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n =
= {τ ∈ Sn | sgn τ = −1} , X = {z2n−1}n∈N , Y = {z2n}n∈N . Êðîìå òîãî, äëÿ ëþáîãî
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n ∈ N ïîëîæèì xn = z2n−1 , yn = z2n . Î÷åâèäíî, ÷òî X ∩ Y = ∅ , X ∪ Y = Z .�àññìîòðèì ìíîãî÷ëåíû âèäà

f2n−1(x̄, ȳ) =
∑

π∈Sn

∑

τ∈Sn−1

sgnπδsgn π sgn τxπ(1)yτ(1)xπ(2) · · · yτ(n−1)xπ(n);

g2n−1(x̄, ȳ) =
∑

π∈Sn

∑

τ∈Sn−1

sgnπδ−sgnπ sgn τxπ(1)yτ(1)xπ(2) · · · yτ(n−1)xπ(n);

f2n(x̄, ȳ) =
∑

π∈Sn

∑

τ∈Sn

sgnπδsgn π sgn τxπ(1)yτ(1)xπ(2) · · · yτ(n−1)xπ(n)yτ(n);

g2n(x̄, ȳ) =
∑

π∈Sn

∑

τ∈Sn

sgnπδ−sgn π sgn τxπ(1)yτ(1)xπ(2) · · ·xπ(n)yτ(n),êîòîðûå â äàëüíåéøåì áóäåì íàçûâàòü êâàçèìíîãî÷ëåíàìè Êàïåëëè.Óñòàíîâèì îñíîâíûå ñâîéñòâà ââåäåííûõ íàìè ìíîãî÷ëåíîâ.Ïðåäëîæåíèå 1. Ìíîãî÷ëåíû f2n−1(x̄, ȳ) , g2n−1(x̄, ȳ) îáëàäàþò ñëåäóþùèìèñâîéñòâàìè:
1) åñëè îòîáðàæåíèÿ ϕ : {1, . . . , n} → N , ψ : {1, . . . , n−1} → N íåèíúåêòèâíû,òî

f2n−1(xϕ(1), . . . , xϕ(n), yψ(1), . . . , yψ(n−1)) = 0,

g2n−1(xϕ(1), . . . , xϕ(n), yψ(1), . . . , yψ(n−1)) = 0;

2) äëÿ ëþáîãî σ ∈ An

f2n−1(xσ(1), . . . , xσ(n), y1, . . . , yn−1) = f2n−1(x̄, ȳ),

g2n−1(xσ(1), . . . , xσ(n), y1, . . . , yn−1) = g2n−1(x̄, ȳ);

3) äëÿ ëþáîãî µ ∈ A−

n

f2n−1(xµ(1), . . . , xµ(n), y1, . . . , yn−1) = −g2n−1(x̄, ȳ),

g2n−1(xµ(1), . . . , xµ(n), y1, . . . , yn−1) = −f2n−1(x̄, ȳ);

4) äëÿ ëþáîãî ρ ∈ An−1

f2n−1(x1, . . . , xn, yρ(1), . . . , yρ(n−1)) = f2n−1(x̄, ȳ),

g2n−1(x1, . . . , xn, yρ(1), . . . , yρ(n−1)) = g2n−1(x̄, ȳ);

5) äëÿ ëþáîãî ω ∈ A−

n−1

f2n−1(x1, . . . , xn, yω(1), . . . , yω(n−1)) = g2n−1(x̄, ȳ),

g2n−1(x1, . . . , xn, yω(1), . . . , yω(n−1)) = f2n−1(x̄, ȳ).Äîêàçàòåëüñòâî. Ïðîâåäåì åãî äëÿ ìíîãî÷ëåíà f2n−1(x̄, ȳ) , ïîñêîëüêó äëÿ
g2n−1(x̄, ȳ) îíî àíàëîãè÷íî.

1. Äëÿ îòîáðàæåíèé ϕ è ψ èìååì
f2n−1(xϕ(1), . . . , xϕ(n), yψ(1), . . . , yψ(n−1)) =

=
∑

π∈Sn

∑

τ∈Sn−1

sgnπδsgnπ sgn τxϕ(π(1))yψ(τ(1)) · · · yψ(τ(n−1))xϕ(π(n)).Åñëè ϕ , ψ íåèíúåêòèâíû, òî äëÿ íåêîòîðûõ i, j ∈ {1, . . . , n}, i 6= j, è r, s ∈
∈ {1, . . . , n− 1}, r 6= s, ñïðàâåäëèâû ðàâåíñòâà ϕ(i) = ϕ(j) , ψ(r) = ψ(s) .



ÍÅÊÎÒÎ�ÛÅ ÂÈÄÛ ÒÎÆÄÅÑÒÂ ÏÎÄÏ�ÎÑÒ�ÀÍÑÒÂ. . . 191Ïóñòü π , τ � ïðîèçâîëüíûå ýëåìåíòû ãðóïï Sn è Sn−1 ñîîòâåòñòâåííî. Òîãäà
π(a) = i , π(b) = j , τ(c) = r , τ(d) = s äëÿ íåêîòîðûõ a, b ∈ {1, . . . , n} , c, d ∈
∈ {1, . . . , n− 1} . �àññìîòðèì ïîäñòàíîâêè π′ ∈ Sn , τ ′ ∈ Sn−1 , äëÿ êîòîðûõ

π′(v) =





π(v), åñëè v /∈ {a, b},

j, åñëè v = a,

i, åñëè v = b,

τ ′(m) =





τ(m), åñëè m /∈ {c, d},

s, åñëè m = c,

r, åñëè m = d.Òîãäà
sgnπδsgnπ sgn τxϕ(π(1))yψ(τ(1)) · · · yψ(τ(n−1))xϕ(π(n)) +

+ sgnπ′δsgnπ′ sgn τ ′xϕ(π′(1))yψ(τ ′(1)) · · · yψ(τ ′(n−1))xϕ(π′(n)) =

= sgnπδsgnπ sgn τxϕ(π(1))yψ(τ(1)) · · · yψ(τ(n−1))xϕ(π(n)) −

− sgnπδ−sgnπ−sgn τxϕ(π′(1))yψ(τ ′(1)) · · · yψ(τ ′(n−1))xϕ(π′(n)) = 0.Îòñþäà ñëåäóåò, ÷òî f2n−1(xϕ(1), . . . , xϕ(n), yψ(1), . . . , yψ(n−1)) = 0 .
2. Äëÿ ïðîèçâîëüíîãî σ ∈ An èìååì
f2n−1(xσ(1), . . . , xσ(n), y1, . . . , yn−1) =

=
∑

π∈Sn

∑

τ∈Sn−1

sgnπδsgn π sgn τxσ(π(1))yτ(1) · · · yτ(n−1)xσ(π(n)) = | ïóñòü π = σ−1α | =

=
∑

α∈Sn

∑

τ∈Sn−1

sgnσ sgnαδsgnσ sgnα sgn τxσ(σ−1α(1))yτ(1) · · · yτ(n−1)xσ(σ−1α(n)) =

= f2n−1(x̄, ȳ).

3. Äëÿ ïðîèçâîëüíîãî µ ∈ A−

n èìååì
f2n−1(xµ(1), . . . , xµ(n), y1, . . . , yn−1) =

=
∑

π∈Sn

∑

τ∈Sn−1

sgnπδsgn π sgn τxµ(π(1))yτ(1) · · · yτ(n−1)xµ(π(n)) = | ïóñòü π = µ−1α | =

=
∑

α∈Sn

∑

τ∈Sn−1

sgnµ sgnαδsgn µ sgnα sgn τxµ(µ−1α(1))yτ(1) · · · yτ(n−1)xµ(µ−1α(n)) =

= −
∑

α∈Sn

∑

τ∈Sn−1

sgnαδ−sgnα sgn τxα(1)yτ(1) · · · yτ(n−1)xα(n) = −g2n−1(x̄, ȳ).

4. Äëÿ ïðîèçâîëüíîãî ρ ∈ An−1 èìååì
f2n−1(x1, . . . , xn, yρ(1), . . . , yρ(n−1)) =

=
∑

π∈Sn

∑

τ∈Sn−1

sgnπδsgn π sgn τxπ(1)yρ(τ(1)) · · · yρ(τ(n−1))xπ(n) = | ïóñòü τ = ρ−1γ | =

=
∑

π∈Sn

∑

γ∈Sn−1

sgnπδsgnπ sgn ρ sgn γxπ(1)yρ(ρ−1γ(1)) · · · yρ(ρ−1γ(n−1))xπ(n) = f2n−1(x̄, ȳ).

5. Äëÿ ïðîèçâîëüíîãî ω ∈ A−

n−1 èìååì
f2n−1(x1, . . . , xn, yω(1), . . . , yω(n−1)) =

=
∑

π∈Sn

∑

τ∈Sn−1

sgnπδsgn π sgn τxπ(1)yω(τ(1)) · · · yω(τ(n−1))xπ(n) = | ïóñòü τ = ω−1α | =

=
∑

π∈Sn

∑

α∈Sn−1

sgnπδsgnπ sgnω sgnαxπ(1)yω(ω−1α(1)) · · · yω(ω−1α(n−1))xπ(n) = g2n−1(x̄, ȳ).



192 Ñ.Þ. ÀÍÒÎÍÎÂÀíàëîãè÷íî äîêàçûâàåòñÿÏðåäëîæåíèå 2. Ìíîãî÷ëåíû f2n(x̄, ȳ) , g2n(x̄, ȳ) îáëàäàþò ñâîéñòâàìè:
1) åñëè îòîáðàæåíèÿ ϕ, ψ : {1, . . . , n} → N íåèíúåêòèâíû, òî

f2n(xϕ(1), . . . , xϕ(n), yψ(1), . . . , yψ(n)) = 0,

g2n(xϕ(1), . . . , xϕ(n), yψ(1), . . . , yψ(n)) = 0;

2) äëÿ ëþáîãî σ ∈ An

f2n(xσ(1), . . . , xσ(n), y1, . . . , yn) = f2n(x̄, ȳ),

g2n(xσ(1), . . . , xσ(n), y1, . . . , yn) = g2n(x̄, ȳ);

3) äëÿ ëþáîãî µ ∈ A−

n

f2n(xµ(1), . . . , xµ(n), y1, . . . , yn) = −g2n(x̄, ȳ),

g2n(xµ(1), . . . , xµ(n), y1, . . . , yn) = −f2n(x̄, ȳ);

4) äëÿ ëþáîãî ρ ∈ An

f2n(x1, . . . , xn, yρ(1), . . . , yρ(n)) = f2n(x̄, ȳ),

g2n(x1, . . . , xn, yρ(1), . . . , yρ(n)) = g2n(x̄, ȳ);

5) äëÿ ëþáîãî ω ∈ A−

n

f2n(x1, . . . , xn, yω(1), . . . , yω(n)) = g2n(x̄, ȳ),

g2n(x1, . . . , xn, yω(1), . . . , yω(n)) = f2n(x̄, ȳ).Ïðåäëîæåíèå 3. Ñïðàâåäëèâû ðàâåíñòâà:
a) åñëè n = 2r , òî
f2n−1(x̄, ȳ) =

n/2∑

i=1

x2i−1f2(n−1)(ȳ, x̄2̂i−1
) − x2ig2(n−1)(ȳ, x̄2̂i) =

=

n/2∑

i=1

f2(n−1)(x̄2̂i, ȳ)x2i − g2(n−1)(x̄2̂i−1
, ȳ)x2i−1;

b) åñëè n = 2r + 1 , òî
f2n−1(x̄, ȳ) =

(n+1)/2∑

i=1

x2i−1f2(n−1)(ȳ, x̄2̂i−1
) −

(n−1)/2∑

i=1

x2ig2(n−1)(ȳ, x̄2̂i) =

=

(n+1)/2∑

i=1

f2(n−1)(x̄2̂i−1
, ȳ)x2i−1 −

(n−1)/2∑

i=1

g2(n−1)(x̄2̂i, ȳ)x2i;

c) åñëè n = 2r , òî
g2n−1(x̄, ȳ) =

n/2∑

i=1

x2i−1g2(n−1)(ȳ, x̄2̂i−1
) − x2if2(n−1)(ȳ, x̄2̂i) =

=

n/2∑

i=1

g2(n−1)(x̄2̂i, ȳ)x2i − f2(n−1)(x̄2̂i−1
, ȳ)x2i−1;
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d) åñëè n = 2r + 1 , òî
g2n−1(x̄, ȳ) =

(n+1)/2∑

i=1

x2i−1g2(n−1)(ȳ, x̄2̂i−1
) −

(n−1)/2∑

i=1

x2if2(n−1)(ȳ, x̄2̂i) =

=

(n+1)/2∑

i=1

g2(n−1)(x̄2̂i−1
, ȳ)x2i−1 −

(n−1)/2∑

i=1

f2(n−1)(x̄2̂i, ȳ)x2i.Äîêàçàòåëüñòâî. a) f2n−1(x̄, ȳ) =

n∑

i=1

xiti(y1, . . . , yn−1, x1, . . . , x̂i, . . . , xn) , ïðè-÷åì äëÿ ëþáîãî i ∈ {1, . . . , n}

xiti(y1, . . . , yn, x1, . . . , x̂i, . . . , xn) =

=
∑

π∈S′

n
(i)

∑

τ∈Sn−1

sgnπδsgnπsgn τxπ(1)yτ(1) · · · yτ(n−1)xπ(n),ãäå S′

n(i) = {π ∈ Sn |π(1) = i} .Íåòðóäíî âèäåòü, ÷òî âñÿêóþ ïîäñòàíîâêó π ∈ S′

n(i) ìîæíî ïðåäñòàâèòü â âèäå
π = σµi , ãäå

µi =

(
1 2 . . . i− 1 i i+ 1 . . . n
i 1 . . . i− 2 i− 1 i+ 1 . . . n

)
, σ(i) = i.Çàìåòèì òàêæå, ÷òî sgnµi = (−1)i−1 . Ïîëîæèì Sn(i) = {σ ∈ Sn |σ(i) = i} . Òîãäà

f2n−1(x̄, ȳ) =

n∑

i=1

∑

σ∈Sn(i)

∑

τ∈Sn−1

sgn(σµi)δsgn(σµi)sgn τxσµi(1)yτ(1) · · · yτ(n−1)xσµi(n) =

=
n∑

i=1

(−1)i−1xi
∑

σ∈Sn(i)

∑

τ∈Sn−1

sgnσδ(−1)i−1sgnσsgn τyτ(1)xσ(1) . . . yτ(i)xσ(i+1) · · ·

· · · yτ(n−1)xσ(n) =

n/2∑

i=1

x2i−1f2(n−1)(ȳ, x̄2̂i−1
) − x2ig2(n−1)(ȳ, x̄2̂i).Äîêàæåì âòîðóþ ÷àñòü ðàâåíñòâà a). Äëÿ ýòîãî çàìåòèì, ÷òî

f2n−1(x̄, ȳ) =

n∑

i=1

vi(x1, . . . , x̂i, . . . , xn, y1, . . . , yn−1)xi,ïðè÷åì äëÿ ëþáîãî i ∈ {1, . . . , n}

vi(x1, . . . , x̂i, . . . , xn, ȳ)xi =
∑

π∈S̃n(i)

∑

τ∈Sn−1

sgnπδsgnπsgn τxπ(1)yτ(1) · · · yτ(n−1)xπ(n),ãäå S̃n(i) = {π ∈ Sn |π(n) = i} .Íåòðóäíî âèäåòü, ÷òî âñÿêóþ ïîäñòàíîâêó π ∈ S̃n(i) ìîæíî ïðåäñòàâèòü â âèäå:
π = σρi , ãäå

ρi =

(
1 2 . . . i− 1 i . . . n− 1 n
1 2 . . . i− 1 i+ 1 . . . n i

)
, σ(i) = i.



194 Ñ.Þ. ÀÍÒÎÍÎÂÇàìåòèì òàêæå, ÷òî sgnρi = (−1)n−i . Ïîëîæèì Sn(i) = {σ ∈ Sn |σ(i) = i} . Òîãäà
f2n−1(x̄, ȳ) =

n∑

i=1

∑

σ∈Sn(i)

∑

τ∈Sn−1

sgn(σρi)δsgn(σρi)sgn τxσρi(1)yτ(1) · · · yτ(n−1)xσρi(n) =

=

n∑

i=1

(−1)n−i
∑

σ∈Sn(i)

∑

τ∈Sn−1

sgnσδ(−1)n−isgn σsgn τxσ(1)yτ(1) · · ·

· · ·xσ(i−1)yτ(i−1)xσ(i+1)yτ(i) · · ·xσ(n)yτ(n−1)xi =

=

n∑

i=1

(−1)i
∑

σ∈Sn(i)

∑

τ∈Sn−1

sgnσδ(−1)isgnσsgn τxσ(1)yτ(1) · · · yτ(n−1)xi =

=

n/2∑

i=1

f2(n−1)(x̄2̂i, ȳ)x2i − g2(n−1)(x̄2̂i−1
, ȳ)x2i−1.b) �àññóæäàÿ òàê æå, êàê è ïðè äîêàçàòåëüñòâå ñâîéñòâà a), ïîëó÷èì:

f2n−1(x̄, ȳ) =

(n+1)/2∑

i=1

x2i−1f2(n−1)(ȳ, x̄2̂i−1
) −

(n−1)/2∑

i=1

x2ig2(n−1)(ȳ, x̄2̂i);

f2n−1(x̄, ȳ) =

n∑

i=1

(−1)i−1
∑

σ∈Sn(i)

∑

τ∈Sn−1

sgnσδ(−1)i−1sgnσ sgn τxσ(1)yτ(1) . . . yτ(n−1)xi =

=

(n+1)/2∑

i=1

f2(n−1)(x̄2̂i−1
, ȳ)x2i−1 −

(n−1)/2∑

i=1

g2(n−1)(x̄2̂i, ȳ)x2i.) �àññóæäàÿ òàê æå, êàê è ïðè äîêàçàòåëüñòâå ñâîéñòâà a), ïîëó÷èì:
g2n−1(x̄, ȳ) =

n∑

i=1

(−1)i−1xi
∑

σ∈Sn(i)

∑

τ∈Sn−1

sgnσδ(−1)isgnσ sgn τyτ(1)xσ(1) · · ·

· · · yτ(n−1)xσ(n) =

n/2∑

i=1

x2i−1g2(n−1)(ȳ, x̄2̂i−1
) − x2if2(n−1)(ȳ, x̄2̂i);

g2n−1(x̄, ȳ) =

n∑

i=1

(−1)i
∑

σ∈Sn(i)

∑

τ∈Sn−1

sgnσδ(−1)i−1sgnσ sgn τxσ(1)yτ(1) · · · yτ(n−1)xi =

=

n/2∑

i=1

g2(n−1)(x̄2̂i, ȳ)x2i − f2(n−1)(x̄2̂i−1
, ȳ)x2i−1.d) �àññóæäàÿ òàê æå, êàê è ïðè äîêàçàòåëüñòâå ñâîéñòâà a), ïîëó÷èì:

g2n−1(x̄, ȳ) =

n∑

i=1

(−1)i−1xi
∑

σ∈Sn(i)

∑

τ∈Sn−1

sgnσδ(−1)isgnσ sgn τyτ(1)xσ(1) · · ·

· · · yτ(n−1)xσ(n) =

(n+1)/2∑

i=1

x2i−1g2(n−1)(ȳ, x̄2̂i−1
) −

(n−1)/2∑

i=1

x2if2(n−1)(ȳ, x̄2̂i);



ÍÅÊÎÒÎ�ÛÅ ÂÈÄÛ ÒÎÆÄÅÑÒÂ ÏÎÄÏ�ÎÑÒ�ÀÍÑÒÂ. . . 195
g2n−1(x̄, ȳ) =

n∑

i=1

(−1)i−1
∑

σ∈Sn(i)

∑

τ∈Sn−1

sgnσδ(−1)isgnσsgn τxσ(1)yτ(1) · · · yτ(n−1)xi =

=

(n+1)/2∑

i=1

g2(n−1)(x̄2̂i−1
, ȳ)x2i−1 −

(n−1)/2∑

i=1

f2(n−1)(x̄2̂i, ȳ)x2i.Àíàëîãè÷íî ïðåäûäóùåìó äîêàçûâàåòñÿÏðåäëîæåíèå 4. Ñïðàâåäëèâû ðàâåíñòâà:
a) åñëè n = 2r , òî
f2n(x̄, ȳ) =

n/2∑

i=1

x2i−1f2n−1(ȳ, x̄2̂i−1
) − x2ig2n−1(ȳ, x̄2̂i) =

=

n/2∑

i=1

f2n−1(x̄, ȳ2̂i)y2i + g2n−1(x̄, ȳ2̂i−1
)y2i−1;

b) åñëè n = 2r + 1 , òî
f2n(x̄, ȳ) =

(n+1)/2∑

i=1

x2i−1f2n−1(ȳ, x̄2̂i−1
) −

(n−1)/2∑

i=1

x2ig2n−1(ȳ, x̄2̂i) =

=

(n+1)/2∑

i=1

f2n−1(x̄, ȳ2̂i−1
)y2i−1 +

(n−1)/2∑

i=1

g2n−1(x̄, ȳ2̂i)y2i;

c) åñëè n = 2r , òî
g2n(x̄, ȳ) =

n/2∑

i=1

x2i−1g2n−1(ȳ, x̄2̂i−1
) − x2if2n−1(ȳ, x̄2̂i) =

=

n/2∑

i=1

g2n−1(x̄, ȳ2̂i)y2i + f2n−1(x̄, ȳ2̂i−1
)y2i−1;

d) åñëè n = 2r + 1 , òî
g2n(x̄, ȳ) =

(n+1)/2∑

i=1

x2i−1g2n−1(ȳ, x̄2̂i−1
) −

(n−1)/2∑

i=1

x2if2n−1(ȳ, x̄2̂i) =

=

(n+1)/2∑

i=1

g2n−1(x̄, ȳ2̂i−1
)y2i−1 +

(n−1)/2∑

i=1

f2n−1(x̄, ȳ2̂i)y2i.Çàìå÷àíèå 1. Èñïîëüçóÿ ïðåäëîæåíèÿ 3, 4, ìîæíî ïîëó÷èòü ðàçëè÷íîãî ðîäàðàçëîæåíèÿ ìíîãî÷ëåíîâ f2n−1(x̄, ȳ) , g2n−1(x̄, ȳ) , f2n(x̄, ȳ) , g2n(x̄, ȳ) , íàïðèìåð,åñëè n = 2r , òî
f2n−1(x̄, ȳ) =

=

n/2∑

i=1

n/2∑

j=1

(x2i−1y2j−1f2(n−1)−1(x̄2̂i−1
, ȳ

2̂j−1
) − x2iy2j−1g2(n−1)−1(x̄2̂i, ȳ2̂j−1

)) −

−

n/2∑

i=1

n/2−1∑

j=1

(x2i−1y2jg2(n−1)−1(x̄2̂i−1
, ȳ2̂j) − x2iy2jf2(n−1)−1(x̄2̂i, ȳ2̂j)).



196 Ñ.Þ. ÀÍÒÎÍÎÂÑîâìåñòíî ñ ìíîãî÷ëåíàìè f2n−1(x̄, ȳ) , g2n−1(x̄, ȳ) , f2n(x̄, ȳ) , g2n(x̄, ȳ) ðàññìîò-ðèì òðàíñïîíèðîâàííûå ïî îòíîøåíèþ ê íèì ìíîãî÷ëåíû:
f∗

2n−1(x̄, ȳ) =
∑

π∈Sn

∑

τ∈Sn−1

sgn πδsgnπ sgn τxπ(n)yτ(n−1)xπ(n−1) · · · yτ(1)xπ(1);

g∗2n−1(x̄, ȳ) =
∑

π∈Sn

∑

τ∈Sn−1

sgnπδ−sgn π sgn τxπ(n)yτ(n−1)xπ(n−1) · · · yτ(1)xπ(1);

f∗

2n(x̄, ȳ) =
∑

π∈Sn

∑

τ∈Sn

sgnπδsgn π sgn τyτ(n)xπ(n) · · · yτ(1)xπ(1);

g∗2n(x̄, ȳ) =
∑

π∈Sn

∑

τ∈Sn

sgnπδ−sgnπ sgn τyτ(n)xπ(n) · · · yτ(1)xπ(1).Óòâåðæäåíèå 1. Ñïðàâåäëèâû ðàâåíñòâà:
f∗

2n−1(x̄, ȳ) =

= (−1)n(n−1)/2
∑

σ∈Sn

∑

ρ∈Sn−1

sgnσδ(−1)n−1sgn σ sgn ρxσ(1)yρ(1) · · · yρ(n−1)xσ(n);

g∗2n−1(x̄, ȳ) = (−1)n(n−1)/2
∑

σ∈Sn

∑

ρ∈Sn−1

sgnσδ(−1)nsgnσ sgn ρxσ(1)yρ(1) · · · yρ(n−1)xσ(n).Äîêàçàòåëüñòâî. Ïðîâåäåì åãî äëÿ ïåðâîãî ðàâåíñòâà, ïîñêîëüêó äëÿ âòîðîãîîíî àíàëîãè÷íî. Èòàê,
f∗

2n−1(x̄, ȳ) =
∑

π∈Sn

∑

τ∈Sn−1

sgnπδsgn π sgn τxπ(n)yτ(n−1) · · · yτ(1)xπ(1) =

= |ïóñòü π = σα, τ = ρβ, |ãäå
α =

(
1 2 . . . n
n n− 1 . . . 1

)
, β =

(
1 2 . . . n− 1

n− 1 n− 2 . . . 1

)
;

sgnα = (−1)(n−1)+(n−2)+...+1 = (−1)n(n−1)/2,

sgnβ = (−1)(n−2)+(n−3)+...+1 =

= (−1)(n−1)(n−2)/2 = (−1)n(n−1)/2(−1)−2(n−1)/2 = (−1)n−1sgnα| =

= (−1)n(n−1)/2
∑

σ∈Sn

∑

ρ∈Sn−1

sgnσδ(−1)n−1sgn β sgn σ sgn β sgn ρxσ(1)yρ(1) · · · yρ(n−1)xσ(n) =

= (−1)n(n−1)/2
∑

σ∈Sn

∑

ρ∈Sn−1

sgnσδ(−1)n−1sgn σ sgn ρxσ(1)yρ(1) · · · yρ(n−1)xσ(n).Ñëåäñòâèå 1. Ïóñòü n = 2r + 1 , òîãäà
f∗

2n−1(x̄, ȳ) = (−1)rf2n−1(x̄, ȳ), g∗2n−1(x̄, ȳ) = (−1)rg2n−1(x̄, ȳ).Ñëåäñòâèå 2. Ïóñòü n = 2r , òîãäà
f∗

2n−1(x̄, ȳ) = (−1)rg2n−1(x̄, ȳ), g∗2n−1(x̄, ȳ) = (−1)rf2n−1(x̄, ȳ).



ÍÅÊÎÒÎ�ÛÅ ÂÈÄÛ ÒÎÆÄÅÑÒÂ ÏÎÄÏ�ÎÑÒ�ÀÍÑÒÂ. . . 197Ïî àíàëîãèè ñ óòâåðæäåíèåì 1 ìîæíî äîêàçàòüÓòâåðæäåíèå 2. Ñïðàâåäëèâû ðàâåíñòâà:
f∗

2n(x̄, ȳ) = (−1)n(n−1)/2f2n(ȳ, x̄), g∗2n(x̄, ȳ) = (−1)n(n−1)/2g2n(ȳ, x̄).Ìû çàêîí÷èì ýòîò ïóíêò îáîáùåíèåì èçâåñòíîãî ðàâåíñòâà tr(AB) = tr(BA) .Ïóñòü Mk×m(F ) , Mm×k(F ) � ìàòðè÷íûå âåêòîðíûå ïðîñòðàíñòâà, Symk(F ) =
= {A ∈Mk(F ) |AT = A} , Altk(F ) = {A ∈Mk(F ) |AT = −A} .Ïðåäëîæåíèå 5. Äëÿ ëþáûõ A1, . . . , An ∈Mk×m(F ) , B1, . . . , Bn ∈Mm×k(F )

tr f2n(A1, . . . , An, B1, . . . , Bn) =

{
tr f2n(B1, . . . , Bn, A1, . . . , An), åñëè n = 2r + 1;

−tr g2n(B1, . . . , Bn, A1, . . . , An), åñëè n = 2r;

tr g2n(A1, . . . , An, B1, . . . , Bn) =

{
tr g2n(B1, . . . , Bn, A1, . . . , An), åñëè n = 2r + 1;

−tr f2n(B1, . . . , Bn, A1, . . . , An), åñëè n = 2r.Äîêàçàòåëüñòâî. Ïðîâåäåì åãî äëÿ ïåðâîãî ðàâåíñòâà, ïîñêîëüêó äëÿ âòîðîãîîíî àíàëîãè÷íî. Èòàê,
tr f2n(A1, . . . , An, B1, . . . , Bn) = tr

∑

π∈Sn

∑

τ∈Sn

sgnπδsgnπsgn τAπ(1)Bτ(1) · · ·Aπ(n)Bτ(n) =

=
∑

π∈Sn

∑

τ∈Sn

sgnπδsgn πsgn τ tr ((Aπ(1)Bτ(1) · · ·Aπ(n))Bτ(n)) =

=
∑

π∈Sn

∑

τ∈Sn

sgnπδsgn πsgn τ tr (Bτ(n)Aπ(1)Bτ(1) · · ·Aπ(n))Ïîëîæèì τ = σµ, ãäå
µ =

(
1 2 . . . n− 1 n
2 3 . . . n 1

)
,è çàìåòèì, ÷òî sgnµ = (−1)n−1 . Òîãäà

tr f2n(A1, . . . , An, B1, . . . , Bn) =

= tr
∑

σ∈Sn

∑

π∈Sn

sgn (σµ)δsgn (σµ)sgn πBσµ(n)Aπ(1)Bσµ(1) . . . Aπ(n) =

= (−1)n−1tr
∑

σ∈Sn

∑

π∈Sn

sgnσδ(−1)n−1sgnσsgn πBσ(1)Aπ(1) . . . Bσ(n)Aπ(n) =

=

{
tr f2n(B1, . . . , Bn, A1, . . . , An), åñëè n = 2r + 1;

−tr g2n(B1, . . . , Bn, A1, . . . , An), åñëè n = 2r.Èç ïðåäëîæåíèÿ 5 è óòâåðæäåíèÿ 2 âûòåêàåòÓòâåðæäåíèå 3. Ïóñòü n = 2r + 1 , A1, . . . , An ∈ Mk×m(F ) , B1, . . . , Bn ∈
∈Mm×k(F ) . Òîãäà

tr f2n(A1, . . . , An, B1, . . . , Bn) = tr f2n(B1, . . . , Bn, A1, . . . , An) =

= (−1)(n−1)/2 tr f2n(B
T
1 , . . . , B

T
n , A

T
1 , . . . , A

T
n );

tr g2n(A1, . . . , An, B1, . . . , Bn) =

= tr g2n(B1, . . . , Bn, A1, . . . , An) = (−1)(n−1)/2 tr g2n(B
T
1 , . . . , B

T
n , A

T
1 , . . . , A

T
n ).



198 Ñ.Þ. ÀÍÒÎÍÎÂÑëåäñòâèå 3. Ïóñòü A1, . . . , An, B1, . . . , Bn ∈ Symk(F )(Altk(F )) . Òîãäà
tr f2n(B1, . . . , Bn, A1, . . . , An) = (−1)(n−1)/2 tr f2n(B1, . . . , Bn, A1, . . . , An);

tr g2n(B1, . . . , Bn, A1, . . . , An) = (−1)(n−1)/2 tr g2n(B1, . . . , Bn, A1, . . . , An).Ñëåäñòâèå 4. Ïóñòü
charF 6= 2, n− 1 = 2(2s+ 1), A1, . . . , Bn ∈ Symk(F )(Altk(F )).Òîãäà

tr f2n(A1, . . . , An, B1, . . . , Bn) = 0; tr g2n(A1, . . . , An, B1, . . . , Bn) = 0.Äîêàçàòåëüñòâî. Â ñèëó ñëåäñòâèÿ 3
tr f2n(B1, . . . , Bn, A1, . . . , An) = = −tr f2n(B1, . . . , Bn, A1, . . . , An);

tr g2n(B1, . . . , Bn, A1, . . . , An) = = −tr g2n(B1, . . . , Bn, A1, . . . , An).Îòñþäà è èç òîãî, ÷òî charF 6= 2 , ïîëó÷àåì ðàâåíñòâà tr f2n(B1, . . . , Bn, A1, . . . , An) =
= 0 ; tr g2n(B1, . . . , Bn, A1, . . . , An) = 0 . Ïðèìåíÿÿ ïðåäëîæåíèå 5, ïîëó÷àåì òðåáó-åìûé ðåçóëüòàò. Ñëåäñòâèå äîêàçàíî.2. Íåêîòîðûå òîæäåñòâà ïîäïðîñòðàíñòâ M

(m,k)
1 (F ), M (m,k)

0 (F )Â ýòîì ïóíêòå ìû íàéäåì óñëîâèÿ, ïðè êîòîðûõ êâàçèìíîãî÷ëåíû Êàïåëëèÿâëÿþòñÿ òîæäåñòâàìè äëÿ ïîäïðîñòðàíñòâ M (m,k)
i (F ) .Óòâåðæäåíèå 4. Ïóñòü ïðè íåêîòîðîì q ∈ N , ëþáûõ A1, . . . , Aq ∈Mk×m(F ) ,

B1, . . . , Bq−1 ∈Mm×k(F ) f2q−1(A1, . . . , Aq, B1, . . . , Bq−1) = 0, òîãäà
g2q−1(A1, . . . , Aq, B1, . . . , Bq−1) = 0.Âåðíî è îáðàòíîå. Ïóñòü g2q−1(A1, . . . , Aq, B1, . . . , Bq−1) = 0, òîãäà
f2q−1(A1, . . . , Aq, B1, . . . , Bq−1) = 0.Äîêàçàòåëüñòâî. Â ñèëó 5) ïðåäëîæåíèÿ 1 äëÿ ïðîèçâîëüíîé ïîäñòàíîâêè

ω ∈ A−

q−1 èìååì f2q−1(x̄, yω(1), . . . , yω(q−1)) = g2q−1(x̄, ȳ) . Ñëåäîâàòåëüíî,
0 = f2q−1(A1, . . . , Aq, Bω(1), . . . , Bω(q−1)) = g2q−1(A1, . . . , Aq, B1), . . . , Bq−1).Îáðàòíî, ïî ñâîéñòâó 5) ïðåäëîæåíèÿ 1 äëÿ ïðîèçâîëüíîé ïîäñòàíîâêè ω ∈ A−

q−1èìååì g2q−1(x̄, yω(1), . . . , yω(q−1)) = f2q−1(x̄, ȳ). Ñëåäîâàòåëüíî,
0 = g2q−1(A1, . . . , Aq, Bω(1), . . . , Bω(q−1)) = f2q−1(A1, . . . , Aq, B1, . . . , Bq−1).Àíàëîãè÷íûì îáðàçîì äîêàçûâàåòñÿÓòâåðæäåíèå 5. Ïóñòü ïðè íåêîòîðîì q ∈ N , ëþáûõ A1, . . . , Aq ∈Mk×m(F ) ,

B1, . . . , Bq ∈Mm×k(F ) f2q(A1, . . . , Aq, B1, . . . , Bq) = 0, òîãäà
g2q(A1, . . . , Aq, B1, . . . , Bq) = 0.Âåðíî è îáðàòíîå. Ïóñòü g2q(A1, . . . , Aq, B1, . . . , Bq) = 0, òîãäà
f2q(A1, . . . , Aq, B1, . . . , Bq) = 0.



ÍÅÊÎÒÎ�ÛÅ ÂÈÄÛ ÒÎÆÄÅÑÒÂ ÏÎÄÏ�ÎÑÒ�ÀÍÑÒÂ. . . 199Çàìå÷àíèå 2. C ó÷åòîì óòâåðæäåíèé 4 è 5 äàëüíåéøåå èññëåäîâàíèå çíà÷å-íèé ìíîãî÷ëåíîâ f2n−1(x̄, ȳ) , g2n−1(x̄, ȳ) , f2n(x̄, ȳ) , g2n(x̄, ȳ) îò ðàçëè÷íûõ íàáîðîâìàòðèö äîñòàòî÷íî ïðîâåñòè, íàïðèìåð, äëÿ ìíîãî÷ëåíîâ f2n−1(x̄, ȳ) , f2n(x̄, ȳ) , ÷òîè ñäåëàíî íèæå.Óòâåðæäåíèå 6. Ïóñòü ïðè íåêîòîðîì q ∈ N , ëþáûõ A1, . . . , Aq ∈Mk×m(F ) ,
B1, . . . , Bq−1 ∈ Mm×k(F ) f2q−1(A1, . . . , Aq, B1, . . . , Bq−1) = 0 . Òîãäà äëÿ âñÿêîãî
n ≥ q , ïðîèçâîëüíûõ A1, . . . , An ∈ Mk×m(F ) , B1, . . . , Bn ∈ Mm×k(F ) âåðíî ðàâåí-ñòâî: f2n(A1, . . . , An, B1, . . . , Bn) = 0 , f2n−1(A1, . . . , An, B1, . . . , Bn−1) = 0 .Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî q > 1 . Äàëåå, åñëè n = q , òî â ñèëó ïðåäëî-æåíèÿ 4 ïðè n = 2r è n = 2r + 1 ñîîòâåòñòâåííî èìååì:

f2n(x̄, ȳ) =

n/2∑

i=1

f2q−1(x̄, ȳ2̂i)y2i + g2q−1(x̄, ȳ2̂i−1
)y2i−1,

f2n(x̄, ȳ) =

(n+1)/2∑

i=1

f2q−1(x̄, ȳ2̂i−1
)y2i−1 + g2q−1(x̄, ȳ2̂i)y2i.Îòñþäà è èç óòâåðæäåíèÿ 4 ïîëó÷àåì, ÷òî â îáîèõ ñëó÷àÿõ

f2n(A1, . . . , An, B1, . . . , Bn) = 0.Ïóñòü n = q + r , òîãäà ðàâåíñòâà
f2n(A1, . . . , An, B1, . . . , Bn) = 0, f2n−1(A1, . . . , An, B1, . . . , Bn−1) = 0âûòåêàþò èç çàìå÷àíèÿ 1 è óòâåðæäåíèé 4, 5.Àíàëîãè÷íûì îáðàçîì äîêàçûâàþòñÿÓòâåðæäåíèå 7. Ïóñòü ïðè íåêîòîðîì q ∈ N , ëþáûõ A1, . . . , Aq ∈Mk×m(F ) ,

B1, . . . , Bq ∈Mm×k(F ) f2q(A1, . . . , Aq, B1, . . . , Bq) = 0 . Òîãäà äëÿ âñÿêîãî n ≥ q+1 ,ïðîèçâîëüíûõ A1, . . . , An ∈Mk×m(F ) , B1, . . . , Bn ∈Mm×k(F ) âåðíû ðàâåíñòâà:
f2n(A1, . . . , An, B1, . . . , Bn) = 0 , f2n−1(A1, . . . , An, B1, . . . , Bn−1) = 0 .Óòâåðæäåíèå 8. Ïóñòü ïðè íåêîòîðîì q ∈ N , ëþáûõ B1, . . . , Bq ∈Mm×k(F ) ,
A1, . . . , Aq−1 ∈ Mk×m(F ) f2q−1(B1, . . . , Bq, A1, . . . , Aq−1) = 0 . Òîãäà äëÿ âñÿêîãî
n ≥ q , ïðîèçâîëüíûõ B1, . . . , Bn ∈Mm×k(F ) , A1, . . . , An ∈Mk×m(F ) âåðíû ðàâåí-ñòâà: f2n(B1, . . . , Bn, A1, . . . , An) = 0 , f2n−1(B1, . . . , Bn, A1, . . . , An−1) = 0 .Óòâåðæäåíèå 9. Ïóñòü ïðè íåêîòîðîì q ∈ N , ëþáûõ B1, . . . , Bq ∈Mm×k(F ) ,
A1, . . . , Aq ∈Mk×m(F ) f2q(B1, . . . , Bq, A1, . . . , Aq) = 0 . Òîãäà äëÿ âñÿêîãî n ≥ q+1 ,ïðîèçâîëüíûõ B1, . . . , Bn ∈ Mm×k(F ) , A1, . . . , An ∈ Mk×m(F ) âåðíû ðàâåíñòâà:
f2n(B1, . . . , Bn, A1, . . . , An) = 0 , f2n−1(B1, . . . , Bn, A1, . . . , An−1) = 0 .Òåïåðü ïîêàæåì, ÷òî ÷èñëî q , î êîòîðîì ãîâîðèòñÿ â óòâåðæäåíèÿõ 7�9, äåé-ñòâèòåëüíî ñóùåñòâóåò.Óòâåðæäåíèå 10. Ïóñòü q = mk + 1 . Òîãäà äëÿ ëþáûõ ìàòðèö
A1, . . . , Aq ∈ Mk×m(F ) , B1, . . . , Bq ∈ Mm×k(F ) ñïðàâåäëèâî ðàâåíñòâî:
f2q(A1, . . . , Aq, B1, . . . , Bq) = 0 .Äîêàçàòåëüñòâî. Îíî âûòåêàåò èç ëèíåéíîñòè ìíîãî÷ëåíà f2q(x̄, ȳ) ïî êàæ-äîé ãðóïïå ïåðåìåííûõ è ÷àñòè 1) ïðåäëîæåíèÿ 2.



200 Ñ.Þ. ÀÍÒÎÍÎÂÑëåäñòâèå 5. Ïóñòü q = max{m2 + 1, k2 + 1} . Òîãäà f2q(x̄, ȳ) ∈ T [M
(m,k)
0 (F )] .Óòâåðæäåíèå 11. Ïóñòü q = mk + 2 . Òîãäà äëÿ ëþáûõ ìàòðèö

A1, . . . , Aq ∈ Mk×m(F ) , B1, . . . , Bq−1 ∈ Mm×k(F ) ñïðàâåäëèâî ðàâåíñòâî:
f2q−1(A1, . . . , Aq, B1, . . . , Bq−1) = 0 .Äîêàçàòåëüñòâî. Âûòåêàåò èç ëèíåéíîñòè ìíîãî÷ëåíà f2q−1(x̄, ȳ) ïî êàæäîéãðóïïå ïåðåìåííûõ è ÷àñòè 1) ïðåäëîæåíèÿ 2.Ñëåäñòâèå 6. Ïóñòü q = max{m2+2, k2+2} . Òîãäà f2q−1(x̄, ȳ) ∈ T [M

(m,k)
0 (F )] .Çàìå÷àíèå 3. Â ðàáîòå [1℄ ïîêàçàíî, ÷òî ïðè m = 2 ìíîãî÷ëåí f5(z1, . . . , z5) ∈

∈ T [M
(m,1)
1 (F )] . Íåñëîæíî ïîêàçàòü, ÷òî ýòî áóäåò âåðíî è ïðè m > 2 . Îòñþäàâûòåêàåò, ÷òî ÷èñëî q â óòâåðæäåíèè 11, à çíà÷èò, è â óòâåðæäåíèè 10 ìîæíîïîíèçèòü äî ÷èñëà 3.Îáîçíà÷èì ÷åðåç d(m, k, F ) (t(m, k, F )) íàèìåíüøåå íàòóðàëüíîå ÷èñëî n , ïðèêîòîðîì ìíîãî÷ëåí f2n(x̄, ȳ) (ñîîòâåòñòâåííî f2n−1(x̄, ȳ)) óäîâëåòâîðÿåò óñëîâèþ:ïðè ëþáûõ A1, . . . , An ∈Mk×m(F ) , B1, . . . , Bn ∈Mm×k(F ) ñïðàâåäëèâî ðàâåíñòâî

f2n(A1, . . . , An, B1, . . . , Bn) = 0 (ñîîòâåòñòâåííî f2n−1(A1, . . . , An, B1, . . . , Bn−1) =
= 0).Êðîìå òîãî, ïóñòü d′(m, k, F ) (t′(m, k, F )) îçíà÷àåò íàèìåíüøåå íàòóðàëüíîå÷èñëî n , ïðè êîòîðîì ìíîãî÷ëåí f2n(x̄, ȳ) (ñîîòâåòñòâåííî f2n−1(x̄, ȳ)) óäîâëåòâî-ðÿåò óñëîâèþ: ïðè ëþáûõ B1, . . . , Bn ∈Mm×k(F ) , A1, . . . , An ∈Mk×m(F ) ñïðàâåä-ëèâî ðàâåíñòâî f2n(B1, . . . , Bn, A1, . . . , An) = 0 (ñîîòâåòñòâåííî f2n−1(B1, . . . , Bn,
A1, . . . , An−1) = 0).Óòâåðæäåíèå 12. Ïóñòü m ≥ k > 1 . Òîãäà ñïðàâåäëèâû íåðàâåíñòâà:
d(m, k, F ) ≥ 2k , t(m, k, F ) ≥ 2k , d′(m, k, F ) ≥ 2k , t′(m, k, F ) ≥ 2k .Äîêàçàòåëüñòâî. Äëÿ ìíîãî÷ëåíà f2(2k−1)(x̄, ȳ) ðàññìîòðèì ñëåäóþùóþ ïîä-ñòàíîâêó àðãóìåíòîâ, íàçûâàåìóþ äâîéíîé ëåñòíèöåé:

(x1, . . . , xk, . . . , x2k−1) = (e1 1, e2 2, . . . , ek k, ek k−1, ek−1 k−2, . . . , e2 1),

(y1, . . . , yk, . . . , y2k−1) = (e1 2, e2 3, . . . , ek−1 k, ek k, ek−1 k−1, . . . , e1 1),ãäå ei j � ìàòðè÷íûå åäèíèöû. Íåòðóäíî âèäåòü, ÷òî
f2(2k−1)(e1 1, . . . , e2 1, e1 2, . . . , e1 1) =

= e1 1 + e2 2 + . . .+ ek k + ek k + . . .+ e2 2 =

{
2E − e1 1, åñëè charF 6= 2;

e1 1, åñëè charF = 2.
(1)Ïðåäïîëîæèì, ÷òî d(m, k, F ) < 2k (t(m, k, F ) < 2k ). Òîãäà äëÿ íåêîòî-ðîãî q ∈ N ìíîãî÷ëåí f2q(x̄, ȳ) (f2q−1(x̄, ȳ)) óäîâëåòâîðÿåò óñëîâèþ: äëÿ ëþ-áûõ A1, . . . Aq ∈ Mk×m(F ) , B1, . . . , Bq ∈ Mm×k(F ) ñïðàâåäëèâî ðàâåíñòâî:

f2q(A1, . . . , Aq, B1, . . . , Bq) = 0 (f2q−1(A1, . . . , Aq, B1, . . . , Bq−1) = 0). Ñëåäîâà-òåëüíî, â ñèëó óòâåðæäåíèÿ 7 (óòâåðæäåíèÿ 6) ìíîãî÷ëåí f2(2k−1)(x̄, ȳ) îáðàùà-åòñÿ â íóëü íà äâîéíîé ëåñòíèöå, à ýòî ïðîòèâîðå÷èò (1). Îòñþäà çàêëþ÷àåì, ÷òîíàøå ïðåäïîëîæåíèå íåâåðíî, è ïîòîìó d(m, k, F ), t(m, k, F ) ≥ 2k .Ïðåäïîëîæèì, ÷òî d′(m, k, F ) < 2k (t′(m, k, F ) < 2k ). Òîãäà äëÿ íåêîòî-ðîãî q ∈ N ìíîãî÷ëåí f2q(x̄, ȳ) (f2q−1(x̄, ȳ)) óäîâëåòâîðÿåò óñëîâèþ: äëÿ ëþ-áûõ B1, . . . , Bq ∈ Mm×k(F ) , A1, . . . Aq ∈ Mk×m(F ) f2q(B1, . . . , Bq, A1, . . . , Aq) = 0



ÍÅÊÎÒÎ�ÛÅ ÂÈÄÛ ÒÎÆÄÅÑÒÂ ÏÎÄÏ�ÎÑÒ�ÀÍÑÒÂ. . . 201(f2q−1(B1, . . . , Bq, A1, . . . , Aq−1) = 0). Ñëåäîâàòåëüíî, â ñèëó óòâåðæäåíèÿ 9 (óòâåð-æäåíèÿ 8) ìíîãî÷ëåí f2(2k−1)(x̄, ȳ) îáðàùàåòñÿ â íóëü íà äâîéíîé ëåñòíèöå, à ýòîïðîòèâîðå÷èò (1) . Îòñþäà çàêëþ÷àåì, ÷òî íàøå ïðåäïîëîæåíèå íåâåðíî, è ïîòîìó
d′(m, k, F ), t′(m, k, F ) ≥ 2k . Óòâåðæäåíèå äîêàçàíî.Ïðåäëîæåíèå 6. Ïóñòü m, k � ëþáûå íàòóðàëüíûå ÷èñëà, ïðè÷åì m ≥ k ,
F � ïðîèçâîëüíîå ïîëå. Òîãäà ïðè n ≥ mk + 1 ìíîãî÷ëåíû f2n(x̄, ȳ), g2n(x̄, ȳ) ∈

∈ T [M
(m,k)
1 (F )] , à ïðè n < 2k f2n(x̄, ȳ), g2n(x̄, ȳ) /∈ T [M

(m,k)
1 (F )] .Äîêàçàòåëüñòâî. Â ñèëó óòâåðæäåíèÿ 4 äîêàçàòåëüñòâî äîñòàòî÷íî ïðîâåñòèäëÿ ìíîãî÷ëåíà f2n(x̄, ȳ) . Ïóñòü n = mk + 1 ,

ai =

(
0m×m Bim×k

Aik×m 0k×k

)
, bj =

(
0m×m Cjm×k

Dj
k×m 0k×k

)
∈M

(m,k)
1 (F ),ãäå i, j = 1, . . . , n . Òîãäà ñîãëàñíî óòâåðæäåíèþ 10

f2n(a
1, . . . , an, b1, . . . , bn) =

(
f2n(B1,...,Bn,D1,...,Dn) 0m×k

0k×m f2n(A
1, . . . , An, C1, . . . , Cn)

)
= 0.Ïóñòü n > mk + 1 , òîãäà òî, ÷òî f2n(x̄, ȳ) ∈ T [Mm,k

1 (F )] , ñëåäóåò èç óòâåðæäå-íèé 7 è 9. Âòîðàÿ ÷àñòü ïðåäëîæåíèÿ 6 âûòåêàåò èç óòâåðæäåíèÿ 12. Ïðåäëîæåíèåäîêàçàíî.Àíàëîãè÷íûì îáðàçîì äîêàçûâàåòñÿÏðåäëîæåíèå 7. Ïóñòü m, k � ëþáûå íàòóðàëüíûå ÷èñëà, ïðè÷åì m ≥ k ,
F � ïðîèçâîëüíîå ïîëå. Òîãäà ïðè n ≥ mk+2 ìíîãî÷ëåíû f2n−1(x̄, ȳ), g2n−1(x̄, ȳ) ∈

∈ T [M
(m,k)
1 (F )] , à ïðè n < 2k f2n−1(x̄, ȳ), g2n−1(x̄, ȳ) /∈ T [M

(m,k)
1 (F )] .Çàìå÷àíèå 4. Î÷åâèäíî, ÷òî çàäà÷à î íàõîæäåíèè íàèìåíüøåãî ÷èñëà n , ïðèêîòîðîì ìíîãî÷ëåíû f2n(x̄, ȳ), f2n−1(x̄, ȳ) ∈ T [M

(m,k)
1 (F )] , ýêâèâàëåíòíà çàäà÷åî çíà÷åíèÿõ �óíêöèé max{d(m, k, F ), d′(m, k, F )} , max{t(m, k, F ), t′(m, k, F )} .SummaryS.Yu. Antonov. Some Types of Identities of Subspaes M

(m,k)
0 (F ) , M

(m,k)
1 (F ) of MatrixSuperalgebra M

(m,k)(F ) .Some types of polynomials of free assoiative algebra F{Z} have been introdued andinvestigated. The onditions under whih these polynomials are the identities of subspaes
M

(m,k)
0 (F ) , M

(m,k)
1 (F ) of superalgebra M
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