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Àííîòàöèÿ. Îñîáîå âíèìàíèå ïðè èññëåäîâàíèè ñèñòåì ñ çàïàçäûâàíèåì óäåëÿåòñÿ òàêîìó
âàæíîìó ñâîéñòâó ñèñòåì êàê óñòîé÷èâîñòü. Â çàäà÷àõ èññëåäîâàíèÿ óñòîé÷èâîñòè ïî ïåðâî-
ìó ïðèáëèæåíèþ äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðÿìûì ìåòîäîì
Ëÿïóíîâà øèðîêîå ïðèìåíåíèå íàøëè ôóíêöèè Ëÿïóíîâà â âèäå êâàäðàòè÷íûõ ôîðì. Â íà-
ñòîÿùåé ñòàòüå â êà÷åñòâå ôóíêöèè Ëÿïóíîâà äëÿ ñèñòåìû ñ çàïàçäûâàíèåì ïðåäëàãàåòñÿ
èñïîëüçîâàòü êâàäðàòè÷íóþ ôóíêöèþ Ëÿïóíîâà, ïîñòðîåííóþ äëÿ ñèñòåìû îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé è óäîâëåòâîðÿþùóþ îãðàíè÷åíèÿì íà ïåðâóþ ïðîèçâîäíóþ â
ñèëó ýòîé ñèñòåìû. Ïðèâåäåíû óñëîâèÿ, ïðè êîòîðûõ ïðèìåíåíèå òàêèõ êâàäðàòè÷íûõ ôóíê-
öèé â êà÷åñòâå ôóíêöèé Ëÿïóíîâà äëÿ ñèñòåìû ñ çàïàçäûâàíèåì âîçìîæíî.
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Ââåäåíèå. Íàèáîëåå îáùèì ìåòîäîì èññëåäîâàíèÿ óñòîé÷èâîñòè ÿâëÿåòñÿ ïðÿìîé ìåòîä
Ëÿïóíîâà (èëè ìåòîä ôóíêöèé Ëÿïóíîâà) [1], [2]. Ýôôåêòèâíîñòü ïðÿìîãî ìåòîäà ñâÿçàíà
ñ òåì, ÷òî èñïîëüçîâàíèå ââåäåííûõ À.Ì.Ëÿïóíîâûì âñïîìîãàòåëüíûõ ôóíêöèé ïîçâîëÿåò
èññëåäîâàòü óñòîé÷èâîñòü èëè íåóñòîé÷èâîñòü, íå íàõîäÿ ðåøåíèé âîçìóùåííûõ óðàâíåíèé
[3], ïîñêîëüêó óñòîé÷èâîñòü îòíîñèòåëüíî âîçìóùåíèé ïàðàìåòðîâ ñîñòîÿíèÿ ñèñòåìû ýêâè-
âàëåíòíà óñòîé÷èâîñòè îòíîñèòåëüíî ëþáîé ôóíêöèè ýòèõ âîçìóùåíèé, õàðàêòåðèçóþùåé
ðàññòîÿíèå òî÷êè îò íà÷àëà êîîðäèíàò [4]. Â íàñòîÿùåå âðåìÿ ñôåðà ïðèìåíåíèÿ ìåòîäà
ôóíêöèé Ëÿïóíîâà íå îãðàíè÷èâàåòñÿ çàäà÷àìè êëàññè÷åñêîé òåîðèè óñòîé÷èâîñòè. Â ÷àñò-
íîñòè, èäåè ìåòîäà ôóíêöèé Ëÿïóíîâà óñïåøíî èñïîëüçóþòñÿ ïðè èññëåäîâàíèè ñèñòåì,
îïèñûâàåìûõ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ çàïàçäûâàþùèì àðãóìåíòîì [3]�[8].
Â çàäà÷àõ èññëåäîâàíèÿ óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ äëÿ ñèñòåì îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðÿìûì ìåòîäîì Ëÿïóíîâà øèðîêîå ïðèìåíåíèå íàøëè
ôóíêöèè Ëÿïóíîâà â âèäå êâàäðàòè÷íûõ ôîðì. Ñòîëü æå øèðîêîå ïðèìåíåíèå êâàäðàòè÷-
íûå ôîðìû ìîãóò èìåòü è â çàäà÷àõ èññëåäîâàíèÿ óñòîé÷èâîñòè ñèñòåì ñ çàïàçäûâàíèåì [4],
[7]. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ èñïîëüçîâàòü â êà÷åñòâå ôóíêöèè Ëÿïóíîâà äëÿ ñèñòå-
ìû ñ çàïàçäûâàíèåì êâàäðàòè÷íóþ ôóíêöèþ Ëÿïóíîâà, ïîñòðîåííóþ äëÿ ñèñòåìû îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è óäîâëåòâîðÿþùóþ îãðàíè÷åíèÿì íà åå ïåðâóþ
ïðîèçâîäíóþ â ñèëó ýòîé ñèñòåìû [9], [10]. Ïðèâåäåíû óñëîâèÿ, ïðè êîòîðûõ ïðèìåíåíèå
òàêèõ êâàäðàòè÷íûõ ôóíêöèé â êà÷åñòâå ôóíêöèé Ëÿïóíîâà äëÿ ñèñòåìû ñ çàïàçäûâàíèåì
âîçìîæíî.

Ïîñòóïèëà â ðåäàêöèþ 02.10.2018, ïîñëå äîðàáîòêè 02.10.2018. Ïðèíÿòà ê ïóáëèêàöèè 19.12.2018.
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1. Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâà-
íèåì

ẋi = fi(x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ)) (i = 1, 2, . . . , n), (1)

ãäå fi � íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè ñâîèõ ïåðåìåííûõ, óäîâëåòâîðÿþùèå
óñëîâèþ fi(0, 0, . . . , 0) = 0 (i = 1, 2, . . . , n), τ � ïîñòîÿííàÿ âåëè÷èíà.
×òîáû ïîëîæèòåëüíî îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôîðìà

V (x1, x2, . . . , xn) =

n∑
i=1

n∑
j=1

Kijxixj (Kij = Kji) (2)

óäîâëåòâîðÿëà òðåáîâàíèÿì òåîðåìû òèïà Ðàçóìèõèíà [4] îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè
äëÿ ñèñòåìû (1), äîñòàòî÷íî [7], [8] âûïîëíåíèÿ òðåáîâàíèé òåîðåìû òèïà Ðàçóìèõèíà äëÿ
ñèñòåìû ïåðâîãî ïðèáëèæåíèÿ

ẋi =

n∑
j=1

(aijxj + bijxj(t− τ)) (i = 1, 2, . . . , n), (3)

ãäå aij = ∂fi/∂xj , bij = ∂fi/∂xj(t− τ) (i, j = 1, 2, . . . , n) ïðè x1 = x2 = . . . = xn = x1(t− τ) =

x2(t − τ) = . . . = xn(t − τ) = 0, ò. å. V̇ (x1, x2, . . . , xn, x1(t − τ), x2(t − τ), . . . , xn(t − τ)) < 0 â
ñèëó ñèñòåìû (3) ïðè V (x1(t−τ), x2(t−τ), . . . , xn(t−τ)) ≤ V (x1, x2, . . . , xn). Òàêèì îáðàçîì,
òðåáóåòñÿ íàéòè óñëîâèÿ âûïîëíåíèÿ íåðàâåíñòâà

n∑
i=1

n∑
j=1

n∑
k=1

Kij(aikxj + ajkxi)xk +
n∑
i=1

n∑
j=1

n∑
k=1

Kij(bikxj + bjkxi)xk(t− τ) < 0 (4)

ïðè âñåõ
n∑
i=1

n∑
j=1

Kijxi(t− τ)xj(t− τ) ≤
n∑
i=1

n∑
j=1

Kijxixj .

2. Óñòîé÷èâîñòü ñèñòåìû ñ çàïàçäûâàíèåì ïî ïåðâîìó ïðèáëèæåíèþ. Â ðàáîòàõ
[7], [8] ïðåäëîæåíû ðàçëè÷íûå ìåòîäû âûáîðà êâàäðàòè÷íîé ôóíêöèè Ëÿïóíîâà äëÿ ñèñòå-
ìû ñ çàïàçäûâàíèåì. Â ÷àñòíîñòè [8], â êà÷åñòâå ôóíêöèè Ëÿïóíîâà ìîæåò áûòü âûáðàíà
êâàäðàòè÷íàÿ ôîðìà, êîòîðàÿ ÿâëÿåòñÿ ôóíêöèåé Ëÿïóíîâà äëÿ ñèñòåìû áåç çàïàçäûâà-
íèÿ.
1. Ïåðâàÿ ñóììà â (4) åñòü ïåðâàÿ ïðîèçâîäíàÿ V̇ (x1, x2, . . . , xn) ôóíêöèè (2) â ñèëó

ñèñòåìû áåç çàïàçäûâàíèÿ

ẋi =
n∑
j=1

aijxj (i = 1, 2, . . . , n). (5)

Áóäåì ïðåäïîëàãàòü, ÷òî (2) âûáðàíà òàêèì îáðàçîì, ÷òî â ñèëó ñèñòåìû (5) maxV=V0(V̇ /V ) =
−δ (2 maxi{Reλi(A)} ≤ −δ < 0), ãäå λi(A) (i = 1, 2, . . . , n) � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû
A = (aij) òàêèå, ÷òî Reλi(A) < 0, ò. å. ñîñòîÿíèå ðàâíîâåñèÿ ñèñòåìû (5) àñèìïòîòè÷åñêè
óñòîé÷èâî. (Êîýôôèöèåíòû (2) ñ òàêèì ñâîéñòâîì ìîæíî âûáðàòü ñ ïîìîùüþ ïðîñòûõ àíà-
ëèòè÷åñêèõ ñîîòíîøåíèé â ñèëó [10].) Íî òîãäà íà ïîâåðõíîñòè óðîâíÿ V (x1, x2, . . . , xn) = V0
áóäåò èìåòü ìåñòî ñîîòíîøåíèå V̇ ≤ −δV0 â ñèëó ñèñòåìû áåç çàïàçäûâàíèÿ. Ó÷èòûâàÿ òàê-
æå òîò ôàêò, ÷òî Kij = Kji (i, j = 1, 2, . . . , n) è, êðîìå òîãî, íà ïîâåðõíîñòè óðîâíÿ [11]

|xi| ≤
√
V0Aii
detK

, (6)
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ãäå Aii � àëãåáðàè÷åñêîå äîïîëíåíèå ýëåìåíòà Kii â ìàòðèöå K = (Kij), à detK � îïðåäå-

ëèòåëü ìàòðèöû K, ïîëó÷èì V̇ ≤ −α1V0 < 0 äëÿ ñèñòåìû ñ çàïàçäûâàíèåì, åñëè

α1 = δ − 2

n∑
i=1

n∑
j=1

n∑
k=1

|Kij ||bik|
√
AiiAkk
detK

> 0. (7)

2. Çàïèøåì [8] ñèñòåìó (3) â âèäå

ẋi =

n∑
j=1

((aij + bij)xj + bij(xj(t− τ)− xj)) (i = 1, 2, . . . , n), (8)

à ïåðâóþ ïðîèçâîäíóþ ôóíêöèè � â âèäå (2) â ñèëó (3) ñ ó÷åòîì (8). Ðàññìîòðèì ñèñòåìó
áåç çàïàçäûâàíèÿ

ẋi =
n∑
j=1

(aij + bij)xj (i = 1, 2, . . . , n). (9)

Áóäåì ïðåäïîëàãàòü, ÷òî (2) âûáðàíà òàêèì îáðàçîì, ÷òî â ñèëó (9) max
V=V0

(V̇ /V ) = −δ0
(2 max

i
{Reλi(A + B)} ≤ −δ0 < 0), ãäå λi(A + B) (i = 1, 2, . . . , n) � ñîáñòâåííûå çíà÷åíèÿ

ìàòðèöû A+B = (aij + bij) òàêèå, ÷òî Reλi(A+B) < 0, ò. å. ñîñòîÿíèå ðàâíîâåñèÿ ñèñòåìû
(9) àñèìïòîòè÷åñêè óñòîé÷èâî. (Êîýôôèöèåíòû (2) ñ òàêèì ñâîéñòâîì ìîæíî âûáðàòü ñ
ïîìîùüþ ïðîñòûõ àíàëèòè÷åñêèõ ñîîòíîøåíèé â ñèëó [10].) Òîãäà íà ïîâåðõíîñòè óðîâíÿ

V (x1, x2, . . . , xn) = V0 áóäåò èìåòü ìåñòî íåðàâåíñòâî V̇ ≤ −δ0V0 â ñèëó ñèñòåìû áåç çàïàç-

äûâàíèÿ. Îöåíèâàÿ V̇ , ïîäîáíî ïðåäûäóùåìó ñëó÷àþ ïîëó÷èì, ÷òî íà ïîâåðõíîñòè óðîâíÿ
V̇ ≤ −α2V0 < 0, åñëè

α2 = δ0 − 4
n∑
i=1

n∑
j=1

n∑
k=1

|Kij ||bik|
√
AiiAkk
detK

> 0. (10)

Çàìå÷àíèå 1. Ïðåäëîæåííûé ìåòîä ïîñòðîåíèÿ êâàäðàòè÷íûõ ôóíêöèé Ëÿïóíîâà ïîçâî-
ëÿåò ïîëó÷èòü îöåíêè äëÿ âîçìóùåíèé [8], îïðåäåëÿþùèå ñòåïåíü óñòîé÷èâîñòè è ðåøàþ-
ùèå çàäà÷ó óñòîé÷èâîñòè íà êîíå÷íîì èíòåðâàëå âðåìåíè. È â òîì, è â äðóãîì ñëó÷àå èìååò
ìåñòî îöåíêà

dV

dt
≤ −αV (α > 0) (11)

ïðè V ≤ V0, ãäå α = α1 èëè α = α2, ò. å. V ≤ V0e−αt, à òàêæå V (x1(t−τ), x2(t−τ), . . . , xn(t−
−τ))≤ V (x1(t), x2(t), . . . , xn(t))e−ατ , ÷òî îáåñïå÷èâàåò âûïîëíåíèå óñëîâèÿ V (x1(t−τ), x2(t−
−τ), . . . , xn(t− τ)) ≤ V (x1, x2, . . . , xn).

Çàìå÷àíèå 2. Âûïîëíåíèÿ óñëîâèé (7),(10) ìîæíî äîáèòüñÿ ïðè max
i,j
|bij | ≤ max

i,j
|aij | (i, j =

1, 2, . . . , n).

3. Î âîçìîæíîñòè ïðèìåíåíèÿ êâàäðàòè÷íûõ ôóíêöèé Ëÿïóíîâà ê èññëåäîâà-
íèþ óñòîé÷èâîñòè íåëèíåéíûõ ñèñòåì ñ çàïàçäûâàíèåì. Çàïèøåì ñèñòåìó (1) â
âèäå

ẋi =

n∑
j=1

(aijxj + bijxj(t− τ)) + Ωi(x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ)) (12)
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(i = 1, 2, . . . , n), ãäå Ωi � îñòàòî÷íûå ÷ëåíû âòîðîãî ïîðÿäêà â ðàçëîæåíèè ïî ôîðìóëå
Òåéëîðà

Ωi(x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ)) =
1

2

n∑
j=1

n∑
k=1

( ∂2fi
∂xj∂xk

xjxk+

+
∂2fi

∂xj∂xk(t− τ)
xjxk(t− τ) +

∂2fi
∂xj(t− τ)∂xk(t− τ)

xj(t− τ)xk(t− τ)
)

(i = 1, 2, . . . , n).

(13)

Â ñèëó íåïðåðûâíîñòè âòîðûõ ïðîèçâîäíûõ äëÿ îñòàòî÷íûõ ÷ëåíîâ (13) íà ëþáîì îãðà-
íè÷åííîì ìíîæåñòâå, ñîäåðæàùåì ñîñòîÿíèå ðàâíîâåñèÿ, ñ ó÷åòîì |xjxk| ≤ (x2j + x2k)/2,

|xjxk(t−τ)| ≤ (x2j +x2k(t−τ))/2, |xj(t−τ)xk(t−τ)| ≤ (x2j (t−τ)+x2k(t−τ))/2 óêàæåì îöåíêó

|Ωi(x1, x2, . . . , xn, x1(t−τ), x2(t−τ), . . . , xn(t−τ))| ≤ N
n∑

m=1

(x2m+x2m(t−τ)), N = 3Mn/4 (14)

(i = 1, 2, . . . , n), ãäå |∂2fi/∂xj∂xk| ≤M, |∂2fi/∂xj(t− τ)∂xk(t− τ)| ≤M (i, j, k = 1, 2, . . . , n).
Áóäåì ïðåäïîëàãàòü, ÷òî ïîëîæèòåëüíî îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôîðìà (2) ÿâëÿåòñÿ
ôóíêöèåé Ëÿïóíîâà äëÿ ëèíåàðèçîâàííîé ñèñòåìû (3) è óäîâëåòâîðÿåò îãðàíè÷åíèþ (11).
Òîãäà ïåðâàÿ ïðîèçâîäíàÿ (2) ñîãëàñíî ñèñòåìå (12)

˙̃
V (x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ)) =

n∑
i=1

n∑
j=1

Kij(xiẋj + ẋixj),

ïîñêîëüêó Kij = Kji (i, j = 1, 2, . . . , n), ïðèìåò âèä

˙̃
V (x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ)) = V̇ (x1, x2, . . . , xn, x1(t− τ), x2(t− τ),

. . . , xn(t− τ)) + 2

n∑
i=1

n∑
j=1

KijxiΩj(x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ)),

ãäå V̇ (x1, x2, . . . , xn, x1(t − τ), x2(t − τ), . . . , xn(t − τ)) åñòü ïåðâàÿ ïðîèçâîäíàÿ (2) â ñèëó
ëèíåàðèçîâàííîé ñèñòåìû. Íî òîãäà ñ ó÷åòîì íåðàâåíñòâà (11) ïîëó÷àåì, ÷òî íà ïîâåðõíîñòè
óðîâíÿ V (x1, x2, . . . , xn) = V0

˙̃
V (x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ)) ≤ −αV0+

+ 2

n∑
i=1

n∑
j=1

KijxiΩj(x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ)).

Çàìåòèì, ÷òî â ñèëó îãðàíè÷åíèé (6) íà âåëè÷èíó xi íà ïîâåðõíîñòè óðîâíÿ è òîãî ôàêòà,
÷òî V (x1(t − τ), x2(t − τ), . . . , xn(t − τ)) ≤ V (x1, x2, . . . , xn), â òî÷êàõ ïîâåðõíîñòè óðîâíÿ

|xi(t− τ)| ≤
√
V0Aii/ detK. Êðîìå òîãî, â âèäó îãðàíè÷åíèÿ (14) íà Ωi(x1, x2, . . . , xn, x1(t−

τ), x2(t− τ), . . . , xn(t− τ)) èìååì

|Ωj(x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ))| ≤ 2N

∑n
k=1Akk
detK

V0 (j = 1, 2, . . . , n).

Òàêèì îáðàçîì, íåðàâåíñòâî

˙̃
V (x1, x2, . . . , xn, x1(t− τ), x2(t− τ), . . . , xn(t− τ)) ≤ −νV0 (0 < ν < α)
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áóäåò âñåãäà èìåòü ìåñòî ïðè âûïîëíåíèè óñëîâèÿ

−(α− ν)V0 + 4N
n∑
i=1

n∑
j=1

n∑
k=1

|Kij |
√
AiiV0
detK

Akk
detK

V0 ≤ 0,

îòêóäà, òàê êàê V0 > 0,

V0 ≤

(
(α− ν) detK

√
detK

4N
∑n

i=1

∑n
j=1

∑n
k=1 |Kij |

√
AiiAkk

)2

. (15)

Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà. Ïîëîæèòåëüíî îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôîðìà (2), óäîâëåòâîðÿþùàÿ óñëî-

âèÿì (7) èëè (10), ÿâëÿåòñÿ ôóíêöèåé Ëÿïóíîâà äëÿ ñèñòåìû ñ çàïàçäûâàíèåì (12) â

ëþáîé îáëàñòè V (x1, x2, . . . , xn) < V0, ãäå V0 óäîâëåòâîðÿåò (15).

Çàìå÷àíèå 3. Äëÿ îáëàñòè V (x1, x2, . . . , xn) < V0, îïðåäåëåííîé òåîðåìîé, ìîæíî ïîëó-
÷èòü îöåíêè äëÿ âîçìóùåíèé [8], îïðåäåëÿþùèå ñòåïåíü óñòîé÷èâîñòè è ðåøàþùèå çàäà÷ó
óñòîé÷èâîñòè íà êîíå÷íîì èíòåðâàëå âðåìåíè, ïîñêîëüêó èìååò ìåñòî îöåíêà

dV

dt
≤ −νV (ν > 0),

ò. å. V ≤ V0e−νt, à òàêæå V (x1(t− τ), x2(t− τ), . . . , xn(t− τ)) ≤ V (x1(t), x2(t), . . . , xn(t))e−ντ ,
÷òî îáåñïå÷èâàåò âûïîëíåíèå óñëîâèÿ V (x1(t−τ), x2(t−τ), . . . , xn(t−τ)) ≤ V (x1, x2, . . . , xn).
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O.G.Antonovskaya

Application of quadratic Lyapunov functions to investigation of stability

of systems with delay

Abstract. The particular attention when studying delay systems is payed to such important sys-
tems property as its stability. When studying ordinary differential systems stability by Lyapunov
functions method quadratic Lyapunov functions are widely used. This paper is devoted to usage
as Lyapunov function for system with delay some quadratic Lyapunov functions constructed for
ordinary differential system with limitation over its first derivative due to this system. The condi-
tions of possibility of use of such quadratic functions as Lyapunov functions for delay system are
presented.

Keywords: system with delay, stability, direct Lyapunov method, quadratic Lyapunov function.
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