipsimbie y = +(b/a)r — acumnmomo, COOTBETCTBYIONNX BeTBell TH-
epboyibt (puc. 3). [TokaxkeMm 910 MPUMEHUTEIHHO K BETBH, OIPeJIesieMoil

ypaBHEHHEM
b

y=-vVa2—a?® z>=a, (2.8)
a

1 npamoit y = (b/a)x. aa ocrasbHBIX BETBEH BBIKIAJIKH TTOJTHOCTHIO

aHaJIorn4nbl. B coorBeTCcTBUN C olpezae/JieHneM aCuMIITOTBI (CM. KypC Ma-
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2L 1SS I ,i (€]
Gt 0.1'0)

L
ANl

(53 ’//y &-»

Puc. 3. K ommcannio reomMmerpuiecknx CBONCTB THIIEPOO/IBI

TEMATUIECKOIO aHaJIN3a) JIOCTATOTHO TPOBEPUTH CIIPABE/JINBOCTE CJIEJTY-
IOINX PABEHCTB:

b

2\x?2—a? b b b
limM: , lim (—\/ﬁ—cﬂ——x) =0.
a

T—00 X a T—00 a

[IpoBepka 1mepBOro m3 3TUX PaBeHCTB 3jeMenTapHa. [Ipu mposepke BTO-
pOro MoJIE3HO 3aMETUTDH, YTO

02
— —
V2 —a?+zx
pu T — 00.

[Tostoxkum ¢ = v a? + b?. Touku (—c, 0), (¢, 0) HA3BIBAIOTCS BoKyCaMU
runepooJIbL.
st roboit Touku (x,y), Jexkarieil Ha runepboie,

‘\/(x TR+ 2 — /(w2 + | =20, (2.9)

T. €. MOJIyJIb PA3HOCTU PACCTOSTHUIT OT TOYKHU TUIEPOOJIBL J10 (POKYCOB M0
cTosiHEeH (CM. pHC. 2). DTO CBOHCTBO TUIEPOOJIBI MOKHO ObLIO ObI IPUHSATD
3a ee OIpejiesieHue.

[IpoBepum cripaBeIHBOCTD paBeHCTBA (2.9), cuanTasi, 9TO BBIITOJIHEHBI
coorHotenus (2.8). Jlist octajbHBIX BeTBeil ruriepOoJIibl BCe pAcCy 7K IeHUs
MOJIHOCTBIO aHaIoruIHbl. Cliejtyst BBIKJIQJIKAM, BBIIOJHEHHBIM B T1PE/[bi-
ayiiem myHkTe (em. (2.7)), morydaem

(x+c)+y*=(czfa+a)? (v—c)?+y*=(cx/a—a)

0

_x:

st paccmaTpuBaeMoil BEeTBU THIIEPOOJIbI, KaK HETPYIHO YOeUThCs,
CIIpaBe/IJINBbl HEPABEHCTBA

cx/a+a>0, cx/a—a>0.
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Puc. 4. K onncanmio reomerputiecknx coiicTs napabosst (a). K onpenesrennto napa6ossr (b)

[TosTomy
VE+e)2+y:—(z—c)+y?=cr/a+a— (cx/a—a)=2a,

T. €. (2.9) nokazamo.

5. Kpusas, 3anaBaemas ypasHenueMm (2.2) Has3bIBaeTCst napaboaod.
Ormniiem ee reomerputieckne coiicTsa (eM. puc. 4, a). Bosbmmunerso u3
HIX XOPOIIIO U3BECTHBLI YUTATEIIO U3 IIKOJILHOTO Kypca MaTeMaTuKu. by-
JleM cunTaTh, 4ro p > 0. Pacemorpenne ciaydast p < 0 rpebyer 04eBUIHbIX
N3MEHEHU .

Hernocpeicreento u3 ypasaenusi (2.2) BbITeKkaet, 9To mapaboJia pac-
I0JI0ZKEHA, B IIPABOI [OJIYILIOCKOCTH, CUMMETPUYHA, OTHOCUTEILHO OCH .
EjuHcTBeHHON TOUKOI nepecedennst ¢ 0CIMU KOOPJMHAT SABJISIeTCsT Hava-
JIO KOOPAMHAT. DTa TOUYKa Ha3bIBaeTCsl sepuurotll mapabdosnl. [Tapabdosa
He UMeeT acuMIITOT (JoKaxkuTe!).

Touka (p/2,0) HasbiBaetTcst gorycom napadbosst. [psvas © = —p/2
Ha3bIBACTCS dupekmpucoti napabosibl (cM. puc. 4, a). st groboit Tou-
Ku (x,y), npuHajiexkaieii mapaboJie,

VE-p22+y2=x+p/2, (2.10)

T. €. PacCTOsTHUE OT JI00OI TOYKH 1apadoJibl 10 (PoKyca PaBHO PaCCTOsI-
HUIO 9TOIl TOUKU JI0 TUPEKTPHCHI (cM. puc. 4, b). DTo cBOHCTBO mapaboJibl
MOXKHO ObLJIO OBl IPUHSTE 3a €e olpejieieHue.

Hokazkem paserctso (2.10). Umeem

(x—p/2)° +y° =2 — pr + p*/4 + 2px = (x + p/2)%,

npudeM, 09eBUIHO, T + p/2 > 0 st m060it TOUKE mapabosibl, ceoBa-
TesibHO, (2.10) BBITIOTHEHO.
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Y

Puc. 5. K npumepy uccienoBanus ypaBHeHUsSI KPUBON BTOPOTO MOPIIKA

6. IIPUMEP. IIpuBecTu K mpocreiiiieMy BULy YpaBHEHUE
322 4+ 10z 29 + 325 — 221 — 149 — 13 =0

1 IIOCTPOUTH KPUBYIO B I/ICXO,ZLHOﬁ ,ILeKapTOBOfI cucremMe KoOopauHaT T1I2.

(2.11)

PEIEHUE. B manaoM ciiydae aij; = ago = 3, aj2 = 5, a; = —1, a3 = =7, ag = —13.
ITo dopmyse (1.8), c. 260, umeem A = 8, Ao = —2, o dopmyse (1.10), c. 260, mosyqa-
eM tg w1 = 1, tg e = —1. [anee meiicTByeM B COOTBETCTBUM C Tpeanucanusmu § 1, T. e. mHy-
MepyeM YIJIbl 1 COOTBETCTBYIOIIUE UM CO6CTB€HH])I€ qucJjia Tak, qTO6bI BBIITOJIHAJINCH yCJIOBUA
—m/2 < p1 < o < /2. Takum o6pasom nostydaeM A\; = —2, @1 = —7/4, Ao = 8, 2 = /4.

ITo dopmyie (1.12), c. 261,
= (e va)
—1/vV2 1/v2)°

BoImoIHUB 3aMeHy TepeMeHHBIX
x="Tz,

B coorBercTBHH C (1.7), c. 260, morygaem

—227 4+ 822 + 29— 13 =0.

12 16
e
NCIR
Uctionwbays Terepb dhopMmysibl yHKTa 3.1, ¢. 261, IpuXoauM K ypaBHEHHIO

—2y7 +8y3 — 8 =0,

nJjim
_ﬁ+£§ 1
4 1

rie

Y1 =21 —3/V2, ya=2—1/V2.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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U3 (2.13), (2.16) momyqaem, uro x = 2’ + Ty, rae a° = (2, —1). Taxum obpasom, Kpupas
3asiaBaeMasi ypasHenueM (2.11) ectb runepbosia, onuceiBaemasi ypasHenueM (2.15) B jekap-
TOBOI CHCTEMe KOODJMHAT Y1Y2, OCH KOTOPOil IIOBEPHYTHI Ha yroj —7 /4 IPOTUB 4YacoBOii
crpenku (/4 — 1o 4acoBoil cTpeJiKe) 10 OTHOIIEHUIO K OCSIM JIEKAPTOBON CHCTEMbBI KOOD/IH-
HAT T1Z2, & HAYAJIO CUCTEMbI KOODJIUHAT Y1Y2 PACIOJOXKEHO B ToUuKe (2, —1) OTHOCHTEIHLHO
CHCTEMbI KOODJMHAT T1Zy (eM. puc. 5).

OrmeTnM, 9TO eCIM OCTABUTH B CTOPOHE BOIIPOC O PACIIOJIOKEHUH KPHUBOIA 110 OTHOIIIE-
HUIO K MCXOJHOM CHCTeMe KOOPJIMHAT, TO ypaBHeHue (2.14) MoxkKeT 6bITh BBIIIICAHO HEIIOCPE/I-
cTBeHHO 110 hbopmysam 1. 5, ¢. 263. s sroro yarem, uro ypassenuto (2.11) coorBercrByior

MATPHUILI
3 5 -1
A= (g g) B=| 5 3 -7
-1 -7 -13

[Tockonbky det(A) = —16 # 0, coberBenHble gncaa Marpunbl A ectb A\] = —2, Ay = 8§,

det(B) = 128, To npusenennoit popmoii ypasuenust (2.11) 6yner ypasuenue (2.14).



['J1ABA 14
IloBepxHOCTII BTOPOTO MOPSIAKA

§ 1. IIpuBesienue K mpocreiiliieMy BUIY yYpPaBHEHUS
MOBEPXHOCTU BTOPOTO IOPAIKA

1. OrHeceM TpexMepHOe €BKJINIOBO IIPOCTPAHCTBO V3 K JIEKAPTOBOII
cucreMe koopauaar (eMm. 1. 1, ¢. 43). Iloseprrnocmuvio emopozo nopadka
Ha3bIBAETCA MHOYKECTBO BCeX Touek T = (T, T9, 23) € R3, yiosiersops-
[OIIX ypaBieHnio!)

(Az,x) + 2(a,z) + ag = 0, (1.1)
riae
ay; a2 a3
A= 12 QA92 aA93 (12)
a13 a23 A33
€CThb 3aJaHHasl CUMMeTpuYHasd HeHyJ/ieBagd MaTpuia, a = (al,ag,ag) —

3a/IaHHBIIT BEKTOD, 4y — 3aJ@HHOE YUCJIO.
[Ipocreiimuii ipumep: ypaBHenue cdepbl pajinyca R ¢ 1eHTpoM B

toure 2° = (29, 29, 23), kak usBecrno (cM. c. 57), unmeer Buj

(1 — 22 + (23 — 29) + (23 — 23)* — R = 0.
[Tocsie asieMeHTapHBIX Ipeobpa3oBaHuil oTydaeM
(z,2) — 2(2% ) + |2°)* — R* =0,

T. e. B jlanHoM ciayuae A = I, a = —2°, ag = |2°> — R~

Yuporenue ypasrenus (1.1) ommpaercst Ha OOIIYI0 TEOPUIO KBaJpa-
TUIHBIX (PYHKINNH U TPOBOJMTCS 10 TOH »Ke cXeMe, UTO U JIJIsi KPUBBIX
BTOPOro nopsjka. OHO OCHOBAHO Ha 3aMEHE IIepEeMEHHbIX

r = 2"+ Ty, (1.3)

riae 1' — HeKoTopasi OpTOTOHAJIbHAd MaTpuila. ['eomerpmdecku sTa 3a-

M€Ha IIE€PEMCHHbLIX COCTOHUT B II€EPEHOCE Ha4daJla KOOpAHHaT B TOYKY ZEO,

1)13 3TOI ry1aBe IIO/T CKaJIAPHBIM IIPOU3BEACHUEM BCIO/Y ITOHUMAETCsA CTaHJapTHOE CKaJIAPHOE IIPO-
U3BEJICHNE B IIPOCTPaHCTBE Rg.
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IIOBOPOTE CHUCTEMbI KOOPJNHAT BOKPYT HEKOTOPOI OCH W, BO3BMOXKHO, IO-
CJIEJIYIONEM N3MEeHeHIH HAIIPaBJIeHUs 9TOM KOOpANHATHOM ocu (CM. 1. 3,
c. 240). Oxmnako mocTpoeHre MaTpuilbl 1’ HE MOXKET ObITH BBIOJHEHO B
o0ITIeM cJlydae ¢ TOM »Ke CTENEHBbIO MOJIPOOHOCTH, KaK JJIsd KPUBBIX BTO-
pOro MopsiJiKa, MOCKOJIbKY 3aJada MPUBEJICHNS CUMMETPUYHON MaTPUITbI
TPETHETO MOPsi/IKAa OPTOTOHAJBLHBIM ITPeodpa3oBaHUEM TO00US K JTHArO-
HAJILHOMY BHU/JIy HeE JIONyCKAaeT PelieHus 10 MPOCTBIM SIBHBIM (DOPMYJIaM.

2. I3 obmeit Teopueit KBaJIpaTUIHBIX (PYHKIUI BHITEKAET, UTO, BbI-
OUpas COOTBETCTBYIOIIIM 00pa30M Hadas0 £ HOBOI J1eKAPTOBOIT CHCTEMBI
KOODJIMHAT U OPTOrOHAIbHY0 Marpuity 1, ypasaenue (1.1) moBepxaocTH
BTOPOTO TIOPSIKa MOYKHO MPeodPa3oBaTh K OJHOMY U3 CJIELYIONNX MATH
BIJIOB:

Mz] + dowy + Agxs +ag = 0, A, Ao, A # 0, (1.4)
)\11‘% + /\ng +2a3x3 =10, A, A F#0, \3 =0, (15)
)\133% + )\QIS + &071 =0, )\1, A9 7& 0, )\3 =0, (16)
)\13’1% + 20919 =0, A\ 7é 0, Ao, A3 =0, (1 7)
Ma?+ags =0, M #0, Ay, A\3=0. (1.8)

3. Amnajornvno cjydaro KpUBBIX BTOPOIO MOPsiJIKa KOIMDPUIINEHTHI
ypasuenuii (1.4)—(1.8) MoryT O6bITH OJJHOBHAYHO BBIPAZKEHBI depe3 Kodd-

dburmenTsl ncxopsoro ypasuenusi (1.1). Begem B paccmorpenue Hapsity
¢ Marpuiieii A, onpejiesieHHoil paencrsoM (1.2), maTpuiry

ail a2 a13 aq

. A a | 12 G22 Q23 A2
B = T =

a ap a13 23 a3z as
ap Gz a3 Qo

1 BBIIUIIEM, UCIOJIb3Yd TeopeMbl 3.4, 3.5, ¢. 257, BbIpaKeHus st KO-
dburmenTon ypasuennit (1.4)—(1.8):

ay = I1(B)/I5(A) = det(B)/ det(4), a3 = /— det(B)/Tx(A)

d071 == I3(B)/IQ(A)7 0/2 = \/ Ig /Il ), &0’2 = IQ(B)/Il(A)
31ech (em. dhopmyits (6.5), ¢. 188)

a a a a a a
12(A): 11 Q12 11 Q13 22 Q923 7 Il(A):a11+a22+a33,
a2 G22 a13 ass 23 Q33
ail a2 ai Q22 QA23 Q2 a1l aiz aj

I3(B) = |a12 aza as| + |a23 azs as| + |a13 ass as|,
a; ao Qo s ag Qg ay ag Qg
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12(3): ailr a a22 Q2 az3 as
ai ap a2 Qo as Qo

BeimucsiBast hopmyiinbt mist Z3(B), Zo(B), Mbl OIyCTU/IN HYJIEBbIE CIarae-
Mble, YUUTBHIBas, 9TO B IEPBOM CJIydae paHr MaTpullbl A He IpeBOCXOIUT
aByx (em. (1.6), (1.7)) u, cieioBaTesIbHO, ee OTpe/IeJINTe b DABEH HYJTIO, a
BO BTOPOM cjiydae panr marpurbl A pasen equnuie (cm. (1.8)) u, ciemno-
BATEILHO, BCE €€ MUHOPLI BTOPOrO MOPSJIKA, — HYJIN.

§ 2. I'eomeTpuveckme CBOIICTBA MOBEPXHOCTE BTOPOTO MOPSAIKA

Ommpasic Ha ypasaenns (1.4)—(1.8), mcciaeayem reomerputdeckue
CBOIICTBA IOBEPXHOCTE BTOpOro nopsijika. st yjiodcTBa 3amuceii B j1ajib-
HeH1eM n3MeHIM O9eBIIHBIM 00pa30M 0003HAUEHHS JJIsT JJeKAPTOBBIX KO-
OP/IMHAT 1 HEKOTOPBIX K03 dunmenTos. Takum odOpa3omM, HAM IIPEJCTOUT
HCCJIEJIOBATH [TOBEPXHOCTH, OIUCHhIBaeMbIe CJIEIYIOMNMI YPaBHEHIAMT:

M2+ Aoy? + A322 +d =0, A, Ao, A3 #£0, (2.1)
Mz? 4+ Xoy? +2b32 =0, A, A2 #0, (2.2)
Mz2+Xy> +d =0, A, #0, (2.3)

y? = 2pa, (2.4)

¥ 4+d=0. (2.5)

1. Haunewm ¢ ypasaenusi (2.5). 31ech BO3MOXKHBI Tpu cirydast: d < 0,
[IOBEPXHOCTD PACIALAETCS Ha JBE HapasulelbHble IJIOCKOCTH §¥ = v/ —d,
y = —/—d; d = 0 110BepXHOCTD LIpejCcTaBiIsieT coboil IockocTb y = 0;
d > 0 HeT HU OJHOII TOYKHU IIPOCTPAHCTBA, YIOBJIETBOPAIOIIEH ypaBHe-
HUIO, TOBOPAT, YTO ypaBHEHHE OINCHLIBAET Iapy HapalIebHbIX MHUMBLT
naockocmedl.

2. Kak mokazano B mpebiyIieii riase, ypasHenue (2.4) onncbiBaer
mapaboJly Ha IJIOCKOCTH TEPEMEHHBIX (X, Y ), OITOMY COOTBETCTBYIOMIAST
IIOBEPXHOCTH €CTh TaK Ha3bIBAEMbIil napabosuveckuli yuisundp ¢ odbpasy-
Ioleil, napaJuiesibHoil ocu z. JIroboe ceueHne 9TOM MOBEPXHOCTH IIJIOCKO-
cThio 2z = const — mapaboia (cMm. puc. 1).

3. Ypasuenue (2.3) B 3aBUCUMOCTH OT 3HAKOB A1, Ao, d MOXKET OIHCHI-
BaTh JIJINIIC NN TUIIEPOOJIY B 1€KapTOBOIl IJIOCKOCTH , Y. COOTBETCTBY-
IOIINE MOBEPXHOCTN — IAAAUNMUYECKUT I 2Unepbosuveckuts yuisundp
(em. puc. 1). TToHATHO, 9TO 3/1€CH BO3MOXKHBI CJIyUal BBIPDOZKIECHUS, aHa-
JIOTUYHbIE, U3YYeHHbIM B IIyHKTe 2, ¢. 264.
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z

¥y

2 ¥

Jummisecnit Tumepbomivecnyld upatamvecyul
QuUrunge qunindg Wamzm?o

Puc. 1. Humusapor

4. Ob6parnmes K ypaBHenutoo (2.2). 3yech Hy»KHO pa3jindarh JBa
ciydast: 1) aucyia Ay, Ao UMEIOT OJINHAKOBbIE 3HAKI, 2) 3HAKU THCET A1, Ao
PasJINIHbI.

[IycThb uncia Aj, Ay UMEIOT oJHAKOBBIE 3HaKM. [IJIst onpeneiennocTn
OyJeM cuYuTaTh, 9TO OHM IOJIOXKHUTEJbHBI. Byaem cumrarsh, uro by < 0.
Ecin npunsars, uro by > 0, TO 1m0JIydrM, 0YEBHJIHO, TAKYIO YK€ [1OBEpPX-
HOCTh, HO CHMMETPUUIHYIO OTHOCHUTEJHHO IJIOCKOCTH X,Yy. Ecam by = 0,
TO MBI IIPUXOUM K OJIHOI M3 [IOBEPXHOCTEH, PACCMOTPEHHBIX B IIPEJIbILY-
X MyHKTaxX. [I[pu cielaHHbIX MpeInoIoKeHusX ypaBHenue (2.2) MOXKHO
3al1CaTh B BUJIE

TV (2.6

3nech a? = 2|bs|/ A1, b* = 2|b3|/A2. TIpu 2z < 0 ypasuenue (2.2) npoTuso-
PEUYMBO, T. €. BCsl IOBEPXHOCTD PACIOJIOKEHA B IIOJIyIpocTpancTse z > 0.
Ennncrsennas Touka miockoety 2 = 0, NIpUHALICsKAIIAA TOBEPXHOCTH, —
Hauaao Koopanuar. Koopaunaruoie miockoern x = 0, y = 0 gapisrorcs
NAOCKOCMAMU CUMMEMPUL, OCh Z SIBJISETCA 0CHI0 CUMMEMPUU, TaK KaK
ecsn Touka (XY, z) NPUHAIEKUT MMOBEPXHOCTH, TO TOYKH (—, Y, 2),
(x,—y,2), (—x,—y, 2z) TakKe TpPUHAJJIEIKAT MOBEPXHOCTU. 3alNChIBAsT
ypastenue (2.2) npu z > 0 B Bujie

372 y2

za? * 2b?
[IOJIYYIAEM, UTO CEUYEHHUsI ATOI MOBEPXHOCTH ILIOCKOCTSIMU 2 = const > 0 —
9JUTATICHI, TOJIYyOCH KOTOPBIX YBEJMYUBAIOTCSA C POCTOM 2 (cM. puc. 2).
Cedenust 3Toil MOBEPXHOCTH ILJIOCKOCTSIM X = const minm y = const, Kak
HETPY/HO YOenThest, — napabosibl (cM. puc. 2). OnucanHyo M0BEPXHOCTD
HA3BIBAIOT 2ANUNMULECKUM NaAPGOOAOUIOM.
[IycTb umcia A1, Ay UMEIOT pasHble 3HAKU. ByjaeM cauTaTh, 4To

A >0, A <0, b3 <O0.

=1, (2.7)
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Puc. 2. Qanunrnyeckuii napaboion,r

Jlioboe apyroe J0IyCTUMOe COdeTaHUe 3HAKOB PACCMATPUBAETCS aHAJIO-
IUYHO. Y paBHeHne (2.2) MOXKHO 3aliCaTh B BUJIE

22 P
Bnech a? = 2|bs|/A1, b* = 2|b3|/|\2|. BHOBL KOOpMHATHBIE [1JTOCKO-

cru & = 0, y = 0 ABJISIOTCS NAOCKOCMAMU CUMMEMPUL, OCh Z SABJISETCA
0CHIO CUMMEMPUL.

[IpoananmmsupyeM cedeHus 3TOH ITOBEPXHOCTH ILIOCKOCTAME, Hapai-
JIeJTBHBIMI KOOPJMHATHOM Ttockoct x,y (cMm. puc. 3, b). Ilpu z = 0
n3 (2.2) mosygaem

b2 — ay? = 0,

T. €. CeYeHHe IMOBEPXHOCTH IIOCKOCThIO 2z = ( — mapa TpsaMbIX (CM.
puc. 3, b)
b
Yy = t—x.
a

[Ipu z = h # 0 3anumem ypasterue (2.2) B Bujie

2 2
L Y
S § (2.9)
ha?>  hb
[Ipu h > 0 ypaBuenune (2.9) — ypaBHeHue rurepboJibl, BETBH KOTOPOTi
BBITSIHYTHI BJ0JIb ocu x. Ilpu h < 0 mosydyaem rumnepboJiy, BETBU KOTOPOIt
BBITAHYTBI BJIOJIH ocH Y (cM. puc. 3, b).
[lepecekasi TOBEPXHOCTH ILJIOCKOCTBIO & = h, 1oJiydaeM 1mapabdoJty
h2 y2
a b
BETBU KOTOPOil HAIIpaBJICHBI IPOTUBOIO/IOKHO ocu z. Ilepecekas mosepx-
HOCTD IJIOCKOCTBIO Y = I, OUeBUJIHO, MOJIYyYNM 1apaboJly, BETBU KOTOPOIl
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a

Puc. 3. 'nnepbosmaeckuii napabosions (a). Cedenns: runepbomIecKoro napaboIon i miIoc-
KOCTSIMU 2z = h TIpu pa3invHbIX 3HadeHusix h (b)

HaIpaBJIeHbl BJ0JIb ocu 2. Onucannyio cejijioodpa3Hyio IMOBEPXHOCTh Ha-
3BIBAIOT 2unepbouieckum napabosoudom (cM. puc. 3, a).

5. OOparumcsi, HAKOHEIl, K YPaBHEHUIO
)\1332 + /\2y2 + )\32’2 +d= O, )\1, /\2, )\3 75 O, (211)

He orpanmanBast oONTHOCTH, 371eCh MOXKHO Pa3nydaTh JiBa CIydasi:

1) A1, Ao, A3 > 0, 570 yc/i0BHE S9KBUBAJEHTHO YCJIOBHIO MOJIOKUTE b
HOIi ompeesienrocTn MaTpuiel A (em. c. 215);

2) A1, Ao >0, A3 < 0.

B ciyuaae 1) BosmoxKHBI Tpu curyaruu: d = 0, eJIMHCTBEHHAsT TOUKA,
yiosJierBopsitotias (2.11), — wagano koopgaunar; d > 0, HET HU OJHOIL
TOYKH IIPOCTPAHCTBA, yJIOBJIETBOPsIONIEeil aToMy ypasuenuto; d < 0. [Ipn
BBITIOJTHEHUH TIOCJIE/IHEr0 YCI0BUs ypaBHerue (2.11) samuiieM B Buje

2 2 2
=yt oz
—+=4+—==1 2.12
a? * b2 + 2 (212)
Baech a2 = —d/\i, b = —d/X\y, ¢ = —d/)3. TloBepxHOCTD, ONUCHIBAC-

Masi ypaBHenueM (2.12), nasbiBaercs aasuncoudom (cm. puc. 4, a).

DJIUIICONL, OYEBU/IHO, CUMMETPUYeH OTHOCUTEILHO BCEX TpeX KOOp-
JMHATHBIX IJIOCKOCTEll 1 OTHOCHTEILHO Hadasia KoopauHatT. Bes moBepx-
HOCTD 3aKJ/IIOYCHA B NAPAJLICJICIIHIICIC

] <a, I <b, Jz[<e

1, cJe10oBaTe/IbHO, OI'paHNYCHA.
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b

Puc. 4. Qumncony (a). Cedennst simmuicona MIOCKOCTAME 2 = A IIPH PA3/IMIHBIX 3HATE-
uusix h (b)

Vzyunm ceveHns SJIATICONJIA TIIOCKOCTSAME, TapaslieIbHBIMI KO-
Op/INHATHBIM. BejeacTsue cuMMeTpun MOBEPXHOCTH JOCTATOYHO Orpa-
HUYUTbHCs, HAIPUMEP, ILJIOCKOCTSAMU, IapaJlIeJbHbIMU ILJIOCKOCTU X, Y.
Hetpyao yoenuThest, 9To KpuBas, MOy IaIoNasAcs Mpu IepecevdeHnn 3J1-
JITICOUJIA C TIOCKOCTBIO 2 = h, tiie |h| < ¢, SBJIsSeTCs SJUICOM € TOJTy-
ocAMUI

2 2
ap — a 1—h—2, b1:b 1—h—2
c c
[Ipu Bospacranuu h or 0 g0 ¢ nosyocu aq, by yowiBaror. Ilpu h = =+c
9JLJTAIIC BBIPOKJIAETCS B TOUKY (CM. puc. 4, b).

[Toste3HO OTMETUTD, YTO CEUCHHE HJLIUIICOUIA JIFOOOI TJIOCKOCTHIO JIa-
et jumic. B camom Jiesie, 910 cedenmne — Kpubast BTOpOro mnopsjika. Ona
OrpaHmveHa, TaK Kak SJITUIICOW] OFPAHNYIeH, HO €JIMHCTBEHHOW OI'paHu-
9eHHOI KPUBOH BTOPOro mopsika (cM. §2 HaCTOsIIEl IJIABBI) SIBJISIET-
Cs1 DJLJTHTIC.

O6parumest K caygaro 2). [lyers npu stom d = 0. Bamuiiem ypasHe-

aue (2.11) B Bujie

22 2 2
Bnech a® = 1/A1, b = 1/)g, @ = —1/)3. [TosepxHoCTh, OLUCHIBaEMAsT

ypasaenneM (2.13), HasbIBaeTCs aaaunmuseckum konycom. IloBepxHOCTD
CUMMETPUYIHA OTHOCUTEIBHO BCEX TPEX KOOPJIMHATHBIX ILJIOCKOCTEH U OT-
HOCHTEJILHO Hada/ia KoopAuHaT. Ke cedenne 1miockocTbio z = h — 3JIImIIc
¢ nojtyocsimu a; = alh|/c, by = b|h|/c (cm. puc. 5).
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Puc. 5. Danunruyeckuii KOHyc

IIpn a = b nmoytyqaem mpsIMoil KpyroBOil KOHYC C BEPIIMHON B Hada e
KOOD/IMHAT.

BameruM, 9TO ecjau TodKa (T,y,Zz) JIEXKUT Ha KOHyCe, TO U TOU-
Ka (tx,ty,tz) npu jgobom t € (—00, 00) JEKUT HA KOHYCE, T. €. BMeCTe C
710601 TOUKOI (1, Y, 2), JeXKallell Ha KOHyce, KOHYCY IPUHAJIEXKUT U BCsT
npsiMast, POXOJIsiiias Yepe3 9Ty TOUKY U HadaI0 KOOpJAUHAT (CM. puc. H).

MorKHO €Ka3aTh, TAKUM 00Pa30M, UTO SJUIMITUYCCKUN KOHYC IIOJIy-
qaeTcs TPU JIBIKEHNN NpsaMoiil (06pasyroweti), 3aKperyieHHoil B 0/THOM
TOUKE, 110 JLIUITHIECKON Hanpasistouel.

[Tycte remepsb d < 0. 3anuiiem ypashenue (2.11) B Bujie

2,2 L2
S+ -5=1 (2.14)
a c

Baech a® = —d/\, V¥ = —d/X\y, ¢ = —d/|)\s3]. Tlosepxnocrs, omnu-

cbiBaeMasi ypasHenueM (2.14); HazbiBaeTCst 00HONOAOCTIHBIM 2UNEPOONOU-
dom (cm. puc. 6, a). I[ToBepXHOCTD CUMMETPUIHA OTHOCUTETHHO BCEX TPEX
KOOP/IMHATHBIX TIJIOCKOCTEN W OTHOCHTEIbHO Hada a kKoopannat. Ceuenne
MOBEPXHOCTH TLIOCKOCTAMEU T = h, y = h gaeT rumepOoJIbI.

Ceuenre MOBEPXHOCTU ILJIOCKOCTBIO 2 = h SBJISIETCs SJITUIIC C TOJIYy-

OCSIMU
2 h2
a=a\1+—, bh=0/1+—=.

c c

[Ipu h = 0 nosty9aeM Tak Ha3bIBAEMbIil 20pA0601 aaaunc (cM. puc. 6, b).
Pacemorpnm, Hakorer, ciaydaii d > 0. Ypasrenue (2.11) npecraBum
B cenyronieit popme:

$2 yQ 22

St 5=-1 (2.15)
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ﬁaze

lopnosold snrvne

i~

a

Puc. 6. Onnononocrubiii runepbosiony (a). CeveHnsi 0IHONOIOCTHOrO TUIEPOOIONIA TLTIOC-
KOCTSIMH Z = h IIPH pas3/indHbIX 3HadeHusix h (b)

rie a® = d/\;, b = d/)\y, ¢ = d/|\3]. Ypasuenue (2.15) onucniaer
deynosocmuwiti 2unepbosoud (cMm. puc. 7, a).

[ToBepxHOCTDL CHUMMETPHUUYHA OTHOCUTEJIHHO BCEX TPEX KOODIMHAT-
HBIX TJIOCKOCTEH U OTHOCUTE/ILHO Hadasa KOOPJMHAT. 3aMeTUM, 9TO [PH
|2| < ¢ He cyliecTByeT BEIECTBEHHBIX T, 7, YOBJIETBOPSIONINX ypaBHe-
muio (2.15). Ilpu |z| = ¢ ypasaenuio (2.15) ynosierBopsior Juiib x = 0,
y = 0, T. e. BCsA MOBEPXHOCTD JIEXKUT BHE ILJIOCKOTO cJiost |z| < ¢. Cevenu-
SIMI TIOBEPXHOCTH TIJIOCKOCTAMU 2 = *h nipu h > ¢ 9BISI0TCA SJLTAIICH
(em. puc. 7, b) ¢ mosyocsiMu

h? h?
a; — a —2—1, blzb —2—1
Cc C

Ceuenne MOBEPXHOCTH ILJIOCKOCTAMU * = h, y = h jnaeT rurnepOoJIbL.

6. OHOIOJIOCTHBIH ruepOOIOn I IIPeICTaBIsSIeT cODOI AUHetamyo
noBepITHOCMYL, T. €. d4epe3 KayKIyI TOUKY, JerKaIlyl Ha OJHOIOJOCTHOM
runepooJIon1e, MOYKHO IIPOBECTHU JIBE Pa3JIMUHbIe HIPsIMbIe, HEJTUNKOM IIPH-
HaJIJIEZKAIIIe STOMY K€ OJJHOIOJIOCTHOMY rutiepbosionty (cm. puc. 8, a).
AHaJIOrUIHBIM CBOHCTBOM 00J1a/1aeT runepbosimdecKnii napabosons (eu.
puc. 8, b).

IIpoBejieM 10Ka3aTeJILCTBO TOIO YTBEP:KJIEHUS ITPUMEHUTEIHBHO K
cJIydaro OJIHOIOJIOCTHOrO runepbosionjia. OnpejeuM MpsiMyio [ Kak pe-
3yJIbTAT IIepecevdeHnsl JBYX ILJIOCKOCTEl, 3a/laBaeMbIX YPaBHEHUSIMI

(E+ )20 2E-Da(+]). e
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Z
a b

Puc. 7. dsynonocrasiii runepbosions (a). CedeHus: IBYMOJOCTHOTO IHIIEPOOIOUA, TLIOCKO-
CTAME z = h IpH PasandHbIX 3HadeHusX h (b)

rje a, b, ¢ — mapaMerpbl OJHOIOJIOCTHOrO rurepboiona I', onuchiBaeMmo-
ro ypasaenuem (2.14). Ilycrs Touka (xg, Yo, 20) Jexkur Ha ['. [Tonbepem
a, § Tax, 9T00BI TOUKa (T, Yo, 20) TpUHAIEKATA TIpsaMoit [. st 9Toro
HY?KHO, YTOOBI 9HCIa v, 3 YIOBJIETBOPSLIN CUCTEME JIMHEHBIX YpaBHEHM
o242 =g(1-2), s(2-2)=a(1+2). 17
a c b a c b
[TousitHO, uTO eciu (g, Yo, z9) € L', TO olpee/nTe/ b CUCTEMBI yPaB-
wernit (2.17) paBeH HyJI0, 3HAYUT, CYIIECTBYET HETPUBHAJIBLHOE Derle-
HUE o, By 910l cucrembl. HeTpyHo yoeuThes Tak»Ke, 9TO MPU JIFOOBIX
«, 3, He paBHBIX HYJIO OJHOBPEMEHHO, ILJIOCKOCTHU, OIMCHLIBAEMbBIE YPaB-
werusivmi (2.16), e mapasutebabl. [loaromy mpsimast [ 10 HaiileHHBIM
SHAUCHUSM (), (Jy OupejessaTest oguo3uaqHo. [lyers reneps (z,y,z) —
IPOU3BOJIbHAS TOYKA HPAMOii [. OUeBuIHO, ee KOOPAUHATEI JOJIXKHDI YII0-
BJIETBOPSITH CUCTEME ypaBHEHUIl

W@ =a(-2). wE-a(isY). e

i1, IOCKOJIBKY CPeJIH YHCel vy, (Jp X0Tst Obl OJ[HO He HyJIb, TO OIPE/IEIIUTEb
cucrembl (2.18) pasen nysio, ciaegosBaresnvio (z,y, z) € .

AHaJlornuHbIe PACCY 2K IEHUS IOKA3BIBAIOT, YTO Yepe3 TOUKY (Xq, Yo, Z0)
MOZKHO IIPOBECTH TIPsIMyt0 [') OlpejiesisieMyto Kak IepecevdeHne MI0CKO-
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a

Puc. 8. Oguononocrstit runepbosons (a) u runepbosnntdeckuit napabdomons, (b) Kak JuHei-
JaTble TOBEPXHOCTH

CTGIL/’I7 OIIMCBhIBA€MbIX YPpaBHECHUAMU BUIA

(D) 200,

u 1eJimKoM Jiexkantyto na ['. Mcnomssys pesynabrars: 1. 6, ¢. 69, HeTpyIHO
ybenThest, 4To npamble [ u ' He mapaJsiie/bHbL.

YIPAYKHEHUE. Ilokazarh, 94T0 Yepe3 KarkIyio TOUYKY T'HIIepOoImIe-
CKOTO TapaboJion/ia, ONNCHIBAEMOrO ypaBHeHHeM (2.8), MOXKHO MPOBECTH
JIBe pa3jIndHble IPSIMbIe, IeJIMKOM JIeyKalllle Ha 9TOM II1apadoJIonIe 1 3a-
JlaBaeMble KaK Iepecedenne II0CKOCTel

x Yy x Yy x Yy T Y
az:ﬁ<—+—), B = (———) n Vz:)\<——— A=V -+ ).
a b a b a b a b

JIuneigaTocTh MOBEPXHOCTEH MMPOKO HCIOJIL3YEeTCI B NHXKEHEPHOI
IIPpaKTUKe, TaK KaK I103BOJISIET CO3/1aBaTh COOTBETCTBYIOIINE KOHCTPYKIINN
B BUJIE IIPOCTBIX CTEPKHEBBLIX CHUCTEM. TakKoBa, HallpuMep, 3HAMEHUTAas

TeJIeBU3MOHHAs IITyXOBCKasl OAIlHY B Mocksel).

7. llpuBeneMm B 3aK/II0UeHNe CBOJIKY YPaBHEHUIT I HA3BAHUI TTOBEPX-
HOCTel BTOPOTO IOPsIKA:

1’2 ?/2 22

1) po + ) + 2= 1 — s/uurcon;

DBaaguvup Tpuropsesnu Iyxos (1853 — 1939) — pycckuii, coBerckuii unxenep. Emy npunaj-
JICZKUT nJied NCIIOJIb30BaHMA OJHOIIOJIOCTHBIX I‘I/IIIep6OJIOI/I/LOB B CTpOUTEJILCTBE.
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x z
2) —+ = — = =0 — sumnTHIecKuii KOHYC;
3) — + 35 — — =1 — 0HONOJOCTHBIN IUIEPOOTION/T;

4) — + 55 — — = —1 — ABYIOJIOCTHBII TUIIEPOOIONI;

T Y .
5) — + 5] = z — SJUIMITUYIECKN 11apadboJIonI;
a
2 2
T Y .
6) poRaiT = z — runepboInIecKuil mapadoIomnI;
a
72 y2
7) — + == = 1 — smnTudecKknit MUINHAD;
a2 | b2
2 P .
8) PR = 1 — runepbo/InIecKuil MUJIMHID;
a

9) y? = 2pr — mapaboSIITIeCKIi TITHHID.

8. I[IPUMEPHI.
1) IlpuBectu K mpocTeiiliemMy By ypaBHEHUE
4:(7% + 8:(7% + 4:U§ + 2179 + 67173 + 23973 — 271 + 679 + 223 = 0 (2.19)
U TIOCTPOUTH MMOBEPXHOCTD, ONMUCHIBAEMYIO 3TUM YPABHEHUEM B JIEKAPTOBOW CUCTEME KOOPIH-
HaT X1X2x3.
PEMIEHUE. B oboznauenusx . 1, § 1, umeem

A= , a=(-1,3,1), ap =0.

SUNETN,
— 00 =
== W

Bynem onuparbest Ha omucaHHBIE B §5, ¢. 253, crocob mocTpoeHusi MPUBEIEHHON (DOPMBI
KBaIpaTUIHON (DYHKIINN. XapaKTePUCTUIECKOe ypaBHeHne MaTpuIlhl A, Kak HeTpyHO ybe-
JUTHCA, UMEET BU/J,

P3(A\) = A° — 1607 + 69\ — 54 = 0.
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OueBunro \; = 1 — KopeHb 31010 ypasHenus. lanee, mogenus nommaom Ps(A) mHa A — 1,
nosyanm Py(\) = (A — 1)(A\% — 15\ + 54). Kopnsimu ypasrennst A2 — 15\ + 54 = 0 apasrores
qucaa Ay = 6, A3 = 9.

Takum 06pazoM Bce COOCTBEHHBIE YUC/Ia MATPUILI A OTJIMYHBI OT HYJIsT U OHU MIOMAPHO
pazaungnbl. COOTBETCTBYIONINE UM COOCTBEHHBIE BEKTOPHI MaTpuIlbl A mo Teopeme 8, c. 219,
06pa3yIOT OPTOrOHAJILHYIO CHCTEMY B €BKJIHJIOBOM IIpocTpaHcTBe R? €O crammapTHBIM CKa-
JIIPHBIM [IPOU3BE/IEHUEM.

Berauncsimm cobcTBennble BeKTOphl MaTpuilbl A. CoOCTBEHHBIN BEKTOP, COOTBETCTBYIO-
Uit cCOOCTBEHHOMY YHUCIYy A1 = 1, ecThb pellieHne OJIHOPOIHON CUCTEMBbI JUHENHHBIX ajaredpa-
naeckux ypasuenuii (A — I)x = 0. 3anuceiBasi 9Ty cucreMy mopobHee, oLy IuM

3x1 + a2+ 323 =0,
x1 + Tx9 + 23 =0,
3x1 +x2+ 323 =0.

OHpe,Z[eJH/ITeJIb MaTPpHUIIbL 3TOII CUCTEMBI IO IIOCTPOECHHNIO PpaBEH HYJIIO. I'naBubrit MHHOD BTO-

Puc. 9. K npumepy 1) ucciienoBanus ypaBHEHUsI TIOBEPXHOCTH BTOPOI'O MOPsIJIKa

pOro TOopsIKa MATPHUILI ITOH CUCTEMBI OTJIMYEH OT HYJIsd, IIOTOMY IOCJE/IHee ypaBHEHUE
CHCTEeMBI — CJIEJICTBUE INEPBLIX JBYX YPaBHEHHI, 1 UCKOMBI COOCTBEHHBII BEKTOD MOXKHO
BBIUUC/IATH, IIOJIarasl T3 = 1 U OIpeJiesiss 3aTeM X1, 9 U3 IIEPBBIX JIBYX YPaBHEHHI CUCTe-
Mbl. B pesysibrare mosiydnm, 4T0 COOCTBEHHOMY YUCIY A1 = 1 COOTBETCTBYET COOCTBEHHBINH
BexTop ! = (—1,0,1). Touno Tax ke HAXOJMM, ITO COOCTBEHHOMY YHCIY A2 COOTBETCTBYET
cobersennbiit BexTop 2 = (1, —1,1), cobeTBeHHOMY HYMCITYy A3 COOTBETCTBYET COOCTBEHHDIIL
BexTop 2 = (1,2,1). HopMupys 3TH BEKTODbI, HOTYyHYHM CTOIOILI OPTOrOHAIBHON MaTpH-

br 1"
’ -1/v2  1/V/3  1/V6
T = 0 -1/v3 2/V6
1/vV2  1/V/3  1/V6

Ucnonbsyst Tenepb dopmyiy (4.6), c. 252, naiigem

a=T"a=(vV2,—V3, V6),

3
1o popmyute (5.4), c. 253, Beraucisiem dg = ag— . @y /A, = —19/6. 3arem o dpopmyie (5.5),
k=1

c. 253, naxomam 30 = (—/2,1/6+/3, —1/9v/6) u, naxoner, no dbopmyste (5.8), c. 254,
2% =Tz = (19/18,—-7/18, —17/18).
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Taxum o6pasom, 3amena mepeMeHHbx @ = 2 + Ty npusoauT ypasnenue (2.19) K BuIy
y? + 6y3 + 9y3 —19/6 = 0,
OTKY/Ia IIOJIy4aeM, 9TO
(6/19)y3 + (36/19)y5 + (54/19)y3 = 1. (2.20)

Vpagrerue (2.20) — 3To ypaBHeHHe 3IIMICOMIA ¢ Tomyocamu +/19/6, v/19/6, 1/19/6/3,
OTHECEHHOI'O K JIEKAPTOBOIi CHCTeMe KOODJMHAT Y1Y2y3, KOTOpAsl MOJIYy9IaeTcsi U3 UCXOIHOM
CHCTeMbI KOOD/IMHAT T1T2T3 TIEPEHOCOM Hadasia B TOUKY ¥ I OBOPOTOM TAKUM, ITO OCH ¥k
OKA3BIBAIOTCS HAIPABJICHHBIME BIOJIb BeKTOpoB ¥, k = 1,2, 3, coorsercrenno (cm. puc. 9).

Puc. 10. K npumepy 2) ucciienoBanusi ypaBHEHUs HOBEPXHOCTH BTOPOTO MOPSIIKA

2) Tlpusectn K npocreiineMy Bujy ypaBHEHHE
23+ 23+ 2w29 + day — 209 + 623 + 183 =0 (2.21)
U TIOCTPOUTH MMOBEPXHOCTD, OMUCHIBAEMYIO TUM YPABHEHUEM B JIEKAPTOBOW CUCTEME KOODJIH-
HaT 1X92T3.
PEMIEHUE. B obosnavenusx 1. 1, § 1, mmeem

A= . a=(2,-1,3), ap = 183,

O ==
O ==
[en N e R an)

CobcTBeHHBIE UnCia MATPUIBI A, KAK HETPYIHO YOeauThCsl, eCTh A1 = 2, Ay = Az = 0. Panr
MAaTPHUIIBI

-1 1 0
A—-2] = 1 -1 0
0 0 -2

paseH jiByM. Bee HenyiieBblie perienusi cucreMbl ypasaernit (A—21)z = 0, oueBuiHO, Mporop-
nmona bHel BekTopy el = (1,1,0). Panr marpumsr A pasen egumnme. [To3ToMy pasMepHOCTD
dyHIAMEHTATBHOM cCUCTEMBI pereHuit oHopoaHoro ypasuerus Ax = 0 pasua nBym. [lora-
ras cHagasta r2 = 1, v3 = 0, a 3aTeM 29 = 0, x3 = 1, moayunm, uTo BekTOpHl €2 = (—1,1,0),
e? = (0,0,1) obpasyroT 6a3uc cOGCTBEHHOrO TIOAIPOCTPAHCTBA MATPHUILI A, OTBEYAIOIIEro
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HyJIeBOMY cobeTBenHOMYy unciy. Bexrops e!, €2, e3 nonapno oproromanbusr. HopMupys nx,

[IOJIy4aeM OPTOTOHAJIBHYIO MaTpuily 1 cOOCTBEHHBIX BEKTOPOB MATPUITHI A:

12 —\/1/2 0
T=|.,1/2 12 0
0 0 1

Herpymno y6eaurbea, uto a = TTa = (1/1/2,—34/1/2,3), 1109TOMY, BLIIOTHAA 3aMeHy
nepeMeHHbIX © = T'u B ypaBuernn (2.21), mosryanm

2(u? + \/1/2uy) + 2(—3+/1/2us + 3us) + 183 = 0. (2.22)

B coorercrBun ¢ meromukoii, onucanuoii B m. 1, §5, i 12 (em. c. 253, 254), nocrpoum
MaTpuily orpaxkerusi R, npeobpasyioniyio sekrop b = (—34/1/2,3) B BeKTOD, apaJiiebHbIi
BekTopy e = (1,0). [y sToro (cm. 1. 2, m. 2.1, c. 243) cHavYa a BBIIHCINM BEKTOD

w=(b—|ble)/|b— |ble] = ((1+v/3)/(6 +2V3),1/1/3+V3),

3aTeM MaTpPpHUIbI

2/3 1/3 0 R
U BBIIOJIHUM B ypasHeHuu (2.23) 3aMeHy [epeMeHHbIX U = Rv. B pesyJibTaTe, I10JIyIUuM

2(vf + V/1/2v1) + 3V6 vy + 183 =0, (2.23)

nJjm

2v1 + /1/2/2)% + 3vV6(ve + (183 — 1/4)/(3V6)) = 0. (2.24)
Haxonern, momaras y1 = v1 + /1/2/2, y2 = va + (183 — 1/4)/(3V/6), y3 = v3, nmpuxommm K

YPaBHEHUIO
y3 = —3/3/21s. (2.25)

Ilepemennrle x, y cBsizaHbl cooTHomenneM x = Z° + Ty. Bekrop i m oproronasbHas
Marpuiia 1 MoryT ObITh HalieHbl IPU IOMOINM IIOC/IEI0BATEbHBIX BBIYUCIEHUN M0 (hop-

mymam (5.4), (5.5), (5.8), (5.12), (5.14), ror. 12: a9 = 183 — 1/4, 20 = (1/2V/2,0,0),
29 =T20 = (1/4,1/4,0), ' = (0,2(183 — 1/4)/(3v6),0),
(VIR VIE I3
T=TR=(Vi2 —Vi/6 i3],
N NAVRVAVE:

i =20 —Ta2' = (—361/18,185/9, —731/18). Takum obpasoM, ypasrerme (2.25) — 3T0 ypas-
HeHne napaboIMIecKoro MUINHIPa, OTHECEHHOTO K JIEKApTOBOI crucTeMe KOOPAMHAT Y1Y2y3,
KOTOpasl MOJIy9aeTcst U3 MUCXOJHON CHCTEMBbl KOODJMHAT I1XoT3 IIEPEHOCOM Hadaja B TOY-
Ky 7V U IIOBOPOTOM TaKHM, 9TO OCH Yy, k = 1,2,3, OKa3bIBAIOTCS HAIIPABICHHBIMHI BIIOJIb
BEKTOPOB, 06pa30BaHHbIX cTo/IOamMu Marpuipl T (em. puc. 10).

YIPAYKHEHUE. [Tosnyante ypasuenus (2.20), (2.25) HemocpecTBeH-
HO u3 ypasHenwuit (2.19), (2.21), ucnosb3yst popmysst 1. 3, ¢. 272.
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§ 3. 'mmepnoBepxHOCTH BTOPOTO MOPsiAKa B IIpocTpaHcTBe R™ u
X KJjaccuduKaims

1. Tunepnoseprrocmuvro emopozo nopsadka B npocrpancTtse R” wHa-
3bIBAETCA MHOYKECTBO BCEX TOYEK IpocTpaHcTBa R™, yI0BIETBOPSIONINX
ypaBHEHUIO

F(z) = (Az,x) + 2(a,x) + ag = 0. (3.1)

31ech A — 3ajaHHasi CHMMeTPUYHAsT MaTPUILA TOPSIIKA 1, 4 — 3aIaHHbII
BekTOp 3 R", ap — buKCcupoBaHHOE YKCJI0, 0] CKAJIAPHBIM IIPOU3BE/Ie-
HIIEM IIOHIMAaETCs CTaHIAPTHOe CKAJIIPHBIM IPOM3BEAEHIE B IIPOCTPaH-
cre R".

Beimostanm B ypasaenun (3.1) 3amMeHy mepeMeHHbIX, MoJIarast

r=2a"+Ty. (3.2)

B nasnbHeifeM Ha MPOTSXKEHUU JIaHHOTO mHaparpada Oyjgem mpenoia-
raTh, 9T0 1 — OpTOroHa/IbHAs MATPHUIIA.

3ameHa TepeMeHHbIX (3.2) MOKeT ObITh MHTEPIPEeTHPOBaHA KaK 3a-
MeHa ecTeCTBeHHOro Oasmuca rnpoctpancTsa R" Ha OpTOHOPMUPOBAHHBIT
6a3uc, obpazoBaHHBII cTOOIaMI MaTpUIlbl 1, U IIepeHoC HadaJia OTcUe-
Ta B TOUKy 2.

Kax mokazano B §5 1. 12, marpuna T u BexTop 2¥ MOryT OBITH
BBIOpAHbI Tak, 4TO ypasHeHue (3.1) mpumer OJHY U TOJHKO OJHY U3 CJIe-

JIYIOIIIX NPUSedeHHvir hopm:
MYE+ Aays + - Ny + g = 0, (3.3)
Aly% + /\Qy% + -+ )\ryf + 2br+1yT+1 = 0. (34)

3/ech, KaK U paHble, A, Ao, ..., A, — BCe HEHyJeBble COOCTBEHHbIE
qucsia MaTpuiiel A, b, > 0. YcaoBuMmcst B gajbHeIeM CIuTaTh, ITO
YUCTA A1, A9y . .., Ap TTOJOKUTEIBHDBL, Api1, Akt2, - - -, A OTPUIATETHHBI.

2. Ilpusenennnie GpOPMBI TUIEPIOBEPXHOCTEH MO3BOJIAIOT BBIIIOJI-
HUTH X Kjaccudukaimio. Mpl OygeM Ipu 9TOM HCIOJIb30BATh PE3YJlb-
Tarpl 1. 3, §4, 11 12, 06 OpTOroHAJLHBLIX HHBAPUAHTAX KBAIPATUIHLIX
dyuknmit. Kak n B myraBe 12, yepe3 B Oyjem 0b603HaUYaTh KBaPATHYIO
MaTpuUILy mopska n + 1, onpeaenentyio pasercTBoM (4.2), c. 251.

2.1. Ilyctb r = n (910, yc/iOBHE SKBUBAJIEHTHO, TOMY, UTO
det(A) # 0). @opma (3.4) B 93TOM cirydae, OUEBUIHO, HEBO3MOXKHA. Ta-
KM 00pa30M, B PaCCMATPUBAEMOM CJTydae BO3MOYKHBI JIHIIIb CJIEIYIOIIIe
CUTYAIIH:
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1) Onpenenurens Matpunst B e nynb, u ap = det(B)/det(A) < 0.
Torma ypasuenue (3.3) MOKHO 3aIliicaTh B BIJIE

2 9 2 2 2 2

) Yy
Bl lidn Sn_ B @y
ay 4y QO Qi Qpio an,

2) Onpegenurens Marpuilel B we myib, ag = det(B)/det(A4) > 0.
Ypasrenue (3.3) IpUHIMAET BU/

2
Y1

2 2
_y_12_9_22_._._y_1;_|_ : +y§+2+.--+y—’;:1. (3.6)
oy @ QO gy Qpgg an

3) Onpenenurenb MaTpuIibl B paBeH HyJt0. Y paBHerne (3.3) MOXKHO
3aI1CATDL B BUJIE

2 2 2 2 2 2

Y Y n
A B A T S (37

ay Qg O Q1 Yo s,
Koapdunmentor oy, i = 1,2, ..., n, B ypaBaenusix (3.5)—(3.7) ode-

BUJIHBIM 00pPA30M BBIPAXKalOTCsI depe3 cOOCTBEHHBIE Ync/ia MaTpuibl A u
OTIpeIeTUTe/Ib MATPUIL 5.

['ureprnoBepxHOCTD, OIUChIBaeMast ypaaeruem (3.5) mpu k = n
(ypasuerueMm (3.6) npu k = 0), HA3BIBACTCA 2AAUNCOUIOM.
['ureproBepxHOCTH, onucbiBaeMas ypashenuem (3.5) mpu k = 0

(ypaBrenuem (3.6) mpu k = n) Ha3pIBaeTCA MHUMBLM Auncoudom. Her
HI OJIHOI TOUKHM 1pocTpancTBa R™ ) yI0BI€TBOPAIONIEH 3TOMY YpaBHEHHIO.
Ypasuenus (3.5), (3.6) npu 1 < k < m ONuCHLIBAIOT TUIEPIIOBEPXHO-
CTU, Ha3bIBAEMbIE 2unepbosoudamu.
['ureproBepxHOCTH, OIMICBIBaeMble ypaBHeHueM (3.7) mpu 1 < k < n,
HasbIBaroTCs Konycamu. llpu k = 0 u k = n ypasuenne (3.7) BbIpOXK1a-
ercst. EMy yioBsieTBopsieT enHCTBeHHas TouKa & = 0 mpocrpancTBa R™.

2.2. Ilycrb 7 = n—1. B stom ciyuae det(A) = 0. Panr marpuis B,
OYEBU/IHO, MOYKET MPUHUMATH MIPU STOM CJIEAYIONIe 3HaYeHus: 1 — 1, n,
n+ 1.

Ecmu rank(B) = n — 1, 1o npuBesierHast ¢bhopma ypaBHEHUs TUIED-
MOBEPXHOCTH MpuHuMaer BuJ (3.3) ¢ Gy PABHBIM HYJIIO U €6 MOXKHO TIPeJI-
CTaBUTH TaK

2 P 2 2 p P
Yi , Y Y  Yrs1  Ykgo Yn—1 _
P e R s i e B (3.8)
o) « « Q o «

1 2 k k+1 k+2 n—1

Ecmu rank(B) = n, 1o Gy # 0 1 B 3aBUCUMOCTH OT 3HAKA ( TIPIXOJIUM
JIn0bO K ypaBHEHUIO BHJIA

2 D 2 2 P P
Yi o, Y5 Y Yrk+1  Yito Yn—1 _
L T [ ) (3.9)
a0 ap  Qp Qoo an_q
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OO K ypaBHEHUIO BUJIA

2 9 2 2 2 9
Y1 Y3 Y Yet1 | Yryo Yn—1
__2__2_...__73 2+ 4 2* S g =1, (3.10)
ay @ ap Qi Qo a1

Ecmu rank(B) = n + 1, 10 peanusyercs npusejiennas dhopma (3.4),
KOTOPYIO MOKHO IPEJICTaBUTh B BUJIE

2 P 2 2 P 2
y_12_f_y_22_|_..._|_y_g_ y’;‘i'l _ y§+2 e yg_l = 2py,, p>0. (3.11)
) aq Q. Qi Yo Q1

2.3. Ilyctb, nakonen, 0 < r < n — 1. Paur marpunsl B MoxkeT 1ipn
9TOM NPUHUMATHL 3HAUYEeHUs: 7, r + 1, r 4+ 2. AHAJOrUYIHO HPEJbIAYIIEMY
CJIydalo MPUXO/INM K YpaBHEHUSIM BUJIA,

v v Vi Yier  Yeao Y _
gt sty = e = = 5 =0, (3.12)
a3 Y% kg1 Yo ap
2 9 2 2 2 2
L I Y (3.13)
a0y O k1 g2 a;
nJjim
v Vi | Yier |, Y Ur
U N N Y (3.14)
ap Q3 Y Q1 g2 Qg
2 2 2 2 2 2
B g S e Y gy p> 0. (315)
ap Q3 A M1 O ;.

Ypasuenusi (3.8)—(3.10), (3.12)—(3.15) omuCHIBAIOT T'UIIEPIIOBEPXHO-
CTH, Ha3bIBaeMble yuiundpamu, ypasraenne (3.11) onuceiBaet napabosoud.

Ypasrenus (3.5)—(3.15) ucuepnbBaOT Bce TaK HAZBIBACMBIC KGHOMU-
weckue Gopmuvi YPABHEHUST THIEPIIPOBEPXHOCTH BTOPOTO TMopsijika. [eo-
MeTpHYecKas MHTEPIPETAINs ITUX yPaBHEHUN MOXKeT ObITh BbLIIOJIHEHA
AHAJIOTHYHO TOMY, KaK 9TO JIIaJOCh [T [TOBEPXHOCTEH B TPEXMEPHOM
IIPOCTPAHCTBE.



['1ABA 15
I/ITepaI_[I/IOHHI)Ie METOAbI

§ 1. UreparmmoHHble MeTO/Ibl PENIEHUs] CUCTEM JIMHEHHBIX
yYpaBHeHU

1. B srom nmaparpade nzydaiorcs mpocTeiiime nTepainonibie MeTo-
JIbl PENIeHUsT CUCTEM JIMHEHHBIX aJiredpandecKnX ypaBHEHUN BHIa

Az =b. (1.1)

Marpuna A = {a;;},_; npeonaraercs HEBLIPOZK IEHHOI 1, BOODIIE TO-
BOps1, KOMILIEKCHOI. 1101 ckasgpabiM IpousseienneM BeKTopos .,y € C"
n
IIOHUMAETC CTaHAPTHOE CKaJlsIpHOE 1IpousBeeHne (x,y) = Y x;¥;, co-
j=1
orsercTBenHo, || = (x, )2,

Yurare/o u3 Kypca MaTeMaTHIecKoro aHau3a XOPOIIo U3BECTHO 110-
HATHE IIPEJIe/Ia OCAeI0BATEILHOCTH BEKTOPOB U3 npocTpancrsa R™. Do
onpejesienne, GakTHIecky, 6e3 N3MEHeHUIl IepeHOCUTCA Ha MOC/Ie/10Ba-
TeJILHOCTH BeKTOpoB u3 npocrpancrsa C", a nmenno, 6yneM FOBOPUTD,
qro BekTop = € C" apiserca npedesom nocaedosamesbHocmu BEKTO-
pos {z*} C C", ecin klim |z* — x| = 0. U3 oueBuHbIX HEpaBeHCTB

— 00

k k k
max T, —x;| < [T — 27| < VN max |r; — T
1<j<n‘] j‘\‘ |\\/_1§j<n‘] j|
BBITEKAET, YTO I10CJIeJIOBATETbHOCTh BEKTOPOB {xk } exouTest K BEKTODY &
TOrJla U TOJIBKO TOTJIa, KOTria JJisi Jodoro j = 1,2, ..., n

i —L—
e =l =0

k . _
;= xjupn k — oo st Beex j =1,2, ... n.

Ormernm, uto econ lim 2% = x, To lim Ax* = Ax s moboit MaT-
k—oo k—oo

T. €. T

putisl A (mposepbre!).

2. DBce MeTO/IBI pelienns CUCTeM JTUHEHHBIX aJredpaniecKnx ypaBHe-
HUIl MOYKHO pa30uTh Ha JiBa Kjacca: MpsMble U nreparuonnbie. [Ipsamble
METO/IbI XapaKTepPU3yIoTCs TeM, 9TO e€C/Id NpeHedpedb ONMMMOKAMU OKPYT-
JIEHUsI, TO PEIleHne CUCTEMbl MOKET ObITh IOJIyYeHO 38 KOHEUYHOE YHCJIO
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apudMeTHIecKuX olepalluii (3aBucsiiiee JIMIIb OT TTOpsijiKa cucTeMbl). Ta-
KOB, Hampumep, Meton Laycca (em. §8; ¢. 99).

[Ipu peaymzamuy IpsiMbIX METOJIOB BayKHO, YTOOBI BCE JTAHHBIE PACIIO-
JIATAJTICH B OTIEPATHBHOMN (OBICTPOIT) TaMsITH KOMITbIOTepa. Ke/Ti mopsiiok
CUCTEMbI HACTOJIBKO BEJIMK, ITO €€ MATPUIIA MOYKET OBITH COXPaHEHA TOJIb-
KO C UCIIOJTb30BaHIEM BHEIHeil (Me/JIeHHOIT ) TTaMsITH, HAIIPUMED, ZKeCTKO-
ro JICKa, TO BpeMs, 3aTpadrBaeMoe Ha PeIleHIe CUCTEMBbI, CYIEeCTBEHHO
YBEJININBACTCSI.

st OOJIBIIX CUCTEM IPEIOUYTUTEIbHEEe OKA3bIBAIOTCS UTEPaIllOH-
Hble MeToibl. OCHOBHAasl UJiesi 9TUX METOJIOB COCTOUT B IIOCTPOEHUU I10-
CJIe/I0BATeJIBHOCTH BeKTOpoB ¥, k = 1,2, ..., cxomdIeiics K Pemenuio &
cucrems! (1.1). 3a npubamzkennoe penenue IpUHEMaeTes BeKTop =¥ mpn
jocTaTouHO GostbiioM k. Berony B pasbHeiimem depes zF Gynem obosna-
4aTh BEKTODP ¥ — T, T. e. nozpewnocms npubAuicents ¢ HoMepoM k.

[Ipu peamsaruu UTepamoOHHbIX METO/IOB OOBIYHO JIOCTATOYHO YMETh

BBIUNC/ISITH BEKTOP Az 1pu JIi000M 38/ JaHHOM BEKTOPE T .

3. Merox dxobud). byneMm cuntaTh, 9TO BCe AMaroHaJbHBIE d/1eMeH-
ThI MaTpHIbl A orsmanbl 0T HyJd. [lepenumem cucremy (1.1), pasperast
KazKJ0€e ypaBHEHIUE OTHOCUTEIbHO IIePEeMEHHOIl, CTOosIIeil Ha JTuaroHaJIn:

L " a b
ij ij i
r=—y Wy N Mgy =12, (1.2)
— (g Ay Qi
j=1 Jj=i+1
Bribepem nexoropoe nauasbhoe npubmmxenne ¥ = (29,29, ... 2%) n
IOCTPOUM IOCJIEI0BATEILHOCTE BEKTOPOB ', 2%, ..., ompenesss Bek-
top 2! 110 yrke HaitsenHOMY BeKTOpY 2* IIPU OMOIIU COOTHOIIEHMIT:
L - b
fo:—E —]a:";— g —]x§+—, i=1,2,...,n. (1.3)
— Ay = Qg Qg
j=1 J=i+1

Dopmysbl (1.3) ompesensdioT WTEepAIOHHBI METOJ[ DPEIIeHUs] CHUCTe-
Mol (1.1), HaspiBaeMblit memodom Hxobu.

VKazKeM JIerKO IPOBepsieMoe JIOCTATOUHOE YCJIOBUE CXOJAUMOCTH 9TO-
ro MeTojia. byaeM roBOpuTb, UTO i MaTpuilbl A BBIIOJIHEHO Yycao6ue
Jua20HaNbH020 NPE0OAAIGHUA, €CTTN

n
|aij|

¢ = max < 1. (1.4)

1 1%

DKapa T'ycras dxo6 SAx66m (Carl Gustav Jacob Jacobi; 1804 — 1851) — Hemenkuii MaTeMaTHK
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3.1. Teopema. I[lycmv mampuya A cucmemvr (1.1) — mampuuya
¢ duazonasvroim npeobaadanuem. Tozda umeparyuorrvi memod Hrxobu
crodumea npu a060m HauasLHOM npubsusicenuy x°; cnpasediusa cae-
AYIoULaA OUEHKA CKOPOCTIU CLOOUMOCTI

max |z; 2}] < ¢* max |2 5] (1.5)

JTOKABATEJIBCTBO. Ilycrs & — perierne cucrembt ypasuenuii (1.1).
Berauras mousienno u3 paserctsa (1.3) pasencrso (1.2), mosydanm

Qij Qjj :
zf“z—g —]zf— g —jzj]?, 1=1,2,...,n,
— (g _ a;

j=1 Jj=i+1
CJIEJIOBATEJIHHO,
n i—1 n
2k < Z | m| Eny \az’j\|zz§‘< 3 \%‘\+Z il o k)=
B X C —
iz |a“| J — |CL“| o |CL“| 1<j<n J
= ¢ max |2j],
1 =1,2, ...,n, OTKy/Ja BBITEKAET, 9TO
max ]zk+ | < ¢ max |z |
1<j<n 1<j<n
Jutst gioboro k= 0,1, ..., modTomy
max \z | < ¢* max |zO| — 0
1<j<n 1<5<
pu k — 00, nockosbky 0 < ¢ < 1, a 910 u o3navaer, uro ¥ — x. [

Ornenka (1.5) mokasbIBaeT, 4TO, 4€M MEHBIIIE ¢, T. €. YeM BbIIIe JTHAro-
HaJIbHOE IIpeobiaganne MaTpuIlbl A, TeM ObICTpee CXOIUTCs MeTo T K00,

4. Meron Beityesnst. @opmyiibt (1.3) g0MycKarOT €CTECTBEHHYIO MO-
sudukarmo. VIMeHHo, Tpy BBIMACIEHIH TH 1 GyleM HCIoMb30BaTh yrKe
HafijleHHble KOMIOHeHTEl BekTopa oFF! m e i1 A+ M1 B pe-

Y
3yJIbTATE IPUXOANM K HTEPALHOHHOMY Mmemody Setidenn’):

i—1 n

el Qij pi1 aj p o b _
! _—E —r; —E —r;+—, =12, ...,n, k=0,1

jzl (a2 j:Z+1 21 21

(1.6)

D ®uumm Jiogsur Beiigens (Philipp Ludwig von Seidel; 1821 — 1896) — nemenxkuii MaremMaTuk
U aCTPOHOM.
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Meroja 3eiijesns 1mo3BoJisieT 00jiee SKOHOMHO PacXoJ0BaTh MaMATh
KOMIIBIOTEPA, ITIOCKOJIbKY B JAHHOM CJIydae BHOBD I10JIyYaeMble KOMIIOHEH-
TBI BekTOpa "1 MOXKHO pasMeInaTh Ha MecTe COOTBETCTBYIONIIX KOMIIO-
HEHT BeKTopa x¥, B TO BpeMsl Kak IIpH peaju3aliui Merona SIkobu Bce
KOMIIOHEHTBI BeKTOpOB =, ¥l 10/KHBI 0HOBPEMEHHO HAXOINTHCS B
AMSITH KOMIIBIOTEpPA.

HocraTouHoe yca0oBUE CXOIMMOCTH U OIEHKY CKOPOCTH CXOJIUMOCTH

MeToa 3eiinesisd gaeT

4.1. Teopema. Ilycmov mampuya A — mampuya ¢ QUG2OHAALHBLM
npeobaadaruem. Toeda memod 3etidens crodumces npu A1000M HAUAND-
nom npubausicernuu °; cnpasediuca ouenKa ckopoCmU CrOOUMOCTIAL

s Jer < o e gl .7

JTOKABATEJ/IBCTBO. Boraurast mouienHo u3 pasercrsa (1.6) pasen-
crBo (1.2), mosyanm

1—1 n

Z§+1:_§:£Z§+1_ E: ”Zf, i=1,2,...,n (1.8)
a;

=1 il j=it1 "
I[Iyctn max |zk+1\ = |2 ™|. U3 l-toro ypasuenus cucremsr (1.8) BoiTe-
Kaer, 4T
2P < o max |zk+1\ + 3 max |2},
1<j<n 1<j<n
e
5~ Lo Loy
Sl oyl
o Z Jau|’ h= Jau|’
Jj=1 j=Il+1
CJIEJIOBATE/TBHO,
max \zk+1| i max |z}].
1<j<n 1 — o 1<i<n

13 ycnosust (1.4) moaygaem, ato a;+ G < ¢ < 1, vo Torga u qoy+ 3 < g,

taknm obpasom, /(1 — o) < g, mosTOMY max \zk+1| < q max |25].
.7 \ \

Hanbreiimme paccyKIeHns COBIAIAI0T ¢ COOTBETCTBYIOMINMEI PACCY K Ie-
HUSIMU U3 J0Ka3aTe/IbCTBA IIpeJIbliyieil Teopembl. [

5. Meroj penakcaiun. 3a9acTyo CYIIeCTBEHHOI'O YCKOPEHUS CXO/I-
MOCTHU MOYKHO JIOOUTHCS 38 CUET BBEJEHUS B PacueTHbIe POPMYJIbI YNCII0-
BOro napamerpa. B KauecTBe nmpumMepa npuBegeM UTepalloOHHbII ITPOIece

1—1 n

g g b:
el =1 —w)al +w —Za” §+1— Z @x;‘?#——l : (1.9)

a a a
j=1 (1) j=it1 (X "
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t=1,2,...,n, k=0,1, ... DTOT METOJ HA3BIBACTCSI MEMOJOM DENUK-
CAUUU, TUCTIO W — PeAAKCAUUOHHBM napamempom. 1Ipn w = 1 merton
[IEPEXOIUT B METO/I 3eiigesist.

fcno, aTo 10 3aTpaTaM maMSTH U 00bEMY BBIYHC/ICHUN Ha KarKJI0M
mare urepaluii MeToJ] pejaKCalii He OTJINYaeTcss OT MeTojia Jeiiieis.

§ 2. DyremeHTHI 00ITIell TeOPUN UTEPAITMOHHBIX METO/I0B

1. IlpmaaguMm uTepalmonHbLIM METOJIaM, PACCMOTPEHHBIM B ITPE/IbI-
JIYIIUX IIYHKTaX, MaTpudnble ¢popmyanposku. Haunem ¢ meroma fAxobu.
Herpyso Bujerb, 4to paBeHcTBa (1.3) MOXKHO 3allCATh B MATPHUYHOM
BUJIE

D(z"* — 2*) + Ax* = b, (2.1)

rie D = diag(ay, agg, - - ., apyp). iist TOro, 910061 TPHUIATE MATPHIHYTO
dopMmy 3Bammcn MeromaMm 3eiifesiss W pesakcalny, 0003HAUNM depe3 L
HUZKHIOIO CTPOr'O TPEYroJbHYIO MAaTPUILy, HOJIMArOHAJbHbIE 3JIEMEHTHI
KOTOPOH COBIIAIAIOT C COOTBETCTBYIOIINMHU dJ€MEHTaMU MaTpuibl A, a
BCe JIMaroHaJibHbIE 3JIeMEHTHl paBHbI HyJ10. depe3 R 0003HAUNM BepX-
HIOIO CTPOTO TPEYTOJIBHYIO MaTpuily, Takyio uro A = L + D + R. Papen-
crBa (1.9) MOryT OBITH TIEpEICAHBI TOTJIA B CJIEYIOMIEM BHJIE:

1
—(D + wL) (2" — 2" + AxF = 0. (2.2)
w
Bysem pacemarpusarh o0muil KJace UTEPamOHHBIX METOOB, OIpe-
JEJISIEMbIX COOTHOIIEHUSIMHE

1
—B(a" — 2"+ Axf =b, k=01, ... (2.3)
-

3nech B — HeBBIpOXKIeHHas MaTpuna, 7 > 0 — 4ucjio, Ha3bIBaeMoe ume-
pavyuorvm napamempom. s Toro, 4robsl HaiiTu BekTop ¥t 1o yike

M3BECTHOMY BEKTOPY X, HYZKHO PEIINTh CHCTeMY JIMHEHHBIX ypaBHeHMit
k+1 _ gk
Bx" = f", (2.4)

rie f* = Ba® — 7(Axz¥ —b).

OueBHIHO, TIPH OCTPOCHNI UTEPAITMOHHOTO MeTosia (2.3) Marpuia B
JIOJIZKHA BBIOMPATHCST TaK, 9TOOBI PEIeHne CHCTeMbl ypaBHeHuii Buja (2.4)
BBITIOJTHSIIOCH HAMHOTO OBICTpee, YeM pelieHne UCXOTHON CHCTeMbl ypaB-
wenwit (1.1).

Ureparmonnpie MeTopl fkobm, 3eiijgesst n peakCcalui sBIsTIOTCS
JacTHBIME ciydasivn Meroja (2.3). Hampumep, B ciyuae merona fko-

ou B=D, 7 =1.
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Hamra Gsmzkaiiinas 1esib — MOJIyUNTb yCJIOBUS Ha MaTpuny B u ma-
pamMeTp T, obecriednBaoIine CXOINMOCTh MeToa (2.3).
Ecim x — perenne cucremsr (1.1), To, oueBnHo,

1
—B(x —z) + Az =b. (2.5)
-
Boranrast nowtenno paserctsa (2.3), (2.5), mosydnm
1
—B(" = 2N+ A =0, (2.6)
-

orkyma 2"t = S2F e
S=1I1-7B'A, (2.7)
i, CJIEJIOBATEJILHO,
2= 8k (2.8)
[ToHSITHO, YTO CXOAUMOCTH UTEPAIMOHHOIO MeTo/a (2.3) onpe/eser-
sl CBOfiCTBAMU MATPUIBI S.

2. Teopema. Jlaa mozo, wmobwv. umepayuontoti memod (2.3) cxo-
duacsa npu a1060m Havasvrom npubiusiceruu x°, neobrodumo u docma-
mouno, wmobv, cnexmpanvro paduyce p(S) mampuys S v menvue
eOUHUDL.

JTOKABATEJILCTBO. Heo6xogumocTs. Ilycth A — cobcTBen-
HOE YKCJIO MAaTpHIlbl S Takoe, 4To || = 1, e — coorBercrBytOIIuUil 3TOMY
COOCTBEHHOMY YHCJIY HOPMUPOBAHHBI COOCTBEHHBIN BEKTOD MATPHUILHI S.
Bribepem B KadecTBe HadabHOIO MPUOJINKEHUsT B UTEPAIIMOHHOM METO-
ne (2.3) Bektop 2V = x + e, e v — pemenne ypasnenus (1.1). Torua B
coorsercTeun ¢ (2.8) umeem 2¥ = e, cnenosarensno, |2F] = |\, Oue-
BIIHO, 1160 |2¥| — 0o pu k — oo, mibo |2¥| = 1 anaseex k = 1,2, ...,
T. €. MeToj1 (2.3) He CXOUTCs.

HocTtaTounocTts. 3 Teopemnr 3, ¢. 206, BbITEKaeT, 9TO, €CJIN
CIIEKTPAJILHBII paJinyc MaTPUIlbl S MEHbIIIe eJIMHUIIbI, TO OHA — CXO/Is-
magics Marpuia, T. e. S¥ — 0 mpu k — oo, u Torna us (2.8) BLITEKaeT,

aro 2¥ — 0 npu k — oo. O

Onupasich Ha TEOPEMY 2, IOJYUIUM YaCTO HCIIOJIb3YEMOE YCJIOBHE CXO-
JIMOCTH UTEPAIMOHHOTO Trporiecca (2.3).
3. Teopema Camapckoro). ITycmo mampuya A noaosrcumensro
onpedeaena u nYcmv 0L 2100020 He pashozo Hyato eexmopa xr u3 C"
BHINOAHEHO HEPABEHCMEO

(Bix,x) > (1/2)(Az, x), (2.9)

D Anexcanap Aujapeesna Camapckuit (1919 — 2008) — coBeTcKMii, POCCUICKII MaTEMATHK.
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ede By = (1/2)(B + B*). Toeda mampuya B mneswpoorcdena, u ume-
pavuonnul npoyecce (2.3) cxodumea npu A1060M HAYANDHOM NPUOAUIICE-
nuu V. Obpammno, ecau mampuya A noaosrcumenvro onpedenena u ume-
payuonnuil npoyece (2.3) cxodumes npu M060M HAUAALHOM NPUOAUICE-
nuw 2°, mo evmoaneno yeaosue (2.9).

JIOKABATEJILCTBO. HeBblpoxkieHHOCTDL MaTpuiibl B cpa3y »Ke cJie-
ayer u3 yejaoBus (2.9) U MOJIOXKUTEBHOl Olpe/ie/IeHHOCTH MaTpuiibl A
(em. yupaxknenne 2 ma c. 216). IlokaxeMm, 4TO ecyin BBITIOJHEHO YCJIO-
e (2.9), To p(S) < 1, rme S — wmarpuia, OmpejeseHHAs DABCH-
crBoM (2.7). BestesierBre Teopembr 2 orciofia 6y/1eT BEITEKATH CXOUMOCTD
urepanuortHoro meroja (2.3). Ilycrb A\,  — cobcrBennast mapa MaTpu-
el S. Torna Br — 7Ax = ABx, nosromy

(Bz,x) — 7(Ax, CL‘)

A= (Bz,x)

Ucnonbzyst dopmyiy (10.1), ¢. 107, npepcrasum matpuity B B Buje
B = By + 18>, (210)
rie By = (1/2)(B + B*), By — spmurosbl marputisl. Torya

(Biz,z) — 7(Azx, x) + i(Bax, x)
(Biz, ) + i(Box, 1) ’

>\:

cJjieJ0BaTeJILHO,

(Biz,z) — 7(Ax, 2))? + (Bax, :c)2.

A =
(Biz,x)? + (Bax, x)?

SanuiieM rnocjiegHnee paBeHCTBO B BUAE

(1—a)®>+0?
1+62

rie a = 7(Ax,x)/(Biz,x), b = (Bex,x)/(Biz, x). U3 ycnosus (2.9) mo-
aygaem, uto 0 < a < 2, nosromy |1 —a| < 1, oTKy/1a, 09€BU/HO, BHITEKA-
er, 4T0 |A| < 1. [yt joKa3aTesbeTBa BTOPOI 9aCTH TEOPEMBI JIOCTATOTHO
3aMEeTUTh, 9TO €CJIM UTePaInOHHbI mpotece (2.3) CXoAuTes mpu JF0O0M
HAYAILHOM HPUOIMZAKEHIN, TO 110 TeopeMe 2 Bee COOCTBEHHDIC YNC/Ia, MAT-
puIbl S O MOJYJIIO CTPOrO MEHBIIe eJIMHUIbI, U TOrja U3 IpecTaB/ie-
aust (2.11) mosyuaem, ato 0 < a < 2, ciegoBaresbHO, yeiaosue (2.9)
BBIITOJTHEHO. []

A2 = (2.11)
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4. Teopema. [Iycmbv svinoanersv. ycrosus meopemovr 3. Toeda s
nozpewrocmets umepayuonHo2o npovecca (2.3) npu arobom k = 0 6vinos-

HEHO HEPABEHCTNEO
(AZMT A < (AZF) 2, (2.12)

ecau 2% £ 0.
JTOKABATEJILCTBO. Mcnonb3ysa TpuBraaIbHOE TOXKIECTBO
M= (1/2) (M 424 - (1/2) (M - 2N,
nepernuieM ypaaenue (2.6) B Buje
1
~(B — (1/2)A) ("1 = ") + (1/2) A + ) = 0.

T

VMHOXKas1 Tenepb CKAJIAPHO 00e YacTH HMOCJIEIHEr0 PABEHCTBA HA BEK-
Top 2(2"1 —2*) 1 ncnonbsya npeacrasienne (2.10), moce sMeMeHTAPHBIX
peodpa30BaHUil IOy INM

2((By~ (12 A — 24), 4 Ay

2
+ Z-_(B2(Zk+1 _ Zk), Zk:—i—l - Zk)—l—
-
+ (AP R (AR 2F) i Tm(AZR, AT =0,
I09TOMY

2((By — (1A — 24, 40— Ay

+ (AN A (AZF 2R = 0. (2.13)

Ecin 28 # 0, To BelencTsue HeBLIPOXKIeHHOCTH onepaTopa B mu3 (2.6)
BoITeKaeT, uto 21 — 2% =£ 0. Torma ma ocnosamum yciosns (2.9) us
paserctBa (2.13) momygaem, uto (AzFF ML) — (AR %) < 0. O

5. Ecin matpunia A mooKuTebHO opeiesieHa, To ypasaenne (1.1),
c. 289, 9KBUBAJIEHTHO 3a/iaue MUHUMI3AIN QyHKINE ((hyHKINOHAIIA)

F(x) = (Az,r) — 2Re(z,b) V. (2.14)
JleitcrBuTesibHO, 1ycTh & — perienne ypashenus (1.1); c. 289. Torua

F(z) = (Az,z) — 2Re(z, Az) =

D ®yuxmonas F 9acTo HA3BIBAIOT IHEP2EMULECKUM. DTO CBI3AHO C 3a1a9aMi (DU3HKH, B KOTOPBIX
BO3HUKaIOT YpaBHEHUA C IIOJIO2KUTEJIBHO OIIpEICJIEHHBIMU MaTPHUILaMU.
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= (Az,z) — 2Re(x, AZ) + (A2, 2) — (AZ,2) =
= (A(zx — ),z — &) — (Az,2), (2.15)

ciaefgoBaresbio, yukunn F(z) n Fy(z) = (A(x — ),z — &) ommaatorcs
Ha TIO0CTOsTHHOE cytaraemoe. [lockombKy Marpuiia A MoJoKUTEIHHO OIpe-
JeIeHa, TO eJIMHCTBEHHOI TOUKOi MuHuMyMa QyHKIuN Fj, a craiao 66T,
n Gyuximn F asnsgercsa . Beaencrsue (2.15) nepasenctso (2.12) MokKHO
3aIUCATh B BUJIE
F(z"1) < F(2"). (2.16)
Taknm 06pazoM, MOKHO CKA3aTh, YTO [IPU BBITOJIHEHNH YCJIOBHUIT TEO-
PeMbI 3 HTepaIMOHHBIT TIporiece (2.3) ABIACTCS PeAarcayuonnbim): Kazk-
o€ ToCJIeytolee TIPUOJIIyKeHIe yMeHbIaeT 3Hadenne GyHKImonaa F.

6. lcnonb3yd nojydeHHble B MPEJIbIIYIIEM ITYHKTE ODIIIe Pe3yib-
TATBI, UCCJIE/yeM CXOMMOCThH MeTo/a pestakcanun (2.2).

6.1. Teopema. I[lycmv mampuua A nosostcumenvro onpedenena,

0<w<2. (2.17)

Tozda umepayuornoti memod (2.2) crodumcesa npu A1000M HAUAALHOM
npubausiceruu x°.

JTOKABATEJILCTBO. Bynem onuparbed Ha Teopemy 3. B paccemar-
puBaemom ciaydae B = D+ wlL, 7 = w, By = D + (w/2)(L + L"),
A = D+ L+L* unyciosue (2.9) npunnmaer sun (Dz, z) > (w/2)(Dzx, x)
Jtst jioboro x # 0. Bee jimaronajibHbie 97IeMEHTBI TOJIOZKUTETHEHO OIpejie-
JIEHHOM MATPHIIBI TTOJIOXKUTEIBHBI (CM. yipazkHenue 3 Ha ¢. 216), mosTomy
mMaTpuiia D MoJOKUTEIBHO Olpe/iesieHa, U yeaoBue (2.9) BBIOJHEHO, ec-
JI BBITIOJIHEHO yesoBue (2.17). O

6.2. Teopema. Yeaosue (2.17) neobrodumo o crodumocmu ume-
payuonnozo npovecca (1.9).
JIOKABATEJILCTBO. 3anuiiem paBeHCTBO (2.7) B Buje

(D+wL)S=(D+wl)—wA=(1-w)D—wR. (2.18)

[Tockombky L m R — cTporo TpeyrojbHble MATPUIlLl, & [) — JnaroaJib-
Has MaTpHIla, Bce JUaroHaJbHbIEe 3JIEMEHTHI KOTOPOIl OTJIMYHBI OT HYJIS,
TO, BBIYUC/Isis OIPEJIEINTEN JIeBOii u mpaBoil dacreil paBercTsa (2.18),
nostyanM, 1to det(S) = (1 — w)", caeposaresnbho (em. (6.7), c. 188),

n

[Tl =11 =, (2.19)

k=1

2) Pestakcarusi (smar. relaxatio) — yMeHbIIEHNe HANDSIZKEHNUST, OCTabIeHNe.
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rje A, A9, ...\, — XapakKTepucTHUecKue dncia MaTpuisl S. Ecim yeio-
Bue (2.17) mapymreno, 1o |1 —w| > 1, u cpeu COOCTBEHHBIX HHCEN A
MaTPHIBI S €CTh XOTsI ObI OHO, MOJIY/Ib KOTOPOIro OOJIbINE eIUHHUIIbI, HO
TOTJIa TI0 TeopeMe 2 HafieTcs HadaJbHOe MPHOJIIKeHne 20, Ipu KOTOPOM

ureparuonubiii mporece (1.9) ve cxomures. [

7. Ilpumep perenus 3a1a9u 06 ONTUMaJIHLHOM BHIOOPE UTEPAIMOHHO-
ro rnapamerpa. 3 jjokazaTebcTBa T€OPEMbI 2 BUJIHO, YTO UTEePAIMOHHbII
nporiece (2.3) cxonuTcst TeM ObICTPee, YeM MeHbIIe CIIeKTPaJIbHBII pajnyc
marpunisl S = [ — 7B 1A, B cBa3u ¢ 9THM BO3HUKAET 33,1248 OTBHICKAHNS
TAKOTO (ONMUMGABHO20) SHATEHHST NTEPAITMOHHOTO TapaMeTpa T, TIPU KO-
TOpOM BemdInHa p(.S) IpUHIMAET MUHIMAJbHOE 3HAUCHIE,

Hawnbosiee mpocro sTa 3ajada pemaercd B ciydae, KOrja MaTpH-
1l A, B 110102)KUTe/IbHO onpejiesieHbl. [1ocKoIbKy B paccMaTpuBaeMOM
ciydae B = B*, 1. e. B npejcrasienun (2.10) marpunia By paBHa HYJTIO,
To 13 (2.11) momydaem, 9ro jist Jii000i COOCTBEHHOI Tapbl A, & MATPH-
bl S CIIpaBe/JINBO PABEHCTBO

A= |1 - Adna) ) (2.20)
(Bx,x)

HerpyaHo BujeTh, 4To ecjii & — COOCTBEHHBIN BEKTOP MaTPHUIbI S,
TO T — cobCTBeHHbI BekTop Marpuiibl B~1A u, ciegosaresnsbho (em. § 13,
c. 229), x — cobCTBEHHDIT BEKTOP 0000IIEHHOiT TPOOIEMbI COOCTBEHHBIX
3HAYEHUI

Az = \Bz. (2.21)

OueBujIHO, CIIpaBeIMBO U oOpaTHoe: JIF0OOiT COOCTBEHHBII BEKTOD 3a/1a-
an (2.21) ecTb cOOGCTBEHHBIN BEKTOD oriepaTopa S,

st j1i060ii cobeTBeHHOM Tapel x, A 3ajadn (2.21) crpaBejjinBo pa-
BerctBo (Ax,x) = A(Bzx,z). Ilostomy Bce cobcTBeHHble 4YHCIa 38/1a-
qu (2.21) nosoxkurenbHbl. [lycts m — MuanMasbaoe, a M MakcHMaIbHOE
13 5TuX dnces. Torga jijist J1000ro coOOCTBEHHOTO BEKTOPa & oneparopa S
CIIPAaBE//TBbI HEPABEHCTBA

m < A0 (2.22)
(Bz,x)
[TostyueHnbIe ONEHKH SIBJISIIOTCST TOYHBIMHU, MOCKOJIBKY COOTBETCTBYIOIIHE
HepaBeHCTBa (2.22) MPEeBpaIlaloTCst B PABEHCTBA, €C/IH B KAUECTBE X B3SITh
CcOOCTBEHHBII BeKTOpP, oTBevatonuit m wium M.

Herpymauo Bugers, uro dyukmnusa g(p) = |1 — 7u| BemecrsenHoro
IIEPEMEHHOTO (¢ Ha, JTI0OOM OrPaHUYIEHHOM OTPE3KE BEIECTBEHHOI OCH J10-
CTUTAET MAKCHMAJIbHOIO 3HAUEHUsI Ha OJIHOM U3 KOHIIOB 9TOIO OTPE3KA.
[Toaromy, ucrosb3yst cootrotenust (2.20), (2.22), moaydaem, 9To
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(1)

QT . e

o yM T, 1/m T

Puc. 1. K BBIOOPY ONTHMAIBLHOTO UTEPAITMOHHOTO ITapamMeTpa

p(S) = (1) = max{|1l — ™m|, |1 — T M]|}. (2.23)

['paduk dyukuun @(7) npu 7 > 0 uszobpaxken wa puc. 1. Herpyuo
yOeInThCs, ITO

min (1) = ¢(1n) = (1 —=§£)/(1+£), (2.24)

7>=0
rie 7o =2/(M +m), £ =m/M.
Takum 06pa3oM, UTEepaIoOHHBIN 1porece (2.3) mpu ONTHMAIBLHOM
3HAYCHUM UTePAIMOHHOIO IapaMeTpa T = Tg CXOAUTCS TeM ObICTpee,

aem Gosibiiie m /M, T. e. 9eM MeHbIe pazdbpoc COOCTBEHHBIX YHCE 3a-
naqan (2.21).

§ 3. Metox 4kobm pernienust 3ajiad Ha COOCTBEHHbIE 3HAYEHUH

B srom naparpade nzsaraercs npubnzKeHHbIi memod fHxobu, Ko-
TOPBIIT MOYKHO TPUMEHSATD JIJIsT TTPUOJINZKEHHOTO OTHICKAHNST COOCTBEHHBIX
quces T U COOCTBEHHBIX BEKTOPOB SPMHUTOBLIX MaTpull. Kak m Bce MeTo-
JIbI, UCTIOJIb3yeMble B HACTOSIIEE BpeMs JIJIsi TPUOJINZKEHHOTO PEIICHIS 3a-
Jlad Ha cOOCTBEHHBbIE 3HAYEHUs, MEeTOJ| IKOOU sIBJIsIeTCS UTEPAIOHHDBIM.
B cambix obmux deprax, mujesi ero coctout B ciejyiomem. [lycrts A —
JnaroHajbHast MaTpuia. Torjga coOCcTBeHHBIE YnCIa MATPHUIBI A ecThb ee
JInaroHaJibHbIie 3jieMeHThl. Meron fAkodu st 110001 SpMUTOBOI MaTpU-
16l A Jlaet crrocod rmocTpoenus mocsieoBaresbnocT Matpuil Ay, A, ...,
Ag, ...TaKuxX, 9TO KaxKjas 13 MATPHIL 9TOH 110C/1e/[0BATE/IbHOCTI SPMU-
TOBa, 1OJ00HA MaTpuiie A U ¢ yBejndeHneM Homepa k CTAHOBHUTCS BCe
6osiee GJIM3KOI K JiMaroHa/ibHON. B KadecTBe TPUOINIKEHHBIX 3HAYCHUIT
cOOCTBEHHBIX unces1 MaTpuilbl A GepyTest naroHaJibHbIE 9/1eMEeHThl MaT-
putibl Ay, KaK TOJIBKO BCE ee BHEMAroHAJbHbBIE 3JIEMEHTBI OKa3bIBAIOTCS
JIOCTATOYHO MAJIBIMI.

1. Urax, mycrs A —spmuToBa MaTpuna nopsiikan, Q = {qi;}f - —

MaTpulla, OTJIN9aroniasacsa OT e,Z[I/IHI/I‘{HOﬁ JIMIIBb Y€TBIPbM:I 3JICMEHTaMU:

Qi = COSQ, qu = COS Y, Qi = —qsiny, qy = gsiny, (3.1)



300 I'nasa 15. HreparmoHabie METOIbI

re 1 < k <[ < n, o — BelecTBeHHOe YHCJIO, ¢ — BOOOIIE TOBOPH,
KOMILIEKCHOe 9ncio, |g| = 1. OdeBujino, () — yHUTApHAST MATPUIIA.

O6pazyem 110 marpune A marpuny A = QT AQ n monbitaenmcst Bbl-
OpaTh nmapameTpbl MaTpuilbl @, T. e. uncia k, [, ¢, ¢, Tak, 9TOObI MaT-

puna A Obl1a MakcuMaJbHO OJIM3Ka K JIMaroHa IbHOI.
Herpynno y6emurses, uro marpuna A = QT A ormmuaercs ot mar-
puibl A Jaiib sjeMeHTaM CTpoK ¢ HoMmepamu k, [, mpudem

af,j = Q}j COS Y + a;q SN,
a; = —apjgsinp +ajjcosp, j=1,...,n. (3.2)

Anajornuno, marpuna A = AQ) orimyaercs OT MaTpuIlbl A JIHIIL 3J1e-
MEHTaMH CTOJIONOB ¢ HoMepaMu k, [, mpuyieM

ajr = Qji COS P + ajqsin p,
aj] = —ajpgsing +ajcosp, j=1,...,n. (3.3)

I3 (3.2), (3.3) cpasy xke cieiyer, 9ro

j=1,...,n, (34)

g, ;| + |dn

. _ : 2 9 .9

ax; = qlag — agk) cos psin p + ag; cos” p — §-ay, sin” . (3.5)
Boranesnm  cyMMy KBaJIpATOB MOJYJICl BHEJIMArOHAILHBIX 3JIEMEHTOB
marpuipl A. Ucnonssyst coornomenust (3.2) —(3.4), HETPYIHO Oy IUTh,

970
D fai? = lagl® = 2laul® + |awnl*. (3.6)
7] i#]

Onpejenum Tenepsb gucia k, | n3 ycjaoBus:

|ar| = max a;]. (3.7)
i#]

[Tockosibky A — spMuTOBa MaTpuIia, TO aj = Gg, ¥ u3 (3.5) ¢ yuerom
Toro, 4t0o 1/§ = ¢, 6yJemM uMerb, 9To

A _ [ au — Qg . 2 __ .. 9

ap = q — sin 2¢ + qag; cos” o — qag; sin” ¢ | .

Bynem cuntats, ato ay # 0. B mporuBHOM ciiydae MaTpuiia jguaroHa/b-
Ha, U ee COOCTBEHHBIE YNCJIA ONPEJIEIIIOTCS TPUBUaIbHBIM 00pas3oM. [To-
JIOZKUM

q = |ay|/a. (3.8)
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Torna

ak = q (W sin 2¢ + |ay| cos 2gp> . (3.9)
BribepeMm 3aTem yros ¢ Tak, 9TOObI

1 :
|agi| cos 2¢ + 5(% — agi) sin 2¢ = 0,
T )
tg2p = 2wl (3.10)
Ak — Ay

[Tpn ykasanHOM BBIOOpE IapaMeTPOB, ONPE/IISIONIIX MaTpuILy (), cyMMa
KBaJIPATOB MOJyJIell BHEINANOHAILHBIX 9JIEMEHTOB MaTpuIlbl A mpuHnMa-
eT HauMeHbIIlee 3HAUYEeHIIE,

Ternrepb MoxkHO ornncarh Meton fkodu. I[lycrs Ay = A. Obpazyem 1o-
cJIeIoBaTeIbHOCTE MaTpull Ay, Ao, ... IpU MOMOIIN PEKYyPPEHTHOI dop-
MY.JIBL:

Ap+1 = QZAPQ]DJ p= 07 17 cry (311)
rJle I1apaMeTpbl MaTPHIbl (), ONIPEJe/ISIOTCS TaK, 4TOObI CJleJIaTh CyM-
My KBaJIpaTOB BHEINATOHAIBHBIX 3JIEMEHTOB MaTPUIbl A;, 1 MIHIMAJIBHO
BOBMOZKHOI, T. €. 1o dhopmystam Bua (3.7), (3.8), (3.10).

Brhrunciiennst mpoBoJsIT 10 TEX MOP, MOKa BCe BHEINATNOHAJBHBIE DJIe-
MEHTBI MaTpHuIlbl A, He CTaHyT JIOCTATOYHO MajbIMH. Toria B KauecTBe
IpuOJIMKEHIIT K COOCTBEHHBIM YHCJIaM MaTpUilbl A npuHUMAaT amuaro-
HaJIbHBIC 3JIEMEHTBl MaTPHIE!l A, a cToI01bl MaTpuibl QoQ); . . . () cun-
TAIOT NPUOJIMKEHNsIMIA K COOCTBEHHBIM BeKTOpaM MaTpuilbl A.

§ 4. NUccnenoBanme cxoauMocTu Metoaa Axkodm

1. Jlemma. I[lycmo napamempo. mampuyos QQ onpedeastomes co-
enacro gpopmyaam (3.7), (3.8), (3.10). Tozda

D fal <p) lail (4.1)
i#] i#]
ede
O<p=1- 2 <1
P= n(n—1)
npun > 2.
JTOKABATE/IBCTBO. Benenersue (3.10) uz (3.6) mostydaem

Do lagl = layl® = 2lawl, (4.2)

i#J i#]
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a Ha ocHoBaHuu (3.7)

2 2
> laij < law[*n(n - 1). (4.3)
i)
31ech yUTEHO, UTO MATPHITA TOPSIKa 1. IMeeT N2 — 1 BHEANATOHATLHBIX

ssiemenToB. U3 (4.2), (4.3) oueBumabiM obpasom caemyer (4.1). O

Hokazxem cxojumocTb Merofa fxobu. Ilycts A, = {ag) ijl' 13
pekyppenTHoii dhopmyiibl (3.11) u sleMMbl 1 BBITEKAET, 9TO

(p) |2 (p—1))2 2
> 1P <p) lag P <) layl> — 0 mpu p — oo
i#] i#] i#]
DTO 03HAYAET, ITO IO JIOOOMY 3a/laHHOMYy € > () MOYKHO yKa3aTh IIeJIoe
MOJIOKUTETLHOE YUCTIO P TaKoe, UTO

al| <efn, i#j. ij=12...n (4.4)

O6o3HauuM depe3 A, JHaroHasbHYI0 MaTpUILy, Ha JUArOHAJH KOTOPOI
PACIIOJIOZKEHBI JIaroHa/IbHbIe 3/1eMeHThl MaTpuilsl A,. B coorBercrBun ¢
onenkamu (4.4), a takzke (11.4), c. 225, MoKeM HAIMCATE:

A(4) = A <e, k=1,2, ... 0,

rje )\,(Cp )k =1,...,n, — AnArOHAJIbHDIE SJIEMEHTbI MATPHIbL A,, yuo-
psiJlodeHHble 110 HeyObiBanuio, A\;(A,) — Tak »Ke yHopsijOueHHbIE COD-
crBennble uncia Marpuipl A, Benecrsue (3.11) umeem A, = T,] AT,
rae T, = QoQ1...Qp, T. e. marpunsl A, u A 1om00HBI, &, 3HAYNT, X
COOCTBEHHDIE YHC/IA COBIA/IAIOT, I09TOMY

(p)
\)\k(A)—)\k |<e, k=1,2,...n. (4.5)

Taxum 0Opa3oM, BBIIIOJIHUB OIIPEJIe/IEHHOE KOJIMUeCTBO UTePAIUil, Mbl
HOJIyINM MIPUOJINKEHHBIE 3HAUYEeHNUsT COOCTBEHHBIX UnMce MaTpuibl A ¢
J11000i1 Hamepe/1 3a/1aHHO TOYHOCTDIO.

2. Ilpumenss meron fKoOM st MPUOJIMXKEHHOI'O OTBICKAHUS COO-
CTBEHHBIX YMCEJI 1 COOCTBEHHBIX BEKTOPOB CHUMMETPUUHON BelecTBeHHOI
MaTpuilsl, B hopmysiax (3.1) mapamerp ¢ cyiejryer moJioXKNTh PABHBIM €/TH-
aure. CoorBercrBerno, B hopmyste (3.10), Hy?KHO 3aMEHUTD |ag| Ha ay.
Bce Bblllle 1oJIyUeHHBIE OLIEHKH IIPH 9TOM coxpansiorcs. Marpuna @,
onpesesennasd Ha ¢. 299, npu ¢ = 1 ecTb MaTpuIia, OCyIIECTBISIONIAS 110~
BOPOT HA YroJI (0 B JIBYMEDHOIl IIJIOCKOCTH, HATSIHYTO Ha BEeKTOPHI i¥, 4!
ecTecTBeHHOTO Oasuca mpocrpancTBa R". [TosTomy merosn fkodu dacro

HA3BIBAIOT MEMOJOM 6PaAUEHU.



['JIABA 16
HOprI BEKTOPOB U MaTpuIJ

§ 1. OcHOBHBbIE HEpABEHCTBA

1. Bemecrsennas ynkiys [ BeleCTBEHHON IepeMeHHON Ha3bIBa-
ercst eunykAol Ha wHTepBase (a,b), ecan st JEOOBIX TOYEK X1, To U3
9TOr0 MHTEpBaJa U Jijist Jiroboro ¢ € [0, 1] BBIIOJHEHO HEPABEHCTBO

[z + (1= t)xo) <tf(z1) + (1 = 1) f(2). (1.1)

['eomeTpuyeckn 9TO O3Ha4YaeT, 4TO Jiobas Touka rpaduka GyHKImm f
Ha OTPE3KE [T, To] JIEIKUT HIZKE XOPJIbl, cTaruBaoieit Touxkn (xy, f(xy)),
(22, f(x2)), min Ha 9TOii 2Ke XOpJe.

2. Teopema. IIycmv dynrxuyus f Henpepvisra u deasrtcov, Henpe-
poieho dugdgepenyupyema na urmepsane (a,b), emopas npouzsoduasn f
neompuyamenvia na urmepsane (a,b). Toeda f — ewnykaas dynruus
na unmepsane (a,b).

JTOKABATEJILCTBO. B cooTBeTCTBUU C OIpeJieJIeHNeM BBITYKJIOM
DYHKIII HY?KHO YCTAHOBUTH, 9TO TIPH JIIOOBIX X1, To € (a,b) dyHKIMA 0
BEIICCTBEHHOIT TIepeMeHHOM T, 3ajlaBaeMasi PAaBEHCTBOM

p(t) = f(toy + (1 —t)we) —tf(x1) — (1 — 1) f(22)

HETOJIOXKUTeIbHA st Beex t u3 orpeska [0, 1]. Herpyano Bugers, aro
p(0) = 0, (1) = 0, ¢"(t) = f'(tzr + (1 — ha2)(21 — 22)* > 0
st Beex t € [0, 1] Tlyers ¢ — npousBosibHbIM 06pa3oM (bUKCHPOBAHHAST
touka u3 uaTepBasa (0,1). Ucnonb3yst dhopMmysry KOHEUHBIX MpUpAIIE-
rnit Jlarpamxka, nomyanm o(t) = @(t) — ¢(0) = t¢'(t1), te t1 — Hexo-
Topasi Touka u3 unrepsasa (0,t). Anamoruuno, p(t) = —(1 — )¢ (ts),
rie to — Touka u3 uHTepBasa (t,1). OTcioga, 04eBUIHO, CJIEyeT, 9To
o(t) = —t(1 —1t)(¢'(t2) — ¢'(t1)). Buoss npumensis dopmysty Jlarpamxka,
nostyanM, 910 @(t) = —t(1 — t)(ta — t1)¢"(t3), e t3 € (t9,t1). Takum
obpazom, p(t) < 0. O

3. Ilpm momomm TeopeMbl 2 JIETKO JIOKa3bIBAeTCs, YTO (PYHK-
st — In(x) Beimykina na narepsaie (0,00). [Hosromy mist mobix mo-
JIO’KUTEJIbHBIX 9uces a, b u obbix p,q > 1 u takux, aro 1/p+1/q =1,

In(a”/p +b/q) = n(a”)/p + In(b?)/q = In(ab),
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cieoBatesibio, ab < af /p+b?/q. OueBujHo, 9TO MOCIE/IHEE HEPDABEHCTBO
sepro 1 1iput ab = 0. lanee, nockosbky |ab| < |al|b], To

jabl < [al”/p +[b]*/q (1.2)

J1J1sT JTEOOBIX, BOOOITIE TOBOPsi, KOMILIEKCHBIX dnces a, b. Hepasercrso (1.2)
HA3BIBAIOT Hepasercmeom FOneal).

4. Teopema (HepaBEeHCTBO I‘ém:;:epa”). IHyecmoy x,y € C",
p>1,1/p+1/qg=1. Toeda

n 1/ /q

n p n 1
Yowmu| <D lmlP) (Do lml) (1.3)
k=1 k=1

k=1

JTOKABATEJILCTBO. /lokaskiBaeMoe HEpaBEHCTBO BBIIOJIHEHO, €CJIN
XOTs Obl OJINH U3 BEKTOPOB X, Y paBeH HYJIO0. /i HeHyneBbIX T, Y, UC-
110J1b3yst HepaseHcTBo FOura, moayaum npu [ = 1,2, ..., n

|| |y |z [P |19
< +
- i v i |z [P i | |q.
p T q Yk

CyMMupyst Bce 9T HepaBeHCTBa, OyIeM IMeTh

n n 1/
> eyl < (D |zl
k=1 k=1

OTKY/1a, 0ueBHIHO, cieayer (1.3). [
[Ipu p = 2 mepasenctso (1.3) HasBIBaOT Hepasencmeom Kow.

/q

p n 1
> )
k=1

5. Teopema (HepaBerncTtBo MunkoBckoro). I[Tycms x,y € C",
p > 1. Tozda

Slaetul” ) < (D el
k=1 =

JIOKABATEJILCTBO. bynem cuntath x,y TaKUMH, YTO JieBas JacThb
HepaBeHcTBa (1.4) MoJIOKUTEIbHA, TAK KAK B MPOTUBHOM CJIydae Hepa-
BeHCTBO (1.4) BBINOJIHSAETCS OUeBUHBIM 00pa3oM. fcHo, 1To

/p

/p n 1
(Dl ) (14
k=1

/p

D¥Vumbsay Tenpu FOur (William Henry Young; 1863 — 1942) — amrmmiicKumii MaTeMaTHK.
2)Orro Jhioxsur Ténbaep (Otto Ludwig Holder; 1859 — 1937) — Hemenkuii MaTeMaTHK.
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n n
D eyl = e+ uel” o+ il <
k=1 k=1

n n
< e+ gl ol > e+ yel el (15)
k=1 k=1

OnennM cyMMBI B TIPaBOil 9acTH TOCIEHETO HEpaBEHCTBA, WCIOJIb3Ys
HepaBeHCTBO [€nbaepa:

n n Vg s p 1/p
PN B RN (N EPE A Ll dolal ], (16)
k=1 k=1 k=1

n n g s p 1/p
R L ETA I I E S A Kt dolwl) . (17
k=1 k=1 k=1

rie 1/p+1/q = 1 u, ciegoaresnnsho, (p—1)q = p. [losromy u3 (1.5)—(1.7)
BBITEKAET, U4TO

/p

n n l/q n l/p

n 1
D lwrtyl” < | D |+l Solml )+ D] el
k=1

k=1 k=1 k=1

OTKy/Ia, yauTbiBas paserctso 1 — 1/q = 1/p, nonyunm (1.4). O

§ 2. Hopmbr Ha npoctpancTtBe C"

1. B sroMm u mnocsenymoiieMm maparpadax Mbl OyjeM IHPOKO HC-
10JIb30BaTh MOHATHE CXOAMMOCTH IOCIEI0BATE/IHLHOCTI BEKTOPOB 13 IPO-
crpancrBa C", Beejennoe B § 1, rur. 15.

Mgl Oyzem paccMaTpuBaTbh TakKe B Ja/jbHENIIeM BelleCTBEHHbIE
dyuknuu, onpejeneHubie Ha C", nHade ropopsi, BelecTBeHHbIE OYHKIUN
N KOMILIEKCHBIX IIePEMEHHBIX. [Ipu 9ToM, aHAIOTHIHO C1ydaio (hyHKIIH,
ompesienennoit Ha R™ (cM. Kype MaTeMaTnaeckoro anamsa), pyHkius f
Ha3bIBaeTCs HelpepbiBHON B Touke x € C", ecim U3 CXOJUMOCTH IOCJIE-
nosatenbioctn {2} k 2 BhITeKaer exomnmocts f(2F) x ().

Yurarenr Moxker 0e3 Tpyma yOeIUTbCsl, 9TO BCE HCIOJIb3yeMbIe B
JlaJIbHEIIIeM CBONMCTBA HEIPEPhIBHBIX BEIECTBEHHBIX (DYHKIMI MHOIMX
KOMILJIEKCHBIX IIePEeMEHHBIX JOKA3bIBAIOTCSI TOYHO TaK Ke, KakK U JjIs
HeIpephIBHBIX (DYHKINIT Ha mpocTpancTee R,

-
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2. Hapsy ¢ BBeJIeHHBIM BBIIIIE TIOHSITHEM JJTHHBI (M MOJTYJIsT) BEK-
Topa x € C" BO MHOIHX CJIydasgx OKa3bIBaeTCsi yI0OHBIM HCIIOJIH30BaThH
boJiee obIIIee IOHATHE, & UMEHHO, TTOHATHE HOPMBI BEKTOPA.

Bynem rooputs, uto Ha rnpoctpancTse C" BBeeHa HOPMaA, €CITH KaZK-
noMy BekTopy x € C" 0o1HO3HAYHO TIOCTABJIEHO B COOTBETCTBUE BEIIle-
creennoe neso ||z|| (anraerca: mopma x). Ilpu 9TOM MO/MAKHBI OBITH BbI-
TOJIHEHBI CJIC/IYIOIINE YCIOBUST (AKCUOMbYL HOPMDL):

1) ||z|| = 0 mias moboro x € C*, pasenctra ||z||=0 u =0 sxBuUBa-
JIEHTHBI;

2) |laz|| = |a||z]| mrsa mobbix x € C", a € C;
3) [l +yll < llzll + llyll st moberx 2,y € C*.
Yesoue 3) 00BIMHO HABLIBAIOT HEPAGEHCTNEOM MPEY2ONLHUKA.
OrMernM HepaBeHCTBO
4) [llzll = yll| < lle =yl Y,y €Cn,

KOTOpOE BBbITEKaeT M3 akcnoMbl 3). B camom jerie,

[zl = [l =y +yll < [le =yl + llyll

Anajiornuno,
[yl < llo =yl + [l]
Hepagencrio 4) ecth mpocto 60Jiee KpaTkasi 3alliCh ITUX HEPABEHCTB.
3. Ilpusegem npumepsr HopM Ha mpoctpancTse C”.

n 1/p
1) Ilycrs p > 1. Pasencrso ||z, = ( > |:13k|p) OTIpeJIe/IsAeT HOP-
k=1

My. JeficTBITEIbHO, aKCHOMBI 1), 2) BBITOHEHBI OYEBHIHBIM 00PA30M, a
HEPABEHCTBO 3) IPU P = | HENOCPEJICTBEHHO BBITEKAET M3 CBOICTB MO-
ayJst, a npu p > 1 coBmagaer ¢ HepaBercTBoM Munkosckoro (1.4). Ot-
MeTnM, 9To ||z||2 = |z| = (z, ), mua moboro x € C", 3meck u jasee B
9TOM rviaBe (-, ) — CTaHJAPTHOE CKAJSPHOE TPOU3BEICHNE Ha ITPOCTPAH-
crse C".

2) onoxkum ||z]|~ = max |z1,|. DremenTapHO TPOBEPSIETCST, ITO ITO

PaBEHCTBO OIIpeJiesisieT HOPMY.

3) Ilycth A — SpMHUTOBa MOJOKUTEJBHO ONpEJIeJIeHHAsT MaTpPH-
na. Oynxmus ||z||l4 = (Az,2)Y? ecrs nopma ma npocrpancrse Cm.
Jlst obocHOBaHUST 9TOrO hakTa JTOCTATOIHO BCIIOMHHUTD, ITO COOTHOIIIE-
e (z,y)a = (Ax,y) omnpejessier CKaJspHOe MPOU3BEJEHNE Ha IIPO-
crpancrBe C" (cm. yrnpaxkuenue 1, c. 216, a takxke 1. 4, ¢. 121).
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4. Jlrobast HOpMa HelpepbiBHA Ha BceM rpocTtpancTBa C". B camom
Jejie, Mycrhb x,y — upousBosbHble Toukun C". IIpejcraBum ux B Bue

n
pasJIozKeHNit 110 ecTecTBeHHOMY Oasucy npocrpancrsa C: x = > x4,

k=1
n

y=> yi%. Vcronb3ys Terneph HEPABEHCTBO TPEYTOJbHUKA, MOTYUHM
k=1

n

lz — yll < X |li%|||lzx — yi|, oTKyma, ouesumno, BBITEKAET, UTO eciu
k=1

CTPEeMUTCH K ¥, TO ||z — y|| cTpemuTes K myio.

5. Bymem rosoputhb, 4to mnociaenopatrenbnocts {xF} € C* cxodumces
K BekTopy € C" no mopme, ecin lim ||z — 2| = 0. B n. 4, dax-
TUYECKH, OKA3AHO, YTO €CJIU HOCﬂe;Lk(ﬁ%OTeﬂbHOCTb BEKTOPOB CXOJUTCSI
NOKOMNOHEHMHO, TO OHA CXOAUTCS U 110 JIF000I HOpME, BBEJICHHOI Ha, IIPO-
crpancTee C". Huxke Oylier ycTaHOBJIEHO, UTO CIIPABEIJIMBO U 00paTHOE
YTBEPK ICHHE.

Tosopat, uto nopmbt ||« || 1) 1 ||-||(2) 2K6UGEAEHMNMBL €CITH CyMIECTBYIOT
IOJIOZKUTEIbHBIE TIOCTOSIHHBIE ¢ U Cy TAKUe, 9TO

allzllay < llzll@ < ellzllq) Ve C (2.1)

5.1. Teopema. Jhobvie dse nopmuv, na npocmpancmsee C" sxeusa-
AEHMMHDL.

JTIOKABATEJILCTBO. OTHoIeHIe S5KBUBAJCHTHOCTH HOPM, OYEBUJI-
HO, TPAH3UTUBHO. [109TOMY J0CTATOYHO TIOKA3aTh, 4To Jiiobast HopMa || - ||
9KBHBAJICHTHA HOpME || - ||o = | - |, T. €. mOKa3aTh, ITO CYIMECTBYIOT MOJI0-
JKUTEBHBIE TIOCTOSTHHBIE €1, Cy TAKHE, UTO

alr] < ||z|| € eolx| Ve C. (2.2)

[Tycrs S1(0) — MHOXKeCTBO Beex BeKTOpPOB u3 mpoctpanctsa C") yiosie-
TBOpstrotux yeaosuo |z| = 1 (S1(0) — cdepa expunnanoro pajuyca c
IEHTPOM B HyJIe). DTO MHOKECTBO OFPAHIYEHO U 3aMKHYTO B IPOCTPAH-
cree C". Oynknnsa o(xy, s . .., x,) = ||z||, Kak Hoxkazano B 1. 4, Henpe-
poiBaa Ha C". TTosTomy o Teopeme Beiiepirpacca (cM. Kype MaTeMaT-
4ecKOro aHa/lu3a) CyHecTBYIOT Touku 1, %, npunajiexkamue S1(0), u

takue, uro ||zl|| = Héir(l) ||, |22 = H}g&f{) |z||. TTonosxum ¢ = ||t
xz€S51(0 zeS51(0

co = ||z?||. Acro, aTo 0 < ¢; < ¢o. [Ipudem ¢ He MOKET PABHSITHCSI HYJTIO,
TaK Kak B IpoTHBHOM ciaydae z' = 0, Ho, ¢ apyroit croponst, 1t € S1(0),
nostomy |x!| = 1, u, crano 6bith, 1 # 0. Urak, aua moboro x € S1(0)
BbINOJIHEeHb! HepaBeHcTBa 0 < ¢ < ||z]] < c¢o. Ilyers reneps © — mpo-
n3B0JIbHbIT BekTop n3 C", me pasublil nymmo. Torjga, 04eBHJHO, BEKTOD

at
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(1/|x])x mpumamrexur S1(0), cremosarensno, ¢1 < ||(1/|z])z]] < o,
OTKY/Ia BBITEKACT, ITO JIJIsi BEKTOpPA T BBINOJHEHBI HepaBeHCTBa (2.2).
Ecin z paBen nymo, To HepaBeHCTBa (2.2) BBITIOJHSIOTCS OYEBUIHBIM
obpazom. [

5.2. U3 Teopemnl 5.1 BBITEKaeT, YTO BCAKasi HOPMa Ha IIPOCTPaH-
crBe C" skBuBajieHTHA HOPME || - ||2, TO9TOMY U3 CXOAMMOCTH TOCIEI0-
BaTEJIbHOCTU BEKTOPOB 110 JIF0OOiI HOpME BBhITEKAET ee IMOKOMIIOHEHTHAast
CXOJUMOCTb.

6. BaxkHo mmeTb B BHJY, UTO IIOCTOsIHHBIE Ci, Cy, BOODIIE T'OBOPS,
3aBUCAT OT 1, T. €. 0T pasmepHocTu npocrpancTsa C". [IpuBenem, HaIIPH-
Mep, CJIeJIyIolne OlEeHKN:

oo < || Vo e C" upu sodbom p > 1; 2.3
p
lz|l, < ||z|l, YxeC" ecmp >q>1; (2.4
|z, < VP Y9z], YzeC"ecmq>p>1; (2.5
|z, < n'/P||z]loe V€ C" upu mobom p > 1, (2.6

[Ipezkae 4eM JTOKA3bIBATL 9TH HEPABEHCTBA 3aMETHM, 9TO OHU SIBJIs-
IOTCA TOYHBIME, T. €. JUIS KasKJ0I0 U3 HUX MOXKHO yKa3aTh TAKOH HeHy-
JIEBOII BEKTOD &, HA KOTOPOM HEPABEHCTBO IIPEBPAILAETCA B PABEHCTBO.
IMmenno, nepBble 1Ba HepaBeHCcTBa 00pallaloTcs B PABEHCTBA, HAIIPUMED,
mpu x = (1,0, ...,0), a mocennune ma — npu x = (1,1, ..., 1).

[IpuseseM Tenepb COOTBETCTBYIOIINE JOKAZATEILCTBA.

1) Iycers ||z]| = max |z| = |z;|. OueBuno, aTo

n 1/]?
ji] = (Jas|") P < (Z |$k|p> = [|z][,.
k=1

2) BbIOJIHUB OYeBU/THBIE BBIKJIAJIKH, TTOJIY M

n 1/p
]l = <j£:|kaifkpq> < | 20|,

k=1

OTKY/Ia, ncrosb3ys (2.3), npuxoanm K (2.4).

3) Ilpencrasum |zy|P B Bujge |x|P - 1 u ncronbsyemM Jyist oneHku ||z,
HepaBeHcTBO [é/bjiepa ¢ nokasaresamu t = q/p>1lur=t/(t—1) =
= ¢/(q — p). Hony1um

n 1/p n 1/q n (g—p)/(pq)
el —(z mvo) < (z ) (z 1) _ Vi),
k=1 k=1 k=1
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JlokazaTebeTBO HepaBeHCTBa (2.6) IUTaTesb JErKO BBITOTHAT CAMO-
CTOATEJIBLHO.

YTIPAYKHEHUE. ITokazars, aro st aodoro x € C" BbIIOJIHEHO IIpe-
Jesbioe cooTHomenne |||/ = lim [|z]],.
p—00

§ 3. Hopmbl Ha mpocTpaHCTBE MaTPHI]

1. O6o3naunm gepes M,, MHOKECTBO BCEX KBAJIPATHBLIX MATPUIL I10-
PAJIKA 1 ¢ KOMILIEKCHBIME, BOOOIIE roBops, semenTamu. Oupeieans Ha
mMHOZKecTse M, OOBLIYHBIM 0OpPA30M Olepalil CJAOKEeHUs JIBYX MATPUIL U
YMHOYKEHUSI MATPUILI Ha YUCJIO, MbI IPEBPATHM €ro B JIMHEHHOe IIpo-
CTPaHCTBO C". Ha 3ToM JiHHeHHOM IIPOCTPAHCTBE BBEJEM HOPMY, T. €.
IOCTABUM B COOTBETCTBHE Kaxkoii marpune A € M, qucio ||A| rak,
4TO:

1) ||A]| = 0 gns mroboit marpunsr A € M,, pasencrsa ||Al| = 0
1 A = 0 9KBUBAJICHTHBI;

2) ||| = ||| Al| ansa moboit matpunst A € M, u moboro « € C;

3) |[A+ B|| < ||A]| + || B]| anst mo6eix matpun, A, B € M,.

['oBopgaT B 9TOM ciydae, 9TO Ha IpocTpancTBe MaTpuil M, BBegeHa
sexkmopras nopma. IToHATHO, YTO OHA 00J1a/1aeT BCEMU CBOMCTBAME, KOTO-
pble ObLIM U3YYeHbI B IIPEJbIIYIIeM Iaparpade IpUMEeHUTEIbHO K HOPME
BEKTOPOB.

Yame na npocrpanctBe M, BBOIAT TaK HA3LIBAEMYIO MAMPUYHIYIO
nopmy. Ilpu sTOM HOMOTHUTETHLHO K 1)—3) JT0JI2KHA BBITOJIHATHCS AKCH-
oma

4) [|AB]| < ||A|l||B|| mis siobbix matpuiy A, B € M,.

He Bcakasg BexkTopnas nopma na M, gaBigerca marpuwanoii. [lyctn,
nanpumep, ||A|| = max |a;;|. OdeBujgno, — 910 BeKTOpPHAs HOPMA, HO

1<i,5<n

OHa He fABJIIeTCd MaTpuiHoil. lelicTBUTEIbHO, TYCTh

11 2 2
A:(l 1), TOIJIa AA:<2 2),

npuieM || Al = 1, ||[AA|| = 2, u mepasencrso ||AA| < ||A||A]| #e BbI-
ITOJTHEHO.

YIPAYKHEHUE. [lycts || - || — marpuanas wopma wa M,, S € M, —
IPOM3BOJIbHAsT HEBBIPOXKJIeHHAsT Marpuia. [lokazkure, 4to opmyia
|Alls) = |SAS™|| VA € M, oupenensier marpudmyio Hopmy Ha M.
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2. Tlpuseiem npuMepbl MATPUIHBIX HOPM.
n
1) HMonoxknm ||A|l1 = > |aij|. OueBuato, Tpu HEPBBIX AKCHOMBI HOD-
ij=1
MBI BbITtosiHeHbL. [IpoBepum akcnomy 4). [To onpeenenuto mist A, B € M,

nMeeM
n n

IABl = | > aubi|.
ij=1| k=1

cJjie 10BaTeJILHO,
n

1ABIL < ) lawllbwg].
ij,k=1
JlobaBiisiss K cyMMe B IIPaBOil YacTH IOCJIETHEr0 HEPAaBEHCTBa, HEOTPHIlA-
TeJbHBIE cjlaraeMble, YCUJIUM HePABEHCTBO:

n

IABI < ) Jail bl

ij,k,m=1
OcraJjioch 3aMeTHTDh, 9TO
n n n
> laallbwgl = D lail Y 1bwgl = AL Bl
i km=1 ik jm=1
1/2
n
2) Tonoxum |[Allg = | D |ayl? . DTa HOpMa IOPOXK/AETCs

ij=1
€CTECTBEHHDIM CKAJIPHBIM [IpousBefenHneM Ha npocrpancrse C | mosro-
My TPH I[EPBBIX aAKCHOMBI jijis Hee BbinojHstorcst. Hopmy ||A||p 06bra-
HO HA3BIBAIOT €BKJINIOBOII HOPMOil miam Hopmoi @Ppobenuyca®). Joka-
YKEM CIIPaBEeJJIMBOCTL YETBEPTOl aKCHOMBI JIJIsl 9TOI HOPMBbI, OIUPAsICh
Ha HepaBeHcTBO Kormm (em. . 304):

2

n n n

n n
IABIG = > 1D anbis| < D> laal* > [bw* =
ij=1|k=1 ij=1 k=1 k=1
n

= > laal® D 1bwl* = IAIZIBIE

ik=1 m,j=1

YIIPAZKHEHUE. Jlokazats, aro Hopma || Al = n  max |ai;| sBsteTCo
I, IN

MaTPUIHOI.

D ®epuunan Teopr ®pobernyc (Ferdinand Georg Frobenius; 1849 — 1917) — nemenxuii maTema-
THUK.
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3. Ilycte A € M, — mpousBosibHasT KBaJpaTHas marpura, ||| —
Hekoropast HopMma Ha npocrpanctse C". Torma cymiectsyer HeoTpuia-
TesibHoe uncyio N4 Takoe, 9To

|Az|| < Na|lz|| VaxeC". (3.1)

JeiicTBUTEIBHO, OCKOILKY Beakas HopMma Ha C" sKkBHBaseHTHA HOPME
n

|- |loo, T e ciflz]|e < ||z]| € @lz]|e mast moboro z € C”, rue ¢,

Co — TOJIOKNTEJILHBIC HE 3aBUCAIIE OT X IOCTOAHHBIC, TO CIIPABEIINBA

CJICIYIONIAS [[EII0YKA HePABCHCTB:

n n

[Az|| < ]| A7||oe = Imax Z;aijxj < a7l &1%2; |aij] <
j= j=

n
< (e2/c1) 12{2%2 |aij| || |-
J:

O6o3naunM yepe3 v(A) TOUHYIO0 HUYKHIO I'palb Beex ducest N4, s
KOTOPBIX BbITO/IHEHO (3.1). OueBmiHO, 9TO0 MOYKHO JaTh U JIPYToe, SKBU-
BaJIEHTHOE, olpejiesieHne (PYHKIUN I Ha npocTpaHcTBe M,

Ax
IAx] _ sup || Az]|. (3.2)

zeCn, x#£0 HxH _xe(C”,HJ:H:l

v(A) =

OueBnIHO, 9TO

|Az]| < v(A)]2l| Ve T

YTIPAYKHEHUE. [lokaxkurTe, 9TO Jjid (PYHKIUU I BBIIOJHEHBI BCE
AKCHOMBI MATPUIHON HOPMHBI.

Urak, Besikast HopMma, 3ajiaHHasi Ha 1poctpancTse C", mpu nomorn
paserctBa ||A|| = v(A) onpemensier MATPUUIHYIO HOPMY Ha MTPOCTPAH-
crBe M,,. MaTpuiunyo HOpMY, CKOHCTPYHPOBAHHYIO TaKUM 00Opa30M, Ha-
3BIBAIOT N0JUUHEHHO0T HOPME BEKTOPOB.

YIIPAYKHEHUE. /lokaxkute, 9To 1mpu J1toO0OM OIpeieIeHUN HOPMbI Ha,

npocrpancrse C* cymecrsyer sextop x° € C* taxoii, uro ||2°]] = 1 u
|Az’ = sup [|Az],
zeCn, ||z||=1

T. e. B olpejiesiern (3.2) CHMBOJI TOUHON BEPXHEH MPaHi MOYKHO 3aMEHUTh
Ha CUMBOJI MaKCUMYyMa.
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4. IlpuBegeM mTpuMepbl BBIUYUCIEHUS MOJUNHEHHBIX MATPUIHBIX
HOPM.

1) [Tycrs nopma Ha npoctpancTee C™ onpejesiena, Kak B 1. 3, ¢. 300,
n

paBerctBoM |||y = > |zk|. Torma mogunnenHas HOpMa MATPHUIIBI €CTh
k=1

[Ally = max [lAz[];.

zeCn, ||z|1=1
Herpyao Bujers, uro s jioboro Bekropa z € C") ||zl = 1,

n n n n
<SS aggllzg =3 il S Jayl <
j=1 i=1

n

Az =)

n

E aija:j

i=1 | j=1 i=1 j=1
n n n
< ol Y = e 3|
S max ) ai| ) |vjl = max ) Jai;
i=1 7=1 =1
n
[Ipesmonokum, 9T0 Mmax Z laij| = > laik|, n nomoxkum, 4To T ecrhb

Isysn = i=1
BEKTOP ecTecTBeHHOro Oasuca rnpocrpancrsa C" takoit, uro T = 1, a Bce
ocTaJibHbIe KOOP/IMHATHI BEKTOPa & paBHbI HyJ0. fcHo, uTo ||Z]]; = 1, a

n
|AZ |1 = > |aix|. Taknm obpasom, gokazano, 91O
i=1

n
|Aly = max ||Az|; = max Z |aij].
zeCr, ||z|1=1 ISjsn <=

[Tosromy Hopmy ||A||1 wacTo Ha3BIBAIOT CTOIOIOBON HOPMOiT MaTpUIlBl A.

2) Onpenesnm mHopmy na C" pasernctBoM ||2|o = Jax |z |. Torma

st giioboro x € C" takoro, 9T0 ||Z||0 = 1
n

E , A5 X j

7j=1

|Az|| o = max
1<i<n

< 1n<182X Z |aij|z;| <

n
< max |r;j| max Z la;;| = max Z |aij|.
1

1<j<n 1<isn 1<i<n <

[TostozkuM, 410 Max Z la;;| = Z |\ay;| n onpesnesim Bexkrop T € C" npn
1< <1j 1 7=1

ITOMOIIIN COOTHOIIIEHUIA

= Jaw/lagl, ar; # 0,
’ 17 ap; = 07
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rae 7 = 1,2, ...,n, yepra, KaK 00ObIYHO, €CTh 3HAK KOMIIJIEKCHOT'O COIIpPSsI-
kenust. fleno, 9to ||Z||o = 1, mputem sseMeHTapHble BBIKJIAIKI TOKA3bI-
BAIOT, UTO JIst JII000r0 ¢ = 1,2, ..., m BBIITOJHEHO HEPABEHCTBO
n n n
D aiEi| < lail < lagl,
J=1 J=1 J=1

anda i =k
n

n
> aiEi| =Y lawl,
j=1 j=1

n
T. €. ||AZ|| = max ) |a;;|. Taxum obpasom,

1<i<l 72

n
|Ale =  max ||Az] = max Y |al.
7=1

2€C, |z]s0=1 1<i<n 4

Hopumy ||A||s @acTo Ha3bIBAIOT CTPOIHON HOPMOIT MATPUITHI A.

3) Beegem renepn na mpocrpancte C" HOpMY, COMTACOBAHHYIO CO
CTAHJIAPTHBIM CKAJISIPHBIM [IPOU3BEJCHUEM, T. €. HojoKuM ||z|ls = |z|.
s moboro z € C" mmeem ||Az|ls = (Az, Ax) = (A*Ax,z). Marpu-
na A*A spmuToBa u HeoTpunaTeabHa. [losToMy cymecTByeT opTOHOPMIE-
posanublit 6asuc {eF}7_, raxoit, uro A*Ae* = piek pp = pr(A) — neor-
pHIaTeabHble THCIa, CHHTY/IApHBIE ducia Matpuiel A, k= 1,2, ..., n
(M. o sTOMy TOBOMY 11. 2, ¢. 231, u mpuBOANMBIE TaM cchLIKE). [Ipes-

n
CTABUM BEKTOD T B BHJIe PasjiozKeHnd 1o bazucy = > &ge¥ u upesoo-

k=1

n n
anu, uto ||z = 1. Torna 37 |&f* = 1, |A[|3 = 3 pf[&[* < max pf.

k=1 ‘ k=1 ISksn
I[Iyctb p; = max pg. [onarag & = €/, nonyunm ||Az|]* = p?. Takum

1<k<n
00pa30M, JI0Ka3aHO, 9TO ze@g}ﬁxjﬁFl | Azl = Iax pi, T. e.
14l = max pi(A).

4.1. OrTmeTuM CJeIyIONNi NHTEPECHBI /I MHOIUX ITPUJIOZKEHU
JacTHBI caydaii. Bygem canrars, o marpuna A spmuTosa, T. . A = A*.
Torna, oueBnmno pr(A) = |M(A)], B = 1,2, ...,n, tae depe3 A\i(A)
obo3HadeHbl coOCcTBeHHBbIE Trcya MaTpullbl A. Takum obpazom, J1ist 0001
SPMUTOBO MATPUILLI

|(Az, z)|

lA4llz = max [Me(A)] = max o) p(A),
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rie p(A) — crexkrpanbubiii pagnyc marpunsl A (em. . 206). Hopmy || Al|2
B CBSI3U C 9THM 9aCTO HA3BIBAIOT CIICKTPAJIHHOIL.

4.2. Boluncienue CHUHIYJISPHBIX YHCET MATPHUILI, BOOOIIE T'OBO-
psi, — JIOBOJILHO CJIOXKHAs 3ajada. 1109TOMy MOJIe3HO MOJIYyYUTh HEKO-
TOPYIO OIEHKY BeIUIHHBI || All2, TPOCTO BBIpazKaeMyio depes 3JIeMeHThI
marpunbl A. Jlokaxkem, uro st J11000# KBajpaTHOl MaTpurbl A cripa-
BeBo HepaBeHCTBO || Al < ||A||g. C 9roit Hesbio 3aMeTiM, 910 316-

n
MEHTApHBIE BHLIKIAIKN TpuBoaaT K pasenctyl) tr(A*A) = > |a;[%
ij=1
n
C apyroii croponsbr, tr(A*A) = Y pi(A) = p?(A), cremosaresnno,
k=1

1/2

A2 = p(A) < (D laii” | = lAle.

t,7=1

YIPAYKHEHUE. Jlokaxkure, aro s Jr0b0i MaTpuiel A: 1) HOp-
mbl || Allo 1 ||A|| g HE MeHsiTOTCs iR yMHOXKeHEN A Ha JTI00YI0 yHUTAPHYO
marpuity; 2) [|Allz = [[A*[],.

5. 3HaHne MaTPUYHOI HOPMbI MATPHUIIBI OKA3BIBAECTCsI, B 4YaCTHOCTH,
II0JIE3HBIM IIPU OIIEHKE €€ CIEKTPAJILHOIO paJjuyca, a UMEeHHO, JIJIs JF000It
KBapaTHON MaTpuilbl A ClpaBeInBO HEPABEHCTBO

p(A) < (1Al (3:3)

rie ||Al| — mobas marpuanas mopma marpurbl A. B camom jere, mycrb
A, x — cobcrBeHHas mapa Marpuinbl A, a X — KBajpaTHasi MaTpHUIA,
crosibramMur (OIMHAKOBBIMEI) KOTOPOI CJIY’KUT BEKTOp . Torjaa, o4eBu/I-
Ho, A X =AX n

IAIX] = [ AX] < [ ANIX

muist mo0oit MaTpudHoit HOpMBL, mpudeM || X || # 0, Tak Kak BEKTOp &
10 OIpeJIeJICHNI0 cOOCTBEHHOI'O BEKTOpa He paBeH Hyso. Takmm obpa-
30M, JIIsT JIIOOOTO COOCTBEHHOIO YHCIa A MaTpuilbl A BepHO HepaBeH-
creo [A| < ||A|], a sTo sxBUBasenTHO (3.3).

I3 teopembr 3 ¢. 206, u onenkn (3.3) 0ueBUIHBIM 06PA30M BBHITEKAECT

5.1. CaenctBue. Eciu nexomopas mampuinas Hopma mampuos A
MeHbue eQuHuybl, Mmo A — CcTodAULAACA MAMPUUQ.

1)3,HCCB CJIel MaTPUILbI BBITUCJ/IFACTCA KaK CyMMa 9JIEMEHTOB €€ TJIABHOM JAunarodHaJii CM. II. 5, II. 3,

c. 189.
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6. Teopema. /Jlaa 060l mampuyurol Hopmol, onpedesermotll Ha
npocmparcmee M, u das a0bot mampuuyw, A € M, cnpasediuso pa-

G6EHCINGO
p(A) = Tim [ 4% (3.4)

JTOKABATEJILCTBO. Ecim A — cobcTBeHHOE YMCJIO MATPHUIB A,
o A¥ it J1I060r0  TESI0T0  TOJIOKUTENLHOTO Kk €CTh COOCTBEHHOE UHC-
no marpums A¥. Tlostomy, mpumenss mnepaseHcTBo (3.3), TOTydHM
(p(ANF = p(A¥) < ||A¥||, crenosarensno, p(A) < ||AF||V* nna mo-
OOro TesIoro MmosIoyKuTebHOro k. Jlamee, mycTb € — MpOM3BOJIBHOE TOJIO-
uTesbHoe unco. Torma marpuna (p(A) + €)1 A exonstiasics, Tak Kaxk
BCe ee COOCTBEHHBIE YHCJIa [0 MOJLYJII0 MeHblie equHuiibl. CrieoBare)ib-
Ho, (p(A)+¢) % A* — 0 pu k — oco. [TockoabKy Jrobas HOpMa — Herpe-
peiHas bynkmusa (e 1. 4, ¢. 307, 1. 1, ¢. 309), 1o ||(p(A) +¢) FA¥|| — 0
upu k — oo. Orciona BbITEKAET, YTO MOXKHO yKa3aTb Takoe N > 0, 4To
ais Beex k> N soimosmeno nepasenctso ||(p(A) + ) FA*|| < 1, wm
| A% ||F < p(A) + e. Takum obpasom, mpu 060 € > 0 jyIst Beex J10CTa-
Touno Gosbumx k crpasemmsel onenkn p(A) < || AF||VF < p(A) 4 ¢, a
9TO yTBEpK/ieHne SKBUBajieHTHO (3.4). [

YIPAYKHEHUE. Onupasick #Ha dhopmyiy (3.4), mokazxkure, 910
p(A+ B) < p(A) +p(B), p(AB) < p(A)p(B)
JIUIsT JTIOOBIX ITepecTaHOBOYHBIX MaTpuil A u B.
7. Teopema. /[asa awboti mampuuywvt A € M,

oA =  inf  SAS = inf  [|SAS V..  (3.5)
SeM,,, det(S)#£0 SeM,,, det(S)#£0

JTOKABATEJILCTBO. IIpoBeseM paccykjenns NpUMEHUTETHHO K
HopMe || - [|1. duist HOpMBI || - || BCe paccy K aennst, hakTHIeCKH, TOCTOBHO
nosropstiorca. Marpunnt A u SAS™! mog06usL. [109TOMY X CHEKTPLI COB-
najiatot, ciegosarenbio, p(A) = p(SAS™!). Orciona, ucnonbsya (3.3),
HOJIy9aeM, ITO

p(A) < ||SASTY, VS € M,, det(S) #0. (3.6)

[To Teopeme Illypa, c. 191, cymecTByer yHuTapHas Marpuiia U Takas,
970

UAU =T, (3.7)
rjie I’ — BepxHsisl TPeyrojibHas MaTPHUIlA, 110 JIUaroHai KOTOPOil pacio-
JIOZKEHBI A1, Ao, ..., A\, — Bce cobcrBerHble uncia marpuinsl A. Ilycrs

D = diag(d,d?, ... ,d"),
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rie d — IoJoKUTeIbHoe dncsio. [Tomoxkum

Q=DTD". (3.8)
Herpyano yoeauTbes, 4To
()\1 d~ 'ty d2ty3 d_(n_2)t1,n—1 d_(n_l)tl,n\
0 A9 d_1t23 e d_(“_?’)tln_l d_(n_2)t27n
o=10 0 X A=y, d- g, (3.9)
0 0 0 A1 A~ y1n
\0 0 0 0 Ao )

DukcupyeM Terepb HEKOTOPOe TOJIOKUTEILHOe TUCI0 €. Boibupast d j10-
CTATOYHO OOJIBIIIM, MOYKHO JOOUTHCS TOTO, UTO CyMMa MOJLyJIeil S1eMeH-
TOB KazKJOTO CTOJIONa Marpuilel () Oyier He Gosbine p(A) + . Bemesn-
creue (3.7), (3.8) monyuyaem SAS™! = @, tne S = DU npuuem
|SAS™H1 = ||Q]l1 < p(A) + &. TTocKo/IbKY BBIIOIHEHHsT TIOC/IE/HEr0
HEPABEHCTBa MOXKHO JI0OUTHCsI 38 CUYeT BbIOOpa d JIJIs TIPOU3BOJIBHOTO T10-
JIOKUTETHHOrO €, T0 BMecre ¢ (3.6) 910 obecrednBaer CrpaBe/jinBOCTh
nepBoro pasencrsa B (3.5). O

VIIPAYKHEHU S

1) Kax crencrBue Teopembl 7 JIOKaXKUTE, 9TO JJist JHOOONH MaTpH-
el A € M,
) = inf 141, (310
[TosicHuM, 9TO 3/1€Ch TOUHASI HUYKHSST TPaHb OEpeTcs M0 BCeM MaTPHIHbBIM
Hopmam "Ha M,,.
2) Jlokaxkure, uto B paBeHcTse (3.10) cuMBOJI TOTHON HUYKHETT I'DaHH,
BOOOIIE TOBOPsI, HEJIB3ST 3aMEHUTh HA CUMBOJI MUHIMYMA.
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