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Abstract—We propose a family of grid methods for the numerical solution of an advection equation
with a time delay in a general form. The methods are based on the idea of separating the current state
and the prehistory function. We prove the convergence of the second-order method coordinatewise
and do that of the ﬁrst-order with respect to time. The proof is based on techniques applied
for proving analogous theorems for functional diﬀerential equations and on the general theory of
diﬀerence schemes. We illustrate the obtained results with a test example.
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1. Introduction. The problem. Many papers are dedicated to the qualitative theory of partial
functional diﬀerential equations (see, for example, [1] and references therein). Since in most cases one
cannot solve such equations analytically, the elaboration, substantiation, and computer realization of
numerical methods for this class of equations are of essential interest (see the review in [2]). Many
diﬀerence schemes [3] are known for advection equations without delay. In the paper [4], for an advection
equation with a delay, one considers an approximation of the derivative with respect to the phase variable
with two nodes, which provides only the ﬁrst order of convergence with respect to x. The present paper
continues the investigation initiated in [5].
Advection equations with delay arise in modeling the dynamics of populations structured with respect
to the cell size [6, 7], the age of specimen, etc.
Consider the following advection equation with aftereﬀect:
∂u(x, t)
∂u(x, t)
+a
= f (x, t, u(x, t), ut (x, ·)),
(1)
∂t
∂x
where x ∈ [0, X] and t ∈ [t0 ; θ] are, respectively, the spatial and time variables (independent ones),
u(x, t) is the desired function, ut (x, ·) = {u(x, t + ξ), − τ ≤ ξ < 0} is the prehistory function of the
desired function at the moment t, τ > 0 is the value of the delay, and a > 0 is a coeﬃcient.
Together with the equation, we state the initial condition
u(x, t) = ϕ(x, t), x ∈ [0, X], t ∈ [t0 − τ, t0 ],

(2)

u(0, t) = g(t), t ∈ [t0 , θ],

(3)

the boundary one
and the ﬁtting condition
g(t0 ) = ϕ(0, t0 ).
We assume that the functional f and functions ϕ and g are such that problem (1)–(3) has a unique
solution. Questions of the existence and uniqueness of a solution to the stated boundary value problem
were considered in [1].
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