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ENDOMORPHISM SEMIGROUPS FOR WEAK p-HYPERGRAPHS

A.V. Molchanov
1 —

In the present article we represent the results of the investigation of interconnections of the
properties of hypergraphs and their endomorphism semigroups. For such semigroups we solve
the question about conditions under which the semigroup of transformations E is equal to the
endomorphism semigroup End H of a certain hypergraph H. Such a problem is directly related
to the known problem by S. Ulam on determination of a mathematical structure via a given set of
endomorphisms (see, e. g., [1], Chap. 2, §5) and is not yet resolved for either graphs, or hypergraphs
of a general form. Here this problem is investigated for so-called weak p-hypergraphs.

The basic tool for solving the problem of a concrete characterization of semigroups of endo-
morphisms of the weak p-hypergraphs are canonical relations of semigroups of endomorphisms of
hypergraphs, which are determined in the initial semigroups via formulas of language of the narrow
predicate calculus.

Note that obtained results can be applied to the theory of projective and affine planes (e.g.,
[2]), because these mathematical objects are the weak 2-hypergraphs.

In following [3], by a hypergraph we call a system of the form H = (X,L), where X is a
nonempty set of nodes of the hypergraph and L is a family of arbitrary subsets of X, called edges
of the hypergraph. The nodes of a hypergraph, which are contained in a certain its edge, are called
adjacent, otherwise non-adjacent.

A hypergraph H is termed a weak p-hypergraph if it satisfies the following conditions:

(A;) any node of the hypergraph is contained in a certain its edge;

(A,) in each edge of this hypergraph at least p + 1 nodes can be found and, on the other hand,
any p nodes of this hypergraph are contained at most in one its edge;

(A3) in the hypergraph, p + 1 non-adjacent nodes can be found.

If we consider a plane (projective or affine) as a hypergraph whose nodes are points of the plane
and edges are its straight lines, then from known axioms of the plane (e.g., [2]) it follows that such
a mathematical object is a weak 2-hypergraph.

By endomorphism of a hypergraph H we call the transformation ¢ of the set of its nodes X,
which transfers nodes adjacent in the hypergraph H into adjacent nodes of the same hypergraph,
i.e., satisfies the condition (VI € L)(3I' € L)(¢(l) C I'). The set of all endomorphisms of a
hypergraph H with the operation of composition forms a semigroup End H.

Let X be an arbitrary nonempty set, p a natural number, and E the semigroup of trans-

formations of the set X. Then E determines on X the following canonical relations: 0, =

—1
U{e**™ 1 ¢ € E}, R, = {(%1,...,2p, Tpy1) € XPTL + XPTEN A C 6 p(21,...,2p,Tps1)}, where
A={(z1,...,Tp,Tpy1) € XPT 12, =z, for some 1 <7 #j <p+1}.
In the following central theorem of the present article we give a concrete characteristic of semi-
groups of endomorphisms of weak p-hypergraphs.
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