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ÓÄÊ 519.958Î ÂÛÄÅËÅÍÈÈ BS-�ÀÑÏ�ÅÄÅËÅÍÈßÈÇ ÑÅÌÅÉÑÒÂÀ GBS-�ÀÑÏ�ÅÄÅËÅÍÈÉÈ.Í. Âîëîäèí,Î.À. Äæóíãóðîâà, Ñ.Â. ÑèìóøêèíÀííîòàöèÿÂ ðàìêàõ ñåìåéñòâà îáîáùåííûõ ðàñïðåäåëåíèé Áèðíáàóìà �Ñàóíäåðñà ñòðîèòñÿ êðè-òåðèé îòíîøåíèÿ ïðàâäîïîäîáèÿ, âûäåëÿþùèé èç ýòîãî ñåìåéñòâà îáû÷íîå ðàñïðåäåëåíèåÁèðíáàóìà �Ñàóíäåðñà. Ïîêàçûâàåòñÿ, ÷òî ïðåäåëüíîå ðàñïðåäåëåíèå ñòàòèñòèêè êðèòå-ðèÿ åñòü õè-êâàäðàò ðàñïðåäåëåíèå ñ îäíîé ñòåïåíüþ ñâîáîäû; ìåòîäîì ñòàòèñòè÷åñêîãîìîäåëèðîâàíèÿ èññëåäóåòñÿ òî÷íîñòü àïïðîêñèìàöèè.ÂâåäåíèåÏðîäîëæåíû èññëåäîâàíèÿ, íà÷àòûå â ðàáîòàõ [1, 2℄, ïî âûäåëåíèþ ñïåöèàëü-íûõ òèïîâ ðàñïðåäåëåíèé èç ñåìåéñòâà GBS-ðàñïðåäåëåíèé (îáîáùåííîãî ðàñïðå-äåëåíèÿ Áèðíáàóìà �Ñàóíäåðñà, ïðåäëîæåííîãî â ðàáîòå [3℄). GBS-ðàñïðåäåëåíèååñòü ñìåñü äâóõ ðàñïðåäåëåíèé è èìååò �óíêöèþ ïëîòíîñòè f(x) = (1 − p)f1(x)+
+pf2(x), x > 0, ãäå
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åñòü îáðàòíîå ãàóññîâñêîå ðàñïðåäåëåíèå (IG -ðàñïðåäåëåíèå),
f2(x) = f2(x | θ, λ) =
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åñòü ñìåùåííîå ïî äîëãîâå÷íîñòè (long-biased) IG-ðàñïðåäåëåíèå (BIG-ðàñïðå-äåëåíèå). Çàäà÷è îöåíêè ïàðàìåòðîâ ýòîãî ðàñïðåäåëåíèÿ ðåøåíû â ðàáîòå [4℄.Â ðàáîòå [1℄ ïîñòðîåíû àñèìïòîòè÷åñêè (îáúåì âûáîðêè n → ∞ ) îïòèìàëüíûåêðèòåðèè âûäåëåíèÿ IG- è BIG-ðàñïðåäåëåíèé èç ñåìåéñòâà GBS, à òàêæå àñèìï-òîòè÷åñêè (ïàðàìåòð �îðìû λ → ∞ ) îïòèìàëüíûå êðèòåðèè ïðèáëèæåííîé íîð-ìàëüíîñòè. Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ èñïîëüçîâàòü êðèòåðèé îòíîøåíèÿïðàâäîïîäîáèÿ äëÿ âûäåëåíèÿ BS-ðàñïðåäåëåíèÿ (ïðîâåðêè ãèïîòåçû p = 1/2 ) èçñåìåéñòâà GBS. Õîðîøî èçâåñòíî (ñì. [5℄, ãäå ïðèâåäåíà ñîîòâåòñòâóþùàÿ áèáëèî-ãðà�èÿ), ÷òî êðèòåðèé îòíîøåíèÿ ïðàâäîïîäîáèÿ äëÿ ïðîâåðêè ãèïîòåç î çíà÷åíèèïàðàìåòðà ñìåñè íå âñåãäà èìååò ïðåäåëüíîå õè-êâàäðàò ðàñïðåäåëåíèå, ïîñêîëüêóïàðàìåòð p ïðèíàäëåæèò çàìêíóòîìó îòðåçêó [0 , 1] . Â äàííîé ðàáîòå óñòàíàâëè-âàåòñÿ, ÷òî äëÿ ïðîáëåìû âûäåëåíèÿ BS-ðàñïðåäåëåíèÿ èìååò ìåñòî ñòàíäàðòíîåïðåäåëüíîå õè-êâàäðàò ðàñïðåäåëåíèå ñ îäíîé ñòåïåíüþ ñâîáîäû. Ìåòîäîì ñòàòè-ñòè÷åñêîãî ìîäåëèðîâàíèÿ èññëåäóåòñÿ ñêîðîñòü ñõîäèìîñòè ê ïðåäåëüíîìó çàêîíó;ïðåäëîæåííûé êðèòåðèé ïðèìåíÿåòñÿ ê òåñòèðîâàíèþ BS-ðàñïðåäåëåíèÿ íà ðåàëü-íûõ äàííûõ.



32 È.Í. ÂÎËÎÄÈÍ È Ä�.1. Âûäåëåíèå îáðàòíûõ ãàóññîâñêèõ òèïîâ èç ñåìåéñòâàGBS-ðàñïðåäåëåíèéÎáîáùåííàÿ ìîäåëü Áèðíáàóìà �Ñàóíäåðñà ñîäåðæèò êàê ÷àñòíûå ñëó÷àè òðèèçâåñòíûõ ñåìåéñòâà ðàñïðåäåëåíèé, ñîîòâåòñòâóþùèõ çíà÷åíèÿì p = 0, 0.5, 1.Òàêèì îáðàçîì, ïåðåä íàìè ñòîèò çàäà÷à ïðîâåðêè ãèïîòåçû p = p0 ïðè íåèç-âåñòíûõ çíà÷åíèÿõ ¾ìåøàþùèõ¿ ïàðàìåòðîâ λ è θ . Åñòåñòâåííî âîñïîëüçîâàòüñÿêðèòåðèåì îòíîøåíèÿ ïðàâäîïîäîáèÿ ñ êðèòè÷åñêîé îáëàñòüþ
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X(n) = (X1, . . . , Xn) � ñëó÷àéíàÿ âûáîðêà èç ñîîòâåòñòâóþùåãî ðàñïðåäåëåíèÿ.Ïîñêîëüêó â äàííîì ñëó÷àå íå âûïîëíÿþòñÿ ñòàíäàðòíûå óñëîâèÿ ðåãóëÿð-íîñòè, îáåñïå÷èâàþùèå ïðåäåëüíîå õè-êâàäðàò ðàñïðåäåëåíèå ñòàòèñòèêè Q , òîíåîáõîäèìî ïðîâåñòè äîïîëíèòåëüíûå àñèìïòîòè÷åñêèå èññëåäîâàíèÿ (ñì. â ñâÿçèñ ýòèì, íàïðèìåð, ñòàòüþ T. Hironori [6℄). Îñíîâíàÿ ïðîáëåìà ñîñòîèò â òîì, ÷òîîöåíêà ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ (ÎÌÏ) p̂ ãèïîòåòè÷åñêîãî ïàðàìåòðà p ìî-æåò ïðèíèìàòü çíà÷åíèÿ íà ãðàíèöå ïàðàìåòðè÷åñêîãî ïðîñòðàíñòâà: p̂ = 0 èëè
1 , è, ÷òî áîëåå ñóùåñòâåííî, ïðîèçâîäíûå îò ëîãàðè�ìè÷åñêîãî ïðàâäîïîäîáèÿ íåîáðàùàþòñÿ â íóëü ñ ïîëîæèòåëüíîé âåðîÿòíîñòüþ ïðè çíà÷åíèÿõ p = p̂ (ðàâíûõ0 èëè 1), λ = λ̂, θ = θ̂ , ãäå λ̂ è θ̂ � ÎÌÏ ïàðàìåòðîâ λ è θ . Òåì íå ìåíåå, â ðàì-êàõ êîíêðåòíîé ìîäåëè GBS ýòè ïðîèçâîäíûå îáðàùàþòñÿ â íóëü, ÷òî ïîçâîëÿåòñ�îðìóëèðîâàòüÒåîðåìà 1. Åñëè îáúåì âûáîðêè n → ∞, òî ðàñïðåäåëåíèå ñòàòèñòèêè Qñõîäèòñÿ ê ðàñïðåäåëåíèþ õè-êâàäðàò ñ îäíîé ñòåïåíüþ ñâîáîäû.Äîêàçàòåëüñòâî. Âûâîä ïðåäåëüíîãî ðàñïðåäåëåíèÿ ñòàòèñòèêè Q íà÷èíà-åòñÿ ñ åå òåéëîðîâñêîãî ðàçëîæåíèÿ:
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Î ÂÛÄÅËÅÍÈÈ BS-�ÀÑÏ�ÅÄÅËÅÍÈß 33ãäå λ̂0, θ̂0 � òî÷êè äîñòèæåíèÿ ìàêñèìóìà (ÎÌÏ) �óíêöèè ïðàâäîïîäîáèÿ
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p̂ ∈ [0, 1] . ×òî æå êàñàåòñÿ ïðîèçâîäíîé ïî p , òî äîñòàòî÷íî óáåäèòüñÿ, ÷òî îíàîáðàùàåòñÿ â íóëü â òî÷êàõ p̂ = 0 è p̂ = 1 .Äåéñòâèòåëüíî, åñëè p̂ = 0 , òî óðàâíåíèå ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ èìååòÿâíîå ðåøåíèå:
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,è, ïîäñòàâëÿÿ â ïðàâóþ ÷àñòü ïðèâåäåííûå âûøå îöåíêè λ è θ , ïîëó÷èì, ÷òîýòà ïðîèçâîäíàÿ îáðàùàåòñÿ â íóëü. Ñëó÷àé p̂ = 1 ðàññìàòðèâàåòñÿ àíàëîãè÷íûìîáðàçîì.



34 È.Í. ÂÎËÎÄÈÍ È Ä�. Òàáë. 1
λ = 1

np 10 50 100 200 300 400 10000.01 0.015 0.015 0.020 0.005 0.010 0.010 0.0050.05 0.075 0.035 0.080 0.040 0.040 0.025 0.0600.1 0.144 0.060 0.159 0.109 0.085 0.060 0.1000.2 0.279 0.174 0.259 0.194 0.194 0.174 0.1990.3 0.517 0.308 0.363 0.299 0.299 0.289 0.2740.4 0.622 0.388 0.448 0.403 0.373 0.383 0.3780.5 0.801 0.498 0.532 0.512 0.493 0.488 0.4930.6 0.925 0.642 0.632 0.597 0.627 0.572 0.5870.7 0.985 0.791 0.751 0.721 0.741 0.692 0.6970.8 1.000 0.915 0.871 0.826 0.846 0.771 0.8010.9 1.000 0.975 0.970 0.915 0.896 0.861 0.8910.95 1.000 0.995 0.995 0.970 0.965 0.940 0.9600.99 1.000 1.000 1.000 1.000 0.995 0.985 0.985Òàáë. 2
λ = 3

np 10 50 100 200 300 400 10000.01 0.000 0.015 0.020 0.015 0.000 0.005 0.0150.05 0.144 0.090 0.050 0.045 0.035 0.035 0.0250.1 0.542 0.219 0.080 0.144 0.095 0.085 0.0700.2 0.990 0.582 0.343 0.368 0.274 0.234 0.2040.3 1.000 0.881 0.741 0.667 0.527 0.458 0.3580.4 1.000 0.995 0.930 0.886 0.791 0.706 0.5570.5 1.000 1.000 0.990 0.990 0.975 0.915 0.7610.6 1.000 1.000 0.995 1.000 0.995 0.990 0.9150.7 1.000 1.000 1.000 1.000 1.000 1.000 0.9850.8 1.000 1.000 1.000 1.000 1.000 1.000 1.0002. ×èñëåííîå èññëåäîâàíèå òî÷íîñòè àïïðîêñèìàöèèÈññëåäîâàíèå ñêîðîñòè ñõîäèìîñòè ðàñïðåäåëåíèÿ ñòàòèñòèêè îòíîøåíèÿ ïðàâ-äîïîäîáèÿ ê ïðåäåëüíîìó õè-êâàäðàò ðàñïðåäåëåíèþ ïðîâîäèëîñü íà äàííûõ ñòà-òèñòè÷åñêîãî ìîäåëèðîâàíèÿ. Ïàðàìåòð �îðìû λ âûáèðàëñÿ ðàâíûì 1 è 3, àîáúåì âûáîðêè n � 10, 50, 100, 200, 300, 400, 500, 1000. Òàê êàê êðèòåðèé îò-íîøåíèÿ ïðàâäîïîäîáèÿ èíâàðèàíòåí îòíîñèòåëüíî ìàñøòàáíûõ ïðåîáðàçîâàíèé,òî ¾ìåøàþùèé¿ ïàðàìåòð θ ïîëàãàëñÿ ðàâíûì åäèíèöå. Íèæå ïðèâåäåíû äàí-íûå ðåçóëüòàòîâ ìîäåëèðîâàíèÿ íà îñíîâå 1000 ñëó÷àéíûõ ðåïëèêàöèé. Â òàáëèöàõïðèâîäÿòñÿ ÷àñòîòû ïîïàäàíèÿ ñòàòèñòèêè îòíîøåíèÿ ïðàâäîïîäîáèÿ â èíòåðâàëûâèäà (−∞, xp) ñ ïðàâîé ãðàíèöåé xp , ðàâíîé p -êâàíòèëè õè-êâàäðàò ðàñïðåäåëå-íèÿ ñ îäíîé ñòåïåíüþ ñâîáîäû (çíà÷åíèÿ p ïðèâîäÿòñÿ â ïåðâîé êîëîíêå òàáëèöû).Â ñîîòâåòñòâèè ñ äîêàçàííîé òåîðåìîé îæèäàåòñÿ, ÷òî óêàçàííûå ÷àñòîòû áóäóòáëèçêè ê p.Ïðåäñòàâëåííûå äàííûå ìîäåëèðîâàíèÿ óáåäèòåëüíî ñâèäåòåëüñòâóþò î êðàéíåíèçêîé ñêîðîñòè ñõîäèìîñòè ðàñïðåäåëåíèÿ òåñòîâîé ñòàòèñòèêè ê ïðåäåëüíîìó çà-êîíó, îñîáåííî ïðè áîëüøèõ λ. Íà íàø âçãëÿä, ýòî ìîæíî îáúÿñíèòü äâóìÿ ïðè-÷èíàìè. Âî-ïåðâûõ, õîðîøî èçâåñòíî, ÷òî îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ p̂



Î ÂÛÄÅËÅÍÈÈ BS-�ÀÑÏ�ÅÄÅËÅÍÈß 35ïàðàìåòðà ñìåñè p èìåþò êðàéíå íèçêóþ ñêîðîñòü ñõîäèìîñòè. Íàïðèìåð, â ðà-áîòå [7℄ ïîêàçûâàåòñÿ, ÷òî ñêîðîñòü ñõîäèìîñòè p̂ ê p âàðüèðóåòñÿ îò √
lnn äî

4
√

n .Âî-âòîðûõ, äëÿ íàøåé çàäà÷è ïëîõàÿ ñõîäèìîñòü îáóñëîâëèâàåòñÿ àñè-ìïòîòè÷åñêîé ( λ → ∞ ) íîðìàëüíîñòüþ îáîèõ ðàñïðåäåëåíèé ñìåñè ñ î÷åíü áëèç-êèìè çíà÷åíèÿìè ïàðàìåòðîâ: IG  N(λ, λ) , BIG  N(λ + 1, λ + 2) (ñì. [1℄).Òàê, ñòàòèñòè÷åñêèé àíàëèç ðåàëüíûõ äàííûõ, ïðèâåäåííûõ â ñòàòüå [8℄, ïîêàçû-âàåò, ÷òî ëþáàÿ èç ãèïîòåç, êàñàþùàÿñÿ çíà÷åíèÿ ïàðàìåòðà p (= 0, 0.5, 1), àòàêæå ãèïîòåçà íîðìàëüíîñòè ðàñïðåäåëåíèÿ ïîäòâåðæäàåòñÿ ñ âûñîêèì êðèòè÷å-ñêèì óðîâíåì çíà÷èìîñòè. Äëÿ ýòèõ äàííûõ îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿïàðàìåòðà λ ïðèíèìàþò î÷åíü áîëüøèå çíà÷åíèÿ (îò 50 äî 130).SummaryI.N. Volodin, O.A. Dzungurova, S.V. Simushkin. About distinguishing of BS-distributionfrom the family of GBS-distributions.A likelihood-ratio test is 
onstru
ted whi
h distinguishes the Birnbaum� Saundersdistribution from the family of the generalized Birnbaum�Saunders distributions. It isestablished that the asymptoti
al distribution of the test statisti
s is 
hi-square distributionwith one degree of freedom. An a

ura
y of approximation is investigated by Monte �Carlomethod. Ëèòåðàòóðà1. Dzungurova O.A., Volodin I.N. On limit distributions emerging in the generalizedBirnbaum�Saunders model // J. Math. S
i. � 2000. � V. 99, No 3. � P. 1348�1366.2. Äæóíãóðîâà Î.À. Êðèòåðèé îòíîøåíèÿ ïðàâäîïîäîáèÿ äëÿ îáîáùåííîé ìîäåëèÁèðíáàóìà �Ñàóíäåðñà // Òåç. äîêë. ¾Îáîçðåíèå ïðèêë. è ïðîì. ìàòåìàòèêè¿. Òðå-òèé âñåðîññ. ñèìïîçèóì ïî ïðèêëàäíîé è ïðîìûøëåííîé ìàòåìàòèêå, Ñî÷è, 1�6 îêò.2002 ã. � 2002. � Ò. 9, � 2. � C. 365.3. Jorgensen B., Seshadri V., Whitmore G.A. On the mixture of the inverse Gaussiandistribution with its 
omplimentary re
ipro
al // S
and. J. Statist. � 1991. � V. 18,No 1. � P. 77�79.4. Gupta R.C., Akman H.O. On the reliability studies of a weighted inverse Gaussian mo-del // J. Statist. Plann. Inferen
e. � 1995. � V. 48, No 1. � P. 69�83.5. Vu H.T.V, Zhou S. Generalization of likelihood ratio tests under nonstandard 
ondi-tions // Ann. Statist. � 1997. � V. 25, No 2. � P. 897�916.6. Hironori T. On the likelihood ratio test for a single model against the mixture of twoknown densities // Commun. Stat. Theory Meth. � 2001. � V. 30, No 5. � P. 931�942.7. Chen J. Optimal rate of 
onvergen
e for �nite mixture models // Ann. Statist. � 1995. �V. 23, No 1. � P. 221�233.8. Birnbaum Z.W., Saunders S.C. Estimation for a family of life distribution with appli
ationto fatigue // J. App. Probab. � 1969. � V. 6, No 2. � P. 328�337.Ïîñòóïèëà â ðåäàêöèþ20.06.06Âîëîäèí Èãîðü Íèêîëàåâè÷ � äîêòîð �èçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî�åññîð,çàâåäóþùèé êà�åäðîé ìàòåìàòè÷åñêîé ñòàòèñòèêè Êàçàíñêîãî ãîñóäàðñòâåííîãî óíèâåð-ñèòåòà.E-mail: Igor.Volodin�ksu.ru



36 È.Í. ÂÎËÎÄÈÍ È Ä�.Äæóíãóðîâà Îëüãà Àëåêñàíäðîâíà � êàíäèäàò �èçèêî-ìàòåìàòè÷åñêèõ íàóê,ñòàðøèé ïðåïîäàâàòåëü êà�åäðû ìàòåìàòè÷åñêîé ñòàòèñòèêè Êàçàíñêîãî ãîñóäàðñòâåí-íîãî óíèâåðñèòåòà.E-mail: Olga.Dzhungurova�ksu.ruÑèìóøêèí Ñåðãåé Âëàäèìèðîâè÷ � êàíäèäàò �èçèêî-ìàòåìàòè÷åñêèõ íàóê, äî-öåíò êà�åäðû ìàòåìàòè÷åñêîé ñòàòèñòèêè Êàçàíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.E-mail: Sergey.Simushkin�ksu.ru


