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B.I'" Kopnees

AnHoTanus

Kak m3BecTHO, «KJIaCCHYECKUIT» MOAX0J K allOCTEPUOPHON OIEHKE MOIPENTHOCTH ITPUOIn-
KEHHBIX peHleHI/Ifl 3aJa9 MEeXaHUKW TBEPAOrO TeJjia BHITEKA€T M3 BCTPEYHBIX BapPUAITUOHHBIX
npunanunos Jlarpamxka n Kacrunsawno. Ecan, nanpumep, 3a7avua jnHeiiHas n ee IPUOINIKeH-
HO€ penreHne yaI0BJAeTBOPAeT TeOMETPUYIECKUM YCI0BUAM, TO IOT€HIIUAJIbHAA SHEPTrUd omnbKu
OILIEHMBAETCS MOTEHIINAILHOI SHEPrueil pAa3HOCTY TeH30pa HAPSIYKEHUN IPUOINKEHHOr0 perre-
HUST 1 JII000T0 TEH30pa, y/IOBJIETBOPSIONIETO YPABHEHUSM pPAaBHOBeCHs. MBI MOKa3bIBaEM, UTO
714 MHOTHUX 3a1a9 BBIYHCJIEHNE YPaBHOBEIIEHHBIX TEH30POB TpeGyeT ACHMIITOTUYECKH OIITH-
MaJIBHOTO YHCJIa apI/I(i)MeTI/I‘-IeCKI/IX ,HeﬁCTBHfI. yﬂy‘IHleHBI TaK7Ke€ MU3BECTHHIC allOCTEPUOPHBIE
OIIEHKW MMOCPEACTBOM MIPOU3BOJIBHBIX HEYPDAaBHOBEMIEHHBIX TEH30POB HaHpﬂ)KeHHfI. YucneHubie
9KCIIEPUMEHTBHI ITOKa3bIBAIOT, YTO HaMIKW OUOEHIIUKHK IMOTPEITHOCTH obeciieduBaloT BeCbMa XO-
pomme WHAEKCH 3G dEKTUBHOCTH, KAK MPABUIO, CXOASIINECST K eIMHUIE, NMEIOT JIMHEHHYIO
CJIOYKHOCTH U PODACTHEL.

KoirouyeBsblie ciioBa: allOCTEPUOPHBIE OIIEHKU, TIOTPENTHOCTH l'IpI/I6III/I)KeHHBIX peHleHI/Ifl, Me-
TOJ4 KOHEYHBIX 3JIEMEHTOB.

1. Bsegenmne

Tapanmuposarmas anocmepuopras OUeHKa OIEHUBAET TOTPEITHOCTL CBEPXY, HC-
MOJIL3YS TOJIHBKO JAHHBIE 3aJa4UN W MOJYyYeHHOE TPUOINKEHHOE PeIeHue, TO €CTh JaeT
HAJIEYKHBIA OTBET, yIOBJIETBOPSET JU MPUOJUYKEHHOE peIleHne TpPeOOBaHWAM K TOU-
uHoctu. IIporeaypsl anocTepruoOpHOil OIEHKHU TOTPEITHOCTH, WU, KaK WX eIle Ha3bIBa-
10T, AIIOCTEPUOPHBIE OIEHIIAKY TOTPEITHOCTH, CTAHOBATCS BA’KHBIM KOMIOHEHTOM TIPO-
IrpaMM 9IHCIEHHOTO PEIIeHUsT KPAEBbIX 3a/1a9, BCTPEIAEMbIX B HAYYHBIX MCCICIOBAHNIX
U WHKEHEPHBIX TPUIOKEHUAX. HHIuKamops. nozpeusnocmu, NTAIONIAe TIPeJICTABICHIE
mo KpaifHeil Mepe O MOPSIKe TOTPEITHOCTH, UMEIOTCSA B Psifieé KOMMEPUECKUX TaKeTOB
mporpamum, Takux, Harnpumep, kak ANSYS, ABACUS, FLUENT wu ap. Ortuactu 3710
CBSI3aHO C T€M, 9TO COBPEMEHHBIH 3aKa39MK YMCJIEHHOTO MCCIEI0BAHUS, KAK MPABUIO,
HE SIBJIAETCS CIENUAJIACTOM B OOJACTH BBIYHCIEeHUil. TAKOBBLIM HEPEJIKO He SBISETCS
U HENOCPEJCTBEHHBIH TOJB30BATENH MAKETOB IporpaMm. IloToMy cosmanme GBICTPBIX
AJITOPUTMOB allOCTEPUOPHOTO OIEHNBAHNUS TIOTPEITHOCTH — OJIHO M3 Hanbo/iee aKTyab-
HBIX HAMPABJICHUN COBPEMEHHON BHIUMCIUTEIHLHON MaTeMATUKNA. XOTS OCHOBBI TOCTPO-
€HUS AMOCTEPUOPHBIX OIEHOK MOTPEITHOCTH U3BECTHBI JABHO U BOCXOIAT K GCIMPEUHbIM
IKCMPEMANBHOLM NPUHYUNAM MIHEMYMA HOTEHIIHAIBHON sHepruu Jlarpanxka U Mak-
CUMyMa JONOJHATETBHON paboTel KacTninbsaHo, NHTEHCMBHOE PA3BAUTHE STOTO HAIIPAB-
JIEHWsT HAYAJIOCh B KOHIIE MPOIIJIONO BeKa. DTO MPOU3OIILIO B CBA3M C PE3KO BO3POCIIEi
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POJIBIO YMCJIEHHOTO AHAJIN3a U MATEMATHIECKOTO MOJEIMPOBAHNA B HAYKE W WHIKCHED-
HOH MPAKTUKE W yBEJIWYEHUEM MOIIHOCTH KOMIBIOTEPOB. IMeeTcss HECKOMBKO CIOKNB-
MIMXCSA TEXHUK BLIBOJIA, MO3BOJUBIIAX MOJYyYATH BECbMa 3 (HEKTUBHBIE AlIOCTEPAOPHBIE
onenkmu. lleHTpalbHas Cpeid HUX OCHOBBIBAETCS HA TIPUMEHEHWH ypPaBHOBEIEHHBIX
(cObamaHCUPOBAHHBIX ), TO €CTh yJOBJIETBOPAIONINX YPABHEHUIM paBHOBecHs (HasaHca),
nosieit nanpsizkenuii (motokos). Ee mpuMepoM sBJIsgeTcs METO/ paBHOBECHBIX HEBSI30K,
KOTODbIii ycnemno npumenssiu ditncsopr, Jevkosud u Kum [1], Jlioc u Boasmyr [2],
Beituozcku [3], Bpacc u ITIé6epan [4], B paborax KOTOPBIX uMeercs obmupHas 6ubano-
rpacdus. OgHAKO, KAK U B IPYTUX TEXHUKAX, PABHOBECHOCTD IIOHUMAJIACH B TUCKPETHOM
CMBICTIE, a TPUMEHEHNUE MOJIeH, YIOBICTBOPAIONINX YPABHEHUAM PABHOBECUS B TOIHOCTH,
n30erajoch MO, MPeIJIOrOM, HATPUMEP, BHIYACIUTEILHBIX W APYTAX TpyAHOCTEH. B Ha-
CTOAIIEH CTaTbe MbI MOKA3bIBAEM, UTO MPIAMOE TOJYUCHUE YPAGHOGEUCHHBLT, TO €CTh
B HAIIEM MOHMMAHUH Y/IOBJETBOPSIONINX YPABHEHUSAM PABHOBECHS B TOYHOCTH, TEH30-
POB HAIPSZKEHHUH MOYKET ObITH JEIMIeBBIM M0 BBIYACIATENHHON CTOMMOCTH M TIO3BOJISET
MOJIYYUTH TIPOCTHIE TAPAHTHPOBAHHBIE ATTOCTEPUOPHBIE OIEHKN TOTPENTHOCTH.

PaccMaTpuBaroTcst IBe TEXHUKHU TIOJYyYEHAs TAKUX OIEHOK. B OmHO# Ha OCHOBE 3HA-
YeHWii pereHus MeTooM KoHedHbx 3ementoB (MKD) B Toukax cymepcxogammocTu
OTIpeIeIsIeTCsT JOCTATOYHO XOPOIIee W3 BO3MOXKHBIX audepeHnupyeMoe mpubImKe-
HUE z TEeH30pa HAanpsizKeHwit o 3a1a9n. KOMIOHEHTHI TEH30pa z MOTYT HAXOJUTHCS, Ha-
npUMEP, KaK KyCOIHO-NOJUHOMUAANbHBIE (DYHKIUA KOHETHO-3JIEMEHTHBIX MTPOCTPAHCTE
kiacca C. TeH30p 2 KOPPEKTUPYETCS 3aTeM JI0 YPABHOBEIIEHHOTO TEH30pa T = 2 +
+ 07, KOTOPBIil 1 PUMEHAETCA B ANMOCTEPUOPHOi OIEeHKe morpenmuocTr. [Ipu nepom
KpaeBoM ycJjoBuu (Ha IPAHUIE TeJa 3aaHbl IEPEMEIleHUs) BbIYUCIeHne KOPPEKTUDY-
IOIEr0 TEH30pa 07T CBOAMTCA K BBIYACIEHWIO OJHOMEPHBIX MHTErPAJIOB OT HEBSA3KH B
ypPaBHEHUSAX paBHOBecust. [IOCKONBKY B W3/I0KEHHOM aJIrOpUTMe He TpeOyeTcs: peraTh
Kakmne-Tnbo BCTOMOTaTelIbHbIE 34491, B 9aCTHOCTH CHCTEMBI aareOpamvdecKuX ypas-
wennii (CJIAY), MBI HA3BIBAEM €0 AAZOPUMMOM NPAMOZO GLIMUCAECHUS ANOCTNEPUOD-
HOU oyenku nozpewrnocmu. B Ipyroif TeXHuKe ypaBHOBENIEHHBIH TEH30D T HAXOIUTCA
MyTeM YHUCJIEHHOrO pemeHnst MeToaoM [anepkuHa JBOMCTBEHHON 3a/1a4mM, BBIPAsKAIO-
meit npuanun Kactunparo makcumyma momoHuTenbHOM paborel. B kauectse koopau-
HATHBIX TPUMEHSIOTCS CIENUAIbHbIE JJOKATU30BAHHBIE CAMOYPAGHOGEULEHHLE TNEHZOPDL,
YIAOBJIETBOPSIONIAE YPABHEHWAM PABHOBECHs TIPU OTCYTCTBAM Harpy3km. OHEW MO3BO-
Ja10T uenoab3oath MKD s pemennsa mpoiicTBenHBIX 3ama4. B cayvae mBymMepHbIX
SIMNTUYECKAX YPABHEHUH BTOPOTO TOPSIKA /I PEIIEHUs TBOMCTBEHHOM 3a1a91 OKa-
3BIBAETCSA BO3MOYKHBIM NMPUMEHATH TOT ke MKD, KoTophIM pemanach OCHOBHAs 3a1a4a.
Takum obpasom, s noaydaembix senomorarenbabix CJIAY npumenum Gorarorit Habop
aJaropuTMOB, pazpaboranubix g MKD.

Ham moaxoa mo3BoIseT TakyKe MOJy9InTh HOBBIE OOIIAE TAPAHTHPOBAHHBIE BHIUHC-
JIsieMble aroCTEPUOPHBIE OIEHKH MOTPEITHOCTH, HE COMEPIKAIIME KOHCTAHT, OTJIUTHBIX
or eauuuibl. [Ipumepom ssnsiorcs onenkn (2.5), (2.6) reopemsr 1 u onenka (2.12).
x mpemmytiecTBa B TOM, 9TO OHM HamboJsee OJU3KN HAKOOIee TOIHBIM, HO MPAKTHYIE-
CKW HE BBIYUCISAEMbIM W3BECTHBIM OIIEHKAM W B TO K€ BPEMs aJrOPUTMBI NX BBIYUCICHAS
MPOCTHI ¥ BO MHOTHUX CJIy9asiX MOTYT OBITH ONMTHMAJILHBIMA TIO BBIYUCIUTENRHOI padoTe.

MBI TPUBOANM pe3yabTAThl YACICHHBIX SKCIIEPUMEHTOB, MMOATBEPIKAAIOIMNX 3hdheK-
TUBHOCTBH AJITOPATMOB, OCHOBAHHBIX HA W3/1araeMOM MOAX0Je. XOTs KPAEBble 3a1a9n B
9THUX IKCIIEPUMEHTAX OTHOCUTENHHO MPOCTHI, OHH CJIY2KHJIA JIJIsi TECTUPOBAHUS AJTOPHT-
MOB aroCTEPHOPHBIX OIEHOK TOrPEINTHOCTH W B Apyrux padorax (cm. [5-9]). Homnomaun-
TEJIBHBIE PE3yIbTATHI YUCIEHHOTO TECTUPOBAHUS HAINAX AJTOPATMOB ANTOCTEPHOPHBIX
OIEHOK TOTPENTHOCTH MOYKHO Hafitu B [6, 7]. OT™MeTnM, 9T0 pajm SKOHOMUW MECTa MBI
BE3JIE peanonaraeM Bce GyHKIUU JOCTATOYHO IMIAJIKUMHE, €CITH TPEOOBAHUS K TJIAIKO-
CTH OIyIIEHBI.
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2. AnocrepuopHbIe OIEHKHU TOTPENTHOCTHI
JJIs TIPUOJMXKEHHBIX peIlleHui 3aJa4 JUHEWHOM Teopuu yIpyrocTu

[Iycts E — monyns FOura, v — koaddumnuent [lyaccona, ymoBierBopstonne Hepa-
BEHCTBaM
0<c <E@)<cs, 0<ci,<v(x)<cs, <05

C TOCTOSHHBIME C1, C2, C1 y,, C2 p, W(x) = (ul(x),uQ(z),u;g(z))T — BEKTOpP IepeMe-
MeHnii, o = {Uk,l}i 1 B E= {Ek,l}i —; — CUMMETDHYHbIE TEH30Pbl HANPSKEHUI 1
nedopmarmii, [ u t - BEKTOPBI 06 BeMHDBIX T TTIOBEPXHOCTHBIX HATPY30K, AEHCTBYIONTIX
Ha TpexMmepHoe Teyo ), r = (xl,xg,x3)T. Bepxuwmit nngexc T o3HavMaeT TPAHCIOHU-
poBaHme.

Kpaepas 3amava mnneitHoOl TeOPUW yNIPYTOCTH I W30TPOTTHOTO MaTepuana B obsa-
cru ) co cMemanabIME Kpaesbivu yenosusivu Ha rparune JQ =T, JTs, Ty (N Te = 0,
KaK U3BECTHO, ONMUCBIBALTCA CUCTEMON ypaBHEHUN

dive=f, o, L= t, (2.1)
3 1 /0ur, Oy
e(u) = {gk’l(“)}k,zzp epi(u) = 3 (8—xl + a—xk)’ u‘ L= 0, (2.2)
E {(1 )erktv (e +e )} E_. (2.3)
opp = ——————|(1—-v v Ok = —— )
kS AT —20) K.k BHLR TER 2 E42) |0 Okom = T Ehm)

e k # m, 0, — HAIpPSXKEHWe B TOYKE TPAHUIBI HA ILIOMAIKE C BHEITHEH HOPMAJIbIo
K 0§} u mompasymMeBaeTcs MUKJINIECKOe U3MeHeHne UHIEKCOB. Ins mpocToThl 001aCTh
0 n wactu rpanunet I'y u I'; Besse cuuraeM OJHOCBA3HBIMU.

ycrs H'(Q) = [Hl(Q)] 3, H*(Q) - npocrpancrso C.JI. Cobonesa dynximii, ume-
IOIIX CyMMUpPYeMble ¢ KBaIpaTOM MPOW3BOAHBIE O MOPAAKA Kk BKIIOYUTETHHO, V. =

= {v e H() : ’U‘F = ¢}, Q¢ — MHOKECTBO TEH30POB O, yIOBJIETBOPSIONINX

YyDABHEHUSAM paBHOBecﬁfﬂ (2.1) B 06061iennom cmbicie, |-|y, |-]o — Hepreruueckue
HOPMBI, BBIPAsKEHHBIC Uepe3 MepeMelIennst W HANpPSKeHus, COOTBETCTBEHHO. HopMbI
bynkmm v B mpoctpancTteax Lo(Q), H*(Q)) n xsazmnopmy mopsamka k o6o3Hatnm
wepe3 ||[vflo, o, [[v]|k, o # |v|k, o cooTBeTcTBEHHO.

CunTaeM s IPOCTOTHI, 9TO KaXKJasd MPsAMAasi, MapajiebHas OCH Tj , EPECEKAET
rpaHuiry obaacTi He DoJiee 9eM JBarK/bl, CHAYATA YacTh MPAHKUIBI [y 4, & 3aTeM 4acThb
rpanunsl 'y, 0 TyCTb Tf = a(Thy1, Tht2) — yPABHEHHE MOBEPXHOCTH L'y 4.

O6parnmest Iy TPOCTOTH K CIIydalo MepBoil Kpaepoii 3amaun, korga ', = 9 Q); nc-
HOJIB3YsL B 9TOM CJydae BmMecTo @y ; obosmadenue (y. KOHCTPYKTHBHO MHOMKECTBO
TeH30pOB T € (Qf MOXKHO OLpENeNHTh CIeAymuM 00pa3oM. 3amaeM IPOU3BOIIb-
HbIE JOCTATOYHO [JIAJKWEe KACATeIbHbIE HALUPSIKEHUS Ty = T5, k # |, n GyHKIun
Dok (a1, Thp2) = Or ke (Ak (Tht1, Thg2)s Tht1, Thto ) 3HAYCHHUI HOPMATBHBIX HALPSIKE-
uuit Ha nosepxuocTax 'y .. Hanpsokenus 7y j BbrUmcaseM mo (GpopmymaM

Tik = Ok (Trt1, Thga) +

Tk

0Tk k+1 O Tk kt2
— ’ — ’ dny. (2.4
+ / (fk T Dnrs )(nk;$k+17$k+2) k- (2.4)

ay (Th41,Trt2)

HmeeTcst psi IpYyTUX CIOCOOOB OMpEENeH st TeH30poB T € Q5 (cM. [6, 7, 10]). Moxwo,
HaTpuMep, 3aaTh CHavasa MPON3BOIBHBIN TEH30D 2 W MO HEMY ONpeJenuTb T € Q.
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Teopema 1. ITycmv v — npoussoavhuiii sexmop uz Vo, o(v) — menzop nanpasice-
Hud, noayuwaemvili no u = v coeaacro (2.2), (2.3), z — npouseosvHbil cummeMPu Kb
menzop ¢ xomnonenmamu uz H'(Q). Tozda cnpasedausve oyenku

lu—v]u < lo(v) = 7)o, [u—v]v <|o(v) = z]o + [07]o, (2.5)

lu—vly < |o(v) —z]s +

Tl
1 Ozpr Ozkky1 O Zpkg2
+ H /(fk:_ LA > _ ) Ny Tht+1, Th+2 dnkH , (26)

kg;,s \/Eak Oy, O0Tp41 0T 42 ( ) 0.0

ede ar = ag(Th41, Tht2), T — MeN30p u3 Qf ¢ KOMNOHENMAMY T = 2, 0ad k # 1,

Tk = 2k, (Qky Thit1, Thao) +

Tk

0z E+1 0 zg, k+2)
— : — . d 2.7
+ / (fk Do . (e Ty 1, Trpa)d e, (2.7)

ap(Try1,Try2)
o1 = diag [d71.1,072,2,073.3] — Juazonarbibll Men30p ¢ KOMNOKEHMAMU

Tk

Ozke  Ozpk+1  O2p kg2
— — — : — : dng. (2.8
/ (fk 0, Dtnrs Dnrs ) (> T 1, Trpo)dne. (2.8)

5Tk,k =
ap(Tht1,Tht2)

HdokazaresibecTBo. HerpynHO TPOBEPUTH, YTO OMNpENENeHNst TEH30pa T TOCDPeJ-
crBoM (2.4) m (2.7) sxBuBamentHer u T € @Qs. [losromy mepsas omenka (2.5) ecTs
M3BECTHAs, HA3bIBAEMas B JINTEPATYPE KJIACCHYECKOM, OIEHKA, KOTOPYIO MOKHO HANTH
y C.I. Muxumnna B [11]. B Hacrosiinee BpeMsi ee JI0Ka3aTeNbCTBO TPeGYeT HECKOIBKUX
crpok. JeiicTBuTensuo, u3 (2.1)—(2.3) 3akiowaeM, 9T0 s JTIOOLIX TEH30POB 0 € Q¢
n 0y € Qo0 MMeeM

/[U:E(w)—i—f-w]dx—i—/t-wds:O, /Uoze(w)dmzo Yw € V. (2.9)

Q ' Q

[TepBoe TOXKIECTBO TOJNYYAEM YMHOKEHUEM YDABHEHWUH DABHOBECHS HA U U UHTE-
IPUPOBAHUEM TI0 YACTAM C UCIOJb30BAHUEM OCTAJILHBIX cooTHoImenuil (2.1)—(2.3). Ono
SABASIETCST 0600UenH0l Hopmyauposroli ypashenuil pasnosecus. Bropoe TOKIECTBO —
JaCTHBIN CIydail MepBOTO W BBIPAXKAET M3BECTHLIH B MEXAaHWKE MPUHITAI: paboma 6up-
MYAABHOZO USMEHEHUA HANPANCEHHO20 COCMOARUA HA A0OOM SBUPMYAALHOM USMEHE-
Huu dehopmuposantozo cocmosnus pasua wyarw. Tak kak (u—wv) € Vo u (o(u) —7) €
€ Qo,0, TO BTOPOE TOXK/ECTBO (2.9) IPUBOIUT K PABEHCTBY

lo(v) = 7]5 = lo(v) —o(W) ] + o(u) = 7]3 = lu 05 + [o(w) - 73,

U3 KOTOPOrO BLITEKAET TepBasg oneHka (2.5). Jpyrue oneHkd TpebyIoT UMb TpUMeHe-
HUs HEPABEHCTBA TPEYrOJIbHUKA, HepaBeHcTBa KOIMM U 3JIeMEHTaAPHBIX OIMEHOK KO-
(PUIMEHTOB MATPHUIIBI YIPYTUX KOIPDPHUITHEHTOB. O

YT06BI CPABHATE C U3BECTHBLIMU AMOCTEPUOPHBIME OIEHKAMHU, PACCMOTPHUM I TIPO-
crorsl 3azavy dupuxse ans ypasHenus ITyaccona: Au = f(x), x = (x1,22) € Q,

= 0. g 370it 3a1a49n OBLIN Oy YeHbI OIEHKN
oQ

u

1
Va2 g Q4o [Vo-sl2 ot (4217 -V ool @10)
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1
IV —)[[5 o< @+ [Voullgqtea (L) 7=V oulg o @D

B KOTOPBIX C(q — NOCTOsIHHAS W3 HepasercTBa Ppuapnxca, € — NPOU3BOIBHOE MOJOKH-
TeJILHOE YHCIIO, ||wH_1 o — HOpMa DYHKIMM W B IPOCTPAHCTBE H~Y(9). Ba ucropueit
Borpoca u orerkamn (2.10), (2.11) mbr oTchimaem k [12-14, 15]. TlepBasi He mpuMeHsieTCst

Ha IPaKTUKe, IOCKOJIbKY BbIYUCIEHUE HOPMbI H 3aTpyaHuTeNbHO. Bropas onenka

~1,Q
SIBJISIETCS] BBIYUCJISIEMOM, HO OHA COMEPYKUT TIOCTOSHHYIO, 3aBUCAIIYI0 OT obyiactu. Tak

ke, Kak (2.6) (cm. [6, 7]), MBI mOIy9aeM OLEHKY

V=)l < (+e) [Vo-yllgq +

(1+ )H Z / k(f = Vy) (e, w3 dT}kH o (2.12)

ak(z3—k)
e «j — IPOM3BOJLHBIE (DYHKINH, yIOBICTBOPAIOIIAE PABEHCTBY <1 + ap = 1. Oma
BBIYHACIAEMA, TPAYEM JTOCTATOYHO MPOCTO, TTOCKOIBKY TPEOYeT JINMTh BHIMUCICHUS IBYX
OJIHOMEPHBIX U JBYX JIBOWHBIX HHTErpasioB. B To ke Bpems, kak u (2.10), ona He cozep-
JKUT KOHCTAHT, OTAWYHBIX OoT 1. B cpapunennn c (2.11) omenka (2.12) npexacrapiasercs
fosee TOYHOM, TaK KaK B Heil OTCYTCTBYET C( U IIOJ 3HAKOM HOPMBI OHA COIEPIKUT HE
HEBA3KY, a HHTErPaJibl OT Hee.

3. Iloanyuenme cbasaHCUPOBAHHBIX IMOTOKOB
MyTeM pemieHns ABOMCTBEHHBIX 3a4aY

Yucaennoe perenne ABORCTBEHHON 3a7a9W MOKET OBITH He 00Jee CIOKHBIM, UeM
perenne ncxomauoi 3agaqn. Paccmorpum ypasuernue Ilyaccona B aBymMepHOit obmacTn

—Au=f(z), == (r1,22) €Q, u = o, @

— 1
. o g (3.1)

I'n

rme 0Q =Tp TN, TpNI'y = 0. dasa s1oii 3a1aun ypaBHenns Gananca HMEIOT BHJL

8151 atg

I S t =
0x1+8x2 f, ta g,

I'n

7 CJIeI0OBATEIHLHO, MHOYKECTBO COATAHCHPOBAHHBIX TIOTOKOB ¢ MMEeT BT

Qf,g:{t; —/t-Vvd:c:F(v) weVO(Q)},
rae ’

/fvd:nJr/gvds V(2 ):{UGHI(Q):’U‘ :d)}.
'p
I'n

Oboznavenne () coxpandgeM 7 TTPOCTPAHCTBA, COOTBETCTRYIOMETO cayyato I'p = 0f).
ITycts Takke s — kKoopauHaTa Ha rpanurie JS) U sy — ee HaUMeHbIee 3HadeHue Ha 'y .
IMockoubky ypasuenue (3.1) MOXKHO CBECTH K OJHOPOJHOMY ypaBHEHHIO, chOpMyJiu-
pyeM pe3yJbTaT i ITOr0 ciaydas. s mpocTOThI CYMTaeM TakiKe MHOXKecTBa ['p),
'y ommOCBA3HBIME, & (DYHKIINIO ¢ PABHOM HYJIO B TOYKAX WX PABJIELTIA.

Teopema 2. ITycmo dannvie sadawu (3.1) docmamouno zaadkue u f =0, max wmo
PyHryUY

5= [gds setw. g =500, sers

S0
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onpeae/temn. Hycmb maxoce w — peweHue 3adavu

~Aw=0, z=(r1,12)€N, w =9 -

Tozda 5 9 9 9
u w u w
i 3.3
81‘1 81'27 81'2 aﬂ?l ( )

HokazaresibecrBo. Perenne 3agaqn (3.1) MuHIMH3NpYeT DYHKIMOHAI
1
J(v) = 3 a(v,v) — F(v) VveVy, rme a(v,w)= /Vv -Vwdz, (3.4)
Q

B TO BpeMsi Kak pellleHne z JBONCTBEHHO! 3a7a4un MUHUMU3NpyeT yHKImonan J*(t):

J*(z) = min J*(t), J*(t):/t~td:c+/(t~n)¢)ds. (3.5)

teQ r g
Q I'p

Basar moboit bukcnpoBanmkiit BeKTOp 4 € (¢4, TPUXOANM K SKBUBAIEHTHON HOp-
MYJIIPDOBKE OTHOCHUTEJIBHO 2 = 20,0 + tf 4 B BUJE TOXKIECTBA

/(Zo,o + tf,g) '75070 dx + / ¢ (t070 . n) ds =0 Vto,o S QQQ. (36)
Q I'p

Herpyano ybeanThcss B TOM, WTO JAWHEHHOE MPOCTPAHCTBO ()0 MOXKHO 3aJaTh TO-
CPEICTBOM TPOU3BOAAIMINX (DYHKITHI KaK

_ . 1\ k—1 ow
Qoo ={t: ty=(-1) G Ywe Wory }. (3.7)
Wyrs z{wGHl(Q): w‘r =x},

u nepebopMynuposath (3.6) B Buze: Haiitu Gynkmuio w € Wy« ry, , yIOBIETBOPSIOIIYIO
TOXKJECTBY

/(Vw+tf,0)-wd:c+/¢(w-n)ds:o Vi€ Wory. (3.8)
Q I'p

[IpounTerpupoOBaB BTOPOE CAraeMoe IO dYacTsaM, MPUIEM, KaK MOYKHO yOeauThCs,
K TOYXKJIECTBY

/Vw~V1/)da::F*(z/J)+/g*1/)ds Vi e Wory, (3.9)
Q I'p
koropoe npu f =0 u ectb ciabasa dhopmynuposka 3auaqn (3.2). O

3ameruM, 4TO KOHCTPYKTUBHOE OIpEJe/IeHHe BEKTOpa tjf g JIOCTATOYHO ILIPOCTOE.

. T
MozkHO, HampuMep, B3ATH MPON3BONBHBINA BEKTOp tp = (tl’f,tQ’f) € @y c xKom-
MMOHEHTAMU

Tk
1
by = Org(anzn) + 5 [ Fonaa) dn, (3.10)
ag
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BBIUNCINTH TOTOK &y ¢ = tf - N B HATIPABJIEHNW BHEITHEH HOPMAaJIN B TOYKAX T'DAHMIIHI
I'ny n pyuknun

b5 = /tn,f ds, ¢ =¢" — ¢5. (3.11)

ITocsie 5TOro MOXKHO MPUHATH

0¢s  Oox
trg=trtbrg brg= (a—@a—aml )

rae ¢, — dbyukius, 3agannaa na ) u copnagaiomas ¢ ¢, u3 (3.11) ma 'y .

CanencrBue 1. PasHosecHvie NOAA OAA GNOCMEPUOPHLL OUEHOK TNOZPEUHOCTIU
MOXHCHO noAyuwamsv nocpedcmeom MKSD. Ilpu smom 0as peweHus 0CHOBHOU U 060T-
CMBEHHOT 3400 MOHCHO, 8000UE 2080DA, NPUMEHAML 00uH U mom oce MKD, a das
pewenus CJAAY MKD octosenotli u deéoticmeennoti 3adauu — 602amoiti Habop ObLCMpPoLL
anzopummos, paspabomannoix das MKOD. B cayuae pezysapmvls camoCONPAHCEHHHLT
AAAUNMUNECKUT YPABHEHUT PASAUYULL BHLYUCAUMEALHOLT CLEM 00YCAOBAECHDL AUULDL PA3-
AUNUEM KPAEBHLT YCA06UT 0cHO8HOT U deoticmeennoti kpaeswnr 3aday. Haruvwue vipoorc-
denus Ko3PPUUUEHMO08 U IPY2ULT HEPELYAAPHOCTNET MOHCETM NOMPEOOBAML PASNUYHBLL
cnocobos ur ywema 6 cxemar MKS das yrazannoix kpaesvix 3ada.

[Tycts U, — mpoctpancteo MKD ¢ KpnBOIMHEHHBLIMI BOIM3N TPAHUILI KOHEYHBI-
MU 3JIEMEHTAMU, aCCOIMUPOBAHHBIMU C TPEYTOJIBHBIM DA3UCHBIM IJIEMEHTOM TMOPSIKA
P, M YIOBJIETBOPSIIOTCS COOTBETCTRYIOININE YCIOBUs KBazuoarnopoarnoctu. Takne MK3-
MOJIEJIH [IPE/JIOKEHbl U ucciegoBanbl B [16, 17]. JTocrarounble ycaoBus KBa3uOIHOPOI-
HOCTU MOXKHO nepedopMyaupoBarh cienyomum obpasom. Orobpaxkenue x = X (§) :
0o — 0 6asmucHOrOo deMeHTa 0y HAa KOHEYHBIA 3j1eMeHT aHncamb/isg § MPeICTaBUMO B BH-
ne cymeprniosnnnn X (§) = Y(Z(§)) nByx orobpawenwmit, rae ¢ = Z(§) : o — 0p —
addunrHOE OTOOPAXKEHUE U (), — TPEYTOJIBHUK C MPSIMOJAHEAHBIMIA CTOPOHAMHU, BEPIIIH-
HbI KOTOPOT'O COBIAAIOT ¢ BEPIIHNHAMU KPUBOJIMHENHOTO TPEYTOIbHUKA O, & HETUHEHHOE
orobpaxkenue = Y (<) : 0, — § uMeeT OrpaHUYeHHbIE TIPOU3BO/IHBIE OPIKA HE BbIIIE
p~+1. IIpu 370M arcamMbIb TPEYTONBHUKOB J}, YAOBJIETBOPSET OOBIYHBIM YCIOBHSAM KBa-

suomuopoanoctH, a ||Y ()|l < ¢, rae || - ||oo — HOpMa B mpoctpanctse C.JI. CoboseBa

1
L2 ().

JItst mpoCTOTHI OTpaHuIUMCs (POPMYIUPOBKOH PE3yIbTaTa O CXOTUMOCTH TPHOIH-
JKEHHBIX peNTeHnit JBONCTBEHHON 3a/aumW OTIENBHO Ad caydaeB 3amad Iupuxmie n
Heitmana.

IIycts w = wp, wy — pemenns MK u3 mpocrpancrsa Up(§2) cooTBeTCTBYIONUX

. T
JBoiicrBenHbIX 3aa4 (3.9), u zp = (zl,h, Z2,h) . [TpubnmkeHHbIe 3HAYCHIS KOMIOHEHT
TOTOKa HAXOMATCS MO (popMyie

du

_ )k—l ow
8$k

P am— +tk’f70. (312)

=~ Zk,h = (71 81‘3 B

Teopema 3. [Tycmwv pewenus u = up, uy 3adayw Jupuzrae (I'p = 0Q) u Hetimana
(Ty = 909Q) u npasas wacmv f yoo6AEMBOPAIOM YCAOBUAM

Z K
0 _
fogm [ fmaa)dne e H7@). Jux e < e(I5lmva+ ol -osam).
a

k

lup 1.0 <c(Ifllp-1.0+ ¢l prosee), ¢= const.
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Tozda

p+1,Q'

IVu—znlloa <h”| D2 5i§z-jffOnn$&w)dnkH
k=1,2

ak

MsI omyckaeM TOKa3aTelbCTBO 9TOH TEOPEMBI, KOTOPAs €CTh MPSIMOE CJIEJICTBHE TeO-
pembl 1 M M3BECTHBIX pe3yabTaToB o cxoaumoctn MKD (em. [16, 17]).

3ameuanwue 1. Bexktop z;, yaoBjerBopsier ypaBHenuio bajganca B obgactu. OgHako
kpaesomy ycnosuto Heiimana ma 'y OH yIOBIETBOPSIET TOJBKO B TOM CJIydae, €CJIu
¢* € Up(Q)|ry , TO ecTb ¢* mpunammeskut npocrpancTsy ciaenos Ha 'y K dynxnmit.
Ecmu 3o me nmeer mecta, To dbaxkTuuecku zp € Qf gn, TIE g" coorBeTcTRyeT pyHK-
i ¢, momy4aemoit B pesynbTaTte anmpokcnManui B cxeme MKD dbynkmmm ¢* . Tpn
5TOM MOYKHO BOCIIOJIb30BAThCs ANOCTEPHOPHOH orenkoit (14) m3 [10] ¢ momosHUTENH-
HBIM craraemMbiM Buga ¢ ||g—g" || o.ry , ¢ = const, B ee npasoit gactu. JonomHETEIBHOE
ciaraemoe uMeer, Kak ciaeayer u3 ouenku (14) paborst [10], 6onee BbiCOKMIT HOPsIOK
MAJIOCTHU TI0 CPABHEHHIO ¢ OCHOBHBIM JIEHOM.

4. Heaunneiinble 3agaun

VYpaBueHns paBHOBECHs He 3aBHUCAT OT THTA 3aKOoHA ['yKa M COXPaHAIOT CBOM BW/I,
HAIpUMep, /11 OPTOTPOMHBIX, TPAHCBEPCAJIBHO M30TPOMHBIX U JPYTUX TUTOB YIPYTUX
rern. OHE Tak:Ke HE U3MEHSIIOTCA g [MUPOKOTO Kpyra (DU3MUecKu U reoMeTpUYIecKr
HesmHedHbIX Test. CrieoBaTeIbHO, CIOCOOB TOMYYeHUsT YPABHOBEIIEHHBIX U CAMOYPAB-
HOBEIIEHHBIX TEH30POB HANPAYKEHNIT, pACCMOTPEHHBIE B HACTOAIIEH CTaThe, TPUMEHUMBI
JIJIsT MTAPOKOTO KPyTa 3371a9 MEXaHWKW CILIOMIHON cpenpl. IIpu 3ToM mpsMbie CriOCOOBI
HAXOXKJEHUA YKA3aHHBIX TEH30POB OJIMHAKOBBI JJId JINHEWHBIX M HEJIMHEHHBIX 3a/a4.
[Iepeuuncienunie Boiie (GpakTOPhI BAUSIOT TOJIHKO HA OTHOCUTEJIHHO JIEIIEBbIE OIePaIuu
BBIYHCJIEHUs] TEH30DA HANPSKEHUN JIs MPUOINKEHHOIO PeIleHns 3a/a91 U SHEPreTh-
9eCKOM HOPMBI WK (PYHKIIMOHATOB MOTEHITNAILHON SHEPTUN B MPABOM TaCTH AIMOCTe-
PHUOPHOI OIEHKU.

Obparumcst K 00IIeMy CJIydYar0 HEJIMHEeHHBIX 33/1a9 MEXAHUKN TBEPIOrO Teja, JJist
KOTOPBIX CIIPABE/JINBBI TIPUHIMI Jlarpanka MUHUMYMa MOTEHIUAJHHONW SHEPTUH U
npunnun KacTuabsano MakcuMyMa JOMOTHUTEIBHON PabOThI, 9TO MO3BOJISET MOy YUTh
OTIEHKHN CBEPXY W CHHU3Y AEHCTBUTEIbLHON MOTEHIIMAILHON 3Heprun Tema. Kax Xoporro
N3BECTHO, B 3TOM CJIydae alnoCTEePUOPHAA OIEHKA MOTPENTHOCTH UMeeT BU]I,

L(v) — L(u) < L(v) = C(7), (4.1)

rae L(v) — nosHas NOTeHIMAIbHAS TeJIA HA IIePEMEIIEHUIX U, YIOBIETBOPAIOIIUX BCEM
reOMETPUIECKUM YCJIOBUSAM, U — TOYHOE PeIlleHne 3aa49u, MUHIMU3UpYoiee OyHKIH-
oHan L, 7 — mi000i TeH30P HATPSKEHHIA, YIOBIETBOPSIONINN YPABHEHUSIM PABHOBECHS,
C — dbyHKIMOHAJ JOTOTHUTEILHON paboTh HA TeH30pe 7. IlycTs V' — npocTpancTBO me-
pemerrennii ¢ koneunoit sueprueii. Eciu |- ||y —#opma B V', 17151 KOTOPOii BBIMOIHAETCS
HEPABEHCTBO

Bllv—ully < L(v) — L(w), B = const, (42)
To u3 (4.1) caeayer anocrepuopHas OIEHKA MOIPEIIHOCTH
Bllv—ulv < L(v) = C(7). (4.3)

Onenka (4.1) BBIparkaeT OCHOBOIOJIATAOIINE CBONCTBA BCTPEYHBIX BAPHAITMOHHBIX
npununos Jlarpanxka n Kactuabsauo (cMm., wanpumep, [18-22]). Onenka (4.2) moxer
MMeTh MECTO, HAMPUMED, JIJIs 33/1a9 ¢ MOHOTOHHBIMHU b bepeHInambHbIMI OTlepaTo-
paMu B YaCTHBIX IPOU3BOAHBIX. Maremaruueckue acnekrobl oneHok (4.1), (4.2) moxHO
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Hafitn B MoHOTpadusax [23-25] n ap. OHK OTHOCATCS K TEOPUN TBOHCTBEHHOCTH W TEO-
pPUU MOHOTOHHBIX /KOIPIHUTUBHBIX suddepeniuaibHbix OHepaTopoB, HO3BOJOIIel, B
9aCTHOCTH, CHOPMYIUPOBATH yCJIOBUS TJIAJIKOCTH K HUCXOIHBIM JTAHHBIM U yCJIOBHSA HA
THUTl HEJTMHEHHOCTH, IPU KOTOPBIX CrpaBeuBa onenka (4.2).

Kak oTrmeuasioch BoITIe, MpsiMble MPOIETYPHI BEITUCIECHU TEH30pa, T HA OCHOBE MPH-
Onmkennbix pemennit (manpumep, MKY) nenunefinbix 3a1a4d Te e caMble, 4TO U s
COOTBETCTBYIONINX JIMHEHHBIX 33/a49. TakuMm 00pa3oM, NMPU BBIYUCJIEHUU ATOCTEPUOP-
HO# OIEHKW OTJIUYUS CBA3aHBI TOJHKO C HECKOJIBKO 0OJIee CIIOXKHBIMUA M0 CPABHEHUIO
¢ TUHEHHBIM caydaeM BbranciaeHusMu yuxmuonanos L(v) u C(7) mng 3amaHHbIX v
u 7. OIHAKO 3TO yCJIOKHEHWE HEe M3MEHSeT TMOPSIOK CJIOXKHOCTH ajaroputma. Hampu-
Mep, armoCTEePUOPHBIA OIEHIINK, OMTUMAILHBIA IO BHIYUCIUTEILHON paboTe I JuHei-
HO¥ 3a/1a9¥ TEOPUU YIPYTOCTH, OCTALTCS ONTHUMAJILHBIM 10 MOPSIIKY U 1 (PU3NIECKU
HEJIMHEHHOW 3a/1a491 TeOPUU yOPYTOCTH.

OcraHoBuMCs KPATKO TAKKE HA BHIYUCJIEHUM T 1 OfHOBpeMeHHO dynkuuonaia C(7)
MyTeM peIeHus JBONCTBEHHO 3a/1a491, SKBUBAJIEHTHON 33/1a9€ MUHUMU3AINN (DYHKIIH-
OHAJIA JOMOJHUTEIBHON paboThl. OCHOBHAS 3a4a9a 3aKII0YAETCS B HAXOXKAeHNN 1 € U
TaKoOTo, 9TO

L(u) = inf L(v), UCYV, (4.4)
velU
rae L — BBINYKJIBIA, TOJyHENPEPBIBHBIH cHu3Y (yHKimonasn, V — pedekcuBaoe baHna-
XOBO HPOCTPAHCTBO ¢ HOPMOii || + ||y, U — 3aMKHYTOe, BBIILYKJIOE HOJAMHOXKECTBO V.

Tenzop 7 u GyHKIUMOHAI HONOIHUTENBHON PabOTHL C(T) ABJAIOTCH COOTBETCTBEHHO
JIBOVCTBEHHOW MEPEMEHHOW W TBOWCTBEHHBIM (DYHKITMOHAJIOM MO OTHOITEHWIO K OCHOB-
uoit 3amaue (4.4). Ilpm 9TOM TEH30p T MOPUHAIJIEKUT MHOXKECTBY ()f; TEH30pPOB O,
YOBJIETBOPAIOIIUX ypaBHeHusaM pasHosecus (2.1) B 060OLUIEHHOM CMBbIC/IE, U [IPeJICTa-
BIUM B BUJE T = Ty +70,0, T0,0 € Qo,0, A€ Qo,0 — TPOCTPAHCTBO CAMOYPABHOBEITeHHBIX
TEH30POB, TO CTh YIOBIETBOPSIONINX ypapHeHuaM pasaosecuda nipu f =0, ¢t = 0. poii-
CTBEHHAd 33J1a9a 3aK/II0YAETCS B HAXOXKJIEHUH TEH30pa 0, /19 KOTOPOTO

C(o) = inf C(r)= inf C(r5:+7). (4.5)

TEQ ¢ Y€Qo,0

Ecmu C (Tf7t + 7y) — BBILYKJIbL, [I0JyHENPEPBIBHBIA CHU3Y (DYHKIIMOHAT OT 7y, KOIP-
[UTUBHBIN Ha pediekcnBHOM GaHaxoBOM mpocrpancTBe (oo, TO (CM., HampuMmep, [25])

C(r) £ C(o) =L(u) < L(v) YT €Qyy, YveEU,

orkya cienyer (4.3).

Psi1 aBTOPOB CUMTAET, UTO UCIOJB30BAHKE ATIOCTEPUOPHDIX OMEHOK (4.3) HEeBBINOIHO
[0 IBYM IPHYIHHAM: 1) CTO2KHOCTD IPSIMOrO BBIUUCIEHHU IO U T€H30pa Tf: € Qf ¢, am-
HPOKCUMUPYIOIIEro o, U 2) CJIOXKHOCTb, OCODEHHO B CJlydae HeJuHeHHON 3a1a4u, pelie-
Hus aBojicreenHoit 3anauu (4.5). Ilepag u3 npuuun yxke 06CyzK1aJ1aCh BbIIIE, HOITOMY
JT00ABWM JIUTITH HECKOJILKO CJIOB IO MOBOAY BTOpo#t. Kak u B JaumelnoM ciaywuae, MOXKHO
MOJIyYUTh BBIYUCIUTEIBHBIE AJTOPUTMBI CO cBOiicTBaMu, momobusiMu MKD. IIpu srom
BOIpPEKH 2) YUCJEHHOE pelleHue IBONCTBEHHON 3aJa9l MOKET OKa3aThCs jJaxke GoJiee
MPOCTBIM TI0 CPABHEHHWIO ¢ OCHOBHOI 3ajadeil. [IpumMepoM MOXKeET CHy>KUTH 3ajada C
ko3ddurnmentom Ilyaccona, 6iim3kuM B HEKOTOPBIX momobaactax K 0.5.

5. YucaeHHbIe 3KCII€epUMEHTbI

PesynbraTh! pama 9MCIEHHBIX 9KCIEPUMEHTOB, BKIOYad MpuMepswl 5.1, 5.3, mpuBe-
nenbl B paborax Anydpnesa, Kopreesa n Kocrwinera [6, 7], rue MmoxHO HajiTn nx 6osee
nosHoe oocyxkaenune. Ilozanee KocTobineBbiM OBITH BBITOTHEHBI PACUETHI J7IsT IPYTHAX
3a/1a4, B 9aCTHOCTH [IJisi BTOPOTO U3 0OCYKIAEMbIX HHUKE TTPUMEPOB.
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5.1. QuaunTmyeckoe ypaBHeHHWe C pa3pbIBHbIM Ko3ddunmenrom. Pac-
cMatpuBanoch ypasuenme V - pVu = f B ksaapare (0,1) x (0,1) ¢ p = p; = 1072
u p = py = 10% B ero neBoil u NPaBoil HOJOBUHAX COOTBETCTBEHHO. [IpaBas 4acTb U
KPaeBble yCIOBAS COOTBETCTBOBAIA TOYHOMY PEIICHUIO

2 +1, T <

u = (cos(2mx) — 1) cos 3 Yy

125402522 — (1222 o>
P2 P2

N = N

IIpu sToMm Ha meBoit W HMXKHEH IpaHdaX CTaBUIOCH KpaeBoe ycnosue Heitmama, a Ha
ocTasibHON YacTu rpanulpl — Kpaesoe ycaosue Jupuxie. Ksagpar (0,1) x (0,1) pa3tu-
BaJICA PABHOMEPHON KBaJAPATHON CETKOU C YeTHBIM YHMCJIOM IIAaroB, KOTOPOE U3MEHAI0Ch
or 8 o 1024. IIpocrpancrBom MKD ciyumao mpocTpaHCTBO HEMPEPBIBHBIX KYCOYHO-
MOTUIMHEHHBIX (byHKIWi. 1 paccmMarpuBaemMoil 3a1a49u anoCTepUOPHAasi OIEHKa, MO-
CPENIHOCTA UMeeT BUJ

||V(U*Ufem)||p < HqufemftH (5.1)

p—17

rae a2 = (21,22)7 w w > 0 umeem

122 = /w<z§+zg)dx.
Q

s permennit MKD, moy4eHHBIX HA PA3HBIX CETKAX, BHIYUCISAINCH

e:HV(u—ufem)Hp u 77=Hqufem—th,1,

rjae e — Hopma TOUHON morpemuoctn perenuss MKD u 7 — amocrepmoprasi ornenka
MIOTPEITHOCTH, CPABHEHNE KOTOPBIX MO3BOJAET CyaAuTh 00 3(p(PeKTUBHOCTH AOCTEPHOP-
HOTO OTEHIIKa. HuKe TPUBOIUM BEChMa MIPOCTOH aJIrOPUTM BBIYUCICHUS ATIOCTEPHOP-
HOI1 OLEHKM MOIPEIIHOCTH, DoJiee NoAPOOHOE OIUCAHIE KOTOPOro MOXKHO Haiitu B [6, 7|
(amropur™ 2.4).

AJIropuT™Mbl IPIMOro BbIYMCJIEHUS allOCTEPUOPHON OLEHKU MOTPEITHOCTH
ITlar 1. Jna xaxzoro ysma z(9 = (iyh, ish) € Q, i = (iy, i2), BerUECASOTCS
3HAYEHWe CeTOYHOH (hyHKIMn vy = {U2’1(i)}i1,i2:0,1,.,n’ KOTOpOE SIBIAETCS KOHETHO-
Pa3HOCTHOM alpoKkcumanumeii B y3ie npousBoauoii d(p du/0x1)/0x1 , BBIYUCIEHHON 1O
KOHETHO-3JIEMEHTHOMY DEIEHNIO U forn (). I/ BHYTPEHHUX y3JI0B HA TOPA30HTANTbHBIX

CETOYHDIX JIMHUAX IPUMEHSIIOTCH (POPMYIIDI
vy 1(i) =h 2 [U1,1(i1 +1,i9) — U1,1(i)]7

rae
v1,1(i) = p(h(iy — 0.5,42)) [Usem (i) — wgem(h(i1 — 1,42)) ]

Hus y3nos i = (0,42) Ha ocu xo moJjaraem
v2,1(0,32) = p(0,i2)0%wine /027 (0, i2),

re Uint(T1) — WHTEPNOMAMOHHBII MOMMHOM Jlarpanzka 3-ro TOpsIKA 10 3HAYEHUAM
Ufem B Y3JaX x(l), 11 =0,1,2,3.
Anazornuno, nyst y3708B i = (n,iz)

v2,1(n,i2) = p(n,i2)0*wing/0xT (N, i2),
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Tabn. 1
N e n Ty
64 9.14308 1.02954 - 10! 1.12604
256 4.44483 4.77467 1.07421
1024 2.20395 2.25318 1.02234
4096 1.09958 1.10628 1.00609

16384 | 5.49486-10 ' | 5.50364 - 10~ | 1.00160
65536 | 2.74705-107" | 2.74818 - 10 ™' | 1.00041
262144 | 1.37348 -10~' | 1.37362-10~" | 1.00010
1048576 | 6.86734-1072 | 6.86751-10~2 | 1.00003

rJe Uint(21) — WHTEPNIONSIHOHHBIH MoanHOM Jlarpam:ka 3-ro TOps/IKa M0 3HAYEHNIM
Ugem B y3max D, iy =n,n—1,n—2,n—3.

Haiinennas cerounast pyHKIASA v, OJHO3HATHO OMPEIENAET KyCOTHO-OMTHHEHHYTO
dbynaxmao i (z) € V(Q) pasencrsamu iy (z(9) = v21(7), z® e Q.

IMlar 2. Haxomum norok t = (t1,t2)7, yaosmersopstiomuii ypasHenuio Gasamnca,
MyTeM BBIUYUCJICHUS] NHTErPAJIOB

ti(x) = —/Iint(§1,I2)d$i1, to(x) Z/[f(ﬂ@h&)—f-]int(ﬂﬂl,&ﬂ d&s.
0 0

IITar 3. Boruucisiem npapyio 4acTb Hp VU torn — t||p71 ouenku (5.1).

Sameuanne 2. Mmeerca MHOrO Ipyrux BapHAHTOB aJITOPUTMOB, OCHOBAHHBIX HA
nocrpoernn 1o pemennto MKD moroka, B TOYHOCTH yJIOBIETBOPAIONIErO yPABHEHHUIO
bamanca. Hanpumep, MOYKHO WHTEPNOIUPOBATH MO CPEJIHUM 3HAYCHUSAM B y37aX HEro-
CPEJCTBEHHO OJHY W3 KOMTIOHEHT fj, a ApyTyI0 KOMMOHEHTY t3_j HAXOIUTH WHTErPH-
poBanuem f — Oty /Oxy . Heckosnbko u3 Hux moxkuo uaiitu B [6, 7, 10].

OcuoBHbIM nOKa3aTesneM 3(PGHEKTUBHOCTH AMOCTEPUOPHOrO OIEHIUKA B OTHOIIEHUH
TOYHOCTHU “ABJgeTCd uhdekc afdexmuenocmu Iog = /e, Tae e u 1) — jeBas u npapas
gacru B (5.1), TO eCTh TOYHOE 3HAYEHHE FHEPTETUUYECKON HOPMbI TOTPEITHOCTH pellie-
uust MKD u ee amocrepropHas onenka. Pe3yibTarsl BIAUCIEHN TTOKA3aHbl B TA0M. 1,
B KOTOpOit N — 4YHCJIO HEW3BECTHBIX. 3 Hee BUIHO, UTO amOCTEPUOPHBIN OIEHIIUK
BecbMa addexTuBer u uugaeKe dpdexruBHocTu OGuicTpo cxoaurca K 1. OH TakxKe sB-
Jisiercs OBICTPOAEHCTBYIOIIMM, YTO BUIHO W3 puc. 1, re moka3aHa 3aBUCAMOCTb OT [N
3arpar Bpemenn PC B muancekynmax. Bepxuss JuHNUS OTBEYaeT BPEMEHU DENIEHUS
CJIAY MKD MHOTrOCeTOYHBIM METOIOM, HUKHSS — BPEMEHU BBIYUCJICHUS AMOCTEPH-
OPHOII OIEHKH, KOTOPOE OKA3BIBAETCS MPOMOPITHOHATBHBIM YHUC/Ty HEU3BECTHBIX. Takum
06pa3oM, alOCTEPUOPHBIIT OLEHIIUK ONTUMAJIEH [0 BHIYUCIUTEIbHON pabore (uMeer Jiu-
HEHHYIO BBIYUCJIUTE/bHYIO CJI0XKHOCTD) U MEHEE TPYA0EMOK, YeM MHOIOCETOYHbIH MeTOI
pemenusg CJIAY MKD. Ou, kpome TOTO, siBiisieTcsi POOACTHBIM, TAK KaK CKAYO0K KO-
dbutmenTa p, mpomopnuoHANLHLIH 104, He MpPUBET K yXYIIMIEHMIO KaUeCTBa aJrOPUTMA!
uHIeKC 3P HEKTUBHOCTH AMOCTEPUOPHOM OIEHKM, KAaK M B JIPYIUX MPUMEPAX, OBICTPO
CXO/IUTCs K €/IMHHUIE, TO €CTh AIOCTEPUOPHAs OIEHKA BeCbMa OJIM3KO Clie/lyeT 3a TO4-
HBIM 3HAYEHUEM [TOTPENTHOCTH.

[IpoBogmnch TakzKe YUCIEHHbIE IKCIEPUMEHTDI /11 33829 IIJI0OCKOH TeOPUU yIIpy-

roctu. PaccmaTpuBanach mepsas Kpaepas 3agada u = (u1,ug)’ = ( NIJIOCKO#i je-
o0

dopmanun B eaunuunom kBaapare ) = (0,1) x (0,1), koTopas pemasach METoIOM
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10
(NS
10
1w
10
| —muigrid solver
| = posenc cmelol
' - - -
B w' 1w 0" a0° 2wl
Puc. 1
Tabn. 2
N e ,,7(1) I(é) ,,7(2) I(?
16 3.29126 - 107! | 2.11430 6.42399 | 2.45022 7.44462
64 1.63481 - 107! | 5.54014 - 107! | 3.38885 | 3.54162 101 | 2.16638

256 8.17444 -107% | 1.94481 -107' | 2.73914 | 1.46349 -10~' | 1.79033
1024 4.08766 - 1072 | 8.62833-1072 | 2.11083 | 5.45946 - 102 | 1.33560
4096 2.04389 - 1072 | 4.18226 - 1072 | 2.04622 | 2.56000 - 1072 | 1.10387
16384 | 1.02196 - 1072 | 2.07433-102 | 2.02976 | 1.05054-10"2 | 1.02797
65536 | 5.10979-1073 | 1.03501 - 1072 | 2.02554 | 5.14644 -10~3 | 1.00717

262144 | 2.55490 - 1072 | 5.17229 - 1072 | 2.02446 | 2.55953 - 102 | 1.00181
1048576 | 1.27745-107% | 2.58580 - 1073 | 2.02419 | 1.27804 -10~3 | 1.00046

KOHEYHBIX 3JIEMEHTOB Ha PABHOMEPHOW KBa/IPATHON CETKe C n? guefikaMu. [Tpunnma-

qock, uro E = 100, v = 0.2. IlpaBas gacts u (pyHKIUS ¢ COOTBETCTBOBAINA TOYHOMY
PETITeHnIO
up(x) = sin(mxq) sin(2ras) + x1 + 2,

ug(x) = sin(27xy) sin(mzg) + 0.25(z1 + 1)(z2 + 1).

AnocrepuopHbIe OLEHKH BBIYUCIIUCD 110 ajropurMam 3.1, 3.2, onucaunnbiM B [6, 7).
B mepBom anroputme BBIYHCAAIACH W HWHTEPIOIUPOBANACH IMepBas TPOM3BOTHAS
0Ty 2/0xo HAUpSKEHHS 719, HOJYIEHHOTO METOJOM KOHEUHBIX 371eMeHTOB. Ilo meif
MMOCPE/ICTBOM OTEpAInii BHIYUCIEHNUS OJHOMEPHBIX WHTErpaJioB u auddepeHnpoBa-
HUsl BBIYUCJIAJICH TEH30D HANPAKEHUU, yIOBJIETBOPSAIONINN yPABHEHUSM PABHOBECHS.
Bo Bropom anropurme ¢ menbi0 MOMyYeHHs CHMMETPHYHOTO OTHOCHTEIHHO OCEH If
AJITOPUTMA BBIYHCITAIACH U WHTEPIOMMPOBATACH BTOpas Mpou3soaHas 021 2/0xq 02
HaNpsZKeHns T 2, nonydernoro MKS. CooTBeTcTBERHO, pABHOBECHBIE TEH30PHI HAMPS-
JKEHUI HAXOMU/INCH TYTEM BBIYHUC/IEHUs TBOWHBIX HHTEPAJIOB. 1HCIIEHHBIE PE3yIbTaThHI
npuBesensl B Tabi1. 2, B KOTopoit N — 9HCJIO y370B CEeTKH, € — TOYHAs MOTPEITHOCTH
pemennii MKD B sneprermdeckoii Hopme, 7% | k = 1,2, — anocrepnopHbie OIEHKH M0-
rpermrocTy pemennit MK B aneprerndeckoii Hopme, Ié? — COOTBETCTBYIOIINE WHIEKCHI
3pPEeKTUBHOCTH.
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Puc. 2
Tabm. 3
N Ls-error e Lew
25 0.00149957 0.06471507 | 5.75502518

100 0.01604613 0.14359042 | 1.5897243
400 0.00088007 0.03620792 | 3.59732922
1600 0.00021309 0.01927863 | 4.28158306
6400 6.4957 - 10 75 | 0.00956583 | 3.37412084
25600 1.7082 - 10 =° | 0.00467778 | 2.11054348
102400 | 4.3256-107° | 0.00232179 | 1.39053788
409600 | 1.0849-107° | 0.00115862 | 1.11269864
1638400 | 2.7144-10~7 | 0.00057902 | 1.02947749

Ha ocroBammm TabJr. 2 MOXKHO CIEIATH CJIEYIONIAE BBIBOBI. ATIOCTEPUOPHBIE OIIEHKH
MOTPENTHOCTH YyBCTBUTENBHBI K CMOCO0Y WX BHIMACICHUA. BTOpOi aaropntM okasaucs
3ameTHO 6ostee apdexruBabiM. CpaBuuBas ¢ Tabj. 1, 3aKI0YaeM, YTO PA3PBIBHBIN KO-
5dUIMEHT B ypaBHEHUU yXYAMIAET MOTPENTHOCTh 3HAYUTEIbHEe (IPUMEPHO Ha TOps-
JIOK), 9eM yCJIOXKHEeHUe YyDABHEHUI IPU IJ1aJKOM perieHud. IucieHHble 3KCIepuMeHTbl
HNOATBEPKIAOT ONTHMATBHOCTH MPEIIAaraeMbIX AMOCTEPUOPHBIX ONEHIIMKOB MOrPErI-
HOCTW TIJIOCKO# 33291 TEOPUH YIPYTOCTH TIO BBIYUCIUTEIBHONW TPYI0EMKOCTH OTHOCH-
TEJILHO YNCJIA HEM3BECTHBIX (CM. JOTIOMHNTENbHYI0 nHbopmanmio B [6, 7]).

5.2. VYpaBuenume Ilyaccoma c peleHueM, UMEIOMNIUM GOJbIIINEe T'paau-
eHTBI. B 3ToM nynkre usydanacs 3aga4a Jupuxie aisa ypasuenus [Iyaccona —Au = f
€ TOYHBIM PereHreM BUJIA

u=z(l-2z)y(l —y) exp(—1000[(z — 0.5)* + (y — 0.117)?]),

paccMarpuBaBImasicss Takxke B [5, 8, 9]. Ha Bceii rpanuiie craBnioch 0JHOPOTHOE Kpa-
eBoe yciaosue upuxje. Tounoe perrenne moka3aHo HA PUC. 2 U UMEET 3HAUUTEIbLHBIE
rpaguentbl. [Ipumensica Tor xe MKD Ha paBHOMEpHO# KBaJIpaTHO CETKE W TOT ¥Ke
AroCTePUOPHBII ONEHINKUK, YTO U B HEPBOM IIPUMEpE.

Yucsiennbie pe3yabTaThl cBefeHbl B Ta0. 3. B ee Bropom cTosidiie npuBeieHa HOpMa
rounoii omubku MKD B npocrpanctse Lo(2), a B Tperbem — HOpMa e (npu p = 1).
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Nunexc 3¢hdeKTuBHOCTH CHOBA, CXOIUTCSA K €IUHUIE, HO 3HAYUTETHHO MeJIeHHee, IeM
B 1epBoM mpumepe. B 0CHOBHOM 3TO CBA3aHO C TeM, 4TO [iJisi PEIIeHns 3a/1a9u CO 3HA-
YUTESbHBIMEU TPAJUEHTAMA DAY YIPOIIEHUS BHIYUCICHUN TPUMEHSIACH PABHOMEDHAS
cerka. OTmernm, 910 OBICTPOJEHCTBHE AMOCTEPUOPHOTO OIEHIIIKA TAKOE YKe IO M0-
PAIKY, KaK B MPEIBIIYINEM MpUMepe, TaK KaK OHO CJIa00 3aBUCHT OT MpaBoil dacTwu,
TO €CTh aNmOCTEPUOPHBIN ONEHINK MMeeT JUHEHHYIO CJI0XKHOCTH. B TO Ke Bpemsa mpn
CPaBHEHUU C JIPYIOr0 THIA AIIOCTEPUOPHBIMU OlLieHIuKaMu pabor [5, 8, 9] pesyiabraToB
JIJTsi OIMHAKOBBIX TOYHBIX 3HAYEHUN HOPM MMOTPENIHOCTH OH o0ecriednBaeT 00Jiee TOIHbIE
aroCTEPUOPHbBIE OIEHKHU MOTPEITHOCTH U, KAK CJIEJICTBUE, JIyUIIHe HHIEKChl P deKTruB-
HOCTH.

5.3. Auropurm, OCHOBaHHbBI/I Ha pellleHUU JBONCTBEHHOU 3ajaum. Pac-
cMarpuBanack 3aga4qa dupuxie ansa ypasaenus [Iyaccona B equananoM KBaapate () =
- (07 1) X (07 1)

—Au=f(z), z€, u bo =P (5.2)

I perienusi Koropoii mpumensiics MKD wa paBHOMEpHOI KBaIpaTHOI CeTKe T =
= :Efj’“) =dgh, h=1/n, i, =0,1,...,n, c OuIuHEHHbBIMU KOHEYHBIMU JIEMEHTAMHU.
IMycrs V(€2) — npocTpancTBO HENPEpBIBHLIX HA () U OUJIMHEHHBIX Ha KaxKIOH sueii-
Ke CceTKu (PyHKINH u {d)(i) }Z P Gasuc B Hem, Kaxkaas dyuxuus ¢Y Koropo-
ro pasma 1 B yame (9 = ih, i = (i1,i3), u 0 — B ocrampuex y3max. Ipun ¢ = 0,
9TO IS TPOCTOTHI MpejnoaaraeTcs auxke, pemenrne MK uiercs B moampocTpancTBe
Vo () € V(Q) dynkmmit, obpamatomuxest B 0 Ha 9. B cooTBeTcTBHUM CO CXEMOT,
W3JI0YKEHHON B pas3. 2, JJId PEIeHns JBOUCTBEHHOM 3aIaUN MOYKHO MCITOJIb30BATH TTPO-
crparcTeo V(). B atom cirydae B KauecTBe CeTOYHOTO MOANPOCTPAHCTBA MPOCTPAHCTBA
Qo camMochHaTaHCHPOBAHHBIX IIOTOKOB MMEEM

Qno = {t Tt = (81}/0362, —av/axl)T Vo e V(Q) },

6a3MCOM B KOTOPOM SABJIAETCS {t(i) = (00 J0xs, —0¢D 0z )T } . Kak crenyer
11,12=

. T
u3 pasa. 1 m 2, cOamanCHPOBAHHBIN MOTOK tf = (tl’f,tgyf) MOXKHO ONpPeJenTb MHO-
rumu crocobamu. B 9ucieHHBIX 9KCIIEPUMEHTAX MPUMEHAINCh ABa HAnOOJIee MPOCTHIX
crocoba, KOTJIa BBIYUCIEHUS TPOBOIATCS 110 (DOpMYyIaM

tiy =0, toy =/f(x17§2)d§2, (5.3)
0

a TaKXKe IO MHBaPUaHTHBIM OTHOCHUTEJILHO HaMMEHOBAHUA oceii (bOpMyJIaM
T
tr,r =0.5 /f(§k7$3—k)d§k- (5.4)
0

Takmm obpazom, TpubOIMKEHHOE PEeIeHne 2, = zg+tf, 2b € Qo , naxommnocs myrem
pemenns (n + 1)? ypasnennit

e = 0.5/(23 +t5) - tDdr =0, iy,i2=0,1,...,n. (5.5)
Q
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Tabu. 4
N e Toq Ly s
16 1.59912 2.93605 | 2.05747 | 1.20610

64 7.60498 - 1071 | 1.95927 | 2.16500 | 1.23228
256 3.70781-10 7" | 1.26742 | 2.21586 | 1.24493
1024 1.84023 - 10" | 1.07113 | 2.23084 | 1.24869
4096 9.18344 - 1072 | 1.01826 | 2.23475 | 1.24967
16384 4.58949 - 1072 | 1.00460 | 2.23574 | 1.24992

65536 2.29446 - 1072 | 1.00115 | 2.23599 | 1.24998
262144 | 1.14720- 1072 | 1.00029 | 2.23605 | 1.24999
1048576 | 5.73594 102 | 1.00007 | 2.23606 | 1.25000

ITo reopeme 2 cucrema ypasuenuii (5.5) ectb cucrema ypapuenuit MK g 3apaqun
Heitmana

Aw = f*(z), Z—Z =0. (5.6)
a0

ITpu srom eciiu w ecrb ee pemenne MKD, o Tak xe, kak u B (3.12), umeem

Zg = (&E/é)xg +t1,5, —&E/é)xl —l—tg,f)T.

Huxe ns mariasiiHoCTH TPUBOAMM PE3YIbTATHI BHIYUCICHUH 71 TPOCTON 3a/1a9u
¢ mpaBoit gacTbio 572 sin(27x1 ) sin(7xy) u TouEbIM pemenneM u = sin(27zy) sin(wzs).
/IBe amocTepmopHbIE OINEHKW, COOTBETCTBYIONINE BBIYNCIEHNWIO BEKTOpPA {f COTIACHO
(5.3) n (5.4), nmeror nBa mHAeKca bdekTuHOCTH, 0603HATAeMbIe [lg u 1%, Jlns
CPaBHEHUS MPUMEHSAJICS TAKKE AJTOPUTM MPAMOro (TO ecTh (€3 pPEeIleHus BCIOMOra-
TEeJIbHBIX 3a/1a4) BbIYUCJIEHUs arocTepuopHoii onenku norpetrnoctu MK, onucannbrit
B 1. 4.1. Unnexc spdekruBrocT 3Toro aaropurma ob6o3nadaeM leg. SHAYCHWS HOPMbI
e = |e|1,o norpemuoct MKD n nepeunciennpix uHACKCOB 3bGEKTHBHOCTH B 3aBUCH-
MOCTH OT uncaa HemssecTHbIX N = (n + 1)? npuseenst B Tab1. 4.

YucieHHbIE Pe3yIbTAThI TO3BOJISIOT CIEIATH CIEIYIONINE BHIBOIBI.

1. CHanancupoBaHHbIE IOTOKH, HAHICHHBIE Iy TEM PEIeHUsT METOJ0M KOHEYHBIX 3J16-
MEHTOB [IBOWCTBEHHON 3a/1a49d, MO3BOJIAIOT MOJIYy9YaTh allOCTEPUOPHBIE OIEHKHU IOrPEeItl-
HOCTH C BECbMa XOpOoImuMu nHaekcamu 3pdeKTuBHOCTH, He mpeBocxosmmmu 1.3.

2. Cpasuenne [}y m I%; nokasbiBaer, 4TO BBIGOp BEKTOpA lf BIMSET HA TOTHOCTDH
amoctepropHoit omerkn. IIpn sTom BBrYmcIeHMe tf MO WHBAPMAHTHBIM OTHOCHTETHLHO
HAMMEHOBAHUs Oceil hopMysIaM 3aMETHO YBEJUIUBAET TOTHOCTD.

3. Unpekcor Ifff e cxomarca npu h — 0 K eauHnne, B 70 BpeMs KaK lof CXOIUTCS.
OrcyTcTBrE CXOAMMOCTH O3HAYAET, 9TO OTHOIIEHUE MOTPEITHOCTEH PEIeHus UCXOTHON
3a/1a9¥ U JIBONHCTBEHHON pu h — (0 HEe yMEHBIIAeTCss. ITO OOBIICHIETCS TEM, UTO st
perennst OCHOBHOM M IBOCTBeHHOM 3ama4u npumensanch MK ommnoro mopsimka Tod-
HocTH, Tounee, oauH n TOT ke MKD. UTobsr obecmeunTsh cXOmuMOoCTh nHIekca dpdex-
tusHOCTH [Y, 1715t perenus IBOCTBEHHOM 3312491, BUIMMO, Hy?KHO NPUMEHATH 6ojiee
rounblii o nopsaky MKD, gyem mis pemenus ocHoBHO# 3a7a4u. B 10 ke Bpems 6osee
MIPOCTOit AMTOPUTM, HEe TPEOYIOIINii PeIeHns BCIOMOTaTeMbHbIX 3302, HO OCHOBAHHBIH
HA WCIOJb30BAHUN TOYEK cymnepcxomgumoctu pemennii MK, obecnieanBaer cXoauMoCcTh
Ieg — 1 mpu h — 0 u, cieaoBaTEIbHO, DOBITYI0 TOYHOCTH AMOCTEPUOPHBIX OIEHOK
[MOrPEITHOCTH TPHU J0CTATOYHO Maibix h. OTMedeHHbI (PAaKT BeChbMa BaXKEH JIJisl IPH-
noxkernit. OH CBUIETEILCTBYET O TOM, YTO YCIOKHEHHE AJTOPUTMOB alOCTEPUOPHBIX
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OIIEHOK TIOTPEITHOCTH MPUOIMKEHHBIX PEITeHnil, KaK MPABUI0, MOTUBUPOBAHHOE CTPEM-
JIEHHEeM IOBBINIEHNdA UX TOYHOCTHU, MOKET IIPUBECTH K HEOIPABIAHHOMY YCJI0XKHEHUIO
AJICOPUTMOB.

PaGora Beimosnena npu dbunancosoii nogep:kke PODU (mpoext Ne 01-11-00667).

Summary

V.G. Korneev. Simple Algorithms for Calculation of the Classical A Posteriori Error
Estimates of Numerical Solutions of Elliptic Equations.

As is well-known, for the problems in solid mechanics, “classical” approach to a posteriori
error estimation stems from the Lagrange and Castigliano variational principles. If the problem
is linear and an approximate solution satisfies geometrical restrictions, then potential energy
of the error is estimated by the potential energy of the difference of the stress tensor
corresponding to the approximate solution and any stress tensor satisfying the equations of
equilibrium. We show that in many cases, construction of equilibrated stress fields can be
done for a number of arithmetic operations, which is asymptotically optimal. This approach
allows us also to improve known a posteriori estimates by means of arbitrary nonequilibrated
tensors. Numerical experiments show that our a posteriori error estimators provide rather good
efficiency indices, which often converge to unity, have linear complexity, and are robust.

Key words: a posteriori estimates, error in approximate solutions, finite element method.

Jlureparypa

1. Ainsworth M., Demkowicz L., Kim C.-W. Analysis of the equilibrated residual method
for a posteriori estimation on meshes with hanging nodes // Comp. Meth. Appl. Math.
Engrg. — 2007. — V. 196, No 37-40. — P. 3493-3507.

2. Luce R., Wohlmuth B. A local a posteriori error estimator based on equilibrated fluxes //
SIAM J. Num. Anal. — 2004. - V. 42, No 4. — P. 1394-1414.

3. Vejchodsky T. Local a posteriori error estimator based on the hypercircle method //
Neittaanmaki P., Rossi T., Korotov S., Onate E., Periaux J., Knorzer D. (eds.)
European Congress on Computational Methods in Applied Sciences and Engineering
ECCOMAS 2004. - Yavaskyla, Finland, 2004. — 16 p. — URL: http://www.imamod.ru/
~serge/arc/conf/ECCOMAS_2004/ECCOMAS_V2/proceedings/pdf/769.pdf, csobon-

HBIH.

4. Braess D., Schoberl J. Equilibrated residual error estimator for Maxswell’s equations //
Math. Comp. — 2008. - V. 77. — P. 651-672.

5. Gockenbach M.J. Understanding and implementing the finite element method. — STAM,
2006. — 363 p.

6. Anufriev LE., Korneev V.G., Kostylev V.S. Exactly equilibrated fields, can they be
efficiently used for a posteriori error estimation? // Yuen. 3an. Kazam. yn-ra. Cep. ®us.-
varem. Hayku. — 2006. — T. 148, xu. 4. — C. 94-143.

7. Anufriev I., Korneev V., Kostylev V. A posteriori error estimation by means of the exactly
equilibrated fields. Ricam Report Ne 2007-07. — Linz, Austria: Johann Radon Institute for
Computational and Applied Mathematics, 2007. — 54 p.

8.  Tomar S.K., Repin S.I. Efficient computable error bounds for discontinuous Galerkin
approximations of elliptic problems. RICAM-report Ne 2007-39. — Linz, Austria: Johann
Radon Institute for Computational and applied Mathematics, 2007. — 20 p.

9.  Repin S.I., Tomar S. A posteriori error estimates for nonconforming approximation of
elliptic problems based on Helmholtz type decomposition of the error. RICAM-report



IMPOCTBHIE AJITOPUTMBI BEIYNCJIEHN S ATIOCTEPMOPHBIX OITEHOK 27

Ne 2007-41. — Linz, Austria: Johann Radon Institute for Computational and applied
Mathematics, 2007. — 16 p.

10. Kopnees B.I. B pa3BuTHe KIacCu9eCKOro MOIX0a K allOCTEPUOPHBIM OIIEHKAM ITOTPEITHO-
cTH NPUOJINYKEHHBIX pelleHnii Kpaesbx 3a1ad // CeTouHble METOABL At KPAEBhIX 33134
n npumoxkenus: Tp. 6-ro Bcepoc. cemunapa. — Kazann: 3a-so Kazan. yu-ta, 2007. —
C. 162-167.

11. Muzaun C.I. Bapmammonnsie MeTOAnl B MaTemarudeckoil ¢pm3uke. — M.: Hayka, 1964. —
512 c.

12.  Ainsworth M., Oden J.T. A posteriori estimation in finite element analysis. — N. Y.: John
Wiley & Sons, Inc., 2000. — 240 p.

13. Babuska I., Strouboulis T. Finite element method and its reliability. — N. Y.: Oxford Univ.
Press, 2001. — 802 p.

14. Neittaanmaki P., Repin S.I. Reliable methods for computer simulation: Error control and
a posteriori estimates. — N. Y.: Elsevier, 2004. — 305 p.

15. Penuwn C.H., Ppoaros M. O6 anmocTeprnopHBIX OIEHKAX TOTHOCTHU MPUOINKEHHBIX PEIIeHU
KPaeBbIX 3a7a9 /I SJIMNTHIECKUX ypasHenuil // 2KypH. BBIMUCI. MATEM. W MaTEM.

dus. — 2002. — T. 42, Ne 12. — C. 1774-1787.

16. Kopnees B.I. O moCTpOoeHWN BapUAIIMOHHO-PA3HOCTHBIX CXEM BBICOKOTO MOPSIKA TOYHO-
ctu // Becrn. Jleaunrp. yu-ra. — 1970. — T. 25, Ne 19. — C. 28-40.

17. Kopnees B.I. CxeMbl MeTO/Ia KOHEUHBIX 3JIEMEHTOB BBICOKUX TOPSIKOB TOYHOCTU. — JI.:
M3n-Bo Jlemmurp. yu-ta, 1977. — 255 c.

18. de Vebeke F. Displacement and equilibrium models in the finite element method // Stress
Analysis / Eds. O.C. Zienkiewicz, G.S. Holister. — London-N. Y.: Wiley, 1965. — P. 145—

197.

19. Arthurs A.M. Complementary variational principles. — Oxford: Clarendon Press, 1980. —
154 p.

20. Moconos II.II., Macnuxos B.II. Mexanuka )ectkomnactudeckux cpem. — M.: Hayka,
1981. — 207 c.

21. Washizu K. Variational methods in elasticity and plasticity. — N. Y.: Pergamon Press,
1982. — 630 p.

22. Bepduwuesckut B.J/I. BapmanmoHnHbie IpUHIAITEI MEXAHUKH CIUTONHOM cpenbl. — M.: Hayka,
1983. — 448 c.

23. Glowinski R. Numerical methods for nonlinear variational problems. — N. Y.-Berlin-

Heidelberg-Tokio: Springer-Verlag, 1984. — 493 p.

24. Duvaut G., Lions J.-L. Inequalities in mechanics and physics. — Berlin-Hedelberg-N. Y.:
Springer-Verlag, 1976. — 397 p.

25. FEkeland I., Temam R. Convex analysis and variational problems. — Amsterdam; N. Y.:
North-Holland Pub. Co., 1976. — 402 p.

IlocTynmiaa B pemakiimnio
24.10.11

Kopaees Bagum I'meGoBu4 — 10KTOP HUBMKO-MATEMATUYIECKUX HAYK, TTPOdEccop, mpo-
deccop Cankr-Ilerepbyprckoro rocyIapCTBEHHOTO MOJIUTEXHUYIECKOTO yHUBepcuTeTa, CaHKT-
ITeTepOyprckoro rocymapCcTBEHHOTO YHUBEPCUTETA

E-mail: VadimKorneev@yahoo.com



