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ÓÄÊ 514.16ÊÀÑÀÒÅËÜÍÛÅ È ÒÅÍÇÎ�ÍÛÅ �ÀÑÑËÎÅÍÈßÒÈÏÀ (2,0) ÍÀÄ ��ÓÏÏÎÉ ËÈÍ.À. ÎïîêèíàÀííîòàöèÿÂ ðàáîòå Å.Â. Íàçàðîâîé [5℄ èçó÷àëîñü êàñàòåëüíîå ðàññëîåíèå TG ãðóïïû Ëè ñ òî÷-êè çðåíèÿ åñòåñòâåííîãî è ñèíåêòè÷åñêîãî ïðîäîëæåíèé ýòîé ãðóïïû â àëãåáðó äóàëüíûõ÷èñåë. Íàéäåíû èíâàðèàíòíûå ñèíåêòè÷åñêèå ñâÿçíîñòè, îòâå÷àþùèå èíâàðèàíòíîé ñâÿç-íîñòè íà ãðóïïå G . Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå êàñàòåëüíûõ è òåíçîðíûõðàññëîåíèé T 2

0 G íàä ãðóïïîé Ëè. Äîêàçàíî, ÷òî ýòè ðàññëîåíèÿ òðèâèàëüíû, à ïðîñòðàí-ñòâà ðàññëîåíèé òàêæå ÿâëÿþòñÿ ãðóïïàìè Ëè. Ïîñòðîåíû ëè�òû ëåâîèíâàðèàíòíûõ âåê-òîðíûõ ïîëåé â ýòè ðàññëîåíèÿ. Íàéäåíû àëãåáðà Ëè ãðóïïû TG è àëãåáðà Ëè ãðóïïû
T 2

0 G , ïîëó÷åíû ñòðóêòóðíûå óðàâíåíèÿ ýòèõ àëãåáð. Â êà÷åñòâå ïðèìåðîâ ðàññìîòðåíûêàñàòåëüíûå è (2, 0) -òåíçîðíûå ðàññëîåíèÿ íàä 2-ìåðíûìè ñâÿçíûìè ãðóïïàìè Ëè.1. Òåíçîðíûå ðàññëîåíèÿ íàä ãðóïïîé ËèÏóñòü G � ãðóïïà Ëè ðàçìåðíîñòè n , TG è T ∗G � åå êàñàòåëüíîå è êîêàñà-òåëüíîå ðàññëîåíèÿ. Ñëåäóÿ [9℄, äàäèì ñëåäóþùååÎïðåäåëåíèå 1. Òåíçîðíûì ðàññëîåíèåì òèïà (p, q) íàä G íàçûâàåòñÿ ðàñ-ñëîåíèå
π : T p

q (G) = TG ⊗ · · · ⊗ TG ⊗ T ∗G ⊗ . . . ⊗ T ∗G → G.Îíî ÿâëÿåòñÿ âåêòîðíûì ðàññëîåíèåì ðàíãà N = np+q .Ïåðåéäåì ê êîîðäèíàòíûì �îðìóëèðîâêàì. Ïóñòü {ei(x)} � áàçèñ êàñàòåëüíîãîïðîñòðàíñòâà TxG , {ei(x)} � ñîïðÿæåííûé åìó áàçèñ êîêàñàòåëüíîãî ïðîñòðàíñòâà.Òîãäà òåíçîðû
e

j1...jq

i1...ip
= ei1 ⊗ · · · ⊗ eip

⊗ ej1 ⊗ · · · ⊗ ejqîáðàçóþò áàçèñ â ñëîå Fx = Tx⊗· · ·⊗Tx⊗T ∗

x ⊗· · ·⊗T ∗

x , òàê ÷òî äëÿ ëþáîãî ux ∈ Fxèìååì
ux = u

i1...iq

j1...jp
e

j1...jq

i1...ip
.Òàêîé áàçèñ âîçíèêàåò åñòåñòâåííûì îáðàçîì íàä âñÿêîé êîîðäèíàòíîé îêðåñòíî-ñòüþ U ⊂ G . Òîãäà âåêòîðû ei(x) = ∂i è ei = dxi îáðàçóþò ñîîòâåòñòâåííî íàòó-ðàëüíûé ðåïåð è êîðåïåð â òî÷êå x ∈ U . Ñîâîêóïíîñòü ÷èñåë (XA) =

(
xi, u

i1...iq

j1...jp

)îáðàçóåò äîïóñòèìûå êîîðäèíàòû â ïðîñòðàíñòâå òåíçîðíîãî ðàññëîåíèÿ, ïðè ýòîì
xi íàçûâàþòñÿ áàçèñíûìè, à uα = u

i1...iq

j1...jp
ñëîåâûìè êîîðäèíàòàìè. Â ñèëó îòîæ-äåñòâëåíèÿ p−1(U) ∼= U × R

N òåíçîðíîå ðàññëîåíèå T p
q G ÿâëÿåòñÿ ëîêàëüíî òðè-âèàëüíûì.�àññìîòðèì ïîêðûòèå áàçû G ñèñòåìîé îêðåñòíîñòåé. Âïðî÷åì, äëÿ ãðóïïûËè äîñòàòî÷íî îãðàíè÷èòüñÿ îêðåñòíîñòÿìè åäèíèöû. Íà ïåðåñå÷åíèè äâóõ êàðò

U ∪ U ′ ïðåîáðàçîâàíèå êîîðäèíàò èìååò âèä: xi = f i(xk′

). Òîãäà ïðåîáðàçîâàíèÿíàòóðàëüíîãî ðåïåðà â Tx è êîðåïåðà â T ∗

x èìåþò, êàê èçâåñòíî, âèä
∂k′ = f i

k′∂i, dxi = f i
k′dxk′

,
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k′ = ∂k′f i , à fk′

i � ýëåìåíòû îáðàòíîé ÿêîáèåâîé ìàòðèöû. Îòñþäà âîçíèêàåòñëåäóþùèé çàêîí ïðåîáðàçîâàíèÿ äîïóñòèìûõ êîîðäèíàò òåíçîðíîãî ðàññëîåíèÿ:
xi = f i(xk′

), uα := u
m1...mq

k1...kp
= fm1

j′
1

. . . f
mq

j′q
u

j′
1
...j′q

i′
1
...i′p

f
i′
1

k1
. . . f

i′p
kp

. (1)Ýòî çíà÷èò, ÷òî T p
q G ÿâëÿåòñÿ ãëàäêèì ðàññëîåíèåì.Òåíçîðíîå ðàññëîåíèå T p

q G ìîæíî òàêæå îïðåäåëèòü êàê ðàññëîåíèå ñ òèïîâûìñëîåì T p
q , ïðèñîåäèíåííîå ê ðàññëîåíèþ ëèíåéíûõ ðåïåðîâ LG [9℄. Ëåâîå äåéñòâèåãðóïïû GL(n) íà òåíçîðíîì ïðîñòðàíñòâå T p

q çàäàåòñÿ ëèíåéíûìè îïåðàòîðàìè
R(f) = ⊗pf ⊗ qf∗ ïî �îðìóëå

R(f)t(ξ1, . . . , ξp, v1, . . . , vq) = t(ξ1f, . . . , ξpf, f−1v1, . . . , f
−1vq). (2)Ó÷èòûâàÿ ïðàâîå äåéñòâèå r′ = r · f ãðóïïû GL(n) íà LG :

ei′ = ekfk
i′ (3)è åå ëåâîå äåéñòâèå â T p

q â ñîîòâåòñòâèè ñ �îðìóëîé (2), îïðåäåëèì åå äåéñòâèå íàïðÿìîì ïðîèçâåäåíèè LG × T p
q �îðìóëîé

(r, t) ◦ f := (r · f, R(f−1)t). (4)Òîãäà òåíçîðíîå ðàññëîåíèå ïîëó÷àåòñÿ �àêòîðèçàöèåé ïî ýòîìó äåéñòâèþ ñ îòîá-ðàæåíèåì �àêòîðèçàöèè Φ : L(G)×T p
q −→ T p

q (G) . Åñëè U ⊂ G � òðèâèàëèçóþùàÿîêðåñòíîñòü áàçû ñ íàòóðàëüíûì ïîëåì ðåïåðîâ r0 = {∂i} , òî ýòî îòîáðàæåíèåðåïåðó r(x) : ei(x) = xk
i ∂k , â òî÷êå x ∈ G è òåíçîðó t ∈ T p

q , çàäàííîìó ñâîè-ìè êîîðäèíàòàìè îòíîñèòåëüíî ñòàíäàðòíîãî áàçèñà, ñòàâèò â ñîîòâåòñòâèå òî÷êó
X = (x, ux) ∈ T p

q G, πX = x ñ äîïóñòèìûìè êîîðäèíàòàìè
X i = xi, Xα := u

i1...ip

j1...jq
= xi1

s1
. . . xip

sp
t
s1...sp

k1...kq
x̃k1

j1
. . . x̃

kq

jq
, (5)ãäå òèëüäîé îáîçíà÷åíû êîìïîíåíòû îáðàòíîé ìàòðèöû.2. Êàñàòåëüíîå ðàññëîåíèå íàä ãðóïïîé ËèÏóñòü G � ãðóïïà Ëè ñ óìíîæåíèåì

(x, y) −→ z = xy. (6)Îáîçíà÷èì ÷åðåç La è Ra ëåâûé è ïðàâûé ñäâèãè íà ãðóïïå G , ïîðîæäåííûåýëåìåíòîì a , ÷åðåç S � èíâîëþöèþ x → x−1 . Ýòî äè��åîìîð�èçìû ãðóïïû G .�àññìîòðèì êàñàòåëüíîå ðàññëîåíèå TG íàä ýòîé ãðóïïîé. Ïóñòü X, Y ∈ TG .Ïðè ëîêàëüíîé òðèâèàëèçàöèè p−1(U) −→ U × R
nèìååì X = (x, ux) è Y =

= (y, uy) . Îïðåäåëèì íà ìíîãîîáðàçèè TG îïåðàöèþ óìíîæåíèÿ "◦" ñëåäóþùèìîáðàçîì [8℄:
(x, ux) ◦ (y, uy) = (xy, L∗(x)uy + R∗(y)ux). (7)Â êîîðäèíàòíîé çàïèñè
zk = gk(xi, yj), ui

z = Li
s(x)us

y + Rk
s (y)us

x. (8)Òåîðåìà 1. Îòíîñèòåëüíî îïåðàöèè (7) ìíîãîîáðàçèå TG ÿâëÿåòñÿ ãðóï-ïîé Ëè.



140 Í.À. ÎÏÎÊÈÍÀÄîêàçàòåëüñòâî.1. E = (e, 0) ∈ TG åñòü åäèíè÷íûé ýëåìåíò, ãäå e � åäèíèöà ãðóïïû G . Äåé-ñòâèòåëüíî, ñîãëàñíî (7)
(x, ux) ◦ (e, 0) = (xe, L∗(x)0 + R∗(e)ux) = (x, ux).Àíàëîãè÷íî (e, 0) ◦ (x, ux) = (x, ux) .2. Íàéäåì îáðàòíûé ýëåìåíò äëÿ X ∈ TG. Ñíà÷àëà çàìåòèì [8℄, ÷òî äè��åðåí-öèàë èíâîëþöèè S ìîæåò áûòü âûðàæåí ÷åðåç äè��åðåíöèàëû ëåâîãî è ïðàâîãîñäâèãîâ ñëåäóþùèì îáðàçîì: S∗ = −L−1

∗
(x)R−1

∗
(x) . Óñëîâèå X◦Y = E äàåò xy = e ,

L∗(x)uy +R∗(y)ux = 0 . Îòñþäà y = x−1 è uy = −L∗(x)−1R−1
∗

(x)ux = S∗ux. Çíà÷èò,îáðàòíûé ýëåìåíò èìååò âèä
X−1 = (x−1, S∗ux). (9)3. Ïðîâåðèì àññîöèàòèâíîñòü. Â ñîîòâåòñòâèè ñ (7) èìååì

(x, ux) ◦ (y, uy) = (xy, L∗(x)uy + R∗(y)ux) = (xy, wxy),

(((x, ux) ◦ (y, uy)) ◦ (z, uz) = ((xy)z, L∗(xy)uz + R∗(z)wxy).Ñ äðóãîé ñòîðîíû,
(y, uy) ◦ (z, uz) = (yz, L∗(y)uz + R∗(z)uy)) = (yz, vyz),

(x, ux) ◦ ((y, uy) ◦ (z, uz)) = (x(yz), L∗(x)vyz + R∗(yz)ux).Â ñèëó L∗(xy) = L∗(x)L∗(y) , R∗(xy) = R∗(y)R∗(x) , L∗(x)R∗(y) = R∗(y)L∗(x) ýòèâûðàæåíèÿ ñîâïàäàþò.Êðîìå òîãî, îïåðàöèÿ (7) � ãëàäêàÿ. Çíà÷èò, TG � ãðóïïà Ëè.Çàìå÷àíèå 1. Ïóñòü θx ∈ T ∗

xG � êîâåêòîð â òî÷êå x ∈ G . Òàê êàê θx(ux) =
= θx−1(S∗ux) , òî îòñþäà ñëåäóåò, ÷òî S∗θx−1 = θx . Çíà÷èò,

(x, θx)−1 = (x−1, S∗−1θx) (10)åñòü îáðàòíûé ýëåìåíò äëÿ (x, θx) ∈ T ∗G .Êàê èçâåñòíî, âåêòîðíîå ïîëå ξ(x) íà ãðóïïå Ëè íàçûâàåòñÿ ëåâîèíâàðèàíòíûì,åñëè îíî èíâàðèàíòíî ïðè ëåâûõ ñäâèãàõ
L∗(a)ξ(x) = ξ(ax). (11)Ïîëîæèì çäåñü x = e . Òîãäà

ξ(a) = L∗(a)v, (12)ãäå v � âåêòîð â åäèíèöå ãðóïïû Ëè G . Â êîîðäèíàòàõ
ξi(a) = Li

j(a)vj , (13)ãäå
Li

j(a) = (∂xj gi(a, x))e. (14)Íàéäåì òåïåðü ëåâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ íà ãðóïïå TG . Ëåâûé ñäâèã
L(A) â TG îïðåäåëåí �îðìóëîé (7), à â êîîðäèíàòàõ � �îðìóëîé (8). Ëåâîèíâà-ðèàíòíîå âåêòîðíîå ïîëå â TG èìååò âèä

ξ(A) = L∗(A)V, (15)



ÊÀÑÀÒÅËÜÍÛÅ È ÒÅÍÇÎ�ÍÛÅ �ÀÑÑËÎÅÍÈß 141ãäå A ∈ TG , V � âåêòîð â E ∈ TG . Îíî ÿâëÿåòñÿ ýëåìåíòîì àëãåáðû Ëè g1
0ãðóïïû Ëè TG . Íàéäåì êîìïîíåíòû ýòîãî ïîëÿ. Ïðîäè��åðåíöèðîâàâ (7) ïî x è

ux è ïîëîæèâ çàòåì (x, ux) = (e, 0) , ïîëó÷èì ìàòðèöó L∗(A) ñëåäóþùåãî âèäà:
L∗(A) =

(
L∗(a) 0

(∂xR∗(x))eua L∗(a)

)
. (16)Èç êîîðäèíàòíîé çàïèñè îïåðàöèè (8) ñëåäóåò, ÷òî íåíóëåâûå áëîêè ýòîé ìàòðèöûèìåþò âèä

L∗(a) = (Li
j(a)),

(∂xR∗(x))eua = (Ri
sj(a)uj

a),
(17)ãäå

Ri
sj(a) =

(
∂2gi(a, x)

∂xs∂aj

)

x=e

. (18)Ó÷èòûâàÿ ýòî, ïîëó÷èì
ξ(A) = Li

j(a)vj∂i + [Rk
si(a)ui

avs + Lk
i (a)ṽi]∂̃k, (19)ãäå ∂̃k =

∂

∂uk
, (vi, ṽj) � êîîðäèíàòû âåêòîðà V â åäèíèöå ãðóïïû TG . Òàêèìîáðàçîì, ñïðàâåäëèâàÒåîðåìà 2. Âñÿêîå ëåâîèíâàðèàíòíîå âåêòîðíîå ïîëå íà ãðóïïå TG èìååòêîìïîíåíòû (19). Îíî ÿâëÿåòñÿ ïðîåêòèðóåìûì íà ëåâîèíâàðèàíòíîå âåêòîðíîåïîëå (12) íà ãðóïïå G .Èçâåñòíî [7℄, ÷òî åñëè âåêòîðíîå ðàññëîåíèå E → M ðàíãà n äîïóñêàåò nãëîáàëüíûõ ñå÷åíèé (s1(x), . . . , sn(x)) , ëèíåéíî íåçàâèñèìûõ â êàæäîé òî÷êå, òîîíî òðèâèàëüíî, ò. å. ñóùåñòâóåò èçîìîð�èçì ϕ : E → M × F .Òåîðåìà 3. TG � òðèâèàëüíîå ðàññëîåíèå.Äîêàçàòåëüñòâî. Êàñàòåëüíîå ðàññëîåíèå TG ÿâëÿåòñÿ ëîêàëüíî òðèâèàëü-íûì. Âûáåðåì áàçèñ {ei} ∈ TeG , ãäå n = dimG , è ïîñòðîèì ëåâîèíâàðèàíòíûåâåêòîðíûå ïîëÿ ei(x) = L∗(x)ei . Îíè ëèíåéíî íåçàâèñèìû â êàæäîé òî÷êå x ∈ G .Ïîëó÷èì n ãëîáàëüíûõ ñå÷åíèé ðàññëîåíèÿ TG . Çíà÷èò, TG � òðèâèàëüíîå ðàñ-ñëîåíèå.Ïóñòü g1

0 � ìíîæåñòâî âñåõ ëåâîèíâàðèàíòíûõ ïîëåé íà ãðóïïå Ëè TG . Òîãäà
g1
0 ÿâëÿåòñÿ àëãåáðîé Ëè ãðóïïû Ëè TG . Ïîëÿ Eα(A) = (ei(A), ẽj(A)) , ãäå

ei(A) = L
j
i (a)∂j + Rk

ij(a)uj
a∂̃k,

ẽj(A) = Ls
j(a)∂̃s

(20)îáðàçóþò åå áàçèñ. Ïðîèçâîëüíîå ëåâîèíâàðèàíòíîå âåêòîðíîå ïîëå (19) âûðàæà-åòñÿ ÷åðåç íèõ ëèíåéíîé êîìáèíàöèåé ñ ïîñòîÿííûìè êîý��èöèåíòàìè:
V (A) = viei(A) + ṽj ẽj(A).Íàéäåì ñòðóêòóðíûå óðàâíåíèÿ àëãåáðû Ëè g1

0 . Äëÿ ýòîãî âû÷èñëèì êîììóòàòîðû
[ei, ej] , [ei, ẽk] , [ẽj , ẽk] . Ó÷èòûâàÿ îïðåäåëåíèå êîììóòàòîðà [W, V ](F ) = W ◦V (F )−
−V ◦ W (F ) è âèä áàçèñà (20), ïîëó÷èì

[ei, ej ] = αk
ijek + βk

ij ẽk. (21)



142 Í.À. ÎÏÎÊÈÍÀÏîäñòàâèâ ñþäà âûðàæåíèÿ (20) è ñðàâíèâ êîý��èöèåíòû ïðè ∂k è ∂̃k , ïîëó÷èìïðè A = E
αk

ij = (∂iL
k
j − ∂jL

k
i )e = Ck

ij ,

βk
ij = 0.

(22)ãäå ck
ij � ñòðóêòóðíûå êîíñòàíòû àëãåáðû Ëè g ãðóïïû Ëè G .�àññìîòðèì êîììóòàòîðû [ei, ẽj] . Ïóñòü

[ei, ẽj] = γr
ijer + λk

ij ẽk. (23)Ó÷èòûâàÿ ñíîâà (20) è ñðàâíèâ êîý��èöèåíòû ïðè íàòóðàëüíîì ðåïåðå, ïîëó÷èìïðè A = E

λk
ij = (∂iL

k
j )e − (Rk

ij)e, γr
ij = 0.Ó÷èòûâàÿ, ÷òî

(Rk
is(a))e = (∂sL

k
i (a))e, (24)íàéäåì λk

ij = ck
ij è, ñëåäîâàòåëüíî, [ei, ẽj] = ck

ij ẽk.Íàêîíåö, ïîëó÷èì
[ẽi, ẽj ] = 0,÷òî ñëåäóåò èç âèäà áàçèñíûõ ýëåìåíòîâ ẽi â (20). Èòàê, ïðèøëè ê ñëåäóþùåìóðåçóëüòàòóÒåîðåìà 4. Ñòðóêòóðíûå óðàâíåíèÿ àëãåáðû Ëè g1

0 ãðóïïû TG â áàçèñå (20)èìåþò âèä
[ei, ej ] = ck

ijek, [ei, ẽj ] = ck
ij ẽk, [ẽi, ẽj] = 0. (25)Â ðàáîòå Å.Â. Íàçàðîâîé [5℄ êàñàòåëüíîå ðàññëîåíèå TG ðàññìàòðèâàåòñÿ êàêåñòåñòâåííîå ïðîäîëæåíèå ãðóïïû Ëè G â àëãåáðó äóàëüíûõ ÷èñåë. Ïðîäîëæåíèåìëåâîèíâàðèàíòíûõ �îðì ωa íà G â äóàëüíóþ îáëàñòü áûëè ïîëó÷åíû ñòðóêòóðíûåóðàâíåíèÿ Êàðòàíà

dω̃a = −
1

2
ca
bcω̃

b ∧ ω̃c, dω̃n+a = −
1

2
ca
bcω̃

b ∧ ω̃n+c, (26)ãäå ω̃a = υωa , ω̃n+a = cωa. Áàçèñ {ω̃a, ω̃n+a} ÿâëÿåòñÿ âçàèìíûì áàçèñó (20).Òàêèì îáðàçîì, óðàâíåíèÿ (25) è (26) äâîéñòâåííû äðóã äðóãó.ÏðèìåðûÈçâåñòíî [2℄, ÷òî ñóùåñòâóþò ëèøü ñëåäóþùèå ñâÿçíûå ãðóïïû Ëè âòîðîãîïîðÿäêà:1) Àáåëåâûå ãðóïïû: R
2 , R×S , T2 = S×S . Îíè ëîêàëüíî èçîìîð�íû. Ïîýòîìóïðè ðàññìîòðåíèè àëãåáð Ëè äîñòàòî÷íî ðàññìîòðåòü ëèøü ïåðâóþ èç íèõ. Îïå-ðàöèÿ íà ãðóïïå R

2 çàäàåòñÿ ñëåäóþùèì îáðàçîì: z = x + y = (x1 + y1, x2 + y2) .Âñëåäñòâèå (14) äè��åðåíöèàë ëåâîãî ñäâèãà èìååò ñëåäóþùèå îòëè÷íûå îò íóëÿêîìïîíåíòû: L1
1 = 1 , L2

2 = 1 . Ñòðóêòóðíûå óðàâíåíèÿ ýòîé ãðóïïû [ei, ej ] = 0 . Òî-ãäà ñòðóêòóðíûå óðàâíåíèÿ ãðóïïû TR â ñîîòâåòñòâèè ñ �îðìóëîé (25) èìåþò âèä:
[ei, ej] = 0 , [ei, ẽj] = 0 , [ẽi, ẽj ] = 0 , ãäå i, j = 1, 2 . Òàêèå æå ñòðóêòóðíûå óðàâíåíèÿèìåþò êàñàòåëüíûå ðàññëîåíèÿ äðóãèõ àáåëåâûõ ãðóïï âòîðîãî ïîðÿäêà.2) Ñâÿçíàÿ ãðóïïà à��èííûõ ïðåîáðàçîâàíèé âåùåñòâåííîé ïðÿìîé, ñîõðàíÿ-þùèõ îðèåíòàöèþ Aff+(1, R) : x′ = a1x + a2 , (a1 > 0) . Îíà èçîìîð�íà ãðóïïåâåùåñòâåííûõ 2-ìàòðèö:

A =

(
a1 a2

0 1

)
,



ÊÀÑÀÒÅËÜÍÛÅ È ÒÅÍÇÎ�ÍÛÅ �ÀÑÑËÎÅÍÈß 143ãäå detA > 0 . Îïåðàöèÿ íà ãðóïïå çàäàåòñÿ ñ ïîìîùüþ ìàòðè÷íîãî óìíîæåíèÿ:
AX =

(
a1 a2

0 1

) (
x1 x2

0 1

)
=

(
a1x1 a1x2 + a2

0 1

)
.Íàéäåì ñòðóêòóðíûå óðàâíåíèÿ êàñàòåëüíîãî ðàññëîåíèÿ ýòîé ãðóïïû. Â ñèëó (14)äè��åðåíöèàë ëåâîãî ñäâèãà èìååò ñëåäóþùèå êîìïîíåíòû, îòëè÷íûå îò íóëÿ:

L1
1 = a1 , L2

2 = a1 . Ñòðóêòóðíûå êîíñòàíòû:
c2
12 = 1, c2

21 = −1. (27)Òîãäà ñòðóêòóðíûå óðàâíåíèÿ ñîãëàñíî (25) èìåþò âèä
[e1, e2] = e2, [e1, ẽ2] = ẽ2, [e2, ẽ1] = −ẽ2.3. Òåíçîðíîå ðàññëîåíèå òèïà (2,0) íàä ãðóïïîé Ëè G�àññìîòðèì òåíçîðíîå ðàññëîåíèå T 2

0 G . Îïðåäåëèì äåéñòâèå ãðóïïû G íà òåí-çîðû ux òèïà (2, 0) ïðè ëåâûõ ñäâèãàõ. Ïóñòü L(a) : x → ax . Äè��åðåíöèàë ëåâîãîñäâèãà L∗(a) : ux → uax äåéñòâóåò ïî �îðìóëå
(L∗(a)ux)(ξx, θx) = uax(L∗(a

−1)ξx, L∗(a
−1)θx), (28)ãäå ξx, θx ∈ T ∗

x . Ýòî ëåâîå äåéñòâèå, òàê êàê
(L∗(ab)ux)(ξx, θx) = uabx(L∗((ab)−1)ξx, L∗((ab)−1)θx) =

= uabx(L∗(a−1)L∗(b−1)ξx, L∗(a−1)L∗(b−1)θx) = (L∗(a)L∗(b)ux)(ξx, θx).Àíàëîãè÷íî îïðåäåëèì äåéñòâèå R∗(a) : ux → uxa

(R∗(a)ux)(ξx, θx) = uxa(R∗(a
−1)ξx, R∗(a

−1)θx). (29)Ýòî ïðàâîå äåéñòâèå ãðóïïû G , òàê êàê R∗(ab) = R∗(b)R∗(a) .Îïðåäåëèì îïåðàöèþ óìíîæåíèÿ íà T 2
0 G , èñïîëüçîâàâ �îðìóëû (28) è (29):

(x, ux) ◦ (y, uy) = (xy, L∗(x)uy + R∗(y)ux). (30)Â êîîðäèíàòíîé çàïèñè
zk = gk(xi, yj), uij

z = Li
k(x)Lj

m(x)ukm
y + Ri

k(y)Rj
m(y)ukm

x . (31)Òåîðåìà 5. Îòíîñèòåëüíî îïåðàöèè (30) T 2
0 G ÿâëÿåòñÿ ãðóïïîé Ëè.Äîêàçàòåëüñòâî.1. Ïîêàæåì, ÷òî E = (e, 0) ∈ T 2

0 G , e ∈ G , 0 ∈ T 2
0 G � åäèíè÷íûé ýëåìåíòîòíîñèòåëüíî óìíîæåíèÿ (30). Èìååì

(x, ux) ◦ (e, 0) = (xe, L∗(x)0 + R∗(e)ux) = (x, ux).Àíàëîãè÷íî (e, 0) ◦ (x, ux) = (x, ux) .2. Îáðàòíûé ýëåìåíò (y, uy) äëÿ (x, ux) íàõîäèòñÿ èç óñëîâèé
xy = e, L∗(x)uy + R∗(y)ux = 0.Òîãäà y = x−1 . Ó÷èòûâàÿ, ÷òî îáðàòíûé ýëåìåíò äëÿ θx èìååò âèä (10), èç óñëîâèÿèíâàðèàíòíîñòè �óíêöèè ux(θx, ξx) = uy(θy , ξy) ïîëó÷èì
ux(θx, ξx) = ux−1(S∗−1θx, S∗−1ξx).



144 Í.À. ÎÏÎÊÈÍÀÎòñþäà ñëåäóåò S−1
∗

ux−1 = ux . Çíà÷èò,
(x, ux)−1 = (x−1, S∗ux).3. Ïðîâåðèì àññîöèàòèâíîñòü. Â ñîîòâåòñòâèè ñ (30) èìååì

(x, ux) ◦ (y, uy) = (xy, L∗(x)uy + R∗(y)ux) = (xy, wxy).Òîãäà
(((x, ux) ◦ (y, uy)) ◦ (z, uz) = ((xy)z, L∗(xy)uz + R∗(z)wxy).Ñ äðóãîé ñòîðîíû,

(y, uy) ◦ (z, uz) = (yz, L∗(y)uz + R∗(z)uy)) = (yz, vyz)è, ñëåäîâàòåëüíî,
(x, ux) ◦ ((y, uy) ◦ (z, uz)) = (x(yz), L∗(x)vyz + R∗(yz)ux).Â ñèëó L∗(xy) = L∗(x)L∗(y) , R∗(xy) = R∗(y)R∗(x) , L∗(x)R∗(y) = R∗(y)L∗(x) ýòèâûðàæåíèÿ ñîâïàäàþò.Îïåðàöèÿ (30) ãëàäêàÿ. Çíà÷èò, T 2

0 G � ãðóïïà Ëè.Âñÿêîå ãëàäêîå ïðåîáðàçîâàíèå x → z = f(x) â G ïîðîæäàåò ïðåîáðàçîâàíèå
cf = (f, f∗) â T 2

0 G , êîòîðîå â êîîðäèíàòàõ èìååò âèä
yi = f i(x), uab

y = fa
i (x)f b

j (x)uij
x . (32)Íî ëþáîå âåêòîðíîå ïîëå ξ íà G ïîðîæäàåò ëîêàëüíóþ îäíîïàðàìåòðè÷åñêóþãðóïïó ïðåîáðàçîâàíèé y = f(x, t) = Exp(tξ)x . Ñ òî÷íîñòüþ äî ìàëûõ ïåðâîãîïîðÿäêà

yi = xi + ξi(x)t. (33)Ïîäñòàâèâ (33) â (32), ñ òîé æå òî÷íîñòüþ ïîëó÷èì
uab

z = uab
x + t(uib

x ∂iξ
a + uaj

x ∂jξ
b).Òàêèì îáðàçîì, âåêòîðíîå ïîëå ξ ïîðîæäàåò â ðàññëîåíèè T 2

0 G âåêòîðíîå ïîëå
cξ(X) = ξa∂a + ξab∂ab, (34)ãäå
ξab = uib

x ∂iξ
a + uaj

x ∂jξ
b. (35)Ýòî ïîëíûé ëè�ò âåêòîðíîãî ïîëÿ ξ â ðàññëîåíèå T 2

0 G .Â ÷àñòíîñòè, ðàññìîòðèì íà ãðóïïå G ëåâîèíâàðèàíòíîå âåêòîðíîå ïîëå. Ïîä-ñòàâèâ (13) â (35), ïîëó÷èì
ξab = ucb

x ∂c(L
a
d(x)vd) + uac

x ∂c(L
b
d(x)vd).Ñëåäîâàòåëüíî, ñïðàâåäëèâàÒåîðåìà 6. Ëè�ò ëåâîèíâàðèàíòíîãî âåêòîðíîãî ïîëÿ ξ(x) , x ∈ G , â ðàññëî-åíèå T 2

0 G èìååò âèä
cξ(X) = La

b (x)vb∂a + (ucb
x ∂cL

a
d(x) + uac

x ∂cL
b
d(x))vd∂ab. (36)



ÊÀÑÀÒÅËÜÍÛÅ È ÒÅÍÇÎ�ÍÛÅ �ÀÑÑËÎÅÍÈß 145Íàéäåì òåïåðü ëåâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ íà ãðóïïå T 2
0 G . Ëåâûé ñäâèãâ L(A) â T 2

0 G îïðåäåëåí �îðìóëîé (30) è â êîîðäèíàòàõ �îðìóëîé (31). Ëåâîèí-âàðèàíòíîå âåêòîðíîå ïîëå â T 2
0 G èìååò âèä

ξ(A) = L∗(A)V, (37)ãäå A ∈ T 2
0 G , V � âåêòîð â E ∈ T 2

0 G . Íàéäåì êîìïîíåíòû ýòîãî ïîëÿ. Ïðîäè�-�åðåíöèðîâàâ (30) ïî x è ux è ïîëîæèâ çàòåì (x, ux) = (e, 0) , ïîëó÷èì ìàòðèöó
L∗(A) ñëåäóþùåãî âèäà:

L∗(A) =

(
L∗(a) 0

(∂xR∗(x))eua L∗(a) ⊗ L∗(a)

)
. (38)Çàïèøåì ìàòðèöó (38) â êîîðäèíàòàõ. Åå òðåòèé áëîê

(∂xR∗(x))eua = (∂s(R
k
i (x)Rm

j (x))eu
ij
a ) =

= (((∂sR
k
i (x))eδ

m
j + (∂sR

m
j (x))eδ

k
i )uij

a ).Òîãäà ñ ó÷åòîì îáîçíà÷åíèÿ (18) ïîëó÷èì
(∂xR∗(x))eua = (Rk

si(a)uim
a + Rm

sj(a)ukj
a ).Â èòîãå êàæäûé èç íåíóëåâûõ áëîêîâ èìååò ñëåäóþùèé êîîðäèíàòíûé âèä:

L∗(a) = (Li
j(a)),

(∂xR∗(x))eua = (Rk
si(a)uim

a + Rm
sj(a)ukj

a ),

L∗(a) ⊗ L∗(a) = (Lk
i (a)Lm

j (a)) := (Lkm
ij (a)).

(39)Ó÷èòûâàÿ ýòî, ïîëó÷èì
ξ(A) = Li

j(a)vj∂i + [(Rk
si(a)uim

a + Rm
sj(a)ukj

a )vs + Lkm
ij (a)vij ]∂km. (40)Òàêèì îáðàçîì, ñïðàâåäëèâàÒåîðåìà 7. Âñÿêîå ëåâîèíâàðèàíòíîå âåêòîðíîå ïîëå íà ãðóïïå T 2

0 G èìååòêîìïîíåíòû (40). Îíî ÿâëÿåòñÿ ïðîåêòèðóåìûì íà ëåâîèíâàðèàíòíîå âåêòîðíîåïîëå (12) íà ãðóïïå G .Ïóñòü g2
0 � ìíîæåñòâî âñåõ ëåâîèíâàðèàíòíûõ ïîëåé íà ãðóïïå Ëè T 2

0 G . Òîãäà
g2
0 ÿâëÿåòñÿ àëãåáðîé Ëè ãðóïïû Ëè T 2

0 G . Ïîëÿ Eα(X) = (ei(X), ekm(X)) , ãäå
ei(X) = L

j
i (x)∂j + (Rk

is(x)usm
x + Rm

is(x)uks
x )∂km,

ekm(X) = L
ij
km(x)∂ij

(41)îáðàçóþò åå áàçèñ. Ïðîèçâîëüíîå ëåâîèíâàðèàíòíîå âåêòîðíîå ïîëå âûðàæàåòñÿ÷åðåç íèõ ëèíåéíîé êîìáèíàöèåé ñ ïîñòîÿííûìè êîý��èöèåíòàìè:
V (X) = viei(X) + vkmekm(X).Çàìå÷àíèå 2. Â ñèëó �îðìóëû (24) ëåâîíâàðèàíòíîå âåêòîðíîå ïîëå (37) ñîâ-ïàäàåò ñ ëè�òîì âåêòîðíîãî ïîëÿ íà T 2

0 G (36), åñëè îíî èìååò âèä
V (X) = viei(X),ãäå vi = const . Â ÷àñòíîñòè, ýòî òàê äëÿ àáåëåâûõ ãðóïï.
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0 . Äëÿ ýòîãî âû÷èñëèì êîììóòà-òîðû [ei, ej] , [ei, eik] , [eij , ekm] . Ó÷èòûâàÿ âèä áàçèñà (41), ïîëó÷èì

[ei, ej ] = αk
ijek + βkm

ij ekm. (42)Ó÷èòûâàÿ (41) è ñðàâíèâ êîý��èöèåíòû ïðè ∂k è ∂km ïðè A = E , ïîëó÷èì
αk

ij = (∂iL
k
j − ∂jL

k
i )e,

βkm
ij = 0

(43)Òàêèì îáðàçîì, αk
ij = ck

ij , ãäå ck
ij � ñòðóêòóðíûå êîíñòàíòû àëãåáðû Ëè ãðóïïû G .�àññìîòðèì êîììóòàòîðû [ei, ekm] . Ïóñòü

[ei, ekm] = γr
i kmer + λ

sp
i kmesp. (44)Ïîäñòàâèâ â (44) áàçèñ g2

0 (41), ñðàâíèâ êîý��èöèåíòû ïðè âåêòîðàõ íàòóðàëüíîãîðåïåðà è ïîëîæèâ A = E , ïîëó÷èì
λ

sp
i km = (∂iL

s
k)eδ

p
m + (∂iL

p
m)eδ

s
k − (Rs

ik)eδ
p
m − (Rp

im)eδ
s
k, γr

i ,n+j = 0.Ó÷èòûâàÿ (24), áóäåì èìåòü
λ

sp
i km = cs

ikδp
m + c

p
imδs

kè, ñëåäîâàòåëüíî,
[ei, ekm] = (cs

ikδp
m + c

p
imδs

k)esp.Íàêîíåö, î÷åâèäíî ïîñëåäíåå ñòðóêòóðíîå óðàâíåíèå
[eij , ekm] = 0.Èòàê, èìååì ñëåäóþùèé ðåçóëüòàò.Òåîðåìà 8. Ñòðóêòóðíûå óðàâíåíèÿ àëãåáðû Ëè g2

0 ãðóïïû T 2
0 G â áàçèñå (41)èìåþò âèä

[ei, ej] = ck
ijek , [ei, ekm] = (cs

ikδp
m + c

p
imδs

k)esp , [eij , ekm] = 0. (45)ÏðèìåðûÍàéäåì àëãåáðû Ëè g2
0 äëÿ ãðóïï Ëè âòîðîãî ïîðÿäêà, êîòîðûå áûëè ðàññìîò-ðåíû â ï. 21) Àáåëåâûå ãðóïïû: R

2, R × S, T2 = S × S . Â ñîîòâåòñòâèè ñ âû÷èñëåíèÿìè,ïðîâåäåííûìè ðàíåå, ñòðóêòóðíûå óðàâíåíèÿ â ñèëó �îðìóëû (45) èìåþò âèä
[ei, ej ] = 0, [ei, ekm] = 0, [eij , ekm] = 0.Òàêèå æå ñòðóêòóðíûå óðàâíåíèÿ èìåþò è äðóãèå àáåëåâû ãðóïïû âòîðîãî ïî-ðÿäêà.2) �ðóïïà îðèåíòèðîâàííûõ à��èííûõ ïðåîáðàçîâàíèé âòîðîãî ïîðÿäêà

Aff+(1, R). Ñòðóêòóðíûå êîíñòàíòû ýòîé ãðóïïû óêàçàíû â (27). Òîãäà ñòðóê-òóðíûå óðàâíåíèÿ àëãåáðû g2
0 ñîãëàñíî (45) èìåþò âèä

[e1, e2] = e2, [e1, e12] = e12, [e1, e21] = e21, [e1, e22] = 2e22,

[e2, e21] = −e12, [e2, e12] = −e12, [e2, e21] = −e12 − e21.



ÊÀÑÀÒÅËÜÍÛÅ È ÒÅÍÇÎ�ÍÛÅ �ÀÑÑËÎÅÍÈß 147SummaryN.A. Opokina. Tangent and tensor bundles of (2,0) type under Lie group.In the E.V. Nazarova's work the tangent bundle of TG Lie group was studied from thenatural and syne
ti
s extension point of view of this group in algebra of dual numbers. Invariantsyne
ti
s linkages under group G . Our aim was to study the tangent and tensor bundles T 2

0 Gunder Lie group. These bundles were proved to be trivial and the bundle spa
es were provedto be Lie groups. The lifts of these left-invariant ve
tor �elds were built un these bundles. Liealgebra of TG group and Lie algebra of T 2
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